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Abstract

We study the asymptotic behaviour of modified weighted power variations of the
Hermite process of arbitrary order. By selecting suitable “good” increments and exploit-
ing their decomposition into dominant independent components, we establish a central
limit theorem for weighted p-variations using tools from Stein-Malliavin calculus. Our
results extend previous works on modified quadratic and wavelet-based variations to
general powers and to weighted settings, with explicit bounds in Wasserstein distance.
We further apply these limit theorems to construct asymptotically Gaussian estimators
of integrated volatility in Hermite-driven models, thereby extending fBm-based meth-
ods to non-Gaussian settings. The last part of our work contains numerical simulations
which illustrate the practical performance of the proposed estimators.
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1 Introduction

The study of Hermite and related processes has developed intensively in the recent decades.
These stochastic processes enjoy nice properties: they are self-similar, have stationary in-
crements and exhibit long-range dependence. These characteristics give them an important
potential for practical applications. The class of Hermite processes includes the fractional
Brownian motion which is the only Gaussian process in this class. We refer to the mono-
graphs [28] and [31] for a detailed exposition on Hermite and related processes.

One of the important issues in the analysis of Hermite processes is the statistical
estimation of its self-similarity index (or Hurst parameter), which characterizes many of
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its properties. An usual approach to develop consistent estimators for the Hurst index is
constituted by the power variation method. A series of papers studied the limit behavior of
these statistics by using the standard increments of the Hermite process. For instance, in
[11] and [32], the authors studied the limit behavior of the quadratic variations of Hermite
processes and of the associated estimators, while in [6] one considered the wavelet-type vari-
ation. Other types of variations, based on higher power or high-order increments have been
analyzed in [13], [16] or [12]. A common fact for all these estimators is that, although they
are consistent, they are not asymptotically Gaussian and this constitutes a serious draw-
back for statistical estimation. A similar phenomenon can be noticed for other parameter
estimators in Hermite-driven models (see e.g. [23], [30]).

To overcome the asymptotic non-normality, a new strategy has been employed in
[5], by following an idea from [2]. Namely, the reference [5] has defined a so-called modified
quadratic variation of the Hermite process (of an arbitrary order), by using only some well-
chosen increments of it. Each of these special increments can be split into a dominant part
and a negligible one, moreover the dominant parts constitute a sequence of independent
random variables. Thanks to these nice properties, [5] has managed to show that the
modified quadratic variation satisfies a Central Limit Theorem, and then has constructed
from it a new strongly consistent estimator for the Hurst parameter of the Hermite processes
which, compared to other estimators, offers the significant advantage to be asymptotically
Gaussian. A related asymptotically Gaussian estimator based on the modified wavelet
variations of the Hermite process has been defined and analyzed in [19].

In this work, our purpose is to generalize the results obtained in [5] and [19] by
analyzing the limit behavior of the weighted modified p-variations of the Hermite process
(Z,t > 0) for any integer order p > 2, i.e. the sequence (Un,(Z), N > 1) given by (36).
The weight h in (36) is a deterministic function with suitable properties. Via a similar
idea of choosing “good” increments of the Hermite process and by using the techniques of
the Stein-Malliavin calculus, we prove that the weighted modified power variation of the
Hermite process converges in distribution to a constant times the Wiener integral of the
weight function h with respect to a Brownian motion independent of the underlying Hermite
process. We start by considering the case of the (non-weighted) modified power variation
(i.e. h is identically equal to one) and then we extend the result to the weighted case by
using, among others, some new findings concerning the Wasserstein distance.

We apply our result to estimate the integrated volatility in a simple model with
Hermite noise. The estimation of the integrated volatility via power variations constitutes
a topic of interest in financial mathematics. We mention the articles [7], [8], [29] or [17] for
semimartingale-type models and the papers [14] or [7] for models driven by the fractional
Brownian motion. Our work extends the results obtained in the fBm case to non-Gaussian
settings.

We organize our paper as follows. Section 2 contains preliminaries on Hermite pro-
cesses, including their representation, basic properties, and the definition of the special
increments that play a central role in our analysis. This section also contains some es-
tablishes key independence and moment estimates for these increments. In Section 3 we



include the proof of some properties of strongly independent random variables relying on
tools from Wiener chaos. We then investigate, in Section 4, the modified (non-weighted)
power variations, proving a law of large numbers and a central limit theorem through a
combination of Stein—-Malliavin arguments and independence properties. The subsequent
Section 5 extends these results to the weighted setting, deriving quantitative Wasserstein
bounds and introducing a general limit theorem for weighted modified power variations.
We also apply the theoretical results to integrated volatility estimation in Hermite-driven
models and present numerical simulations that validate the theoretical findings and illus-
trate the performance of the proposed estimators. In Appendix A, we present the basic
elements of the Malliavin calculus that are needed in this paper. Finally, Appendix B is
devoted to the presentation of the numerical method that is used in Section 5.

Throughout, we denote by C, a strictly positive constant that depends on the pa-
rameter a.

2 Preliminaries

In this section we present various facts related to the Hermite process. The first part
contains its definition and basic properties and in the second part we describe some special
increments of this stochastic process, which play a crucial role in our construction.

2.1 The Hermite process and its special increments

We denote by (Z;,t > 0) the Hermite process of order ¢ > 1 and with self-similarity index
H e (%, 1). It can be expressed, for every t > 0, as

Zy —d(q,H)/

Ra

(/Ot fulyr, ...,yq)du> dB(y1)...dB(y,), (1)

where (B(y),y € R) is a Wiener process and, for every yi,...,y4 € R,

Fuli o) = dlg. (=3 Ty ), @)

and d(q, H) is the strictly positive normalizing constant which ensures that EZ? = t2H for
every t > 0. Alternatively, we can write

Zy =1,(Ly), t>0,

where I, denotes the multiple stochastic integral of order ¢ with respect to B and

t
Lt(ylv"'qu) :/0 fu(yla"qu)duv

for every yi,...,ys € R. The stochastic process (Z;,t > 0) is H-self-similar and it has
stationary increments. Consequently, its covariance function reads

1
EZZ, = 3 (tQH + 520 |t — s|2H) , for every s,t > 0.



The increments of Z satisfy, for s, > 0 and p > 1,
E|Z; — Z | = B|Z, |t — s|"P.

Hence, for every fixed 6 € (0, H), sample paths of the Hermite process are, on each compact
subinterval of Ry, 6-Holder continuous functions.

In the sequel we will use the Wiener integral with respect to the Hermite process.
Let |H]| be the space of measurable functions f : R — R such that

//|f(u)'|f(U)|-|u—v|2H_2dudv<oo.
R JR

If f € |H|, it is possible to define the Wiener integral of f with respect to the Hermite
process Z (also called the Wiener-Hermite integral), denoted by

/R F(u)dZ,.

We refer to e.g. the survey [31] for the details of this construction. The above object is
well-defined as a random variable in L?(2) and it satisfies the following isometry property:
if f,g € |H|, then

E< ( /R f(u)dZu> < /R g(u)dZu>> — H(2H - 1) /R /R F)g () u — v 2dudy.  (3)

2.2 The special increments of the Hermite process

We will deal with some special increments of the Hermite process introduced in [5] (see also
[19] for an approach based on wavelet coefficients). They are defined as follows. We first
fix a real number v € (0,1). For every integers N > 1 and [ = 1, ..., 271 we consider the

following increments of length 2~ located at the points ﬁ of the unit interval [0, 1]:

AZyn=7 ~N—Z . 4

W = Dopiy vt ™ Dol W
The key observation made in the reference [2] is that each of the above increments can be
decomposed in a negligible part with small variance and a dominant part, and their domi-
nants parts are mutually independent for [ =1, ..., 2[N?] Let us recall this decomposition.
First, by (1), we can write

2[N7]

2N
AZiy = /11(_ ) (/ fu(yl,...,yq)du> AB(y1)-.dB(y,).
R¢ OO, JIVT] L

2[N7]

Notice that the indicator function in the previous integral, as well as the indicator functions
which will appear in the sequel, depend on (y1, ..., yq)-



Let us now consider a fixed real number 8 such that v < 8 < 1. From now on,
we always assume that N > 21-)7" We decompose the above increment AZ; n in the
following way

AZ N
/ 1 /MH_Nf ( )du | dB(y1)...dB(yq)
- ? I Y1, - Yg)du y1)...dB(y
R (2“%] 242N - N) ST ' ! !
+/ 1 1 Q[NB] a /z Ju(yt, -y yg)du | dB(y1)...dB(y,)
Rae (Q[N’Y] +2-N [N’y] +2— ) STV
= AZLN-FAZ[J\/, (5)

where

l olNep l A\
(m‘zN“ Yog T2 N)

_ ! 9N 7 l 2lN’] o-N _| 9N !
—\ T T Mamg— 2% T2 gt -

We used the notation

A= 1 / T () B () B )
I,N — B q Y1y -5 Y, u Yi)--- Y,
R (2[1571 2N +27N) 2TV ' ' '

(6)

and

P R

< 2

AZLN:/ . q / Fuyt, s yg)du | dB(g)...dB(y,).
Ry ( L SN2, [Alm] +27N) 1

SN~ 2]
(7)

Actually, the assumption that the integer N is large enough so that N > 2(1=8)7"

combined with the fact that v < 5 < 1, ensures that the intervals < ST — 2[N + 27N, [ng + 2N >,
=1, ...,2[N I"are disjoint.

Remark 1 Let us emphasise that we do not use exactly the same increments (4), nor their
decomposition (5), as in the article [5]. This is because in [5/ the estimator was constructed

Lfor le NN 1, 25 | N1 2]
and 0 < v < B < 1. Proceeding in this way, the mtem}als selected for the variation were
not evenly distributed over the whole interval [0,1], since only the first 2] were chosen.
This had no effect on the estimation of the Hurst index. In the present work, however, we
found this inconvenient for handling the introduction of a weight in the variations, notably

for the proof of Theorem 3. For this reason, we have defined a new method for selecting
imcrements.

from increments of length 2~V located at the pomts




We next derive some important estimates concerning the moments of the quantities
AZL ~ and AZL ~N given by (6) and (7), respectively. The first result has been essentially
proven in Lemma 2.3 in [2]. Since we slightly changed the definition of the random variables
AZl,N and AZLN, we choose to include the proof below.

