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A B S T R A C T

Structural assessment of reinforced concrete dapped-end connections calls for predictive models which can 
capture the response of the connection, including the opening of critical cracks. This paper presents such a model 
based on kinematics. The formulation explicitly models the critical shear crack and the concrete block above it. 
The concrete block is assumed rigid, except for the critical loading zone where compressive strains are localized. 
The displacements of the concrete block are idealized using two degrees of freedom (DOFs), which also describe 
the kinematics of the critical shear crack (widths and slips). The shear resisting mechanisms are calculated for a 
given set of DOFs using appropriate constitutive relationships. The equilibrium of the forces yields the applied 
load for a given displacement. The model is validated using an experimental database of 44 specimens, showing 
adequate predictions. The average strength experimental-to-predicted ratio is 1.03 and the coefficient of vari
ation is 9.7 %.

1. Introduction

Reinforced concrete dapped-end connections, also termed half-joints 
or Gerber joints, are commonly found in precast buildings and bridges. 
They were most prevalent in bridge construction during the 1950s-70s 
as they provided statically determinate systems and allowed for rapid 
construction (Fig. 1a). However, these connections are inherently 
vulnerable due to stress concentration in the re-entrant corner, which 
results in wide cracks under service loads (Fig. 1b). These cracks prog
ress due to fatigue deterioration caused by repeated loading and rein
forcement corrosion caused by infiltration of water and chlorides. In 
addition, half-joints are also sensitive to detailing errors, especially 
inadequate reinforcement anchorage. Due to these reasons, many 
experimental and analytical studies have been conducted in the past to 
understand and model their behaviour.

The modelling approaches for strength of dapped-end connections 
available to-date include strut-and-tie models [1–4], stress-field models 
[5,6], empirical and semi-empirical equations [7], non-linear finite 
element analysis [8,9], and kinematics-based models [10,11]. Out of 
these approaches, strut-and-tie models are adopted in design codes [12, 
13] and widely used in the design of new structures. This approach has 
been refined by substituting the discrete struts with detailed compres
sive stress fields in the concrete [5,6]. Both approaches are based on the 

lower bound theorem of plasticity and typically do not predict de
formations or crack widths for serviceability checks or assessment.

Nonlinear finite element models typically use smeared rotating crack 
formulations [14,15], where cracked concrete is represented as a ho
mogenous orthotropic material. While this approach provides accurate 
strength predictions and global displacements, it too fails to provide a 
direct and accurate link between the kinematics of the critical cracks 
(widths and slips) and the applied load. At the same time, in terms of 
structural assessment of aging dapped-end connections, it is of interest 
to have models which link the crack widths measured on-site and the 
applied load on the connection.

Kinematics-based modelling [16] provides a framework to model 
different structural elements accommodating a direct link between ki
nematics of the critical crack and the applied load. These models are 
formulated by idealizing the deformed configuration of the con
nection/member using 2-3 degrees of freedom (DOFs). The idealized 
deformations include explicitly the widths and slips along the critical 
cracks. The deformations are linked to internal forces using appropriate 
constitutive relationships.

Rajapakse et al., 2021 [10] have proposed a kinematics-based model 
for flexural failures of dapped-end connections, where the failure occurs 
along the re-entrant corner crack due to reinforcement yielding – see 
Fig. 2a. This formulation explicitly models the critical flexure crack 
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propagating from the re-entrant corner and its kinematics based on a 
single DOF ∅ (relative rotation of the concrete blocks on each side of the 
crack around the crack tip), and the compression zone depth x. This 
model is able to capture the resisting mechanisms contributing to the 
flexural strength of dapped ends such as reinforcement forces and flex
ural compression zone. Therefore, it is suitable for the assessment of 
flexure-critical dapped ends.

In addition to flexural failures, past experimental investigations have 
also demonstrated shear failures in the dapped-end region – see Fig. 2b. 
Such failures occur along a crack propagating from the inner edge of the 

support plate to the top end of the hanger reinforcement of the 
connection (critical shear crack). To address this failure mode, the 
current study proposes a model of the kinematics of the critical shear 
crack using two DOFs, which allows to compute the resisting mecha
nisms contributing to the shear strength of dapped-end connections. 
These mechanisms include reinforcement forces, critical loading zone, 
aggregate interlock, and dowel action. The paper presents a complete 
formulation of the model and its validation in terms of shear strength 
and widths of the critical shear crack.

2. Kinematics of flexure- and shear-critical dapped-end 
connections

2.1. Experimental observations

To understand the deformations of dapped-end connections, it is 
instructive to examine digital image correlation measurements (DIC) 
from a recent experimental program [17,18]. The program consisted of 
testing to failure of 16 full-scale specimens: 8 with orthogonal rein
forcement and 8 with diagonal reinforcement. The depth of the dapped 
end was 500 mm and the full depth of the specimens was 1000 mm. The 
total area of dapped-end reinforcement (horizontal, vertical and diag
onal) varied in a wide range from 697 mm2 to 4676 mm2. The ratio 
between the horizontal and vertical reinforcement was also varied in the 
tests – see Appendix A for all properties.

Out of the 16 specimens, the three dapped-ends with the lowest 
reinforcement failed in flexure, while the others exhibited shear- 
dominated behaviour. Fig. 3 compares the DIC-measured deformed 
shapes of the specimens with the minimum (OL1) and maximum (DL8) 
reinforcement at peak load. Specimen OL1 had an orthogonal rein
forcement layout while DL8 featured a diagonal layout. The photos of 

Fig. 1. Dapped-end connections.

Fig. 2. Common failure modes of dapped-end connections observed in lab tests.
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the two dapped ends after failure are shown in Fig. 2.
It can be seen from Fig. 3 that the kinematics of flexure- and shear- 

critical dapped-end connections are distinctly different. In specimen 
OL1, the dapped end undergoes a rigid-body rotation around the tip of 
the crack through the re-entrant corner. The crack is nearly straight and 
opens without visible slip displacements. The crack width decreases 
almost linearly from the re-entrant corner to the tip of the crack.

In comparison, the deformations of the shear-critical specimen DL8 
appear more complex, as it features both flexural and shear cracks. The 
widest crack is the critical shear crack, which is approximately straight 
within the dapped end and turns horizontal near the top edge of the 

specimen. The concrete block above the critical crack performs a rigid- 
body motion that is more complex compared to that in specimen OL1. 
Associated with this motion, the critical shear crack undergoes both 
opening and slip displacements. At peak load, the crack displacements 
are nearly vertical as consistent with the action of transverse (shear) 
forces. In addition, Fig. 2b shows that concrete crushing occurs above 
the critical crack in the top zone where the crack turns horizontal.

