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SUMMARY

Surface waves such as Rayleigh, Love and Scholte waves can exhibit dispersion, that is, vari-
ations in phase velocity with wavelength as a function of frequency. This property enables
the inversion of 1-D models of seismic velocity and density in the subsurface. Conventional
deterministic and stochastic inversion schemes are widely applied to surface wave data but
face two main challenges. The first is the identification of dispersion curves for fundamental
and higher modes on wavefield-transformed images, which is often done manually. The sec-
ond is the quantification of uncertainty, which can be computationally expensive in stochastic
approaches or limited to data-propagated uncertainty in deterministic inversions. Our objec-
tives are to (1) eliminate the need for manual or automatic dispersion curve picking, and (2)
directly infer ensembles of 1-D velocity models—and their associated uncertainties—from
the full velocity spectrum, that is, the complete dispersion image containing all modes. To
this end, we employ Bayesian Evidential Learning, a predictive framework that reproduces
experimental data from prior information while allowing prior falsification. In our application,
ensembles of prior Earth models are sampled to predict 1-D subsurface structures in terms of
seismic velocity and, where applicable, attenuation from near-surface seismic wave data. This
approach bypasses traditional inversion schemes and provides a computationally efficient tool
for uncertainty quantification.

Key words: Machine learning; Seismic attenuation; Surface waves and free oscillations;
Interface waves; Waveform inversion; Machine learning.

maxima using moving spatial windows from f—k (i.e., frequency—

I INTRODUCTION wavenumber) transformed common-shot-point gathers. While this

Interface seismic waves such as surface waves (Rayleigh and Love
at the air—earth interface) or Scholte waves (at the water-earth in-
terface) can be dispersive and can be inverted to obtain 1-D models
of seismic S-wave velocity, P-wave velocity and density as a func-
tion of depth (Xia ef al. 1999; Herrmann 2013). The conventional
workflow first computes a dispersion image from seismic data and
then extracts dispersion curves, which are subsequently inverted us-
ing deterministic or stochastic schemes (e.g. Herrmann & Ammon
2004; Wathelet e al. 2020). This approach faces two main chal-
lenges: (1) reliable identification of fundamental and higher modes
in wavefield-transformed images (e.g. f—k), often requiring man-
ual picking, and (2) quantification of uncertainty, which is either
computationally demanding in stochastic frameworks or limited
to propagating data errors in deterministic inversions. Dispersion
curve picking therefore depends both on the chosen wavefield trans-
form and on subjective interpretation of the resulting images. Socco
et al. (2009) use the simultaneous extraction of multiple dispersion
curves on seismic reflection ground roll with a search for spectral

latter can be considered as a pioneer work for automatized disper-
sion curve extraction, it necessitates a prior manual identification
on representative f—k spectra to identify spectral regions that can
be used for the dispersion curve search in the automatized pro-
cess. A stochastic approach for near-surface modelling based on
multimodal dispersion curves is introduced by Maraschini & Foti
(2010) that minimizes the determinant for Monte Carlo generated
dispersion curves, fitting the model given Haskell-Thomson matrix
determinant being zero for the f—V (i.e., frequency—velocity) pairs
of the experimental model curves. Even though computational ef-
forts can be drastically minimized with the approach, the need for
manual dispersion curve picking is still present and mode identifi-
cation stays impossible in the case of modal superposition.
Automatic picking of dispersion curves by identifying the highest
energy in the dispersion spectrum (non-machine learning) has been
performed by various authors. Liu ef al. (2024) suggest a method-
ology for automatic adaptive picking of dispersion curves that use
a low- and high-frequency search strategy by identifying amplitude
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minima and maxima in the phase velocity spectrum for each fre-
quency. Miao et al. (2016) identify local maxima in Rayleigh and
Scholte wave dispersion spectra assuring coherent mode order in
the inversion procedure using the Eigen-determinant misfit function
from Maraschini & Foti (2010). Zheng & Miao (2014) were able
to extract multimodal dispersion curves by semi-automated pick-
ing after binerization and thinning of the f—k spectrum. Taipodia
et al. (2020) applied threshold energy filtering on Surfseis (Park
& Brohammer 2003) generated dispersion images to extract the
fundamental mode dispersion curve of active land seismic surveys.
Similarly, staging and algorithmic approaches have been proposed
to handle higher-mode misidentification and mode aliasing, for
example by using a combination of pattern search optimization
and graph-theoretical assignment strategies (e.g. frequency-Bessel
transform with Kuhn—Munkres algorithm; Yan ez al. 2022).

Recent studies have advanced the field by introducing machine
learning techniques for automatic dispersion curve picking. Wang
et al. (2021) automatize the picking process of multimodal disper-
sion curves with the help of unsupervised machine learning, that
is, the clustering methods Gaussian Mixture Model and density-
based spatial clustering of applications with noise (DBSCAN);
their workflow is also implemented by Xu et al. (2024). Simi-
larly, unsupervised techniques are used by Rovetta ef al. (2021)
with DBSCAN, as well as by Masclet e al. (2019) and Yao et al.
(2023) with K-means clustering. In contrast to unsupervised learn-
ing, supervised learning requires a training phase on large amounts
of sample data. Such supervised deep learning approaches to pick
multimodal dispersion curves are presented by Dai ez al. (2021) and
Alyousuf et al. (2018). Dong et al. (2021) developed a supervised
neural network system (DisperNet) combined with an unsupervised
dispersion curve classification; furthermore, a variety of authors
implement convolutional neural networks (U-Net) to extract disper-
sion curves from dispersion images, such as Zhang et al. (2020a),
Song et al. (2021, 2022), Dai et al. (2022), Yang et al. (2022a, b),
Ren et al. (2023), Gan et al. (2024) and Cardenas et al. (2025).
The study of Chamorro et al. (2023) introduces a deep-learning
approach that circumvents the need to compute dispersion images
and directly predicts dispersion curves from seismic shot gathers.
On a probabilistic basis, Ortega et al. (2019) use Bayesian inference
and Markov chain Monte Carlo (McMC) sampling to automatically
obtain a range of probable dispersion curve solutions given a prior
model.

The approach to bypass dispersion curve picking as such by using
the full phase velocity spectrum, alias dispersion image or disper-
sion spectrogram, is first presented by Forbriger (2003a, b) with a
gradient-based inversion scheme; Ryden & Park (2006) and Dou
& Ajo-Franklin (2014) followed with inversion procedures based
on global and hybrid global-local search algorithms, respectively.
Other deterministic methodologies using the entire dispersion spec-
trogram for surface wave inversion can be found in the studies of Dal
Moro (2014, 2019), Dal Moro et al. (2015), Niu ez al. (2022), Zhang
et al. (2020b, 2024) and Liu et al. (2023). Cho et al. (2024) intro-
duce a deep-learning algorithm in form of a convolutional neural
network to directly invert from the dispersion spectrum for S-wave
velocity by bypassing the definition of prior information and dis-
persion curve picking; the method does not allow to incorporate
further information such as P-wave velocity. A first probabilistic
framework using the full velocity spectrum by defining an energy
likelihood function for Bayesian inference is presented by Zhang
et al. (2023). The drawback of the latter study is that, while it allows
to estimate uncertainty in a Bayesian framework, the posterior so-
lution is sampled with a Markov chain Monte Carlo approach that
may be computationally expensive.