Lemma 1 For N >1 andl=1,2,...,2IN"] let AZ, y be given by (7). Then
EAZ2y < C(H,q)2 2N oINIH5
for every N>1 andl=1,2, oy 21N

Proof:  Since the integrand in (7) is a symmetric function in (yi,...,y4), by using the
isometry property of the multiple stochastic integrals (90), we get

EAZ}y = q!/R
q

dyldyqﬂ . _2[N5] 42N . Lo-N q
o[ N7] 2V 7 9[N7]

a2 2
/ fu(ylv-“ayq)du/ . fv(yla--~7yq)dv

l

JINTT 2IN7]
NPy
P R
< q¢-q di dys...dyq
—o0 Ra-1
2N o2
z l dudv fu (Y1, - Yg) fo (U1, -, Ygq)-
SN 2N

Now, by using the identity, for all real numbers —1 < a < —% and u # v,

[ =030 - )y = 51~ 20,0+ Dl = o,

R

where 3 stands for the beta function given by 3(a,b) = fol ro= (1 —r)*~Ldr for a,b > 0, we
get

/ dy2...dyg fu(Y1; - Yg) fo (Y1, -, Yg)
Ra-1

(), ),

;1
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u — vl



Therefore,
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Concerning the moments of the part denoted by AZl, ~, we have the following result.
The case p = 2 has been treated in [5].

Lemma 2 For N > 1 and | = 1,...,2I"1 let AZLN be given by (6). Then, for every
integers p > 2 and [ = 1, ..., 2N

PHNE(AZ N )P — BZP| < 2V 15 8)

In particular, 3
PINE(AZ N )P —Nooo BZY,

for every 1 =1,..., 2N

Proof: Fixp > 2 and [ = 1,...,2IN"]. By the self-similarity and the stationarity of the
increments of the Hermite process,

E(AZ n)P =2 PANEZD.
By using (5), we can then write
p—1

EAZ NP+ (?)E(AZZ,N)J' (AZy )P = 27PHNEZY,
7=0
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the summand with j = p — 1 vanishing by Lemma 2 in [5]. Hence, it follows from Cauchy-
Schwarz’s inequality that

—2
P HNE(AZ )P — EZ{" < 2PHNpZ (9) (B(AZn)¥)* (E(AZN)2 )

where the last bound is obtained via the hypercontractivity property (93) of multiple
stochastic integral. Finally, one can derive from Lemma 1 and the inequality E(AZ; y)? <
E(AZI,N)Q = 272HN that

p-1 -
PHUNE(AZ NP —BZ!| < 2PN 9miHNg- ()N (Q[NB]”{%Q) 2
=0
< CNI

The following properties of the random variables AZL ~ and AZL ~ play an impor-
tant role in the sequel.

Proposition 1 For N > 2=B)"" gnd | = 1., 2 et AZZ,N and AZLN be defined by
(6) and (7), respectively. Then

1. The random wvariables AZLN,Z = 1,...2N are independent and identically dis-
tributed.

2. The random variables AZl,N,l =1,....20 gre identically distributed.

Proof: To prove point 1., we recall the main result in [33]: the multiple stochastic integrals
L,,(fi),i=1,...,d (where f; € L?(R™) are symmetric functions) are independent if and only
if for every i, = 1,...,d with i # j,

fi ®1 f; = 0 almost everywhere on R™ "2,



We can express AZL ~ as a multiple stochastic integral of order ¢ in the following way

Ain = Iy(gin ]li)ZN)?

o[t oV N
v =g ey PR g R

and, for every yi,..,yq € R,

with

SINTT +27N
GLN (Y150 Yg) = / l fulyn, - yg)du,

o[N7]

with f,, given by (2). To obtain the conclusion of point 1., it suffices to show that for every
kl=1,.. 2" with k # 1,

(gl N]lAl N) ®1 (gk N]lAk N) = 0 almost everywhere on R?42,

By the definition of the contraction, for y1,...,y24—2 € R,
(gl NﬂAl N) ®1 (gk,N]l%Z,AJ (Y15 -5 Y2g—2)
= /I;dxgl,N(yh -5 Yg—1, )]lA?N (yla ) yq—l)]lAl,N (.%‘)

gk,N(yq7 cey Y22, l‘):ﬂ.?z; (yqv ceey y2q—2):ﬂ-Al’N($)

and the latter integral vanishes since, for k # [, A;ny and Aj ny are disjoint sets when
N > 20=8)""

To show that the random variables AZZ, N l=1,... 2N are identically distributed,
we write (with the notation =(% for the equality in distribution),

AZ N
& ot
_ /1 - | /l Fu(Wr o yg)du | dB(yr)...dB(y,)
Rq (z[mr o +27N’24[N71+27N) TN
=0 [ B dBO | 1)
. )
1 _
2[N7]+2 l 7N l N
(/z fulyn gy T2 b ¥ gy 2 )du
2[N7]
® 0
[ s ) ([ i) dBn)- B,
R4 (*221\/ ,0) —2-N

and the last quantity is independent of I = 1,..., 2N, A similar argument can be used to
show point 2. |



3 Strong independence

Let us recall the notion of strong independence for random variables. It will be used
intensively in the next section in order to prove our main results. Let F' and G be two
random variables that can be expanded in L2(Q) as F = 3" < In(fn) and G =Y, < In(gn)
where f,, gn € L?>(R") are symmetric functions for every n > 1. We say that F' and G are
strongly independent if I,,(f,,) and I,(g,) are independent random variables for every
m,n > 1. Using their joint characteristic function, it can easily be shown that F' and G
are independent (in the usual sense), as soon as they are strongly independent see also
Proposition 8 in [33]).

Lemma 3 The two positive integers q1 and qo are arbitrary. Let Fy = I, (f1) and Fy =
I, (f2) with fi € L*(R%) and fo € L?(R%). Assume that Fy and Fy are independent. Then
for any integers a,b > 1, F{* and F2b are strongly independent.

Proof: Without any restriction, one can suppose that the kernel functions f; and fs,
associated with Fy and Fy, belong to L%(R?) and L%(R%) respectively; one mentions in
passing that, for any integer ¢ > 0, the closed subspace of L?(R?) formed by the symmetric
functions is denoted by L%(RY?). Thus, in view of the criterion for the independence of
multiple stochastic integrals in [33], the independence property of the random variables F}
and F5 can be reformulated as

f1 ®1 fo = 0 almost everywhere on R#7%272, 9)

First we study the case a = 1. We are going to prove, by induction on the integer
b > 1, that the random variables F; and F2b are strongly independent. For b = 1, the claim
is true by hypothesis. In the sequel, we assume, for any integer b > 1, that F} and FQb are

strongly independent and we show that F7 and FQI"H are strongly independent as well. We

know from the product formula for multiple Wiener-It6 integrals (91) that FQb admits the
following chaos expansion:

bga
Fy =Y Ii(hog) with hyy, € LE(R). (10)
k=0
Then, the induction hypothesis implies, for all £ =1, ..., bgs, that

f1 ®1 ho, = 0 almost everywhere on ROHE=2, (11)

Notice that, one can derive from (10) and the product formula for multiple Wiener-Ito
integrals that

bg2

FAL = Z I (ho k)14, (f2)

k=0

bz q2/k N
= 2> <T> (T > Litgy—2r (hok @r f2) -

10



It then suffices to prove that, for every £ = 0,1,...,bg2 and r = 0,1,...,q2 A k such that
k + g2 > 2r, the random variables F} = Iy, (f1) and Ipyg,—2r (ho ®, f2) are independent.
This is equivalent to

(ho k@ f2) @1 f1 = 0 almost everywhere on R?Ta2+k=2r=2, (12)

where h21k®r f2 denotes the symmetrization of hy  ®, f2. We have, by the definition of the
contraction,

((ho,k®rf2) @1 f1) (t1s-os bt gotrqr—2r—2)
- / d$(h2,k®7”f2)(tla eeey tk+q2—21’—17 x)fl (tk—‘rqz—QTa eeey tk+q2—2r+q1—2, x) (13)
R

We notice that for all n > 2 and for any function g € L?(R"), its symmetrization §, can be
written, for every (t1,...,tp—1,2) € R", as

_ 1 -
g(t1, .y tn_1,x) = ol Z Zg(tcr(l)7~-~,ta(i—1)a$7ta(i)amata(n—l))’

T o€S,_q i=1

where S,,_1 is the set of the permutations of {1,...,n — 1}. Thus, by using the above
formula in (13), we obtain that

((h27k®f2) ®1 fl) (t17 T tk+Q2+Q1f2r—2)
k+q2—2r

1
" (k+q—2r)! > > /Rdx

0E€Sktqy—2r—1 =1
X (h2,k O f2)(to(1)7 <oty to’(ifl)u Ty ta(i)v X ta(k+q272r71))
X fl (tk+q2727“7 seey tk+q272r+q1727 x)

Then, it turns out that in order to get the conclusion (12), it suffices to show that, for every
k=0,1,...bg2 and 7 = 0,1, ..., g2 A k satisfying k + go > 2r, and for all o € Sj44,—2,—1 and
i=1,....k+ gos — 2r, we have

/R dm(hQ,k r fZ)(ta(l)a e tcr(i—l) y Ly ta(i)’ E) to(k-{—qg—?r—l))
X f1(tktga—2rs s Lt go—2r+q1—2, ) = 0 (14)

almost everywhere with respect to t1, ..., t44gy—2r4¢—2- Assume k — 7 < i — 1. Then, using
Fubini Theorem, the left-hand side of (14) writes

11



/dx/ dy x hak(to(1ys - to(k—r), Y)

XfQ(Z% k: 7'+1)7 ceey 0'(7,71)7:1:7150(7;)) "'7ta(k+q272r71))

X fl (tk+q2*27'7 ey tk+qu27’+q1 -2 .’L')

= / dy x h?,k(ta(l)’ o0y to‘(k)a?)

/ dz X fo (.% (k+1)» - to(ifl)a Z, to'(’i)a X ta‘(k+q272r71))
X fl (tk+q2727'7 ceey tk+q272r+q1 —2, x)a

and the last integral on R vanishes due to (9). Assume k —r > i. Then, using Fubini
Theorem, the left-hand side of (14) can be written as

/ dy % f2(t0'(k—r)7 ) ta(k+q2—2'r‘—1)7g)
X /R dz x h?,k @, to‘(l)v X to(i—l)? L, to‘(i)a ey ta(k—?‘—l))fl (tk+q2—2ra ey tk+q2—27‘+q1—Qa 55)

and again the integral over R vanishes because of (11).

