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T A 1. Scientific motivations
= HIAN o :
Dvnamic simulations

= Spatial discretization into finite elements
= Temporal integration of the balance equations M x+F" =F

= 2 methods
— Explicit method
X
e approximation = ot =) deduction . -
‘xn pp . > X n+] M ( n t_F'n t) = > n+l"xn+]
Xﬂ
* Non iterative
* Small memory requirement Very fast dynamics
* Conditionally stable (small time step)
— Implicit method
X, . .l Mx +F™ = Fo
- extrapolation KX 1terations - - L s oz
xn > xn+l < > xn+1 :f(xn"xi xn+1 x
55 1)—én+l linﬁ—l :f()_én’)_é; 56}1-%—1 56

o [terative
« Larger memory requirement

 Unconditionally stable (large time step) Slower dynamics
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e 1. Scientific motivations

JEEE Non-linear numerical example

= Traditional methods can be unstable in the non-linear range

= Example (Armero & Romero [CMAME, 1999]) o Ul =15 Nim X =10 m/s
— Mass spring system with geometrical non-linearity
— 1 revolution ~ 4s frt "\
B
Newmark implicit scheme HHT implicit scheme
(no numerical damping) (numerical damping p_= 0.9)
At=1s At=1.5s At=1s At=1.5s
20 20 20

20 2% 0 20 %o 20
X [m]

= Conservation laws are not satisfied leading to divergence, and motivating
the development of conserving algorithms
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mzee 2. Conserving scheme 1n the non-linear range
T Conservation laws

= Conservation of linear momentum (Newton’s law %% _ e )

—  Time discretization: » Mx,. —Mx, =AtY F%, & Y Fl,=

nodes nodes nodes

= Conservation of angular momentum ( &AM _ ¢ o)

ot
- Tlme diSCI’CtiZ&tiOnf Z Z'an n+l n A m}z - At Z xn+]/2 A Ezixlt/Z & z xn+l/2 A F_;niitlﬂ = O
nodes nodes nodes nodes
[ ] C 1 a a int a ext ~int
onservation of energy ( S K W = W=D

— Time discretization: W, —W" +AD™ = > F"\ ,e[% %]
nodes

1 ° = 1 . -
8 3 MR, o, D MY, o X, + W~ W + AD™ = 3 F % ]

2 @[ X —
nodes nodes

Wit internal energy; Wt external energy; D'": dissipation (plasticity ...)




mzee 2. Conserving scheme 1n the non-linear range
el EMCA

= First Energy-Momentum Conserving Algorithm (EMCA)
(Simo and Tarnow [ZAMP, 1992])

~ = = — —
‘xn+1 +xn _ xn+1 _‘xn
— Based on the mid point scheme: < 2 At
in+ _)?n I ex rin
M ]A—f = E1+1t/2 _Ez+t1/2
.

— With £", and £, designed to verify conserving equations

. . Vi )=V )r. ~
— Example of the mass-spring system F", = () =V ) X ., +% ]

2 2
ln+1 o ln
EMCA, At=1s EMCA, At=1.5s
20 20 - 0 : : :
“E —— EMCA;At=1s
o -50! — ~ Newmark; At=1s |
10 X,
- £ -100|
5 :
€ _150! ]
2 150\ b i
e ) il ”‘“\“"‘\‘Jw“““; M‘V\‘ ! “;\“J‘
-10 5 -200/ AT
=
2
-2 : -2 <-2 : : : :
-%0 0 20 -%0 0 20 500 100 200 300 400 500
X [m] X [m] Time [s]




D EDMC

* Introduction of numerical dissipation: Energy-Dissipative Momentum
Conserving scheme (EDMC) (Armero & Romero [CMAME, 2001])

—

M M - F,fff/z _ﬁ;ii/z _ﬁnciiis/z
: : At
— Introduction of new terms in the EMCA:: . B - -
X +xn Zdiss __ X1 — Xy

