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Abstract

We study the asymptotic behaviour of modified weighted power variations of the
Hermite process of arbitrary order. By selecting suitable “good” increments and exploit-
ing their decomposition into dominant independent components, we establish a central
limit theorem for weighted p-variations using tools from Stein–Malliavin calculus. Our
results extend previous works on modified quadratic and wavelet-based variations to
general powers and to weighted settings, with explicit bounds in Wasserstein distance.
We further apply these limit theorems to construct asymptotically Gaussian estimators
of integrated volatility in Hermite-driven models, thereby extending fBm-based meth-
ods to non-Gaussian settings. The last part of our work contains numerical simulations
which illustrate the practical performance of the proposed estimators.
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1 Introduction

The study of Hermite and related processes has developed intensively in the recent decades.
These stochastic processes enjoy nice properties: they are self-similar, have stationary in-
crements and exhibit long-range dependence. These characteristics give them an important
potential for practical applications. The class of Hermite processes includes the fractional
Brownian motion which is the only Gaussian process in this class. We refer to the mono-
graphs [26] and [29] for a detailed exposition on Hermite and related processes.

One of the important issues in the analysis of Hermite processes is the statistical
estimation of its self-similarity index (or Hurst parameter), which characterizes many of its
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properties. A series of papers ([11], [30], [6], [12]) has proposed estimators for the Hurst
index of the Hermite processes, by using power variations or wavelet-based methods. A
common fact for all these estimators is that, although they are consistent, they are not
asymptotically Gaussian and this constitutes a serious drawback for statistical estimation.
A similar phenomenon can be noticed for other parameter estimators in Hermite-driven
models (see e.g. [21], [28]).

To overcome the asymptotic non-normality, a new strategy has been employed in
[5], by following an idea from [2]. Namely, the reference [5] has defined a so-called modified
quadratic variation of the Hermite process (of an arbitrary order), by using only some well-
chosen increments of it. Each of these special increments can be split into a dominant part
and a negligible one, moreover the dominant parts constitute a sequence of independent
random variables. Thanks to these nice properties, [5] has managed to show that the
modified quadratic variation satisfies a Central Limit Theorem, and then has constructed
from it a new strongly consistent estimator for the Hurst parameter of the Hermite processes
which, compared to other estimators, offers the significant advantage to be asymptotically
Gaussian. A related asymptotically Gaussian estimator based on the modified wavelet
variations of the Hermite process has been defined and analyzed in [17].

In this work, our purpose is to generalize the results obtained in [5] and [17] by
analyzing the limit behavior of the weighted modified p-variations of the Hermite process
(Zt, t ≥ 0) for any integer order p ≥ 2, i.e. the sequence (UN,p(Z), N ≥ 1) given by (36).
The weight h in (36) is a deterministic function with suitable properties. Via a similar
idea of choosing “good” increments of the Hermite process and by using the techniques of
the Stein-Malliavin calculus, we prove that the weighted modified power variation of the
Hermite process converges to a constant times the Wiener integral of the weight function h
with respect to a Brownian motion independent of the underlying Hermite process. We start
by considering the case of the (non-weighted) modified power variation (i.e. h is identically
equal to one) and then we extend the result to the weighted case by using, among others,
some new findings concerning the Wasserstein distance.

We apply our result to estimate the integrated volatility in a simple model with
Hermite noise. The estimation of the integrated volatility via power variations constitutes
a topic of interest in financial mathematics. We mention the articles [7], [8], [27] or [15] for
semimartingale-type models and the papers [13] or [7] for models driven by the fractional
Brownian motion. Our work extends the results obtained in the fBm case to non-Gaussian
settings.

We organize our paper as follows. Section 2 contains preliminaries on Hermite pro-
cesses, including their representation, basic properties, and the definition of the special
increments that play a central role in our analysis. This section also contains some es-
tablishes key independence and moment estimates for these increments. In Section 3 we
include the proof of some properties of strongly independent random variables relying on
tools from Wiener chaos. We then investigate, in Section 4, the modified (non-weighted)
power variations, proving a law of large numbers and a central limit theorem through a
combination of Stein–Malliavin arguments and independence properties. The subsequent
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Section 5 extends these results to the weighted setting, deriving quantitative Wasserstein
bounds and introducing a general limit theorem for weighted modified power variations. We
also apply the theoretical results to integrated volatility estimation in Hermite-driven mod-
els and present numerical simulations that validate the theoretical findings and illustrate
the performance of the proposed estimators. Section 6 is the Appendix where we present
the basic elements of the Malliavin calculus.

Throughout, we denote by Ca a strictly positive constant that depends on the pa-
rameter a.

2 Preliminaries

In this section we present various facts related to the Hermite process. The first part
contains its definition and basic properties and in the second part we describe some special
increments of this stochastic process, which play a crucial role in our construction.

2.1 The Hermite process and its special increments

We denote by (Zt, t ≥ 0) the Hermite process of order q ≥ 1 and with self-similarity index
H ∈

(
1
2 , 1
)
. It can be expressed, for every t ≥ 0, as

Zt = d(q,H)

∫
Rq

(∫ t

0
fu(y1, ..., yq)du

)
dB(y1)...dB(yq), (1)

where (B(y), y ∈ R) is a Wiener process and, for every y1, ..., yq ∈ R,

fu(y1, ..., yq) = d(q,H)(u− y1)
−
(

1
2

+ 1−H
q

)
+ . . . (u− yq)

−
(

1
2

+ 1−H
q

)
+ , (2)

and d(q,H) is the strictly positive normalizing constant which ensures that EZ2
t = t2H for

every t ≥ 0. Alternatively, we can write

Zt = Iq(Lt), t ≥ 0,

where Iq denotes the multiple stochastic integral of order q with respect to B and

Lt(y1, ..., yq) =

∫ t

0
fu(y1, ..., yq)du,

for every y1, ..., yq ∈ R. The stochastic process (Zt, t ≥ 0) is H-self-similar and it has
stationary increments. Consequently, its covariance function reads

EZtZs =
1

2

(
t2H + s2H − |t− s|2H

)
, for every s, t ≥ 0.

The increments of Z satisfy, for s, t ≥ 0 and p ≥ 1,

E |Zt − Zs|p = E|Z1|p|t− s|Hp.
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Hence, for every fixed δ ∈ (0, H), sample paths of the Hermite process are, on each compact
subinterval of R+, δ-Hölder continuous functions.

In the sequel we will use the Wiener integral with respect to the Hermite process.
Let |H| be the space of measurable functions f : R→ R such that∫

R

∫
R
|f(u)| · |f(v)| · |u− v|2H−2dudv <∞.

If f ∈ |H|, it is possible to define the Wiener integral of f with respect to the Hermite
process Z (also called the Wiener-Hermite integral), denoted by∫

R
f(u)dZu.

We refer to e.g. the survey [29] for the details of this construction. The above object is
well-defined as a random variable in L2(Ω) and it satisfies the following isometry property:
if f, g ∈ |H|, then

E

((∫
R
f(u)dZu

)(∫
R
g(u)dZu

))
= H(2H − 1)

∫
R

∫
R
f(u)g(v)|u− v|2H−2dudv. (3)

2.2 The special increments of the Hermite process

We will deal with some special increments of the Hermite process introduced in [5] (see also
[17] for an approach based on wavelet coefficients). They are defined as follows. We first
fix a real number γ ∈ (0, 1). For every integers N ≥ 1 and l = 1, ..., 2[Nγ ], we consider the
following increments of length 2−N located at the points l

2[N
γ ] of the unit interval [0, 1]:

∆Zl,N = Z l

2[N
γ ]

+2−N − Z l

2[N
γ ]
. (4)

The key observation made in the reference [2] is that each of the above increments can be
decomposed in a negligible part with small variance and a dominant part, and their domi-
nants parts are mutually independent for l = 1, ..., 2[Nγ ]. Let us recall this decomposition.
First, by (1), we can write

∆Zl,N =

∫
Rq
1(
−∞, l

2[N
γ ]

+2−N
)q
(∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

fu(y1, ..., yq)du

)
dB(y1)...dB(yq).

Notice that the indicator function in the previous integral, as well as the indicator functions
which will appear in the sequel, depend on (y1, ..., yq).

Let us now consider a fixed real number β such that γ < β < 1. From now on,
we always assume that N ≥ 2(1−β)−1

. We decompose the above increment ∆Zl,N in the
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following way

∆Zl,N

=

∫
Rq
1(

l

2[N
γ ]
− 2[N

β ]

2N
+2−N , l

2[N
γ ]

+2−N
)q
(∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

fu(y1, ..., yq)du

)
dB(y1)...dB(yq)

+

∫
Rq
1(

l

2[N
γ ]
− 2[N

β ]

2N
+2−N , l

2[N
γ ]

+2−N
)q
(∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

fu(y1, ..., yq)du

)
dB(y1)...dB(yq)

= ∆̃Zl,N + ∆̌Zl,N , (5)

where (
l

2[Nγ ]
− 2[Nβ ]

2N
+ 2−N ,

l

2[Nγ ]
+ 2−N

)q
=

(
−∞, l

2[Nγ ]
+ 2−N

)q
\

(
l

2[Nγ ]
− 2[Nβ ]

2N
+ 2−N ,

l

2[Nγ ]
+ 2−N

)q
.

We used the notation

∆̃Zl,N =

∫
Rq
1(

l

2[N
γ ]
− 2[N

β ]

2N
+2−N , l

2[N
γ ]

+2−N
)q
(∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

fu(y1, ..., yq)du

)
dB(y1)...dB(yq)

(6)
and

∆̌Zl,N =

∫
Rq
1(

l

2[N
γ ]
− 2[N

β ]

2N
+2−N , l

2[N
γ ]

+2−N
)q
(∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

fu(y1, ..., yq)du

)
dB(y1)...dB(yq).

(7)
Actually, the assumption that the integer N is large enough so that N ≥ 2(1−β)−1

ensures that the intervals

(
l

2[N
γ ] − 2[N

β ]

2N
+ 2−N , l

2[N
γ ] + 2−N

)
, l = 1, ..., 2[Nγ ] are disjoint.

Remark 1 Let us emphasise that we do not use exactly the same increments (4), nor their
decomposition (5), as in the article [5]. This is because, in [5], the estimator was constructed

from increments of length 2−N located at the points l [2N
β

]
2N

for l ∈ N ∩
[
1, 2N

[2N
β

]

]
∩ [1, [2N

γ
]]

and 0 < γ < β < 1. Proceeding in this way, the intervals selected for the variation were
not evenly distributed over the whole interval [0, 1], since only the first [2N

γ
] were chosen.

This had no effect on the estimation of the Hurst index. In the present work, however, we
found this inconvenient for handling the introduction of a weight in the variations, notably
for the proof of Theorem 3. For this reason, we have defined a new method for selecting
increments.
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We next derive some important estimates concerning the moments of the quantities
∆̃Zl,N and ∆̌Zl,N given by (6) and (7), respectively. The first result has been essentially
proven in Lemma 2.3 in [2]. Since we slightly changed the definition of the random variables
∆̃Zl,N and ∆̌Zl,N , we choose to include the proof below.

Lemma 1 For N ≥ 1 and l = 1, 2, ..., 2[Nγ ], let ∆̌Zl,N be given by (7). Then

E∆̌Z2
l,N ≤ C(H, q)2−2HN2

[Nβ ] 2H−2
q ,

for every N ≥ 1 and l = 1, 2, ..., 2[Nγ ].

Proof: Since the integrand in (7) is a symmetric function in (y1, ..., yq), by using the
isometry property of the multiple stochastic integrals (113), we get

E∆̌Z2
l,N = q!

∫
Rq
dy1...dyq1(

l

2[N
γ ]
− 2[N

β ]

2N
+2−N , l

2[N
γ ]

+2−N
)q

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

fu(y1, ..., yq)du

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

fv(y1, ..., yq)dv

≤ q! · q
∫ l

2[N
γ ]
− 2[N

β ]

2N
+2−N

−∞
dy1

∫
Rq−1

dy2...dyq∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

dudvfu(y1, ..., yq)fv(y1, ..., yq).

Now, by using the identity, for all real numbers −1 < a < −1
2 and u 6= v,∫

R
(u− y)a+(v − y)a+dy = β(−1− 2a, a+ 1)|u− v|2a+1,

where β stands for the beta function given by β(a, b) =
∫ 1

0 r
a−1(1− r)b−1dr for a, b > 0, we

get ∫
Rq−1

dy2...dyqfu(y1, ..., yq)fv(y1, ..., yq)

= C(q,H)(u− y1)
−
(

1
2

+ 1−H
q

)
+ (v − y1)

−
(

1
2

+ 1−H
q

)
+ |u− v|(2H−2) q−1

q .
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Therefore,

E∆̌Z2
l,N ≤ C(q,H)

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

dudv

∫ l

2[N
γ ]
− 2[N

β ]

2N
+2−N

−∞
dy1

(u− y1)
−
(

1
2

+ 1−H
q

)
+ (v − y1)

−
(

1
2

+ 1−H
q

)
+ |u− v|(2H−2) q−1

q

≤ C(q,H)

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

dudv

∫ l

2[N
γ ]
− 2[N

β ]

2N
+2−N

−∞
dy1

(
l

2[Nγ ]
− y1

)−( 1
2

+ 1−H
q

)(
l

2[Nγ ]
− y1

)−( 1
2

+ 1−H
q

)
|u− v|(2H−2) q−1

q

≤ C(q,H)

(
2[Nβ ]

2N

) 2H−2
q ∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

dudv|u− v|(2H−2) q−1
q

= C(q,H)

(
2[Nβ ]

2N

) 2H−2
q (

1

2N

)(2H−2) q−1
q

+2

= C(q,H)2−2HN2
[Nβ ] 2H−2

q .

