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Abstract— We introduce a generalized excitable system in
which spikes can happen in a continuum of directions, therefore
drastically enriching the expressivity and control capability
of the spiking dynamics. In this generalized excitable system,
spiking trajectories happen in a Hilbert space with an excitable
resting state and spike responses that can be triggered in any
direction as a function of the system’s state and inputs. State-
dependence of the spiking direction provide the system with a
vanishing spiking memory trace, which enables robust tracking
and integration of inputs in the spiking direction history. The
model exhibits generalized forms of both Hodgkin’s Type I and
Type II excitability, capturing their usual bifurcation behaviors
in an abstract setting. In control engineering applications the
proposed model facilitates both the sparseness of the actuation
and its sensitivity to environmental inputs, as illustrate in
a two-dimensional navigation task. These results highlight
the potential of the proposed generalized excitable model for
excitable control in high- and infinite-dimensional spaces.

I. Introduction
Excitability is a fundamental property of biological neu-

rons, allowing them to process and transmit information
efficiently through spiking signals [1], [2]. The event-based
nature of spiking signals is thought to be key for the
speed and flexibility of biological nervous systems by en-
abling sparse and efficient communication, adaptive and
on-demand computation, and fast and robust actuation [3].
Neuromorphic engineering aims at taking inspiration from
the event-based, adaptive, and energy efficient nature of
biological nervous system to design radically new kinds of
sensors [4], controllers [5], and computational principles [6],
[7]. Like in their biological counterpart, the spikes of a
neuromorphic controller enable fast, robust, and low-power
decision-making in complex environments and constitute a
step forward toward bio-inspired embodied intelligence [8].

In virtually all spiking models, spikes can happen in only
one direction, corresponding to a binary decision: to spike or
not spike. However, when looking at the collective activity
of neural populations, the population spike can happen in
an extremely large number of directions, each associated
with a different population-level spiking pattern, that encode,
e.g., sensorimotor information [9], [10] or perceptual deci-
sions [11].

In order to increase the expressivity of simple excitable
systems, this paper introduces a new, generalized model
of excitable behavior, in which the spiking trajectories are
occurring in a Hilbert space. In the absence of inputs, the
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excitable resting state is located at the origin, and a spike
response can be initiated in any direction of the Hilbert
space in which the model is defined. Spiking in a given
direction can be considered as a fast, flexible and adaptive
decision (to spike or not), over a continuum of options (the
directions of the Hilbert space). The direction in which a
spike is generated depends on two factors: the present state
of the system, as determined by the past spiking history, and
the inputs to the system. The vanishing memory provided by
state-dependence allows the model to filter out input noise
and jittering, ensuring robust, yet reactive, excitable response
to inputs.

To ensure analytical tractability of the proposed systems
dynamics, directional spiking is obtained as the feedback
interconnection of a fast and a slow subsystem:
• A fast Hilbert-space dynamic for spike generation, realized

as a gradient system whose potential determines the spiking
threshold and the input integration dynamic.

• A slow one-dimensional dynamic, which integrates an
increasing function of the norm of the Hilbert space state,
and uses it to modulate the potential function of the Hilbert-
space dynamic in order to terminate spikes and bring the
Hilbert space state back to the excitable state.

These modeling choices are key for maintaining the model
complexity low and to enable rigorous analysis of its behavior,
without compromising the expressivity of the resulting spiking
dynamics. In particular, the gradient system nature of the
fast dynamic and the use of a one-dimensional slow dynamic
make it possible to analyze the model behavior using a two-
dimensional system, even when the spiking Hilbert space is
infinite-dimensional.

To illustrate possible control applications of the proposed
model, we test it as a directional spiking controller for a
two-dimensional navigation task, in which case the spiking
Hilbert space is the two-dimensional Euclidean space. This
toy example provides a simple sensorimotor testbed to explore
the performance of neuromorphic controllers before their
applications to more complex robotics situations. Several
neuromorphic methodologies are already being developed for
navigation tasks [12], [13], and the controller proposed here
is akin the one considered in [14], [15]. The proposed model
can be seen as a mid-point between the finite-dimensional,
two-option (left or right) model used in [14] and the infinite-
dimensional, infinite option (all possible planar directions)
model used in [15]. The proposed model is finite-dimensional,
yet capable of making spiking decision in any direction of the
plane.

