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Abstract 3 

Within an Ames room, the perceived size of objects, such as people, changes dynamically when the 4 
objects move about within the room. The shape of the Ames room is not actually rectangular but it is 5 
perceived to be rectangular. Unfortunately, the geometrical properties of the Ames room have often been 6 
misunderstood, and rooms that have different shapes are also referred to as “Ames rooms” in many articles. 7 
In this study, the geometrical properties of the original Ames rooms constructed by Adelbert Ames, Jr. were 8 
analyzed and the generalization of the Ames room was discussed. We found that these original Ames rooms 9 
are 3D-to-3D perspective transformations of rectangular illusory rooms. Based on this analysis, we also 10 
developed a computational model that can construct a generalized Ames room that has a hexahedral shape 11 
with some free parameters that quantitatively control (i) the size and aspect-ratio of a rectangular illusory 12 
room, (ii) the amount of distortion of the Ames room from a rectangular room, and (iii) the viewpoint of an 13 
observer. This model was implemented as a computational program so that an Ames room can be 14 
constructed in a VR space. Note that the transformations of the Ames rooms can be applied to an arbitrary 15 
3D scene and that they can be regarded as members of a subset of 3D-to-3D perspective transformations. 16 
Any perspective transformation in this subset distorts the 3D scene in such a way that the retinal image of 17 
the distorted scene, when seen from a specific viewpoint, is identical to the retinal image of the initial scene, 18 
when seen from a specific viewpoint. These generalizations allow us to control the conditions of an Ames 19 
room systematically with more flexibility when we study this illusion.  20 
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Abstract 10 

Within an Ames room, the perceived size of objects, such as people, changes dynamically when the 11 
objects move about within the room. The shape of the Ames room is not actually rectangular but it is 12 
perceived to be rectangular. Unfortunately, the geometrical properties of the Ames room have often been 13 
misunderstood, and rooms that have different shapes are also referred to as “Ames rooms” in many articles. 14 
In this study, the geometrical properties of the original Ames rooms constructed by Adelbert Ames, Jr. were 15 
analyzed and the generalization of the Ames room was discussed. We found that these original Ames rooms 16 
are 3D-to-3D perspective transformations of rectangular illusory rooms. Based on this analysis, we also 17 
developed a computational model that can construct a generalized Ames room that has a hexahedral shape 18 
with some free parameters that quantitatively control (i) the size and aspect-ratio of a rectangular illusory 19 
room, (ii) the amount of distortion of the Ames room from a rectangular room, and (iii) the viewpoint of an 20 
observer. This model was implemented as a computational program so that an Ames room can be 21 
constructed in a VR space. Note that the transformations of the Ames rooms can be applied to an arbitrary 22 
3D scene and that they can be regarded as members of a subset of 3D-to-3D perspective transformations. 23 
Any perspective transformation in this subset distorts the 3D scene in such a way that the retinal image of 24 
the distorted scene, when seen from a specific viewpoint, is identical to the retinal image of the initial scene, 25 
when seen from a specific viewpoint. These generalizations allow us to control the conditions of an Ames 26 
room systematically with more flexibility when we study this illusion.  27 

Introduction 28 

An Ames room is the interior space of a non-rectangular hexahedron that is designed in such a way 29 
that the retinal image of the room, when seen from a specific viewpoint, becomes identical to the retinal 30 
image of a rectangular room when seen from a specific view point. The room is perceived to be rectangular 31 
and the perceived size of objects within the room, such as human beings, changes dynamically when the 32 
objects move about within the room (Day, 1993; Ittelson, 1952, see 33 
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https://youtu.be/W_5wpPxCcyw?t=1254). This illusion is vivid and an Ames room is often physically 34 
constructed in many science museums. 35 

Adelbert Ames Jr. (Behrens, 1987) constructed a few different types of such a distorted room but the 36 
Ames room usually refers to a “monocular distorted room no. 1” or a “full size monocular distorted room” in 37 
Ittelson (1952, pp. 39–45; Ittelson & Ames, 1968). Unfortunately, the geometrical properties of these Ames 38 
room have often been misunderstood, and rooms that have different shapes are also referred to as “Ames 39 
rooms” in many articles (Koshmanova et al., in-press). For clarity, these different “Ames rooms” are referred 40 
to as sundry-Ames rooms in this article. Some of the sundry-Ames rooms (Brecher & Puno, 2010; Wang et al., 41 
2022; Williford, et al., 2022; Goldstein, 2007; Rossing & Chiaverina, 2019; Wickelgren, 2012, see also Rogers, 42 
2022; Tyler, 2022; Gogel & Mershon, 1968) can still be projected to a retinal image that is identical to the 43 
retinal image of the rectangular illusory room but they have floors and ceilings that are non-planar and their 44 
identical retinal image is more accidental than the identical retinal image of the original Ames room (see 45 
Koshmanova et al., in-press). There is also a sundry-Ames room whose retinal image cannot be identical to 46 
the retinal image of an illusory rectangular room (JoVE, 2023; Stewart, 1974, see also Gregory, 1966). 47 

These accidentalness and non-identicalness of the retinal images of the sundry-Ames rooms could 48 
act as artifacts in studies of the Ames room illusion. Stewart (1974) conducted a cross-cultural study to test 49 
the Ames room illusion and the result of the study was different from both predicted trends based on the 50 
empiricism and on the nativism.1 Note that Stewart (1974, Fig. 1) used the sundry-Ames room whose retinal 51 
image cannot be identical to the retinal image of an illusory rectangular room. The sensitivity to the 52 
difference of the retinal image may explain the insusceptibility to the Ames room illusion. Gibson (1979, p. 53 
168) argued that the Ames room illusion diminishes after seeing the distorted room binocularly from various 54 
viewpoints while Ittelson (1960, p.149) reported the illusion recovers even after seeing the room binocularly 55 
when the room is seen monocularly (see also Runeson, 1988). This difference between these studies may be 56 
explained if Gibson (1979) used a sundry-Ames room. An observer may find visual cues that indicate the 57 
distortion of the sundry-Ames room, like shading of the non-planar floor or the inconsistency of its retinal 58 
image to an illusory rectangular room. 59 