Concerning the moments of the part denoted by ∆̃Zl,N , we have the following result.
The case p = 2 has been treated in [5].

Lemma 2 For N ≥ 1 and l = 1, ..., 2[Nγ ], let ∆̃Zl,N be given by (6). Then, for every
integers p ≥ 2 and l = 1, ..., 2[Nγ ],∣∣∣2pHNE(∆̃Zl,N )p −EZp1

∣∣∣ ≤ Cp2[Nβ ]H−1
q . (8)

In particular,
2pHNE(∆̃Zl,N )p →N→∞ EZp1 ,

for every l = 1, ..., 2[Nγ ].

Proof: Fix p ≥ 2 and l = 1, ..., 2[Nγ ]. By the self-similarity and the stationarity of the
increments of the Hermite process,

E(∆Zl,N )p = 2−pHNEZp1 .

By using (5), we can then write

E(∆̃Zl,N )p +

p−1∑
j=0

(
p

j

)
E(∆̃Zl,N )j(∆̌Zl,N )p−j = 2−pHNEZp1 ,
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so

∣∣∣2pHNE(∆̃Zl,N )p −EZp1

∣∣∣ = 2pHN

∣∣∣∣∣∣
p−1∑
j=0

(
p

j

)
E(∆̃Zl,N )j(∆̌Zl,N )p−j

∣∣∣∣∣∣
= 2pHN

∣∣∣∣∣∣
p−2∑
j=0

(
p

j

)
E(∆̃Zl,N )j(∆̌Zl,N )p−j

∣∣∣∣∣∣ ,
the summand with j = p− 1 vanishing by Lemma 2 in [5]. Hence, it follows from Cauchy-
Schwarz’s inequality that

∣∣∣2pHNE(∆̃Zl,N )p −EZp1

∣∣∣ ≤ 2pHN
p−2∑
j=0

(
p

j

)(
E(∆̃Zl,N )2j

) 1
2
(
E(∆̌Zl,N )2(p−j)

) 1
2

≤ Cp2
pHN

p−2∑
j=0

(
E(∆̃Zl,N )2

) j
2 (

E(∆̌Zl,N )2
) p−j

2 ,

where the last bound is obtained via the hypercontractivity property (116) of multiple
stochastic integral. Finally, one can derive from Lemma 1 and the inequality E(∆̃Zl,N )2 ≤
E(∆Zl,N )2 = 2−2HN that

∣∣∣2pHNE(∆̃Zl,N )p −EZp1

∣∣∣ ≤ Cp2
pHN

p−1∑
j=0

2−jHN2−(p−j)HN
(

2
[Nβ ] 2H−2

q

) p−j
2

≤ Cp2
[Nβ ]H−1

q .

The following properties of the random variables ∆̃Zl,N and ∆̌Zl,N play an impor-
tant role in the sequel.

Proposition 1 For N ≥ 2(1−β)−1
and l = 1, ..., 2[Nγ ], let ∆̃Zl,N and ∆̌Zl,N be defined by

(6) and (7), respectively. Then

1. The random variables ∆̃Zl,N , l = 1, ..., 2[Nγ ] are independent and identically dis-
tributed.

2. The random variables ∆̌Zl,N , l = 1, ..., 2[Nγ ] are identically distributed.

Proof: To prove point 1., we recall the main result in [31]: the multiple stochastic integrals
Ini(fi), i = 1, ..., d (where fi ∈ L2(Rni) are symmetric functions) are independent if and only
if for every i, j = 1, ..., d with i 6= j,

fi ⊗1 fj = 0 almost everywhere on Rni+nj−2.
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We can express ∆̃Zl,N as a multiple stochastic integral of order q in the following way

∆̃l,N = Iq(gl,N1
⊗q
Al,N

),

with

Al,N =

(
l

2[Nγ ]
− 2[Nβ ]

2N
+ 2−N ,

l

2[Nγ ]
+ 2−N

)
,

and, for every y1, .., yq ∈ R,

gl,N (y1, ..., yq) =

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

fu(y1, ..., yq)du,

with fu given by (2). To obtain the conclusion of point 1., it suffices to show that for every
k, l = 1, ..., 2[Nγ ] with k 6= l,(

gl,N1
⊗q
Al,N

)
⊗1

(
gk,N1

⊗q
Ak,N

)
= 0 almost everywhere on R2q−2.

By the definition of the contraction, for y1, ..., y2q−2 ∈ R,(
gl,N1

⊗q
Al,N

)
⊗1

(
gk,N1

⊗q
Ak,N

)
(y1, ..., y2q−2)

=

∫
R
dxgl,N (y1, ..., yq−1, x)1⊗q−1

Al,N
(y1, ..., yq−1)1Al,N (x)

gk,N (yq, ..., y2q−2, x)1⊗q−1
Al,N

(yq, ..., y2q−2)1Al,N (x)

and the latter integral vanishes since, for k 6= l, Al,N and Ak,N are disjoint sets when

N ≥ 2(1−β)−1
.

To show that the random variables ∆̃Zl,N , l = 1, ..., 2[Nγ ] are identically distributed,
we write (with the notation =(d) for the equality in distribution),

∆̃Zl,N

=

∫
Rq

1⊗q(
l

2[N
γ ]
− 2[N

β ]

2N
+2−N , l

2[N
γ ]

+2−N
)
(∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

fu(y1, ..., yq)du

)
dB(y1)...dB(yq)

=(d)

∫
Rq
dB(y1)...dB(yq)1

⊗q(
− 2[N

β ]

2N
,0

)(y1, ..., yq)(∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

fu(y1 +
l

2[Nγ ]
+ 2−N , ..., yq +

l

2[Nγ ]
+ 2−N )du

)

=

∫
Rq
1
⊗q(
− 2[N

β ]

2N
,0

)(y1, ..., yq)

(∫ 0

−2−N
fu(y1, ..., yq)du

)
dB(y1)...dB(yq),

and the last quantity is independent of l = 1, ..., 2[Nγ ]. A similar argument can be used to
show point 2.
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3 Strong independence

Let us recall the notion of strong independence for random variables. It will be used
intensively in the next section in order to prove our main results. Let F and G be two
random variables that can be expanded in L2(Ω) as F =

∑
n≥0 In(fn) and G =

∑
n≥0 In(gn)

where fn, gn ∈ L2(Rn) are symmetric functions for every n ≥ 1. We say that F and G are
strongly independent if Im(fm) and In(gn) are independent random variables for every
m,n ≥ 1. Using their joint characteristic function, it can easily be shown that F and G
are independent (in the usual sense), as soon as they are strongly independent see also
Proposition 8 in [31]).

Lemma 3 The two positive integers q1 and q2 are arbitrary. Let F1 = Iq1(f1) and F2 =
Iq2(f2) with f1 ∈ L2(Rq1) and f2 ∈ L2(Rq2). Assume that F1 and F2 are independent. Then
for any integers a, b ≥ 1, F a1 and F b2 are strongly independent.

Proof: Without any restriction, one can suppose that the kernel functions f1 and f2,
associated with F1 and F2, belong to L2

S(Rq1) and L2
S(Rq2) respectively; one mentions in

passing that, for any integer q ≥ 0, the closed subspace of L2(Rq) formed by the symmetric
functions is denoted by L2

S(Rq). Thus, in view of the criterion for the independence of
multiple stochastic integrals in [31], the independence property of the random variables F1

and F2 can be reformulated as

f1 ⊗1 f2 = 0 almost everywhere on Rq1+q2−2. (9)

First we study the case a = 1. We are going to prove, by induction on the integer
b ≥ 1, that the random variables F1 and F b2 are strongly independent. For b = 1, the claim
is true by hypothesis. In the sequel, we assume, for any integer b ≥ 1, that F1 and F b2 are
strongly independent and we show that F1 and F b+1

2 are strongly independent as well. We
know from the product formula for multiple Wiener-Itô integrals (114) that F b2 admits the
following chaos expansion:

F b2 =

bq2∑
k=0

Ik(h2,k) with h2,k ∈ L2
S(Rk). (10)

Then, the induction hypothesis implies, for all k = 1, ..., bq2, that

f1 ⊗1 h2,k = 0 almost everywhere on Rq1+k−2. (11)

Notice that, one can derive from (10) and the product formula for multiple Wiener-Itô
integrals that

F b+1
2 =

bq2∑
k=0

Ik(h2,k)Iq2(f2)

=

bq2∑
k=0

q2∧k∑
r=0

r!

(
k

r

)(
q2

r

)
Ik+q2−2r (h2,k ⊗r f2) .
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It then suffices to prove that, for every k = 0, 1, ..., bq2 and r = 0, 1, ..., q2 ∧ k such that
k + q2 > 2r, the random variables F1 = Iq1(f1) and Ik+q2−2r (h2,k ⊗r f2) are independent.
This is equivalent to

(h2,k⊗̃rf2)⊗1 f1 = 0 almost everywhere on Rq1+q2+k−2r−2, (12)

where h2,k⊗̃rf2 denotes the symmetrization of h2,k ⊗r f2. We have, by the definition of the
contraction,(

(h2,k⊗̃rf2)⊗1 f1

)
(t1, ..., tk+q2+q1−2r−2)

=

∫
R
dx(h2,k⊗̃rf2)(t1, ..., tk+q2−2r−1, x)f1(tk+q2−2r, ..., tk+q2−2r+q1−2, x). (13)

We notice that for all n ≥ 2 and for any function g ∈ L2(Rn), its symmetrization g̃, can be
written, for every (t1, ..., tn−1, x) ∈ Rn, as

g̃(t1, ..., tn−1, x) =
1

n!

∑
σ∈Sn−1

n∑
i=1

g(tσ(1), ..., tσ(i−1), x, tσ(i), ..., tσ(n−1)),

where Sn−1 is the set of the permutations of {1, . . . , n − 1}. Thus, by using the above
formula in (13), we obtain that(

(h2,k⊗̃f2)⊗1 f1

)
(t1, ..., tk+q2+q1−2r−2)

=
1

(k + q2 − 2r)!

∑
σ∈Sk+q2−2r−1

k+q2−2r∑
i=1

∫
R
dx

×(h2,k ⊗r f2)(tσ(1), ..., tσ(i−1), x, tσ(i), ..., tσ(k+q2−2r−1))

×f1(tk+q2−2r, ..., tk+q2−2r+q1−2, x).

Then, it turns out that in order to get the conclusion (12), it suffices to show that, for every
k = 0, 1, ..., bq2 and r = 0, 1, ..., q2 ∧ k satisfying k+ q2 > 2r, and for all σ ∈ Sk+q2−2r−1 and
i = 1, ..., k + q2 − 2r, we have∫

R
dx(h2,k ⊗r f2)(tσ(1), ..., tσ(i−1), x, tσ(i), ..., tσ(k+q2−2r−1))

×f1(tk+q2−2r, ..., tk+q2−2r+q1−2, x) = 0 (14)

almost everywhere with respect to t1, ..., tk+q2−2r+q1−2. Assume k − r ≤ i− 1. Then, using
Fubini Theorem, the left-hand side of (14) writes

11



∫
R
dx

∫
Rr
d y × h2,k(tσ(1), ..., tσ(k−r), y)

×f2(y, tσ(k−r+1), ..., tσ(i−1), x, tσ(i), ..., tσ(k+q2−2r−1))

×f1(tk+q2−2r, ..., tk+q2−2r+q1−2, x)

=

∫
Rr
d y × h2,k(tσ(1), ..., tσ(k), y)

×
∫
R
dx× f2(y, tσ(k+1), ..., tσ(i−1), x, tσ(i), ..., tσ(k+q2−2r−1))

×f1(tk+q2−2r, ..., tk+q2−2r+q1−2, x),

and the last integral on R vanishes due to (9). Assume k − r ≥ i. Then, using Fubini
Theorem, the left-hand side of (14) can be written as

∫
Rr
d y × f2(tσ(k−r), ...., tσ(k+q2−2r−1), y)

×
∫
R
dx× h2,k(y, tσ(1), ..., tσ(i−1), x, tσ(i), ..., tσ(k−r−1))f1(tk+q2−2r, ..., tk+q2−2r+q1−2, x)

and again the integral over R vanishes because of (11).
Let us now study the general case where the integer a ≥ 1 is arbitrary. We are going

to prove, by induction on a, that F a1 and F b2 are strongly independent. We already have
shown that the claim is true when a = 1. Assume F a1 and F b2 are strongly independent and
let us show that F a+1

1 and F b2 satisfy this same strong independence property.
It follows from the product formula for multiple Wiener-Itô integrals (114) that F a1

admits the following chaos expansion:

F a1 =

aq1∑
k=0

Ik(h1,k) with h1,k ∈ L2
S(Rk). (15)

Then, in view of the induction hypothesis, we have, for all integers k ≥ 1 and l ≥ 1,

h1,k ⊗1 h2,l = 0 almost everywhere on Rk+l−2. (16)

We also have from the case a = 1, for every integer l ≥ 1,

f1 ⊗1 h2,l = 0 almost everywhere on Rq1+l−2. (17)

Moreover, using (15) and the product formula (114), we get that

F a+1
1 =

aq1∑
k=0

q1∧k∑
r=0

r!