This paper is organized as follows. Section II introduces
the generalized excitable system. Section III studies the
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Fig. 1: Block diagram of the system (1). The red block at the top
stands for gradient system (1a) and displays the bifurcation diagram
of (4) with respect to 𝑥𝑠 , where the full (resp. dotted) red lines
are a continuum of asymptotically stable (resp. unstable) equilibria.
The two blue blocks at the bottom represent the slow dynamic (1b)
modulating (1a).

system’s excitability and illustrates how it can exhibit both
Hodgkin’s Type I and Type II excitability. Section IV uses the
proposed excitable system for a two-dimensional navigation
task. Finally, Section V concludes the paper.

II. System definition and input-output
characterization

Consider the following dynamics.

𝜏 ¤x = − 𝜕

𝜕x
𝑉 (∥x∥, 𝑥𝑠) + 𝛼u , (1a)

𝜏𝑠 ¤𝑥𝑠 = −𝑥𝑠 + 𝑔 (∥x∥) . (1b)

• The state x(𝑡) and the input u(𝑡) at each instant 𝑡 belong to
a R-Hilbert space (H , ⟨·, ·⟩), with ∥·∥ the norm induced by
the scalar product ⟨·, ·⟩.

• The potential𝑉 ∈ C1 (R2,R) is chosen so that Assumptions 1
and 2 below are satisfied.

• The variable 𝑥𝑠 (𝑡) ∈ R of (1b) serves as modulating
parameter for the shape of the potential 𝑉 of the gradient
system (1a) (Figure 2).

• The time constants (𝜏, 𝜏𝑠) adjust the timescale separation of
the system, with 𝜏𝑠 ≫ 𝜏 > 0, so that 𝑥𝑠 evolves more slowly
than x, and 𝛼 is the input gain.

• The function 𝑔 ∈ C0 (R≥0,R≥0) is chosen to be monotone
increasing, with 𝑔(0) = 0.
System (1) consists of a gradient system (1a) modulated

by the slow one-dimensional dynamic (1b). It is assumed to
possess a solution on the maximum interval of existence R≥0
for all initial condition (x0, 𝑥𝑠,0) ∈ H × R≥0. This can be
demonstrated using the standard assumptions of the Cauchy-
Lipschitz theorem [16]. The block diagram of (1) is presented
in Figure 1.

Two key assumptions are imposed on the system. The first
one is purely technical and serves only in the proof of Lemma 1.
The second one is a necessary (though not sufficient) condition
for the system to be excitable.

Assumption 1: There exists two constants (𝑎, 𝑏) ∈ R>0 ×
R≥0 and an increasing function ℎ ∈ C0 (R≥0,R≥0) with ℎ(0) =
0, such that for all 𝑥𝑠 ∈ R≥0:

𝑎𝑟 − 𝑏 ≤ 𝜕

𝜕𝑟
𝑉 (𝑟, 𝑥𝑠) (2)

𝑟

𝑉 (𝑟, 𝑥𝑠)𝑥𝑠 < 𝑥𝑠
𝑥𝑠 ∈ (𝑥𝑠 , 𝑥𝑠)

𝑥𝑠 > 𝑥𝑠

Fig. 2: Potential 𝑉 of the gradient system (4) at three 𝑥𝑠 values.

and for all 𝑟 ∈ R≥0, 𝑟 ∈ [0, 𝑟], and 𝑥𝑠 ∈
[
0, ∥𝑥𝑠,0∥ + 𝑔 (𝑟)

]
:

𝜕

𝜕𝑟
𝑉 (𝑟, 𝑥𝑠) ≤ ℎ(𝑟)𝑟 (3)

Assumption 2: The one-dimensional gradient system

¤𝑟 = − 𝜕

𝜕𝑟
𝑉 (𝑟, 𝑥𝑠) (4)

has an equilibrium at 𝑟 = 0 that undergoes a subcritical
pitchfork bifurcation with respect to its parameter 𝑥𝑠 at 𝑥𝑠 = 𝑥

𝑠
.