2.2. Kinematic model

Based on the observations from specimen DL8 and other tests, a 

Fig. 3. Flexure- and shear- critical dapped ends (specimens OL1 and DL8, respectively [17,18]): properties and measured deformed shapes at peak load.

Fig. 4. Two-degrees of freedom of the kinematic model for shear-critical dapped-end connections.
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kinematic model is proposed for shear-critical dapped-end connections. 
The model has two degrees of freedom (DOFs) as illustrated in Fig. 4. 
The shear crack is assumed straight and extends from the inner edge of 
the support to the top end of the vertical hanger reinforcement. When 
the connection has several hanger bars/stirrups, the crack is assumed to 
propagate towards the farthest bar – see point O.

The concrete block above the crack is rigid, except for the region near 
the top of the hanger reinforcement where the concrete crushes at shear 
failure. This region is termed the critical loading zone (CLZ) and was 
initially introduced by Mihaylov et al. [16] for modelling of deep beams. 
The deformations outside this region are neglected as they do not 
contribute to the kinematics of the critical crack, and thus do not affect 
significantly the shear behaviour along the crack. Rather, these de
formations contribute to the global deformations of the dapped end.

The first DOF of the kinematic model is the rotation of the rigid block 
∅ around point O. The second DOF is the vertical shift of the block Δc 
in the vicinity of the CLZ. As shown in Fig. 4 (right), DOF Δc has two 
components: the vertical shift due to deformations in the critical loading 
zone Δcc, and the vertical shift due to local elongation of the hanger bars 
in the critical crack Δcs. The latter component is clearly visible in Fig. 3: 
it is the vertical displacement in the horizontal branch of the critical 
crack. Therefore, DOF Δc is expressed as: 

Δc = Δcc +Δcs (1) 

The total deformations of the dapped end can be obtained by 
superimposing the deformation patterns associated with the two DOFs 
of the kinematic model.

2.3. Expressions for local deformations

The proposed kinematic model can be used to derive important de
formations along the critical shear crack and within the CLZ. These 
deformations will be used later for evaluating the shear-resisting com
ponents across the crack. The deformations are:

- crack width w and slip s for the evaluation of aggregate interlock 

w =

⎧
⎨

⎩

∅x +

(
Δcc

lCLZ
x + Δcs

)

cosα if x ≤ lCLZ

∅x + (Δcc + Δcs)cosα if x > lCLZ

(2) 

s =

⎧
⎨

⎩

(
Δcc

lCLZ
x + Δcs

)

sinα if x ≤ lCLZ

(Δcc + Δcs)sinα if x > lCLZ

(3) 

-horizontal, vertical and diagonal crack displacement for the evalu
ation of the strains and forces in the respective reinforcement 

wh = ∅xsinα (4) 

wv =

⎧
⎨

⎩

∅xcosα +
Δcc

lCLZ
x + Δcs if x ≤ lCLZ

∅xcosα + Δcc + Δcs if x > lCLZ

(5) 

wd =

⎧
⎪⎨

⎪⎩

∅xsin(α + β) +
(

Δcc

lCLZ
x + Δcs

)

sinβ if x ≤ lCLZ

∅xsin(α + β) + (Δcc + Δcs)sinβ if x > lCLZ

(6) 

- compressive strains along the bottom edge of the CLZ [16] for the 
evaluation of the stresses and force in the CLZ 

εmax =
Δccsinα

lCLZ
(7) 

where α is the angle of the critical crack, x is a coordinate along the crack 
measured away from point O, an lCLZ is the length of the CLZ along the 
critical crack: 

lCLZ = min(3lb1ecosα, lcr) (8) 

Eqs. (2)-(8) are derived directly from the kinematics in Fig. 4. The 
geometry of the CLZ, including length lCLZ, has been derived elsewhere 
[16]. Quantity lb1e is the length of distribution of the vertical hanger 
reinforcement, while lcr is the length of the entire critical shear crack 
(Fig. 4).

The next section describes how the various shear-resisting mecha
nisms in dapped-end connections are calculated from the deformations 
given by Eqs. (2)-(8).

3. Shear-resisting mechanisms of dapped-end connections

The shear-resisting mechanisms can be defined by studying the 
equilibrium of the concrete block above the critical shear crack – see 
Fig. 5.

The free-body diagram in Fig. 5 (left) shows that the shear force V 
applied on the dapped end is resisted by the vertical hanger reinforce
ment Fha, stirrups Fv and diagonal reinforcement Fd in the dapped end, as 
well as aggregate interlock Vci and dowel action of the bottom horizontal 
reinforcement Vd. On the other hand, if the free body in Fig. 5 (right) is 
considered, component Fha can be replaced by the shear carried in the 
critical loading zone VCLZ. This is because the two mechanisms act in 
series as depicted within the circled region in figure. Consequently, the 
weaker of the concrete CLZ and hanger reinforcement will limit the 
shear carried at the top of the critical shear crack. All shear-resisting 
mechanisms discussed above are individually modelled in the 
following subsections.

3.1. Critical loading zone and hanger reinforcement

The CLZ shown in Fig. 4 (right) idealizes the region of concrete 
where high compressive strains are localized. Its geometry is determined 
by the distribution length of hanger reinforcement lb1e and the angle of 
the critical crack α [16]. The CLZ is “loaded” by the hanger bars and its 
vertical deflection is Δcc. The shear force in the CLZ VCLZ is therefore 
linked to deformation Δcc. At the same time, the tension in the hanger 
bars Fha depends on the vertical opening of the critical crack wv, which in 

Fig. 5. Internal forces in shear-critical dapped-end connections.
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turn depends on deformations Δcc,Δcs and ∅ (Eq. 5). Therefore, for the 
modelling of the CLZ and hanger reinforcement, it is necessary to first 
express VCLZ and Fha in terms of Δcc and wv(Δcc,Δcs,∅), respectively.

