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Abstract

In a previous paper (Int. J. for Numer. Meth. in Eng. 2006; 65:904-942) the au-
thors demonstrated the efficiency of the variational formulation of elasto-plastic
updates to develop energy-momentum conserving time integration algorithms. In-
deed, within such a framework, the stress tensor always derives from an incremental
potential, even when plastic behavior is considered. Therefore the verification of the
conservation of energy in the non-linear range can easily be demonstrated: the sum
of the reversible stored energy and irreversible dissipated energy exactly corresponds
to the work of the external forces applied to the structure. Although this formulation
was shown to be accurate and robust, the introduction of numerical dissipation for
high-frequency numerical modes can be necessary to simulate complex phenomena.
In this work, we propose a modification of the variational updates framework to
introduce this numerical property, leading to a new energy-dissipative momentum-
conserving time integration algorithm for elasto-plasticity.
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1 Introduction

The time-integration of a finite-element space-discretization is commonly a-
chieved by considering one-step finite difference schemes. These finite differen-
ce schemes can be solved explicitly or implicitly. Both families generally derive
from the Newmark algorithm [1]. The stability of the Newmark algorithm can
be demonstrated for linear models, while for non-linear models Belytschko
and Schoeberle [2] proved that the discrete energy, computed from the work
of internal forces and kinetic energy, is bounded if it remains positive. Nev-
ertheless, in the non-linear range, the Newmark algorithm leads to a work
of internal forces that is different from the internal energy variation. In this
context, Hughes et al. [3] have proved that the Newmark algorithm remains
physically consistent only for small time step sizes.

In the past decade, interest in simulating non-linear dynamics has kept grow-
ing, which led to the development of new time integration algorithms that
remain stable in the non-linear range. Since finite difference schemes are well
suited to integrate finite-element space-discretizations - they can easily be
implemented and are robust - and since the stability requirement can be
achieved only with implicit algorithms - in the non-linear range even con-
ditional stability can only be demonstrated for implicit schemes - this paper
focuses on implicit finite difference time integration algorithms. For complete-
ness, let us note that the properties of conservation can also be reached by
using a Petrov-Galerkin time finite-element [4,5], by using an approximation
of the time Galerkin method [6,7], by using a Runge-Kutta method (e.g. [8])
or even by considering an approximation of the time discontinuous Galerkin
method [7,9]. Historically, the first finite difference algorithm verifying the
conserving properties in the non-linear range is the ” Energy Momentum Con-
serving Algorithm” or EMCA proposed by Simo and Tarnow [10]. It consists
of a mid-point scheme with an adequate evaluation of internal forces. This
adequate evaluation was given for a Saint Venant-Kirchhoff hyperelastic ma-
terial. A general formulation in term of the second Piola-Kirchhoff stress tensor
was proposed by Gonzalez [11], and is valid for general hyperelastic materials.
In this last formulation, the stress tensor is decomposed into two parts: the
first one is the derivation of the free energy evaluated for a mid-configuration
strain tensor, and the second is a second-order correction that enforces the
exact variation of energy. This generalization was allowed by the form of the
stress tensor that derives from an internal energy. Actually, verification of the
conservation of the energy requires such a variational framework. For example,
when considering energy-momentum conserving algorithms applied to contact
interactions, the creation of a contact energy was proposed by Armero and
Pet6cz [12,13] to ensure the stability.

An issue when considering plasticity is the absence of an energy potential from



which to derive the stress tensor. Energy-momentum conserving algorithms
were then developed by Meng and Laursen [14,15] in such a way that the
work of internal forces is dissipative, consistently with plastic behavior. They
were also developed by Noels et al. [16,17] and Armero [18] in such a way that
for respectively hypo-elastic and hyper-elastic based elasto-plastic materials,
the work of internal forces corresponds to the change of reversible energy plus
the plastically dissipated energy. In general, the absence of an energy potential
leads to a less elegant mathematical formulation of the problem and can lead
to more complicated formulations of the internal forces. This is particularly
true when considering energy-momentum conserving algorithms.

In a recent work, the authors [19] proposed to use the variational updates
framework to develop conserving algorithms for elasto-plasticity. This varia-
tional constitutive updates formulation, initially proposed by Radovitzky and
Ortiz [20] and developed by Ortiz and Stainier [21], has the interesting prop-
erty that the stress tensor always derives from an incremental potential, even
for elasto-plastic models or visco-elastic models, see Fancello et al. [22]. This
variational framework was further extended to the general thermo-mechanical
case by Yang et al. [23]. Therefore, in such a framework we can use the for-
mulation based on the second Piola-Kirchhoff stress tensor as proposed by
Gonzalez [11] in a straightforward way. Moreover, the use of the variational
formulation does not lead to any a priori restrictions on the material laws or
parameters, even if in this paper we focus on elasto-plasticity with isotropic
hardening.

Although recent developments in energy-momentum conserving algorithms
have demonstrated the accuracy of the methods for non-linear structural dy-
namics, even for elasto-plastic behaviors, the solution obtained can be polluted
by high-frequency numerical oscillations. These non-physical modes are also
present when time-integrating with classical Newmark algorithms, and, in this
particular case, are commonly dissipated by introducing numerical damping,
leading to the generalized-o methods [24]. Nevertheless, the unconditional
stability of these methods is guaranteed only for linear systems or asymp-
totically for high frequencies in the non-linear range [25]. It then appears
natural to introduce numerical dissipation in the energy-momentum conserv-
ing algorithms, which were therefore renamed Energy-Dissipative Momentum-
Conserving (EDMC) algorithms by Armero and Romero [26,27] who presented
the first formulation of this kind for hyperelastic materials. In the same way,
the authors [28] introduced dissipation for elasto-plastic hypoelastic-based ma-
terials, which allowed the simulations of complex phenomena such as blade
loss in a turbo-engine. The natural path is then to introduce numerical dis-
sipation into the conserving formulation based on the variational constitutive
updates. Contrarily to previous work in the area, this dissipation is introduced
by adding a dissipative energy to the potential resulting from the variational
updates framework. Therefore, the modification is not only introduced in the



second-order correction of Gonzalez’ stress formulation, but also in the main
part computed for the mid-configuration strain tensor, ensuring that the cor-
rection of the stress tensor remains second-order compared to the main usual
contribution, i.e. the stress tensor is equal to the derivation of the energy
(main part) corrected by a tensor which is second order in the deformation
increment.

This paper is organized as follow. In section 2 the equations governing the
continuum problem are described. Attention is paid to the definition of an ef-
fective potential when plasticity occurs, and how numerical dissipation can be
introduced in the resulting variational formulation. These equations are then
adapted to a finite-element discretization and to a finite time-step increment
in section 3. It is then shown in section 4 that the proposed variational formu-
lation naturally leads to an Energy-Dissipative Momentum-Conserving time
integration, for elasto-plastic behavior. This scheme is obtained by applying
directly the formulation of Gonzalez. The accuracy, robustness and first-order
property of the scheme are therefore demonstrated in section 5 by considering
numerical examples.

2 Continuous Dynamics

In this section we establish the variational formalism of continuous dynamics,
based on constitutive updates for elasto-plastic behaviors. Moreover, atten-
tion is paid to the introduction of numerical dissipation in this formulation, in
order to introduce numerical dissipation during the time integration scheme.
Conservation laws deduced from the resulting weak formulation are also re-
called.