(
q1

r

)(
k

r

)
Ik+q1−2r(h1,k ⊗r f1).

12



It then suffices to prove that, for all l = 1, ..., bq2, k = 0, 1, ..., bq1 and r = 0, 1, ..., q1 ∧ k
such that k + q1 − 2r > 0, the two random variables Il(h2,l) and Ik+q1−2r(h1,k ⊗r f1) are
independent, which amounts to prove that

(h1,k⊗̃rf1)⊗1 h2,l = 0 almost everywhere on Rk+q1−2r+l−2.

This follows exactly as in the case a = 1, based on the hypotheses (16) and (17).

Before ending the present section, let us recall the following result from [10] which
is related to strongly independent random variables and Malliavin calculus (see Section 6).

Lemma 4 Let F,G be strongly independent random variables. Assume F,G ∈ D1,2. Then

1. We have 〈DF,D(−L)−1G〉L2(R) = 〈DG,D(−L)−1F 〉L2(R) = 0.

2. The random variables 〈DF,D(−L)−1F 〉L2(R) and 〈DG,D(−L)−1G〉L2(R) are strongly
independent.

4 The modified power variation of the Hermite process

Let Z = (Zt, t ≥ 0) be a Hermite process and p ≥ 2 an arbitrary integer. The goal of
this section is to analyse the asymptotic behavior of the modified power variation of Z
denoted by SN,p(Z). The difference between SN,p(Z) and usual power variation is that
SN,p(Z) is defined by only considering the special increments of Z introduced in Section
2.2. Namely, for each integer N ≥ 1, it is defined as the following renormalized sum of the
latter increments raised to the power p:

SN,p(Z) =
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

(∆Zl,N )p . (18)

We first show that the modified power variation satisfies a law of large numbers.

Proposition 2 For all integer p ≥ 2, one sets µp = EZp1 . Let SN,p be given by (18). Then

SN,p(Z)→N→∞ µp in L1(Ω).

Proof: We use the decomposition (5), with ∆̃Zl,N and ∆̌Zl,N given by (6) and (7),
respectively. In this way, we can write,

(∆Zl,N )p =

p∑
j=0

(
p

j

)
(∆̃Zl,N )j(∆̌Zl,N )p−j

= (∆̃Zl,N )p +

p−1∑
j=0

(
p

j

)
(∆̃Zl,N )j(∆̌Zl,N )p−j , (19)

13



and thus

SN,p(Z)− µp =
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

(
(∆Zl,N )p − 2−pHNµp

)
=

2pHN

2[Nγ ]

2[N
γ ]∑

l=1

((∆Zl,N )p −E(∆Zl,N )p)

= S
(1)
N,p(Z) + (RN,p(Z)−ERN,p(Z)),

with

S
(1)
N,p(Z) =

2pHN

2[Nγ ]

2[N
γ ]∑

l=1

(
(∆̃Zl,N )p −E(∆̃Zl,N )p

)
and

RN,p(Z) =
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

p−1∑
j=0

(
p

j

)
(∆̃Zl,N )j(∆̌Zl,N )p−j . (20)

We first deal with the rest term RN,p(Z). It follows from Cauchy-Schwarz’s inequality, the
estimates in Lemmas 1 and 2, and (116) that

E|RN,p(Z)| ≤ 2pHN

2[Nγ ]

2[N
γ ]∑

l=1

p−1∑
j=0

(
p

j

)(
E(∆̃Zl,N )2j

) 1
2
(
E(∆̌Zl,N )2(p−j)

) 1
2

≤ C2
[Nβ ]H−1

q . (21)

Consequently, RN,p(Z) converges to zero in L1(Ω) as N → ∞. Next, we deal with the

summand S
(1)
N,p(Z) and we show that it converges to zero in L2(Ω) as N →∞. We have

E
(
S

(1)
N,p(Z)

)2
=

22pHN

22[Nγ ]

2[N
γ ]∑

l,l′=1

E
(

(∆̃Zl,N )p −E(∆̃Zl,N )p
)(

(∆̃Zl′,N )p −E(∆̃Zl′,N )p
)

=
22pHN

22[Nγ ]

2[N
γ ]∑

l=1

E
(

(∆̃Zl,N )p −E(∆̃Zl,N )p
)2

≤ C
22pHN

22[Nγ ]

2[N
γ ]∑

l=1

E(∆̃Zl,N )2p

≤ C
1

2[Nγ ]
,

where we used the independence property from Proposition 1, point 1. and the estimate
(8) in Lemma 2. We obtain

E|SN,p(Z)− µp| ≤ C
(

2
[Nβ ]H−1

q + 2−
[Nγ ]
2

)
≤ C2−

[Nγ ]
2 .
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The next step is to show that, after a proper renormalization, the power variation
sequence (18) satisfies a Central Limit Theorem. For any integer number p ≥ 2, let us
introduce the sequence (VN,p(Z), N ≥ 1) given by

VN,p(Z) =
√

2[Nγ ] (SN,p(Z)− µp) (22)

=
2pHN√
2[Nγ ]

2[N
γ ]∑

l=1

[(∆Zl,N )p −E(∆Zl,N )p] .

By (19),

VN,p(Z) =
2pHN√
2[Nγ ]

2[N
γ ]∑

l=1

[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]

+
2pHN√
2[Nγ ]

2[N
γ ]∑

l=1

p−1∑
j=0

(
p

j

)[
(∆̃Zl,N )j(∆̌Zl,N )p−j −E(∆̃Zl,N )j(∆̌Zl,N )p−j

]
= V

(1)
N,p +

√
2[Nγ ](RN,p(Z)−ERN,p(Z)), (23)

with

V
(1)
N,p =

2pHN√
2[Nγ ]

2[N
γ ]∑

l=1

[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]
(24)

and RN,p(Z) given by (20). By (21),√
2[Nγ ]E|RN,p(Z)−ERN,p(Z)| ≤ C2

Nβ H−1
q

+Nγ

2 . (25)

We will now focus on the asymptotic behaviour of the sequence
(
V

(1)
N,p, N ≥ 1

)
. We

will prove that this sequence satisfies a Central Limit Theorem. We start by the study of
the asymptotic behavior of the second moment.

Lemma 5 Let p ≥ 2 be an integer number. Consider the sequence
(
V

(1)
N,p, N ≥ 1

)
given by

(24). Then ∣∣∣E(V
(1)
N,p)

2 −mp

∣∣∣ ≤ C2
[Nβ ]H−1

q , (26)

where
mp = Var(Zp1 ) = EZ2p

1 − (EZp1 )2 = µ2p − µ2
p. (27)

In particular,

E(V
(1)
N,p)

2 →N→∞ mp.
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Proof: For N ≥ 1 and p ≥ 1, we write

E(V
(1)
N,p)

2 =
22pHN

2[Nγ ]

2[N
γ ]∑

l,k=1

E
[
(∆̃Zl,N )p −E(∆̃Zl,N )p

] [
(∆̃Zk,N )p −E(∆̃Zk,N )p

]

=
22pHN

2[Nγ ]

2[N
γ ]∑

l=1

E
[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]2
,

where we used the fact that ∆̃Zl,N , l = 1, ..., 2[Nγ ] are independent (Proposition 1, point
1.). By using now the fact that the random variables ∆̃Zl,N , l = 1, ..., 2[Nγ ] are identically
distributed, we obtain

E(V
(1)
N,p)

2 = 22pHNE
[
(∆̃Z1,N )p −E(∆̃Z1,N )p

]2
. (28)

We next write

E(V
(1)
N,p)

2 −mp = 22pHNE(∆̃Z1,N )2p −EZ2p
1 (29)

−
[(

2pHNE(∆̃Z1,N )p
)2
− (EZp1 )2

]
.

We can derive from Lemma 2 that∣∣∣22pHNE(∆̃Z1,N )2p −EZ2p
1

∣∣∣ ≤ C2p 2
[Nβ ]H−1

q . (30)

Moreover, using again Lemma 2 and the inequality

|2pHNE(∆̃Z1,N )p + EZp1 | ≤ |2
pHNE(∆̃Z1,N )p −EZp1 |+ 2E|Z1|p,

we obtain that ∣∣∣∣(2pHNE(∆̃Z1,N )p
)2
− (EZp1 )2

∣∣∣∣
≤ |2pHNE(∆̃Z1,N )p −EZp1 | × |2

pHNE(∆̃Z1,N )p + EZp1 |

≤ C ′p 2
[Nβ ]H−1

q . (31)

Finally, putting together (29), (30) and (31), it follows that (26) holds.

Now, we need to define some distances between the probability distributions of
random variables. We refer to [20], Appendix C, for more details. Usually, the distance
between the laws of two real-valued random variables F and G is defined as

d(F,G) = sup
h∈A
|Eh(F )−Eh(G)| , (32)
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where A is a class of functions satisfying h(F ), h(G) ∈ L1(Ω) for every h ∈ A. When A is
the set of Lipschitz continuous functions h : R→ R such that ‖h‖Lip ≤ 1, where

‖h‖Lip = sup
x,y∈R,x 6=y

|h(x)− h(y)|
|x− y|

,

then (32) gives the Wasserstein distance. When A is the set of indicator functions {1(−∞,z],
z ∈ R} then (32) gives the Kolmogorov distance, for A = {1B, B ∈ B(R)} we have the total
variation distance, while the choice of A to be the class of functions h with ‖h‖Lip+‖h‖∞ <
∞ leads to the Fortet-Mourier distance.

Let us recall a classical result from Stein-Malliavin calculus (see Theorem 5.1.3 and
Remark 5.1.4 in [20]). Below, d could be any of the above distances (Kolmogorov, Total
variation, Wasserstein or Fortet-Mourier). We refer to the Appendix for the definition of
the Malliavin derivative D and of the Ornstein-Uhlenbeck operator L with respect to an
isonormal process (W (h), h ∈ H), where H is a real separable infinite-dimensional Hilbert
space. Notice that in our present article, we have H = L2(R).

Theorem 1 Let F be a random variable belonging to a finite sum of Wiener chaoses such
that EF = 0 and EF 2 = σ2. Let γ > 0. Then

d(F,N(0, γ2)) ≤ C
(√

Var (〈DF,D(−L)−1F 〉H) + |σ2 − γ2|
)
.

By applying Theorem 1, we will show that the sequence given by (24) converges in
distribution to a Gaussian law and we also estimate the Wasserstein distance corresponding
to this limit theorem.

Proposition 3 Consider the sequence (V
(1)
N,p, N ≥ 1) given by (24). Then

V
(1)
N,p →

(d)
N→∞ N(0,mp)

and for N large enough,

d
(
V

(1)
N,p, N(0,mp)

)
≤ C2−

[Nγ ]
2 .

Proof: Throughout the proof we assume that N ≥ 2(1−β)−1
; there is no restriction to make

this assumption. Let us evaluate the quantity Var
(
〈DV (1)

N,p, D(−L)−1V
(1)
N,p〉L2(R)

)
. We have

DV
(1)
N,p =

2pHN√
2[Nγ ]

2[N
γ ]∑

l=1

D
[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]
and

D(−L)−1V
(1)
N,p =

2pHN√
2[Nγ ]

2[N
γ ]∑

l=1

D(−L)−1
[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]
.
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We know from Lemma 3 that, for all k, l = 1, ..., 2[Nγ ] with k 6= l, the random variables
(∆̃Zl,N )p and (∆̃Zk,N )p are strongly independent. Then

〈DV (1)
N,p, D(−L)−1V

(1)
N,p〉L2(R)

=
22pHN

2[Nγ ]

2[N
γ ]∑

l,k=1

〈D
[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]
, D(−L)−1

[
(∆̃Zk,N )p −E(∆̃Zk,N )p

]
〉L2(R)

=
22pHN

2[Nγ ]

2[N
γ ]∑

l=1

〈D
[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]
, D(−L)−1

[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]
〉L2(R),

where we applied Lemma 4, point 1. Thus

〈DV (1)
N,p, D(−L)−1V

(1)
N,p〉L2(R)

= E〈DV (1)
N,p, D(−L)−1V

(1)
N,p〉L2(R) +

22pHN

2[Nγ ]

2[N
γ ]∑

l=1

(Fl −EFl),

where we used the notation

Fl = 〈D
[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]
, D(−L)−1

[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]
〉L2(R).