Relationship VCLZ(Δcc) has been derived elsewhere for deep beams 
[16,19]: 

VCLZ(Δcc) = kcσavgblb1esin2α (9) 

kc = min
(

1
0.8 + 170ε1

,1
)

(10) 

ε1 =
0.5σha

Es

(
1+ tan2α

)
(11) 

where the terms of this equation are illustrated in Fig. 4 (right). Term 
σavg[εmax (Δcc)] is the average stress in the critical section of the CLZ, 
εmax (Δcc) is the maximum strain in the critical section expressed with 
Eq. (7), b is the width of the section, σha = Fha/Aha is the stress in the 
hanger reinforcement, and Es is the modulus of elasticity of the rein
forcement. Stress σavg is obtained by averaging the Popovic’s compres
sion model [20] from zero strain to εmax . Factor kc accounts for the 
compression softening of the concrete in the CLZ inflicted by the tensile 
strains in the hanger reinforcement [14,21]. Strain ε1 is the estimated 
principal tensile strain in the CLZ, which is perpendicular to the 
compressive strain εmax (Fig. 4 right).

The relationship Fha[wv(Δcc,Δcs,∅)] is derived by considering the 
pullout displacement of the hanger reinforcement from the concrete 
above and below the critical crack. To calculate this displacement for a 
given pullout force Fha, it is necessary to model the bond along the bars 
away from the crack [22]. Details on the modelling of the pullout 
behaviour are provided in Section 3.2.

With established functions VCLZ(Δcc) and Fha[wv(Δcc, Δcs, ∅)], it be
comes possible to obtain the complete state of the CLZ for a given set of 
DOFs Δc and ∅. This is achieved by imposing two conditions: equilib
rium Fha = VCLZ and compatibility Δc = Δcc +Δcs (Eq. 1). The equilib
rium condition expresses the assumption that the CLZ and the hanger 
reinforcement work in series (Fig. 5 right). When the two conditions are 
solved simultaneously, quantities VCLZ, Fha, Δcc, and Δcs are determined.

Fig. 6 illustrates the solution of the CLZ of specimen DL8 at Δc =

0.8mm and ∅= 0.0001 rad. On the bottom horizontal axis is Δcs which is 
varied from zero to Δc. For each value of Δcs, Δcc is obtained from 
compatibility (Δcc = Δc − Δcs). Therefore, for each value of Δcs, it is 
possible to calculate forces VCLZ and Fha. The solution of the CLZ is 
therefore obtained at the intersection point of curves VCLZ and Fha where 
the forces are in equilibrium. Force VCLZ decreases with increasing Δcs, 
and Fha increases with increasing Δcs. Note that the tension in the 

hangers is not zero even when Δcs is zero. This is due to the rotational 
DOF ∅, which does not appear in Fig. 6.

Based on the above, the operations required for the CLZ can be 
mathematically presented as a function fCLZ: 

VCLZ = fCLZ(Δc,∅) (12) 

3.2. Reinforcement crossing the critical shear crack

In the general case, the reinforcement crossing the critical crack is 
horizontal, vertical and diagonal (Fig. 5). Similarly to the CLZ, it is 
necessary to express the forces in the reinforcement Fh, Fv, and Fd with 
the DOFs of the kinematic model. The crack displacements in the di
rection of the reinforcement were already expressed with the two DOFs 
∅ and Δc in Eqs. (4)-(6). Therefore, the goal of this section is to derive 
relationships Fh(wh), Fv(wv), and Fd(wd). The derivation will be made for 
a general case Fbar(wbar), which will also provide the solution for rela
tionship Fha(wv) discussed earlier.

The crack displacement wbar is the sum of the reinforcement pullout 
from either side of the crack – see Fig. 7. The pullout depends on how the 
force in the bar is transmitted to the concrete via bond stresses. The 
Tension Chord Model (TCM) proposed by Marti et al. [22] allows to 
evaluate the pullout (or slip displacement) sk as a function of the rein
forcement strain ε at the crack. Here the subscript k represents the side of 
the reinforcing bar relative to the crack (k = 1 or 2). In the TCM, the 
bond stress versus slip relationship is assumed rigid-plastic as shown in 
Fig. 7. The bond stresses prior to and after yielding of the bar τbe and τby, 
respectively, are calculated based on the tensile strength of the concrete 
fct : 

fct = 0.33
̅̅̅̅
fc

√
,MPa (13) 

τbe = 2fct (14) 

τby = fct (15) 

Based on equilibrium and a bi-linear stress-strain relationship of the 
reinforcement, the elastic length Le and plastic length Lp along the bar 
are obtained as: 

Fig. 6. Determination of state of the CLZ using the properties of specimen 
DL8 [18].

Fig. 7. Idealized bond stress, strain and slip distributions along reinforcing bars 
crossing cracks.
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Le =
min

(
σ, fy

)
db

4τbe
(16) 

Lp =
max

(
0, σ − fy

)
db

4τby
(17) 

where σ is the reinforcement stress at the crack corresponding to strain ε, 
fy is the yield strength of the steel, and db is the bar diameter. As shown 
in Fig. 7, lengths Le and Lp allow to obtain the complete strain profile 
along the bar on either side of the crack. The two sides differ depending 
on the available anchorage length Lan,k. The anchorage can be provided 
by an anchor head or hook (left side), or can occur as an effective 
anchorage halfway to the neighbouring re-entrant corner crack (right 
side). Assuming a zero slip halfway through the re-entrant corner crack 
allows to study the shear crack in isolation from the corner (flexural) 
crack. The reinforcement pullout from one side sk is obtained by inte
grating the strain diagram from the crack to the end of the anchorage 
length: 

sk=
min

(
ε,εy
)
Le

2
+

(
ε+εy

)
LP

2
− max

{

0.5
[( ε− εy

)
max

(
0,LP − Lan,k

)

LP

+2εy

]

max
(
0,LP − Lan,k

)
,0
}

+
min

(
ε,εy
){

max
[
Le+min

(
0,LP − Lan,k

)
,0
]}2

2Le

(18) 

Finally, the crack displacement for a given reinforcement strain in 
the crack is: 

wbar = sk=1 + sk=2 (19) 

However, within the framework of the kinematic model, the problem 
needs to be solved in a reversed manner. The model provides the crack 
displacement wbar = f(∅, Δcc, Δcs), and it is necessary to calculate the 
strain ε (and stress σ) corresponding to this displacement. Due to the 
form of Eqs. (16)-(19), this requires an iterative solution procedure such 
as Newton-Raphson or bisection methods. As a result, the forces in all 
horizontal, vertical and diagonal bars in the dapped-end region can be 
calculated for a given set of kinematic parameters ∅, Δcc and Δcs. The 
operations described in this section can be mathematically presented as 
a function fTCM: 

Fbar = fTCM(∅, Δcc,Δcs) (20) 

Generally, Eq. (20) is applied to all horizontal, diagonal, and vertical 
bars (dapped-end stirrups) crossing the critical shear crack. However, 
vertical bars with bottom anchorage completely falling within the hor
izontal tension chord are neglected in the calculations. These are typi
cally the vertical bars closest to the support plate and are not effective in 
carrying shear as the horizontal crack opening wh is dominant and the 
vertical crack opening wv is not sufficient to cause significant tension. As 
this effect is not reflected by the wv profile of the assumed kinematics, 
such stirrups are conservatively neglected. The depth of the horizontal 
tension chord is estimated as 2(c+dbh/2) from the bottom edge of the 
dapped end, where c and dbh are concrete cover and horizontal bar 
diameter, respectively.