In particular, there exists 𝑥𝑠 > 𝑥
𝑠

such that:
• If 𝑥𝑠 < 𝑥

𝑠
, then (4) has two locally asymptotically stable

equilibria at 𝑟 = ±𝑟∗.
• If 𝑥

𝑠
< 𝑥𝑠 < 𝑥𝑠 , then (4) has three locally asymptotically

stable equilibria at 𝑟 = −𝑟∗, 0, 𝑟∗. Furthermore, 𝜕𝑟∗

𝜕𝑥𝑠
< 0.

• If 𝑥𝑠 > 𝑥𝑠 , then 𝑟 = 0 is a globally asymptotically stable
equilibrium of (4).
We have the following two theorems that characterize the

behavior of (4). Their proof can be found in the Appendix.
Theorem 1 (Spiking norm dynamics): The dynamic of the

norm of x in (1) reads, for x ≠ 0,

𝜏
¤︷ ︷

∥x∥ = − 𝜕

𝜕∥x∥𝑉 (∥x∥, 𝑥𝑠) + 𝛼𝑢̃ (5a)

𝜏𝑠 ¤𝑥𝑠 = −𝑥𝑠 + 𝑔 (∥x∥) (5b)

where 𝑢̃(𝑡) ∈ R is an input signal defined by 𝑢̃ ≜ cos(x, u)∥u∥.
Lemma 1: Let 𝑥𝑠,0 ∈ R≥0 and u ∈ H taken constant such

that ∥u∥ > 𝑏/𝛼, then there exists a time 𝑡 ≥ 0 above which
there exists 𝑟, 𝑟 ∈ R>0 such that ∥x∥ ∈ [𝑟, 𝑟].

Theorem 2 (Direction dynamics): The dynamic of the co-
sine between x and a constant input u ∈ H in (1) reads, for
x ≠ 0,

𝜏

𝛼

¤︷ ︷
cos(x, u) = ∥u∥

∥x∥

(
1 − cos2 (x, u)

)
(6)

which is a Riccati differential equation whose unique solution
is given by

cos(x, u) = tanh
(
𝛼∥u∥
𝜏

∫ 𝑡

0
∥x(𝑠)∥−1𝑑𝑠 + 𝑐0

)
(7)

with 𝑐0 = tanh−1 (cos(x0, u)) [17]. In particular, if the condi-
tions of Lemma 1 are satisfied, then lim𝑡→+∞ cos(x, u) = 1.

Theorem 1 shows that the dynamic of the norm of x reduces
to a simple two-dimensional system that can exhibit spiking
behavior for suitable choices of the functions (𝑉, 𝑔) [2].
Theorem 2 shows that the spiking state of the system x
asymptotically aligns with the direction of its input. Taken
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Fig. 3: Trajectories of the input u and output x of (1) for H = R2,
with the input u = (1 − cos 𝜃𝑢) (cos 𝜃𝑢, sin 𝜃𝑢) where 𝜃𝑢 = 𝑡/20,
and (x0, 𝑥𝑠,0) = (0, 0, 1). The system is parameterized by (𝑉, 𝑔) =

(8), 𝜏 = 0.05, 𝜏𝑠 = 2, 𝛼 = 1/4, 𝛽1 = 3, 𝛽2 = 1.5, 𝛽3 = 1.5 and
exhibits Type I excitability.

together, these two results show that for a sufficiently large
input strength, the generalized excitable system (1) is capable
of producing trains of directional spikes in a direction that
asymptotically approaches that of the input. This property is
illustrated in Figure 3 for H = R2, taken with its usual scalar
product.

III. Type I and II excitability
This section shows that the generalized excitable system (1)

can exhibit both Hodgkin’s Type I and Type II excitability [18].
This is accomplished through a standard phase-plane analysis
of the two-dimensional dynamics (5) under a constant input
signal 𝑢̃, following the typical approach used for reduced
models of neuronal excitability [2]. For the rest of the paper,
the following functions

𝑉 (𝑟, 𝑥𝑠) =
1
2
(1 + 𝑥𝑠)𝑟2 − 1

4
𝛽1𝑟

4 + 1
6
𝛽2𝑟

6 (8a)

𝑔(𝑟) = 𝛽3𝑟
4 (8b)

are considered in (1), but are by no means the only possi-
ble choices to obtain an excitable behavior. The choice of
{𝛽𝑖}1≤𝑖≤3 determines the excitability properties of the system,
including their Hodgkin’s excitability Type. Using (8), the
norm-spiking dynamics (5) of (1) reads

