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We consider the problem of identifying the quantum spin states that are the optimal sensors of a given
transformation, averaged over all possible orientations of the spin system. Our geometric approach to the problem
is based on a fidelity criterion and is entirely general, encompassing any unitary transformation. This formalism
leads to a universality result: For any value of the spin, there exists a zero-measure subset of states that can be
the optimal sensors for certain transformations and the worst sensors for others, and this set does not depend on
the transformation under consideration. In other words, some spin states are simply the best (or worst) sensors,

regardless of what they detect.
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I. INTRODUCTION

Quantum-enhanced metrology seeks to overcome the
fundamental sensitivity limits of classical devices by em-
ploying quantum systems as probes [1-3]. Platforms such as
Bose-Einstein condensates, photonic systems, and cold-atom
ensembles have already been used successfully in experiments
as quantum sensors, to detect, for instance, magnetic fields or
rotations [4—8]. To describe this class of transformations in
simple terms, we focus only on single-spin systems, with a
corresponding finite-dimensional Hilbert space; other physi-
cal platforms, such as multiphotonic systems, can be shown
to be equivalent to these using the correspondence provided
by the Schwinger representation [9]. We consider transfor-
mations of such systems, implemented by multiplication of
the spinor |¢) that describes the spin state by a matrix M.
In the simplest case, M might model an interaction with an
external magnetic field or a physical rotation, the common
denominator being the presence of a particular direction in
space (that of the magnetic field or the rotation axis). In many
practical cases, this direction is not known a priori, since
transformations are not always controlled and may result, e.g.,
from fluctuating external fields. Or, one just does not know
the orientation of the probe state, as in searches for new inter-
actions in fundamental physics [10]. In such cases, a natural
approach is to look for a quantum state whose sensitivity
is optimal on average over all possible field orientations. A
physical example is a homogeneous magnetic field, where the
orientation is determined by a single axis (the field direction).
These scenarios have been extensively studied, both when the
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direction of the axis is known [11], and when sensitivity is
desired for several directions simultaneously, including the
case where the direction is averaged uniformly over the sphere
[12-19]. Experimental realizations have been demonstrated
across several platforms [6,7,20,21]. Related protocols also
include using random states drawn from different statisti-
cal ensembles [21] and employing randomized measurements
[22]. Recent studies further examine the role of self-consistent
many-body dynamics in bosonic atomic ensembles for metro-
logical tasks [23].

In more general settings, the transformation matrix M can-
not be encoded by a single vector specifying a direction in
space, but instead depends on more complex information.
For example, when the spin couples to the gradient of an
electric field E, the relevant object is the tensor dE'/dx/,
which, when symmetric (in Cartesian coordinates) and non-
degenerate, defines the orthonormal frame of its eigenvectors;
it is this frame [or the related SO(3) matrix] that encodes
the orientation of “the fields.” The simplest interactions of
this type are Hamiltonians quadratic in the spin operators.
This includes quadrupolar electric interactions or Hamiltoni-
ans capable of generating squeezings [24-26]. Experimental
implementations of these sensors appear in tests of funda-
mental physics, for instance, in the search for an electric
dipole moment for the electron [24], in the detection of new
interactions between dark matter and probe-state spins [27],
and in tests of local Lorentz-symmetry violation [28,29], to
name just a few (see, e.g., Ref. [10] for a survey).

In this work, we develop a geometric approach to the deter-
mination of the pure spin states that are optimal in detecting
a given transformation, in a rotationally averaged sense. The
figure of merit we use is the SU(2)-average fidelity: for each
state p, we evaluate the transition probability between the
initial state and the transformed one, and then average this
quantity over the entire SU(2) orbit of the state. This fidelity
criterion can be viewed as a symmetry-averaged analog of the
Loschmidt echo, obtained by averaging the fidelity over the
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SU(2) orbit of the probe state. Here, the unitary operator V
plays the role of the relative evolution between unperturbed
and perturbed dynamics [30]. In this language, optimal sen-
sors are precisely those states that minimize the averaged
echo, i.e., those whose dynamics are most sensitive to the
applied perturbation. We declare a state to be an optimal
sensor, for the given transformation, if it minimizes the above
average fidelity over all pure spin states of the same spin. This
fidelity-based metrology problem has already been studied in
the case where the transformation is a rotation [12,15-17],
leading to highly counterintuitive results: as the rotation angle
varies, optimal sensors change discontinuously at certain crit-
ical rotation angles, the number and values of which depend
on the spin quantum number s [15,16]. To make things even
more intriguing, the states that are optimal sensors in a certain
interval of the rotation angle can be the worst sensors for
another interval, and vice versa [15,16].

The difference in our approach is that we present a sys-
tematic geometric method to calculate the optimal quantum
sensor for any kind of transformation with respect to this
average fidelity. The approach is quite general, allowing us
to study several physical scenarios simultaneously, such as
those mentioned above, including any unitary transformation,
e.g., rotations and squeezings. It is remarkable that for small
quantum spin numbers, the set of optimal states (for almost
all transformations) contains only a finite number of them; in
other words, only a handful of quantum states act as universal
optimal sensors of arbitrary spin transformations.

This paper is organized as follows: Section II first states the
problem. We then provide a short review of the mathematical
and physical concepts used throughout the work in Sec. III.
Section IV contains the general formalism for arbitrary trans-
formations and for the evaluation of SU(2)-average fidelities,
both in the infinitesimal and finite cases. Then, in Sec. V,
we present several explicit examples, involving rotations and
squeezings, highlighting the potential of our approach. We
conclude with some final remarks in Sec. VI. Readers inter-
ested only in the final results (and not their derivation) can
consult Sec. II and then proceed to Sec. V for a summary of
the proposed approach and its applications.

II. STATEMENT OF THE PROBLEM
A. Optimal sensing of unitary transformations

We consider the pure quantum states of a spin-s system,
represented by vectors in the Hilbert space H = C", n = 25 +
1. Vectors that differ by a complex factor represent physically
equivalent states, so that the physical state space is the com-
plex projective space CP"~!, i.e., the space of rays in . Thus,
a state |y) € H gets projected to a point [] € CP"~!, and
the latter may be represented by an n-dimensional Hermitian
(density) matrix p = |) (Y|, satisfying, additionally,

p*=p, Trp=1. (1)

We are interested in quantifying how distinguishable (from
itself) a spin state becomes after a given transformation is
applied to it. Starting from an initial state p, the system trans-
forms under

V(n)=e ", 2)

where X is the Hermitian generator of the transformation. To
quantify the change in p, we compute the fidelity between
the initial and transformed states. For a pure initial state p =
[¥) (], the fidelity can be expressed as

F,(V()) = Tr[pV(m)peV ()] 3)

The optimal state(s) for detecting the transformation V()
undergone by the system are those that minimize F,,(V (n)).