Bayesian Evidential Learning (BEL; cf., Hermans et al. 2018;
Scheidt et al. 2018) has recently been proposed to (hydro-
)geological studies (Hermans ez al. 2019; Yin et al. 2020; Tadjer
& Bratvold 2021; Thibaut ef al. 2021; Yang et al. 2023) as well as
for different geophysical applications (Hermans ez al. 2018; Michel
et al. 2020; Pradhan & Mukerji 2020; Hermans et al. 2021; Michel
et al. 2023; Ahmed et al. 2024; Aigner et al. 2025), with Michel
et al. (2023) introducing probabilistic dispersion curve prediction
through iterative prior resampling for improved posterior distri-
butions. Unlike conventional deterministic or stochastic inversion
approaches, BEL does not require explicit optimization of a misfit
function. Instead, it learns statistical relationships between model
parameters (e.g. layered Earth models) and data (e.g. velocity spec-
tra) from a set of prior simulations. Once trained, this relationship
allows new data to be rapidly mapped to a posterior distribution of
possible models while providing an explicit measure of uncertainty.
Conventional surface wave inversion approaches typically reduce
the wavefield to manually or automatically picked dispersion curves,
which discards a large amount of information. In contrast, in this
work we adopt BEL in a 1-D framework (BEL1D) that exploits
the full wavefield information contained in wavefield transformed,
multimodal velocity spectrum. By using the entire dispersion im-
age rather than extracted curves, the method directly predicts en-
sembles of 1-D near-surface profiles (velocity, density, attenuation)
with quantified uncertainty similar to a stochastic inversion, while
avoiding the need for dispersion curve picking and handling inverse
problems. It relies on a simulation-based prior that through statis-
tical relationships identifies the link to the data set of interest, for
example, a field data set collected with a linear array of seismic
receivers. Posterior sampling is computationally efficient once the
prior is established, and the approach can naturally handle noise
and prior falsification. This allows flexible application to both elas-
tic and anelastic problems. All computations were performed on a
workstation running Windows 10 with an AMD Ryzen CPU (16
physical cores, 32 logical cores) and 128 GB of RAM.

The paper is organized as follows: We first introduce the Bayesian
Evidential Learning framework for surface wave modelling using
the full velocity spectrum, illustrated by a workflow scheme. We
then apply the methodology to synthetic benchmark models in the
elastic domain, including noise-contaminated cases, and extend the
tests to the anelastic domain to examine the influence of attenua-
tion parameters. Applications to two real data sets from the liter-
ature follow, with attenuation considered in the second example.
The paper concludes with a discussion and summary of the main
findings.

2 BAYESTIAN EVIDENTIAL LEARNING

The BEL1D framework has originally been developed by Michel
et al. (2020) for low-dimensional problems (a few tens of parame-
ters) and is available as the open-source package pyBEL1D (version
1.0.1; Michel et al. 2022). BEL is based on learning statistical re-
lationships between (i) realistic models m—in this study, layered
Earth models characterized by elastic and anelastic parameters,
which define the prior, and (ii) synthetic data d generated from
these models—here, the full velocity spectrum representing surface
wave dispersion. Once this relationship is learned, BEL can predict
an ensemble of Earth models (the posterior) from experimental data
d*, such as a dispersion image from a seismic shot gather. Contrary
to classical inversion schemes, BEL does not try to match exactly
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Figure 1. Workflow of BEL1D surface wave analysis.

the field data, but rather builds a set of posterior models that statis-
tically relates to the data. The methodology is summarized in form
of a workflow scheme in Fig. 1 and can be subdivided in five key
steps: the prior sampling and modelling (1), the central learning
steps using statistical relationships (2) and (3), the inference with
experimental data (4) and the posterior sampling and modelling (5).
In the following, each step will be explained in detail; complemen-
tary information can be found in Scheidt ez al. (2018) and Michel
et al. (2020).

2.1 Prior sampling and modelling

The first step in a Bayesian approach is the construction of a prior
parameter space (step 1 in Fig. 1). This prior encodes the range of
parameter values considered plausible before incorporating obser-
vational data. In our context, it defines a subsurface model space
for 1-D surface wave modelling. Traditionally, the prior includes
possible ranges of layer thickness %, S-wave velocity V;, P-wave
velocity V, and bulk density p. From these distributions (often
uniform), a large number of layered Earth models are sampled to
form the model space m. In BEL, the adequacy of the prior is
critical: it not only provides the model space for forward simula-
tions but also allows for prior falsification, that is, testing whether
the chosen parameter ranges are consistent with the experimental
data and refining them if necessary. Through forward modelling
(upper frame in Fig. 1), each sampled model generates an associ-
ated data realization d, namely a dispersion image that represents
the velocity spectrum of the Earth model. Using the reflectivity
method, we first compute synthetic seismograms in the offset—time
(x—t) domain, which are then transformed into dispersion images
in the frequency—velocity (f—V') domain using standard wavefield

1
1
|
I
=
I back-transformation
1
1
]
d

transforms. The implementation of these steps is described in detail
below.

2.1.1 1-D synthetic seismograms: reflectivity method

The creation of synthetic seismograms is the intermediate step link-
ing Earth models from the prior to their associated velocity spectra
through forward modelling. For this, we use the enhanced reflectiv-
ity method implemented in the open-source Python package COM-
POSTI (Niskanen & Lahivaara 2023). The algorithm incorporates
prior-defined parameters and allows the inclusion of quality factors
0O, and Q; for compressional and shear waves. Note, parameters
can only vary vertically due to the 1-D restriction. The reflectivity
method builds on the Thomson—Haskell propagator matrix formula-
tion in the frequency—wavenumber ( f—k) domain (Thomson 1950;
Haskell 1953), later extended by Fuchs & Miiller (1971), Kennett
(1983) and others (Miiller 1985). COMPOSTI evaluates highly os-
cillatory integrals with a Levin integrand (Levin 1982, 1996) and
applies frequency-dependent sampling, which ensures stable solu-
tions even at large offsets and across wide frequency ranges. A
Ricker wavelet is used as the point source in the frequency domain,
generating a band-limited, zero-phase pulse with a specified peak
frequency, which drives the synthetic wavefield. The reflectivity
method models a full 3-D wavefield generated by a point source
by reducing the elastic wave equation to 1-D in cylindrical coordi-
nates. It fully represents reflections, transmissions, attenuation and
mode conversions of plane waves at layer interfaces, reproducing
the complete wavefield (P, SV and SH), either coupled or decoupled
(Ma et al. 2004; Sen 2020; Niskanen & Lahivaara 2023). This is
particularly important for surface wave simulations, since Rayleigh
waves are coupled P—SV interface waves. They can be modelled
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over well-defined slowness ranges by summing near- and far-field
internal multiples (O’Neill ez al. 2003). In this study we only con-
sider the vertical component of particle velocity at the receivers, as
it contains the dominant Rayleigh-wave energy and is the standard
choice for dispersion analysis. Love waves are therefore not ex-
plicitly analysed. Receiver response functions are not included, and
synthetic traces are assumed to represent ground motion directly.
Finally, the synthetic wavefield is transformed back to the time—
offset (t—x) domain by Fourier transform, producing synthetic shot
gathers that enhance the identification of phase velocity dispersion.

2.1.2 Wavefield transform

For both synthetic and experimental data, the wavefield transform
converts the shot gather from the time—offset (#—x) domain to the
frequency—velocity ( f—V') domain, producing the dispersion image.
We implement this step using the open-source library SW process
for surface wave processing (Vantassel & Cox 2022). The package
primarily employs a frequency-domain beamformer (FDBF) trans-
form, which can be adjusted through the choice of steering vector
and amplitude weighting. The FDBF with plane-wave steering and
no amplitude weighting (cf. Zywicki 1999) is equivalent to the
classical f—k transform, but avoids the intermediate wavenumber
calculation and thereby reduces geometric limitations and aliasing
effects (Vantassel & Cox 2022). Alternatively, the FDBF with a
cylindrical-wave steering vector and square-root distance weight-
ing (cf. Zywicki 1999; Zywicki & Rix 2005) best approximates
the propagation of Rayleigh waves, capturing both their spreading
geometry and amplitude decay.

In this study, we use the classical f—k transform for synthetic
tests, while the real data applications employ the FDBF with
cylindrical-wave steering, square-root distance weighting and ab-
solute maximum normalization.

2.2 Training procedure

The training procedure forms the core of BEL1D, linking the model
and data spaces through statistical relationships, with the observed
data constraining posterior predictions.