𝜏
¤︷ ︷

∥x∥ = −(1 + 𝑥𝑠)∥x∥ + 𝛽1∥x∥3 − 𝛽2∥x∥5 + 𝛼𝑢̃ (9a)
𝜏𝑠 ¤𝑥𝑠 = −𝑥𝑠 + 𝛽3∥x∥4 (9b)

which enables a straightforward phase-plane analysis. Note
that:
• The ∥x∥-nullcline is the bifurcation diagram of (5a) (here

(9a)) with respect to 𝑥𝑠 , as portrayed for u = 0 in the red
block at the top of Figure 1.

• The 𝑥𝑠-nullcline is the plot of the 𝑔 function 𝑥𝑠 = 𝑔(∥x∥).
Hence, both nullclines can be shaped precisely using rigorous
analytical and bifurcation-theoretical arguments, if needed.

A. Type I
Type I excitability is characterized by a continuous fre-

quency response to a constant input 𝑢̃, meaning the system (9)
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Fig. 4: Phase-planes of a system (5) exhibiting Type I excitability, and
considered at three distinct input values 𝑢̃, resulting in three possible
qualitatively distinct behaviors. The functions (𝑉, 𝑔) are taken as (8)
and the system is parameterized by 𝜏 = 0.1, 𝜏𝑠 = 3, 𝛼 = 0.1, 𝛽1 =

3, 𝛽2 = 1.5, 𝛽3 = 1.5.

spikes at an arbitrarily low frequency 𝑓 > 0 when the input 𝑢̃
is just above a certain threshold, the rheobase 𝑢̃. This behavior
arises from a saddle-node bifurcation on an invariant cycle,
allowing smooth transitions in the firing rate. This excitability
type is well-suited for encoding gradual changes in the input,
as illustrated by Figure 3. As the input slowly ramps up, the
spiking frequency rises, while the spikes’ width decreases,
until a Hopf bifurcation occurs at a new threshold 𝑢̃, beyond
which the spiking stops. The following qualitative behaviors
can be deduced from the phase-plane analysis of the system:
• For a constant input 𝑢̃ ∈ [0, 𝑢̃), the system acts as a simple

integrator of the input near its resting equilibrium. A single
spike can still be induced by a sufficiently strong transient
input. The phase-plane of this behavior is portrayed at the
top of Figure 4.

• For a constant input 𝑢̃ ∈ (𝑢̃, 𝑢̃), the system exhibits a tonic
spiking activity characterized by an asymptotically stable
limit cycle whose frequency grows with the input strength.
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Fig. 5: Phase-planes of a system (5) exhibiting Type II excitability,
and considered at three distinct input values 𝑢̃, resulting in three
possible qualitatively distinct behaviors. The functions (𝑉, 𝑔) are
taken as (8) and the system is parameterized by 𝜏 = 0.1, 𝜏𝑠 = 3, 𝛼 =

0.1, 𝛽1 = 3, 𝛽2 = 1.5, 𝛽3 = 5.

The phase-plane of this behavior is portrayed at the middle
of Figure 4.

• For a constant input 𝑢̃ ∈ (𝑢̃, +∞), the system exhibits
damped oscillations around the new globally asymptotically
stable equilibrium. The phase-plane of this behavior is
portrayed at the bottom of Figure 4.

Here, Type I excitability is obtained with 𝛽1 = 3, 𝛽2 =

1.5, 𝛽3 = 1.5. Using the nullcline analysis of (9), one can
estimate that:

𝑢̃ ≈ 1
𝛼

0.24 . . . 𝑢̃ ≈ 1
𝛼

0.62 . . . (10)

B. Type II
Type II excitability exhibits a discontinuous frequency

response to constant inputs 𝑢̃ as the input strength is increased.
System (9) spikes at a finite frequency 𝑓 ≥ 𝑓0 > 0 as soon
as the input 𝑢̃ is above the rheobase 𝑢̃. In this subsection, we
made the Type II behavior result from a Hopf bifurcation,
which makes the response of the system more resonant
as compared to the saddle-node bifurcation of a Type I