Let us now study the general case where the integer a > 1 is arbitrary. We are going
to prove, by induction on a, that F}' and sz are strongly independent. We already have
shown that the claim is true when a = 1. Assume F}' and FQb are strongly independent and
let us show that Ff+1 and F2b satisfy this same strong independence property.

It follows from the product formula for multiple Wiener-It6 integrals (91) that F{*
admits the following chaos expansion:

aqi
= Ii(hig) with hyy € L3(RP). (15)
k=0

Then, in view of the induction hypothesis, we have, for all integers £k > 1 and [ > 1,
hi ®1 hay = 0 almost everywhere on RFH-2, (16)
We also have from the case a = 1, for every integer [ > 1,
f1 ®1 ha; = 0 almost everywhere on ROH=2, (17)
Moreover, using (15) and the product formula (91), we get that

aqr 1Nk @
Rt = Z > r'( ) < )Ik+q1 or(h1k ®r f1).

=0 r=0

12



It then suffices to prove that, for all [ = 1,...,bgs, Kk = 0,1,....,bg1 and r = 0,1,...,q1 N k
such that k + ¢ — 2r > 0, the two random variables [j(ho;) and Ii1q, —2r(h1k ®r f1) are
independent, which amounts to prove that

(hl’k®rf1) ®1 ha; = 0 almost everywhere on RFFT@1—2r+=2

This follows exactly as in the case a = 1, based on the hypotheses (16) and (17). W

Before ending the present section, let us recall the following result from [10] which
is related to strongly independent random variables and Malliavin calculus (see Section A).

Lemma 4 Let F,G be strongly independent random variables. Assume F,G € DY2. Then
1. We have (DF, D(—=L)"'G)2r) = (DG, D(—=L) "' F)2) = 0.

2. The random variables (DF, D(—L)_1F>L2(R) and (DG, D(—L)_1G>L2(R) are strongly
independent.

4 The modified power variation of the Hermite process

Let Z = (Z;,t > 0) be a Hermite process and p > 2 an arbitrary integer. The goal of
this section is to analyse the asymptotic behavior of the modified power variation of Z
denoted by Sy ,(Z). The difference between Sy ,(Z) and usual power variation is that
SN p(Z) is defined by only considering the special increments of Z introduced in Section
2.2. Namely, for each integer N > 1, it is defined as the following renormalized sum of the
latter increments raised to the power p:

opH N 2]
Snp(Z) = o Z (AZN)P. (18)
=1

We first show that the modified power variation satisfies a law of large numbers.

Proposition 2 For all integer p > 2, one sets u, = EZY. Let Sy, be given by (18). Then
Sx(Z) 5 xosse 1y i L),
Proof: ~We use the decomposition (5), with AZ; y and AZ; y given by (6) and (7),
respectively. In this way, we can write,
P

> (") @zraz0

J=0

(AZ n)P

p—1
@z Y (f) (AZun) (AZn ), (19)

J=0

13



and thus

opH N 2]
SN’p(Z) —Up = W Z ((AZl’N)p — 2_pHN/«Lp)
=1

opH N 2]
= o > (AZn)P - BE(AZN)P)
=1

= SV (2) + (Rnp(Z) — ERn,(2)),

with .
[N7]
9PHN 7, " _
S](\},)p(Z) = Q[N'\q Z ((AZZ,N)p - E(AZZ’N)p>
=1
and
2pHN K p—1

2[N7]
ST > ( ) (AZy N (AZyN)P. (20)
= =0

1
We first deal with the rest term Ry ,(Z). It follows from Cauchy-Schwarz’s inequality, the
)t

RN ,p
Jj=

estimates in Lemmas 1 and 2, and (93 hat
2PN p 2j 3 A 2(p—3) :
BIRv,(2) < gy Z (BQAz0)Y)" (BAZx)")
=1 5=0 ‘7
< VI (21)

Consequently, Ry ,(Z) converges to zero in L'(Q) as N — oo. Next, we deal with the
(1)

summand Sy, (Z) and we show that it converges to zero in L?(Q) as N — oo. We have

[N7]

2
(1) 2 _ 22pHN B N _ R
E(S\,(2) = 22[]\/7]”21_:1]3 (Azn)7 ~EAZN)) (AZe )~ E(AZey))
g2pHN 2N

= o O B((AZwy - BAzp)
=1

g2prN 2N
< Ot D B(AZLN)™
=1
1
< i
_— Cz[ny]’

where we used the independence property from Proposition 1, point 1. and the estimate
(8) in Lemma 2. We obtain

(N7]

E[SNp(Z) —pp| £C (2[NB]% + 2‘*) <C2 T,

14



The next step is to show that, after a proper renormalization, the power variation
sequence (18) satisfies a Central Limit Theorem. For any integer number p > 2, let us
introduce the sequence (Vy ,(Z), N > 1) given by

Vnp(Z) = V2N (Snp(Z) = pp) (22)
gpHN 2]
= T > [(AZN)P - B(AZ NP
=1
By (19),
opHN 2 .
Vnp(Z) = o] Z [AZZN (AZZ,N)p}
AZ[ N (AZLN)p_J — E(AZLN)J (AZLN)p_J
T .
= Vih+ 2[N”J<RN,p<Z> ~ ER,(2), (23)
with
1y 2PN Q[Z] [ _ ~
N, — (AZ,N)" —E(AZN)” (24)
D 2[N’Y} =
and Ry p(Z) given by (20). By (21),
V2NIE|Ry,(Z) — ERx,(2)| < C2V° T (25)

We will now focus on the asymptotic behaviour of the sequence (V]E,I;, N > 1). We

will prove that this sequence satisfies a Central Limit Theorem. We start by the study of
the asymptotic behavior of the second moment.

Lemma 5 Let p > 2 be an integer number. Consider the sequence (V]S};, N > 1) given by
(24). Then

H 1

B(V{)? —m,| < c2V7, (26)

)

where
2
my = Var(Z}) = BZ," — (BZY)* = pop — 115, (27)
In particular,

E(VA' )2 = Nosoo M.

),

15



Proof: For N > 1 and p > 1, we write

g2pHN 2] . s s y
E(V{))? = ST 2 E [(AZLN)? — E(AZLN)Z’} [(Azk,N)P —E(AZ,N)P
Lk=1
7]
22pHN 2lV B 5 2
= ST O E Az ~E@ZN)|

=1

where we used the fact that AZL ~n.l=1,...,2IVT are independent (Proposition 1, point
1.). By using now the fact that the random variables AZ; y,l =1, ..., 2Nl are identically
distributed, we obtain

2

E(Vi})? = 27N |(AZy v ) ~ E(AZin)"| (28)
We next write
E(V\)?—my, = 27INE(AZ )" — B2 (29)

- 2
- [(QPHNE(AZLN)”> - (Ezf)z} .
We can derive from Lemma 2 that
SPHNE(AZ) 3 )P — EZf”‘ < Oy 2NV (30)
Moreover, using again Lemma 2 and the inequality
2PINE(AZ N)P + EZY| < |2PNE(AZy N)? — EZY| + 2E| 2|7,
we obtain that

‘(2PHN E(AZLN)”)Q — (EZP)?

< |2PANE(AZ, )P — EZP| x |2PHNE(AZ) N)P + EZP|
< ¢ NI (31)

Finally, putting together (29), (30) and (31), it follows that (26) holds. [ |

Now, we need to define some distances between the probability distributions of
random variables. We refer to [22], Appendix C, for more details. Usually, the distance
between the laws of two real-valued random variables F' and G is defined as

d(F,G) = sup [Bh(F) ~ BR(G)], (32)

16



where A is a class of functions satisfying h(F), h(G) € L'(2) for every h € A. When A is
the set of Lipschitz continuous functions h : R — R such that |||z < 1, where

h(x) — h(y
Il = sup &) =R
z,yeER,x#y |$ - y|

)

then (32) gives the Wasserstein distance. When A is the set of indicator functions {1(_o ),
z € R} then (32) gives the Kolmogorov distance, for A = {1p, B € B(R)} we have the total
variation distance, while the choice of A to be the class of functions h with ||h| zip + ||h]|cc <
oo leads to the Fortet-Mourier distance.

Let us recall a classical result from Stein-Malliavin calculus (see Theorem 5.1.3 and
Remark 5.1.4 in [22]). Below, d could be any of the above distances (Kolmogorov, Total
variation, Wasserstein or Fortet-Mourier). We refer to the Appendix A for the definition
of the Malliavin derivative D and of the Ornstein-Uhlenbeck operator L with respect to an
isonormal process (W (h),h € H), where H is a real separable infinite-dimensional Hilbert
space. Notice that in our present article, we have H = L%(R).

Theorem 1 Let F' be a random variable belonging to a finite sum of Wiener chaoses such
that EF = 0 and EF? = 0%, Let v > 0. Then

d(F,N(0,7%) < C (v/Var ((DF, D(=L) "Fyy) + |o* = %) .

By applying Theorem 1, we will show that the sequence given by (24) converges in
distribution to a Gaussian law and we also estimate the Wasserstein distance corresponding
to this limit theorem.