By point 2. in Lemma 4, the random variables Fl, l = 1, ..., 2[Nγ ] are pairwise independent.
Consequently,

Var
(
〈DV (1)

N,p, D(−L)−1V
(1)
N,p〉L2(R)

)
= E

(
〈DV (1)

N,p, D(−L)−1V
(1)
N,p〉L2(R) −E〈DV (1)

N,p, D(−L)−1V
(1)
N,p〉L2(R)

)2

=
24pHN

22[Nγ ]

2[N
γ ]∑

l,k=1

E ((Fl −EFl)(Fk −EFk))

=
24pHN

22[Nγ ]

2[N
γ ]∑

l=1

E ((Fl −EFl))
2 . (33)

Let us show that for every l = 1, ..., 2[Nγ ],

EF 2
l ≤ C2−4pHN . (34)

Using Cauchy-Schwarz’s inequality twice, we obtain that

EF 2
l ≤ CE〈DV (1)

N,p, D(−L)−1V
(1)
N,p〉

2
L2(R)

≤ CE‖DV (1)
N,p‖

2
L2(R)‖D(−L)−1V 1

N,p‖2L2(R)

≤ C
(
E‖DV (1)

N,p‖
4
L2(R)

) 1
2
(
E‖D(−L)−1V 1

N,p‖4L2(R)

) 1
2
.
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On the other hand, since V
(1)
N,p is a random variable belonging to a finite sum of Wiener

chaoses,

E‖DV (1)
N,p‖

2
L2(R) ≤ CE|V (1)

N,p|
2 ≤ C2−2pHN ,

and
E‖D(−L)−1V

(1)
N,p‖

2
L2(R) ≤ CE|V (1)

N,p|
2 ≤ C2−2pHN .

Moreover, since ‖DV (1)
N,p‖2L2(R) and ‖D(−L)−1V

(1)
N,p‖2L2(R) are also random variables in a finite

sum of Wiener chaoses, we have via the hypercontractivity property (116)

E‖DV (1)
N,p‖

4
L2(R) ≤ C

(
E‖DV (1)

N,p‖
2
L2(R)

)2
≤ C2−4pHN

and

E‖D(−L)−1V
(1)
N,p‖

4
L2(R) ≤ C

(
E‖D(−L)−1V

(1)
N,p‖

2
L2(R)

)2
≤ C2−4pHN .

So, the bound (34) is proven. By plugging this inequality into (33), we get

Var
(
〈DV (1)

N,p, D(−L)−1V
(1)
N,p〉L2(R)

)
≤ C2−[Nγ ]. (35)

Finally, putting together (26), (35) and Theorem 1 we obtain the proposition.

We can now conclude the convergence of the modified p-variation of the Hermite
process.

Theorem 2 Consider the sequence (VN,p(Z), N ≥ 1) given by (22). Then

VN,p(Z)→(d)
N→∞ N(0,mp),

where mp = Var(Zp1 ) (see (27)). Moreover, denoting by dW the Wasserstein distance, for
N sufficiently large, we have

dW (VN,p(Z), N(0,mp)) ≤ C2−
Nγ

2

Proof: The convergence in distribution follows from (23), Proposition 3 and (25) which

implies that the random variable
√

2[Nγ ](RN,p(Z) − ERN,p(Z)) converges to 0 in L1(Ω)
when N →∞. To get the estimate of the Wasserstein distance, we first notice that

dW (Vn,p(Z), V
(1)
N,p) ≤ E|VN,p(Z)− V (1)

N,p| = E
√

2[Nγ ]|RN,p(Z)−ERN,p(Z)|,

with RN,p(Z) given by (20). Thus, for N large enough,

dW (VN,p, N(0,mp)) ≤ dW (V
(1)
N,p, N(0,mp)) + dW (Vn,p(Z), V

(1)
N,p)

≤ dW (V
(1)
N,p, N(0,mp)) +

√
2[Nγ ]E|RN,p| ≤ C2−

Nγ

2 ,

due to Proposition 3 and the bound (21).
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5 Weighted power variation and application to volatility es-
timation

In this part, the purpose is to extend the results from the previous section, by looking to
the asymptotic behavior of the weighted (modified) power variation of the Hermite process.
In the second part of this section, we also apply the results to the volatility estimation in a
simple model with Hermite noise.

5.1 Weighted power variation of the Hermite process

We start by introducing the weighted modified power variation of the Hermite process. Let
h : [0, 1]→ R be a measurable deterministic function. For every integer p ≥ 2, we consider
the sequence (UN,p(Z), N ≥ 1) defined by

UN,p(Z) =
2pHN√
2[Nγ ]

2[N
γ ]∑

l=1

h

(
l

2[Nγ ]

)
((∆Zl,N )p −E(∆Zl,N )p) , (36)

where, for each l = 1, ..., 2[Nγ ], ∆Zl,N is the special increment of the Hermite process given
by (4). We study the limit behavior in distribution, as N →∞, of the sequence (36).

Let (Wt, t ∈ [0, 1]) be a Brownian motion independent from the Wiener process B
in (1). For any deterministic function g : [0, 1]→ R, g ∈ L2([0, 1]), we let

I(g) =

∫ 1

0
g(s)dWs,

be the Wiener integral of g with respect to W .

Theorem 3 Let p ≥ 2 be an integer number and let mp be as in (27). We assume that the
function h in (36) satisfies the following assumption:

h is (bounded) and α-Hölder continuous on the interval [0, 1] with α ∈ (0, 1). (37)

Then, for each ν ∈ (0, γ), there is a constant C, which depends on ν and h, such
that, for all N large enough, one has

dW (UN,p(Z),
√
mp I(h)) ≤ C2−αN

ν
. (38)

In particular,

UN,p(Z)→(d)
N→∞

√
mp I(h).

The proof of Theorem 3 mainly relies on the following general lemma on Wasserstein
distance.
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Lemma 6 Let h : R → R be an arbitrary measurable bounded deterministic function and
‖h‖∞ = supv∈R |h(v)|. Let U , V , X and Y be four real-valued random variables of L2(Ω)
such that the 2-dimensional random vectors (U, V ) and (X,Y ) are independent. Then, one
has

dW
(
U + h(V )X,U + h(V )Y

)
≤ ‖h‖∞dW (X,Y ). (39)

Proof: Denote by AW the set of the Lipschitz continuous functions f : R→ R such that
‖f‖Lip ≤ 1. Observe that for any such f , one has, for all z ∈ R, |f(z)| ≤ |z| + |f(0)|. the
latter fact combined with the assumptions U, V,X, Y ∈ L2(Ω) and ‖h‖∞ < ∞ imply that
the expectation E

(
f(U + h(V )X) − f(U + h(V )Y )

)
is well-defined and finite. Next one

denotes PU,V and PX,Y the probability distributions of the two random vectors (U, V ) and
(X,Y ). Using the fact that these two random vectors are independent and Fubini Theorem
one gets that ∣∣∣E(f(U + h(V )X)− f(U + h(V )Y )

)∣∣∣
=
∣∣∣ ∫

R2

dPU,V (u, v)

∫
R2

(
f(u+ h(v)x)− f(u+ h(v)y)

)
dPX,Y (x, y)

∣∣∣
≤
∫
R2

dPU,V (u, v)
∣∣∣ ∫

R2

(
f(u+ h(v)x)− f(u+ h(v)y)

)
dPX,Y (x, y)

∣∣∣
=

∫
R2

dPU,V (u, v)
∣∣∣E(f(u+ h(v)X)− f(u+ h(v)Y )

)∣∣∣
= ‖h‖∞

∫
R2

dPU,V (u, v)
∣∣E(gu,v(X)− gu,v(Y )

)∣∣, (40)

where, for each fixed (u, v) ∈ R2, gu,v denotes the function of AW defined, for every z ∈ R,
as gu,v(z) = ‖h‖−1

∞ f(u+ h(v)z). Then, one can derive (40) and (32) with A = AW that∣∣∣E(f(U + h(V )X)− f(U + h(V )Y )
)∣∣∣

≤ ‖h‖∞
∫
R2

dPU,V (u, v)dW (X,Y ) = ‖h‖∞dW (X,Y ),

and consequently that

dW
(
U + h(V )X,U + h(V )Y

)
= sup

f∈AW

∣∣∣E(f(U + h(V )X)− f(U + h(V )Y )
)∣∣∣

≤ ‖h‖∞dW (X,Y ).

Proof of Theorem 3: Throughout the proof, we fix the arbitrary integer N ≥ 2(1−β)−1
.

Let UN = UN,p(Z) and hN : [0, 1) → R be the step function which is, for all k ∈
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{1, . . . , 2[Nν ]}, equal to h
(
k−1
2[N

ν ]

)
on the interval

[
k−1
2[N

ν ] ,
k

2[N
ν ]

)
. First, notice that using

the triangle inequality, one gets that

dW (UN ,
√
mp I(h))

≤ dW (UN , ŨN ) + dW (ŨN , B̃N ) + dW (B̃N ,
√
mp I(hN )) + dW (

√
mp I(hN ),

√
mp I(h)).

≤ E|UN − ŨN |+ E|ŨN − B̃N |+ dW (B̃N ,
√
mp I(hN )) +

√
mp E|I(hN )− I(h)|. (41)

In the above inequality we have used the following notations:

ŨN =
2pHN√
2[Nγ ]

2[N
γ ]∑

l=1

h

(
l

2[Nγ ]

)(
(∆̃Zl,N )p −E(∆̃Zl,N )p

)
; (42)

B̃N =
2[N

ν ]∑
k=1

h

(
k − 1

2[Nν ]

)
ṽ

(k)
N , (43)

where, for every k ∈ {1, . . . , 2[Nν ]},

ṽ
(k)
N =

2pHN√
2[Nγ ]

l=kδ(N)∑
l=(k−1)δ(N)+1

[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]
, (44)

the positive integer δ(N) being defined as

δ(N) = 2[Nγ ]−[Nν ]; (45)

and

I(hN ) =
2[N

ν ]∑
k=1

h

(
k − 1

2[Nν ]

)
∆(ν)Wk−1,N , (46)

where, for all k ∈ {1, . . . , 2[Nν ]},

∆(ν)Wk−1,N = W k

2[N
ν ]
−W k−1

2[N
ν ]
. (47)

From now on, our goal is to provide an appropriate upper bound for each one of the
four terms in the right-hand side of (41).

Since h is a bounded function, combining (36) and (42), one obtain that

E|UN − ŨN | ≤
2pHN+1‖h‖∞√

2[Nγ ]

2[N
γ ]∑

l=1

E
∣∣∣(∆Zl,N )p − (∆̃Zl,N )p

∣∣∣ .
Then, one can derive from (19), (20) and (21) that

E|UN − ŨN | ≤ C2
Nβ H−1

q
+Nγ

2 . (48)
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Let us now bound E|ŨN − B̃N |. Observe that, one can derive from (42), (43) and
(44) that

ŨN−B̃N =
2pHN√
2[Nγ ]

2[N
ν ]∑

k=1

l=kδ(N)∑
l=(k−1)δ(N)+1

(
h

(
l

2[Nγ ]

)
− h

(
k − 1

2[Nν ]

))[
(∆̃Zl,N )p −E(∆̃Zl,N )p

]
.

(49)
Also, observe that, for all k ∈ {1, . . . , 2[Nν ]} and l ∈ {(k − 1)δ(N) + 1, . . . kδ(N)}, using
(45), one has that∣∣∣ l

2[Nγ ]
− k − 1

2[Nν ]

∣∣∣ =
l − (k − 1)δ(N)

2[Nγ ]
≤ kδ(N)− (k − 1)δ(N)

2[Nγ ]
= 2−[Nν ].

Then, the fact that h is an α-Hölder continuous function on the interval [0, 1] implies that∣∣∣∣h( l

2[Nγ ]

)
− h

(
k − 1

2[Nν ]

)∣∣∣∣ ≤ C2−α[Nν ]. (50)

Next, one can derive from (49), point 1. in Proposition 1, (50) and (8) that

E|ŨN − B̃N |2 =
22pHN

2[Nγ ]

2[N
ν ]∑

k=1

l=kδ(N)∑
l=(k−1)δ(N)+1

(
h

(
l

2[Nγ ]

)
− h

(
k − 1

2[Nν ]

))2

×E

[(
(∆̃Zl,N )p −E(∆̃Zl,N )p

)2
]

≤ C2−2α[Nν ] 2
2pHN

2[Nγ ]

2[N
ν ]∑

k=1

l=kδ(N)∑
l=(k−1)δ(N)+1

E(∆̃Zl,N )2p

≤ C2−2α[Nν ].