2.1 Notations

Let Vo C R? be the reference configuration (in the Euclidean space) of the
body under study at time ¢ = t3. Given this convention, the material and
spatial configurations of this representation are initially identical. From now
on the subscript 0 will refer to the reference configuration. The deformation
of this body in the time interval 7 = [to, tf] is defined by the mapping & :
Vo x T — V, with

T=g (T t), (1)

where ¥ and 7 are respectively the current and reference positions. The two-
point deformation gradient F : Vy x 7 — GL; (3, R), associated to the
mapping, is restricted to GL, (3, R) the Lie group of invertible, orientation



preserving linear transformations in R?® characterized by a positive determi-
nant, and is defined by

F:aaf:ﬁggﬁ, with J=det(F) : Vo x T — R" (2)
Lo

its Jacobian. The Jacobian allows to evaluate the time evolution of the density
p : Vo x 7T — RT by the relation

pJ = po . (3)

The reference boundary 9V, of the body V is oriented by the unit outward
normal 775 and is decomposed into a Dirichlet part 0p), and a Neumann part
OnVo where respectively the displacement and surface traction are constrained

to 7 and ¢, with
8NV0 N 8DV0 = @ and 8NV0 U 8DV0 = 8Vo . (4)

Given these definitions, the motion of the body ¢ (t) is defined by the time
evolution of the position & : Vy x 7 — R? in the admissible manifold

X={3() : VoxT = V|[J >0, op =7} . (5)
2.2 Weak formulation

Let o be the Cauchy stress tensor and 5, £ respectively the volume forces
and surface tractions applied to the body. Therefore, the continuum linear
momentum equilibrium is stated (in the current configuration) by

V.-o+pb=p3 Vi, € Vy, (6)
O'ﬁZ'F VfoeaNV() (7)

Let us consider the manifold of admissible virtual displacements

D={65(t) : Vo x T = R*| [0G(t) |o,y = 0Vt € T and

0 (To, to) = 05 (o, ty) = 0 Vo € o} , (8)
let us multiply Eq. (6) by such an admissible displacement and integrate on
the body V and the time interval 7. When no confusion is possible, in order
to simplify the notations @ (¢) and §& (t) will be replaced in the equations by,

respectively, ¢ and §F. The weak form of the problem is then stated as finding
F(t) € X such that

ty

/{/V[pgé—ﬁ-a—pz}]-wdv}dt:ovagzep,weT. ()

to



Using Egs. (2), (3), (5), (7) and (8), integration by parts of the stress di-
vergence leads to a weak formulation of the problem stated in the reference
configuration, which is finding @ (¢) € X such that

tr
/ { / oG- 5¢dVs + [ [oFTJ] 2 Vodgdvy
Vo Vo

to
- 5¢-T:dav0—/ pog-(ScﬁdVO}dt:OV(SgﬁeD, VieT, (10)
6NV0 VO

where T is the surface traction £ evaluated in the reference conﬁguratio.

Since we are now referring to the reference configuration, it is natural to use
the symmetric second Piola-Kirchhoff stress tensor

S=JF'oF 7. (11)

Therefore, owing to the arbitrary nature of 6, the weak form (10) reduces to
finding #(t) € X such that

/v o - SGdVo+ /V [FS] : Vod@dVy = / 853 - TdOV, +

OnVo

/ pob - 8GAV, N6G €D, Vi e T . (12)
Vo

This weak form will be useful to define the finite-elements formulation. But
before proceeding the constitutive behavior linking the deformation gradient
to the stress tensor needs to be defined in order to complete the formalism.

2.8  Variational formulation of the constitutive behavior

In order to relate the stress tensor to a functional, we use the variational frame-
work of constitutive updates detailed in [20,21] particularized to elasto-plastic
constitutive models. Toward this end, the strain tensor (2) is multiplicatively
decomposed into a plastic part FP! € GL; (3, R) and into an elastic part
Fe' € GL, (3, R) as

F =FeFP! (13)

with GLy (3, R) = {FP' € GL, (3, R)| |det (FP') = 1]} . The plastic defor-
mation gradient can be coupled to internal variables by defining a flow rule.

3 One has 49V = fd@]/o, while Eq. (7) becomes [UF*TJ ] Ty = i using Nanson’s
formula 7doV = JFTiigdoV,.



In the particular case of a von Mises flow rule, one has
Fpl — (PNFP! (14)

where eP € R, is the equivalent plastic strain rate, and where N € N is the
flow direction, with N'= {N € Sym (3, R) | [tr (N) =0 and N : N = 3/2]}.

It is also assumed that the Helmholtz free energy function A : GL; (3, R) x
R, x N — R, can be additively decomposed into

A(F, 2, N)=0 (FFP'' (7 N)) + o7 (FP! (P, N) ¢”) | (15)

where @ : GL, (3, R) — R is the elastic potential and ®?' : GL; (3, R) x
R, — Ry is the plastic potential. This additive decomposition translates
the observation that, in most metals, the plastic work hardening does not
influence the elastic (reversible) properties. In a general way, the stress tensor
S : GLy(3,R) x Ry x N' — Sym?(3,R), the thermodynamic forces T :
GL, (3, R) xRy x N = GL(3,R)and Y : GL, 3,R) xR, x N — R
explicitly derive from this energy, with respectively

0A 0A 0A
S_2%7T__8Fpl andY——@,

(16)

where the explicit dependency of A on the right Cauchy strain tensor C = FTF
leads to the frame indifference. A dissipative pseudo-potential ¥ : R, — R
can be associated to P such that

U (Y)
I —
oy

while its dual part ¥* : R, — R, is obtained by the Legendre-Fenchel
transform

(17)

ow* (ép) |

v (&) = sup (Yer — W (Y)) with Y = o (18)

Convexity of U (or ¥*) ensures the positiveness of the dissipation. The physical
interpretation of T and Y is given as follows. Combining Eqgs. (13-16) leads to

el el
s 204 g1 02\ ( )FPFT

— 1
oC oCe! ’ (19)
OPP! (FP! cP
el ) el
T:FIFS—(ngl):FIFS—TCand (20)
OA  OFPl 9P (£P) ) ol
T = = NP - 0t (21)

where T is a back-stress tensor and where @f’;p depends on the plastic poten-
tial.



From these general definitions, Ortiz and Stainier [21] proposed the new three-
field functional D : GLy (3, R) x Ry x N — R defined by

e 0A . i ./ . /-

D(F,eP,N):a—F:F—ng—i—\I/ () = A+ 0 (e0) . (22)
The minimization of the power D with respect to P gives back (18), while
minimizing with respect to IN corresponds to constrain N in the direction of

the deviatoric stress TFP (this corresponds to the principle of maximum
plastic dissipation [29]). Moreover, the variation with respect to F leads to

oD (F,éP,N) C0A

e o5 = FS. (23)

Since these variations of D do respect the prescribed conditions of the consti-
tutive material, a one field functional can be defined by

. . . 0D (F)
off [ = . . . 1
D (xo, F) —gl’llgD(F,ep,N) , withS=TF o (24)
The effective rate potential DT - it has the dimension of a power - corre-

sponds to the stationary point of the functional D with respect to the internal
variables.

The main idea of the present work is to add to this power a term that will
introduce numerical dissipation during the time integration. In a general way;,
we define the numerical dissipative power ¥4 : GL, (3, R) — R, as

vl =t (Co) (25)

which depends on the rate of the elastic deformations. The plastic deformation
used to compute this power is obtained by the minimization of D. Indeed
the minimization process yields the solution to the constitutive elasto-plastic
problem, and the numerical dissipation should not modify this solution. This
is the reason why the numerical dissipation is added to the functional after the
minimization process instead of being added to the function to be minimized.
Since the numerical dissipative power depends on the symmetric tensor C®',
the second Piola-Kirchhoff stress tensor, remains symmetric. So Eq. (24) is
rewritten

D (%, F) = min D (F,e»,N)| + v (Cet) , with (26)
L o
OF

These expressions define a stress tensor from a functional form. This resulting
stress tensor can be seen as a combination of two terms: the first term is



the derivation of the functional minimum and verifies the consistency with
the original underlying elasto-dynamics problem (e.g. normality of the plastic
flow, isotropy for isotropic laws, ...), while the second term is an artificial
stress which purpose is to introduce numerical dissipation during the time
increment scheme. The elastic tensor needed to compute this second term is
obtained from the plastic flow determined during the minimization process.
Consistency of the time stepping scheme will be ensured prov1d1ng the form
of this dissipation potential is chosen such that lima; .o+ daF 0, i.e. the
dissipation term should vanish for decreasing time steps. A specific expression

of W4, verifying this condition, will be given below.
2.4 Laws of conservation

As it is shown in the forthcoming lines, assuming pure Neumann boundary
conditions, the weak formulation (12) verifies the conservation of the linear
momentum defined by