3.3. Aggregate interlock

The aggregate interlock shear Vci is evaluated using the Contact 
Density Model (CDM) proposed by Li et al. [23]. This model uses the 
crack width w and slip s as inputs, and evaluates the shear stress and the 
normal stress on the crack. For simplicity, in this study the normal 
stresses are neglected, and the shear stresses are reduced by a factor of 
0.18 as proposed elsewhere [19].

For a given set of kinematic parameters ∅, Δcc and Δcs, the crack 
widths w and crack slip s are evaluated at the midpoint of the shear crack 
from the compatibility conditions given by Eqs. (2)-(3). Then, this point 

is analysed using the CDM to evaluate the aggregate interlock shear 
stress vci. Subsequently, the total aggregate interlock force Vci acting 
along the crack is obtained as: 

Vci = vciblcrsinα (21) 

where b and lcr are width of the dapped end and length of the critical 
shear crack, respectively. This operation is mathematically presented as 
a function fci: 

Vci = fci(∅,Δcc,Δcs) (22) 

3.4. Dowel action

Finally, the shear resisted by dowel action Vd of the main horizontal 
reinforcement is discussed (Fig. 5). This force is evaluated based on the 
DOF Δc, using a fixed-fixed beam type dowel model [19], with a limit 
imposed to account for the yielding of horizontal reinforcement: 

Vd =
nb12Esπd4

b

64l3k
Δc ≤

nbfyd3
b

3lk

⎡

⎣1 −

(
σ
fy

)2
⎤

⎦ (23) 

where, nb is the number of bars, db is the bar diameter, fy is the yield 
strength of the bars, σ is the bar stress (see Section 3.2), and lk is the 
length of bar-dowels. Length lk is conservatively estimated as the dis
tance between the inside edge of the support plate and the re-entrant 
corner of the dapped-end connection. It is assumed that the dowel 
length and the associated cover splitting is well controlled on the side 
where dowel is pushing against the concrete cover, due to the presence 
of the support plate. Eq. (23) can be mathematically presented as a 
function fd: 

Vd = fd(∅,Δcc,Δcs) (24) 

4. Equilibrium conditions and solution procedure

In Section 3, the relationships and procedures for calculating the 
shear-resisting forces for given DOFs ∅ and Δc were described. These 
relationships were generalized in Eqs. (12), (20), (22) and (24), and 
allow to obtain all the forces in the free-body diagrams in Fig. 5. To 
develop a global solution procedure, one of the two DOFs needs to be 
selected as a control parameter, and the other is obtained by solving 
equilibrium conditions. In this study, Δc is controlled from zero until the 
failure of the connection, while ∅ is calculated as described in the 
following.

The equilibrium conditions are written for the concrete block above 
the critical shear crack (Fig. 5):

- Moment equilibrium about point O (Fig. 5 left) 

V =

⎡

⎣
Vdxh cosα +

∑
Fhaxhacosα

+Fhxhsinα
+Fvxvcosα + Fdxdsin(α + β)

⎤

⎦

(
lcrcosα + 0.5lsp

) (25) 

where xh, xha, xv, xd are the lengths measured along the crack from 
point O to the various layers of reinforcement.

- Equilibrium of vertical forces (Fig. 5 right) 

V = Vd + Vci + VCLZ + Fv + Fdsinβ (26) 

For a selected value of Δc and a guessed value of ∅, the unbalanced 
shear force from these two equations is: 

Vunb = VEq. (26) − VEq. (25) (27) 

The solution procedure aims to bring Vunb to zero by varying ∅. The 
equilibrium conditions can be mathematically represented by the 
following function: 
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fEQ(Δc,∅) =

(

Vunb,
∂Vunb

∂∅

)

(28) 

where ∂Vunb
∂∅ is the partial derivative of Vunb with respect to ∅. The 

Newton-Raphson method is used to iteratively bring Vunb to zero.
The known DOF at the start of the nth load step is Δc,n, and the first 

estimate for the unknown DOF ∅i=0 is the value from the previous 
converged step ∅n− 1. With these values, function fEq is evaluated first. 

fEQ
(
Δc,n,∅i=0

)
=

(

Vunb,i=0,
∂Vunb

∂∅ʹ
i=0

)

(29) 

Based on the results, the next estimate for the unknown DOF ∅i=1 can 
be calculated as follows: 

d∅i=1 =
− Vunb,i=0

∂Vunb
∂∅ i=0

(30) 

∅i=1 = ∅i=0 + d∅i=1 (31) 

Using these updated values, the function fEq is evaluated again: 

fEQ
(
Δc,n,∅i=1

)
=

(

Vunb,i=1,
∂Vunb

∂∅ʹ
i=1

)

(32) 

This procedure is repeated until Vunb,i converges to zero, and thus the 
corresponding value of ∅i satisfies the global equilibrium for the given 
Δc,n. The global procedure is summarized with the flow chart in Fig. 8.

5. Failure modes

According to the proposed kinematics-based model, the failure of 
dapped-end connections can be triggered in three different ways along 
the critical shear crack: 

1) Crushing of the concrete in the critical loading zone (CLZ) at the top 
of the crack;

2) Yielding of the vertical hanger reinforcement in the critical shear 
crack prior to concrete crushing in the CLZ;

3) Yielding of all reinforcement in the shear crack other than some of 
the hanger bars.

The first two failure modes have been observed multiple times in 
experimental studies – see for example Fig. 2b. They often occur 
simultaneously as yielding of the hanger bars inflicts large damage in the 
concrete (compression softening), and subsequently leads to concrete 
crushing in the CLZ.