Thus, using Cauchy-Schwarz’s inequality one gets that

E|ŨN − B̃N | ≤
√

E|ŨN − B̃N |2 ≤ C2−α[Nν ]. (51)

Let us now bound E|I(hN ) − I(h)|. It follows from Cauchy-Schwarz’s inequality,
the isometry property of the Wiener integral I, the definition of the step function hN and
the fact that h is an α-Hölder continuous function on the interval [0, 1] that

E|I(hN )− I(h)|2 =

∫ 1

0
|hN (s)− h(s)|2ds

=
2[N

ν ]∑
k=1

∫ k

2[N
ν ]

k−1

2[N
ν ]

∣∣∣h(k − 1

2[Nν ]

)
− h(s)

∣∣∣2ds ≤ C2−2α[Nν ].
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Thus, using Cauchy-Schwarz’s inequality one gets that

E|I(hN )− I(h)| ≤
√

E|I(hN )− I(h)|2 ≤ C2−α[Nν ]. (52)

Let us now bound dW (B̃N ,
√
mp I(hN )). To this end, one needs to introduce some

additional notations. For all L ∈ {0, . . . , 2[Nν ]}, one sets

B̃N,L =

L∑
k=1

h

(
k − 1

2[Nν ]

)
ṽ

(k)
N +

√
mp

2[N
ν ]∑

k=L+1

h

(
k − 1

2[Nν ]

)
∆(ν)Wk−1,N . (53)

Moreover, one sets

B̃′N,0 =
√
mp

2[N
ν ]∑

k=2

h

(
k − 1

2[Nν ]

)
∆(ν)Wk−1,N , (54)

and, for every L ∈ {1, . . . , 2[Nν ]},

B̃′N,L =
L−1∑
k=1

h

(
k − 1

2[Nν ]

)
ṽ

(k)
N +

√
mp

2[N
ν ]∑

k=L+1

h

(
k − 1

2[Nν ]

)
∆(ν)Wk−1,N . (55)

It easily follows from (53), (54) and (55) that, for all L ∈ {1, . . . , 2[Nν ]},

B̃N,L = B̃′N,L + h

(
L− 1

2[Nν ]

)
ṽ

(L)
N (56)

and

B̃N,L−1 = B̃′N,L +
√
mp h

(
L− 1

2[Nν ]

)
∆(ν)WL−1,N . (57)

Moreover, the fact that the random variables ṽ
(1)
N , . . . , ṽ

(2[N
ν ])

N ,∆(ν)W0,N , . . .∆
(ν)W2[N

ν ],N

are mutually independent implies that, for every L ∈ {1, . . . , 2[Nν ]}, the random variable

B̃′N,L and the 2-dimensional random vector
(√
mp ∆(ν)WL−1,N , ṽ

(L)
N

)
are independent as

well. Next, observe that, one can derive from (43), (46), (53), the triangle inequality, (56)
and (57) that

dW (B̃N ,
√
mp I(hN )) = dW (B̃N,2[Nν ] , B̃N,0) ≤

2[N
ν ]∑

L=1

dW (B̃N,L−1, B̃N,L)

=

2[N
ν ]∑

L=1

dW

(
B̃′N,L +

√
mp h

(
L− 1

2[Nν ]

)
∆(ν)WL−1,N , B̃

′
N,L + h

(
L− 1

2[Nν ]

)
ṽ

(L)
N

)
.

Thus, it results from Lemma 6 that

dW (B̃N ,
√
mp I(hN )) ≤ ‖h‖∞

2[N
ν ]∑

L=1

dW

(√
mp ∆(ν)WL−1,N , ṽ

(L)
N

)
. (58)
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Next, observe that it follows from (44) and point 1. in Proposition 1 that the random vari-

ables ṽ
(L)
N , L ∈ {1, . . . 2[Nν ]}, are identically distributed. Also observe that (47) implies that

the random variables
√
mp ∆(ν)WL−1,N , L ∈ {1, . . . 2[Nν ]}, are identically distributed. Thus,

since, for every L ∈ {1, . . . 2[Nν ]}, the two random variables ṽ
(L)
N and

√
mp ∆(ν)WL−1,N

are independent, it turns out that the random vectors
(√

mp ∆(ν)WL−1,N , ṽ
(L)
N

)
, L ∈

{1, . . . 2[Nν ]}, are identically distributed. Then, one can derive from (58) and the
equality

√
mp ∆(ν)W0,N =

√
mpW 1

2[N
ν ]

that

dW (B̃N ,
√
mp I(hN )) ≤ ‖h‖∞2[Nν ]dW

(
√
mpW 1

2[N
ν ]
, ṽ

(1)
N

)
. (59)

Since
√
mpW 1

2[N
ν ]

is a centred Gaussian random variable, in order to bound the Wassertein

distance dW

(
√
mpW 1

2[N
ν ]
, ṽ

(1)
N

)
we will make use of the fundamental Theorem 1. Let us

first bound
∣∣∣Var

(√
mpW 1

2[N
ν ]

)
−Var

(
ṽ

(1)
N

)∣∣∣. One clearly has that

Var
(√
mpW 1

2[N
ν ]

)
= mp 2−[Nν ]. (60)

Moreover, in view of (44) and (45), by using the fact that the centred random variables
(∆̃Zl,N )p − E(∆̃Zl,N )p, l ∈ {1, ..., δ(N)}, are independent and identically distributed, one
obtains that

Var(ṽ
(1)
N ) = E(ṽ

(1)
N )2 =

22pHNδ(N)

2[Nγ ]
E
[
(∆̃Z1,N )p −E(∆̃Z1,N )p

]2
= 2−[Nν ]E(V

(1)
N,p)

2, (61)

where the last equality follows from (28). Then combining (60) and (61) with (26), one gets
that ∣∣∣Var

(√
mpW 1

2[N
ν ]

)
−Var

(
ṽ

(1)
N

)∣∣∣ ≤ C2
−[Nν ]+[Nβ ]H−1

q . (62)

On the other hand, by using (44) and (45) and the same arguments which have allowed to
obtain (35), it can be shown that

Var
(
〈Dṽ(1)

N , D(−L)−1ṽ
(1)
N 〉L2(R)

)
≤ C2−[Nν ]−[Nγ ]. (63)

Then, it results from (62), (63) and Theorem 1 that

dW

(
√
mpW 1

2[N
ν ]
, ṽ

(1)
N

)
≤ C2−[Nν ]−[Nγ ],

which, in view of (59), implies that

dW (B̃N ,
√
mp I(hN )) ≤ C2−[Nγ ]. (64)

Finally, since 0 < α < 1 and 0 < ν < γ ≤ β < 1, putting together (41), (48), (51), (52) and
(64), one obtains (38).
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Remark 2 A careful inspection of the proof of Theorem 3 shows that, under the weaker
condition that h is a continuous function on [0, 1] (which may not be a Hölder function), one
still has that dW (UN,p(Z),

√
mp I(h)) ≤ Cρh(2−N

ν
), where the non-negative, non-decreasing

continuous function ρh is the uniform modulus of continuity of h, defined, for each δ ∈ [0, 1],
as ρh(δ) = sup

{
|h(x)− h(y)|, (x, y) ∈ [0, 1]2 and |x− y| ≤ δ

}
.

5.2 Volatility estimation

Let h : [0, 1] → R be a measurable function satisfying (37). We consider the stochastic
process (Xt, t ∈ [0, 1]) defined as

Xt = x0 +

∫ t

0
h(s)dZs, (65)

where x0 ∈ R is deterministic and the stochastic integral with respect to Z in (65) is a
Wiener-Hermite integral; recall that a brief presentation of such a stochastic integral has
been given in Section 2.1. Observe that the function h can be viewed as a measurable
real-valued function defined on R which vanishes outside of the interval [0, 1] and satisfies,
for every t ∈ [0, 1], h1(0,t) ∈ |H|; thus, one knows from Section 2.1 that the Hermite-Wiener

integral
∫ t

0 h(s)dZs is well-defined. One mentions in passing that the fact that, for all
t ∈ [0, 1], h1(0,t) ∈ |H| is a straightforward consequence of the boundedness of the function
h (see(37)). Indeed, since ‖h‖∞ <∞ and H ∈ (1/2, 1), one has, for each t ∈ [0, 1],∫ t

0

∫ t

0
|h(u)| · |h(v)| · |u− v|2H−2dudv ≤ ‖h‖2∞

∫ 1

0

∫ 1

0
|u− v|2H−2dudv <∞.

Let us emphasize that the estimation of the integrated volatility
∫ 1

0 h(s)pds, with
p ≥ 1, constitutes a common topic in financial mathematics. When the noise Z in (65) is a
semimartingale, there exists a huge literature on this topic. We refer, among many others,
to [9], [8], [15] or [27] for several approaches to estimate the integrated volatility, even when
it is assumed to be random. When the process X is observed at discrete times on the
interval [0, 1], one of the most usual methods to do it is via a power variation of the process
X. We will use a similar approach in the case of the Hermite noise in (65), but our power
variation will be defined by using only some special increments of the process X given by
(65). This will allow to prove that the power variation sequence defined below constitutes a
consistent estimator for the integrated volatility and moreover, it satisfies a Central Limit
Theorem after a proper renormalization. Related results obtained for the case when Z is
the fractional Brownian motion can be found in [7] or [13].

We start by defining the modified power variation of the process X. We set, for any
integer numbers p ≥ 2 and N ≥ 1,

SN,p(X) =
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

(∆Xl,N )p, (66)
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where, for l = 1, ..., 2[Nγ ],
∆Xl,N = X l

2[N
γ ]

+2−N −X l

2[N
γ ]
. (67)

Thus, similarly to what has been done (4) and (18), we use the increments of X of length
2−N located at the points l

2[N
γ ] of the unit interval [0, 1]. The following result shows that the

modified power variation of X provides a consistent estimator for the integrated volatility.

Proposition 4 Assume h satisfies (37) and consider the sequence (SN,p(X), N ≥ 1) given
by (66) with an integer p ≥ 2. Then, setting µp = EZp1 , one has

SN,p(X)→N→∞ µp

∫ 1

0
h(s)pds in L1(Ω). (68)

Proof: As we already did it in the proof of Theorem 3, we use an approach based on the
approximation of the stochastic integral in (65) by Riemann sums inspired by the works [7]
or [13]. Let M and N be two arbitrary integer numbers such that 2 < 2(1−β)−1 ≤M ≤ [Nγ ].
We decompose the difference SN,p(X)− µp

∫ 1
0 h(s)pds into four terms as follows:

SN,p(X)− µp
∫ 1

0
h(s)pds

=
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

(∆Xl,N )p − 2pHN

2[Nγ ]

2[N
γ ]∑

l=1

h

(
l

2Nγ ]

)p
(∆Zl,N )p

+
2pHN

2[Nγ ]

2M∑
k=1

l=k 2[N
γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

(
h

(
l

2[Nγ ]

)p
− h

(
k − 1

2M

)p)
(∆Zl,N )p

+
2pHN

2[Nγ ]

2M∑
k=1

h

(
k − 1

2M

)p l=k 2[N
γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

(∆Zl,N )p − µp
1

2M

2M∑
k=1

h

(
k − 1

2M

)p

+µp

 1

2M

2M∑
k=1

h

(
k − 1

2M

)p
−
∫ 1

0
h(s)pds


:= AN,p +BN,M,p + CN,M,p +DM,p. (69)

Our next goal is to estimate from above each one of the latter four summands.

Estimation of AN,p. We use the triangle inequality and the inequality

|Ap −Bp| ≤ 2p−2 p
(
|B|p−1|A−B|+ |A−B|p

)
, (70)

which holds, for any A,B ∈ R and for all integer p ≥ 2. Thus, we obtain

|AN,p| ≤ Cp (|AN,p,1|+ |AN,p,2|) ,
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with

AN,p,1 =
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

∣∣∣∣h( l

2[Nγ ]

)∣∣∣∣p−1

|∆Zl,N |p−1

∣∣∣∣∆Xl,N − h
(

l

2[Nγ ]

)
∆Zl,N

∣∣∣∣
and

AN,p,2 =
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

∣∣∣∣∆Xl,N − h
(

l

2[Nγ ]

)
∆Zl,N

∣∣∣∣p .
Let a ≥ 2 be an arbitrary positive integer number, it follows from (65) that

E

∣∣∣∣∆Xl,N − h
(

l

2[Nγ ]

)
∆Zl,N

∣∣∣∣a = E

∣∣∣∣∣
∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

(
h(s)− h

(
l

2[Nγ ]

))
dZs

∣∣∣∣∣
a

.