It is critical to systematically control the distal and proximal stimuli in a psychophysical experiment 60 
that is testing the visual perception. In the study of the 3D perception, the distal stimulus is a 3D scene and 61 
the proximal stimulus is the 2D projection of the 3D scene. It is not a trivial task to design and to control the 62 
visual stimuli for studying a specific aspect of the 3D perception without introducing any artifacts (see Li et 63 
al., 2012; Minkov & Sawada, 2021; Mischenko et al., 2020; Pizlo & Salach-Golyska, 1994; Sawada & 64 
Dvoeglazova, 2023; Sawada & Pizlo, 2022). Note also that recovering the 3D information from the 2D 65 
projection is an ill-posed inverse problem. This problem is under-constrained and there are infinitely many 66 
3D interpretations that could have produced the same 2D image. Despite this fact, the visual system often 67 
recovers a unique 3D interpretation (Pizlo et al., 2014). Understanding the geometrical properties of the 3D 68 
information and its 2D projection is required to control the visual stimuli and to discuss the results of the 69 
experiment to infer how the visual system is recovering the 3D information. 70 

There are multiple potential factors that can produce the Ames room illusion, such as the 71 
rectangularity (Dvoeglazova & Sawada, 2024) and the symmetry (Pizlo et al., 2014) of the shape of the 72 
illusory room as well as the parallelism of the line-segments (Dvoeglazova et al., 2021), the horizontalness of 73 

                                                                                                                                                                              
                                                           

1 There are some other concerns with Stewart (1974) using the current methodological standard (see also 
Dvoeglazova & Sawada, 2024, pp. 11-12 for a relevant discussion). For example, it seems that Stewart (1974) 
made an additional prediction after observing the result to conclude that the Ames room illusion is empirical 
but this can be regarded as HARKing (Kerr, 1998; Simmons et al., 2011). 

https://youtu.be/W_5wpPxCcyw?t=1254


the floor, and the textures of the walls and the floor in the illusory room. Systematic control of these factors 74 
is required to study the factors and analytical understanding of the factors is required to control them (see 75 
Sugihara, 1986, 1997, 2005, 2014a, 2014b; Cowan, 1974, 1977a, 1977b, 1982; Sawada & Dvoeglazova, 2023; 76 
Sawada & Volk, 2024; Sawada et al., 2011, 2014 for analytical discussions of some other 3D geometrical 77 
illusions). 78 

In this study, we analyze the geometrical properties of an Ames room (the “monocular distorted 79 
room no. 1,” Ittelson, 1952) and show that the Ames room is a 3D-to-3D projective transformation of a 80 
rectangular illusory room. This transformation is generalized to a subset of 3D-to-3D projective 81 
transformations so that an arbitrary rectangular room (the section “A generalized Ames room”) and an 82 
arbitrary 3D scene (the section “An Ames scene”) can be distorted without changing their 2D retinal images 83 
from their specific viewpoints. The planarity of faces and the straightness of line-segments in the rectangular 84 
room and in the scene are invariants of this distortion. Based on this analysis, we also develop a 85 
computational model that can construct a generalized Ames room of a hexahedral shape with some free 86 
parameters that quantitatively control (i) the size and aspect-ratio of a rectangular illusory room, (ii) the 87 
amount of distortion of the Ames room from a rectangular room, and (iii) the viewpoint of an observer. The 88 
model is also implemented as a computational program (https://github.com/TadamasaSawada/AmesRoom, 89 
https://youtu.be/CfF_rLsPEt8). 90 

Analysis 91 

Monocular distorted room no. 1 92 

First, the relationship between the “monocular distorted room no. 1” in Ittelson (1952, pp. 39–43) 93 
and its rectangular illusory room is considered. This distorted room is referred to as the original Ames room 94 
in this study. 95 

The 3D XYZ Cartesian coordinate system is set to a 3D scene based on the rectangular illusory room 96 
in the scene. The rectangular room is cubic and its six faces are planar squares. A viewpoint of the 97 
rectangular room is at the center of one of its walls. An observer sees the interior of the room from this 98 
point. This wall is referred to as the viewing wall in this study. The wall that is on the other side of the 99 
rectangular room and that is facing to the observer is referred to as the facing wall. The four walls are 100 
vertical and the floor and the ceiling are horizontal in the rectangular room. The coordinate system is left-101 
handed. The origin of the coordinate system is at the viewpoint. The Y-axis is vertical and it is upward. The X- 102 
and Z-axes are horizontal and perpendicular to one another. The X-axis goes from left to right and the Z-axis 103 
goes from back to front of an observer at the viewpoint. The XY-plane is coplanar to the viewing wall. The 104 
left and right walls of the rectangular rooms are normal to the X-axis, the viewing and facing walls are 105 
normal to the Z-axis, and the floor and ceiling are normal to the Y-axis. 106 

The shape and size of the rectangular illusory room and its viewpoint are specified as follows. The 107 
width, height, and depth of the rectangular room are 108.36 cm (42.66 in). The four vertices VLGF, VLGH, VLCH, 108 
and VLCF of the left wall of the rectangular room are written as: 109 

[𝑉𝐿𝐺𝐹 𝑉𝐿𝐺𝐻 𝑉𝐿𝐶𝐻 𝑉𝐿𝐶𝐹] = [

−𝑤𝐿 −𝑤𝐿 −𝑤𝐿 −𝑤𝐿
−ℎ𝐷 −ℎ𝐷 ℎ𝑈 ℎ𝑈
𝑑𝐹 −𝑑𝐻 −𝑑𝐻 𝑑𝐹

] 110 

(1) 111 

and the four vertices VRGF, VRGB, VRCB, and VRCF of the right wall of the rectangular room are written as: 112 

about:blank


 
 

[𝑉𝑅𝐺𝐹 𝑉𝑅𝐺𝐻 𝑉𝑅𝐶𝐻 𝑉𝑅𝐶𝐹] = [

𝑤𝑅 𝑤𝑅 𝑤𝑅 𝑤𝑅
−ℎ𝐷 −ℎ𝐷 ℎ𝑈 ℎ𝑈
𝑑𝐹 −𝑑𝐻 −𝑑𝐻 𝑑𝐹

] 113 

(2) 114 

where wL = wR = hD = hU = 54.18 cm (21.33 in), dH = 0 cm, and dF = 108.36 cm (42.66 in). Note that wL+wR = 115 
hD+hU = dF+dH = 108.36 cm (42.66 in).  116 