Fig. 8. Global Newton-Raphson solution procedure of kinematics-based model.

Fig. 9. Details of specimen OL6 [17].
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Kinematically, the third failure mode occurs with large plastic ro
tations in the critical crack about the CLZ. However, this failure mode is 
unlikely to occur in reality as it will be preceded by a flexural failure 
along the re-entrant corner crack. This is because the reinforcement 
stresses in the corner crack are typically higher than in the shear crack 
[5]. Therefore, the strength prediction obtained with the proposed shear 
model must be limited by the capacity obtained with an appropriate 
flexural model. Such a model has been proposed by Rajapakse et al. [10]
on the basis of the kinematics of the re-entrant corner crack. Finally, it 
should be noted that the proposed kinematics-based model does not 
account for failures due to inadequate anchorage of the reinforcement.

6. Experimental validation

The proposed model is validated using lab experiments available in 
the literature. A set of 44 dapped ends are collected from the studies by 
Rajapakse et al., 2024 [18], Ferreira et al., 2023 [24], Rajapakse et al., 
2022 [17], and Mata-Falcón, 2015 [5]. In this set, 24 specimens have 
orthogonal reinforcement and 20 specimens have diagonal reinforce
ment. The depth of the dapped ends are either 300 mm or 500 mm, and 
the total area of dapped-end reinforcement varies from 494 mm2 to 
4678 mm2. The details of the specimens are provided in the Appendix A.

6.1. Detailed analysis of specimen OL6

The capabilities of the proposed model are first illustrated with the 
help of specimen OL6 with orthogonal reinforcement [17]. The geom
etry, reinforcement and material properties of this dapped end are 
shown in Fig. 9a. The failure mode was reported as shear failure with 
crushing of the concrete near the top end of the hanger bars. Fig. 9b 
shows a photograph of the specimen after failure and Fig. 9c shows the 
measured deformed shape at peak load.

The specimen was analysed using the proposed model by incre

mentally increasing Δc as described in Section 4. Fig. 10 provides a 
summary of important results from the analysis, which are compared to 
experimental data.

Fig. 10a shows the geometry of the kinematic model, including the 
shape and size of the CLZ (to scale) at the top of the hanger reinforce
ment. Fig. 10b shows the predicted shear force V versus Δc response, 
together with the predicted contributions of the different shear-carrying 
mechanisms. The specimen did not have stirrups in the dapped end, and 
therefore the contributions are only three: critical loading zone, aggre
gate interlock, and dowel action of the horizontal reinforcement. It can 
be seen that in this case the response is dominated by the CLZ, which 
accounts for 92 % of the predicted strength. The aggregate interlock 
accounts for 8 % while the contribution from the dowel action is zero 
due to the yielding of horizontal reinforcement at failure. The shear 
strength experimental-to-predicted ratio is 0.99 (728 kN/ 739 kN).

Fig. 10c provides more information on the predicted failure mode. It 
shows the responses of the CLZ and the hanger reinforcement. It can be 
seen that the CLZ crushes and enters the post-peak regime before the 
complete yielding of the hanger reinforcement. This result is consistent 
with the photograph in Fig. 9b, where concrete crushing and spalling is 
visible in the critical loading zone. According to the model, Δcs is zero 
throughout the analysis, and thus DOF Δc comes only from the defor
mation in the CLZ Δcc. This is consistent with the experimental deformed 
shape in Fig. 9c, where the vertical shift in the top branch of the critical 
crack nearly vanishes at the farthest hanger bar (stirrup).

Plots 10d shows how the shear crack opens with increasing load up to 
failure. As evident from the measured V − wv response, the shear crack 
formed at V ≈ 400kN. The model assumes the critical shear crack is 
present throughout the analysis and therefore unable to predict the load 
level of crack formation. However, the opening of the critical shear crack 
is well predicted from the formation of the critical shear crack until 
failure. According to the model, rotation ∅ and displacement Δcc in the 
CLZ have approximately equal contribution to wv, while Δcs is zero and 

Fig. 10. Analysis results and measured response of dapped-end connection OL6 [17].
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thus does not contribute to the crack.
Finally, the predicted reinforcement stresses at the peak load are 

shown in Fig. 10e. It can be seen that the horizontal bars and two out of 
the three hanger reinforcement bars yield at failure. In general, it can be 
observed that the predicted strength, failure mode, and shear crack 
widths are reasonably well captured by the model for this specimen.

6.2. Sensitivity analysis

To investigate the impact of model parameters on the predictions, a 
sensitivity analysis is performed on specimen OL6 [17]. The parameters 
investigated are crack angle α, compression softening factor kc, and 
bond strengths τbe and τby.

Fig. 11a shows variations of the strength of specimen OL6 [17] by 
changing the crack angle α in the model. The change in α is achieved by 
changing the top point of the assumed crack, keeping the bottom point 
fixed at the inside edge of the support plate. When the crack angle is 

increased, the size of the CLZ decreases along with its strength contri
bution VCLZ, and the dapped-end strength. At the same time, increasing 
the crack angle increases the contribution of the aggregate interlock Vci 
as the vertical component of aggregate interlock force increases. The 
predicted strength deviates approximately 20 % from the measured 
strength when the crack angle is varied. The proposed model assumes 
that the critical shear crack is propagated from the inside edge of the 
support plate to the top of the furthest hanger bar from the re-entrant 
corner. This assumption is consistent with assumptions made in 
strut-and-tie modelling of dapped-end connections, where the width of 
the nodal regions is determined based on the width of spread of the 
hanger reinforcement (see Section 6.4 and Appendix B for strut-and-tie 
modelling). The analysis was also repeated with and without accounting 
for compression softening in the CLZ (kc < 1 as in Eq. (10) and kc = 1, 
respectively). It was observed that the strength was increased by 
approximately 9 % when compression softening was neglected.

Fig. 11b shows the variation of predicted strength for specimen OL6 

Fig. 11. Sensitivity of crack angle and bond strength on the shear strength of 
dapped-end connections.

Fig. 12. Influence of (a) horizontal reinforcement and (b) hanger reinforce
ment on the strength and failure mode.
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[17] with varying bond strengths. The change in bond was achieved by 
varying factor kb from 0.6 to 1.4 in the expressions τbe = 2kbfct and τby =

kbfct. The plot shows that for this dapped end the increase of bond 
strength causes a slight increase in the aggregate interlock contribution 
and the shear strength. When the bond strength is increased, DOF ∅ at 
peak load decreases due to the stiffer response of the horizontal rein
forcement. However, DOF Δc remains unchanged as the response of the 
CLZ is not affected by bond. As a result, the aggregate interlock 
contribution increases while the contribution from the CLZ remains 
unchanged.