Since the Wiener integral of any function of |H| with respect to Z is an element of the qth
Wiener chaos, using the hypercontractivity property (116) and the isometry of the Wiener
integral (3), one can derive from the previous equality that

E

∣∣∣∣∆Xl,N − h
(

l

2[Nγ ]

)
∆Zl,N

∣∣∣∣a

≤ C

E

∣∣∣∣∣
∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

(
h(s)− h

(
l

2[Nγ ]

))
dZs

∣∣∣∣∣
2
a

2

=

(
C

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

(
h(u)− h

(
l

2[Nγ ]

))

×
(
h(v)− h

(
l

2[Nγ ]

))
|u− v|2H−2dudv

)a
2

≤ C

(
2−2αN

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

∫ l

2[N
γ ]

+2−N

l

2[N
γ ]

|u− v|2H−2dudv

)a
2

,

where we used (37) for the last inequality. Consequently, we obtain

E

∣∣∣∣∆Xl,N − h
(

l

2[Nγ ]

)
∆Zl,N

∣∣∣∣a ≤ C2−αNa2−HNa. (71)

We will use Cauchy-Schwarz’s inequality and (71) to bound the terms denoted by AN,p,1
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and AN,p,2. For AN,p,1, we write

E|AN,p,1| ≤ C
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

E|∆Zl,N |p−1

∣∣∣∣∆Xl,N − h
(

l

2[Nγ ]

)
∆Zl,N

∣∣∣∣
≤ C

2pHN

2[Nγ ]

2[N
γ ]∑

l=1

(
E|∆Zl,N |2p−2

) 1
2

(
E

∣∣∣∣∆Xl,N − h
(

l

2[Nγ ]

)
∆Zl,N

∣∣∣∣2
) 1

2

≤ C
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

2−(p−1)HN2−HN2−αN

≤ C2−αN .

Regarding AN,p,2,

E|AN,p,2| ≤
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

(
E

∣∣∣∣∆Xl,N − h
(

l

2[Nγ ]

)
∆Zl,N

∣∣∣∣2p
) 1

2

≤ C
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

2−αpN2−HpN ≤ C2−αpN .

We then conclude that
E|AN,p| ≤ C2−αN . (72)

Estimation of BN,M,p. We notice that for every integer l ∈
[
(k − 1)2[N

γ ]

2M
+ 1, k 2[N

γ ]

2M

]
,∣∣∣∣ l

2[Nγ ]
− k − 1

2M

∣∣∣∣ ≤ 2−M . (73)

Then, by (37) and the inequality (70),∣∣∣∣h( l

2[Nγ ]

)p
− h

(
k − 1

2M

)p∣∣∣∣ ≤ C2−Mα,
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for any integer number p ≥ 2. It gives

E|BN,M,p| ≤
2pHN

2[Nγ ]

2M∑
k=1

l=k 2[N
γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

∣∣∣∣h( l

2[Nγ ]

)p
− h

(
k − 1

2M

)p∣∣∣∣E|∆Zl,N |p

≤ C
2pHN

2[Nγ ]

2M∑
k=1

l=k 2[N
γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

2−MαE|∆Zl,N |p

≤ C
2pHN

2[Nγ ]

2M∑
k=1

l=k 2[N
γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

2−Mα2−pHN

≤ C2−Mα. (74)

Estimation of CN,M,p. Using the equalities µp = EZp1 = 2pHNE (∆Zl,N )p), for all l ∈
{1, . . . , 2[Nγ ]}, we can express this summand as

CN,M,p =
1

2M

2M∑
k=1

h

(
k − 1

2M

)p 2pHN2M

2[Nγ ]

l=k 2[N
γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

((∆Zl,N )p −E(∆Zl,N )p)

= C
(1)
N,M,p +RN,M,p, (75)

with

C
(1)
N,M,p =

1

2M

2M∑
k=1

h

(
k − 1

2M

)p 2pHN2M

2[Nγ ]

l=k 2[N
γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

(
(∆̃Zl,N )p −E(∆̃Zl,N )

)

and

RN,M,p =
1

2M

2M∑
k=1

h

(
k − 1

2M

)p 2pHN2M

2[Nγ ]

×
l=k 2[N

γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

p−1∑
j=0

(
p

j

)(
(∆̃Zl,N )j(∆̌Zl,N )p−j −E(∆̃Zl,N )j(∆̌Zl,N )p−j

)
.

Since h is a bounded function on the interval [0, 1] (see (37)), similarly to the proof of (21),
it can be shown that

E|RN,M,p| ≤ C2
[Nβ ]H−1

q , (76)
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for all integers N and M with 2(1−β)−1 ≤ M ≤ [Nγ ]. We next deal with C
(1)
N,M,p. We

will compute its norm in L2(Ω), in order to benefit from the independence property in
Proposition 1. We have, for all integers M,N with 2(1−β)−1 ≤M ≤ [Nγ ],

E(C
(1)
N,M,p)

2

=
1

22M

2M∑
k=1

h

(
k − 1

2M

)p 22pHN22M

22[Nγ ]

l=k 2[N
γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

E
(

(∆̃Zl,N )p −E(∆̃Zl,N )p
)2

≤ C
22pHN

22[Nγ ]

2M∑
k=1

l=k 2[N
γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

E
(

(∆̃Zl,N )p −E(∆̃Zl,N )p
)2

≤ C
1

22[Nγ ]

2M∑
k=1

l=k 2[N
γ ]

2M∑
l=(k−1) 2[N

γ ]

2M
+1

1 ≤ C2−[Nγ ].

Thus, using the latter inequality, Cauchy-Schwarz’s inequality, (75) and (76) we get that

E|CN,M,p| ≤ C2−
[Nγ ]
2 . (77)

Estimation of DM,p. We can write

DM,p = µp

2M∑
k=1

∫ k

2M

k−1

2M

(
h

(
k − 1

2M

)p
− h(s)p

)
ds,

and by (70) and (37),

E|DM,p| ≤ C
2M∑
k=1

∫ k

2M

k−1

2M

∣∣∣∣h(k − 1

2M

)p
− h(s)p

∣∣∣∣ ds
≤ C

2M∑
k=1

∫ k

2M

k−1

2M

2−Mαds ≤ C2−Mα. (78)

Finally, using (69), (72), (74), (77) and (78), we obtain, for all integer M ≥ 2(1−β)−1
,

lim sup
N→+∞

E

∣∣∣∣SN,p(X)− µp
∫ 1

0
h(s)pds

∣∣∣∣ ≤ C2−Mα.

Thus, letting M goes to +∞, it follows that

lim
N→+∞

E

∣∣∣∣SN,p(X)− µp
∫ 1

0
h(s)pds

∣∣∣∣ = lim sup
N→+∞

E

∣∣∣∣SN,p(X)− µp
∫ 1

0
h(s)pds

∣∣∣∣ = 0.
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For every integers p ≥ 2 and N ≥ 1, we set

VN,p(X) =
√

2[Nγ ]

(
SN,p(X)− µp

∫ 1

0
h(s)pds

)
, (79)

where SN,p(X) is given by (66). We recall that h : [0, 1] → R is a deterministic function
satisfying (37). The next result shows that, as soon as the function h is smooth enough,
the renormalized modified power variation VN,p(X) converges in distribution to a Gaussian
random variable which can be expressed, up to the multiplicative constant

√
mp, as a Wiener

integral of the function h.

Theorem 4 Let p ≥ 2 be an integer number. Consider the sequence (VN,p(X), N ≥ 1)
given by (79) and assume that h satisfies (37) with α > 1

2 . Then

VN,p(X)→(d)
N→∞

√
mp

∫ 1

0
h(s)dWs,

where (Wt, t ≥ 0) is a Wiener process and mp is given by (27). Moreover, for each ν ∈ (0, γ),
there is a constant C, which depends on ν and h, such that, for all N large enough, one has

dW

(
VN,p(Z),

√
mp

∫ 1

0
h(s)pdWs

)
≤ C2−αN

ν
. (80)

Proof: We write

VN,p(X) =
√

2[Nγ ]

2pHN

2[Nγ ]

2[N
γ ]∑

l=1

(∆Xl,N )p − µp
∫ 1

0
h(s)pds


=

√
2[Nγ ]

2pHN

2[Nγ ]

2[N
γ ]∑

l=1

(∆Xl,N )p − 2pHN

2[Nγ ]

2[N
γ ]∑

l=1

h

(
l

2[Nγ ]

)p
(∆Zl,N )p


+
√

2[Nγ ]

2pHN

2[Nγ ]

2[N
γ ]∑

l=1

h

(
l

2[Nγ ]

)p
(∆Zl,N )p − 1

2[Nγ ]
µp

2[N
γ ]∑

l=1

h

(
l

2[Nγ ]

)p
+
√

2[Nγ ]

 1

2[Nγ ]
µp

2[N
γ ]∑

l=1

h

(
l

2[Nγ ]

)p
− µp

∫ 1

0
h(s)pds


:= T1,N,p + T2,N,p + T3,N,p.

Let us estimate each of the three summands from above. First, we notice that

T1,N,p =
√

2[Nγ ]AN,p,

where AN,p is given by (69). By using the bound (72), we obtain
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E|T1,N,p| ≤ C2
[Nγ ]
2
−αN →N→∞ 0. (81)

For T2,N,p, we write

T2,N,p = =
√

2[Nγ ]
2pHN

2[Nγ ]

2[N
γ ]∑

l=1

h

(
l

2[Nγ ]

)p (
(∆Zl,N )p − 2−pHNµp

)
=

2pHN√
2[Nγ ]

2[N
γ ]∑

l=1

h

(
l

2[Nγ ]

)p
((∆Zl,N )p −E(∆Zl,N )p) .

Since h is α-Hölder continuous, hp is also α-Hölder continuous on [0, 1]. Thus, we can apply
Theorem 3 to conclude that

T2,N,p →(d)
N→∞

√
mp

∫ 1

0
h(s)pdWs,

where (Wt, t ≥ 0) denotes a Brownian motion. Moreover, for N large enough,

dW

(
T2,N,p,

√
mp

∫ 1

0
h(s)pdWs

)
≤ C2−αN

ν
. (82)

We finally treat the summand T3,N,p. This term can be estimated as follows:

T3,N,p =
√

2[Nγ ]µp

2[N
γ ]∑

l=1

∫ l

2[N
γ ]

l−1

2[N
γ ]

(
h

(
l

2[Nγ ]

)p
− h(s)pds

)
ds

and then, via(37),

E|T3,N,p| ≤
√

2[Nγ ]µp

2[N
γ ]∑

l=1

∫ l

2[N
γ ]

l−1

2[N
γ ]

∣∣∣∣h( l

2[Nγ ]

)p
− h(s)pds

∣∣∣∣ ds
≤ C

√
2[Nγ ]2−α[Nγ ] →N→∞ 0, (83)

since α > 1
2 .

The desired bound for the Wasserstein distance follows from (81), (82) and (83).

5.3 Numerical experiments

The goal of this last subsection is to make a numerical study of the performances of the
estimator of integrated volatility introduced in (66) by using data issued from simulated
sample paths of the stochastic process X = (Xt, t ∈ [0, 1]) in (65). For the sake of simplicity
one assumes that x0 = 0. Thus, for all t ∈ [0, 1], the random variable Xt, which is sometimes
denoted by X(t), reduces to

Xt = X(t) =

∫ t

0
h(s)dZs. (84)
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Remark 3 For numerical approximation purposes, one needs that, for each t ∈ [0, 1],
the Wiener-Hermite integral

∫ t
0 h(s)dZs (see Section 2.1) be also a well-defined pathwise

Riemann-Stieltjes integral. To this end, one imposes to the deterministic function h to
satisfy the following assumption:

(A) The function h is α-Hölder continuous on the interval [0, 1] of some order α ∈ (0, 1]
such that

α+H > 1, (85)

where H denotes the Hurst parameter of the Hermite process Z. Actually, when δ < H is
close enough to H, (85) implies that α + δ > 1 then, since sample paths of the Hermite
process Z = (Zs, s ∈ [0, 1]) are δ-Hölder continuous functions, one knows from e.g. [18]
that, for each t ∈ [0, 1], the pathwise Riemann-Stieltjes integral on [0, t] of h with respect
to the integrator Z is well-defined. Moreover, in virtue of [29, Proposition 3.2], one knows
that the latter integral coincides with the Wiener-Hermite integral

∫ t
0 h(s)dZs. Thus, for

any t ∈ [0, 1] and any sequence(
Pj :=

{
0 = x

(j)
0 < x

(j)
1 < · · · < x(j)

m = t
})

j

of subdivisions of interval [0, t] whose mesh tends to 0, one has, almost surely,∫ t

0
h(s)dZs = lim

j→+∞

m−1∑
k=0

h(x
(j)
k )

(
Z
x
(j)
k+1

− Z
x
(j)
k

)
. (86)

In view of (84) and (86), loosely speaking, a reasonable strategy to simulate a
sample path of the process X = (Xt, t ∈ [0, 1]) would consist in considering a partition of
[0, 1] and computing from it the Riemann-Stieltjes sum appearing in the right-hand side of
(86) thanks to a simulated sample path of the Hermite process Z itself, obtained by using
the simulation method which was introduced very recently in [4].