50 0 50

z *
x

50

0

50

z
* y

Reference trajectory z *

50 0 50

zx

z
y

Trajectory z

50 0 50

zx

z
y

Trajectory z

0

200

400

600

800

1000

1200

T
im

e
 [

a
rb

. 
u
n
it

]

Fig. 6: Two-dimensional view of the mobile robot trajectory z =

(𝑧𝑥 , 𝑧𝑦) on the plane R2 with and without obstacles (resp. right and
middle), compared to a reference trajectory z∗ = (𝑧∗𝑥 , 𝑧∗𝑦) (left).

system. Type II excitability is better suited for synchronization
and rhythmic network activity rather than fine-tuned signal
encoding. Nonetheless, as the input slowly ramps up, the
spiking frequency still rises, while the spikes’ width decreases,
until another Hopf bifurcation occurs at a new threshold 𝑢̃,
beyond which the spiking stops. The following qualitative
behaviors can be deduced from the phase-plane analysis of
the system:
• For a constant input 𝑢̃ ∈ [0, 𝑢̃), the system is globally

asymptotically stable and acts as a simple resonator of the
input near its resting equilibrium. A single spike can still
be induced by a transient input which is either sufficiently
large, or resonating with the system. The phase-plane of the
near-to-equilibrium oscillations is portrayed at the top of
Figure 5.

• The cases 𝑢̃ ∈ (𝑢̃, 𝑢̃) and 𝑢̃ ∈ (𝑢̃, +∞) are qualitatively
similar to their Type I counterparts. The phase-planes of
these behaviors are respectively portrayed at the middle and
at the bottom of Figure 5.

This Type II excitability is here obtained with 𝛽1 = 3, 𝛽2 =

1.5, 𝛽3 = 5. Using the nullcline analysis of (9), one can
estimate that:

𝑢̃ ≈ 1
𝛼

0.26 . . . 𝑢̃ ≈ 1
𝛼

1.11 . . . (11)

IV. Application to 2𝑑 navigation with sparse actuation
This section considers a mobile robot on a two-dimensional

plane. The robot’s position is given by the vector z = (𝑧𝑥 , 𝑧𝑦) ∈
R2. The robot’s acceleration, ¥z, is assumed to be controlled by
a two-dimensional “all-or-none” actuator act(u) ∈ R2 that is
either zero or on the unit circle of R2. Using the excitability
mechanism of this paper, a controller is obtained for u that
ensures both:
• sparse actuation in time, so that the robot only controls its

acceleration when necessary;
• sensitivity to environmental inputs, so that the robot can

dynamically adapt its trajectory to changing environments
and, in particular, to the presence of obstacles.

The controlled robot dynamics are

¥z = −𝛾 ¤z + 𝛼𝑎𝑐𝑡 act(u), where act(u) ≜ 1∥u∥≥𝑆
u
∥u∥ (12)

with 1∥u∥≥𝑆 ≜ 1 if ∥u∥ ≥ 𝑆 and 1∥u∥≥𝑆 = 0 if ∥u∥ < 𝑆. To
foster sparse actuation and good sensitivity to environmental



inputs, the controller dynamic is assumed to follow the
generalized excitability model (1), as follows:

𝜏 ¤u = − 𝜕

𝜕u
𝑉 (∥u∥, 𝑢𝑠) + v (13a)

𝜏𝑠 ¤𝑢𝑠 = −𝑢𝑠 + 𝑔 (∥u∥) (13b)

The parameters of the excitable controller (13) are chosen
so that it exhibits Type I excitability, which promotes lower
spiking frequency and therefore sparser actuation. The input
v to the excitable controller (13) is defined depending on the
robot’s task.

A. Trajectory tracking with sparse actuation
The goal of this section is to design a controller input v such

that the robot can follow a reference trajectory z∗ on the plane.
A possible solution is to define

v = 𝑘1
z∗ − z

𝜀 + ∥z∗ − z∥ (14)

In other words, the excitable model (13) receives as input the
instantaneous direction of its target trajectory multiplied by
the gain 𝑘1. The regularization constant 𝜀 > 0 appearing at the
denominator eliminates the singularity at z = z∗. The functions
(𝑉, 𝑔) are taken as in (8) and the system is parameterized
by 𝜏 = 0.01, 𝜏𝑠 = 1, 𝛽1 = 3, 𝛽2 = 1.5, 𝛽3 = 1.5, 𝑘1 =