Ez/v poddVe : T — R, (28)
0
of the angular momentum defined by
fz/v B A GV, T — R?, (29)
0
and of the total energy defined by

E=K+Uy: 7T —-R,, (30)

with respectively

1 -
K= EpogBQdVO , and (31)

Vo

Ua= [ @avy, (32)
Vo

the kinetic and the reversible stored energy. Indeed, taking 0 = ¢ € D, where
Cis an arbitrary constant, in Eq. (12) leads to

Vo

onVo

which is the linear momentum conservation law. Similarly, the choice d¢ =
cCA g e D, leads to

f:/ pongEde/ FATdOV, Vte T, (34)
Vo aNVO



since S is symmetric, which is the angular momentum conservation law. Even-
tually, the choice 6 = @ € D leads to

K+ [ Defgy, = / o - bV + / G- TdoVy = W Vi €T, (35)
Vo Vo ONVo

where Wy is the power of work the external forces applied to V. Let us note
that D% is equal to the power of internal forces (per unit undeformed volume)
under the condition that W* is homogeneous of order one in its arguments,
which is only the case for rate-independent behavioﬂ This power can be
decomposed into

V.Vint - DeHdVO - Uel + Ui + Wdiss Vt S T: (36>
Vo
where
Wiiee = / Widvo and U= [ D — del — wiqy,, (37)
Vo VO

are respectively the numerically dissipated power and the irreversible power
resulting from plastic behavior. Combining Eqgs. (30), (35) and (37) leads to
the conservation of energy

K + Uel + Ui + Wdiss = ‘ ext Vt € T (38)

3 Finite-elements discretization and time integration

In order to solve the weak formulation (12), a finite-element discretization
is introduced. In order to perform the time integration, the constitutive up-
dates formulation is adapted to the context of time increments, leading to
an incremental functional. In addition we consider a formulation adapted to
a quasi-incompressible constitutive behavior. It is then demonstrated that,
in combination with the Energy-Dissipative Momentum-Conserving (EDMC)
scheme, Gonzalez’ expression [11] of the modified second Piola-Kirchhoff stress
tensor S* can be used directly from this incremental functional in order to ver-
ify the conservation laws. The study of the spectral matrix associated to this
time integration method is also studied.

4 Indeed, %ép = U* only if U* is linear with P.

10



3.1 Finite element discretization

The body V is now discretized into finite-elements V¢, with V = U, V¢, N Ve =
(). The approximation @), (t) of the solution g (¢) is a polynomial approxima-
tions P* on the sub-domains V¢. The solution is therefore restrained in the
manifold

X, ={@n(t) € X|[3n (1) € CO(V) and 3, € PF (V)] } . (39)

Commonly, nodes £ are associated to the finite elements, and shape functions
N¢ : V) — R are defined with the usual relations

Gn (To, t) =D N (o) & (t) and 63, (To, t) =Y N*(Z) 0% (t) , (40)
3 3

with ¢ the positions of the approximate solution at node £. Introducing Eqgs.
(40) in Eq. (12), leads to the new finite elements weak form, which is finding
#¢ such that

Mé#ZE 4 fS = FS NteT | VE, (41)
with

MEH = /V 2o NENAV, | (42)
0

=3 g FSD¢dV, and (43)
e 0

7e = [ TNEdov, + / poNEBVy | (44)
OnVo Vo

respectively the mass matrix, the internal forces and the external forces, where
D¢ = VN¢ is the derivative of the shape functions.

While considering finite-elements discretization, locking in pressure is com-
mon, especially for linear elements. This issue can be solved by the method
proposed by Simo and Taylor [30] who considered a constant volume defor-
mation on each element. So let us introduce the following definitions. Let
0° € R, be a constant value on V¢ which allows to define the distortion

gradient F : Vy x T — GL; (3, R) and the modified deformation gradient
F : Vo xT xR, — GL, (3, R) respectively as

. L [68

F=J3F and F=03F — [J} F, with (45)
o g 1% _ e ee%

E=F F:M Cand C=F'F=|>| C. (46)

11



3.2 Incremental updates of the variational elasto-plastic model

The time-integration of Eqgs. (41) is accomplished via an incremental solution
procedure in which the time interval of interest 7 is discretized into nf time
steps such that 7 = UJ'=2"~1 [t", t"+1] and At = "1 — ¢ is the time step size.
Therefore, the formulation described in section 2.3 is modified in order to take
into account the finite nature of the deformation gradients. The purpose is to
adapt the variational power D defined in Eq. (24), leading to an incremental

form ADT (7o, C (&, 0°)).
The incremental form of Eq. (14) is
FPI" " —exp ([51’”“ — 5"”} N) FP" = A (Ae?) PP (47)

where tensor A (AeP) verifies

det (A (AeP)) = exp (tr (AePN)) =1 and AeP = \/ngnA (AeP)||, (48)

with AeP = P — gP™ the increment of equivalent plastic strain.

In order to use the quasi incompressible technique defined in section 3.3, we
assume a split of the elastic potential ®°' into a volume part ¢, : R, —

vol

R, and into a deviatoric part ®5. : GL; (3, R) — R,. Therefore the free

dev

Helmholtz energy (15) is rewritten

A (F (Bn, 0°), €P, N) = 0%

(6°) + D, (C) + @ (FP' (7, N), €7)
(49)
where it has been taken into account that the plastic deformation gradient FP!

is deviatoric, i.e. det (Fpl) = 1. Therefore, AD : GL; (3, R)xGL; (3, R) xR,
the incremental form of Eq. (22) is stated as

AD (F (g, 0o) P N = @8, (07) — @il (07) +

ADqey (F, €%, N) , with (50)
ADqo (B 2, N) = @, (€ (B271, 24, N) ) — o, (€97) +
ov! (FPI”“ (2" N, ety — P (BRI, 2P 4 A (AX:) (51)

Similarly to what has been done in section 2.3, since minimization of AD with
respect to eP"! leads to verify (18), and since minimization with respect to
N leads to a radial return mapping scheme [19,21], the effective incremental

12



potential ADT : Vy x GLy (3, R) — R, can be defined as the discrete form
of Eq. (26), leading to

AD™ (%, F (gp*!, 0°1)) = min [AD]+ At (A6°, At) +

an+

Atw,, (AC, At) . (52)

Consistently with the continuous case (see section 2.3), the numerical dis-
sipation U9 is added after minimization of the energy functional increment
AD, in order to preserve the elasto-plastic solution of the consititutive prob-
lem. Once the plastic flow properties have been determined by the minimiza-
tion process, the elastic tensor is known and the numerical dissipation can be
evaluated directly. Nevertheless, when defining the explicit form of the dis-

sipation, consistency of the method requires that lima;_q+ ‘9%’;1’(1 = 0. For

convenience, the numerical dissipation U9 has also been split into a volume
part ¥4, : R, — R, and into a deviatoric part ¥4, : GL; (3, R) — R,.
The dependence of the new terms being only to scalar and to symmetric ten-
sors, the second Piola-Kirchhoff stress tensor remains symmetric. Since the
minimization process is independent on #¢, this effective incremental potential
can be split into the volume part ADT : R, — R, and into the deviatoric
part ADSE : GL; (3, R) — R, such that

AD™ (7, F (gpt!, 071)) = ADS (0°1) + ADE, (B71) . (53)
with
(0 + At (AG°, At) , and  (54)

ADSE, (") = min [ADue, (F, &, N)| + Atwg,, (AC, At) . (55)

epntl N

ADﬁgl <een+1> @3101 (eenJrl) el

3.3 Quasi-incompressible form of the the weak formulation

Now that an effective internal energy increment has been defined, the volume
deformation and the pressure can be computed as Simo and Taylor [30] did for
an elastic material. A new three-field internal energy W5, : A, xRy xR, — R
is defined on the time step, such that