2 n+l T At
— Same internal 7™ , and external forces 7%, as in the EMCA

— With ! and F®, designed to achieve positive numerical dissipation without

. < 1 . = 1 . = in in in num 7 ex = =
spectral bifurcation » —Mx,, ex,, - EM)?H o X, + W W, + AD™ + AD™™ = > F2, o[X,,, —X,]

nodes nodes

— Example of the mass-spring system for first order accurate EDMC

% 0 ‘ ‘ ‘ ‘ 15 ‘ ‘ ‘ ‘
E ~ EDMC;p =09;At=1s ~ EDMC;p_=0.9;At=1s
(! 1+/) . 50|  HHTp =09 At=1s — . HHT:p =09 At=1s
g deiss — 4 (”"’2 ’ [[’”1_/”] [xn+l +xn] g Por §, Py
n+l/2 — =
1+ l,1+1 +ln 2 = -100+ I % WNMWM e
< © - & 107 F
- - € _150F o
— = = o AR c
}'disls — Ynei X [‘xnﬂ + ‘xn] E \J”‘M“ 5—;_
n+ = = -
xn+l + 'xn 2 c_cg» 200
- < 250 ‘ ‘ ‘ ‘ 5 ‘ ‘ ‘ |
0 100 200 300 400 500 0 100 200 300 400 500
Time [s] Time [s]
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e EDMC

=  Comparison of the spectral radius

. . . . In p?
— Integration of a linear oscillator x,,, = eXp[A—ft,,H]cos(w t”“j

p: spectral radius; ®: pulsation

Low numerical dissipation High numerical dissipation
P=0.8 p.=0.2
15 | | —— Newmark 15
—— CH, a-generalized
—— HHT
1 W\ Explicit o-generalized 1
M- x EDMC
Q Q
" 05 L
X
0 : : ‘ ‘
107 10° 10 10° o 10° 10’ 10
Q=onAt Q= At
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mzee 2. Conserving scheme 1n the non-linear range
el Formulations in the literature

= Elastic formulation
— Saint Venant-Kirchhoff hyperelastic model (Simo et al. [ZAMP, 1992])

— General formulation for hyperelasticity (stress derived from a potential V)

(Gonzalez [CMAME, 20007) e vc.)-ric,)- gg (C,,+2Cn+l ) AC
nlﬁ/z J. nH Sn+l/2DdV with Sn+1/2 25(:( ’ o) n+lj+2 HACHZ AC
— Classical formulation 7™ 2JF —CDd V O( e )

F: deformation gradient; C: right Cauchy-Green strain; V: potential; ¢: shape functions; D = d¢p/dx,

= Penalty contact formulation (Armero & Petécz [CMAME, 1998-1999])

~ Fcont N V(g3+l)_V( :)—’

n+l1/2 — d d n+l/2

gnﬂ _gn

d _ d = = = = =
gn+l - gn +nn+1/2 ¢ [‘anrl _‘xn _yn+1 (un+l/2)+yn (un+l/2)]
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Formulations 1n the literature

= FElasto-plastic materials
— Hyperelasticity with elasto-plastic behavior (Meng & Laursen [CMAME, 2001])

energy dissipation of the algorithm corresponds to the internal dissipation of the material
Isotropic hardening only

— Hyperelasticity with elasto-plastic behavior (Armero [CMAME, 2006])

Energy dissipation from the internal forces corresponds to the plastic dissipation
Modification of the radial return mapping
Yield criterion satisfied at the end of the time-step

— Hypoelastic formulation

Stress obtained incrementally from a hardening law

No possible definition of an internal potential!

Idea: the internal forces are established to be consistent on a loading/unloading cycle
Assumption made on the Hooke tensor

Energy dissipation from the internal forces corresponds to the plastic dissipation
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e = B =

= Blade off

Rotation velocity 5,000rpm
EDMC algorithm
Hypoelastic formulation
29,000 dof’s

One revolution simulation
9,000 time steps

50,000 iterations (only 9,000
with stiffness matrix updating)

= Demonstrates the robustness
and efficiency of the
conserving schemes

2. Conserving scheme 1n the non-linear range

Numerical results

Fojuivalznt von Mises stress

0.000 5.00=-+005 1.002-+00% 1.50=-+00% 2.00=-+00%

vvvvvvvvvvvvvvv
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A 3. Variational updates approach

e Purpose of the work

= Development of a general approach leading to conserving/dissipating
algorithms for any material behavior!