2.2.1 Principal component analysis (PCA)

After the data space creation through froward modelling, we apply
data dimensionality reduction using principal component analysis
(PCA, step 2 in Fig. 1, implemented via the Scikit-learn Python li-
brary; Pedregosa et al. 2011). PCA transforms the original data into
a set of orthogonal components, resulting in PCA scores ranked by
the variance they explain (Tipping & Bishop 1999; Jolliffe 2011).
The first components contain most of the variability in the data
set, while higher-order components capture less information. These
higher-order components can therefore be discarded, reducing mem-
ory usage and improving computational efficiency.

This reduction is particularly relevant in geophysical imaging
problems, where the data space can be extremely high-dimensional.
In our application, the model space m remains low-dimensional and
physically interpretable; for example, a 4-layer model that integrates
h, V,and V; has 11 free parameters. By contrast, the associated data
space d may reach several hundred thousand dimensions, depending
on the resolution of the velocity spectrum in the f—J domain. We
therefore apply PCA only to the data space d, becoming the reduced
data space d” .

2.2.2 Canonical correlation analysis (CCA)

The core learning step in BEL1D is the canonical correlation analy-
sis (CCA, step 3 in Fig. 1), implemented via the Scikit-learn Python
library (Pedregosa et al. 2011). CCA identifies directions that maxi-
mize correlations between the reduced data space d/ and the model
space m/ (here equal to m, since the model space is not reduced).
Transformation matrices are then used to construct a joint corre-
lated domain, yielding the CCA data space d¢ and the CCA model
space m¢, which are orthogonal to each other:

d¢=d’ 47, (1)

m¢ =m' BT, )

Here, A4 has dimensions # x k and B has dimensions n x ¢, with
n defined as the minimum of k and g. As a result, d° and m¢ both have
dimensions 1 x n. Note, in order to allow for a back-transformation
from the CCA to the original space, £k must exceed ¢.

In essence, CCA provides a maximally correlated representation
of the data and model spaces, highlighting the combinations of
parameters and data features that most strongly relate to each other.
This correlated space forms the foundation for posterior predictions
in the BEL1D framework.

2.3 Posterior sampling and modelling

The experimental data d* (central frame in Fig. 1), from which we
aim to determine the S-wave velocity profile, are first transformed
and projected into the bivariate and correlated CCA d—m space. This
projection allows us to check whether the data lie within the prior,
or if the prior needs to be adjusted. A pre-requisite for computing
a posterior solution is that d* falls within the prior; otherwise, the
prior can be falsified.

In BEL1D, the posterior distribution is generated directly in the
CCA space by constraining the model space m* to the projected
data d*. This is achieved using kernel density estimation (KDE)
with a Gaussian kernel (cf. Wand & Jones 1993; Michel et al.
2020), which approximates the conditional probability of the model
parameters given the data. Posterior models are then sampled from
this distribution via inverse transform sampling (Devroye 2006)
and back-transformed to the original parameter space (assuming no
PCA reduction on the model space):

_ . _ p-1,¢
mpost - mpost =B mpost' (3)

The resulting m,04 can be visualized in the parameter space, for
example showing the variation of shear wave velocity with depth.
The precision and accuracy of the obtained posterior models have
been benchmarked against a classical McMC approach by Michel
et al. (2023), demonstrating that the obtained distributions reason-
ably estimate the benchmark method results. However, using the
same forward modeller as for the prior, the posterior models are
converted into velocity spectra, allowing evaluation of the fit to
the experimental data d*. It is important to note that this step is
optional: the sampled models inherently represent the posterior un-
certainty, and forward simulations are only required if one wishes
to quantitatively assess the fit to the experimental data.

To quantify the misfit between experimental and posterior-
predicted data dps, We use a root-mean-square error (RMSE, eq. 4;
cf. Hodson 2022) calculated on the normalized wavefield power of
the dispersion images. For this, each sampled posterior model is
first passed through the forward modelling algorithm to generate its
corresponding velocity spectrum. The RMSE is then computed per
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Table 1. Synthetic benchmarks models after Tokimatsu et al. (1992). h = thickness (m);
s7hy; V), = P-wave velocity (m s71); p = density (kg m~?).
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Vs = S-wave velocity (m

Layer h Vs Vp P
Model 1 Model 2 Model 3

1 2 80 180 80 300 1800

2 4 120 120 180 1000 1800

3 8 180 180 120 1400 1800

4 360 360 360 1400 1800

pixel by comparing the normalized wavefield power of the posterior
and experimental dispersion images:

1 n
RMSE = | =Y (dF — dposti ) 4
7 2 = ) @

where # is the total number of pixels in the dispersion image, ;" and
dpost; are the normalized wavefield power values of the experimental
and predicted data at pixel i, respectively. This image-based RMSE
provides a quantitative measure of how well the posterior models
reproduce the power distribution of the experimental surface wave
dispersion. Note that in the uncertainty figures based on RMSE
(model ensembles), values are displayed on a linear numerical scale,
while colours are assigned by quantiles, providing an illustration of
the models distributions in the misfit space.

3 SYNTHETIC BENCHMARK

3.1 Elastic benchmark models

In the following, we introduce 1-D synthetic elastic benchmark
models from Tokimatsu et al. (1992) (cf. O’Neill et al. 2003),
which are tested with the BEL1D approach for shallow surface
wave modelling. The three models (Table 1) consist of three layers
over an infinite half-space, parametrized by layer thickness 4, shear-
wave velocity ¥y, compressional-wave velocity 7, and density p.
Model 1 can be characterized as normally dispersive, that is, S-wave
velocity increasing with depth (Fig. 2a), whereas the other two are
irregularly dispersive with a velocity inversion at the second layer
for model 2 (Fig. 2d) and a velocity inversion at the third layer for
model 3 (Fig. 2g). These configurations capture a range of modal
behaviours, including higher modes and mode jumping.

In Figs 2(b), (e) and (h), we show the synthetic seismograms
of models 1-3 generated with the reflectivity method composed
by 48 receivers (spacing of 1 m) for an acquisition time of 1 s.
The seismic source was simulated with an 80 Hz Ricker wavelet.
Corresponding velocity spectra were obtained via f—k wavefield
transformation, while theoretical modal curves (dashed lines) were
computed with Dunkin’s matrix (Dunkin 1965) as implemented
in the Python library disba (Luu 2024). For the normally disper-
sive model 1 (Fig. 2c), the velocity spectrum shows a distinctive
fundamental mode across the frequency range, while the theoretical
modal curves reveal additional higher modes. In model 2, the veloc-
ity inversion in the second layer produces a fundamental mode with
multiple overtones (Fig. 2f), leading to mode jumping. The mode
distribution of model 3 (Fig. 2i) is even more complex: the spec-
trum suggests an apparent interruption of the fundamental mode
at 10 Hz, but the Dunkin modal curves clarify that the first mode
continues throughout the spectrum and that the energy between 10—
18 Hz and 150-350 m s~! belongs to the first and second overtones.
In the following, we illustrate the workflow using model 2; results
for models 1 and 3 are provided in the Appendix Figs A9—-A12.

3.1.1 Prior and dimensionalities

In a first step, we define a common prior model space m to all three
models 1-3 with a uniform distribution, designed to encompass the
benchmark models (see Table 2 and red curves in Figs 2a, d and
g). To limit the model space dimensionality to 11 parameters, we
decided to fix the bulk density p to the true value of 1800 kg m~3
due to its low sensitivity in dispersion curve modelling (cf. Xia
et al. 2003; Pan et al. 2019). From this prior, 1000 models were
sampled to generate the corresponding full velocity spectra with an
averaged computational time of 5.18 s per model. The generated
spectra constitute the data space in the f—J domain, that is, pairs
of frequency—velocity data points, that form the dispersion image
of each sampled model.

To further lower the complexity of the problem, the high di-
mensionality of the created data space is reduced with the principal
components analysis (PCA). For model 2, the dispersion-image data
set (correlated f—V points) is reduced from 12 100 to 602 indepen-
dent principal components (PCs), while still explaining 99 per cent
of the variability (Fig. 3a). The projected experimental data (red
points) in the lower PC dimensions thereby provide information on
the quality of data projection, that is, few outliers in comparison
to the modelled data (black points) show rather good conformity.
Note, due to the small dimensionality of the model space, we exclu-
sively apply PCA to the data space (which must remain larger than
or equal to the model space to allow for back-transformation).