Proposition 3 Consider the sequence (V]E,IZ)D,N > 1) given by (24). Then

N(0,my)

1 d
Vi 0

and for N large enough,
N7]

d (V}Vf;, N(o,mp)) <o %

Proof: Throughout the proof we assume that N > 2(1*5)71; there is no restriction to make

this assumption. Let us evaluate the quantity Var ((DV]&;, D(—L)_lV]S[%)) Lz(R)>. We have

yY
o[N7]
1) _ 2pHN B - _ )
DVy, = /o ; D {(AZI,N) E(AZN) }
and
gpHN 2N y _
D) Vi, = IN] > D(=1)7! [(AZlﬁN)p - E(AZZ,N)p} '

=1

17



We know from Lemma 3 that, for all k,1 = 1,..., oIV with k # 1, the random variables
(AZ; n)P and (AZy )P are strongly independent. Then

<DV1511,2,7 D(—L)flvjsrl,;))m(m)

g2pHN 2N} R B T s
= S 2 (DB Y ~BAZix) | D=L [(BZen ) — BAZun) |)iam
k=1
QQPHN 2] ~ ~ 1 A ~
= Sy 2 (D |[(AZy ~BAZin)] DD [(AZin ) ~BAZNY]) 12w,
=1

where we applied Lemma 4, point 1. Thus

1 _ 1
(DVA" D(=L) V) 2wy
92pHN 2lN7]

= E<DVJ£fl,;),a D(*L)_IVJS},Z))L?(R) t ST Z (Fi — EF),
=1

where we used the notation
F=(D {(AZLN)” - E(AZLN)”} ,D(—L)™! {(AZLN)?’ - E(AZLN)”} ) 2(®)-

By point 2. in Lemma 4, the random variables F},1 = 1, ..., 2" are pairwise independent.
Consequently,

Var ((DVJQ;, D(—L)_1V15,2>L2(R)>

2
= E ((DVA), D(=L) Vi paey — BIDVAL, D(=L) Vi) 2w )

p
24pHN 2lN7]
= N Z E ((F; — EF)(F, — EFy))
k=1
o4pHN 2[N7]
= > E((F-ER)). (33)
=1

Let us show that for every [ = 1, ..., 2N,
EF? < 027 HN, (34)
Using Cauchy-Schwarz’s inequality twice, we obtain that
2 (1) —17,(1)y2
EFf < CE(DVy, D(-L) VN’p>Lz(R)
1 _
< CE|DV 72w D(-L) VA, 2w

1 1
C (BIDVA ) lam) (BID-D) VAl )

IN

18



On the other hand, since VJS}; is a random variable belonging to a finite sum of Wiener
chaoses,

E| DV |2, < CE[VA)2 < 027N,

and
E|D(~L)" Vi) |25, < CE[VAD P < 027201,

Moreover, since HDVN IF 12(r) and |D(—L)~ 1VNJ)H 72(r) are also random variables in a finite
sum of Wiener chaoses, we have via the hypercontractivity property (93)

1 1 2 _
E|DVA) 4o < C (EHDVJQ;H;(R)) < Co-wHN

and
2
B[l D(~L) Vi ltam) < C (BID(-L) VA 3 < C277HY.

So, the bound (34) is proven. By plugging this inequality into (33), we get

1 —1y,(1 _
Var((DV]EL;,D(—L) BT LQ(R)> < ooV, (35)
Finally, putting together (26), (35) and Theorem 1 we obtain the proposition. |

We can now conclude the convergence of the modified p-variation of the Hermite
process.

Theorem 2 Consider the sequence (Vv ,(Z), N > 1) given by (22). Then
Vivp(Z) =52, N(0,m)
N.,p N—o0 ’ mp ’

where my, = Var(Z¥) (see (27)). Moreover, denoting by dyw the Wasserstein distance, for
N sufficiently large, we have

dw (Vv p(Z), N(0,my)) < C2~°%

Proof: The convergence in distribution follows from (23), Proposition 3 and (25) which

implies that the random variable V2IN"I(Ry ,(Z) — ERn,(Z)) converges to 0 in L1(9)
when N — oco. To get the estimate of the Wasserstein distance, we first notice that

EV2N|Ry,(Z) — ERNy(Z)],
with Ry ,(Z) given by (20). Thus, for N large enough,

1
dw (Vap(2), Vi) < BV (2) - V)| =

dw (Vs N(0,my)) < dw (Vi) N(0,my)) + dyw (Vup(2), Vi)
dw (V) N(0,my)) + V2INIE|Ry,| < 02775

A

due to Proposition 3 and the bound (21). |
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5 Weighted power variation and application to volatility es-
timation

In this part, the purpose is to extend the results from the previous section, by looking to
the asymptotic behavior of the weighted (modified) power variation of the Hermite process.
In the second part of this section, we also apply the results to the volatility estimation in a
simple model with Hermite noise.

5.1 Weighted power variation of the Hermite process

We start by introducing the weighted modified power variation of the Hermite process. Let
h:[0,1] — R be a measurable deterministic function. For every integer p > 2, we consider
the sequence (Un p(Z), N > 1) defined by

opHN 2 I
UN,p( ) <

NGl Z SV ) (AZ N)P —E(AZ N)P), (36)

where, for each [ = 1, ..., 2N, AZ; y is the special increment of the Hermite process given
by (4). We study the limit behavior in distribution, as N — oo, of the sequence (36).

Let (Wi, t € [0,1]) be a Brownian motion independent from the Wiener process B
in (1). For any deterministic function g : [0,1] = R, g € L?([0,1]), we let

be the Wiener integral of g with respect to W.

Theorem 3 Let p > 2 be an integer number and let my be as in (27). We assume that the
function h in (36) satisfies the following assumption:

h is (bounded) and a-Hélder continuous on the interval [0,1] with o € (0,1). (37)

Then, for each v € (0,7), there is a constant C, which depends on v and h, such
that, for all N large enough, one has

dw (Unp(Z), ympZ(h)) < C27N" (38)

In particular,

Unp(Z) 5o VR Z (D).

The proof of Theorem 3 mainly relies on the following general lemma on Wasserstein
distance.
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Lemma 6 Let h : R — R be an arbitrary measurable bounded deterministic function and
|hlloo = supyeg |h(v)|. Let U, V, X and Y be four real-valued random variables of L?()
such that the 2-dimensional random vectors (U, V') and (X,Y) are independent. Then, one

has
dw (U +h(V)X,U +h(V)Y) < ||h]ecdw (X,Y). (39)

Proof: Denote by Ay the set of the Lipschitz continuous functions f : R — R such that
| fllzip < 1. Observe that for any such f, one has, for all z € R, |f(2)| < |2| + [f(0)]. the
latter fact combined with the assumptions U, V, X, Y € L*(Q) and ||h]| < oo imply that
the expectation E(f(U + h(V)X) — f(U + h(V)Y)) is well-defined and finite. Next one
denotes Py and P x y the probability distributions of the two random vectors (U, V') and
(X,Y). Using the fact that these two random vectors are independent and Fubini Theorem
one gets that

)E(f(U +h(V)X) — f(U + h(V)Y))‘

=| [ Pustuo) [ (futho)a) = s o)) Py (o)
< [ aPuvtuo)| [ (s o)) = flu+ b)) Py (o)
= [ o) [B(fu+ h0)X) - fut b))

(40)

= Wil | | aPuy (0B () = ,0(V))

where, for each fixed (u,v) € R?, g, , denotes the function of Ay, defined, for every z € R,
as guv(2) = ||h|loL f(u + h(v)z). Then, one can derive (40) and (32) with A = Ay that

[E(f(U +h(V)X) = [(U +h(V)Y))]
<l | | dPu (00 (X.Y) = [l (X, 7).

and consequently that

dw (U + h(V)X,U + h(V)Y) = sup E(f(U+h(V)X) - f(U + h(V)Y))‘

< [[Allocdw (X, Y).

Proof of Theorem 3: Throughout the proof, we fix the arbitrary integer N > 2(1=8)7"
Let Uy = Unp(Z) and hy : [0,1) — R be the step function which is, for all k& €
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1,...,.2IN"I} equal to h NU on the interval |Xzk k). First, notice that using
] 2[N¥]) 9[NV]
the trlangle inequality, one gets that

dw (Un s v/myp Z(h))
< dw(Un,Un) + dw(Un, Bx) + dw(By, /iy Z(hw)) + dw (/i Z(hn), /iy Z(R)).
< E|Uy — Ux| + E|Uy — By| + dw (Bn, /ity Z(hn)) + /Ty E[Z(hy) — Z(h)].  (41)

In the above inequality we have used the following notations:

opHN 2]

Uy =
N ol ;

h (2[]{,7]> ((AZI,N)p - E(AZZ,N)p> ; (42)

Z h( [NV]) Vs (43)

where, for every k € {1, .. ,,Q[N"]L

opHN =RV

W= VAT vy [(AZl’N)p B E(AZI’N)p} 7 .
the positive integer 6(IN) being defined as
§(N) = 2lN7I=IN"T, (45)
and
2 k-1
2w = 32 (G ) AW (16)
where, for all k € {1,..., 2N},
AW Ny =W_& — Wi . (47)
2[NV] 2[NV]

From now on, our goal is to provide an appropriate upper bound for each one of the
four terms in the right-hand side of (41).
Since h is a bounded function, combining (36) and (42), one obtain that

B oPHN+1 ||
E|UN—UN’ < []\|[|ﬂ{ H Z E‘ AZ[N AZ[N)

Then, one can derive from (19), (20) and (21) that
E|Uy — Un| < 02V 5545 (48)
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Let us now bound E|Uy — By|. Observe that, one can derive from (42), (43) and
(44) that

o opiiN 2N I=kS(N) l b1
_ - ) _ T - A P _ A p
O =By = s DY <h <2M> h <2M )) [(AZLN) E(AZy)

k=1 I=(k—1)8(N)+1
(49)

Also, observe that, for all k € {1,...,21} and I € {(k — 1)6(N) + 1,...kd6(N)}, using
(45), one has that

l B k—1
2[N7] 2[N¥]

_ l—(k—1)0(N) < E6(N) — (k—1)d(N) _ o= IVY]
2[N7] - 2[N7] ’

Then, the fact that h is an a-Holder continuous function on the interval [0, 1] implies that

l k—1 N
‘h <2M) h<2w]>‘ < 027N, (50)

Next, one can derive from (49), point 1. in Proposition 1, (50) and (8) that
IN] i=k6(N) 5
_ 22PHN % l k-1
2 _
B0 B = ey X 3 (n(gwa) - (5w))
k=1 I=(k—1)8(N)+1

E [((AZl,N)p - E(AZI,N)p) 1

o N 2V I=kS(N)
> YD YR LUE
k=1 I=(k—1)§(N)+1

S 02_2Q[NV],

Thus, using Cauchy-Schwarz’s inequality one gets that

E|Uy — By| < \/E|Uy — By|? < C27¢IN"], (51)

Let us now bound E|Z(hx) — Z(h)|. It follows from Cauchy-Schwarz’s inequality,
the isometry property of the Wiener integral Z, the definition of the step function hy and
the fact that h is an a-Hélder continuous function on the interval [0, 1] that

E|Z(hn) — / \hn(s) — h(s)|*ds
200 e ok
_ 2 - ZQ[NV]
= /k1 h(TNV]) h(s )‘ ds < C2~
=1 /5
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Thus, using Cauchy-Schwarz’s inequality one gets that