We define now the SU(2)-average fidelity (V) of a pure
state p, transformed by a unitary matrix V, as

Fip(V) = / du Tr(puV pu V'), “4)
SUQ)

where py = UpUT, U is a spin-s SU(2) matrix, and du =
du(U) is the Haar measure of SU(2). Note that F{, (V) is
invariant under the action of SU(2) (by conjugation) on either
p or V. Hence, it is a function of the SU(2) equivalence class
of the state p, denoted by square brackets. We only show
this explicitly for p, but it also holds for V, i.e., F[p](V) =
F,([V]) = E,(IV]). Thus, the SU(2)-average fidelity admits
two different interpretations: either the orientation of the
probe system is averaged over its SU(2)-orbit, or an average
is performed over all transformations in the SU(2)-orbit of V.

Our fidelity criterion can be viewed as an SU(2)-averaged
Loschmidt echo, where the unitary operator V plays the role of
the relative evolution between an unperturbed and a perturbed
dynamics. In this language, optimal sensors are precisely
those states that minimize the averaged echo, i.e., those whose
dynamics are most sensitive to the applied perturbation.

For an infinitesimal parameter n < 1, one can calculate
instead the quantum Fisher information (QFI), related to the
first nontrivial term of the Taylor expansion of the fidelity
[17,31-33]:

I?F,(V (1))

L(X)= -2 .
P 8772 nzo

4)
Thus, I,(X) quantifies the sensitivity of p to infinitesimal
parameter changes associated with the generator X. For pure
states, one recovers the well-known result that the QFI is four
times the variance of the generator:

1,(X) = 4Tr(pX?) — Tr(pX)*) = 4(A,X)*.  (6)

Thus, in the infinitesimal regime, optimal sensors are those
states that maximize the QFI with respect to the generator X.
Similarly, we define the SU(2)-average QFI as

T () = / du Iy (X), )
SUQ2)

where, again, Ij,;(X) = I,([X]). Thus, we have the same dual
interpretation as for finite transformations: /;,;(X) can be
thought of as averaged over states and/or generators, uni-
formly distributed (in the Haar sense) on their SU(2) orbit.

B. Relevant classes of generators and applications

We now specialize the general framework above to the
classes of transformations that arise most often in applica-
tions. The first and most standard case is that of rotations
generated by Hamiltonians linear in the angular-momentum
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operators,
H=wh-S, (®)

which we refer to as linear Hamiltonians. Here, S =
(Sx, Sy, S;), with S; the spin operators, and 7 specifies the
rotation axis. A second important class, also ubiquitous in spin
systems, is formed by quadratic Hamiltonians. These describe
transformations whose generators are second order in the spin
operators and can be written in the general form

Hyp =SQS, ©)

where Q is a real symmetric 3 x 3 matrix. As shown in Ap-
pendix A, up to arotation, any traceless quadratic Hamiltonian
can be parametrized by a linear combination of two genera-
tors:

Hﬁ;ﬁ—ﬁg;gﬂ
These two quadratic generators cover several physically rel-
evant situations. For example, H| appears in quadrupolar
couplings between an electric-field gradient and the spin of the
probe, such as the coupling to the nuclear charge distribution
[34]. In this setting, the matrix Q has entries Q;; x ¢,Vj,
where V;; = 0?V/dx'0x/ is the electric-field-gradient tensor
and g, is the nuclear quadrupole moment. The same generator
also appears as the one-axis twisting Hamiltonian, widely
used to produce spin squeezing [26]. This interaction is as-
sociated with a single distinguished axis.

By contrast, H, corresponds to a two-axis twisting gen-
erator. Its orientation cannot be specified by a single axis
alone, but requires a full orthogonal reference frame. This type
of quadratic interaction is another standard mechanism for
generating spin squeezing [26]. When no ambiguity arises, we
will simply refer to this interaction Hamiltonian as a squeez-
ing generator.

In many physical situations the generator contains both a
linear Zeeman term and a quadratic anisotropy, H = w - S +
SOST. This mixed case describes, for instance, a spin probe
subject simultaneously to a magnetic field and to quadrupolar
or anisotropic interactions.

. Hy=58,-8;. (10)

III. PRELIMINARY CONCEPTS

A. Notation and geometric background

We denote the real vector space of n-dimensional Hermi-
tian matrices by u(n) = u, and endow it with the metric

8(X,Y) = 3Tr(XY). (11)

The set (locus) PP of the density matrices of pure states
in u(n) lies on a sphere of radius 1/+/2, centered at the
origin. In what follows, it will often prove convenient to
vectorize an (not necessarily Hermitian) r x r matrix, A —
|A), where the r> entries of A are arranged sequentially
into a vector, reading them from left to right and from
top to bottom. For example, |A) = (a,b,c, d)T for A=
(‘CI Z), ie., |A); =Aij, where (ij) is a composite in-
dex ranging over the r? pairs {11,12,...,1r,21,...,rr}
(we omit the parentheses from now on). Then, for r x r

matrices Uy, A, U,, we have
[UAU)) = (U; ® Ur)IA), (12)

where U] = U], U, is the complex conjugate of Uy, and (A ®
B)jju = AiBj;. Note also that Tr(AB) = (AT|B). We will in
fact need to also vectorize n? x n? matrices; for example, for
R = p ® p we have

IR)ijxi = Rijri = pixDji-
Note that on the left-hand side above, ijk/ is a composite 4-
index, taking on the n* values {1111, ..., nnnn}, while in the

middle ij and kI are both composite 2-indices, enumerating
the n? rows and columns, respectively, of R.

B. The subspace of SU(2) invariants

We now proceed to construct SU(2) invariants of operators,
focusing first on p. The adjoint action of SU(2) on u(n),
g X u> UguUJ, where U, = D(g), may be vectorized as
lu) > U,|u), where U, = U, ® U,. This action provides a
representation of SU(2), which, as mentioned above, decom-
poses into a direct sum of irreducible representations with spin
I ranging from O to 2. The subspace 75V of matrices in u(n)
invariant under this action is one-dimensional, corresponding
to spin / = 0, consisting of multiples of the identity matrix.
One way of understanding this is via the familiar spin “addi-
tion” recipe:

5185 =061+2)D @61 +5—D@--- B sy —s2]. (13)

The space of n-dimensional complex matrices M, (C) may be
seen as C" ® C"* (C"* being the dual of C"), since every
such matrix M can be written as M = > M;;|e;){e;|, where
{le;) :i =1, ..., n}1is an orthonormal basis in C”. Since both
C" and C"* transform in a spin-s irreducible representation of
SU(2), M,,(C) decomposes according to

SRs=25D---DO. (14)

Note that the only way to produce spin-0 components is by
“adding” equal spins.