The parameter contribution to the 11 dimensions in the canoni-
cally correlated space for the models is shown in Fig. 3(b). Because
the training is based on the same prior, the CCA space is identical
for all three models. Most parameters are distributed across several
dimensions, although some dominate individually (e.g. /; in dimen-
sion 4 or Vy; in dimension 7). Data-model correlations within the
CCA space are illustrated by scatter plots for selected dimensions in
Figs 3(c)—(f) (see Appendix Fig. A6 for all dimensions). It is visible
that the higher the dimension, the less the data and model space are
correlated.

3.1.2 Data projection and posterior

The trained and correlated bivariate space is then used to project the
experimental data d*, that is, the benchmark models of Table 1. The
data are transformed into the reduced CCA data space for each di-
mension, illustrated by the red lines in Figs 3(c)—(h). An example of
a data projection outside the prior is illustrated in Appendix Fig. AS.
KDE is applied in this reduced space, and the resulting probability
distributions are displayed left of each data-model correlation plot.
From these distributions, a defined number of posterior models
is sampled, here again 1000, and back-transformed to the origi-
nal data space (see eq. 3). The ensemble of posterior solutions for
Vs and V), coloured by the normalized RMS misfit of the dis-
persion images, is shown in Fig. 3(i). The best-fit posterior model
(Fig. 3j) reproduces the full velocity spectrum with high fidelity and
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Figure 2. Synthetic benchmark models from Tokimatsu ef al. (1992) (cf. O’Neill et al. 2003). Shown are shear-wave velocity V5 profiles (a, d, g), reflectivity

method seismograms (b, e, h) and f—k velocity spectra with theoretical modal curves (c, f, i) for models 1-3, respectively, and normalized colour scale. Model
parametrization is given in Table 1. The prior model space is illustrated by the light grey background in the ¥ profiles (a, d, g) and by value ranges in Table 2.

Table 2. Uniform prior distribution for the synthetic benchmark modelling (cf., Table 1); the values in brackets represent the minimum
and maximum values. 4 = thickness (m); V; = S-wave velocity (m s~!); V), = P-wave velocity (m s™1); p = bulk density (kg m™).
Only for the anelastic modelling (cf. Fig. 6): Oy = S-wave attenuation (-); O, = P-wave attenuation (-).

Layer h Vs Vy P Os Oy

1 [1,3] [50, 250] [100, 500] 1800 [5, 40] [15, 65]

2 2, 6] [50, 250] [500, 1500] 1800 I8, 60] [50, 100]
3 5, 10] [50; 250] [1000, 2000] 1800 [15, 80] [75, 120]
4 [200, 500] [1000, 2000] 1800 [40, 150] [100, 200]

satisfactorily recovers the V; profile, including the velocity inver-
sion in the second layer. A slight bias is visible for parameter Vj;, for
which the benchmark model is present in the obtained distribution,
but located at its edge (Fig. 31). This is explained by the relatively
low sensitivity of BEL1D to this parameter as is visible in Fig. 3(b),
(e) and (f).

Similar trends are observed for models 1 (Appendix Figs Al and
A2) and 3 (Appendix Figs A3 and A4). Model 1 shows consistent
Vs and V), posterior distributions, with the exception of a slight
underestimation of the third-layer S-wave velocity V3. Model 3

successfully reproduces the scattered modes in the best posterior
dispersion image and captures the V; inversion in the third layer,
demonstrating that the approach robustly handles different model
complexities.

3.1.3 Noise contamination

The robustness of the method is evaluated on synthetic benchmark
model 2 under two types of perturbations: first, disturbing the time
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Figure 3. Model 2: (a) PCA space with black dots showing the modelled data and red dots the experimental data; (b) CCA space; (c—h) KDE and projections
in CCA dimensions 1, 4, 5, 7, 8 and 10, with red lines marking the position of the experimental data; (i) ensemble of posterior solutions for V; and V), coloured
by normalized RMS error (red profiles = benchmark); (j) forward modelled velocity spectrum from the best posterior solution (cf. Fig. 2f), here shown for ¥

and V), over depth (red profiles = benchmark).

traces with Gaussian noise, and second, adding a sound wave (V, =
330 m s7!) to the seismic shot gather. For the first test, random
Gaussian noise is added in the time domain with an amplitude
multiplier of 107, consistent with the order of magnitude of the
seismic signal (S/N ratio: 21.9 dB). The altered traces are shown in
Fig. 4(a) alongside the noise-free traces of model 2. Compared to the
clean dispersion image (Fig. 2b), the noisy image is mainly affected
at low frequencies below 20 Hz (Fig. 4b). The PCA space exhibits
more outliers in the lower dimensions (Fig. 4c), while the CCA
space remains largely consistent, apart from a reduced sensitivity to
V; in dimensions 7 and 8 (Fig. 4d). In the correlated data—model
spaces, the benchmark projections are less central than in the noise-
free case (Figs 4e—j; cf. Appendix Fig. A7). The posterior ensemble
(Fig. 4k) reproduces V; reliably in the first two layers but fails to
capture the third layer and the half-space; V), is also inaccurate in
the half-space. These misfits can be explained by the disturbances
in the lower frequency content of the noisy data, that affects the
model solutions at higher depth. Note that this could be improved
in the future by using a more robust wavefield transform (Vantassel
& Cox 2022). The velocity spectrum of the best-fitting posterior

(Fig. 41) shows clear mode separation and satisfactorily reproduces
the observed dispersion, though the associated V; profile remains
inaccurate for the deeper layers. The same bias appears for the same
reason as for the noise-free case for V;; (Fig. 4k).

For the second test, a synthetic sound wave of 330 m s~! with
a source frequency of 100 Hz was added to the time domain shot
gather of model 2 (Fig. 5a). The wavefield transform produces an
altered velocity spectrum, where the added noise appears in the
0-75 Hz bandwidth at phase velocities above 200 m s! (Fig. 5b).
In this case, we examine the effect of noisy data when projected
into a clean prior, that is, a prior trained on noise-free models and
data, with only the projected data d* being contaminated. The PCA
space is shown in Fig. 5(c) with some outliers in the lower dimen-
sions. The CCA data space and the data projections for the CCA
dimensions 1, 4, 5, 7, 8 and 10 are shown in Figs 5(d) and (e)—(j),
respectively (see Appendix Fig. A8 for all dimensions). The result-
ing posterior ensemble fails to reproduce the benchmark solution:
in particular, the velocity inversion in the second ¥V layer is not cap-
tured, and both layer depths and ¥, show poor agreement (Fig. 5k).
The dispersion image generated from the best posterior model

9z0z Atenuer z| uo 1senb Aq 648 /£8/8614e66/2/712/0101e/B/woo dno-olwepeoe//:sdiy woly pepeojumod


art/ggaf498_f3.eps

8  A.-S. Mreyen, H. Michel and F. Nguyen

Gaussian noise vs. noise-free

0.0
(a) T
~h~>-m.,,“~~ |
0.2 nwwwn“““
228 P
- T
£ 04
(0]
£
=06 :
0.8
10 20 30 40 50
Offset [m]
(€
10 1
2 5
[
>
O 01
o
-5
-10
0 100 200 300 400 500
PC dimension
(d) . h, . Vs, Vs, Vs
s h, Vs, = \Vp, Vp,
hy Vs; mm Vp,
& 1.01
5
2 0.8
S
8 06
2
E 0.4 1
[0
X 0.2
0.0 - 5
CCA dimension
K
25
_ 5
E 75
£
a 10
[
0125
15
17.5

100 200 300 400 500 1000 1500 2000
Vs [m/s] Vp [m/s]
NN o o2

Root Mean Square Error [-]

350

(b)