Let us now concisely describe the latter simulation method. It relies on the resolution
parameter J ∈ N, which corresponds to the level of approximation (see equation (92) below).
Also, it relies on the two other parameters a ∈ (1/2, 1) and ε > 0, which are needed to
insure the rate of convergence (92) for the approximation procedure, see Section 3 in [4]
and references to [3] therein. Having introduced these three parameters, let us fix some
notations. We recall that q ∈ N is the order of the Wiener chaos to which the Hermite
process Z of Hurst parameter H ∈ (1/2, 1) belongs. In the sequel we set δ = H−1

q + 1
2 . The

univariate Meyer fractional scaling function [19] of order δ is denoted by Φ
(δ)
∆ and defined

through its Fourier transform as

Φ̂
(δ)
∆ (ξ) =

(
1− e−iξ

iξ

)δ
φ̂(ξ) ∀ ξ ∈ R \ {0} and Φ̂

(δ)
∆ (0) = 1,
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where φ is a univariate Meyer scaling function [16]. Let (gφJ,k)k∈Z be the sequence of i.i.d.
N (0, 1) Gaussian random variable defined, for all k ∈ Z, as

gφJ,k := 2J/2I1

(
φ(2J • −k)

)
,

the Gaussian FARIMA (0, δ, 0) sequence (Z
(δ)
J,` )`∈Z associated to (gφJ,k)k∈Z is given, for all

` ∈ Z, by

Z
(δ)
J,` := gφJ,` +

+∞∑
p=1

γ(δ)
p gφJ,`−p,

where the coefficients γ
(δ)
p = δ Γ(p+δ)

Γ(p+1)Γ(δ+1) , for all p ∈ N. We mention in passing that

(Z
(δ)
J,` )`∈Z can be simulated by using, for instance, a circulant matrix embedding procedure,

which is an exact method [14, 32].
Our next goal is to introduce a piecewise linear stochastic process which approxi-

mates the Hermite process Z. To this end, let us now consider the infinite set

IJ := N ∩ [2J(1−a),+∞),

and, for any m ∈ IJ , the two finite sets

D1
J [m] :=

{
k ∈ N : 2J(1−a) ≤ k ≤ m

}
and

J 1
J [m] :=

{
k ∈ (D1

J [m])q : max
1≤`,`′≤d

|k` − k`′ | ≤ 2εJ
}
. (87)

For all m ∈ IJ , we set

sm,J := 2−JH
∑

k∈J 1
J [m]

σ
(q,H)
J,k

∫
R

q∏
`=1

Φ
(δ)
∆ (s− k`) ds, (88)

where each random variable σ
(q,H)
J,k is defined as

σ
(q,H)
J,k :=

bq/2c∑
n=0

(−1)n
∑

P∈P(q)
n

n∏
r=1

E[Z
(δ)
J,`kr

Z
(δ)
J,`k′r

]

q−n∏
s=n+1

Z
(δ)
J,`k′′s

. (89)

One mentions that P(q)
n in (89) denotes the finite set of all partitions of {1, . . . , q} with n

non ordered pairs and q − 2n singletons and the indices kr, k
′
r and k′′′s are such that

P =
{
{k1, k

′
1}, . . . , {kn, k′n}, {k′′n+1}, . . . , {k′′q−n}

}
.
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Remark 4 Sample paths of the Hermite process (Zs, s ∈ I), on any compact interval I ⊂
R+, are simulated by using the restriction to I of the piecewise linear continuous stochastic

process {S̃(q,H)
J (s)}s∈R+ defined, for all s ∈ R+, as

S̃
(q,H)
J (s) =

sm0,J

|λ̃(a)
J |

s1
λ̃
(a)
J

(s)+
∑
m∈IJ

(
2J (sm+1,J − sm,J)

(
s−(m2−J +2−aJ)

)
+sm,J

)
1
λ
(a)
m,J

(s),

(90)
where

m0 := inf IJ , λ̃
(a)
J := [0,m02−J + 2−aJ), |λ̃(a)

J | = m02−J + 2−aJ ,

and
λ

(a)
m,J := [m2−J + 2−aJ , (m+ 1)2−J + 2−aJ), for all m ∈ IJ .

Observe that
S̃

(q,H)
J

(
m2−J + 2−aJ

)
= sm,J , for every m ∈ IJ . (91)

The validity of this simulation procedure is guaranteed by [4, Theorem 2.12]. It states that,
for any compact interval I ⊂ R+, there exists an almost surely finite random variable C̃
(depending on I) for which one has, almost surely, for each J ∈ N,

‖Z − S̃(q,H)
J ‖I,∞ ≤ C̃J

q
2 2−J(H− 1

2
), (92)

where ‖ · ‖I,∞ denotes the uniform norm on I.

Remark 5 Let t ∈ R+, when s ∈ [0, t], the sum S̃
(q,H)
J (s) defined in (90) can be rewritten

as

S̃
(q,H)
J (s) =

sm0,J

|λ̃(a)
J |

s1
λ̃
(a)
J

(s)+

mt∑
m=m0

(
2J (sm+1,J − sm,J)

(
s−(m2−J+2−aJ)

)
+sm,J

)
1
λ
(a)
m,J

(s),

(93)
where

mt = max{m ∈ IJ : m2−J + 2−aJ ≤ t}. (94)

Notice that when the set {m ∈ IJ : m2−J + 2−aJ ≤ t} is empty then, by convention,∑mt
m=m0

· · · = 0.

Definition 1 For each fixed J ∈ N, the piecewise linear continuous stochastic process XJ =
{XJ(t)}t∈[0,1] is defined, for all t ∈ [0, 1] such that {m ∈ IJ : m2−J + 2−aJ ≤ t} 6= ∅, as

XJ(t) = h(0)sm0,J + h(mt2
−J + 2−aJ)

(
2J (smt+1,J − smt,J)

(
t− (mt2

−J + 2−aJ)
))

+

mt−1∑
k=m0

h(k2−J + 2−aJ) (sk+1,J − sk,J) , (95)
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where mt is as in Remark 5, and with the convention that if mt = m0 then
∑mt−1

k=m0
· · · = 0.

Moreover, when {m ∈ IJ : m2−J + 2−aJ ≤ t} = ∅, then XJ(t) is defined as

XJ(t) = h(0)
sm0,J

|λ̃(a)
J |

t. (96)

The following proposition shows that when the order α ∈ (0, 1] of the Hölder regularity of
the function h is large enough so that one has

α+H > 3/2,

then the sequences of processes (XJ)J∈N converges almost surely to the process X for the
uniform norm on the interval [0, 1], also it provides an estimate of the rate of convergence.

Proposition 5 Let X and XJ be given by (84) and Definition 1, respectively. For all
arbitrarily small ε > 0, there exists a positive finite random variable C such that one has,
almost surely, for all J ∈ N,

‖X −XJ‖[0,1],∞ ≤ C2−J(α+H−3/2−ε). (97)

Our next goal is to show that Proposition 5 holds. To this end, we need to introduce the
sequence of processes (X̃J)J∈N defined as follows:

Definition 2 For each fixed J ∈ N, the continuous stochastic process {X̃J(t)}t∈[0,1] is de-

fined, for all t ∈ [0, 1] such that {m ∈ IJ : m2−J + 2−aJ ≤ t} 6= ∅, as

X̃J(t) = h(0)Z(m02−J + 2−aJ) + h(mt2
−J + 2−aJ)

(
Z(t)− Z(mt2

−J + 2−aJ)
)

+

mt−1∑
k=m0

h(k2−J + 2−aJ)
(
Z
(
(k + 1)2−J + 2−aJ

)
− Z

(
k2−J + 2−aJ

)
, (98)

where mt is as in Remark 5, and with the convention that if mt = m0 then
∑mt−1

k=m0
· · · = 0.

Moreover, when {m ∈ IJ : m2−J + 2−aJ ≤ t} = ∅, then X̃J(t) is defined as

X̃J(t) = h(0)Z(t). (99)

Proof of Proposition 5: Proposition 5 is a straightforward consequence of the triangle
inequality and the following two lemmas.

Lemma 7 For all arbitrarily small ε > 0, there is a positive finite random variable C ′ such
that one has, almost surely, for all J ∈ N,

‖X − X̃J‖[0,1],∞ ≤ C ′2−J(α+H−1−ε). (100)
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Lemma 8 For all arbitrarily small ε > 0, there is a positive finite random variable C ′′ such
that one has, almost surely, for all J ∈ N,

‖XJ − X̃J‖[0,1],∞ ≤ C ′′2−J(α+H−3/2−ε). (101)

Proof of Lemma 7: In view of the assumption (A) and the fact that sample paths of Z
are almost surely (H−ε)-Hölder continuous functions on the interval [0, 1], one knows from
the Young-Loeve inequality (see Section 1.3 of [18]) that there is a positive finite random
C1, depending only α, H and ε, such that one has, almost surely, for all t1, t2 ∈ [0, 1] with
t1 ≤ t2, ∣∣∣ ∫ t2

t1

h(s)dZ(s)− h(t1)
(
Z(t2)− Z(t1)

)∣∣∣ ≤ C1(t2 − t1)α+H−ε. (102)

From now on t ∈ [0, 1] is arbitrary and fixed. In the sequel, we study the following three
cases: first case the set {m ∈ IJ : m2−J + 2−aJ ≤ t} is empty, second case it only contains
m0, third case it contains m0 and other elements. In the first case, using (84), (99), the
equality Z(0) = 0, (102), the inequality t < m02−J + 2−aJ , the inequality m0 ≤ 2J(1−a) + 1
and the inequality a(α+H − ε) > α+H − 1− ε, one gets, almost surely, that∣∣X(t)−X̃J(t)

∣∣ ≤ C1 t
α+H−ε ≤ C1

(
m02−J+2−aJ

)α+H−ε ≤ 9C12−a(α+H−ε)J ≤ 9C12−(α+H−1−ε)J .
(103)

In the second case, it follows from (84), (98), the equality Z(0) = 0, (102), the triangle
inequality, the third and the fourth inequalities in (103), and the inequality t ≥ (m0 +
1)2−J + 2−aJ that

∣∣X(t)− X̃J(t)
∣∣ ≤ ∣∣∣∣ ∫ m02−J+2−aJ

0
h(s)dZ(s)− h(0)Z(m02−J + 2−aJ)

∣∣∣∣
+

∣∣∣∣ ∫ t

m02−J+2−aJ
h(s)dZ(s)− h(m02−J + 2−aJ)

(
Z(t)− Z(m02−J + 2−aJ)

)∣∣∣∣
≤ C1

(
m02−J + 2−aJ

)α+H−ε
+ C1

(
t−m02−J − 2−aJ

)α+H−ε

≤ 9C12−a(α+H−ε)J + C12−(α+H−ε)J ≤ 10C12−(α+H−1−ε)J . (104)

In the third case, one can derive from (84), (98), the equality Z(0) = 0, (102), the triangle
inequality, the third and the fourth inequalities in (103), the inequality t ≥ (mt + 1)2−J +
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2−aJ and the inequality mt < 2J that∣∣X(t)− X̃J(t)
∣∣ ≤ ∣∣∣∣ ∫ m02−J+2−aJ

0
h(s)dZ(s)− h(0)Z(m02−J + 2−aJ)

∣∣∣∣
+

∣∣∣∣ ∫ t

mt2−J+2−aJ
h(s)dZ(s)− h(mt2

−J + 2−aJ)
(
Z(t)− Z(mt2

−J + 2−aJ)
)∣∣∣∣

+

mt−1∑
k=m0

∣∣∣∣ ∫ (k+1)2−J+2−aJ

k2−J+2−aJ
h(s)dZ(s)

− h(k2−J + 2−aJ)
(
Z
(
(k + 1)2−J + 2−aJ

)
− Z

(
k2−J + 2−aJ

))∣∣∣∣
≤ C1

(
m02−J + 2−aJ

)α+H−ε
+ C1

(
t−mt2

−J − 2−aJ
)α+H−ε

+ (mt −m0)C12−(α+H−ε)J

≤ 9C12−a(α+H−ε)J + C12−(α+H−ε)J + C12−(α+H−1−ε)J ≤ 11C12−a(α+H−ε)J . (105)

Finally, setting C ′ = 11C1 and putting together (103) to (105), one obtains (100).