Now, consider constructing the original Ames room based on its information in Ittelson (1952; 117 
Ittelson & Ames, 1968) and discussing the mathematical relationship from the rectangular illusory room to 118 
the Ames room. The four walls and the floor of the Ames room are planar and their shapes and sizes are 119 
specified in Ittelson (1952, pp. 39–43, Figure 1). The Ames room should be constructed from these faces so 120 
that its retinal image, when seen from the viewpoint at the origin, becomes identical to the retinal image of 121 
the rectangular room. The retinal images of these rooms are 3D-to-2D perspective transformations of the 122 
rooms. 123 

 124 

Figure 1. The floor, and the four walls of the original Ames room (Ittelson, 1952, pp. 39–43). The floor is a 125 
scalene-trapezoid. The left and right walls are squares. The left wall is twice as big as the right wall. The 126 
facing and viewing walls are two isosceles-trapezoids. The viewing wall has a hole (black dot) that serves as a 127 
viewing position of the Ames room. The shape of the ceiling is not specified in Ittelson (1952). Textures are 128 
added to the faces for clarity. 129 

 130 

 131 

Each of the four walls have a pair of line-segments that correspond to vertical line-segments in the 132 
rectangular illusory room. This pair of line-segments of the wall are parallel to one another, so, when the 133 



four walls are composed to form the Ames room, the pairs of parallel line-segments of the individual walls 134 
become parallel across the walls. The retinal images of these parallel line-segments of the Ames room 135 
coincide with the retinal images of the vertical line-segments of the rectangular room only if these line-136 
segments of the two rooms are parallel across the rooms. If they are, the parallel line-segments of the Ames 137 
room are also vertical. This means that all of the four walls of the Ames room are vertical. 138 

The left and right walls of the original Ames room are squares as well as the left and right walls of the 139 
rectangular illusory room. The sizes of the left and right walls of the rectangular room are identical to one 140 
another and the sizes of the left and right walls of the Ames rooms are 1.5 and 0.75 times the identical size of 141 
the left and right walls of the rectangular room. Each of the left and right walls has a pair of vertical line-142 
segments. The other pair of line-segments of the wall are parallel to one another and horizontal. The retinal 143 
images of these parallel line-segments should coincide with the retinal images of two line-segments of the 144 
rectangular room that are parallel to the Z-axis. If they do, the horizontal line-segments of the left and right 145 
walls of the Ames room are also parallel to the Z-axis. This means that the left and right walls of the Ames 146 
room are normal to the X-axis and that they are parallel to one another and to the left and right walls of the 147 
rectangular room. 148 

The ceiling is composed of two horizontal line-segments from the left and right walls that are parallel 149 
to one another and two line-segments from the facing and viewing walls whose lengths are different from 150 
one another. This means that the ceiling is also planar and that it is a scalene-trapezoid. This shape is the 151 
same as the shape of the floor (Figure 1). 152 

The viewing wall of the original Ames room has a hole, which serves as the viewpoint of the Ames 153 
room. The viewing walls of the Ames room and of the rectangular room are coplanar to one another so that 154 
their retinal images coincide with one another.  155 

Figure 2 shows the orthographic images of the Ames room and of the rectangular illusory room from 156 
the front, side, and top views. Their images of each view are superimposed to one another so that their 157 
viewpoints coincide to one another and that the line-of-sight from the viewpoint to each vertex of the 158 
rectangular room coincides with the line-of-sight to its corresponding vertex of the Ames room. In each view 159 
of Figure 2, the images of the left walls of the Ames room and the rectangular rooms are line-segments that 160 
are parallel to one another. These parallel line-segments and the lines-of-sights to the vertices of the left 161 
walls form two triangles that are geometrically-similar and are superimposed on one another. Note that the 162 
size of the left wall of the Ames room is 1.5 times the size of the left wall of the rectangular room. So, the 163 
distance of the left wall of the Ames room from the viewpoint is 1.5 times larger than the distance of the left 164 
wall of the rectangular room. In a similar way, the distance of the right wall of the Ames room is 0.75 times 165 
the distance of the left wall of the rectangular room. Namely, the four vertices of the left wall of the Ames 166 
room can be represented as scaling transformations of VLGF, VLGH, VLCH, and VLCF by a factor of sL = 1.5:  167 

[𝑉′𝐿𝐺𝐹 𝑉′𝐿𝐺𝐻 𝑉′𝐿𝐶𝐻 𝑉′𝐿𝐶𝐹] = 𝑠𝐿 [

−𝑤𝐿 −𝑤𝐿 −𝑤𝐿 −𝑤𝐿
−ℎ𝐷 −ℎ𝐷 ℎ𝑈 ℎ𝑈
𝑑𝐹 −𝑑𝐻 −𝑑𝐻 𝑑𝐹

] 168 

(3) 169 

and the four vertices of the right wall of the Ames room can be represented as scaling transformations of 170 
VRGF, VRGH, VRCH, and VRCF by a factor of sR = 0.75: 171 

[𝑉′𝑅𝐺𝐹 𝑉′𝑅𝐺𝐻 𝑉′𝑅𝐶𝐻 𝑉′𝑅𝐶𝐹] = 𝑠𝑅 [

𝑤𝑅 𝑤𝑅 𝑤𝑅 𝑤𝑅
−ℎ𝐷 −ℎ𝐷 ℎ𝑈 ℎ𝑈
𝑑𝐹 −𝑑𝐻 −𝑑𝐻 𝑑𝐹

] 172 



 
 

(4) 173 

where V′LGF, V′LGH, V′LCH, V′LCF, V′RGF, V′RGH, V′RCH, and V′RCF are the vertices of the Ames room. The left and 174 
right walls of the Ames room are normal to the X-axis and the walls are connected by four straight line-175 
segments. The transformation represented by Equation (3) can be generalized to the relationship between 176 
any point on the left wall of the rectangular room and its corresponding point on the left wall of the Ames 177 
room. The transformation between these corresponding points is scaling, so the lines-of-sight from the 178 
viewpoint at the origin to the corresponding points coincides with one another. This means that the retinal 179 
image of the left wall of the Ames room, seen from the viewpoint (the hole in the viewing wall), is identical 180 
to the retinal image of the left wall of the rectangular room seen from the viewpoint. In the same way, the 181 
transformation represented by Equation (4) can be generalized to the relationship between any point on the 182 
right wall of the rectangular room and its corresponding point on the right wall of the Ames room.  183 