Phase velocity [m/s]
N
o
o

150
100
50 fasis
0 20 40 60 80 100 120
Frequency [HZ]
(e) Dimension 1 (f) Dimension 4
2 2 / 2 2
L ¥ o o $o
-2 -2
“bas ° 0.0 25 0025 -25 00 25
P D} P () b
(g) Dimension 5 (h) Dimension 7
2 ; 2 2 2
wn 0 wn 0 om0 w0 /
-2 -2 -2 -2
01 -25 0.0 25 0 1 -2.5 0.0 25
P (/) DS P (/) D§
(I) Dimension 8 (j) Dimension 10
2 2 2 2
v o . [
0 o &0 o
-2 -2 -2 -2
0.00.5 =2.5 0.0 .2.5 0.00.5 -25 0.0 25
P (/) D§ P (/) D50
(|) 350 0
. 300 5
B 10
£ 250 _
-§ E 15
g 20 £ 20
[3)
& 150 e 25
£
o | 30
100
| 35
50 £ .
0 20 40 60 80 100 120 200 400
Frequency [Hz] Vs [m/s]

Figure 4. Model 2 with Gaussian noise: (a) shot gather with zoom illustrating the noise impact; (b) velocity spectrum ( f—k transform, frequency-maximum
normalization); (c) PCA space with black dots showing modelled data and red dots the experimental data; (d) CCA space; (e—j) KDE and projections in CCA
dimensions 1, 4, 5, 7, 8 and 10, with red lines marking the position of the experimental data; (k) ensemble of posterior solutions for Vy and ¥, coloured by
normalized RMS error (red profiles = benchmark); (1) forward modelled velocity spectrum from the best posterior solution, here shown for ¥y over depth (red

profile = benchmark).

(lowest RMS error; Fig. 51) also departs strongly from the bench-
mark, with an inaccurate V; depth profile. In contrast, when the prior
itself is trained with the same noise source (i.e. the 100 Hz sound
wave added to all prior shot gathers), posterior predictions improve
substantially. The ensemble of solutions (Fig. Sm) recovers both V
and V, in good agreement with the benchmark (again, with the bias
for V;; observed in the posterior distribution), and the best posterior

model and its velocity spectrum (Fig. 5n) successfully match both
the benchmark and the noisy dispersion image in Fig. 5(b). This
highlights that training the prior with information that has a clear
and quantifiable impact on the experimental data is crucial to en-
sure consistency between prior and experimental observations. Full
results for the noise-trained prior are shown in Appendix Figs A9
and A10.
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Figure 5. Model 2 with consistent noise. (a) Shot gather with zoom illustrating the integrated sound wave (V,=330 m s™1); (b) velocity spectrum (f—k
transform, frequency-maximum normalization); (c) PCA space with black dots showing modelled data and red dots the experimental data; (d) CCA space;
(e—j) KDE and projections in CCA dimensions 1, 4, 5, 7, 8 and 10, with red lines marking the position of the experimental data. Posterior ensembles and
forward modelled velocity spectra from the best posterior solution are shown for (k-1) a clean prior and (m—n) a noise-trained prior. In each case, (k, m) show
ensembles of ¥y and V), coloured by normalized RMS error and (1, n) show forward modelled velocity spectra from the best posterior solution, shown for ¥

over depth (red profiles = benchmark).
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3.2 Anelastic application

A factor neglected in the benchmark models above is the decay
of seismic energy, that is, the attenuation of ground motion. This
becomes evident when examining the absolute amplitudes of non-
normalized traces in a shot gather. Unlike a synthetic, perfectly
elastic medium, the amplitude of a real wavelet, and thus its stored
energy, decreases as it propagates through the subsurface. Atten-
uation of seismic waves is governed by two main phenomena (cf.
Barton 2006): (i) geometrical spreading, which redistributes seis-
mic energy over larger volumes with distance from the source, and
(ii) intrinsic (anelastic) attenuation, caused by mechanical energy
loss due to internal friction, especially at grain or interface bound-
aries (e.g. water—soil). In addition, heterogeneous geology can pro-
duce apparent attenuation through scattering, without actual energy
loss. The frequency-dependence in this matter is highly discussed
whether to be subject to scattering alone, or also to intrinsic atten-
uation (e.g. Shapiro & Kneib 1993; Van Der Baan 2002; Morozov
2009), but it is generally accepted that high frequencies are subject
to higher attenuation. The inelasticity of a medium can be described
by the dimensionless quality factor Q (attenuation = Q~'), which
ranges from 1 to 5000 in seismic applications (Barton 2006). We
distinguish between Q,, and Q; for compressional and shear waves,
respectively. A recent review of near-surface Q, estimates from
experiments and modelling is provided by Parolai et al. (2022).

For an anelastic test, we extend the synthetic model 2 with the
attenuation parameters O, = (20, 35, 45, 75) and Q, = (40, 70,
90, 150). Including these parameters expands the prior parameter
space of model 2 from 11 to 19 dimensions (five free parameters
over three layers and a half-space). The prior distributions of both
attenuation parameters were kept broad (see values in Table 2).
Although the benchmark models of Tokimatsu er al. (1992) are
purely elastic, the selected Q values fall within the realistic ranges
of Oymin =0.1Q, to Oymax = Q, and Q, being larger than O,
by the factor of 2 (cf. Xia et al. 2012). Q, values were chosen
to increase with layer stiffness and depth, where we expect near-
surface layers to be more dissipative. The trace-by-trace normalized
anelastic shot gather exhibits a distinct signature in the first arrivals
due to the integration of the quality factors in the layered Earth
model (Fig. 6a). This signature is visible because the refracted wave
has a relatively high amplitude, which becomes apparent here due
to the reduced amplitude of the attenuated ground roll.

To maintain consistency with the previous implementations of
model 2, attenuation is introduced sequentially. First, a prior of
1000 models (average computation time: 5.36 s/model) is gen-
erated using the same wavefield transform as before (f—k with
frequency-maximum normalization). The normalization enhances
the visibility of all surface wave modes across the full frequency
range, including low frequencies that are often masked in amplitude-
preserving transforms. It is therefore particularly suitable for con-
straining the elastic structure. Like before, a posterior is predicted
based on the corresponding benchmark velocity spectrum. The re-
sults of this step are presented in Appendix Figs A11 and A12. Since
the frequency-maximum normalization suppresses amplitude infor-
mation by normalizing per frequency band, attenuation cannot be
reliably predicted at this stage. To overcome this limitation, we per-
form a second step: the posterior ensemble from the first prediction
is used as new prior. The sampled models from the new prior as well
as the projected benchmark now employ an f—k wavefield trans-
form with absolute-maximum normalization (Fig. 6b). In this way,
the elastic structure is well-constrained in a pre-trained space for
the parameters /, Vs and V,, and attenuation relative information is

introduced in a second step by preserving amplitude relationships
across frequencies.

The BEL results show a PCA reduction from 12 100 to 73 di-
mensions (Fig. 6¢) with minor outliers in the lowest components,
similar to the elastic case. A distance-based generalized sensitivity
analysis (DGSA; Fenwick et al. 2014), performed with the pyDGSA
package (pypi.org/project/pyDGSA/1.0.4/), is compared against pa-
rameter contributions in the CCA space (Fig. 6d). The analysis
highlights several dominant parameters: Vs, V,, and Os1 (espe-
cially in the first eight CCA dimensions), /#; (dominant in CCA
dimension 4) and V,; (dimensions 3 and 6). Lower in the ranking
are the remaining P-wave velocities and the P-wave quality fac-
tors with O, to O,3 among the least sensitive. This reflects how
CCA concentrates the most influential parameters in its leading
axes (cf. Michel er al. 2020), while less sensitive parameters, here
the P-wave attenuation factors, are present in higher dimensions.
The correlated data—model projections show strong relationships
in the lower CCA dimensions, with decreasing correlation at higher
dimensions (Figs 6e—h; full projections in Appendix Fig. A13).