E|Z(hy) — Z(h)| < VE[Z(hy) — Z(h)[2 < C27°IV], (52)
Let us now bound dyy (By;, VT Z(hy)). To this end, one needs to introduce some
additional notations. For all L € {0,...,2N"1} one sets
5[N]
Zh < - > oy + iy Y h (’;NV > AW . (53)
k=L+1

Moreover, one sets
o[NY]

k
BNo—FZh(2[NV >A( Wi1n, (54)
and, for every L € {1,...,2IN"1},
) k
k L+1
It easily follows from (53), (54) and (55) that, for all L € {1,...,2IN"1},
B B L—1\ w0
BN,L:BEV,L+h<2[NV])fUN (56)
and
BNL l—BNL+\/7h< NV])A()WL 1,N- (57)
Moreover, the fact that the random variables 55\}), . ,'ﬁﬁm ]),A(”)WQN, . A(”)W2[NU]7N
are mutually independent implies that, for every L € {1,. ., 2N }, the random variable

B! N.L and the 2-dimensional random vector (1 as A(”)WL 1L,N, vj(\lf)) are independent as
well. Next, observe that, one can derive from (43), (46), (53), the triangle inequality, (56)
and (57) that

9[NV]
w(Bw, i Z(hy)) = dw (By g1, Bro) < Y dw(Bw,-1,Bn.1)
L=1

2[NY]

L-1
_ZdW<BNL+\/7h< Ny]>A()WL 1N’BNL+h(2[Nu}>UJ(V)>'

Thus, it results from Lemma 6 that

9[NV]
dw (B, iy T(h) < Ihlloe Y- dw (it AWy x 5) (58)
L=1
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Next, observe that it follows from (44) and point 1. in Proposition 1 that the random vari-

ables EE\,L), L€ {1,...2IN"]} are identically distributed. Also observe that (47) implies that
the random variables ,/m,, A(")WL_LN, L e {1,...2IN"1} are identically distributed. Thus,

since, for every L € {1,...2N"]}  the two random variables '17%) and ,/m, A(”)WL_LN
are independent, it turns out that the random vectors <,/mp A(”)WL_LN,@%)), L €
{1,...2[N"I} are identically distributed. Then, one can derive from (58) and the

i ¥) =
equality \/m, AV Wy y = /My WQ[&V] that
dw (B, /it Z(hx)) < [[h]loc2™ ldy (WPWU@] ’5(1)) | (59)
2

Since ,/m, W o is a centred Gaussian random variable, in order to bound the Wassertein
2lN”

distance dyy <1 /my, W . ,55\})) we will make use of the fundamental Theorem 1. Let us
2

2[NV]

first bound ’Var(, /my, W_1 ) — Var (55\})) ‘ One clearly has that

Var(/mp, W_1 ):mp2_[NV}. (60)

2[NV]

Moreover, in view of (44) and (45), by using the fact that the centred random variables
(AZn)P —E(AZ n)P, 1 € {1,...,60(N)}, are independent and identically distributed, one
obtains that

2 22pHN5(N)

- - 2 .
Var@y)) = BOY)? = e B [(AZun ) — B(AZun | =2 IR (6)

where the last equality follows from (28). Then combining (60) and (61) with (26), one gets
that

[Var (i W_y ) = Var(@))| < c2 VNI (62)

2[N7]
On the other hand, by using (44) and (45) and the same arguments which have allowed to
obtain (35), it can be shown that

Var ((Dﬁ}&, D(—L)*l’ﬁﬁ))pm)) < 02~V I=INT, (63)
Then, it results from (62), (63) and Theorem 1 that
70 —[N¥]=[N7]
dw (,/mpWQ[le],UN)SCQ ,

which, in view of (59), implies that

dw (By, /iy L(hy)) < €271V, (64)
Finally, since 0 < a < 1 and 0 < v < v < 8 < 1, putting together (41), (48), (51), (52) and
(64), one obtains (38). [ |
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Remark 2 A careful inspection of the proof of Theorem 8 shows that, under the weaker
condition that h is a continuous function on [0, 1] (which may not be a Héolder function), one
still has that dw (Unp(Z), \/mp Z(h)) < Cpn(2~N"), where the non-negative, non-decreasing
continuous function py, is the uniform modulus of continuity of h, defined, for each § € [0, 1],
as pn(8) = sup {|h(z) — h(y)], (z,y) € [0,1]* and |z —y| < d}.

5.2 Volatility estimation

Let h : [0,1] — R be a measurable function satisfying (37). We consider the stochastic
process (X, t € [0,1]) defined as

t
X, = ao + / h(s)dZs, (65)
0

where zyp € R is deterministic and the stochastic integral with respect to Z in (65) is a
Wiener-Hermite integral; recall that a brief presentation of such a stochastic integral has
been given in Section 2.1. Observe that the function h can be viewed as a measurable
real-valued function defined on R which vanishes outside of the interval [0, 1] and satisfies,
for every ¢ € [0,1], hl (o) € |H[; thus, one knows from Section 2.1 that the Hermite-Wiener

integral fg h(s)dZs is well-defined. One mentions in passing that the fact that, for all
t € [0,1], hloys) € |H| is a straightforward consequence of the boundedness of the function
h (see(37)). Indeed, since ||h||o < 0o and H € (1/2,1), one has, for each ¢ € [0, 1],

t ot 1 g1
/ / |h(w)] - |h(©)] - Ju — v/ 2dudv < ||h||§o/ / lu — o2 2 dudv < co.
0 J0 0 JO

Let us emphasize that the estimation of the integrated volatility fol h(s)Pds, with
p > 1, constitutes a common topic in financial mathematics. When the noise Z in (65) is a
semimartingale, there exists a huge literature on this topic. We refer, among many others,
to [9], [8], [17] or [29] for several approaches to estimate the integrated volatility, even when
it is assumed to be random. When the process X is observed at discrete times on the
interval [0, 1], one of the most usual methods to do it is via a power variation of the process
X. We will use a similar approach in the case of the Hermite noise in (65), but our power
variation will be defined by using only some special increments of the process X given by
(65). This will allow to prove that the power variation sequence defined below constitutes a
consistent estimator for the integrated volatility and moreover, it satisfies a Central Limit
Theorem after a proper renormalization. Related results obtained for the case when Z is
the fractional Brownian motion can be found in [7] or [14].

We start by defining the modified power variation of the process X. We set, for any
integer numbers p > 2 and N > 1,

opt N 2]

> (AXn)P, (66)
=1

SN,p(X) = W
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(N7]

)

where, for [ =1,...,2

AXin =X _4
2[N7]

Thus, similarly to what has been done (4) and (18), we use the increments of X of length
27N located at the points 2[},—7] of the unit interval [0, 1]. The following result shows that the
modified power variation of X provides a consistent estimator for the integrated volatility.

po-n — X L (67)

2[N7]

Proposition 4 Assume h satisfies (37) and consider the sequence (Syp(X), N > 1) given
by (66) with an integer p > 2. Then, setting p, = EZY, one has

1
SplX) oty [ h(s)Pds in L1(@). (69)
0
Proof: As we already did it in the proof of Theorem 3, we use an approach based on the
approximation of the stochastic integral in (65) by Riemann sums inspired by the works [7]

or [14]. Let M and N be two arbitrary 1nteger numbers such that 2 < 207" < M < [N7].
We decompose the difference Sy ,(X) — fo s)Pds into four terms as follows:

1
&MM—MAMW%

2pHN opHN 2 I \?
~ oV Z AXLN) = ST h(zNﬂ> (AZin)

_ 2N
pHN 2M o 2M l p k—1\7?
ST Z (h (2[er) —h <2M > ) (AZ NP
I=(k— 1)2[21}[4 +1
[N7]
opHN 2M E—1\” l:kQZM P
+2[N'Y}Zh<2M > Z (AZZN 'ungzh< >
k=1 1=k 2N 1
21W
1 E—1\" 1
7 MYy p
+p 2M;h< o0 ) /0 h(s)Pds
= Anp+ Byymp +Cnp + Dy (69)

Our next goal is to estimate from above each one of the latter four summands.

Estimation of An,jp. We use the triangle inequality and the inequality
|AP — BP| < 2772 p (|BJP"Y|A - B| + |A - BJF), (70)
which holds, for any A, B € R and for all integer p > 2. Thus, we obtain
ANl < Cp (|ANpa

+ AN pal)
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with

2pHN

o= 3 )|

|AZ; n|P?

l
AX;y —h <2M> AZLN‘

and

opHN 2 p

l
Anp2 = 9[NTT Z ’AXIN h<2[NW]>AZlvN

Let a > 2 be an arbitrary positive integer number, it follows from (65) that

a2 l ’
/l (h(s) —h <2[N7])> Zs

(N7]

a

l
=E

E ’AX[N h ( [NW]) AZl,N

Since the Wiener integral of any function of |H| with respect to Z is an element of the gth
Wiener chaos, using the hypercontractivity property (93) and the isometry of the Wiener
integral (3), one can derive from the previous equality that

a

l
‘AXZN h ( [N"Y]) AZZ,N

<o '] ™ (e —n (- dZ2
sele|[7 (o (ze))

2[N7]

l —N
SN2 ST H2T l
_ (C/z / | (h(u) —h <2M>>

2[N7] 2[N7]

I 3
X <h(v) —h <W)> lu — v2H2dudv>
i +27N ! +27N %
< C (2_20‘N/2£N7] /2Em] lu — v|2H_2dudv) ,

o[N7] o[N7]

where we used (37) for the last inequality. Consequently, we obtain

a

! < o~ @Nag—HNa (71)

‘AXZ N — h (2[]\”}) AZLN

We will use Cauchy-Schwarz’s inequality and (71) to bound the terms denoted by Ay p1
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and Ay 9. For Ax, 1, we write

QPHN 2[N7]
OW E|AZ y|P7t
=1

E[Aynpal

IN

l
AX[N h < [Nﬂ) AZl,N'

] 1

opHN 27 1 l 2\ 2

2p—2\ 3

S CW (E|AZZ,N| P )2 ( ‘AXZN h( [NW])AZlvN )
=1

o[N7]