= What we want
— No assumption on the material behavior

— Material model unchanged compared to the standard approach:
* From a given strain tensor, the outputs of the model are the same
* Use of the same material libraries

— Expression of the internal forces for the conserving algorithm remains the same as in
the elastic case

— Yield criterion satisfied at the end of the time step

= Solution derives from the variational formulation of visco-plastic updates

[Ortiz & Stainier, CMAME 1999]
OAD"

— Definition of an energy, even for complex material behaviors S,., =2 (C,..C,)

n+l

C: right Cauchy-Green strain; S: second Piola-Kirchhoff stress; AD®': incremental potential

= Introduction of numerical dissipation via AD<ff

UNIVERSITE de Liege




I TA 3. Variational updates approach

JEEE Use of an incremental potential

= Description of the variational updates for elasto-plasticity
— Multiplicative plasticity  F=F“F”

— Plastic flow F =exp(Ae”"N)F" N: plastic flow direction
— Functional increment AD(F,,,F, ,&"  &" N)=Ww* (F,MF,fll_] (8}1"+1,N))— we (FnFj‘_l(g,ﬁ",N))+
pl _ .l
Wpl ((9:_1*_1 )_ Wpl (851 )+ Ath*£ 8n+lA gn ]
t

Wel: reversible potential; WP!: dissipation by plasticity; W*: dissipation by viscosity

N)

n+lo

— Effective potential: AD"(F, ., )=minAD(F,,F, & &"
Sflﬂ N
« Minimization with respect to P! satisfies yield criterion

* Minimization with respect to N satisfies radial return mapping

— 2 aADeff (Fn+1)

— Usual stress derivation: S, P%

n+1

= Introduction of numerical dissipation

— Modification of potential AD*"(F

n+l n+l12

el  gel
)=minAD(F,, ,F, " & N)JrAt‘I"ﬁSS(—C”*1 C”j
" N

n+12“n+l>
At

n+l>

— Dissipation function \Pdiss( ClL —CZI): X Ace - Gleel . ACe
At 2At 0C*oC*
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A 3. Variational updates approach

JEEE Use of an incremental potential

= Internal forces directly obtained from Gonzalez elastic formulation
[CMAME 2000]

i F +F _
Flil/z :I +2 1Sn+1/2DdV B v (C +C 7
4«0V [CC He.)-rie,)- ac( B nHJ:AC
with S ..,=2 ( n "+lj+2 5 AC
el nq]

-C

I)

n+l

eff
ADeff (Cn+1 ,Cn )_ aAaDC (Cn + Cn+1 ] . AC

lac]

AC

2

= Dissipation forces £, are part of 7™,

% 14
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e = B =

3. Variational updates approach
Use of an incremental potential

= Modification to quasi-incompressible form

Split of the stress tensor

Definition of a mean volumetric deformation on the element &¢.

Definition of distortion gradient F=J"'""F

_ gdev
S,12=S02+2P,.,4G

f R
oAD" (62, 2+ 6¢ 2) e 00 .
Puin = 00° + A@ez AG
— Volume part < o
A.]— n+l/2 AC
_0Jan oC
oc Jac|
~ eff(A el )
- ADeff(éell éel)_ OAD Cn+1/2 ‘ AC
off (el e oC
Sii\;/z — zaAD (Cn+1/2)‘ +2 . 96 AC
o il faci
— Deviatoric part 4
0AD” (CZIH/Z)‘ = Jnfl//szDEV[Fﬂl/zl OAD™ (QZLI/ZDCZI)F,%&TJ
oC oC*
\. o°
withJ,,,,,F",, and C° , resulting from the minimization of w(@,gmnm,&cn,gm"j

vvvvvvvvvvvvvvv
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A 3. Variational updates approach