The posterior model with the lowest RMS error is able to repro-
duce the benchmark dispersion image and to resolve the Vs model
with a deviation in the thickness /5 of the third layer (Fig. 6i). The
O, and O, models deviate from the benchmark but maintain con-
sistent trends, apart from a localized inversion of Q; in the third
layer. Finally, Fig. 6(j) presents the full posterior ensembles for V5,
V,, Os and O, showing coherent predictions for all parameters.
In this case, the parameter V5, is within the obtained posterior as is
expected by the much higher weight of this parameter in the lower
dimensions of the CCA transform seen in Fig. 6(d). The sequential
approach enabled a significant uncertainty reduction, with RMS val-
ues decreasing by approximately one order of magnitude between
the first and second posterior ensembles (cf. Appendix Fig. A11).

The synthetic tests demonstrate the applicability of the proposed
method and provide several key insights: (i) in out-of-prior projec-
tions, the experimental data fail to align with the CCA space in
dimensions sensitive to parameters excluded from the prior; (ii) in
the presence of systematic noise, a noise-trained prior is essential to
obtain consistent posterior results; and (iii) in anelastic modelling,
the inclusion of quality factors, although ranked as low-sensitivity
parameters, can still exert a pronounced influence on modelled
wavefields and posterior predictions, highlighting the importance
of attenuation in amplitude preserving analyses.

4 REAL DATA APPLICATION

In the following, we illustrate the methodology on two field data
sets from the literature collected with shallow refraction seismic
methods. Both data sets differentiate primarily in the acquisition
resolution in terms of receiver spacing and data quality.

The first field example is from the study of Eppinger ez al. (2024),
which aimed to characterize the critical zone with a full-waveform
tomography in the Blair Wallis, Laramie Mountains, Wyoming.
From 20 sledgehammer source points, we chose a seismic record
close to a borehole location at 175 m profile length in order to use
the logging data as reference model for V; and V,. Only elastic
parameters are considered here, since no attenuation information
is available for the near-surface. The selected shot gather is of
high resolution (high-temporal sampling, dense receiver spacing of
1 m, see Fig. 7a) and contains little noise. Its velocity spectrum,
obtained using a FDBF with absolute-maximum normalization, ex-
hibits a clear fundamental mode and a weak first overtone (Fig. 7b).
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Figure 6. Model 2 in an anelastic milieu: (a) Shot gather with zoom to first arrivals showing anelasticity; (b) velocity spectrum ( f—k transform, absolute-
maximum normalization); (c) PCA space with black dots for the modelled data and red dots for the experimental data; (d) CCA space with parameter sensitivity
analysis; (e—h) KDE and projection in the CCA dimensions 1, 5, 7 and 10, with red lines marking the position of the experimental data; (i) forward modelled
velocity spectrum from the best posterior solution, here shown for Vs, Oy and QO over depth (red profile = benchmark); (j) ensemble of posterior solutions
for Vs, V), Qs and O, coloured by normalized RMS error (red profiles = benchmark).
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Figure 7. Real data application from Eppinger ef al. (2024): (a) 240-channel seismic shot gather; (b) velocity spectrum (FDBF wavefield transform, absolute-
maximum normalization); (c) PCA space with black dots showing modelled data and red dots the experimental data; (d) CCA space; (e—j) KDE and projection
in the CCA dimensions 1, 4, 5, 7, 8 and 10, with red lines being the position of the experimental data; (k) ensemble of posterior solutions for Vs and V), coloured
by normalized RMS error (red profiles = benchmark); (1) forward modelled velocity spectrum from the best posterior solution here shown for Vs over depth
(red profile = benchmark, green pointed line = final model of Eppinger et al. 2024).

For the synthetic forward simulations, we applied a 20 Hz Ricker
source wavelet, consistent with the dominant frequency content of
the field data (cf. Eppinger et al. 2024). A layered reference model
(further called benchmark) was derived from the borehole log BW4

presented in the original study, located at two meters from the ham-
mer source. Because the borehole data only cover depths from 10 m
downwards, the shallow layers are unconstrained. Therefore, we ap-
proximated a first layer with /; = 500 ms~' and ¥, = 1000 m s~!
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Table 3. Uniform prior distribution for the real data application of Eppinger ef al. (2024); the values in brackets
represent the minimum and maximum values. The suffix bench refers to the benchmark model set up from the borehole
log. & = thickness (m); Vs = S-wave velocity (m s~ !); V, = P-wave velocity (m s71); Oy = S-wave quality factor. The

bulk density p was fixed to 2500 kg m—3.

Layer hvench h V Sbench Vs V Pbench Vp

1 10 [5, 15] 500 [150, 1000] 1000 [300, 1500]
2 12 [5,20] 1200 [150, 1500] 2500 [1800, 3500]
3 12 [5,20] 1900 [750, 2200] 3200 [2000, 4500]
4 — - 2500 [1800, 3000] 4100 [3000, 6000]

over 10 m thickness; these values should not be considered direct
measurements but reasonable estimates. Accordingly, the prior was
built as a four-layer model (Table 3) keeping value intervals for the
first layer large enough to ensure coherent posterior predictions, that
is, V1 € [150, 1000], V1 € [300, 1500] and /, € [5, 15].

In total, 1000 models were sampled from the prior, with an aver-
age computational time of 44.7 s per forward simulation. Note, to
enhance efficiency for such high-resolution data, computations can
be parallelized since the sampled models are independent of one
another. The PCA could reduce data dimensions from the original
37 500 to 238 (Fig. 7c), reproducing a variability of 99 per cent.
The CCA space and the relative contribution of each parameter in a
11-dimensional space is shown in Fig. 7(d). The data projection in
the correlated CCA space is shown in Figs 7(e)—(j) for the dimen-
sions 1, 4, 5, 7, 8 and 10, respectively (see Appendix Fig. A14 for
all dimensions).

The ensemble of posterior BEL models is shown in Fig. 7(k) for
Vs and V,. Especially for the first and second layer, V; predictions
are lower than the benchmark, given the restricted borehole infor-
mation. The best posterior /; model and the corresponding velocity
spectrum are shown in Fig. 7(1), with lower V predictions also for
the second layer. A comparison between our best posterior model
and the final model of the original study (marked by the green
pointed line), reveals a similar V; distribution. A reason for the de-
viation between both modelled results and the logged groundtruth
are possibly due to the offset between the seismic experiment and
the borehole location, as well as the difference between sampled
rock volumes.

The second field example originates from the study of Mreyen
et al. (2021) characterizing a landslide site in the Carpathian fly-
sch mountains, Romania, with active sledgehammer shot seismics.
We use the time-domain stacked real shot gather S2 (duration 1 s,
source position 25 m offset from first geophone, 24 geophones with
5 m spacing and 4.5 Hz eigenfrequency) that is shown in Fig. 8(a).
In contrast to the first field example, the data set can be described
as very noisy with several dead traces. The FDBF transformed ve-
locity spectrum with absolute-maximum normalization (Fig. 8b)
presents a multimode pattern with a presumably clear fundamental
mode in the 10-25 Hz frequency range. The Fourier transform of
three time-traces of the shot gather are shown in Fig. 8(c) and il-
lustrate the frequency content of the 1st, Sth and 15th geophones
with amplitudes decreasing, respectively. The first geophone shows
a pronounced peak at 40 Hz, while the peak frequency for the fol-
lowing receivers is shifting to lower frequencies with distance from
the source. For our simulations, we decided for a source frequency
of 20 Hz, which is the secondary peak in the freugency spectrum
of the 1st geophone and the overall averaged frequency response of
the array, producing coherent wave phases in the synthetic seismo-
grams. As benchmark model, we use the best fit result from Mreyen
et al. (2021) that manually picked dispersion curves and ran inver-
sions with the Geopsy dinver module (global search surface wave

inversion; Wathelet et al. 2020). From the latter, a 4-layered prior
was built (three layers and a subjacent half-space; see Table 4) for
the parameters %, V; and V),. For this field example, we directly
adopted an anelastic approach, since forward simulations of the
elastic benchmark model could not reproduce waveforms similar
to the experimental shot gather without including attenuation, as
illustrated in the Appendix Figs A15(b) and (c), respectively. In an
anelastic setting, the parameter space is expanded to 15 dimensions
including the S-wave quality factor Q; for the four layers. Lacking
prior information on attenuation but considering the loose geologi-
cal setting, we adopted a rather low prior interval Q, € [1, 50] for all
layers. The parameter of P-wave attenuation, that has shown to be
less sensitive in our synthetic attenuation analysis, was kept at the
constant value of O, = 50 to reduce the dimensionality of the model
space. Unlike the synthetic attenuation test, a sequential approach
is not required here since the absolute-maximum normalization of
the wavefield transform preserves relative amplitude information
across frequencies.