0.4, 𝛾 = 1, 𝛼𝑎𝑐𝑡 = 3, 𝑆 = 0.9, 𝜀 = 0.1. The reference trajectory
is defined by z∗ (𝑡) = (20 + 𝑡/25) (cos 𝜃∗ (𝑡), sin 𝜃∗ (𝑡)) with
𝜃∗ (𝑡) = 𝑡/100 + 𝜋/4, and the mobile robot and its controller
are initialized with (z0, ¤z0, u0, 𝑢𝑠,0) = 0. The trajectory z(𝑡) of
the mobile robot is compared to the reference trajectory z∗ (𝑡)
in Figure 6. Both the tracking performance and the sparseness
of the actuation can be appreciated in Figure 7.

B. Responsiveness to a changing environment
When the mobile robot’s task is to follow a reference

trajectory z∗ while also avoiding a set of 𝑛𝑜 obstacles
{z𝑜𝑖 }0≤𝑖≤𝑛𝑜 , the excitable controller input can be modified
as follows

v = 𝑘1
z∗ − z

𝜀 + ∥z∗ − z∥ + 𝑘2

𝑛𝑜∑︁
𝑖=1

z − z𝑜𝑖
∥z − z𝑜𝑖 ∥2 (15)

The closed-loop system is simulated with the same parameters
as in the previous subsection, with 𝑛𝑜 = 3 and 𝑘2 = 1.3. The
trajectory z of the mobile robot is compared to the reference
trajectory z∗ in Figure 6, where we can observe that the three
obstacles are correctly avoided.

V. Conclusions and Perspectives
This paper introduced a novel generalization of excitable

systems in a Hilbert space. The model features an excitable
resting state close to the origin, with spike responses triggered
in any direction based on the system’s state and inputs.
This system can exhibit both Hodgkin’s Type I and Type
II excitability, by capturing their characteristic bifurcation
behaviors in a reduced two-dimensional model. Moreover, the
model’s applicability was demonstrated in a two-dimensional
navigation task, where it enabled both sparse actuation and
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Fig. 7: From top to bottom, time evolution of: the norm ∥u∥ and
polar angle 𝜃𝑢 of the state of the excitable controller (13), the norm
∥act(u)∥ and polar angle 𝜃act(𝑢) of the actuator defined in (12), a
comparison between the robot’s position z and target’s position z∗
respectively in 𝑥 and 𝑦 coordinates, and finally both coordinates of
the position error z∗ − z.

sensitivity to environmental inputs. These findings underscore
the potential of this framework for neuro-inspired control
schemes, particularly in high- and infinite-dimensional spaces.
These more advanced applications remain to be investigated
in future works.
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Appendix

A. Proof of Theorem 1

For x ≠ 0, the following equalities hold:

𝜏
¤︷ ︷

∥x∥ = ⟨¤x, x⟩
∥x∥ = − 1

∥x∥

〈
𝜕

𝜕x
𝑉 (∥x∥, 𝑥𝑠) , x

〉
+ 𝛼

⟨u, x⟩
∥x∥ (16)

by the chain rule:

𝜕

𝜕x
𝑉 (∥x∥, 𝑥𝑠) =

𝜕

𝜕∥x∥𝑉 (∥x∥, 𝑥𝑠)
x
∥x∥ (17)

and by definition, cos(x, u) ≜ ⟨u,x⟩
∥u∥ ∥x∥ . This finally provides:

𝜏
¤︷ ︷

∥x∥ = − 1

�
��∥x∥2

𝜕

𝜕∥x∥𝑉 (∥x∥, 𝑥𝑠)���⟨x, x⟩ + 𝛼 cos(x, u)∥u∥
(18)

□

B. Proof of Lemma 1
If x0 = 0, since 𝜕

𝜕𝑟
𝑉 (0, 𝑥𝑠) = 0 by Assumption 2, u ≠ 0,

and since the gradient system (1a) is continuous, there exists
𝑡0, 𝜀 ∈ R>0 such that ∥x(𝑡0)∥ ≥ 𝜀. Hence, the assumption
x0 ≠ 0 is made without loss of generality. It is easily noticed
that if 𝑥𝑠,0 ≥ 0 in (1), then 𝑥𝑠 (𝑡) ≥ 0 for all 𝑡 ≥ 0, meaning the
lower-bound (2) of Assumption 1 can be leveraged in (5a) to
obtain 𝜏𝑑∥x∥/𝑑𝑡 ≤ −𝑎∥x∥ +𝑏+𝛼∥u∥. Grönwall’s lemma [19]
then gives