The appearance of the adjoint action mentioned above is
natural, since the transformation law |y') = U|y) leads to
|y = Ulp). In what follows we deal with the “big density
matrix” R = |p){p|, which transforms like

R =URU', |R)=(UQD)R). (15)

To connect with the language of superoperators, we note that
R is just the superoperator sending A to Tr(pA)p, acting
on the vectorized argument |A). For reasons that will soon
become clear, we are interested in the subspace ISV@ of
u(n?) spanned by the vectors (i.e., n’>-dimensional Hermitian
matrices) that are invariant under the above action. Reasoning
as in the previous case, we inquire about how many spin-0’s
are produced in the addition of four spin-s’s. According to a
remark made above, this number is equal to the number of
spin-s’s that appear in the sum of three s’s. From Eq. (14) we
see that adding s to each of the terms on the right-hand side
produces exactly one s; we conclude that diim I5Y® = 25 + 1,
since it can be shown that all resulting invariants are linearly
independent. To find a basis of 13V, we note that if the T;,,’s
transform as spinors [see Appendix B for the definition of the
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matrices 7;,, and, in particular, Eq. (B3) for their transforma-
tion properties], and, hence, the 7;,, as conjugate spinors, then
the operators

= ZTlm®Tlma ZZO,...,ZS, (16)

m=—I

are invariant, for the same reason (¥ |¥) is, and so they
provide a basis in 15V®| as they can be shown to be an
orthogonal set; they are also Hermitian. Note that the index
[ in T; does not refer to its SU(2) transformation properties
(all T;’s should carry an index O in that respect), but, rather,
it is a reminder of the 7,,’s used in Eq. (16). The operator T,
is the superoperator sending A to anz# Tim A Tlm, acting on
the vectorized argument |A). It is also easy to see that the T;’s
commute among themselves. Indeed, working in the 7" basis,
note that multiplication of the spinor |7;) (with components
the operators 7j,,) by the spin-0 operator (T;)r (i.e., T; in the
T basis) must transform as 0 ® [ = [. Since there is only one
spin-/ multiplet, it must hold that

(TI)T|TZ/m/)T = )\-ll’lT}’m’>Ta (17)

for some constants A;, a detailed description of which is
given in Appendix C. This means that all (T;); are simul-
taneously diagonal, and proportional to the identity matrix in
each [ subspace (as implied by Schur’s lemma),
2s
(T)r = EP 2k 1, (18)
I'=0

and hence they commute among themselves in every basis.
An alternative basis in [SY® is (T, : [ = 0, ..., 2s}, where

!
T =Y Tim)(Timl. (19)

m=—I

the invariance of which follows from an argument analogous
to the one used above for the T,. The matrix (T;)7 (.e.,
T, in the T basis) is (inevitably) diagonal, with a (2] + 1)-
dimensional identity matrix in the [ subspace, and zeros
elsewhere. The T;’s are projection operators onto the irre-
ducible subspaces, satisfying

2s

Ty =68, Y T =Ip, (20)

1=0

relations that remain valid in all bases. Note that

(pITi|p) = Z ol = lpil*. @1)

m=—I

The relation between the two bases is given by

2s
T, = E ATy,
=0

the first of which is obvious from Eq. (18), while the second
follows from the property of the A matrix, A> =1 (see
Appendix C). Both bases are orthogonal:

(Ty|Ty) = 2L + 1)éy = (Ty|Ty). (23)

2s
T, =Y aTr. (22)

It will prove convenient in the following to work

with the bases (T, =T;=T;/v2[+ 1} and {T; =T; =
T, /+/21 + 1}. The projector A from u(n?) to I 3Y? is given by

2s 2s
A=) 1Tl =) 1Ty, (24)
1=0 1=0
We now define the [ coherence of p [35],/ =0, ..., 2s, via
I
n(p)= Y Tr(pTmpT)) = (p|Tilp),  (25)

m=—I

and collect all r;’s in an n-dimensional vector r, =
(ro, ..., rg) of SU(2)-invariant functions on P. Note that
we write just 7; in what follows, dropping the explicit men-
tion of p. Using the first equality of Eq. (22) and Eq. (21)
we infer that r; = Y, A;r|pr|?. On the other hand, from
Eq. (25) we get

l

r= Y (YTl Z Pimoim = o117,

m=—I1 m=—1

(26)
implying
APy =T, (27)
(where A is a matrix and r a vector) and

(oI Tilp) = (o) = (pITilp). (28)

From now on, we write our expressions in terms of the SU(2)
invariants (r,);, or just r; for short, and extend the definition
of an SU(2)-invariant vector r to general operators M via

(rm) = M|T; M), [=0,...,2s. (29)

C. Further concepts related to spin states

We conclude this section of preliminary concepts with a
brief introduction to anticoherence and the Majorana repre-
sentation of spin states. Comprehensive discussions of these
topics can be found in, e.g., Refs. [7,36-39] for anticoherence,
and Refs. [7,40—-45] for the Majorana representation. A pure
state p = | ) (| is said to be ¢-anticoherent [36,37] if p;,, =
Oforl=1,...,t and m = —I, ..., L. If p is t-anticoherent,
every state in its SU(2) orbit is also 7-anticoherent.

The Majorana representation (also called the stellar repre-
sentation) for pure spin-s states [40,41] provides a bijective
mapping between physical states [/] € CP* to N = 2s un-
ordered points on the sphere S2. known as the constellation of
[¥]. In this representation, rotations (i.e., SU(2) transforma-
tions) of the state [ ] correspond directly to physical rotations
of its constellation.

IV. OPTIMAL SENSORS FOR ARBITRARY
TRANSFORMATIONS

A. A general formula for the average fidelity

In this section we obtain a particularly simple general for-
mula for the SU(2)-average fidelity corresponding to a finite
unitary transformation V, as defined in Eq. (4). Using freely
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successive vectorizations, we compute

F[p]<V>=/ duipulV @ Vpy)
SUQ2)
=/ du(p|UT(V @ V)U|p)
SUQ2)
=/ duTr((V ® V)URU™)
SUQ2)

=/ du (VT @ VT |U ® U|R)
SU?2)

:(VT®VT|</ d;dU@IfJ)IR),
SUQ2)

where R = |p)(p| and [p] denotes the SU(2) orbit of p. The
integral that appears above is known to be given by

/ duU®U = A, (30)
SU(2)

with A as in Eq. (24) (see, e.g., Ref. [46]). In this way the
average fidelity in Eq. (4) reduces to that of a simple Euclidean
inner product between two vectors, the components of which
are SU(2) invariants of V and p:

Fp(V)= (Vi ®@VT|AIR)

2s

_ Z (rv)i(rp

20+ 1
=Ty - Fp, 31
where
. r
7, = (o, ..., Fy) with 7 = ——, 32
» = (7o 2s) ] T (32)

and similarly for 7y .

Expanding Eq. (31) to second order in the transformation
parameter  (with V = ¢~"X), and using Eq. (7), we obtain
the average QFI:

o= 4 TED L 33
X)) = <2S+1—Vp'rx>- (33)

For a given unitary operator V the optimal sensor states are
those minimizing the inner product (31); similarly, for a given
Hermitian generator X, they are those minimizing the inner
product appearing in Eq. (33).

B. The locus of r, and universality of optimal sensors

The vector space where the invariant vectors r, live (with
o an n-dimensional pure density matrix, n = 2s 4 1), is R".
Equation (27) imposes rank(A — I') = [s] independent linear
constraints on r,, and, additionally, r¢ is constant, which im-
plies that the dimension of the locus R®) is at most [s]. In
Appendix D it is shown that this upper bound is actually satu-
rated for all s, so that dimR® = [s]; i.e., R® is of maximal
dimension in the hyperplane (inside the positive eigenspace
of 1) defined by ry = 1/n. The basic idea for the proof is the
identification of a parametrized family of states that projects
to a region of R®) with dimension | s, as sketched in Fig. 1.