 184 

Figure 2. The orthographic images of the Ames room (solid) and of the rectangular illusory room (dotted) 185 
from its front, side, and top views. The orthographic images of these two rooms are superimposed on one 186 
another so that their viewpoints (black dots) coincide with one another and that the line-of-sight (dashed) 187 
from the viewpoint to each vertex of the rectangular room coincides with the line-of-sight to its 188 
corresponding vertex of the Ames room. 189 

 190 

 191 

From the top views of the rooms (Figure 2), the orientation θF of the facing wall is computed as 33.7° 192 
by solving the following equation: 193 



𝑤𝐿
𝑑𝐹

=
𝑤𝑅
𝑑𝐹

=
𝑠𝐿𝑤𝐿

𝑑𝐹 + 𝑠𝐿𝑤𝐿 tan 𝜃𝐹
=

𝑠𝑅𝑤𝑅
𝑑𝐹 − 𝑠𝑅𝑤𝑅 tan 𝜃𝐹

 194 

(5) 195 

where tanθF = 2/3. Then, the scaling factors sL = 1.5 and sR = 0.75 can be written as: 196 

𝑠𝐿 =
𝑑𝐹

𝑑𝐹 + (−𝑤𝐿) tan 𝜃𝐹
 197 

𝑠𝑅 =
𝑑𝐹

𝑑𝐹 +𝑤𝑅 tan 𝜃𝐹
 198 

(6) 199 

These relationships between the four vertices VLGF, VLCF, VRGF, and VRCF in the facing wall of the rectangular 200 
room and the four vertices V′LGF, V′LCF, V′RGF, and V′RCF in the facing wall of the Ames room can be 201 
generalized to the relationship between any point VF = [XF YF dF]t on the facing wall of the rectangular room 202 
and its corresponding point V′F on the facing wall of the Ames room as: 203 

𝑉′𝐹 = 𝑠(𝑋𝐹)𝑉𝐹 204 

(7) 205 

where the scaling factor s(XF) depends on the X-coordinate XF of VF: 206 

𝑠(𝑋) =
𝑑𝐹

𝑑𝐹 + 𝑋 tan𝜃𝐹
 207 

(8) 208 

The plane of the facing wall of the rectangular room is Z = dF and VF in this plane is transformed to V′F in the 209 
following plane: 210 

𝑍 = −𝑋 tan𝜃𝐹 + 𝑑𝐹 211 

(9) 212 

This is the plane of the facing wall of the Ames room, so, Equations (7, 8) represent the transformation from 213 
the planes of the facing wall of the rectangular room to the plane of the facing wall of the original Ames 214 
room. The transformation from V to V′ is scaling, so the line-of-sight from the viewpoint at the origin to VF 215 
coincides with the line-of-sight to V′F. Note that the transformation of Equations (7, 8) also includes the 216 
transformations of Equations (3, 4) from the left and right walls of the rectangular room to the left and right 217 
walls of the Ames room.  218 

Equations (7, 8) can be further generalized to the relationship between any point V = [X Y Z]t in the 219 
scene of the rectangular room and its corresponding point V′ = [X′ Y′ Z′]t in the scene of the Ames room. The 220 
transformation of Equations (7, 8) from the rectangular room to the Ames room can be represented by using 221 
the homogeneous coordinate system: 222 



 
 

𝑠 [

𝑋

𝑌

𝑍

𝑈′

] = [

𝑠 0 0 0
0 𝑠 0 0
0 0 𝑠 0

(tan𝜃𝐹) 𝑑𝐹⁄ 0 0 1

] ∙ [

𝑋

𝑌

𝑍

1

] 223 

(10) 224 

where V = [X Y Z]t is a point in the scene of the rectangular room and its corresponding point in the scene of 225 
the Ames room is V′ = [X′ Y′ Z′]t = s[X Y Z]t/U′. The parameter s is a scaling factor from the rectangular room 226 
to the Ames room and it is equal to one for these rooms that are discussed in this section. This parameter 227 
can be an arbitrary positive real number and it does not affect the retinal image of the Ames room seen from 228 
the viewpoint (the hole in the viewing wall). Equation (10) can be regarded as a 3D-to-3D perspective 229 
transformation. The general perspective transformation is: 230 

[

𝑈∗𝑋∗

𝑈∗𝑌∗

𝑈∗𝑍∗

𝑈∗

] = [

𝑚11 𝑚12 𝑚13 𝑚14

𝑚21 𝑚22 𝑚23 𝑚24

𝑚31 𝑚32 𝑚33 𝑚34

𝑚41 𝑚42 𝑚43 𝑚44

] ∙ [

𝑋

𝑌

𝑍

1

] 231 

(11) 232 

where m14 = m24 = m34 = 0, the other 13 elements in the 4×4 matrix of Equation (11) are free parameters, and 233 
V* = [X* Y* Z*]t = [U*X* U*Y* U*Z*]t/U* is the perspective transformation of V. Note that 3D-to-3D 234 
perspective transformations do not form a group. But, the whole set of 3D-to-3D projective transformations 235 
form a group and they are a superset of the perspective transformations (see Niall, 1992, 1999 for studies of 236 
the relationship between the 3D-to-3D projective transformation and its perception). The general projective 237 
transformation can be also represented by Equation (11) but all of the 16 elements of the 4×4 matrix are free 238 
parameters for the projective transformation. Note that the planarity of the faces and the straightness of the 239 
line-segments of the rectangular room and the Ames room are group invariants of the projective 240 
transformation (see Sawada et al., 2015; Appendix A in Sawada & Farshchi, 2022 for discussions of types of 241 
invariants). So, any plane in the scene of the rectangular room is transformed to its corresponding plane in 242 
the scene of the Ames room. Any plane can be specified by three or more than three points in the plane. 243 
Each planar face of the rectangular room can be specified by its four vertices and its corresponding face of 244 
the Ames room can be specified by its four vertices that are coplanar to one another and that correspond 245 
with the four vertices of the rectangular room. So, any point on the planar face of the rectangular room is 246 
transformed to its corresponding point on the planar face of the Ames room. The transformation from V to 247 
V′ is scaling, so the line-of-sight from the viewpoint at the origin to V coincides with the line-of-sight to V′. 248 
This means that a texture on the face of the rectangular room is also transformed to a texture on the 249 
corresponding face of the Ames room in such a way the retinal image of the Ames room seen from the 250 
viewpoint (the hole in the viewing wall) is identical to the retinal image of the rectangular room seen from 251 
the viewpoint. 252 