∥x∥ ≤ ∥x0∥𝑒−𝑎𝑡/𝜏 + (𝑏 + 𝛼∥u∥) (1 − 𝑒−𝑎𝑡/𝜏)/𝑎 (19)

It follows that for all x0 there exists 𝑟 ∈ R>0 upper-bounding
∥x∥. Using Grönwall’s lemma again on the slow dynamics
(1b) gives 𝑥𝑠 ∈ [0, ∥𝑥𝑠,0∥ + 𝑔 (𝑟)]. The focus is now put on
the dynamic of the scalar product between x and u. Using the
chain rule (17), the following equalities hold:

𝜏
¤︷ ︷

⟨x, u⟩ = 𝜏⟨¤x, u⟩ = − 1
∥x∥

𝜕

𝜕∥x∥𝑉 (∥x∥, 𝑥𝑠) ⟨x, u⟩ + 𝛼∥u∥2

(20)
If ⟨x, u⟩ ≤ 0, the Cauchy-Schwarz inequality and the lower-
bound (2) of Assumption 1 yields 𝜏⟨¤x, u⟩ ≥ ∥u∥ (−𝑏 + 𝛼∥u∥).
Since ∥𝑢∥ > 𝑏/𝛼, there exists 𝜇 ∈ R>0 such that ⟨¤x, u⟩ > 𝜇,
hence there exists a time 𝑡1 above which ⟨x, u⟩ > 0 for all
𝑡 ≥ 𝑡1. Now, the upper-bound (3) of Assumption 1 yields
𝜏⟨¤x, u⟩ ≥ −ℎ(𝑟)⟨x, u⟩ + 𝛼∥u∥2. It is easily demonstrated that:

𝜏
𝑑

𝑑𝑡

(
𝑒ℎ (𝑟 )𝑡/𝜏 ⟨x, u⟩

)
≥ 𝛼𝑒ℎ (𝑟 )𝑡/𝜏 ∥u∥2 (21)

Integrating both sides between 0 and 𝑡 provides:

⟨x, u⟩ ≥ ⟨x0, u⟩𝑒−ℎ (𝑟 )𝑡/𝜏 + 𝛼∥u∥2 (1 − 𝑒−ℎ (𝑟 )𝑡/𝜏)/ℎ(𝑟) (22)

Using Cauchy-Schwarz inequality hereabove shows that for all
𝑡 above a certain time 𝑡2, there exists 𝑟 ∈ R>0 lower-bounding
∥x∥, thus concluding the proof. □

C. Proof of Theorem 2
For x ≠ 0 the following equality holds:

𝜏
¤︷ ︷

x/∥x∥ = 𝜏

∥x∥

(
¤x −

¤︷ ︷
∥x∥
∥x∥ x

)
(23)

substituting ¤x and
¤︷ ︷

∥x∥ respectively by (1a) and (5a) provides:

𝜏
¤︷ ︷

x/∥x∥ = −
�

�����1
∥x∥2

𝜕𝑉

𝜕∥x∥ x + 𝛼

∥x∥ u +
�

�����1
∥x∥2

𝜕𝑉

𝜕∥x∥ x − 𝛼
⟨x, u⟩
∥x∥3 x

(24)
so the direction of x satisfies the differential equation

𝜏

𝛼

¤︷ ︷
x/∥x∥ = 1

∥x∥

(
u −

〈 x
∥x∥ , u

〉 x
∥x∥

)
(25)

Since u is constant
¤︷ ︷

cos(x, u) =
〈 ¤︷ ︷

x
∥x∥ ,

u
∥u∥

〉
(26)

which finally provides the Riccati differential equation:

𝜏

𝛼

¤︷ ︷
cos(x, u) = 1

∥x∥

(
∥u∥ �2

��∥u∥ − ∥u∥ cos2 (x, u)
)

(27)

□