FIG. 1. Sketch illustrating our geometric approach to calculat-
ing the optimal SU(2)-averaged sensors of transformations V. The
SU(2)-average fidelity of the pure state p, being transformed by V, is
given by the inner product of the invariant vectors 7, (orange arrow)
and 7y (blue arrow). For a given V (and, hence, a fixed 7y), we
look for a state p (which ranges over the locus R, in gray) that
minimizes 7, - fy. As schematically shown, the problem can be for-
mulated by considering planes IT of constant height with respect to
the direction of 7 (orthogonal complements to 7). Because RS has
maximal dimension in the ry = 1/n hyperplane inside the positive
eigenspace of the matrix X (this is the plane sketched in the figure), its
lowest point, in the 7, direction, always lies on its boundary (where
I, is tangent to R in the figure). We also sketch a hypothetical
locus of lower dimension (curve on the right), the lowest point of
which lies in its interior (with respect to the intrinsic topology).

Given that R® lies in the ry = 1/n hyperplane inside the
positive eigenspace of A, and is of maximal dimension there,
the r-vectors r, corresponding to optimal sensors lie on the
boundary of R (for a sketch, see Fig. 1)—the only exception
being the case in which 7y is orthogonal to R (see, e.g., the
r-vectors corresponding to squeezing in Fig. 3). States with
r, in the interior of RS will never be optimal sensors, no
matter what V is (with the exception mentioned above). If ry
is taken to define the “up” direction in r-space, the optimal
sensors are the lowest-lying states, and the worst sensors are
the highest. Note that these statements are valid for any value
of s, regardless of the specific form of R®). We are thus led to
the following result.

Main result. For almost all unitary transformations V, the
r-vectors of optimal (and worst) sensor states lie on the bound-
ary of R™). Thus, optimal and worst sensors, for almost any
unitary transformation, form a zero-measure subset of quan-
tum states.

When R is a polytope, as it turns out to be for spins up
to 2, the optimal (as well as the worst) sensors are generically
to be found among the vertices of the polytope, and this fact
is independent of the nature of V. For the special class of
operators V, such that 7, becomes orthogonal to a face of R,
that entire face may correspond to optimal sensors. When that
happens, small variations of V around those special values
result in discontinuous changes of the corresponding optimal
sensors. This behavior has been observed before [15,16], and
was, until now, quite puzzling, but becomes obvious once the
problem is cast in geometric terms as above.
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FIG. 2. Locus R (horizontal mustard yellow segment) and
curves corresponding to rotations R, (black) and squeezing Q,, (blue)
in the (%,7) plane. The cyan disk on the left end of R" stands
for the coherent state while the magenta square on the right end
denotes the anticoherent one. For any transformation V such that
the ¢ coordinate of 7 is less than 7 /2, the optimal V' sensor is the
coherent state. While for ¢ > /2, the anticoherent state is optimal.
The little white disk on the rotation curve corresponds to the criti-
cal rotation angle 1, = arccos(—2/3) for which the optimal sensor
changes discontinuously. Little red dots on both curves correspond
to 30° parameter increments. The black dot at the top corresponds to
the identity transformation. Note that both curves are traversed twice,
from the identity at the top to the red dot at the “corner” on the right
for 0 < 5, u < m, and retracing the same locus back to the identity
for mr < n, n < 2m. Special to the s = 1 case, the preimage of any
point of RV in projective space is a single SU(2) orbit; i.e., only
states with Majorana constellations of the same shape project to the
same point of R,

V. OPTIMAL FIDELITY-BASED SENSORS

We now apply our approach [summarized in Eq. (31)] to
calculate the optimal sensor states for several unitary trans-
formations, for arbitrary spin in the infinitesimal case and for
s =1, 3/2, 2, 5/2 in the finite case.

A. Infinitesimal case: Average quantum Fisher information

In the special case where X =I'y, [see Eq. (B4) for
the definition of the generators 'y, ], we have (rx )i = 284,

so that
i ) (34)

IoTe) =8 —— — ——
o1 (Tem) <2s+1 20+1

Therefore, the optimal sensors of an infinitesimal transforma-
tion generated by I'y, are the states minimizing r,. When
the minimum value zero is attainable, these are the states
with r, = 0. In particular, for rotations (¢ = 1) and s > 1, the
optimal sensors are the 1-anticoherent states. These results,

Yy
®
4
TQ#
'Y
il
—+
p
Tp -
T

FIG. 3. Locus R®? (horizontal mustard yellow segment) and
curves corresponding to rotations R, (black) and squeezing Q,, (blue)
in the spin-3/2 (%, ¥)-plane (see the caption of Fig. 2 for the visual
conventions used). Unlike the s = 1 case, states with Majorana con-
stellations of different shapes can project to the same point in the
(%, 7) plane.

associated with rotations, are in accordance with those previ-
ously derived in other references [7,15,16].

Now, consider the general quadratic traceless Hamiltonian
[Eq. (9)]. Using appropriate rotations and normalization (see
Appendix A), we arrive at the general form

H(a) =cosa Ty +sina 'y, 35)

with « € [0, w/2]. Note that H(0) Sf —s(s+1)1/3 and
H(m/2) o (S; — S}). A short calculation shows that the av-
erage QFI [Eq. (33)] is independent of «,

- 1 r
I[p](H(Ol)) = S(E - gz), (36)

as was expected from the result in Eq. (34).

B. Finite case

A further refinement of Eq. (31) is possible, based on Eq.
(27). As mentioned above, and proved in Appendix C, the
matrix A that was introduced in Eq. (17) satisfies the identity
A2 = I, which means its eigenvalues are £1, and r, lives
in the positive eigenspace. Given that TrA = 2s 4 1 (mod 2)
(see Appendix C), there are as many positive eigenvalues of
A as there are negative, when s is a half-integer, and one
more positive than negative, when s is integer. Accordingly, by
switching to the eigenbasis of A we work with (roughly) half
the components of r,, those of its positive part, the rest being
zero—this simplifies the analysis considerably, and allows the
visualization of R for relatively high spin values (we go
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up to s = 5/2 in this article, but R can, in principle, be
visualized for s up to 7/2; we explain how below).

It will prove convenient to implement the above consid-
erations by working in the T basis of 15U that appears in
Eq. (24), because in that basis 1 becomes symmetric. Indeed,
repeating the calculation that led to Eq. (31) with a general
Hermitian matrix B replacing p = |¥)(¥|, we find

Fig(V) = G(rg, rv), (37)

where (Gjr) is a natural metric in r space, with Gy =
A /(21 + 1); that G is a symmetric matrix follows from Eq.
(C2). This, more general, result reduces to Eq. (31) when B
is a rank-1 projector. Note also that Fiz(V) = Fjy(B), and
that G = A\, where A is diagonal, with Ay, = 1/4/2€ + 1.
Switching to the basis {T;} the metric transforms to G=
A~1GA™! = A0A7Y; ie., G is a matrix similar to A. Under
the same change of basis, A transforms as A=A =
G; in other bases, the two matrices are, in general, differ-
ent [47]. In the eigenbasis of X, the metric becomes G” =
diag(—1,...,—1,1,...,1).