The parallelism of the line-segments in the rectangular room is not a group invariant of a 3D-to-3D 253 
projective transformation. The four line-segments of the rectangular room, which are parallel to the X-axis, 254 
are transformed to line-segments of the Ames room that are not parallel to the X-axis or to one another. 255 
These four line-segments of the Ames room converge at [85.32 0 0]t. Note that the parallel line-segments of 256 
the rectangular room can be regarded as converging towards one another at infinity. Then, their 257 
convergence is also a group invariant of the projective transformation. Under a 3D-to-2D perspective 258 
transformation from a 3D scene to an image plane, the straightness and convergence of the line-segments 259 
are model-based invariants. 260 



Note that Ittelson (1952; Ittelson & Ames, 1968) also showed two other monocular distorted rooms. 261 
One is a “monocular distorted room no. 2” (Ittelson, 1952, p. 41) and this distorted room can be made by 262 
rotating the original Ames room, the “monocular distorted room no. 1” around the Z-axis for 90°. The other 263 
distorted room is a “full size monocular distorted room” (Ittelson, 1952, pp. 44–45) and this distorted room 264 
can be understood by generalizing Equation (10). 265 

A generalized Ames room 266 

Next, consider generalizing the original Ames room so that the following properties of the 267 
generalized Ames room can be controlled: (i) the size and aspect-ratio of a rectangular illusory room, (ii) the 268 
viewpoint of an observer, and (iii) the amount of distortion of the Ames room from a rectangular room. 269 

The positions of the eight vertices of the original Ames room are characterized by wL, wR, hD, hU, dH, 270 
and dF. These variables can be regarded as free parameters of the generalized Ames room that can control (i) 271 
the size and aspect-ratio of a rectangular illusory room and (ii) the viewpoint of an observer. The parameters 272 
wL, wR, and dF represent the distances of the left, right, and facing walls of the rectangular room from the 273 
viewpoint at the origin. The parameter dH represents the distance of the remaining wall of the rectangular 274 
room from the viewpoint. This wall was referred to as the viewing wall when we discussed the original Ames 275 
room in the “Monocular distorted room no. 1” section because the viewpoint was on the viewing wall (dH = 276 
0). In the latter part of this study, the wall is referred to as the hind wall because the viewpoint can be distant 277 
from and, in front of, the hind wall (dH > 0). The parameters hD and hU represent the distances of the floor 278 
and the ceiling from the viewpoint. The width, height, and depth of the room are wL+wR, hD+hU, and dH+dF. 279 
These parameters should be zero or positive. Otherwise, the viewpoint will be outside of the room. 280 

The orientation of the facing wall of the generalized Ames room is regarded as a free parameter and 281 
this parameter controls (iii) the amount of distortion of the Ames room from a rectangular room. The 282 
distortion is zero when θF = 0. 283 

The orientations of the six faces of the generalized Ames room can be computed as follows once the 284 
free parameters of the Ames room are specified. The planes of the left and right walls of the Ames room are 285 
X = −sLwL and X = sRwR. The plane of the facing wall is Equation (9) and the plane of the hind wall is: 286 

𝑍 =
𝑑𝐵
𝑑𝐹
𝑋 tan𝜃𝐹 − 𝑑𝐻 287 

(12) 288 

The planes of the floor and ceiling of the Ames room are: 289 

𝑌 =
−𝑠𝑅ℎ𝐷 + 𝑠𝐿ℎ𝐷
𝑠𝑅𝑤𝑅 + 𝑠𝐿𝑤𝐿

𝑋 − ℎ𝐷 290 

(13) 291 

𝑌 =
𝑠𝑅ℎ𝑈 − 𝑠𝐿ℎ𝑈
𝑠𝑅𝑤𝑅 + 𝑠𝐿𝑤𝐿

𝑋 + ℎ𝑈 292 

(14) 293 

Using this formulation, the “full size monocular distorted room” in Ittelson (1952, pp. 44–45) can be 294 
specified as: wL = wR = 135.33 cm (4.44 ft), hD = 142.65 cm (4.68 ft), hU = 69.80 cm (2.29 ft), dH = 0 cm, dF = 295 



 

 

323.39 cm (10.61 ft), and θF = 38.5°.2 Note that the “monocular distorted room no. 1” (Ittelson, 1952, pp. 296 
39–43) is mirror-symmetrical about the horizontal plane but the “full size monocular distorted room” is 297 
asymmetrical because ℎ𝐷 ≠ ℎ𝑈. The rectangular illusory room of the “full size monocular distorted room” is 298 
not a cube but a right-angled parallelepiped. 299 

An example of the generalized Ames room is shown in Figure 3. The viewpoint is not on the hind wall 300 
of the Ames room but within the Ames room. All the four walls of the Ames room are vertical. The left and 301 
right walls of the generalized Ames room are rectangles that have the same aspect-ratio as the left and right 302 
walls of the rectangular room. The facing and hind wall, the floor, and the ceiling are trapezoids. They can be 303 
either isosceles- or scalene-trapezoids and their shapes can be different from one another. 304 

 305 

Figure 3. (A) A generalized Ames room constructed by using the method proposed in this study. The free 306 
parameters of the model are set as: wL = 14.22, wR = 28.44, hD = 10.66, hU = 32.00, dH = 25.60, and dF = 307 
17.06, and θF = 33.7°. With this parameter setting, the viewpoint (black dot) is within the Ames room. An 308 
image of its rectangular illusory room (dotted) is superimposed. The viewing orientation can be arbitrary as 309 
far as the viewpoint stays the same. (B) A grid texture for the square faces of the rectangular room and its 310 
transformations for the (C) facing wall, (D) floor, (E) ceiling, and (F) hind wall of the generalized Ames room 311 
(A). The shapes of the left and right walls of the generalized Ames room are the same as the shapes of the 312 
left and right walls of the rectangular room. 313 

 314 

 315 

Next, consider generating textures on the faces of the generalized Ames room by transforming 316 
textures of the faces of the rectangular illusory room (Figures 3D-H). The textures of the left and right walls 317 