6.3. Effect of reinforcement amount and distribution on the shear strength

The strength of dapped-end connections is strongly influenced by the 
amount and distribution of the main horizontal and hanger reinforce
ment in the connection. This effect is studied in Fig. 12 with the help of 
tests DEB 1.7, DEB 1.6, DEB 1.3, and DEB 1.1 by Mata-Falcon [5]. The 
details of these specimens are provided in the Appendix A.

Fig. 12a shows measured and predicted shear strengths of dapped 
ends with a constant hanger reinforcement and increasing horizontal 
reinforcement. The five prediction points are obtained with various 
horizontal bars: 4Ф10, 4Ф12, 4Ф16, 4Ф20, and 4Ф25. The second and 
third predictions correspond to specimens DEB 1.7 and DEB 1.6, 
respectively. It can be seen that the model captures reasonably well the 
shear strength of the specimens. According to the model, when the 
horizontal reinforcement is increased 6.3 times from Ash of 314 mm2 to 
1963 mm2, the strength increases 1.8 times. The failure mode changes 
with increasing reinforcement: from yielding of all reinforcement (hor
izontal HO and hanger HA) to a combination of concrete crushing in the 
CLZ and yielding of the hangers (C and HA). In the range of CLZ 
crushing, the VCLZ strength contribution is approximately constant. The 
aggregate interlock and dowel action contributions Vci and Vd increase 
with increasing Ash, but remain significantly smaller than the VCLZ. 
Component Vci increases because the width of the shear crack at failure 
decreases. Component Vd increases because the strains in the horizontal 
reinforcement at failure decrease.

In a similar format to Fig. 12a, Fig. 12b shows the influence of 
increasing hanger reinforcement on the strength of dapped ends with 
constant horizontal reinforcement. The five predictions points corre
spond to specimens with various hanger bars: 2Ф6, 2Ф8, 2Ф10 + 2Ф8, 
4Ф10, and 2Ф10 + 2Ф12. The second and third predictions correspond 
to specimens DEB 1.3 and DEB 1.1, respectively, and they agree well 
with the measured strengths. The predictions show that when hanger 
reinforcement is increased 6.8 times from Asv of 57 mm2 to 384 mm2, the 
strength increases 2 times. The failure mode changes with increasing 
hanger bars: from yielding of hanger bars (HA) to yielding of all the 
reinforcement (horizontal HO and hanger HA). In all the five pre
dictions, the contribution from the CLZ is governed by the strength of the 
hanger bars, thus it increases with Asv. With increasing hanger bars, the 
contribution from dowel action Vd reduces due to the increase of rein
forcement strains in the horizontal bars at failure. The small contribu
tion of the aggregate interlock Vci reduces to zero due to the increase of 
the shear crack width at failure, with the increase of hanger 
reinforcement.

6.4. Strength and crack width predictions

The proposed model is also tested for all 44 specimens in the test 
database (Appendix A). This section first presents the strength pre
dictions for all 44 tests and the shear crack width predictions for selected 
tests where the experimental measurements are available.

As mentioned in Section 5, the predicted capacity is obtained as the 
minimum of two values: the shear strength from the proposed model and 
the flexural strength from the model by Rajapakse et al. [10]. Out of the 
44 specimens, the prediction of the proposed shear model governs in 13 
cases. Fig. 13 shows the strength experimental-to-predicted ratios of the 

specimens, while the individual values are provided in the Appendix A. 
The ratios are plotted as a function of the total area of dapped-end 
reinforcement and the concrete compressive strength. It can be seen 
that the points are well grouped near the Vexp/Vpred = 1 line and do not 
show a clear bias with respect to the two test variables. The overall 
average ratio Vexp/Vpred was 1.03, with a coefficient of variation (COV) 
of 9.7 %. For the shear-critical specimens, the average ratio was 1.05 
with a COV of 13.6 %, while for the flexure-critical specimens, the 
average ratio was 1.02 with a COV of 7.6 %. Considering the sensitivity 
study performed in Fig. 11a, some of the scatter in the predictions can be 
attributed to variations in the angle and location of the critical cracks in 
the tests.

To put these results into context, strength calculations were also 
performed with strut-and-tie models. The models and there parameters 
are described in Appendix B, while the resulting strength predictions 
VSTM are summarized in Appendix A. The strut-and-tie model is more 
conservative than the kinematics-based model and also exhibits higher 
scatter: an average Vexp/VSTM ratio of 1.27 and a COV of 23.2 %.

Fig. 13. Experimental-to-predicted strength ratios of 44 tests plotted as func
tions of test variables.
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Fig. 14 shows the measured and predicted vertical crack opening for 
six of the specimens tested by Rajapakse et al. [17] [18]. These speci
mens were the most shear-critical connections of the test program as 
they had the highest reinforcement intensity at the re-entrant corner. 
They include both orthogonal and diagonal reinforcement layouts. In 
addition to the shear crack opening, the plots also show the predicted 
contributions from the DOFs Δcc, Δcs, and ∅ to the opening. It can be 
observed that the model predicts the shear crack width reasonably well 
from the formation of the crack up to failure. It can also be seen that 
while DOF Δcs is zero for specimens OL6 and OL8, its contribution to 
the crack opening is significant in the rest of the studied dapped ends. In 
specimens OL7 and DL7, DOF Δcs increases rapidly prior to failure which 
shows yielding of all legs of hanger reinforcement.

7. Summary and conclusions

In this paper, a kinematics-based model was proposed for the shear 
behaviour of reinforced concrete dapped-end connections. The de
formations of flexure- and shear-critical connections were studied using 
DIC measurements from a recent experimental program. On this basis, a 
kinematic model with two degrees of freedom (DOFs) was proposed, 
capable of describing the kinematics of the critical shear crack in the 
dapped end (widths and slips). The shear resisting mechanisms – rein
forcement forces, concrete in compression, aggregate interlock, and 
dowel action – were evaluated for a given set of DOFs using the tension 
code model, Popovic’s compression model, the contact density model, 
and a beam-type dowel model, respectively. The equilibrium of these 
forces allowed to iteratively calculate the applied load for a given con
trolling degree of freedom, and thus to predict the full response of the 
connection.