When p is a pure state, 7, = Ar, lives in the positive
eigenspace of A. When referred to the eigenbasis of A, it takes
the form

Fr=0,... 0,7, Tl )= 0,F). (38

The negative part of f\L,’ is, in general, nonzero, but plays
no role in the optimization problem, as that of 75’ vanishes.
Therefore, Eq. (31) can be recast in the form

Fp(V)=F -7/, (39)
involving only the positive parts of the invariant vectors, 7,

and 7.

In the examples we consider below, R* is plotted em-
bedded in the positive subspace, of dimension [s| 4+ 1.
Accordingly, only the positive parts, 7, and ?;r, of the invari-
ant vectors are shown. We also apply a further rotation and
scaling to obtain a simple parametrization of the locus R,
resulting in coordinates (%, y) for s = 1,3/2 and (%, J, ) for
s = 2,5/2. We give the explicit transformations from r; to the
above coordinates in Appendix E. This choice simplifies the
description of the optimal sensors and has to be done on a
case-by-case basis.

1. Optimal sensors for rotations and squeezings S:f

We consider here the optimal sensors of two standard one-
parameter families of finite unitary transformations: rotations
and one-axis squeezings, defined by

R,y=e ™ Q, =e S, (40)

respectively. Both are taken with respect to the z axis, which
simplifies calculations, but the results are of course valid for
arbitrary axes, due to the SU(2) averaging. For each spin value
considered below, we determine which points of the locus R
minimize the average fidelity for these two families.

2. Spin 1

For s = 1 the above-mentioned linear relations among the
components of r, imply it is of the form r, = (%, r, % —r1),

with 7| ranging from O (anticoherent state) to 1/2 (coherent
state). After rescaling and rotating the positive part of the 7’
frame to new coordinates (%, ¥) [see Eq. (E1)], one ends up
with the locus R‘" being the horizontal segment shown at the
bottom of Fig. 2, with the cyan disk on the left end denoting
the coherent state, and the magenta square on the right end
the anticoherent one. Also drawn in that figure are the vectors
7T for rotations (black curve) and squeezings generated by
SZ2 (blue curve), for the full range [0, 27] of their respective
parameters. The plane itself is colored so that if, for a transfor-
mation V, the vector F‘J,r ends on a specific color, the optimal
sensor for V is the similarly colored vertex of R‘". Note that
the rotation curve ?,J{ﬂ crosses from magenta to cyan for the
critical value n = n; = arccos(—2/3). For any transformation
V such that 7 lies on the dividing line of the plane, so that it
is orthogonal to RV, all states are equivalent V sensors.

3. Spin 3/2

For s = 3/2 the analysis is very similar to that of s = 1. In
this case the linear relations given in Eq. (27) imply that r, =
(4,71, 3. 2 — r1). The results are summarized in Fig. 3, with
identical conventions in effect. The magenta square at the right
end of the segment R*/? stands for the equivalence class
of the Greenberger-Horne-Zeilinger (GHZ) state, two states
being equivalent if they project to the same point in r space.
Note that new coordinates (%, ) [see Eq. (E2)], different from

those used for s = 1, are in use here. There is still a critical

angle 7, = arccos( ‘5112’9) for rotations, with the novelty that

the entire squeezing curve lies on the dividing line, resulting
in all spin-3/2 states being equivalent Q, sensors (for any
u!). This echoes the observation that, in the case s = 3/2, the
squeezing fidelity is the same for all states, for all values of .

4. Spin 2

For s = 2, the condition Ar, = r, results in the following
form for r,:

1 -7 2 30r, — 50 12
rp=<—,r1,r2, o ks 12 n )a (41)

VR 40
so that R® is two-dimensional (a triangle and its interior),
with vertices at
— (1L 22 1 1
Fo = (5’ 570 10° 70)

ro=(5.0,3,0.5)

coherent state, 42)
GHZ state, 43)

re = (5:0,0. 3. 55)

tetrahedron state. 44)
After appropriate rescaling and rotation, resulting in new
coordinates (%, ¥, ) [see Eq. (E3)], the triangle ends up per-
pendicular to the Z axis of the (three-dimensional) positive

subspace of the matrix X, with position vector

a+ <85r1 +21r, — 12 63r, —25r; —8 1 ) 45)
? 42/10 14430 V15

(see Fig. 4). With this orientation of R® the optimal sensor
for a transformation V depends only on the ¢ coordinate of

7.7, with three critical angles given in Table I; the coloring of
the sphere in Fig. 4 changes at these values of ¢.
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FIG. 4. Locus R® of r, for s = 2. R® is the triangle in the
figure. The vertices correspond to the (classes of) coherent (little
cyan sphere), GHZ (magenta square), and tetrahedral (yellow tetra-

hedron) states. The frame (X,7,Z) has been rescaled (with respect
to the original 7? referred to) and rotated so that the triangle has
constant Z component, equal to 1/ m, and the coherent state vector
7 has ¢ = 0. Also shown are generic vectors 7; (in red) and 7/
(in green) for a state p and a unitary operator V, respectively (7
is normalized to |7} | = 0.4 as the optimal state depends only on its
direction). The color the vector %/ points to on the sphere indicates
the optimal state for detecting the transformation implemented by
V (note that the top half of the yellow sector has been removed to

provide visual access to the interior). For a given 7}/, the optimal state

is the one minimizing the Euclidean inner product 7, - fy = 7 - [

Referring to Fig. 5, the rotation curve ?I}: (black curve in
the figure) crosses from the tetrahedron (yellow) sector to the
GHZ (magenta) sector at n;= 2arctan(v9 — Zx/E) ~ 96°
and then to the coherent (cyan) sector at 1, ~ 140° (the an-
alytical value is given in Ref. [16]). On the other hand, the
squeezing curve 75# (in blue) crosses from the tetrahedron

sector to the coherent sector at j1; = tan~'(v/61 + 10+/37) &~
84.82°, returns to the tetrahedron sector at w, =27 /3 =
120°, and finally goes back to the coherent sector at u3 =
7 —tan~1(v/61 — 10+/37) ~ 157.45°. These transitions be-
tween sectors double up, symmetrically with respect to 7, as
both curves retrace the same locus for 7 < n, u < 2m.

TABLE 1. Critical ¢ values for R?®.