                                                                                                                                                                              
                                                           

2 The line-segment between the hind wall and the floor of the “full size monocular distorted room” is 
computed to be 323.09 cm (10.60 ft) long but the length of this line-segment is specified as 335.28 cm (11.0 
ft) in Ittelson (1952, p. 45). We confirmed that the computed length (323.09 cm) is more consistent with an 
image of the floor in Ittelson (1952, p. 45) than the specified length (335.28 cm) is.  



of the Ames room can be generated by scaling the textures of the left and right walls of the rectangular 318 
room. 319 

The transformation of a texture from the facing wall of the rectangular room to the facing wall of the 320 
Ames room is a 2D-to-2D perspective transformation with the viewpoint at the origin as a center of the 321 
projection. To consider this transformation, the 2D xy Cartesian coordinate system is set to each of the two 322 
facing walls as follows. The origin of the 2D coordinate system is set at an intersection of the plane of the 323 
facing wall with the Z-axis of the 3D coordinate system of the scene. The y-axis of the 2D coordinate system 324 
is on the plane of the wall and it is parallel to the Y-axis of the 3D coordinate system. The x-axis of the 2D 325 
coordinate system is perpendicular to the y-axis. A point [x y]t on the facing wall of the rectangular room and 326 
its perspective transformation [x′ y′]t to the facing wall of the Ames room are represented as [x y zF]t and 327 
[x′cosθF y′ −x′sinθF+dF]t using the 3D coordinate system of the scene. The perspective transformation from [x 328 
y]t to [x′ y′]t can be represented by using the homogeneous coordinate system (Figure 3C): 329 

[
𝑢′𝑥′
𝑢′𝑦′

𝑢′

] = [
𝑧𝐹 cos 𝜃𝐹⁄ 0 0

0 𝑧𝐹 0
tan𝜃𝐹 0 𝑧𝐹

] ∙ [
𝑥
𝑦
1
] 330 

(15) 331 

where [x′ y′]t = [u′x′ u′y′]t/u′. In similar ways, textures of the floor, ceiling, and hind wall of the rectangular 332 
room can be transformed for the floor, ceiling, and hind wall of the Ames room as: 333 

[
𝑢′𝑥′
𝑢′𝑦′

𝑢′

] = [

𝑞 cos 𝜃𝑄⁄ 0 0

0 𝑞 0
− tan𝜃𝑄 0 𝑞

] ∙ [
𝑥
𝑦
1
] 334 

(16) 335 

For the floor (Figure 3D), q = −hD and: 336 

𝜃𝑄 = tan
−1 (

−𝑠𝑅ℎ𝐷 + 𝑠𝐿ℎ𝐷
𝑠𝑅𝑤𝑅 + 𝑠𝐿𝑤𝐿

) 337 

(17) 338 

For the ceiling (Figure 3E), q = hU and: 339 

𝜃𝑄 = tan
−1 (

𝑠𝑅ℎ𝑈 − 𝑠𝐿ℎ𝑈
𝑠𝑅𝑤𝑅 + 𝑠𝐿𝑤𝐿

) 340 

(18) 341 

For the hind wall (Figure 3F), q = dH and: 342 

𝜃𝑄 = tan
−1 (

𝑑𝐻
𝑑𝐹
tan 𝜃𝐹) 343 

(19) 344 

The model for constructing a shape of a generalized Ames room is implemented as a C# script of Unity 345 
3D (ver. 2021.3.18f1, https://unity.com/) and the model for transforming textures of a rectangular illusory 346 



 
 

room to textures of the generalized Ames room is implemented as a Python script using OpenCV 347 
(https://github.com/TadamasaSawada/AmesRoom). These implementations allow us to construct the Ames 348 
room in a VR space and to control the Ames room systematically and quantitatively. 349 

An Ames scene 350 

In this section, we discuss the further generalization of the transformation that was discussed in the 351 
last two sections. Equation (10), which distorts a rectangular illusory room to an Ames room, can be 352 
generalized as: 353 

[

𝑋

𝑌

𝑌

𝑈″

] = [

1 0 0 0
0 1 0 0
0 0 1 0
𝑚41 𝑚42 𝑚43 𝑚44

] ∙ [

𝑋

𝑌

𝑍

1

] 354 

(20) 355 

where m41, m42, m43, and m44 are free parameters, V = [X Y Z]t is a point in the scene of the rectangular room, 356 
and its transformation is V″ = [X″ Y″ Z″]t = [X Y Z]t/U″. The lines-of-sight from the viewpoint at the origin to 357 
the corresponding points V and V″ coincides with one another. The parameters m41, m42, and m43 358 
characterizes the degrees of the distortion along the X-, Y-, and Z-axis and the parameter m44 characterizes 359 
the scaling. 360 

The transformation of Equation (20) is still a 3D-to-3D perspective transformation, which is a subset 361 
of 3D-to-3D projective transformations (Equations 11). Any plane and any line-segment within the scene of 362 
the rectangular room is transformed to its corresponding plane and line-segment within the scene of the 363 
Ames room. Any set of parallel or converging line-segments within the scene of the rectangular room is 364 
transformed to its corresponding set of parallel or converging line-segments. These are obtained because the 365 
planarity of the face, the straightness of the line-segment, and the convergence of the line-segments of the 366 
rectangular room and the Ames room are group invariants of the projective transformation (see Sawada et 367 
al., 2015; Appendix A in Sawada & Farshchi, 2022). 368 

Note that the transformation represented by Equation (20) can be applied not only to a rectangular 369 
room but also an arbitrary 3D scene. The retinal image of the transformed 3D scene seen from the origin is 370 
identical to the retinal image of the initial 3D scene seen from the origin before the transformation. There 371 
are the same group invariants of the projective transformation between the initial and transformed scene as 372 
between the rectangular and Ames rooms. The transformation applied to a pentagonal cylinder is shown in 373 
Figure 4A. 374 