Wiy (B0 9) = [ {ADT (7,C (7. 09) + 9 [T =0} aV,  (56)

where p€ is the constant thermodynamic force associated to 6¢. It will be shown
that this force is actually the constant pressure. Let us assume that 05, (t") =
8@ (t"T1). Since we are considering a Galerkin method, the same restrictions

13



than for the displacements set (39) apply to the virtual displacement, with
Dy = {0@) € D| 0@ € C° (V), 65, € PF (V°),
and 6,(t") = 0@, (t""1) = 0]} . (57)

Therefore, the discretized form of the weak formulation (10) is the stationary
point of the functional I : &, x [[. Ry x [[, Ry — R such that

I (B, (91, ), (pl, )) —

2«:n+1

{Z/e [AD (2, C (,60°)) + p° [J — 0] dVo —

1. . .
/ {poth + pob - SBh:| dVy + / T- gﬁthV} dt. (58)
Vo L2 NV

Since neither K, nor W, depend on p¢, the variational principle leads to

1

0° = JdVg and to (59)
Vsl v
. (%, F(5,6°))
€= dV, 60
Pl 06 v e

which gives an explicit dependency on @ for §¢ and for p®, where [V¢| is the
volume measure of V¢. The last variational principle leads to the new weak
formulation by using the relations

A
// Poséh'Csfthodt:U Poﬁh‘595tho}
S Vo

=0

tn+1

tn

tn+1
1 .
- / / Spoén Wdt, and (61)
Vo
tTL
t'n+1 n+1
ADeH
/ [FS] : VoG,dVodt = / / 0 . SFdVydt
Vo VO
tnt1
:5/ ADEqVydt . (62)
n VO

Indeed, since Gateau derivatives lead to

0J

oC _
¥ —0¢ = Jtr (V&p) and to 9 07 =2F V5<p F — §Ctr (V(Sgo) (63)

14



the new weak formulation resulting from Eq. (58) now states as finding 3, €
A}, such that

Z/e [2J3DEV<

/v poh - 6FndVo = / 53, - TdoVy + /v pob - 6GndVy
0 0

onVo

V6@, € Dy, Vt € [t", "], (64)

8AD€ff

) + peJCI] - Vod@ndVo +

where DEV (o) = o — %o : CC™! is the deviatoric part of a tensor and where
p¢ appears clearly as the pressure field.

From these definitions, the stress tensor used to compute the internal forces
(43) can be computed as

St = §utl 4 pen L with (65)
AD
P = 0 80V01’ and (66)
1 [0 U
Sier =2J iDEV <Fpl ! [8 dev | g2 deV] FPl” T) , (67)

oCe! 0Cel

where it has been taken into account that, after the minimization process, the
only explicit dependency on F for ADSE is due to @ and to W, .

3.4 Form of the potentials

Apart from convexity requirement, there is no a priori restriction on the po-
tentials expressions. Nevertheless, in this work bi-logarithmic expressions are
considered for the elastic energies, leading to

o (6°) = [goln (6°) and to @3, (C°) = i‘) iy (Cel)(f . (68)

In these expressions, Ky and Gy are respectively the initial bulk and shear
modulus. The bi-logarithmic form of the potentials is particularly well suited
to get a closed form of the minimization process [19,21]. This formalism is
completed by defining the form of the power-law dissipation and isotropic
plastic-hardening, which are respectively

mY*SbO P LH : X o p LH
U* = ﬁh} 1f5.1020 nd P! = Vmp+nY°5°l51 ;
~ it &b < 0 n+l
(69)

where Y7, Yy, €Pg, €5, m and n are constants and where o™ is the initial yield
stress.
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Finally the expressions of the numerical dissipations considered are

d e _ X 82(I)?/lol (06n> en+l _ pen 2
Wi (D07, At) = 2=, o 6], and (70)
W, (A, Af) = S e - e
82(I)elev Celn . .
d ( ):[Ce‘“—ce‘}. (71)
aCelaCel

The proposed numerical scheme is thus similar in form to the addition of an ar-
tificial viscosity proportional to At (or inversely proportional to the frequency
w in a continuous setting). These specific expressions will ensure verification
of consistency conditions.

The choice of evaluating the second derivatives in the previous configuration
simplifies the computation of the analytical stiffness matrix.

This particular choice will lead to a first order time integration scheme, as it
will be shown. Parameter y is a user parameter that controls the numerical
dissipation. Similarly, a second order time integration scheme can be obtained
by evaluating the numerical dissipation at an intermediate configuration ¢* =
o + xAt (gﬁ* - cﬁ,':) In a way similar to the one Armero and Romero [26,

27] have proposed for elasto-dynamics, in this formalism, both ¢* and 95*
constitute new unknowns solved for each elements in order to enforce second-
order accuracy. These developments are beyond the scope of this work and
will be persued in future work.

4 Time integration scheme

The finite-elements discretization combined with the variational updates for-
mulation presented in section 3 is now integrated in time with the EDMC
algorithm. It is demonstrated that, in combination of the EDMC scheme, the
Gonzalez” expression [11] of the modified second Piola-Kirchhoff stress tensor
can be used directly from this incremental functional in order to verify the
conservation laws. The study of the spectral matrix associated to this time
integration method is also studied.

4.1 The EDMC algorithm

When introducing numerical dissipation in the EMCA, Armero and Romero
[26,27] have avoided bifurcation in the spectral analysis of the amplification
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matrix, by considering velocities dissipation vg;ss. Therefore, the relations be-
tween positions and velocities and accelerations are given by a mid-point ap-
proximation with

. 1 .
f§n+ _,gn

n4i
T E LA 2”+ %" and (72)
n n Sentl | sen
e +Atx2+$. (73)

This relation is a second order approximation in At if Tgss = O (At?) and is a
first order approximation if vgis = O (At). In this work, we use the first order
dissipation velocities used in [28], which are

Len+l
7€

M n
|| Len+l en
Hx H r o+

2 )

¢ nt3
diss

T (74)

—

xrH

=

where y is a user chosen control parameter. Its interval range is determined
later owing a spectral analysis.

Balance Eq. (41) is discretized in time by
guifu‘n + f#n+1
2

ext int

n+i n+l
N A (75)

41 +1
where f_fxtn > and f_iitn * are approximations of respectively the external and

internal forces designed in a suitable way to respect the conservation laws. The
set of Egs. (72-75) is solved by a predictor-corrector algorithm, enhanced with
a line-search method, see [28] for details.

The external forces formulation depends on the applied loads and is beyond
the scope of this paper. In the context of Energy-Momentum Conserving Al-
gorithm, Gonzalez [11] proposed a new expression of the internal forces. Given
the incremental updates variational formulation developed in the previous sec-
tion, Gonzalez expression can be directly applied, leading to

nid Frtl 4 o ,
e o {; (S5 +2p "2 dG] Df} Vs, (76)
Vo

where S}, is the consistent deviatoric stress tensor, p* is the consistent pres-
sure and dG is the modified differentiation of J by C. This last term is defined
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1
8Jn+% Jntl g 8J" "tz - AC .
dG = 3G HACH%C AC with (77)
9Jr 1 Crtl 4 Cr\ [C™H ]
5C - QJ det < 2+ > l 2+ ] , and (78)
AC=C""' —C". (79)

Instead of using directly Eq. (66), the modified pressure is computed as

et [MD?EI] "

o00¢
ADeﬁl (Qen+17 een) _ [3%1073;“1 3 AB©
INE: A9°, with  (80)
OADS "™ 90, (67 4 g 0wl [ Age
= vo At At d (81
l o0 ] a6¢ > AR \ 2 A) and (8
AG° =gt — g (82)
Similarly, Eq. (67) becomes
OADSE
S* n—‘,—l -9 dev
dev [ oC ‘|
~n+l an eff n+%
ADSE, (c e ) - [Ma%dev . AC
2 5 AC, with (83)
|AC
aADdev 1 n+ 1 _% anFl -t
[ T ] = (J"*3) *DEV <Fp 2)
la@dev (Cel”"'%) _i_Ata\deev (Ce1”+2 Cel” At>‘| (Fpln"‘;)_T)
aCel aCel ’ ’
(84)
and AC = C"*! — C". (85)
In relation (84), Jrre = det (M), while terms Fpln%, and Cel""?
result from the minimization of AD, Eq. (50), with the input tensor w

Let us note that since the numerical dissipation is introduced into the effective

+1 nt+i
. S oAD" T2 OADSHE 2
potential, the approximations p* ~ { 55 and S}, ~ { dcd“] are

exact to the first order as it was demonstrated by Gonzalez [11]. This would not
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be the case if the numerical dissipation was introduced only in the correcting
terms. In such a case the correcting terms would be of the same order as the
main terms.