In total, 1000 models were sampled from the prior with an av-
erage runtime of 2.14 s per forward simulation.The PCA could
reduce data dimensions from the original 15 000 to 172 (Fig. 8d),
reproducing a variability of 99 per cent. The CCA space and the
relative contribution of each parameter in a 15-D space is shown
in Fig. 8(e). We also include the parameters sensitivity distribution
(DGSA; Fenwick et al. 2014), where the attenuation parameters Qy,
and Qg4 rank fourth and fifth in sensitivity, respectively. The data
projection in the correlated CCA space is shown in Figs 8(f)—(k)
for the dimensions 1, 4, 5, 7, 8 and 10, respectively (see Appendix
Fig. A16 for all dimensions).

The posterior ensemble of models is shown in Fig. 8(1) for Vj,
V, and Q; evaluated by RMS calculations between the true and the
modelled velocity spectrum. For Oy, a clear trend is observed in the
form of an inversion within the second subsurface layer. Fig. 8(m)
shows the best posterior model (75, ¥V, and Q;) together with its
forward modelled dispersion image. The fundamental mode is well
reproduced in the frequency range 10-25 Hz and the velocity range
200-500 m s~!. The modelled dispersion image exhibits higher en-
ergies but does not fully capture the supposed upper modes seen in
Fig. 8(b). When comparing the benchmark of the best-fit Geopsy
models for V; and V), (red curves), we observe a similar velocity
trend but lower layer thicknesses. For O, no benchmark is avail-
able, as attenuation parameters were not studied in parallel to V
in Mreyen et al. (2021) and are not invertible with the employed
Geopsy Dinver module. Nevertheless, an inversion of Q is appar-
ent in the second layer, consistent with the pattern observed in the
posterior ensemble, as well as the half-space. The forward modelled
shot gather from the best posterior model (black traces in Fig. 8n),
approaches the experimental shot gather in terms of arrivals and
spreading rather efficiently compared to the suggested benchmark
solution (see forward modelled waveforms in Appendix Figs A15b
and d).
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Figure 8. Real data application from Mreyen et al. (2021): (a) 24-channel seismic shot gather; (b) velocity spectrum (FDBF wavefield transform, absolute-
maximum normalization); (c¢) frequency content of the Ist, Sth and 15th (biggest to lowest amplitude) geophones; (d) PCA space with black dots showing
the modelled and red dots the experimental data; (e) CCA space with sensitivity analysis; (f~k) KDE and projection in the CCA dimensions 1, 4, 5, 7, 8 and
10, with red lines being the position of the experimental data; (I) ensemble of posterior solutions for Vs, ¥, and Q; coloured by normalized RMS error (red
profiles = benchmark); (m) forward modelled velocity spectrum from the best posterior solution, here shown for V, V), and Oy over depth (red profiles =
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Table 4. Uniform prior distribution for the real data application of Mreyen et al. (2021); the values in brackets represent
the minimum and maximum values. The suffix bench refers to the benchmark model. # = thickness (m); V5 = S-wave
velocity (ms™!); V), = P-wave velocity (m s71); Oy = S-wave quality factor. The bulk density p was fixed to 2000 kg

m3.

Layer hbench h V Sbench Vs V Poench Vp Oy

1 5 [1,10] 180 [100, 300] 800 [500, 1000] [1,50]
2 5 [1,10] 250 [200, 500] 1100 [800, 1500] [1,50]
3 25 [10, 50] 450 [250, 600] 2000 [1500, 2500] [1, 50]
4 - - 650 [500, 850] 2500 [1500, 3500] [1,50]

5 DISCUSSION

In the following, we address common challenges in Bayesian inver-
sion frameworks, with an emphasis on those that are particularly
relevant for surface wave applications.

As illustrated in Fig. 1, the prior model space, that is defined
by the number of layers and distributions of (an-)elastic parame-
ters, is the starting point of BEL. In general, the definition of the
prior is a key element in stochastic and Bayesian approaches; in
our case, a data set solution can only be predicted if it falls within
the dimensional range of the trained prior, due to the inability of
CCA to extrapolate beyond the training space. This becomes partic-
ularly problematic for real data applications when no information
on local subsurface parameter distributions is available. However,
geophysical data sets rarely exist in isolation and should ideally
be accompanied by complementary information, either geophysical
or geotechnical. A common method of surface wave acquisition is
the multichannel analysis of surface waves (MASW), which can
provide P-wave velocity estimates from first arrivals along the re-
ceiver array. These can then be used to define physically plausible
parameter ranges through empirical relationships. The data from
our field applications originate from active seismic measurements,
that were interpreted in terms of P-wave velocity (seismic refraction
tomography) and surface waves (MASW) providing the benchmark
solutions validating our method. The field applications demonstrate
that an accurate selection of the prior parameter space is essen-
tial for the BEL framework. The prior can be flexibly adapted, and
we recommend beginning with relatively broad parameter intervals
to avoid biasing predictions. To reduce dimensionality, parameters
that are weakly sensitive to the problem, as in our case, density p
or compressional quality factor O, may be fixed.

When moving from prior definition to data realism, an important
aspect is the impact of noise. For the synthetic benchmarks, we
tested both random Gaussian and systematic noise sources. Gaus-
sian noise affects especially the low-frequency components of the
dispersion image, leading to reduced sensitivity to deeper layers.
Posterior solutions remain stable when noise levels are moderate,
but we advise caution and, if possible, pre-processing (e.g. band-
pass filtering, eliminating dead traces) to enhance the seismic signal.
Systematic noise, such as acoustic waves travelling through air and
recorded by the receivers, can strongly distort posterior predictions
when not represented in the prior. Since such noise is often eas-
ily identifiable, we suggest explicitly including a simulated noise
component in the training data, as demonstrated in our application
using a 330 m s~! acoustic wave. This ensures that data are pro-
jected into a coherent prior space reflecting the field conditions and
thus improves posterior accuracy.

A challenge in anelastic data prediction, inevitably encountered
in real data, is the inclusion of the quality factors Q, and O
for compressional and shear waves, respectively, that characterize
the mediums attenuation. As discussed earlier, the net attenuation

of seismic energy represents a complex combination of spatial,
intrinsic and scattering effects. In the literature, Q values are often
fixed empirically for surface wave inversion, for example, O, =
Vs/8 and Q5 = O, (Dal Moro 2014), 0or 0 < O, < 100 and O, =
20, (Xia et al. 2012). Other studies have proposed standardized
or depth-dependent Q values, for example, O, = 20 at 5 m depth
(Badsar et al. 2010). Alternative approaches invert for Q; through
coupled or uncoupled analysis of phase velocity and attenuation
curves (e.g. Lai 1998; Rix et al. 1998; Xia et al. 2012). In the context
of full-waveform inversion (FWI), Groos et al. (2014) showed that
source wavelet properties can partly compensate for the absence
of attenuation modelling when elastic FWI is applied to anelastic
data.

In our study, we addressed the challenge of simultaneously con-
straining elastic and anelastic parameters by adopting a sequential
approach in the synthetic tests. For the landslide field data appli-
cation, which inherently includes amplitude information, and thus
attenuation effects, we opted for a simplified workflow. Here, a direct
waveform transform preserving relative amplitudes was sufficient
to constrain attenuation without the need for sequential training.
Therefore, while the sequential approach can serve as an efficient
strategy to improve model stability and prediction accuracy, its ne-
cessity depends on the data quality, model configuration and the
level of required attenuation sensitivity. This also highlights the
importance of selecting an appropriate wavefield transform and
normalization strategy to optimally extract model features from the
data.