Z 2—(p—1)HN2—HN2—OzN

=1

2pHN
s Oom

< (027N,

Regarding Ay p 2,

QPHN l 2p %
E|AN7p,2’ S 2[N’Y] Z 'AX[ N — h (2[]\”}) AZZ,N
2pHN 2[ R No—HpN N
ap p ap
< Oy Z 9-oPNo=HPN < (o~

We then conclude that
E|Ay,| < 027V, (72)

Estimation of By . We notice that for every integer [ € [(k — 1)2[N +1 k22M ],

l k—1
[

-M

Then, by (37) and the inequality (70),

I \? E—1\?
() () ] <
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for any integer number p > 2. It gives

o =e25

E|B il h LY h k_lpEAZ P

[ B, 2T Z Z sviy ) ) | ElAZuN
I=(k— 1)2[27»1]+1

M = kQ[N’Y]
opHN 2

Q_MQE|AZZ7N|p
k=1,

5[N7]
2pHN oM =k ST

[Nﬂ{] Z Z 27Ma27pHN

I=(k-1) 27

]\/I +1
< (2 Me,

(74)
Estimation of Cn wm,p
{1,...,

Using the equalities p, = EZV = 2PHENE (AZ, N)P), for all | €
2IN71} . we can express this summand as

1=p2 N1
P 9opHN oM 2M
Cnymp = BV Z h ( ) o[N7] Z (AZyn)P — E(

1=(k-1) 20 11
_ (1)
= Cnuypt Byp,

with

(75)

(N7
oM l:k22M
1 1 k—1\P 2pHNoM - .
Cithp = DI ( o > STV > ((AZ,,N)T” - E(AZZ,N)>
k=1 I=(k—1) 2[2]XZ] +1
and
2]\/1
1 k—1\7 2pHNM
Ry wp = 2MZh< ST ) S
k=1
l:kZ[QJXZ] p—1
D VDD

1=(k—1) 20 1 =0

(?) ((AZZ,N)j(AZl,N)pij ~E(AZn) (AZiy) j)

Since h is a bounded function on the interval [0, 1] (see (37)), similarly to the proof of (21)
it can be shown that

E[Rn M| < N

(76)
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for all integers N and M with 20-A7" < M < [N7]. We next deal with C](\})J\47p. We

will compute its norm in L?(Q), in order to benefit from the independence property in
Proposition 1. We have, for all integers M, N with 208" < M < [N7],

1
B(CN )
(N)
L2 L \powHNgy T ) ) ,
= o h( SN > 52IV7] > E((Azn) -EAZN))
= I=(k-1) 2N 41
L)
22pHN oM = k}2 ) ) )
= CWZ Z E ((AZLN)p _E(AZZ,N)p>
=2 1
oM I= kQ[N’Y]
—[N7]
< O Z Z 1 <027V,
=k 2

Thus, using the latter inequality, Cauchy-Schwarz’s inequality, (75) and (76) we get that
[N7]
E‘CN7M7p| <C2 =2 . (77)

Estimation of Darp. We can write

puvem e [ (52 -ser)

and by (70) and (37),
() e

o2~ Mags < cg~Me, (78)

E‘DMM

IN

ds

Z 2M
C /
4
2M _k_
2

scz_:/;

M

Finally, using (69), (72), (74), (77) and (78), we obtain, for all integer M > 20-8)""

1
limsup E ’SN,Z,(X) - ,up/ h(s)Pds| < C2~Me,
0

N—+oc0

Thus, letting M goes to 400, it follows that

1
= limsup E 'SN,p(X) - up/ h(s)Pds| = 0.
0

N—+4o00

1
p
i B[S, 00— [ (s
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For every integers p > 2 and N > 1, we set
VN’p(X) =V 2[]\”} (SN,p ,up/ h pdS) (79)

where Sy ,(X) is given by (66). We recall that h : [0,1] — R is a deterministic function
satisfying (37). The next result shows that, as soon as the function h is smooth enough,
the renormalized modified power variation Viy,(X) converges in distribution to a Gaussian
random variable which can be expressed, up to the multiplicative constant ,/m,, as a Wiener
integral of the function h.

Theorem 4 Let p > 2 be an integer number. Consider the sequence (Vyp(X),N > 1)
given by (79) and assume that h satisfies (37) with o > % Then

Vip(X) = iy /

where (W, t > 0) is a Wiener process and m,, is given by (27). Moreover, for each v € (0,7),
there is a constant C, which depends on v and h, such that, for all N large enough, one has

dy (VN,,,(Z), N /0 1 h(s)de5> < 027N, (80)

Proof: We write

gpHN 2]

1
Vip(X) = VAN | 2SS (A Xy — /0 h(s)Pds

opHN 2[N7] opHN 2lN”

= 2[N7] o] Z (AXZ,N 2[]\” Z h <2[N“/ > AZ[N)
=1

[N7] 2PHN 2] I\ - g
+V2 9[N7] Z h (2[N7]> (AZ,N Nv]:up Z (2[Nw]>
1 l p 1
[N7] | —— ) _ P
+V2 SN M ; h <2[Nﬂ> Mp/o h(s)Pds

= Tinp+Tonp+T5Np

Let us estimate each of the three summands from above. First, we notice that

Tinpy = V2N Ay,

where Ay, is given by (69). By using the bound (72), we obtain
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WY _WN
E‘Tl,N,p §02 z @ —N-soo 0. (81)

For T5 v p, we write

HN2

2P
Tony = \/W ST Z h <2[NW]> (AZZ’N)p_2prNIup)

opHN 2] I P ) ,
T VAV = <2[Nﬂ> (AZyn)? — E(AZiN)P).

Since h is a-Holder continuous, AP is also a-Holder continuous on [0, 1]. Thus, we can apply
Theorem 3 to conclude that

1
ToNp —>§f,l)_,oo \/mp/o h(s)PdWj

where (W, t > 0) denotes a Brownian motion. Moreover, for N large enough,

dw (Tsz,\ﬁ/ ) < C2 N (82)

We finally treat the summand 73 y,. This term can be estimated as follows:

Tsngp = V2N, Z / ( <2M>p — h(s)pds> ds

Q[N’Y

and then, via(37),

9[N7]
N I \”
ETsnpl < V20NV, Z = h< iR > — h(s)Pds|ds
=1 2[N%] 2
< oVl L o, (83)

- 1
since « > ;.
The desired bound for the Wasserstein distance follows from (81), (82) and (83). W

5.3 Numerical experiments

The goal of this last subsection is to make a numerical study of the performances of the
estimator of integrated volatility introduced in (66) by using data issued from simulated
sample paths of the stochastic process X = (X;,t € [0, 1]) in (65). For the sake of simplicity
one assumes that zo = 0. Thus, for all ¢ € [0, 1], the random variable X, which is sometimes
denoted by X (t), reduces to

X, = X(t) = /0 t h(s)dZs. (84)



Remark 3 For numerical approximation purposes, one needs that, for each t € [0,1],
the Wiener-Hermite integral fot h(s)dZs (see Section 2.1) be also a well-defined pathwise
Riemann-Stieltjes integral. To this end, one imposes to the deterministic function h to
satisfy the following assumption:

(A) The function h is a-Hélder continuous on the interval [0,1] of some order a € (0,1]
such that
at+H>1, (85)

where H denotes the Hurst parameter of the Hermite process Z. Actually, when § < H 1is
close enough to H, (85) implies that o + & > 1 then, since sample paths of the Hermite
process Z = (Zs,s € [0,1]) are §-Hélder continuous functions, one knows from e.g. [20]
that, for each t € [0,1], the pathwise Riemann-Stieltjes integral on [0,t] of h with respect
to the integrator Z is well-defined. Moreover, in virtue of [31, Proposition 3.2/, one knows
that the latter integral coincides with the Wiener-Hermite integral fg’ h(s)dZs. Thus, for
any t € [0,1] and any sequence

<Pj = {0 = :z:[()j) < xgj) << m,(fl') = t})j

of subdivisions of interval [0,t] whose mesh tends to 0, one has, almost surely,

t m—1 )
[ sz, = i a2, - 2,0). (56)
0 k

Jj—+oo o k41

In view of (84) and (86), loosely speaking, a reasonable strategy to simulate a
sample path of the process X = (X¢,t € [0,1]) would consist in considering a partition of
[0,1] and computing from it the Riemann-Stieltjes sum appearing in the right-hand side of
(86) thanks to a simulated sample path of the Hermite process Z itself, obtained by using
the simulation method which was introduced very recently in [4].

The construction of this numerical approximation extends beyond the scope of the
present paper. Nevertheless, as it is essential for the theoretical validation of our approach
and because the method has intrinsic interest, we have chosen to include the presentation
of our approximation scheme in the Appendix B. What matters at this stage is that
our approach makes it possible to construct a sequence (X)jen of processes that can be
simulated numerically, for which, provided the order o € (0, 1] of the Hélder regularity of
the function h is large enough so that one has

a+H >3/2,

the following proposition, whose proof is also given in the Appendix B, guarantees almost
sure convergence to X, while additionally providing an estimate of the rate of convergence.
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Proposition 5 Let X and X; be given by (84) and Definition 1, respectively. For all
arbitrarily small € > 0, there exists a positive finite random variable C such that one has,
almost surely, for all J € N,

I1X = X lljo,1),00 < C27/lOHH=3/27€), (87)

Let us describe the numerical results related to the performance of the estimator
given by (66). In this work, we conducted experiments for Hermite processes of order ¢ =
1,2, 3 for which explicit algorithms of simulations for these processes are given in [4]. Note
that this last paper and [19] also present numerical experiments for various estimators for
the Hurst parameter of Hermite processes. In particular, the estimator based on a modified
quadratic variation defined in [5] and the estimator based on a modified wavelet variation
defined in [19] were considered. Both estimators are build using an approach similar to
the one explored in the current paper. In the context of Hurst parameter estimation, it
was observed that the higher the resolution, the better the estimator performs. For this
reason, the numerical experiments we carry out below are performed at scale J = 18, which
represents a good compromise between approximation quality and computation time for
generating a large sample of simulations. Therefore, in order not to work with an estimator
that requires considering more data than those generated by a single simulation, we propose
to use N = 17.

The experiments presented various estimations obtained for the Fractional Brownian
motion (FBM), Rosenblatt process (RP) and Hermite process of order 3 (HP) simulated
with prescribed Hurst parameters: 0.6, 0.7, 0.8 and 0.9. In each cases, we simulated 100
trajectories with a = 0.99 and ¢ = 1073. The notations m and s stand respectively for
the mean of the estimations and their standard deviation. Moments of order p # 2 for
the Hermite distribution of order ¢ > 1 are not explicitly known. For this reason, we only
consider the case p = 2 in the Tables below.