Moreover, this formulation respects the conservation laws established in sec-
tion 2.4. Indeed, since 3¢ D¢ = 0, applying a summation on the nodes in Eq.
(75), and using Eq. (73) leads to

STMEREtT ST e = At Z (86)

3 3

which is the discrete expression of the law (33).

Using Egs. (72-74), the vector product of Eq. (75) with x5n+ z nﬂ;”zfn
leads to
_en+l o,n+1 en R ) - n+l n+ n+
MEFZETT AT — MR AT = AN fext ? f_it 2]
(87)
But if € is the permutation tensor, and since dG and Sq., are symmetric, one
has
ﬂ£”+2 A f_f n+3 _
Frtl F» Fn+1T FnT N
/ {s uli i [Sie ™2 +2p "2 dG] a0,
Vo 2 2
(88)
and Eq. (87) can be rewritten
<, n+ n 1
MERFE™ A T e g = AT A T (89)
which is the discrete expression of the law (34).
Similarly, using Egs. (72-73), the scalar product of Eq. (75) with 7¢ mH_ g
leads to
lMéufénﬂ T lMéuf R A V37 {f/erl _ fun} ) 17(614 n+y
2 2 1SS
=[RS R L -] (90)

Regarding the dissipation velocities, Eq. (74) leads to

n+1 c N
MEH [ grntl fu”} N :gmg [ * - = AWd[i{sw (91)

e 2
Udiss _H'T H
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where we have assumed a lumped mass matrix M# = m&3¢, (no sum on &),
and where AWX > 0 is the part of the numerical dissipation Wy, coming
from the dissipation velocities.

On the other hand, combination of Eqs. (76-85) gives

e = (st e rtae] S
= J(ant E ey et s o

Introducing the definition (59) in these latest results and remembering that
p* is constant on V¢ allows to rewrite this last equation as

Wy — / ADS, (€1, €M) dvy +
Vo

int int dev
zezp*n-i'; /Vg [Jn-‘rl . Jn} dVo
=/, {ADS, (€1, €M) + ADS (0, 0 ) Fdvo . (93)

Time discretization of Eqs (32, 36-37) reads

Ungl _ eri :/v {(1)31)1 (ee n+1) + (I)Silev (Celn+1> —_
0

B (0°7) — B, (C7) b v, (94)
W Wt Ay / [wdy (07 — 6o, At) +
Vo
vl (Ce‘”“ _ g, At) } vy, and (95)
ntl  pp n pn
Upst - up= [ @ (B0 o) gt (B9 )
N (A;;)) } V. (96)

Using these last relations and Eqgs. (53-55), the work increment of the internal
forces (93) can be rewritten

Wikt = Wi =Ug™ = UG+ WIS =Wl et o, (o7)
and, therefore, Eq. (90) becomes
AK + AUg = AWy — AU; — AWiiss (98)

where Waies = Wil + Wyl is the numerical dissipation and where K =
%M SHEt . @ is the discretized kinetic energy. Relation (98) is the discrete
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form of the energy conservation (38), which demonstrates the consistency of
the proposed formulation.

Let us notice that the irreversible energy (96) dissipated during the time step
does not exactly correspond to the work accomplished by the irreversible part
of the stress tensor. Indeed, the Perzyna dissipation ¥* (69) leads to

tn+1

/ aqj{;g(jb)dt N & (AA’S:) , (99)

t'fl

unless m — 00, see Eq. (96). Moreover, the correcting term of S}, (83) is no

1

longer second order compared to the main derivation {8%1863]%5. Neverthe-
less, since this dissipation of energy is positive, the G-stability of the method
is still ensured (the energy of the system K + Uy is either constant or decreas-
ing). In the present work we will assume that there is no viscous dissipation,
and since the numerical dissipation ¥¢ does not suffer from this behavior, the
formulation remains consistent and the correcting term is still second order
compared to the main derivation.

To solve efficiently a time increment with the predictor-corrector scheme de-
veloped for EDMC algorithms [28], the consistent stiffness matrix associated
to the internal forces formulation (76) has to be defined in a closed form. This
is done in Appendix A.

4.2 Numerical properties

In this section we demonstrate the first order convergence of the time inte-
gration. Toward this end, the tensile test of elongation x of an elastic beam
(length [, area A, Young’s modulus F and Poisson ratio v) is considered. The
deformation gradient associated to this test is

F=| 0 1-22 0 |. (100)

As it is shown in appendix B, the internal forces (76) corresponding to a
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deformation from z" to x"t! reads

;p"+1—;pn " zn+1
L FA [1 + Xx"“ﬂ:”} +2
=50 0 . (101)

[
0

Assuming that the velocity keeps the same direction during a time step, the
dissipation velocity (74) is rewritten

n+% B j:.n—l—l — " i.n-i—l + "
Udiss _Xi,n+1 4 ogn D)

(102)

If the mass associated to the degree of freedom is m = ”TAZ the frequency of
the system is w? = 25, and the set of Egs. (72-75) are rewritten

pAl?
At L
n+l _ . .n sn+1 -n
" =gt 4 l1+X¢n+1+¢n] [+ i) (103)
At
=gt [+t an] (104)
pn+l + zn :

This system of equations is equivalent to the one obtained by Armero and
Romero [26] for a spring model and leads to an error €; on the adimensional
frequency 2 = wAt and to an error £; on the damping ratio, that are respec-
tively

_ 1 2 1 3 4

Qd_Q—JX +3]Q +0(Q"), and (106)
X 2

fd_§Q+O<Q). (107)

Due to the presence of the dissipation parameter y, the scheme is first order
accurate. Moreover the spectral radius py of the amplification matrix associ-
ated to this scheme is

P p—— Ml—mu—xﬂ Lo, (108)

2 2
1+ % 1+ x] 4
If 0 < x <1 the spectral radius is always lower than unity and is decreasing

with €2, demonstrating the absence of bifurcation. It is close to unity for the low
frequencies and tends to its minimal value p,, = ;—i for the high frequencies.
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Fig. 1. Geometry of the L-Shaped block [m].

Table 1
Material properties for the tumbling of a L-shaped block.
Property Value
Density p = 100 kg-m—3
Bulk modulus Ky = 5000 N-m~2
Shear modulus Go = 1000 N-m—2
Yield stress og™ = 300 N-m—2

Hardening exponent n =1
Linear hardening h =Yp/eh = 400 N-m~2
Perzyna exponent m = o0

Perzyna hardening  Yj =0

5 Numerical examples

The accuracy of the developed scheme is demonstrated by considering several
examples involving highly non-linear behavior. These non-linearities are either
geometrical, or material due to the large deformation or the elasto-plastic
behavior.