JEEE Use of an incremental potential

= Properties:
— 2 material configurations computed
OAD" [cnﬂ +an
oC 2

* Mid configuration trough

* Final configuration trough  AD"(C,,C))

n+l2

— Material model unchanged

— Yield criterion verified at configuration n+/

— Conservation of linear and angular momentum

— Numerical dissipation of energy (first order accurate)

Z ﬁ;;ﬁ/z °[X,, —X,]= J‘(VVnell - Wnel +Wr - W,,pl AN + AP )jV

n+l

nodes Vo
rWint — J‘WeldV
)
LAD™ = [(w2, -+ Ay v
Vi
num ' iss = = —diss = = e GzVel e
\AD = J.At‘Pd dV+M(an —xn)oxf+l :gm([x,m —|1x, )2+1J.AC 1 :W:AC ‘av

2

Vo Vo

| I : : - Dext _r= =
> Mg, e % I—EMfcnoxn+Wmt—VI/,;m+AD‘m+AD“”m:ZFnif/zo[an—xn]

n+l
nodes nodes
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A 4. Numerical Examples

e il = el =

JEEE Simulation of a tumblineg beam

* Tumbling beam

— Initial symmetrical loads (¢ < 10s)

— Elasto-perfectly-plastic hyperelastic material

EMCA, At=0.5 s

EDMC, A=0.5s, p,= 0.7

Eojuivalent plostic strolin
0.000 0.0525 0.0450 0.0975

0. 150

step O 1=0/225

0.000

=05

Equivalent plastlc straln
0.052% 0.0450 0.097%

0,130

vvvvvvvvvvvvvvvvv
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T A< 4. Numerical Examples

Jae=— Simulation of a tumbling beam

= Time evolution of the results

EMCA, At=0.5 s EDMC, At=0.5s, p,= 0.7

25

: 25
- Dmt
20! ;o wint 20/
R Dint + Wint B
2 15 M M o IFE™ax- [ arwdStdv) 2 15
> JfJ Ve >
S | >
2 10— ] 2 10
L L
’ MMM W ’
0 U ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 50 100 150 200 0 50 100 150 200
Time [s] Time [s]
— K
60— 7 - Dlnt + Wlnt 60, K K K AKAKAKNK K K HKAKAKHKHK K KKK AKAKHKHK KK KK AKX
— pint 4 wint 4 k P\
= %NV\“”WV“/V\M/VWWW\/\M o 2P Ax )T w——
> 40/ : > 40} ]
) | ) |
[ | c |
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 50 100 150 200 0 50 100 150 200
Time [s] Time [s]

% 18
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A 4. Numerical Examples

JeEc— Simulation of a tumbling beam

= Influence of time step size (p, = 0.7)

25
— EDMC: At=0.125s

60l | — EDMC;At=0.25s 20!
) F%_ EDMC; At=05s
X ) —
< 5 — EDMC: At=0.75s 15l
2 40! x Newmark; At=0.75s | =
g :
> o 10/
£ 20/

0 50 100 150 200 50 100 150 200

Time [s] Time [s]

= Influence of p_ (At =10.5)

25
—— EDMC; p, = 0.95
= 60, F& | | —— EDMC; p, = 0.9 20!
< X — EDMC; p, =038
+ X ___ EDMC;p =07 = 15/
€40 | Ne markoo 0.7 g
W ;p =0. =

% . e o 10/
ED 20¢ 5 [

0 : : : : O : : : :

0 50 100 150 200 0 50 100 150 200

Time [s] Time [s]
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A 4. Numerical Examples