Equation (20) can also represent a transformation, including a depth-reversal. Consider an observer 375 
seeing the interior of a rectangular hollow cylinder in such a way that the line-of-sight of the observer 376 
coincides with the axis of the cylinder. The cylinder has one open section and is infinitely long from the open 377 
section to the other direction. The observer sees the cylinder’s interior through this open section. The four 378 
lines of the cylinder that are parallel to the axis of the cylinder are projected to four line-segments in the 379 
retinal image of the observer that emanate from their vanishing point. This cylinder can be transformed by 380 
Equation (20) to a rectangular cone whose apex is pointing towards the observer, for example, when m41 = 381 
m42 = 0, m43 = 1 and m44 = −0.5 (Figure 4B). The four ridges of the cone correspond to the four line-segments 382 
of the cylinder. The retinal image of the cone’s apex coincides with the vanishing point. This transformation 383 
can be relevant to the “reverspective” (see Papathomas & Hughes, 2019), which is another geometrical 384 
illusion. 385 

about:blank


 386 

Figure 4. (A) A room that has the shape of a pentagonal cylinder (dotted) and its distorted shape (solid). The 387 
retinal images of these rooms are identical to one another when they are seen from a specific viewpoint 388 
inside the room (black dot). The pentagonal shape is transformed to the distorted shape by using Equation 389 
(20): m41 = 0.039, m42 = m43 = 0, and m44 = 1. This transformation is equivalent to the transformation for the 390 
distorted room in Figure 3A: m41 = tan(33.7°)/17.06 = 0.039. (B) A rectangular hollow cylinder (dotted) and a 391 
rectangular cone (solid) that is generated by distorting the cylinder. The retinal image of the interior space of 392 
the cylinder that is seen from a specific viewpoint (black dot) is identical to the retinal image of the cone that 393 
is seen from above the cone. The axis of the cone coincides with the axis of the cylinder (dashed) and the 394 
viewpoint is on the axis. The cylinder is transformed to the cone by using Equation (20): m41 = m42 = 0, m43 = 395 
1, and m44 = −0.5.  396 

 397 

 398 

Now, consider transforming a texture from a plane in the initial scene to its corresponding plane in 399 
the transformed scene. This transformation is represented as a 2D-to-2D perspective transformation. First, 400 
the 2D xy Cartesian coordinate system is set to the initial plane. The position of the origin and the orientation 401 
of the x-axis are arbitrary in the initial plane. The orientation of the y-axis is perpendicular to the x-axis in the 402 
initial plane. The position of the origin of the initial plane is represented as a 3D column vector VO in the 403 
initial 3D scene. The orientations of the x- and y-axes of the initial plane are represented as unit 3D column 404 
vectors VX and VY in the initial 3D scene where ‖VX‖ = ‖VY‖ = 1 and VX ‧ VY = 0. Any point in the initial plane 405 
can be represented as Vαβ = VO + αVX + βVY where α and β are the 2D x- and y-coordinates [α β]t of the point 406 
Vαβ in the initial plane. 407 

Next, the 2D xy Cartesian coordinate system is set to the transformed plane so that the origin and 408 
the x-axis in the transformed plane is the perspective transformation of the origin and the x-ais in the initial 409 
plane by using Equation (20). The y-axis in the transformed plane is perpendicular to the x-axis in the 410 
transformed plane. This y-axis is usually not the perspective transformation of the y-axis in the initial plane. 411 
The position of the origin of the transformed plane is represented as: 412 

𝑉𝑂
″ =

𝑉𝑂
𝑈𝑂
″ 413 

(21) 414 

where 𝑈″0 = [𝑚41 𝑚42 𝑚43] ∙ 𝑉𝑂 +𝑚44. The perspective transformation of Vαβ in the initial plane is: 415 

𝑉𝛼𝛽
″ =

𝑉𝑂 + 𝛼𝑉𝑋 + 𝛽𝑉𝑌

𝑈𝑂
″ + 𝛼𝑈̃𝑋 + 𝛽𝑈̃𝑌

 416 



 
 

(22) 417 

where 𝑈̃𝑋 = [𝑚41 𝑚42 𝑚43] ∙ 𝑉𝑋 and 𝑈̃𝑌 = [𝑚41 𝑚42 𝑚43] ∙ 𝑉𝑌. The relative position of V″αβ to V″O 418 
can be represented as the sum of two vectors V″X and V″Y: 419 

𝑉𝛼𝛽
″ − 𝑉𝑂

″ =
𝛼

𝑈𝑂
″ + 𝛼𝑈̃𝑋 + 𝛽𝑈̃𝑌

𝑉𝑋
″ +

𝛽

𝑈𝑂
″ + 𝛼𝑈̃𝑋 + 𝛽𝑈̃𝑌

𝑉𝑌
″ 420 

(23) 421 

where: 422 

{
 
 

 
 𝑉𝑋

″ = 𝑉𝑋 −
𝑈̃𝑋
𝑈𝑂
″ 𝑉𝑂

𝑉𝑌
″ = 𝑉𝑌 −

𝑈̃𝑌
𝑈𝑂
″ 𝑉𝑂

 423 

These vectors V″X and V″Y are normalized to unit vectors 𝑉̂𝑋
″ = 𝑉𝑋

″ ‖𝑉𝑋
″‖⁄  and 𝑉̂𝑌

″ = 𝑉𝑌
″ ‖𝑉𝑌

″‖⁄  where ‖𝑉̂𝑋
″‖ =424 

1 and ‖𝑉̂𝑌
″‖ = 1. The vectors 𝑉̂𝑋

″ and 𝑉̂𝑌
″ represent the orientations of two lines in the transformed plane 425 

that are the perspective transformations of the x- and y-axes of the 2D xy coordinate system in the initial 426 

plane. The vectors 𝑉̂𝑋
″ and 𝑉̂𝑌

″ are usually not perpendicular to one another. The x-axis in the transformed 427 

plane is set to be parallel to 𝑉̂𝑋
″. The orientation of the y-axis in the transformed plane is represented by a 428 

vector (𝑉̂𝑌
″ + 𝑘𝑉̂𝑋

″) where 𝑘 = −𝑉̂𝑋
″𝑡 ∙ 𝑉̂𝑌

″ and 𝑉̂𝑋
″𝑡 ∙ (𝑉̂𝑌

″ + 𝑘𝑉̂𝑋
″) = 0. Then, Equation (23) can be re-written 429 

as: 430 

𝑉𝛼𝛽
″ − 𝑉𝑂

″ =
𝛼‖𝑉𝑋

″‖ − 𝑘𝛽‖𝑉𝑌
″‖

𝑈𝑂
″ + 𝛼𝑈̃𝑋 + 𝛽𝑈̃𝑌

𝑉̂𝑋
″ +

𝛽‖𝑉𝑌
″‖

𝑈𝑂
″ + 𝛼𝑈̃𝑋 + 𝛽𝑈̃𝑌

(𝑉̂𝑌
″ + 𝑘𝑉̂𝑋

″) 431 

(24) 432 

From Equation (24), the 2D x- and y-coordinates [α″ β″]t of the point V″αβ in the transformed plane is: 433 