The proposed model was validated with 44 large-scale tests of 

dapped ends with a wide range of properties including both orthogonal 
and diagonal reinforcement layouts. The model produced an average 
experimental-to-predicted strength ratio of 1.03 and a coefficient of 
variation of 9.7 %. According to the model, shear failures can occur in 
different ways: yielding of all vertical, horizontal and hanger re
inforcements, yielding of hanger reinforcement only, concrete crushing 
combined with hanger reinforcement yielding. It was shown that, as the 
model accounts for these failure modes, it captures the complex varia
tion of shear strength with important dapped-end characteristics such as 
the amount and distribution of horizontal and hanger reinforcement. 
This can allow engineers to perform refined calculations and optimize 
the shear design of dapped-end connections.
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Fig. 14. Kinematics-based model predictions of shear crack widths of test specimens by Rajapakse et al. [17] [18].
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Appendix A

No. Ref. ID h
(mm)

b
(mm)

a
(mm)

Horizontal 
r/f

fyh
(MPa)

spcv
(mm)

Hanger r/f fyv
(MPa)

Diagonal r/f fyd
(MPa)

lsp
(mm)

fc
(MPa)

ag
(mm)

Vexp
(kN)

Vflex
(kN)

Vshear
(kN)

Vpred
(kN)

Vexp

Vpred

Vexp

VSTM

1 [24] REF− 01 325 250 235 3Ф12 530 100 3 × 2Ф10 527 2Ф14 507 100 46.3 15 359 302 353 302 1.19 1.39
2 REF− 02 325 250 235 3Ф12 530 100 3 × 2Ф10 527 2Ф14 507 100 46.3 15 306 302 353 302 1.01 1.19

3 [18] DL1 500 350 380 2Ф12 537 - 2Ф10 509 1Ф20 598 200 52.1 16 259 274 293 274 0.94 1.12
4 DL2 500 350 380 2Ф12 537 60 2 × 2Ф10 509 1Ф20 598 200 52.1 16 299 303 316 303 0.98 1.22
5 DL3 500 350 380 2Ф16 599 60 4Ф8 + 2Ф8 521 3Ф16 599 200 51.3 16 520 509 537 509 1.02 1.10
6 DL4 500 350 380 2Ф16 599 60 2 × 4Ф8 + 2Ф8 521 3Ф16 599 200 51.3 16 555 541 599 541 1.02 1.14
7 DL5 500 350 380 2Ф20 598 - 4Ф12 537 4Ф16 599 200 48.1 16 782 716 776 716 1.09 1.31
8 DL6 500 350 380 2Ф20 598 60 2 × 4Ф12 537 4Ф16 599 200 48.1 16 876 797 745 745 1.18 1.39
9 DL7 500 350 380 2Ф25 540 80 4Ф12 + 2Ф12 537 3Ф25 540 200 46.2 16 905 995 1079 995 0.91 0.87
10 DL8 500 350 380 2Ф25 540 80 3 × 4Ф12 537 3Ф25 540 200 46.2 16 1085 1066 1347 1066 1.02 1.12

11 [17] OL1 500 350 380 4Ф12 537 60 4Ф8 + 2Ф8 521 - - 200 56.8 16 245 229 257 229 1.07 1.56
12 OL2 500 350 380 4Ф12 537 60 3 × 4Ф8 521 - - 200 56.8 16 283 290 288 288 0.98 1.27
13 OL3 500 350 380 4Ф16 599 60 2 × 4Ф10 509 - - 200 56 16 472 444 452 444 1.06 1.47
14 OL4 500 350 380 4Ф16 599 60 3 × 4Ф10 + 2Ф10 509 - - 200 56 16 555 514 557 514 1.08 1.32
15 OL5 500 350 380 4Ф20 598 60 2 × 4Ф12 537 - - 200 49 16 628 626 458 458 1.37 1.29
16 OL6 500 350 380 4Ф20 598 40 4 × 4Ф12 537 - - 200 49 16 728 794 739 739 0.98 1.07
17 OL7 500 350 380 4Ф25 540 90 3 × 4Ф12 537 - - 200 52 16 868 763 905 763 1.14 1.19
18 OL8 500 350 380 4Ф25 540 40 6 × 4Ф12 537 - - 200 52 16 995 982 1037 982 1.01 1.13