Optimal state transition Critical angle

Tetrahedron to coherent 7 —tan~' () ~ 109°

V3
117\ A~ A4
Coherent to GHZ 7 + tan (Vﬁ) ~ 243
-1 1 ~ o
GHZ to tetrahedron 27 — tan 75) ~ 349

| K&

FIG. 5. Optimal roto- and squeeze-sensors for s = 2. The locus
R of Fig. 4 is seen here from above. The color transitions are
shown in Table 1. The black curve corresponds to the rotation oper-
ators R, = e~ starting, at n = 0, at the identity (at the position
of Z, in the center of the figure), looping in the yellow (tetrahe-
dral) sector and crossing to magenta (GHZ) at n; = 96.47°, and
later on, into cyan (coherent), at 1, = 139.95°. The end point of
the curve corresponds to n = m: the curve turns back there and
retraces itself symmetrically in the interval [, 27]. Similarly, the
blue curve corresponds to the squeezing operators Q,, = e~i1S% there
are three critical points in this case, p; ~ 84.82°, u, =~ 120°, and
3 ~ 157.45°. As in the case of rotations, the curve retraces itself
in the interval [m,2x]. Little white spheres on both curves mark
the critical angles #;, 1;, while even smaller red spheres mark 30°
parameter increments.

5. Spin 5/2

For spin s = 5/2 the vector r, depends again on two pa-
rameters, r; and r,:

1 T =2m) 25 |
rp=\| =1, ——m———"+ ——=, 5 — 12,
P \g 2 18 1083 °
(14r, — 25r)) 29
Tre TS 27 ) 46
18 108) (46)

The locus R®/?) is thus two dimensional. In contrast with the
lower-spin cases, however, numerical exploration by nonlin-
ear optimization indicates that its projection onto the (r|, r7)
plane is not a polytope. In particular, the lower part of the
boundary (see Fig. 6) appears to be curved. As a consequence,
for certain unitary transformations, the optimal sensor may
vary continuously with the transformation parameter over
some parameter ranges. The (r, r,) coordinates of the ver-
tices shown in Fig. 6 are given in Table II.

The lower, curved portion of the boundary of RG/?
(in blue in Fig. 6) is conjectured to be described by the
expression [48]

50126 r; — 64/70r; +5)
1344 ’

r(r) = 47
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25
84

|GHZ)

|coherent)

FIG. 6. Locus R®/?, where the bottom boundary was found only
numerically. The vertices represent the coherent state, the pentagonal
(|GHZ)) state, the triangular bipyramidal (|vz) ) state, and the |W)
state. Also shown is the state [y;) with r, = 0. Inset: Close-up of
the lower left part of the locus. The dashed red curve corresponds to
optimal states defined implicitly as a particular real root of a quartic
polynomial (see main text). Optimal and worst sensors can only lie
on the boundary of R®/?,

for

22805 — 9840+/5 9
. ~———— < < —.
0.0048 66334 <rn < 70 (48)
Equation A7 holds for states of the form [Y(L)) =

0, W,O,O,O T AZ)Wlth0<)»<2 5.Theremain-
ing curved segment (dashed red line) is instead specified
implicitly, as a particular real root of a quartic polynomial.

Switching to an appropriate (X, ¥, 7)-frame [see Eq. (E4)],
RG/? lies on a constant-Z plane, with

_(1050r1+336r2—115 —210r4+-336r,—25 1 )

36+/2310 36+/210 " V21
(49)

st
o)

which, once more, permits the determination of the optimal
sensors of a particular transformation V based only on the
coordinate ¢ of the corresponding vector ;. The coloring of
the sphere in Fig. 7 reflects this, with the novelty that a portion

TABLE II. Vertices and r, = 0 point of the projection of R/?
in the (ry, r,) plane, highlighted in Fig. 6.

Coordinates State

(3.2) |coherent) = (1,0, 0,0, 0,0)
0. 2) IGHZ) = 55(1,0,0,0,0, 1)
(0, 5) V) = 1(0,3,0,7/2,0, —/5)
(75 5) W) = (0,1,0,0,0,0)
(7%:0) 1) = 2-(0.4/5.0,0,0. 1)

VJ?

FIG. 7. Optimal roto- and squeeze-sensors for s = % (refer to
Fig. 5 for context and visual conventions). The color transitions
are given in Table III. The rotation curve (in black) loops into the
yellow (triangular bipyramidal) sector and crosses to magenta (GHZ)
at 1; ~ 86°, and later on into cyan (coherent), at 1, ~ 129°. The
end point of the curve corresponds to n = x: the curve turns back
there and retraces itself symmetrically in the interval [, 27 ]. There
are four critical points on the squeezing curve (in blue), p; ~ 48°,
Uo A T76°, us ~ 104°, and pug ~ 132°, at each of which the curve
(which projects as a straight segment when viewed from “above”)
crosses the north pole (identity transformation). Like in the case of
rotations, the curve retraces itself in the interval [, 27 ].

of it is now colored with a color gradient. The critical ¢ values
are shown in Table III. The spin-5/2 case is our first example
where we cannot exactly characterize the whole set of optimal
sensors. Nevertheless, we can still do so for a large family
of transformations V. Indeed, as long as the corresponding
vector 7"; has angle ¢ < 28° or ¢ > 68° (see Table III), the
optimal sensor is one of the first four states shown in Table II.

Referring to Fig. 7, the rotation curve crosses critical ¢
values at n; ~ 86° and n, &~ 129°. Thus, the optimal rotosen-
sors are |z) for 0 < n < 86°, GHZ for 86° < n < 129°, and
coherent for 129° < n < 180°, in agreement with the results
found in Ref. [16].

TABLE III. Critical ¢ values for R®/?,

Optimal state transition Critical ¢ value

[¥s) to continuous tan~! (20-) ~ 28°

229411
Continuous to |W) tan™" (; ‘:53337) ~ 68°
|[W) to coherent T —tan~ (%) 115°
Coherent to GHZ 7+ tan” (%)
GHZ to |p) 27 —tan~! (%) A 343°
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vg%

FIG. 8. The locus R® of Fig. 4 is seen here from above. The
color transitions are shown in Table I. The black curve corresponds
to the squeezing operator Q, (&) = e 7@ for o = 7 /2. The curve
starts, at ;= 0, at the identity (at the position of Z, in the center of
the figure), looping in the yellow (tetrahedral) sector and crossing to
cyan (coherent). The end point of the curve corresponds to . = 6.
Little red spheres along the curve mark 90° parameter increments.

The squeezing curve goes through the north pole (identity
transformation) for

1 /
M1 = E[ﬂ + tan™"! (M)} M3 =T — U2,

V155
— 1 t -1
M2 = B v an

Note that ?‘Q*ﬂ travels along a critical ¢ line for some u inter-
vals (see below) and transitions, through the north pole, to
the color gradient sector. In detail, the optimal sensors for
squeezing are in the color gradient zone for u € [0, pu;]U
[m2, 3] U [ug, 7], and at the coherent-1-AC interface for
w € [, w2l Uus, pal.

A similar approach works, in principle, for higher spin
values. In the cases s = 3 and 7/2, the positive sector of the r
space is four dimensional, so that the direction of the vector ?‘J,’
lies on a unit 3-sphere. Then, one can still visualize the results
by stereographic projection onto the equatorial hyperplane (a
copy of R?), so that instead of the colored sphere in, e.g.,
Fig. 7, one would have a colored R?.