Proof of Lemma 8: Throughout the proof J ∈ N and t ∈ [0, 1] are arbitrary and fixed. In
the sequel, we study the following three cases: first case the set {m ∈ IJ : m2−J+2−aJ ≤ t}
is empty, second case it only contains m0, third case it contains m0 and other elements. In
the first case, using (99), (96), Remark 5 and (92), one obtains that∣∣XJ(t)− X̃J(t)

∣∣ = |h(0)|
∣∣S̃(q,H)
J (t)− Z(t)

∣∣ ≤ ‖h‖[0,1],∞C̃J
q
2 2−J(H− 1

2
). (106)

In the second case, one can derive from (98), (95), the triangle inequality, (91), (93) and
(92) that∣∣XJ(t)− X̃J(t)

∣∣ ≤ |h(0)|
∣∣S̃(q,H)
J

(
m02−J + 2−aJ

)
− Z

(
m02−J + 2−aJ

)∣∣
+
∣∣h(m02−J + 2−aJ

)∣∣∣∣∣∣(S̃(q,H)
J (t)− S̃(q,H)

J

(
m02−J + 2−aJ

))
−
(
Z(t)− Z

(
m02−J + 2−aJ

))∣∣∣∣
≤ 2‖h‖[0,1],∞

∣∣S̃(q,H)
J

(
m02−J + 2−aJ

)
− Z

(
m02−J + 2−aJ

)∣∣+ ‖h‖[0,1],∞
∣∣S̃(q,H)
J (t)− Z(t)

∣∣
≤ 3‖h‖[0,1],∞C̃J

q
2 2−J(H− 1

2
). (107)

In the third case, it follows from (98), (95), the triangle inequality, (91), (93) and (92) that∣∣XJ(t)− X̃J(t)
∣∣ ≤ |h(0)|

∣∣S̃(q,H)
J

(
m02−J + 2−aJ

)
− Z

(
m02−J + 2−aJ

)∣∣
+
∣∣h(mt2

−J + 2−aJ
)∣∣∣∣∣∣(S̃(q,H)

J (t)− S̃(q,H)
J

(
mt2

−J + 2−aJ
))
−
(
Z(t)− Z

(
mt2

−J + 2−aJ
))∣∣∣∣

+
∣∣∣ mt−1∑
k=m0

h
(
k2−J + 2−aJ

)(
δJ,k+1 − δJ,k

)∣∣∣
≤ 3‖h‖[0,1],∞C̃J

q
2 2−J(H− 1

2
) +
∣∣∣ mt−1∑
k=m0

h
(
k2−J + 2−aJ

)(
δJ,k+1 − δJ,k

)∣∣∣, (108)
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where

δJ,k = S̃
(q,H)
J

(
k2−J + 2−aJ

)
− Z

(
k2−J + 2−aJ

)
, for all k ∈ {m0, . . . ,mt}. (109)

Moreover, one has that

mt−1∑
k=m0

h
(
k2−J + 2−aJ

)(
δJ,k+1 − δJ,k

)
=

mt∑
k=m0+1

h
(
(k − 1)2−J + 2−aJ

)
δJ,k −

mt−1∑
k=m0

h
(
k2−J + 2−aJ

)
δJ,k

= h
(
(mt − 1)2−J + 2−aJ

)
δJ,mt − h

(
m02−J + 2−aJ

)
δJ,m0

−
mt−1∑

k=m0+1

(
h
(
k2−J + 2−aJ

)
− h
(
(k − 1)2−J + 2−aJ

))
δJ,k.

Thus, the triangle inequality, (109), (92), the α-Hölder continuity of h and the inequality
mt < 2J imply that

∣∣∣ mt−1∑
k=m0

h
(
k2−J + 2−aJ

)(
δJ,k+1 − δJ,k

)∣∣∣ ≤ 2‖h‖[0,1],∞C̃J
q
2 2−J(H− 1

2
) (110)

+ C̃J
q
2 2−J(H− 1

2
)

mt−1∑
k=m0+1

∣∣∣h(k2−J + 2−aJ
)
− h
(
(k − 1)2−J + 2−aJ

)∣∣∣ ≤ C12−J(α+H−3/2−ε),

where C1 is a positive finite random variable not depending on J and t. Finally, putting
together (106), (107), (108) and (110), one obtains (101)

In this work, we conducted experiments for Hermite processes of order q = 1, 2, 3.
Note that, in these cases, the expression (89) take the more manageable form

σ
(q,H)
J,k :=


Z

(δ)
J,k if q = 1

Z
(δ)
J,k1

Z
(δ)
J,k2
− E[Z

(δ)
J,k1

Z
(δ)
J,k2

] if q = 2

Z
(δ)
J,k1

Z
(δ)
J,k2

Z
(δ)
J,k3
− E[Z

(δ)
J,k1

Z
(δ)
J,k2

]Z
(δ)
J,k3

if q = 3

−E[Z
(δ)
J,k1

Z
(δ)
J,k3

]Z
(δ)
J,k2
− E[Z

(δ)
J,k2

Z
(δ)
J,k3

]Z
(δ)
J,k1

and explicit algorithms of simulations for these processes are given in [4]. Note that this
last paper and [17] also present numerical experiments for various estimators for the Hurst
parameter of Hermite processes. In particular, the estimator based on a modified quadratic
variation defined in [5] and the estimator based on a modified wavelet variation defined
in [17] were considered. Both estimators are build using an approach similar to the one
explored in the current paper. In the context of Hurst parameter estimation, it was observed
that the higher the resolution, the better the estimator performs. For this reason, the
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numerical experiments we carry out below are performed at scale J = 18, which represents
a good compromise between approximation quality and computation time for generating
a large sample of simulations. Therefore, in order not to work with an estimator that
requires considering more data than those generated by a single simulation, we propose to
use N = 17.

The experiments presented various estimations obtained for the Fractional Brownian
motion (FBM), Rosenblatt process (RP) and Hermite process of order 3 (HP) simulated
with prescribed Hurst parameters: 0.6, 0.7, 0.8 and 0.9. In each cases, we simulated 100
trajectories with a = 0.99 and ε = 10−3. The notations m and s stand respectively for
the mean of the estimations and their standard deviation. Moments of order p 6= 2 for
the Hermite distribution of order q > 1 are not explicitly known. For this reason, we only
consider the case p = 2 in the Tables below.

First experiments are carried out with the identity function h(s) = s for which the
expected value of the limit in (68) is 1

3 . The estimations of the integrated volatility obtained
when we choose γ = 0.8 are presented in Table 1 while, in Table 2, we use γ = 0.95. We
observe that, in general, the estimation is more accurate when the Hurst index H is large.
This can certainly be explained by equation (97), which entails that the larger H is, the
more precise the approximation of the stochastic integral (65) by the process (95) becomes.
We also note that, on average, the estimators defined with γ = 0.8 and γ = 0.95 have
similar performance, but the standard deviation of the estimates obtained with γ = 0.95 is
smaller than that with γ = 0.8. This can perhaps be explained in light of definition (66).
The larger γ is, the more terms there are in this sum, and therefore the more the estimator
makes use of the data available to it. For this reason, we choose γ = 0.95 for the remainder
of our experiments.

In Table 3, we present the estimations for the integrated volatility in the case h(s) =
s3, where the expected value is 1

7 ≈ 0.142, and Table 4 concerns the case h(s) = es with

expected value e2−1
2 ≈ 3.194. We again see that the estimator performs quite well. The rate

of convergence obtained in (92) certainly explains why the performance of the estimation
appears to be better when q is smaller.

Proposition 5 states that as soon as α+H > 3/2, the sequence of stochastic process
({XJ(t)}t∈[0,1])J almost surely uniformly converges to the process {Xt}t∈[0,1] defined by
(65). It validates the approach to simulate the data using a process {XJ(t)}t∈[0,1] as soon
as α +H > 3/2. In order to investigate the sharpness of this assumption, we estimate the
integrated volatility in the case h(x) =

√
x. The accuracy of the estimations in Table 5 seems

to show that our simulation approach remains valid even if the assumption α+H > 3/2 does
not hold. A formal proof of this statement would require a more in-depth analysis of the
convergence in Proposition 5. A related interesting research project would be to investigate
whether other relevant simulation procedures could be developed for the stochastic integral
of the form (65). A promising approach would be to extend the wavelet-type expansion
obtained in [3] in this context and exploit it in the same spirit as in [4].
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0.6 0.7 0.8 0.9

1
m 0.295 0.291 0.298 0.307
s 0.024 0.025 0.024 0.023

2
m 0.374 0.370 0.331 0.344
s 0.065 0.075 0.071 0.070

3
m 0.392 0.388 0.347 0.343
s 0.159 0.212 0.161 0.053

Table 1: Integrated volatility estimation for h(s) = s with J = 18, N = 17 and γ = 0.8

0.6 0.7 0.8 0.9

1
m 0.291 0.290 0.296 0.306
s 0.003 0.003 0.005 0.013

2
m 0.386 0.364 0.345 0.351
s 0.017 0.018 0.026 0.034

3
m 0.412 0.383 0.350 0.346
s 0.049 0.051 0.046 0.026

Table 2: Integrated volatility estimation for h(s) = s with J = 18, N = 17 and γ = 0.95

0.6 0.7 0.8 0.9

1
m 0.125 0.124 0.127 0.131
s 0.002 0.002 0.003 0.008

2
m 0.166 0.155 0.147 0.147
s 0.011 0.012 0.019 0.021

3
m 0.174 0.164 0.148 0.147
s 0.032 0.033 0.031 0.017

Table 3: Integrated volatility estimation for h(s) = s3 with J = 18, N = 17 and γ = 0.95

0.6 0.7 0.8 0.9

1
m 2.983 2.803 2.926 3.268
s 0.032 0.027 0.038 0.093

2
m 3.696 3.501 3.323 3.397
s 0.135 0.140 0.172 0.242

3
m 3.974 3.682 3.394 3.335
s 0.355 0.346 0.317 0.173

Table 4: Integrated volatility estimation for h(s) = exp(s) with J = 18, N = 17 and
γ = 0.95
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0.6 0.7 0.8 0.9

1
m 0.437 0.436 0.472 0.459
s 0.005 0.004 0.006 0.015

2
m 0.578 0.547 0.519 0.531
s 0.020 0.023 0.027 0.040

3
m 0.622 0.575 0.530 0.521
s 0.057 0.058 0.052 0.029

Table 5: Integrated volatility estimation for h(s) =
√
s with J = 18, N = 17 and γ = 0.95
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6 Appendix: Multiple stochastic integrals and the Malliavin
derivative

The basic tools from the analysis on Wiener space are presented in this section. We will
focus on some elementary facts about multiple stochastic integrals. We refer to [22] or [20]
for a complete review on the topic.

Consider H a real separable infinite-dimensional Hilbert space with its associated
inner product 〈·, ·〉H, and (B(ϕ), ϕ ∈ H) an isonormal Gaussian process on a probabil-
ity space (Ω,F,P), which is a centred Gaussian family of random variables such that
E (B(ϕ)B(ψ)) = 〈ϕ,ψ〉H for every ϕ,ψ ∈ H. Denote by Iq (q ≥ 1) the qth multiple
stochastic integral with respect to B, which is an isometry between the Hilbert space H�q
(symmetric tensor product) equipped with the scaled norm

√
q! ‖·‖H⊗q and the Wiener chaos

of order q, which is defined as the closed linear span of the random variables Hq(B(ϕ)) where
ϕ ∈ H, ‖ϕ‖H = 1 and Hq is the Hermite polynomial of degree q ≥ 1 defined by:

Hq(x) =
(−1)q

q!
exp

(
x2

2

)
dq

dxq

(
exp

(
−x

2

2

))
, x ∈ R. (111)

For q = 0,
H0 = R and I0(x) = x for every x ∈ R. (112)

The isometry property of multiple integrals can be written as follows : for p, q ≥ 0, f ∈ H⊗p
and g ∈ H⊗q

E
(
Ip(f)Iq(g)

)
=

{
q!〈f̃ , g̃〉H⊗q if p = q,

0 otherwise,
(113)

where f̃ stands for the symmetrization of f . When H = L2(T ), with T being an interval of
R, we have the following product formula: for p, q ≥ 0, f ∈ H�p and g ∈ H�q,
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Ip(f)Iq(g) =

p∧q∑
r=0

r!

(
q

r

)(
p

r

)
Ip+q−2r (f ⊗r g) , (114)

where, for r = 0, ..., p∧q, the contraction f⊗r g is the function in L2(T p+q−2r) given
by

(f⊗rg)(t1, ..., tp+q−2r) =

∫
T r
f(u1, ..., ur, t1, ..., tp−r)g(u1, ..., ur, tp−r+1, ..., tp+q−2r)du1...dur.

(115)
An useful property of finite sums of multiple stochastic integrals is the hypercon-

tractivity. Namely, for every fixed real number p ≥ 2, there exists a universal deterministic
finite constant Cp, such that, for any random variable F of the form F =

∑n
k=0 Ik(fk) with

fk ∈ H⊗k, the following inequality holds:

E|F |p ≤ Cp
(
EF 2

) p
2 . (116)

We denote by D the Malliavin derivative operator that acts on cylindrical random
variables of the form F = g(B(ϕ1), . . . , B(ϕn)), where n ≥ 1, g : Rn → R is a smooth
function with compact support and ϕi ∈ H, in the following way:

DF =
n∑
i=1

∂g

∂xi
(B(ϕ1), . . . , B(ϕn))ϕi.

The operator D is closable and it can be extended to D1,2 which denotes the closure of the
set of cylindrical random variables with respect to the norm ‖ · ‖1,2 defined as

‖F‖21,2 := E|F |2 + E‖DF‖2H.

If F = Ip(f), where f ∈ H�p with H = L2(T ) and p ≥ 1, then

D∗F = pIp−1 (f(·, ∗)) ,

where ” · ” stands for p− 1 variables.
The pseudo inverse (−L)−1 of the Ornstein-Uhlenbeck operator L is defined, for

F = Ip(f) with f ∈ H�p and p ≥ 1, by

(−L)−1F =
1

p
Ip(f).

At last notice that in our work, we have H = L2(R) while the role of the isonormal
process (B(ϕ), ϕ ∈ H) is played by the usual Wiener integral on L2(R) associated with the
Brownian motion (B(y), y ∈ R).
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