JeEc— Simulation of the Tavylor impact

= Impact (270 m/s) of a cylinder

— Hyperelastic model

stap O 1=0/82-005 di=4d=-007

— Elasto-plastic hardening law

— Simulation during 80 us

Method Final length | Final radius | Max &P
[mm] [mm]
EMCA; At=25ns 21.4 6.77 2.61
EMCA; At =400 ns 21.4 6.81 2.61
EDMC; At =400 ns; 21.46 6.87 2.69
p..=0.9
EDMC; At =400 ns; 21.50 6.91 2.76
p,,=0.7
Newmark; Az =400 ns; 21.56 6.85 2.79
p..=0.7
Chung-Hulbert; 21.51 6.91 2.79
At =400 ns; p,= 0.7
Equivallent plastic stralin
EMCA; Meng & 21.6 6.78 2.62 0000  0.4675 1.35 2.03 2.70

% 20
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A 4. Numerical Examples

e Impact of two 2D-cvylinders

= Two cylinders (Meng & Laursen)
— Left one has an initial velocity (initial kinetic energy 14J)
— Elasto-perfectly-plastic hyperelastic material

Ecjulvellzent plastic strain
0,100 0,200

0.000

0.300 0.4100

UL} Z
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P A 4. Numerical Examples

e Impact of two 2D-cvylinders

Equivalent plastic strain Equivalent plastic strain
0 0.099 0.197 0.296 0.394 0 0.098 0.195 0.293 0.390

CH, At=1.5 ms, p,=0.7

Equivalent plastic strain Equivalent plastic strain
0 0.098 0.196 0.293 0.391 0 0.189 0.379 0.568 0.758

e - S
22




I TA 4. Numerical Examples

JESEE=as Impact of two 2D-cvylinders

= Results evolution comparison

15 : ‘ :
—— EDMC; At=1.5ms 15

—— EDMC; At=15ms
— CH; At=15ms
10/ 1 —— CH;At=15ms 10+

Dln'[ [J]
K [J]

(=]
(=]

0 1 2 3 4 0 1 2 3 4
Time [s] Time [s]
20 ‘ 4 ‘
—— EDMC; At=15ms
18! | — EDMC; At=15ms Al
=) — CH; At=15ms =
X 16! 1 — CH;At=15ms <
g <2
_g 14+ e | §-
'§+ i 11
) A
12+ :
0
10
0 1 2 3 4 0 1 2 3 4
Time [s] Time [s]




A 4. Numerical Examples

e Impact of a square tube

= Impact (50 m/s) of a square tubes on a rigid punch
— Saturated hardening law (aluminum)
— Masses added at tube extremities (to simulate structure inertia)

EDMC, p_= 0.8, no point mass EDMC, p_=0.8,
point masses = 100% of tube mass

step O =0/0C015 di=1sL05 step 0 =0/00015 di=1=-005

Eqiuivalznt plastic stroin
0.000 0,250 0.500

culvalent plastlic straln

0.000 0.250 0.500 0.750

UNIVERSITE de Licge
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A 4. Numerical Examples

o Impact of a square tube

= Time evolution of the results

EDMC, p_= 0.8, no point mass EDMC, p_=0.8,
point masses = 100% of tube mass
12 | ‘ — pint | | | ‘
10! —— wyint 207
— K
= 8 = 15
> 6 >
@ @ 10}
b4 L]
5,
2
- : i i T ;
% 05 ] %  os 1 15 2
Time [ms] Time [ms]
0 ‘ 0 ‘
—0.05 =0.05
) x
<
< -0.1 _--0.1
~0.15 ~10.15
1 1 = 2 : ‘ : :
0.2, 05 ] 0% 05 115 2
Time [ms] Time [ms]

% 25
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e LL/\ST= 5. Conclusions

= Developed a visco-elastic formulation leading to a conserving time
integration scheme

= Use of the variational updates formulation:
— The formulation derives from a energy potential
— The formulation i1s general for any material behavior

— The formulation includes numerical dissipation
= The internal forces expression remains the same as for elasticity
= The momenta are conserved
= Numerical dissipation of energy
= The yield criterion is satisfied at the end of the time step

= Numerical examples demonstrate the robustness
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