In addition to attenuation, the source wavelet plays a critical role
inreproducing field wavefields. For synthetic tests, we used an 80 Hz
Ricker wavelet, whereas in the field case, lower frequency excita-
tions, more representative of hammer sources, were required. We
simulated this using 20 Hz Ricker wavelets, and future extensions
could include the source parameters (frequency and amplitude) di-
rectly in the BEL parameter space, enabling a joint characterization
of source and subsurface. This would, however, require a higher
number of model realizations to adequately cover the expanded
parameter domain.

The computational efficiency of BEL1D has been benchmarked
against conventional stochastic sampling methods, such as McMC,
by Michel et al. (2020). Their analysis shows that the total runtime
is primarily governed by the performance of the forward modelling
routine, in this study implemented using the reflectivity method and
the wavefield transform, and by the number of prior realizations used
to span the model space. Unlike traditional stochastic approaches
that iteratively sample the posterior by minimizing a misfit function
and require thousands of iterations to converge, BEL1D benefits
from the independence of its prior samples, allowing the forward
simulations to be fully parallelized and thus substantially reduce
computation times. Once a well-trained prior has been established
for a given site, BEL1D allows near-instantaneous prediction of
new data sets, when not requiring new forward runs to analyse
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the results misfits. This reusability of the trained prior makes the
method especially suitable for applications involving repeated or
long-term monitoring, such as landslides, where it enables rapid
and automated imaging with minimal additional computational
cost.

Finally, we note that in field applications, true benchmark so-
lutions are typically unavailable (since even borehole informa-
tion does not rely on the same sampled volume of rocks or sed-
iments). For controlled experiments, a distance-based misfit be-
tween the benchmark 75 profile and the posterior prediction can
serve as an alternative to image-based error measures. In field ap-
plications, however, image-based misfit evaluations between ob-
served and simulated dispersion spectra remain more practical
and can be strengthened by waveform comparisons. Future devel-
opments could integrate advanced image comparison metrics or
machine learning based similarity measures to improve posterior
validation.

The here presented methodology has been developed from the py-
BELI1D version 1.0.1 maintaining its modular structure and open-
source compatibility. In future work, we aim to incorporate ad-
vanced image-analysis tools such as 2-D functional principal com-
ponent analysis (e.g. Shi et al. 2022) and extend the method to
(pseudo-)2-D domains. This would open new opportunities for
coupling BEL with full-waveform inversion, where BEL-derived
posteriors could serve as robust and data-consistent starting models
(e.g. Aleardi & Mazzotti 2017; Adriaens et al. 2023).

6 CONCLUSIONS

We present an application of BEL to predict 1-D subsurface mod-
els on the basis of multimodal velocity spectra from wavefield-
transformed seismic shot gathers and prior information. This ap-
proach captures surface wave dispersion in its entirety, thereby
eliminating the need for manual dispersion curve picking, reduc-
ing subjectivity and enabling uncertainty quantification through
the prediction of posterior ensembles. We further expanded the
parameter space to account for attenuation and performed a cor-
responding sensitivity analysis. For the anelastic synthetic test, a
sequential workflow was introduced: elastic parameters were first
constrained, followed by the inclusion of amplitude-relevant infor-
mation to capture attenuation effects. Field applications included
a high-resolution data set from a critical zone site and a noisy
data set from a landslide, both demonstrating that with adequately
defined priors, BEL produces posterior ensembles that yield coher-
ent dispersion images consistent with experimental observations. A
challenging issue remains the definition of the source wavelet and
attenuation parameters; future studies should focus on incorporating
these parameters—such as source frequency and amplitude—into
the prior model space, allowing their posterior prediction and com-
pensating for potential elastic—anelastic mismatches in waveform
simulations.
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Figure Al1. Model 1: (a) PCA space with black dots showing the modelled data and red dots the experimental data; (b) CCA space; (c—h) KDE and projections
in CCA dimensions 1, 4, 5,7, 8 and 10 (see Fig. A2 for all dimensions), with red lines marking the position of the experimental data; (i) ensemble of posterior
solutions for Vy and V), coloured by normalized RMS error (red profiles = benchmark); (j) forward modelled velocity spectrum from the best posterior
solution, here shown for V5 over depth (red profile = benchmark).
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Figure A2. CCA dimensions 1 to 11 of model 1 (cf. Fig. Al).
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Figure A3. Model 3: (a) PCA space with black dots showing the modelled data and red dots the experimental data; (b) CCA space; (c—h) KDE and projections
in CCA dimensions 1, 4, 5, 7, 8 and 10 (see Fig. A4 for all dimensions), with red lines marking the position of the experimental data; (i) ensemble of posterior
solutions for Vy and V), coloured by normalized RMS error (red profiles = benchmark); (j) forward modelled velocity spectrum from the best posterior
solution, here shown for V5 over depth (red profile = benchmark).
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Figure A4. CCA dimensions 1 to 11 of model 3 (cf. Fig. A3).
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Figure A5. CCA dimensions 1 to 11 of an out-of-prior model (Vs; =310ms~", Vsy to Vs4 =300ms~", ¥p| to Vps = 2500 m s~ '; thicknesses and density
unaltered) projected in the correlated CCA space trained for model 2. We can see, that the data projection is not able to match the correlated CCA space for
dimension 10; as a result no posterior model ensemble can be extracted. Note, dimension 10 is dominated by a mixture of V'sy to V4 and Vp; to Vps3 (see
CCA space in Fig. 3) that are overall sensitive parameters to the model 2.
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Figure A6. CCA dimensions 1 to 11 of model 2 (cf. Fig. 3).
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Figure A7. CCA dimensions 1 to 11 of model 2 with Gaussian noise (cf. Fig. 4).
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Figure A8. CCA dimensions 1 to 11 of model 2 with consistent noise projected in a clean prior (sound wave of 330 m s~!; cf. Fig. 5).
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Figure A9. Model 2 with consistent noise projected in a noise trained prior: (a) shot gather with zoom to illustrate the integrated sound wave (¥ p=330 m
s~1); (b) velocity spectrum from noise disturbed shot gather; (c) PCA space with black dots showing the modelled data and red dots the experimental data; (d)
CCA space; (e—j) KDE and projection in the CCA dimensions 1, 4, 5, 7, 8 and 10 (see Fig. A10 for all dimensions), with red lines marking the position of the
experimental data; (k) ensemble of posterior solutions for Vs and ¥ p coloured by normalized RMS error (red profiles = benchmark); (1) forward modelled
velocity spectrum from the best posterior solution, here shown for Vs over depth (red profile = benchmark).
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Figure A10. CCA dimensions 1 to 11 of model 2 with consistent noise in a noise trained prior (sound wave of 330 m s~!; cf. Fig. 5).
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Figure A11. Model 2 in an anelastic milieu with frequency-maximum normalization (used as prior for the anelastic model, cf. Fig. 6): (a) PCA space with
black dots for the modelled and red dots for the experimental data; (b) CCA space with parameter sensitvity analysis; (c—f) KDE and projection in the CCA
dimensions 1, 5, 7 and 10, with red lines marking the position of the experimental data; (g) forward modelled velocity spectrum from the best posterior solution,
here shown for Vs, Os and Op over depth (red profile = benchmark); (h) ensemble of posterior solutions for Vs, Vp, Qs and Op, coloured by normalized
RMS error (red profiles = benchmark).
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Figure A12. CCA dimensions 1 to 19 of the anelastic model 2 with frequency-maximum normalization (cf. Fig. A11).
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Figure A13. CCA dimensions 1 to 19 of the anelastic model 2 with absolute-maximum normalization (cf. Fig. 6).
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Figure A14. CCA dimensions 1 to 11 of the real data application from Eppinger et al. (2024) (cf. Fig. 7).
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Figure A15. Comparison of wavefields of real data application from Mreyen et al. (2021): (a) real shot gather; (b) elastic forward simulation of benchmark
model; (c) anelastic forward simulation of benchmark model with Qs = [5, 10, 20, 30]; (d) forward simulation of best posterior model with BEL1D.
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Figure A16. CCA dimensions 1 to 15 of the real data application from Mreyen et al. (2021).
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