5.1  Tumbling L-shaped block

This example is particularly well suited to verify the conservation of the an-
gular momentum and energy. It consists into an elasto-plastic L-shaped block
subjected to an initial loading. Its geometry is described in Fig. 1 and the
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Equivalent plastic strain Equivalent plastic strain
0.000 0.0125 0.0250 0.0375 0.0500 0.000 0.0125 0.0250 0.0375 0.0500

- W - W
(a) t =80s (b) t =155s
Equivalent plastic strain Equivalent plastic strain
0.000 0.0125 0.0250 0.0375 0.0500 0.000 0.0125 0.0250 0.0375 0.0500
- W - W
(¢) t=1230s (d) t =305s

Fig. 2. Snapshots of deformed geometry and equivalent plastic strain for the tum-
bling L-shaped block.

material properties are reported in Table 1. On face ’a’, the forces, depending
on time ¢, applied at every nodes, are

4
- t 0<t<25s
2 ()= N-s7!x - = , 109
s ()= 8 {(5—t) 2.5 <t <5s (109)
12
while the opposite forces are applied on face b’ (f2, (t) = —f2, (¢)). After 5s,

the forces are relaxed and the block starts tumbling.
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Fig. 3. Verification of the conservation laws for the tumbling of a L-shaped block.
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Fig. 4. Influence of the time step size on the energy of the system for the tumbling
of a L-shaped block.

Let us solve this problem with the developed EDMC algorithm. A spectral
radius p, = 0.7 (leading to y ~ 0.17) is considered, while a first simulation
with a time step At = 0.25 s is performed. Figure 2 shows some snapshots
of the simulation. It can be seen that the block is plastically and elastically
deformed under the initial loads, and that it enters into rotation. Particularly,
the plastic deformations do not increase indefinitely with time, as it would
be the case if instabilities occured. Time evolution of the angular momenta is
illustrated in Fig. 3a and it appears that they are preserved after the initial
loads are released, accordingly to the theory. In the same way, the energy
conservation is illustrated in Fig. 3b. It can be seen that the total energy of the
system (K +Uq+Uj;) decreases from the initial energy introduced in the system
by the external forces, to a constant corresponding to the sum of the kinetic
energy of the rigid rotation with the energy plastically dissipated. Similarly,
time evolution of the kinetic energy K and of the elastic energy U, exhibit a
decrease towards the rigid motion energy and towards zero respectively. The
annihilation of the oscillations with time is clearly illustrated in this picture.
Influence of the time step size is shown in Figure 4. The time step considered
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32.4

Fig. 5. Geometry of the bar for the Taylor’s impact test [mm)].

increased from 0.25 s to 1 s. For this last case, the Newmark time integration
scheme leading to the same spectral radius p. is also considered. Regarding
the EDMC algorithm, if the time step size increases, the elastic energy of the
system is dissipated faster (Fig. 4a), and the total energy of the system tends
toward the same rigid body motion energy. This behavior is in accordance with
the theory, since a larger time step size correspond to a larger adimensional
frequency 2 and therefore to a larger damping ratio (107). The asymptotic
behavior of the Newmark simulation is not the rigid rotation of the system
but corresponds to a total dissipation of the energy. Moreover, this dissipation
is much more important than the dissipation of the EDMC algorithm. The
resulting error in the plastically dissipated energy (Fig. 4b) is therefore more
important for the Newmark algorithm (> 400%) than for the EDMC scheme
(25%), when a time step size of 1 s instead of 0.25 s is considered.

5.2 Taylor’s bar impact

This test has for purpose to demonstrate the accuracy of the scheme when
large plastic deformations are involved. The bar described in Fig. 5 impacts a

rigid wall with an initial velocity of 227 m-s~!.

First, this simulation is solved with a time step At = 0.4 us, and solutions
obtained with the EDMC algorithm for different values of the spectral radius
are compared to the solutions obtained with the Newmark [1] and the Chung-
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Table 2
Material properties for the Taylor’s impact test.

Property Value

Density p = 8930 kgm™3
Bulk modulus Ko = 130000 N-mm™2
Shear modulus Go = 43333 N-mm 2
Yield stress og™ = 400 N-mm~—2

Hardening exponent n =1
Hardening h =Yy/eh = 100 N-mm™—2
Perzyna exponent m = 00

Perzyna hardening  Yj =0

Table 3

Final configuration (¢ = 80 us, At = 0.4 us) for the Taylor’s impact test.
Scheme Max P Radius [mm| Length [mm]
EDMC; At = 0.4; poo = 0.9 2.69 6.87 21.46
EDMC; At = 0.4; poo = 0.7 2.76 6.91 21.50
EDMC; At = 0.4; pso = 0.65 2.77 6.91 21.51
modified EDMC; At = 0.4; poo = 0.7 1.63 5.78 31.45
CH; At = 0.4; pso = 0.7 2.79 6.91 21.51
Newmark; At = 0.4; poo = 0.7 2.79 6.85 21.56

Hulbert [24] time integration algorithms. The importance of considering the

elastic deformation when computing the dissipation potential U4, (71) is also

~ 2 pel
illustrated by solving this test while considering ¥g,, = 7-AC : agfggel :

AC. This last case is referenced to as modified EDMC. Final deformations
are illustrated in Fig. 6, and final geometries are reported in Table 3. All the
simulations give the same solution within 5% error, except the modified EDMC
one, which leads to a different solution. This demonstrates the accuracy of the
EDMC algorithms when the dissipation potential (71) is considered.

The order of convergence is studied by considering the plastically dissipated
energy U; at the end of simulation, for different time step sizes. These energies
are reported in Fig. 7a and have to be compared with an initial kinetic energy
of 239.81 J, showing that almost the whole initial kinetic energy has been
dissipated by plasticity. All the schemes lead to a similar solution, whatever
the time step size. The corresponding errors are reported in Fig. 7b. All the
schemes are first-order accurate. This is in accordance with the theory for the
EDMC and for the Newmark algorithms, but in contradiction to the theory
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Equivalent Equivalent Equivalent
plastic strain plastic strain plastic strain
2.500 2.500 2.500
1.875 1.875 1.875
1.250 1.250 1.250 !
L 1
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(a) EDMC, pso = 0.9

Equivalent Equivalent Equivalent
plastic strain plastic strain plastic strain
2.500 2.500 2.500
1.875 1.875 1.875
1.250 ‘ 1.250 1.250
|
|
0.625 8 0.625 0.625
0.000 0.000 0.000

(b) EDMC, po = 0.7

(c) EDMC, po = 0.65

(d) modified EDMC,
Poo = 0.7

(e) CH, pso = 0.7 (f) Newmark, poo = 0.7

Fig. 6. Comparison of the final equivalent plastic strain (¢t = 80 us, At = 0.4 us)
for Taylor’s bar impact using: a-c) EDMC scheme with a spectral radius evolving
from poo = 0.9 to poo = 0.65; d) EDMC scheme but with the numerical dissipation
W4 considering the total deformations instead of the elastic ones as in Eq. (71); e)
second order Chung-Hulbert time integration scheme; f) first order Newmark time
integration scheme.

for the Chung-Hulbert scheme. This contradiction is justified by the fact that
the theoretical analysis was assuming a linear behavior, which is not the case
in the present simulation.
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Fig. 8. Geometry of the square tube lateral impact test [mm].
Table 4
Material properties for the square-tube lateral impact test.
Property Value
Density p = 2700 kg-m~3
Bulk modulus Ko = 59167 N-mm 2
Shear modulus Go = 27308 N-mm—2
Yield stress og™ = 200 N-mm ™2
Saturated yield stress Ooo = 211.64 N-mm~—2

Exponential hardening parameter h, = 100

Linear hardening parameter h = 209
Perzyna exponent m = 00
Perzyna hardening Yy =0
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5.8 Lateral impact of a square tube

The purpose of this example is to emphasize the robustness of the scheme
by considering a more elaborated benchmark. It consists of the side impact
of the square tube illustrated in Fig. 8, on a rigid cylindrical punch. Taking
advantage of the symmetry of the problem, only one fourth of the structure is
simulated, with appropriate boundary conditions on the symmetry sides. The
tube is discretized with 30 elements on its half length, with a non-uniform
distribution (elements close to the punch are 3 times smaller than elements on
the other extremity), with 15 elements on its height (out of the curved corners)
and with 5 elements on each corner curves. The tube is made of Aluminum
(properties reported in Table 4), modeled by a saturated isotropic hardening

—heap}

law, o"™ = o™ + [000 — o™ {1 — exp + heP, which corresponds to the

plastic dissipation potential

1 vm vm eprhesp h
PP =g MeP + [00 — o] |EP + ——— 5

; + —eP?. (110)

The mass of the tube can be increased by adding point masses at each ex-
tremity in order to represent the inertia of the whole structure (vehicle, eg).
Two cases are considered, without this addition of mass and with an addition
of 0.02 kg at each extremity of the complete tube. The tube and the masses
have an initial velocity of 50 m-s~. The EDMC algorithm developed is used
with the parameter p,, = 0.8 while contact interactions are treated using
the method proposed by Armero and Petocz [12], see also [31] for numerical
implementation. Time step size is automatically computed using the method
proposed in [32,33].