‘ﬁf—;{‘s))} pa=7— . (50)

6. Spin-2 optimal sensors for uniparametric
family of quadratic Hamiltonians

We now consider the uniparametric family of quadratic
traceless Hamiltonians in Eq. (35). For illustration, we take
o = /2, and consider the curve Q, (7 /2) = e *HT/2) for
s = 2. Note that, in contrast to the previous cases, this curve
is not periodic in p because the eigenvalues of the Hamilto-
nian are incommensurable (see Fig. 8). A second distinction,
compared to previous cases, is that here one must integrate

over the full SO(3) group to compute the corresponding vec-
tor rp, (in the previous cases, a rotational symmetry around
an axis allowed the reduction of the integration to one over
the sphere). Despite the complicated form of the curve rg,,
for any given u, the color of the point where rp, lands on
the sphere in Fig. 8 determines the corresponding (class of)
optimal sensors. Visual inspection shows that, in the consid-
ered interval of u € [, 67r], there are numerous transitions
between the tetrahedral and the coherent sectors.

VI. CONCLUSIONS

In this work, we studied the problem of identifying optimal
quantum sensors (spin-s pure states) for a general unitary
transformation, using a fidelity criterion, averaged over all
state orientations. Our geometric approach reduces the prob-
lem to evaluating an inner product between SU(2)-invariant
vectors associated with the pure state and the unitary transfor-
mation considered. Our main result is a universality principle:
there exists a null-measure subset of quantum states (mapped
to the boundary of the locus R® of the invariant vectors of all
states), among which the optimal (and worst) sensors of any
given transformation lie; the subset itself is independent of
the transformation. This result explains in an obvious manner
several features of optimal sensors previously discovered, e.g.,
(1) the same states can be optimal and worst sensors for differ-
ent transformations (or even the same type of transformation,
but for different parameter ranges); (ii) for a given type of
transformation, there exist critical values of the associated
parameter at which there is a discontinuous change in the
corresponding optimal sensor; and (iii) for certain transfor-
mations, there exists a continuum of optimal sensors. It is
often the case that the optimal sensors found correspond to
anticoherent states. In particular, we have demonstrated that
anticoherent states play a crucial role as optimal sensors for
transformations such as rotations and squeezings. Further-
more, we have highlighted critical transitions in the optimality
of sensors at specific values of the transformation parameters,
such as rotation angles, which depend on the spin quantum
number s.

A complete characterization of R, for a particular spin
value s, permits a similarly complete characterization of
rotation-averaged optimal sensors for arbitrary unitary trans-
formations. In this work, such a characterization has been
obtained for all spins s < 2. Our results apply not only to
single-spin quantum systems, but also to multispin systems in
which only the collective spin degree of freedom is used for
metrological purposes [49], as well as to multipartite systems
equivalent to an s-spin system, such as multiphoton systems
[6]. For higher spins, the complete characterization of R
remains an open and difficult problem. Nevertheless, some
of its boundary components can be known exactly, which
allows us to determine the optimal sensors for transforma-
tions whose invariant vectors point in the corresponding range
of directions. This is the strategy we followed for s = 5/2:
several boundary components of R®/? can be determined
exactly, even though the lower boundary is still only partially
characterized. A natural direction for future work is therefore
to identify exact boundary families of R® for arbitrary spin s,
especially those with simple scaling properties as s increases.
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Such results could be useful for understanding asymptotic
regimes in quantum metrology.

Any physical system is inevitably subject to noise and
decoherence, which convert pure states into mixed states. This
regime has been extensively studied in quantum metrology
[50-52], including in the context of SU(2)-averaged metro-
logical tasks [17]. In future work, we plan to extend our results
to mixed states, for which several fidelity measures may be
employed [53].

This work clarifies the link between the shape of the locus
R of invariant vectors of pure states and metrological per-
formance, offering a general framework for quantum sensing.
Future work could extend this approach to multipartite sys-
tems and experimental implementations, thereby driving the
development of more reliable quantum sensors and advancing
quantum metrology.
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APPENDIX A: FAMILY OF QUADRATIC HAMILTONIANS

Here, we show that any quadratic Hamiltonian of the
form given in Eq. (9) is equivalent, up to a rotation, to a
Hamiltonian of the uniparametric family (35). In terms of the
polarization tensor operators (see Appendix B), Hyp has the
expression

2
Hy = HooToo + Z Hoy oy,

(A1)
M=-2
with
V2 1 1
H()O = S++(S+)(Qxx + ny + sz)7
ty = - 220, + 0,y —20.)
20 — \/6 xx yy 22/ (AZ)
Hyy = —o(s)(Qy; — iQyz),
o(s)

Hy = T(Qxx - ny - ZiQxy)»

and o (s) = (V(2s + 3)!/(2s — 2)1)/(2+/30). Without loss of
generality, we can consider a traceless Hamiltonian pgy =
0. Since the Ty operators behave, under rotations, as
the S, eigenvectors (s = 2, M), the vector (Ha, ..., Hs _2)

describes a spin-2 state. Then, its Majorana constellation con-
sists of four points. Moreover, H},, = (—1)H, _y by the
Hermiticity of H, and consequently, the corresponding Ma-
jorana constellation consists of two pairs of antipodal points
[54], defining a rectangle inscribed in a great circle. Using an
appropriate rotation, the above rectangle can be oriented such
that the four points lie on the equator, and the sides of the
rectangle are parallel to the Cartesian axes x and y. The four
complex roots associated with the vertices of the rectangle
are then & = Fie™™ with ¢ € [0, 7 /4]. Using the Majorana
bijection [41], we obtain that the corresponding normalized
state has

Hpe |3 = S0CH) g
2723 +c0s220)" T 3+ cos(24)

which are positive numbers, and H»; is always zero. There-
fore, the Hamiltonian Hy can always be written, up to
a rotation, as the linear combination HyoT>y + Hx (T +
T ») = %on + HyT'y. We consider an extended unipara-

metric family Hy, = Si%“ and Hyy = cos o, witha € [0, 7 /2],
which contains the admissible values in parametrization (A3).

Thus, we arrive at Eq. (35).