{
 
 

 
 𝛼″ =

𝛼‖𝑉𝑋
″‖ − 𝑘𝛽‖𝑉𝑌

″‖

𝑈𝑂
″ + 𝛼𝑈̃𝑋 + 𝛽𝑈̃𝑌

𝛽″ =
𝛽‖𝑉𝑌

″‖√1 − 𝑘2

𝑈𝑂
″ + 𝛼𝑈̃𝑋 + 𝛽𝑈̃𝑌

 434 

(25) 435 

where √1 − 𝑘2 = ‖𝑉̂𝑌
″ + 𝑘𝑉̂𝑋

″‖. From Equation (25), the 2D-to-2D perspective transformation from the initial 436 

plane to the transformed plane can be written as: 437 

[
𝑢″𝛼″

𝑢″𝛽″

𝑢″
] = [

‖𝑉𝑋
″‖ −𝑘‖𝑉𝑌

″‖ 0

0 ‖𝑉𝑌
″‖√1 − 𝑘2 0

𝑈̃𝑋 𝑈̃𝑌 𝑈𝑂
″

] ∙ [
𝛼
𝛽
1
] 438 

(26) 439 

Discussion 440 



The geometrical properties of an Ames room were analyzed in this study and the generalization of 441 
the Ames room was discussed. The first generalization was proposed as a computational model that consists 442 
of two components: (i) constructing a 3D shape of an Ames room and (ii) generating textures of the faces of 443 
the Ames room by transforming textures of the faces of the rectangular room. These components of the 444 
model are implemented as a C# script of Unity 3D and a Python script using OpenCV 445 
(https://github.com/TadamasaSawada/AmesRoom) so that the Ames room can be constructed in a VR space. 446 
This implementation makes the illusion portable and it allows us to study this illusion without constructing 447 
any real Ames rooms while systematically controlling many features of our Ames room. It also allows us to 448 
design an Ames room depending on available size of a real space to physically construct the Ames room in 449 
the real space. 450 

The distortion from the rectangular room to the Ames room is formulated as a 3D-to-3D perspective 451 
transformation. This formulation allows us to apply the same distortion to an arbitrary 3D scene as to a 452 
rectangular illusory room for the Ames room. This transformation can be regarded as a member of a subset 453 
of 3D-to-3D perspective transformations. Any perspective transformation in this subset distorts the 3D scene 454 
in such a way that the retinal image of the distorted scene, when seen from a specific viewpoint, is identical 455 
to the retinal image of the initial scene, when seen from a specific viewpoint. Note that the “reverspective” 456 
(see Papathomas & Hughes, 2019), which is another geometrical illusion, can be also characterized by this 457 
transformation. 458 

These generalizations allow us to control the conditions of an Ames room quantitatively when we 459 
study this illusion. For example, the visual angle and the viewing distance of the facing wall can be 460 
systematically controlled for studying the effects of binocular cues on the Ames room illusion. These effects 461 
have been examined in several studies (Dorward & Day, 1997; Gehringer & Engel, 1986; Ittelson, 1960, pp. 462 
160-163; Pilewski & Martin, 1991, see also Gibson, 1979, p. 168; Runeson, 1988) and these studies showed 463 
that the illusion is still effective but it is weaker when these Ames rooms are seen binocularly. Gehringer and 464 
Engel (1986) used the “monocular distorted room no. 1” (Ittelson, 1952, pp. 39–43) and Dorward and Day 465 
(1997) used the one-tenth scale version of the “full size monocular distorted room” (Ittelson, 1952, pp. 44–466 
45).3 The viewing distances to the facing walls (dF in the proposed model of this study when s = 1) are 108.36 467 
cm in Gehringer and Engel (1986) and 32.34 cm in Dorward and Day (1997). These are short enough for the 468 
binocular cues to operate. The visual angles of the facing walls are 53.1° × 53.1° in Gehringer and Engel 469 
(1986) and 45.42° × 35.98° in Dorward and Day (1997). These visual angles may have been too large for the 470 
binocular disparity cue to operate. Note that the interiors of these distorted rooms are uniformly colored. So, 471 
the edges of the facing walls could be the primary visual features used to perceive the orientations of the 472 
facing walls from the binocular disparity cue. The effects of the binocular cues can become larger if the 473 
illusion is tested with a smaller visual angle of the facing wall or if the facing wall has with a texture pattern. 474 
Another example is the height of the viewpoint from the floor (hD in the proposed model of this study). The 475 
position of the viewpoint relative to a plane is an important factor for perceiving positions of objects on the 476 
plane (Kwon et al., 2016; Ooi & He, 2007; Meng & Sedgwick, 2001; Sedgwick, 2021). Using the computational 477 
implementation of the model, an Ames room can be constructed in a virtual space of 3D computer graphics 478 
software. Once this is done, many other parameters, such as texture (e.g. random noise pattern, 479 
https://youtu.be/CfF_rLsPEt8?t=37), can be also controlled by using software functions. 480 

                                                                                                                                                                              
                                                           

3 Dorward and Day (1997) reported that they used the one-tenth scale version of the “Ames No 1 room” but 
the dimensions of their distorted room and Figure 1 in Dorward and Day (1997) indicate that they actually 
used the one-tenth version of the “full size monocular distorted room” (Ittelson, 1952, pp. 44–45). 

about:blank
https://youtu.be/CfF_rLsPEt8?t=37


 
 

The computational model of the generalized Ames room also allows us to systematically control a 481 
psychophysical experiment that tests the Ames room illusion. Note that the Ames rooms that were used in 482 
the past studies were distorted to a fixed degree in such a way that the left side of the facing wall was further 483 
than the right side of the facing wall (see Figures 1 and 3). The degree of the distortion and its direction 484 
should be variable and should be randomized across trials to minimize the response biases of the 485 
participants. These variables can be controlled by our model.  486 
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