19 [5] DEB− 1.1(T1) 300 250 240 5Ф10 566 - (2Ф10 +2Ф8) 587 - - 150 41.1 20 194 184 188 184 1.05 1.28
20 DEB− 1.2(T1) 300 250 240 3Ф10 566 - (2Ф10 +2Ф8) 587 - - 150 39.3 20 146 143 135 135 1.08 1.19
21 DEB− 1.2(T2) 300 250 240 3Ф10 566 - (2Ф10 +2Ф8) 587 - - 150 39.3 20 133 143 135 135 0.98 1.08
22 DEB− 1.3(T1) 300 250 240 5Ф10 566 - 2Ф8 619 - - 150 39.9 20 121 141 138 138 0.88 1.95
23 DEB− 1.3(T2) 300 250 240 5Ф10 566 - 2Ф8 619 - - 150 39.9 20 133 141 138 138 0.96 2.14
24 DEB− 1.4(T1) 300 250 240 5Ф10 566 40 2Ф8 + 2Ф6 + 2Ф8 614 - - 150 40.4 20 183 170 177 170 1.08 1.15
25 DEB− 1.4(T2) 300 250 240 5Ф10 566 40 2Ф8 + 2Ф6 + 2Ф8 614 - - 150 40.4 20 170 170 177 170 1.00 1.07
26 DEB− 1.5(T1) 300 250 240 3Ф10 566 40 2Ф8 + 2Ф6 + 2Ф8 614 - - 150 40.8 20 125 131 125 125 1.00 1.19
27 DEB− 1.6(T1) 300 250 240 4Ф16 549 40 2Ф10 + 2Ф12 + 2Ф10 545 - - 150 31.1 20 309 246 243 243 1.27 1.13
28 DEB− 1.6(T2) 300 250 240 4Ф16 549 40 2Ф10 + 2Ф12 + 2Ф10 545 - - 150 31.1 20 251 246 243 243 1.03 0.92
29 DEB− 1.7(T1) 300 250 240 4Ф12 546 40 2Ф10 + 2Ф12 + 2Ф10 545 - - 150 30 20 194 209 203 203 0.96 1.00
30 DEB− 1.7(T2) 300 250 240 4Ф12 546 40 2Ф10 + 2Ф12 + 2Ф10 545 - - 150 30 20 189 209 203 203 0.93 0.97
31 DEB− 1.8(T1) 300 250 240 5Ф12 546 40 2Ф10 + 2Ф6 + 2Ф10 545 - - 150 32.2 20 195 205 218 205 0.95 0.97
32 DEB− 1.8(T2) 300 250 240 5Ф12 546 40 2Ф10 + 2Ф6 + 2Ф10 545 - - 150 32.2 20 199 205 218 205 0.97 0.99
33 DEB− 1.9(T1) 300 250 240 3Ф12 546 40 2Ф10 + 2Ф6 + 2Ф10 545 - - 150 31.9 20 142 163 168 163 0.87 0.97
34 DEB− 1.9(T2) 300 250 240 3Ф12 546 40 2Ф10 + 2Ф6 + 2Ф10 545 - - 150 31.9 20 146 163 168 163 0.89 1.00
35 DEB− 2.1(T1) 300 250 240 3Ф10 566 - 3Ф8 619 2Ф10 566 150 40.2 20 195 178 182 178 1.09 1.76
36 DEB− 2.1(T2) 300 250 240 3Ф10 566 - 3Ф8 619 2Ф10 566 150 40.2 20 200 178 182 178 1.12 1.81
37 DEB− 2.2(T1) 300 250 240 4Ф12 546 - 4Ф10 544 2Ф12 + 1Ф10 545 150 33.3 20 322 297 323 297 1.08 1.56
38 DEB− 2.2(T2) 300 250 240 4Ф12 546 - 4Ф10 544 2Ф12 + 1Ф10 545 150 33.3 20 330 297 323 297 1.11 1.60
39 DEB− 2.3(T1) 300 250 240 3Ф12 546 - 2Ф12 546 2Ф12 546 150 33.3 20 241 226 245 226 1.06 1.57
40 DEB− 2.4(T1) 300 250 240 4Ф10 544 - 2Ф12 546 2Ф12 + 1Ф16 547 150 36.9 20 312 298 331 298 1.05 1.07
41 DEB− 2.4(T2) 300 250 240 4Ф10 544 - 2Ф12 546 2Ф12 + 1Ф16 548 150 36.9 20 309 298 331 298 1.04 1.06
42 DEB− 2.5(T1) 300 250 240 2Ф8 + 2Ф6 537 - 2Ф8 532 2Ф16 + 1Ф12 549 150 37.1 20 265 300 325 300 0.88 1.55
43 DEB− 2.5(T2) 300 250 240 2Ф8 + 2Ф6 537 - 2Ф8 532 2Ф16 + 1Ф12 549 150 37.1 20 295 300 325 300 0.98 1.72
44 DEB− 2.6(T1) 300 250 240 4Ф16 549 - 2Ф8 532 2Ф16 + 1Ф12 549 150 38.3 20 328 346 370 346 0.95 0.93

​ ​ ​ ​ ​ ​ ​ Average 1.03 1.27
​ ​ ​ ​ ​ ​ ​ COV (%) 9.7 23.2

h=height of dapped end, b=width of dapped end, a=distance from the support shear force to the first vertical reinforcement layer of the full-depth section, a’=distance 
from beam end to the outside edge of the support plate, fyh = yield strength of horizontal reinforcement, spcv=spacing between hanger reinforcement layers of the full- 
depth section, fyv = yield strength of hanger reinforcement, fyd = yield strength of diagonal reinforcement, lsp=length of the support plate, fc=concrete compressive 
strength, ag=maximum aggregate size, Vexp=measured strength, Vflex=predicted flexural strength, Vshear=predicted shear strength, Vpred=min(Vflex, Vshear), 
VSTM=predicted strength from strut-and-tie modelling.
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Appendix B

Details of the strut-and-tie modelling of specimens OL8 [17] and DL8 [18] are presented here. The stress limit for struts is σR,max = 0.6v́ fc while the 
stress limit for nodes is σR,max = 0.85v́ fc, where v́ = 1 − fc/250 as recommended in EN 1992-1–1 (2004). Verified sections of the nodes are shown in 
green. The node geometries are given for the diagonal reinforcement layout. In the case of orthogonal layout, node A shape remains the same while 
node B will become a right-angled triangle with C2 = C1, C3 = 0, θ2 = θ1, and ln2,c2 = ln2. In the case of diagonal reinforcement layout, ln2,c2 =

ln2C2sinθ2/(C2sinθ2 + C3sinθ3).

Fig B.1. Strut-and-tie model for specimens OL8 and DL8

Table B.1 
Geometrical details of the strut-and-tie models for specimens OL8 and DL8

Spec. lb1e (mm) d1(mm) d2(mm) d3(mm) d4(mm) d5(mm) θ1(deg) θ2(deg) θ3(deg) θ4(deg) bc1(mm) ln2,c2(mm) ac1(mm)

OL8 200 52.5 160 50 - 111 39.6 - - 39.6 208 333 289
DL8 160 52.5 140 50 73 111 61.2 25.7 48.4 51.4 226 227 189

Table B.2 
Main calculation results for specimens OL8 and DL8

Specimen T1,u(kN) T2u(kN) T3u(kN) Cu,top(kN) Cu,bot(kN) nAu,T1(kN) nAu,V(kN) nBu,c(kN) nBu,T2(kN) Vu(kN)

OL8 Strut/tie capacity 1061 1456 - 2493 1794 1283 2444 1586 2444 878
Corresponding V 878 1456 - 1589 1144 1061 2444 1011 2444

DL8 Strut/tie capacity 530 728 795 1491 1787 1176 2240 1243 2688 964
Corresponding V 964 1231 1132 1284 1566 2139 2240 1070 4546

T1u=capacity of the horizontal tie T1, T2u=capacity of the vertical tie T2, T3u=capacity of the diagonal tie T3 ,Cu,top=capacity of the strut C1 or C2 considering crushing 
at top, Cu,bot=capacity of the strut C1 considering crushing at the bottom, nAu,T1= capacity of the horizontal tie T1considering the failure of vertical section of node A, 
nAu,V= dapped-end strength considering the failure of horizontal section of node A, nBu,c= capacity of strut C1 or C2 considering the failure of vertical section of node B, 
n2u,T2= capacity of the vertical tie T2 considering the failure of horizontal section of node B.
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Data availability
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