APPENDIX B: POLARIZATION TENSOR BASIS

An arbitrary n X n matrix A may be exg)anded in the (non-
Hermitian) polarization tensor basis {Tl,(; 1=0,1,...,2s,
m=1,...,—1} [55] (referred to as the T basis henceforth)

which satisfies Tr(]}ii)Tlffn),T) = 8718y » SO that

2s 1
A=Y AT, A = Tr(AT})),
=0 m=—1

(BI)

where here, and often in what follows, we omit the
superscript (s). We denote the corresponding vectoriza-
tion, in this basis, with a subscript 7: A |A)y =
(Aoo, A11, A0, - - - Az_v,_ZS)T. The Hermiticity and unit trace
conditions of a pure state p imply the following conditions on
its components in the 7 basis, respectively:

Pl,—m = (_1)mplms (B2)

1
Loo = ﬁ
The property p? = p imposes additional relations among
the poym.
The 7;,,’s transform irreducibly under the adjoint action of
SU(2),

1
DY(QT,D (@) = Y DO@wnTiw, (B3

m=—

where D®(g) is the (25 4 1)-dimensional irreducible repre-
sentation (s-irrep) of g € SU(2). In some instances, it will
prove convenient to work in a Hermitian orthonormal basis
of u(n), according to the inner product in Eq. (11). We define

one as follows (with £ =0, ..., 2s):
Tom + (=1)"Ty l<sm<d,
Com = { =i — (1)"To ), —E<m<—1, (B4
V2 Ty, m=0.
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APPENDIX C: PROPERTIES OF THE EIGENVALUES A
The eigenvalues A;r of T;, mentioned in Eq. (17), are

given by

Au/=(—1>2”’+”(26+1){j ; ,l} €

where { Ju ;1 } are the 6 symbols. They satisfy

ny my
QU+ Dy = 21+ Dy, (C2)
2s
Z Ak = Sy, (C3)
=0
2s
> ki =2s+1(mod?2). (C4)
1=0

Symmetry property (C2) can be deduced by exploiting the
symmetry of the 6 symbols under the interchange of their
TOWS:

Ay = (=P 21 + 1){j ; f}

_ 21 + 1 25+ +1 / S S l/
- (_21%1)(—1) TS O

21+ 1
= — A
2+ 1

As for the proof of Eq. (C3), it is sufficient to use the
orthogonality property of the 6 symbols [55],

Ji jo allji j» b
2 1)(2 1)43°. : . : = Sup,
Ec(a—i- )(2c + ){]3 i 6”13 i C} b

so that
Zx,l,m,j = Z(_l)lﬂ'(zl + DI+ 1)
14 4

s s Ills s U
“Ns s U'[)s s j
- Z(—l)’”(Zl + DRI+ 1)

14

{s ) l}{s
X /
s s U]s

Finally, to prove property (C4), let us first consider the
following result for the 6 symbols [56]:

2s . . .

1)/ +i+s Ju J2 3
IZO( D (213“){11 L 13}
e

oo j JuoJ2 3
. = Tt Cc6
x {]2 3 13} {lz L } (©6)

which allows us to reexpress Aj; as

2s
A,,:Z(—l)’+25(21+1)(21+1){§ . jHi ; f,}

J=0

s j ;
s lj/} = (=178 =8;.

[

Subsequently, it suffices to consider the property [55]

a b X a b X 81;(1
2X +1 = — C7
;( + ){C 4 pHc 4 q} a1 €D

so that
2s

2s
D =) (D@4 1)
=0

J=0

> s s Ills s 1
XZ(21+])S s Jlls s J
1=0

2s

o 1\2s 1V — (132 1+(_1)2Y)
= (1) (=1 =(-1) (—2

J=0
=25+ 1 (mod 2).

APPENDIX D: ON THE DIMENSION OF R®
We prove here that the upper bound
dimRY <35, 5= ls], (DD

is saturated. Since the linear relations Ar, = r,, together with
the fixed value of ry, leave at most § independent components,
it is enough to exhibit one s-parameter family of pure states
for which the Jacobian dr/da of the map from the state
space to R,

r(pe) = (r1(pa), - - -+ 5(Pa)), (D2)

has full rank at one point.
Consider the normalized family

5—1

Wa) = N@)| [¥0) + Y auls,s—p) |, (D3)

=0
with
N(a) = ; (D4)
e
where «;, € R, and
o) = Y ayls, —v) (D5)

V=s5—Ss

is normalized. We choose the coefficients a, > 0; an explicit

convenient choice is a, = 1/4/2s — 5+ 1.
Let 7; denote the quantity 7; in Eq. (26) evaluated on the
unnormalized vector inside parentheses in Eq. (D3). Since

ri(a) = N(@)*r)(a), (D6)

0, N 4|4=0 = 0, and N(0) = 1, the Jacobian of the normalized
invariants at o = 0 is the same as the Jacobian of the r;’s there.
We compute

!
B, 1la=0 =2 Y (YolT;},Ivho)

m=—I

X ({8, = wlTim Vo) + (Yol Timls. s — u)).
D7)
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Using the standard selection rule

(s, n1|Timls, n2) X 8py nytms (D8)

one sees immediately that
00, Mla=0 =0 if [ <5—p. (D9)
Thus, if the rows are ordered as [ =5,5—1,..., 1 and the
columns as u =0, 1,...,5 — 1, the Jacobian is triangular. Its

diagonal entries are

Bar, iy Lm0 = 4 (0] Ty s W0) as—s (= 1Y es 1500
(D10)
The Clebsch-Gordan (CG) coefficient in Eq. (D10) is nonzero.
Indeed, using CG symmetries, it is equal to

W,5—p

25—5+p S—
(_1) cs,ﬁ—s;s,s—u’

(D11)

L cc
Wthl:l is .of the form Cac.a’
pression is

o (_I)H\/(zc + D!Qa—c)l(a+a)l(a+p)!

with ¢ = o 4 B. Its explicit ex-

C

aa.ap = (2Ra+c+ Dlia—a)(a—p)’
(D12)
and is nonzero for the values appearing here.
It remains only to show that
(WolTs—pu—slb0) #0  (u=0,....5=1). (D13)

With the choice of positive equal coefficients a,, this matrix
element becomes a sum of positive terms. Explicitly, using the
selection rule and Eq. (D12),

s
WolTimppslVo) = D ayan, (=)™ 2l A0

Vi,V =5—§

(D14)
with
sppu—s _ On—v s [(2c+ DU2s —)l(s — v2)!(s + vp)!
Sevisve Tyt \l (e1)22s + ¢+ DI 4 v)!(s — v)!

(D15)

where ¢ = § — . All nonzero summands in Eq. (D14) are
strictly positive, and at least one such summand exists. Hence
the matrix element is nonzero.

Therefore, every diagonal entry of the triangular Jacobian
is nonzero, and

9
det < an (D16)

doy,

) # 0.
a=0

The map « > (rq, ..., rs) has rank 5 at « = 0. Hence R
contains an 5-dimensional patch. Therefore, by Eq. (D1), we
conclude that

dim R = |s]. (D17)

APPENDIX E: EXPLICIT TRANSFORMATIONS

Here, we write the explicit transformations between the
invariants r, or ry and the variables (%, , Z) of our examples
in Sec. V B for different spin quantum numbers s:

3'”2 75"1
230 °
El
4rotritr (E1)

2./6

<
I

V210 ’ (E2)
Sro+ri+r+r

3
2

2/10
r 63r1+15r,—4(3r3+5r3)

<1
I

424/10 ’
_ =Tr+17r,—22r;+10r4
- 144/30 ’ (E3)
6rotritrtritr
24/15 :

<

I
Il

264r1+99r,—11(r3+5r4)—65rs
5 124/2310 ’
. ~ 24r; —45r,4+29r3+25r4—25rs
§s=—: =- E4
2 y 124/210 ’ ( )
Trotri+rytryt+ratrs
24/21 :

=
I

I
Il
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