First experiments are carried out with the identity function h(s) = s for which the
expected value of the limit in (68) is % The estimations of the integrated volatility obtained
when we choose 7 = 0.8 are presented in Table 1 while, in Table 2, we use v = 0.95. We
observe that, in general, the estimation is more accurate when the Hurst index H is large.
This can certainly be explained by equation (87), which entails that the larger H is, the
more precise the approximation of the stochastic integral (65) by the process (102) becomes.
We also note that, on average, the estimators defined with v = 0.8 and v = 0.95 have similar
performance, but the standard deviation of the estimates obtained with v = 0.95 is smaller
than that with v = 0.8. This can perhaps be explained in light of definition (66). The larger
v is, the more terms there are in this sum, and therefore the more the estimator makes use
of the data available to it. For this reason, we choose v = 0.95 for the remainder of our
experiments.

In Table 3, we present the estimations for the integrated volatility in the case h(s) =
s3, where the expected value is 1 ~ 0.142, and Table 4 concerns the case h(s) = e® with

expected value 627_1 ~ 3.194. We again see that the estimator performs quite well. The rate
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of convergence obtained in (99) certainly explains why the performance of the estimation
appears to be better when ¢ is smaller.

Proposition 5 states that as soon as a«+ H > 3/2, the sequence of stochastic process
({Xs(t) }tejo,17)s almost surely uniformly converges to the process {X;};c(o,1) defined by
(65). It validates the approach to simulate the data using a process {X(t)}ic[,1) as soon
as o+ H > 3/2. In order to investigate the sharpness of this assumption, we estimate the
integrated volatility in the case h(x) = /2. The accuracy of the estimations in Table 5 seems
to show that our simulation approach remains valid even if the assumption a+H > 3/2 does
not hold. A formal proof of this statement would require a more in-depth analysis of the
convergence in Proposition 5. A related interesting research project would be to investigate
whether other relevant simulation procedures could be developed for the stochastic integral
of the form (65). A promising approach would be to extend the wavelet-type expansion
obtained in [3] in this context and exploit it in the same spirit as in [4].

0.6 0.7 0.8 0.9

| m 0.295 | 0.291 | 0.298 | 0.307
s | 0.024 | 0.025 | 0.024 | 0.023

g | M 0.374 | 0.370 | 0.331 | 0.344
s | 0.065 | 0.075 | 0.071 | 0.070

g | M 0.392 | 0.388 | 0.347 | 0.343
s | 0.159 | 0.212 | 0.161 | 0.053

Table 1: Integrated volatility estimation for h(s) = s with J =18, N =17 and v = 0.8

0.6 0.7 0.8 0.9

| m 0.291 | 0.290 | 0.296 | 0.306
s | 0.003 | 0.003 | 0.005 | 0.013

g | M 0.386 | 0.364 | 0.345 | 0.351
s | 0.017 | 0.018 | 0.026 | 0.034

g | M 0.412 | 0.383 | 0.350 | 0.346
s | 0.049 | 0.051 | 0.046 | 0.026

Table 2: Integrated volatility estimation for h(s) = s with J =18, N = 17 and v = 0.95
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0.6 0.7 0.8 0.9

pLm 0.125 | 0.124 | 0.127 | 0.131
s | 0.002 | 0.002 | 0.003 | 0.008

g | 0.166 | 0.155 | 0.147 | 0.147
s | 0.011 | 0.012 | 0.019 | 0.021

3 | ™ 0.174 | 0.164 | 0.148 | 0.147
S

0.032 | 0.033 | 0.031 | 0.017

Table 3: Integrated volatility estimation for h(s) = s with J =18, N = 17 and v = 0.95

0.6 0.7 0.8 0.9

| m 2.983 | 2.803 | 2.926 | 3.268
s | 0.032 | 0.027 | 0.038 | 0.093

o | M 3.696 | 3.501 | 3.323 | 3.397
s | 0.135 | 0.140 | 0.172 | 0.242

3 | M 3.974 | 3.682 | 3.394 | 3.335
S

0.355 | 0.346 | 0.317 | 0.173

Table 4: Integrated volatility estimation for h(s) = exp(s) with J = 18, N = 17 and
v = 0.95

0.6 0.7 0.8 0.9

| m 0.437 | 0.436 | 0.472 | 0.459
s | 0.005 | 0.004 | 0.006 | 0.015

g | M 0.578 | 0.547 | 0.519 | 0.531
s | 0.020 | 0.023 | 0.027 | 0.040

3 | M 0.622 | 0.575 | 0.530 | 0.521
S

0.057 | 0.058 | 0.052 | 0.029

Table 5: Integrated volatility estimation for h(s) = /s with J =18, N = 17 and v = 0.95
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A Multiple stochastic integrals and the Malliavin derivative

The basic tools from the analysis on Wiener space are presented in this section. We will
focus on some elementary facts about multiple stochastic integrals. We refer to [24] or [22]
for a complete review on the topic.

Consider ‘H a real separable infinite-dimensional Hilbert space with its associated
inner product (-,-),,, and (B(¢), € H) an isonormal Gaussian process on a probabil-
ity space (Q2,§,P), which is a centred Gaussian family of random variables such that
E (B(¢)B()) = (p,¥)y for every p,vb € H. Denote by I, (¢ > 1) the gth multiple
stochastic integral with respect to B, which is an isometry between the Hilbert space H®¢
(symmetric tensor product) equipped with the scaled norm v/q! ||-||3y#¢ and the Wiener chaos
of order ¢, which is defined as the closed linear span of the random variables H,(B(y)) where
v €M, ||¢llx =1 and Hy is the Hermite polynomial of degree ¢ > 1 defined by:

H,(z) = (—q1!)q exp (f) % <exp (—f)) , z€R. (88)

Ho =R and Ip(z) = z for every z € R. (89)

For ¢ =0,

The isometry property of multiple integrals can be written as follows : for p, ¢ > 0, f € H®P
and g € H®? ~
q!<f,§>’}-[®q lfp =4q,
E(1,(N1,(9) = | (90)
0 otherwise,
where f stands for the symmetrization of f. When H = L2(T), with T being an interval of
R, we have the following product formula: for p, ¢ >0, f € H®? and g € H®,

00 = SN (Mo, (o1)

r=0
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where, for r = 0, ..., p/Aq, the contraction f®, g is the function in L?(TP+9~2") given
by

(f®rg)(t1, cees tp_,_q_gr) = f(ul, FU 7S 2 tp_r)g(ul, ooy Uy T 1y ooy tp+q_gr)du1...dur.
TT
(92)
An useful property of finite sums of multiple stochastic integrals is the hypercon-
tractivity. Namely, for every fixed real number p > 2, there exists a universal deterministic
finite constant Cp, such that, for any random variable F of the form F' =Y, I1(fx) with
fr. € H®* the following inequality holds:

P
2

E|F|P < C, (EF?) (93)

We denote by D the Malliavin derivative operator that acts on cylindrical random
variables of the form F = ¢g(B(¢1),...,B(pn)), where n > 1, g : R" — R is a smooth
function with compact support and ¢; € H, in the following way:

9
DF = 2 aTci(B(W)’ ooy B(n)) i

The operator D is closable and it can be extended to D'? which denotes the closure of the
set of cylindrical random variables with respect to the norm || - |12 defined as
IF|I% 2 = E|F|* + E|DF|f3,.
If F = I,(f), where f € H®P with H = L*(T) and p > 1, then
D, F = pIp—l (f(a *)) s

where 7 -7 stands for p — 1 variables.
The pseudo inverse (—L)~! of the Ornstein-Uhlenbeck operator L is defined, for
F = I,(f) with f € H®P and p > 1, by

7

(-L)7'F = 1),

At last notice that in our work, we have H = L?(R) while the role of the isonormal
process (B(y), ¢ € H) is played by the usual Wiener integral on L?(R) associated with the
Brownian motion (B(y),y € R).

B Description of the numerical method and proof of Propo-
sition 5

Let us now concisely describe the simulation method used in Section 5. It relies on the
resolution parameter J € N, which corresponds to the level of approximation (see equation
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(99) below). Also, it relies on the two other parameters a € (1/2,1) and € > 0, which are
needed to insure the rate of convergence (99) for the approximation procedure, see Section
3 in [4] and references to [3] therein. Having introduced these three parameters, let us fix
some notations. We recall that ¢ € N is the order of the Wiener chaos to which the Hermite
process Z of Hurst parameter H € (1/2,1) belongs. In the sequel we set § = % + % The

univariate Meyer fractional scaling function [21] of order § is denoted by CID(A(S) and defined
through its Fourier transform as

A e\ ~
8060 = (1o ) 3@ vee R\ 0} and 8000) = 1,

where ¢ is a univariate Meyer scaling function [18]. Let (gf?k) kez be the sequence of i.i.d.
N(0,1) Gaussian random variable defined, for all k € Z, as

g?’k .= 272], (¢(2‘] ° —k)) )

the Gaussian FARIMA (0, §,0) sequence (Z( ))gez associated to (gfz;k)kez is given, for all
(e Z, by

+
(6) ._ ¢ 5
Zy; =95+ § :71() )g” p

where the coefficients 77(,5) = %ﬁgll)’

(Z%)) ¢ez can be simulated by using, for instance, a circulant matrix embedding procedure,
which is an exact method [15, 34].