Snapshots of these simulations at time ¢ = 1 ms can be found in Fig. 9.
When additional mass is considered, the initial kinetic energy is multiplied by
two and the resulting deformations are more important. In particular the two
sides of the tube collapse and enter into contact together, contrarily to the
case without additional mass.

Let us now detail the simulation without additional mass. At time ¢ = 0.5 ms
the tube is completely crushed against the punch, and the remaining kinetic
energy K is close to zero, see Fig. 10a. Between time ¢t = 0.5 ms and time t = 1
ms the tube rebounds. This rebound occurs since the reversible stored energy
U, can be transformed into kinetic energy K. This transfer can be observed in
Fig. 10a. It is also obvious that the numerical oscillations are annihilated by the
numerical dissipation, which allows the simulation to simulate the rebound.
The contact energy, which is defined by the work of the contact forces, remains
negative during the simulation (Fig. 10b). This ensures the stability of the time
integration since no additional energy is introduced in the system. Since this
contact energy remains negligible compared to the initial kinetic energy (less
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(a) Without additional mass (b) With additional mass

Fig. 9. Snapshots of deformed geometry and equivalent plastic strain for the side
impact of square tube simulation at time ¢t = 1 ms a) when no additional masses
are considered, b) with an additional mass of 0.02kg added on each extremity (of
the full square tube).
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Fig. 10. Time evolution of the energies in play when no additional masses are con-
sidered.

than 1%), accuracy is guaranteed.

Regarding the case where additional masses are considered, the time evolutions
of these energies are represented in Fig. 11. It can be seen that after 1 ms the
remaining kinetic energy K of the system is equal to about 15 % of the initial
kinetic energy. The tube is wrapped around the punch in such a way that the
central part has already rebound while the extremity is still moving forward.
Contrarily to the previous case, the tube continues deforming after 1 ms.
Snapshots of this simulation at time ¢ = 2 ms, when the tube has rebounded
are reported in Fig. 12.
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Fig. 11. Time evolution of the energies in play when additional masses are consid-
ered.
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(a) 1/4 of the tube (b) Complete tube

Fig. 12. Snapshots and equivalent plastic strain for the side impact of square tube
simulation at time t = 2 ms with an additional mass of 0.02kg added on each
extremity (of the full square tube). a) 1/4 of the tube is represented. b) full view of
the tube is represented.

6 Conclusions

In this paper a new Energy-Dissipative Momentum-Conserving time integra-
tion algorithm is proposed for non-linear elasto-plastic dynamics.

This algorithm is based on an incremental variational updates formulation
of the elasto-plastic behavior. Owing to this formulation, an effective stress
potential can always be defined, even when irreversible deformations occur.
The main originality of this paper is to add a dissipative function to this
incremental potential, which leads to a new definition of a potential for the
system.
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From this potential, the internal forces expression developed by Gonzalez [11]
to integrate in time the linear momentum equations, in such a way that the
energy of the system is preserved, can directly be applied. The introduction
of the dissipative function in this potential does not only lead to a conserving
algorithm for elasto-plastic behavior, but also introduce numerical dissipation,
leading to an Energy-Dissipative Momentum-Conserving algorithm. As pro-
posed by Armero and Romero [26,27], a dissipation velocity is also introduced
to avoid bifurcation in the spectral properties. The resulting algorithm is first-
order accurate, verifies the conservation of linear and angular momentum and
ensures that the numerical dissipation is always positive.

All these properties are verified on numerical examples. The dynamics of a
tumbling block is studied, and it is shown that the angular momenta are
conserved, contrarily to Newmark-based time integration algorithms, leading
to a better accuracy on the evaluation of the plastic deformation. An impact
test also demonstrates the accuracy and robustness of the algorithm when
large plastic deformations occur.

Appendices

A Stiffness matrix

Let the consistent tangent stiffness matrix K associated to the internal forces
(76) be decomposed in the following way

I{iﬂ—aﬁit KS: + K8 + K& Al
= O geo+ + dev » ( : )
with respectively
1 8Fn+1
Ep _ * NE
K= [ {2 o= [Sie, +2p°dG] D }dVO, (A.2)
Frtl 4 F 9S*
KSH / dev 756 g A.
dev = VO{ 5 BET } Vo, (A.3)
op*dG =
n+1 n 13
K/ — /v {[F +F| 25D }dVO, (A.4)

the geometrical part, the deviatoric part and the volume part. In these ex-
pressions the derivation is with respect to 2! but the superscript n + 1 has
been omitted for clarity purpose.

The following straightforward results will be used to establish the stiffness
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component:

an = 0C1 —
&E”,;] = Djou. 83?’,5 = [6Fkj + Fridy] Dy
2 Oy/det (C
a”aAC(j‘j” = 2AC and \/? = ; det (C)C_T. (A.5)

A.1  Geometrical part

Using relations (A.5), the geometrical part (A.2) can be computed as
I~ -
it~ [ {50 i+ 2raG] 5, (A6
0

with I the unity tensor.

A.2  Volume part

The volume part is decomposed into two terms: the first one [Kvol]1 results
from the differentiation of the constant pressure (over the element), and the
second one [K,q]? results from the differentiation of dG.

Using (59), the first contribution states

1 Fr+l 4 pr _. 52p* 00°
K] — / i el I d
K., Vo {l 2 ]J 706 aff,;} Vo

. Fn+1 Fn In*
— {Df. [—i_d(;] %67717
Vo 2

J 0l
ij
1 _T —
— JE"TIT DRV dVy b dVy AT
i L, P o A7)
with, using Eq. (80),
2 el d nal en
o 0 [%%;gt%] (]e o) if AG° — 0
— 2 9 (I>$101+Atqlgol en+1
") o oot ant] gy (A.8)
89 A6 ) @fij(@enﬂ)g‘?igl(@e")—At‘I’fol(Aee) . .
N N lf AH 7£ O .

34



Using Eq. (A.5), the second contribution is

Flt + F? adG
_ 17"2 * 7"] Df

=, AP ol Dt} . (A.9)

[Kfﬂ

vol

with the fourth order tensor term

JFIL L Fr 0dG
[Hvol]ijkl = 4]7 9 oC l] F +1 . (Al())

The missing term can be computed by using Eqgs. (A.5, 77). Indeed, one has

0dG 1 [I _AC® AC] JPJE JTAC T

9C "2 Iacl® | acr T2 T jac
s n l n
ACq 2 Ay ot AC AC® AC
) 7222222 (A1)
IAC] HACH IAC]
with

62Jn+% nd 1 1 nalt—1 nel—1
W— det (C +2) §C +2 C +2 _IC"+%1:| . (A12>

Cn+1 +Cn
2

In this last expression Cs = and [IA]UM = %AikA.jl + %AilAjk.