Our next goal is to introduce a piecewise linear stochastic process which approxi-
mates the Hermite process Z. To this end, let us now consider the infinite set

for all p € N. We mention in passing that

Ty :=Nn[270-9 t00),

and, for any m € Z;, the two finite sets

Di[m] == {k e N: 27070 <k <}
and
={ke (D : kp— kol <2871, 4
Jj[m] == {k € (Dj[m])? 122??20;" v <2°7} (94)

For all m € Z;, we set

S, J 1= 2~ J/H Z (qH / H <I>( ) (s —kp)d (95)

keJ}[m]
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(¢,H)

where each random variable o Tk is defined as

\.Q/QJ qg—n

(¢.H) ,_ (9) 79

o= (0" Y HE JszZJe /] Il = Tl (96)
n=0 Pépflq)r 1 s=n+1

One mentions that P in (96) denotes the finite set of all partitions of {1,...,q} with n

non ordered pairs and ¢ — 2n singletons and the indices k., kI and k2’ are such that

P={{k, K1}, Ll k3 AR b (R )

Remark 4 In this work, we conducted experiments for Hermite processes of order q =
1,2,3. Note that, in these cases, the expression (96) take the more manageable form

Zfiii ifq=1
[ é 1 § .
e = 2%3%12%5%2 (g 2 )1Z§5;Q] (8) 1,/(6) fae
B e e
E[ZJ,kl ZJ,]C }ZJ ko E[ZJ ko ZJ kg]ZJ k1

Remark 5 Sample paths of the Hermite process (Zs,s € I), on any compact interval I C
R, are simulated by using the restriction to I of the piecewise linear continuous stochastic

process {gf,q’H)(s)}seR+ defined, for all s € Ry, as

~ Sm, — —a
S5 = S 00+ 2 (27 Gt = smas) (5= (m27 4277 s ) 1o (),
‘ ,

meZLy
(97)
where B ~
mo = inf I}, )\Sa) = [0,me2™/ 4+ 2797), |A5a)| =me2~! +27%,
and
N = m2 ™ 427 ()27 +27), for allm e T;.

Observe that _

qu,H) (mQ*J + 2*“‘]) = Sm,J, Jforeverym €ZLj. (98)

The validity of this simulation procedure is guaranteed by [4, Theorem 2.12]. It states that,
for any compact interval I C Ry, there exists an almost surely finite random variable C
(depending on I) for which one has, almost surely, for each J € N,

1Z — S || o < i IH=3), (99)

where || - || 1,00 denotes the uniform norm on I.
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Remark 6 Lett € Ry, when s € [0,t], the sum ggq’H)(s) defined in (97) can be rewritten

as
g(q,H)( ) Smg,J 51~ ( )+ gt: 2]( _ )( _( 2—J+2—aJ))+ 1 ( )
7 S) = ~(a) )\(a) Sm+1,J — Sm,J) (s— (M Sm,J /\“‘)J S),
|)‘J | m=mqo m,
(100)
where
my =max{m € T; : m2~7 +27% <}, (101)

Notice that when the set {m € T; : m2™7 + 279 < t} is empty then, by convention,
S =0,

Definition 1 For each fixred J € N, the piecewise linear continuous stochastic process X j =
{X;(t) e, is defined, for all t € [0,1] such that {m € Iy : m2™7 +27% <t} #0, as

X5(t) = h(0)$mg, 7 + h(m2™7 +277) (2=’ (Smpt1,0 — Smy,a) (t— (me2™7 + 2%’)))

m¢—1
+ Y k2T +27) (skp10 — k) (102)
k=my
where my is as in Remark 6, and with the convention that if m; = mq then Z?tmﬁ .- =0.

Moreover, when {m € Ty : m2=7 +27% <t} =0, then X;(t) is defined as

Smo,J

X;(t) = h(0) s

(103)

Let us now show that Proposition 5 holds true. To this end, we need to introduce
the sequence of processes (X ) en defined as follows:

Definition 2 For each fized J € N, the continuous stochastic process {)N(J(t)}te[oﬂ is de-
fined, for all t € [0,1] such that {m € Z; : m2=7 +27% <t} #0, as

X(t) = h(0)Z(mo2™" +2797) + h(m2~7 + 27) (Z(t) — Z(m2 + 2*‘“))

me—1
+ 3 nk2! +27) <Z((k + 127 427 — Z(k2 +2707),  (104)
k=myg
where my s as in Remark 6, and with the convention that if m; = mq then Z?tmﬁ .. =0.
Moreover, when {m € Iy : m2~7 + 27 <t} =0, then X;(t) is defined as
X (t) = h(0)Z(1). (105)

First, we assess the discrepancy, in the uniform norm, between the trajectories of the process
X, given in (84), and those of the process X ; defined above.
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Lemma 7 For all arbitrarily small € > 0, there is a positive finite random variable C' such
that one has, almost surely, for all J € N,

1X = X jl|jo,1),00 < €27/ (FH717), (106)

Proof: In view of the assumption (.A) and the fact that sample paths of Z are
almost surely (H — ¢)-Holder continuous functions on the interval [0,1], one knows from
the Young-Loeve inequality (see Section 1.3 of [20]) that there is a positive finite random
(4, depending only «, H and ¢, such that one has, almost surely, for all ¢1,¢5 € [0, 1] with
t1 < 1o,

) /t * h(s)dZ(s) h(ty) (Z(ty) — Z(tl))‘ < Oty — )=, (107)

From now on t € [0, 1] is arbitrary and fixed. In the sequel, we study the following three
cases: first case the set {m € Z; : m2=7/ 4279/ <t} is empty, second case it only contains
mo, third case it contains mg and other elements. In the first case, using (84), (105), the
equality Z(0) = 0, (107), the inequality ¢ < mo2~7 4279/, the inequality mg < 27(1=®) 41
and the inequality a(ao+ H —¢) > a+ H — 1 — ¢, one gets, almost surely, that

}X(t)*ji](t)’ <0 potH—e < (m02—J+2—aJ)0¢+H—5 < 9012—a(a+H—5)J < 9012—(a+H—1—5)J.
(108)

In the second case, it follows from (84), (104), the equality Z(0) = 0, (107), the triangle

inequality, the third and the fourth inequalities in (108), and the inequality ¢ > (mg +

1277 + 279 that

- mo2~ 72747
X0 - %ot0) < | W($)Z(s) — h(0) Z(mg2 ™ +27)

" ’ /7:()2—J+2—w h(s)dZ(s) = h(mo2™" +27) (Z(t) — Z(mo2™7 + 2_“J)> ’

a+H—¢ a+H—¢

< (mOZ_J + 2_0“]) + C (t — m02_'] — 2—aJ)
< 9012—a(a+H—5)J + 012—(a+H—a)J < 10012—(0c+H—1—a)J' (109)

In the third case, one can derive from (84), (104), the equality Z(0) = 0, (107), the triangle
inequality, the third and the fourth inequalities in (108), the inequality ¢ > (m; + 1)277 +
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279 and the inequality m; < 27 that

" m02*"+2"”
IX() — X(t)] < /0 B($)dZ(s) — h(0)Z(mo2 ™" +27°7)

’ ’ /T;2‘J+2—GJ h(s)dZ(s) = h(me2~ +27°) (2(6) = Z(me2~" +27)) ‘

(k+1)2=J+27a7
/ h(s)dZ (s)
k2—J42-al

me—1
+

k=mg

= (k27 +27) (Z((k+ 1277 +27%) = Z (k2 +277))

< (m02*‘] + 27(1‘]) atH=e + Cy (t — th*J — 2,(1])04+H76 + (mt — m0)0127(a+H75)J
< 9cl2fa(a+Hf€)J + Cl2f(a+Hf€)J + 0127(a+H7175)J < 110127a(a+H75)J‘ (110)
Finally, setting C' = 11C; and putting together (108) to (110), one obtains (106). [ ]

First, we assess the discrepancy, in the uniform norm, between the trajectories of
the processes X jand X ; given by Definitions 1 and 2, respectively.

Lemma 8 For all arbitrarily small e > 0, there is a positive finite random variable C" such
that one has, almost surely, for all J € N,

X5 — XJ”[O,I],OO < oIt H=3/2=e) (111)

Proof: Throughout the proof J € N and ¢ € [0,1] are arbitrary and fixed. In the
sequel, we study the following three cases: first case the set {m € Z; : m2=7/ + 279/ < ¢}

is empty, second case it only contains my, third case it contains mg and other elements. In
the first case, using (105), (103), Remark 6 and (99), one obtains that

1 X5(t) — Xs(t)] = ]h(0)1|§§q’H)(t) —Z(t)] < Hhu[o,l]méﬁzfﬂﬂféx (112)

In the second case, one can derive from (104), (102), the triangle inequality, (98), (100) and
(99) that

[Xs(6) = Xs(0)] < RO ST (mo2™ +27°7) = Z(mp2™ + 277
+ }h(m02*J + 27aJ) { ’ (S’Sq,H)(t) _ ggq,H) (mOQfJ + 2,(1])) B (Z(t) . Z(mOZ,J i 2aJ)>'

~(q,H _ —a _ —a ~(q.H
< 2||h|’[0,1],w‘55q )(’m02 T2 — Z(me2™ 7 +27) | + \\h\|[0,1],m|5§q () — Z(t)]
< 3||hljp1 00 CT 327 2), (113)
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In the third case, it follows from (104), (102), the triangle inequality, (98), (100) and (99)
that

X (t) = X5(8)| < [h(0)]| S (mo2~7 +27%7) — Z(mo2~ + 277)]

+ }h(mt2—J + 2—aJ)"(§§q,H)(t) _ §L(]q,H) (th—J + 2—aJ)) _ (Z(t) B Z(mt2_J N 2—@J)>’

mtfl
| 3 Bk + 27 ) (Bpen — 84|
k=mg
. 1 mt—l
< 8lRlj0.1,00C T2 R 4| 37 h(k2 +27) (ki — 0, (114)
k=myg
where
Srp =S (k27 42707y — Z(k27) +27%), forall k € {mg,...,m;}.  (115)
Moreover, one has that
mt—l
> h(k27 +27%) (841 — 0k)
k=mg
me me—1
= > h((k-1277 2765 — Y h(k27 +27)5y,
k=mo+1 k=mgo
=h((my — 1)277 +27%7) 511, — h(mo2™7 +27%) 6 11,
me—1
= > (n2T w27y = (= )27+ 27) Yo
k=mo+1

Thus, the triangle inequality, (115), (99), the a-Hélder continuity of ~ and the inequality
my < 27 imply that

me—1

) Z h(k2™7 +27%) (6,41 — 5J,k)’ < 2HhH[O,1],006J%2_J(H_%) (116)
k=myg
_ ) me—1
+Cgi27 /=) N ’h(k:Q’J +27) —h((k—1)277 + 2*“")‘ < ¢y27 (et =3/2me)
k=mo+1

where (' is a positive finite random variable not depending on J and t. Finally, putting

together (112), (113), (114) and (116), one obtains (111) [ |
Proof of Proposition 5: Proposition 5 is a straightforward consequence of the
triangle inequality and lemmata 7 and 8. |
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