A.8 Deviatoric part

Owing Eq. (A.5), the deviatoric term becomes

Fn+1 Fn 0S* -
K] :/ { i d ”D;'T}dvo

dev G.Ik
- JE Hdev zgkl Dl } dVO ; (A13)
with
I FD 0o
[HdeV]z‘jkl 9 2 C,.l ’ Fk::yrml : (A.14)
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Using relations (83), the derivation of the consistent deviatoric stress can be
evaluated as

0SS}, 1 AC AC| d OADSE 1"
o0C 2 d

2 = |7- .
|AC]? crts | OC

~n+l ~n
AC dADdev<C »C> AC 4[0ADdeV]

® 4 —
|AC|? dCn+1 |AC? oC
e Antl o am oapet '3
ADdfefv (C ) C > - |: acdev

: AC
F_QﬁmngC]mJ@

lAC? lacy?

In this expression, differentiation with symbol d is used instead of 8 because
the minimum value of AD depends on C. Moreover, exponent n + 3 L refers to

n+ 3
can

8ADeﬂ”

dev

n+1
values computed for % Material tensor M = 4—2—+ {ac
C7L+2

be decomposed into

W

2
3

M = det (C”+%)

CrHh 4 o [I e Ton

w

[F a [(Pglev + Atll[dev} Fpl—T : ~
aCel

4] -1 aAl)dev +2 aAZ)dev +2 ~—1
3[0 ®[ aC ] l aC 0 e

] o

with

_ d)MADE, 1
iCoC 3

et o @, WAADE]
dCoC

.. dO4ADSE, L] A .
[c.dadev;c] Clol'. (A7)

1 dOAADSE
3 dCoC

dev C ® C—l
dCoC

T n+l ~An
dADgeV(c , C )

The first total derivative 4 FroEs! is given by

dADSE

(e e 2 aspg, (€, ")
o = J"HTSDEV & , (A18)
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with

dADdev o aADdev + aAZ)dev OeP aAl)dev . ON aAtlpdev . dcel

= = = = T — 4+ : — .
dC oC deP  9C ON oC 9Ce! dC
(A.19)

Some terms of this relation depend on the choice of the potentials and will be
given in the logarithm case. Nevertheless, in the general case, one has

dFPl

dCet  aFPt L T
- CFP'' 4 Ty v + P C ~& o vith (A.20)

aC  dC
dFP'C OFPY ger OFPNON,,,

= ~— + =
dCyy OeP 0Cy, aNmn 0Cyy

- n - Nmn
— N, O et e O
GCM £ aClcl

(A.21)

Y

where Eq. (47) has been used, and where D*®P = Jexp (AePN)/ON is com-
puted using the spectral decomposition. Therefore Eq. (A.19) is rewritten

dADSE

Fprla@gngprT N OADgey ON  OALTY,, dC*

dev
_ ~ + ——, (A.22
dC 0Cel ON aC oCel dC ( )
aAallzIdev _ [Fpl 188(1()5121\/Fp1 T‘| : |:FplTCeIDeprplnT:| .
d A nT) T
- [Fpl 1%5:;1?1" T] . |FP Gelpe pr! T} , (A.23)

since 2284 — () (due to the minimization process, but 28R4 - () since there
OeP ’ ON ?
are constrains on N).

eff
The second total derivative da;é;)éiev is obtained by using the same method,

leading to

dOADS,  9*®f, 10°0%, 9P 190 0P,

+ i
dCoC  9CoC  20:,0C T OC  20C aepac

19?04,  ON [GN] _[8%3;1
29NoC ~ oC oC| T |oNOC
2 ~vel pl— 1
Fpl”At@FP“T;aCA NN a‘I’d‘BVFPI*TjL
0Ce19Cel oC oC  oCe
pl-T
gt Ve OFP : (A.24)
oCel  9C

where HijleT = Hyuj, and where Eqgs. (A.20-A.21) define the derivation of
elastic and plastic tensors. The explicit derivations of the elastic potential can
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be evaluated using (47), as being

2 FHel 2 FHel

O Phoy _poi-tpert 0 Doy _ppi-tpert (A.25)
0CoC 0CelgCe!
azq)gle:/ — _Fplle@(Iiglev FplfT - ]:-‘\plf1 aqiglev NFplfT .
0eP0C 0Cel 0Cel

82(I)e1 R .

e [P GNP+ FPUNCFR (A.26)
azq)gle:/ — _Fplflpexp Fpl” T]:-‘wplf1 aqi?llev FpI*T .
ONoC 0Cel

Fpl_lacblﬁlev Fpl_T |:Fp1_1Dexp FplnT T .

Cel
82(1)61 T ~ nT T ~ nT T
aégg : |FPUCOIDoP FPI | FPY COlDeP R (A27)

At this point, the general form of the stiffness matrix is defined. The missing
a@cl BQ(I)CI

aé\cllo BQQ\C/}D 8\1130 aQq}éO ev eV
terms (g2, 58, At—p2t, At—z¢! for the volume part and SO SEeaEe
Atwﬁev At OWie 02 and 2 for the deviatoric part) depend on the choice
aCel » =V pCelpCel’ oC oC

of the potential.

A.4  bi-logarithmic potential

In this particular case, the derivation of the elastic potential are directly de-
duced from Egs. (68), with

0P In (0°)
VO. — K A.28
896 0 06 ’ ( )
vol _ g == T A.29
agr 0 g (4.29)
d Wee OO, ted using the spectral d iti
an aCel * gEelgCel are computed using € Spectra €COompoOSsIt1Oon.

Terms resulting from the numerical dissipation are computed from (70), lead-
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ing to

Atagj;f - xa%g%e(fen) A6, (A.30)
Atagjfgd =X az@g‘ge(zeen) : (A.31)
At%\lg;v :Xa2(§%;gg: ) ; Aéel, and to (A.32)
v, _ P (C) (A.33)

oC19Ce \ T 9Ce1pCel

Using developments done in [19], the last remaining terms can be evaluated
in the closed-form

p N
0 _ 2 G I CPT DM T e, (A34)
0C 236, 1 h)\/InCpr ; In Cor
N _ \/ LR Lppin-1 —
oC 21In Cpr : In CPr
- 5 — InCP @I CP DM P T (A.35)
21n CPr : In Cpr F

where h is the hardening value, CP* is the elastic predictor [19], and where
'Dln, pr _ alnkép‘"
aCpr

is computed using the spectral decomposition.

B Linearization

Considering the deformation gradient (100), a linearization leads to the fol-
lowing deformations,

1422 0 0
7 z?
C:2F—I+O<l2> =l 0o 1-22 o0 +O<z2> , (B.1)
0 0 1—2t
T 2
J:1+(1—2u)+0<l2>,and (B.2)
4z

) 1+35 (1+v) 0 0 -
C= 0 -2 (1+v) 0 +0<12> (B.3)

0 0 —2(1+v)
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The modified pressure (80) of the internal forces is therefore rewritten

n+l _ ,.n 2
AG° = (1 — 20) % +0 (?2) , (B.4)
Ko(1—2v)? Az (2™ 42 Ax x3
eff _ 120 — R
Ko(1—2v) (21427 A 2
R B A 2 T

while the pressure base (77) is rewritten

10 0 ,
2A
AC:Tx 0—v 0 +(9<:;2>, (B.7)
0 0 —v
1 1— o (Lhw) 0 0
0"z — 1 zntlqgn @ v
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Concerning the deviatoric part (83), it comes

2G, (1 + 2 n+12 _ _n2 n+l _ .n\2 3
apgr = 2Go Ly (2 — e 296) +0 (55,
3 [ [ {
(B.10)
il 10 0 ,
7&% — GO(3+V) (ac +1l+w +Xn: +1l—x ) _% 0 + O <12> , (Bll)
00 —%
I 10 0 ,
aADeevn 2 n+1 n n+1 n
78(10 — GO(;+V) (:E +l+z +X;v +l71 ) _% 0 + O <l2> , (B12)
00 —3
10 0 ,
St =t (2t ) o 4o |40 (%) By
00 —%
oapefl "3
since dgv_ACzdgCC ACAC=0 (‘f—;)
Using the relations Gy = 2f2y and Ky = 3F6V, and combining Eqs. (B.6, B.9
and B.13) leads to

2

(Sgey +2p"dG) = < l

m"rLJrl — "
+X )
l
which allows to evaluate the internal forces (101).
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