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Multipartite quantum systems are subject to monogamy relations that impose fundamental constraints on
the distribution of quantum correlations between subsystems. These constraints can be studied quantitatively
through sector lengths, defined as the average value of m-body correlations, which have applications in quantum
information theory and coding theory. In this work, we derive a set of monogamy inequalities that complement
the shadow inequalities, enabling a complete characterization of the numerical range of sector lengths for systems
with N � 5 qubits in a pure state. This range forms a convex polytope, facilitating the efficient extremization
of key physical quantities, such as the linear entropy of entanglement and the quantum shadow enumerators, by
a simple evaluation at the polytope vertices. For larger systems (N � 6), we highlight a significant increase in
complexity that neither our inequalities nor the shadow inequalities can fully capture.
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I. INTRODUCTION

The constituents of a multipartite quantum system exhibit
correlations, some of which arise solely from their quantum
nature. These correlations include entanglement, which has
no classical analog. However, quantum correlations are not
arbitrary but are subject to fundamental physical constraints.
A well-known example is the monogamy of entanglement in
three-qubit systems [1,2], which restricts how entanglement is
shared among three qubits, thereby limiting the ability of each
qubit to be entangled with more than one other. More gen-
erally, multipartite quantum systems obey similar monogamy
relations that limit the distribution of quantum correlations be-
tween subsystems. These correlations are essential resources
for applications in quantum metrology and quantum informa-
tion processing. It is therefore very interesting to characterize
and quantify them, assuming only that the global state is pure.

For multiqubit systems, a general state ρ is fully specified
by the expectation values of Pauli strings,

σμ = σμ1μ2...μN = σμ1 ⊗ · · · ⊗ σμN , (1)

where σ0 denotes the identity operator and σa (a = 1, 2, 3)
are the Pauli matrices, and each index μα takes values in
{0, 1, 2, 3}. Constraints on quantum correlations are therefore
encoded in the expectation values 〈σμ〉. Grouping these ex-
pectation values according to the number of nonidentity Pauli
operators forms the basis for defining the sector lengths Sm

[3–5]. These quantify the average correlations, both classical
and quantum, between m qubits in the N-qubit system. More
precisely, they are defined as the average of the squared ex-
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pectation values of the Pauli strings that act in a nontrivial
way on the qubits. Although these quantities are far fewer
in number than Pauli strings, they have many practical ap-
plications, including the detection of m-partite entanglement
[4–13], generalized uncertainty relations [14–16], quantum
secret sharing [17], the quantum marginal problem [18], and
noise robustness of entanglement [19], among others [20].

Sector lengths were originally introduced within the frame-
work of quantum coding theory [21], where they are more
commonly referred to as Shor-Laflamme enumerators [22]. In
this context, Sm quantifies the effect of errors acting simultane-
ously on m qubits [21,23–28]. As such, the numerical values
that Sm can take determine the feasibility of constructing
quantum codes and, conversely, constraints on quantum codes
impose bounds on the sector lengths. Several key bounds
on quantum codes, and thus on sector lengths, include the
quantum analogs of classical results such as the Hamming
bound [23], the singleton bound [24], and the MacWilliams
identities [21,27]. Additional constraints arise from quantum
shadow enumerators [26,27], whose physical interpretation
and experimental measurement have been recently explored
in [29]. In particular, certain classes of highly entangled
states, such as absolutely maximally entangled (AME) states
[17,30–36] and m-uniform states [22,33,37–43], are as-
sociated with optimal quantum error-correcting codes
[22,36,44–46].

In this work, we derive multiqubit monogamy relations
in the form of inequalities involving only sector lengths. By
combining these inequalities with those already known, we
obtain a set of constraints that, in certain cases, fully charac-
terize the realizable values of sector lengths for pure states.
For systems with up to five qubits, we show that the set of
achievable sector lengths forms a polytope. Similar polytope
structures have already been found for mixed states of two
and three qubits in Ref. [5]. This complete characterization
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allows us to efficiently optimize various quantities related to
entanglement and quantum correlations over all pure states
with these numbers of qubits. Furthermore, we highlight sev-
eral connections between sector lengths, linear entanglement
entropy, and quantum shadow enumerators.

The paper is organized as follows. In Sec. II, we review
basic monogamy relations involving sector lengths. In Sec. III,
we derive additional monogamy relations based on the time-
reversed state. In Secs. IV and V, we examine the numerical
values that sector lengths can take for systems with up to
N = 8 qubits and for arbitrary number of qubits in particular
cases, respectively. We also explore their relevance to entan-
glement theory, quantum coding theory, and the verification of
monogamy conjectures in Sec. VI. Finally, Sec. VII presents
our conclusions and perspectives.

II. DEFINITIONS AND BASIC INEQUALITIES

A. Sector lengths and general inequalities

Consider an arbitrary N-qubit state ρ. We expand ρ in the
Pauli string basis (1) as

ρ = 1

2N

∑
μ

xμσμ, (2)

where the coefficients xμ = Tr(ρ σμ) are real numbers.
Throughout this work, we follow the convention that greek
indices run from 0 to 3, while latin indices are restricted to
the range 1 to 3. The weight of a Pauli string, denoted by
wt(σμ), is defined as the number of nonzero indices in the
multi-index μ [25]. Accordingly, a correlation involving m
parties corresponds to a Pauli string with wt(σμ) = m.

Consider a subset A ⊂ {1, . . . , N} of k qubits. We denote
by ρA the reduced density matrix obtained by tracing out the
complementary set Ā = {1, . . . , N} \ A, i.e., the qubits not in
A. A useful property of the parametrization (2) is that the
coefficients xA

μ1...μk
of ρA are directly inherited from those of

ρ, with zeros inserted in place of the indices associated with
Ā. For example, when tracing out the last N − k qubits, we
have A = {1, . . . , k} and

xA
μ1...μk

= xμ1...μk0...0 = xμ1...μk0N−k , (3)

where 0N−k denotes a string of N − k zeros [37,47].
The sector length Sm is defined as the sum of the squared

coefficients corresponding to m-body correlations,

Sm ≡
∑

wt(σμ )=m

x2
μ. (4)

They define positive numbers,

Sm � 0, for m = 1, . . . , N (5)

since they are a sum of squares. However, the values of Sm are
not arbitrary when ρ varies over the set of valid density matri-
ces. Their allowed ranges are constrained by the fundamental
properties of ρ, including positivity, normalization, and (if
applicable) purity. For example, normalization of ρ implies
that

S0 = Tr(ρ)2 = 1. (6)

The purity of ρ can be expressed in terms of the Sm as

Tr(ρ2) = 1

2N

N∑
m=0

∑
wt(σμ )=m

x2
μ

= 1

2N
(S0 + S1 + S2 + · · · + SN ), (7)

where we have used the orthonormality of the Pauli string
basis and the expansion of ρ in Eq. (2). Since Tr(ρ2) is
bounded between 2−N and 1 for any density matrix, this yields
the constraint

1 � S0 + S1 + S2 + · · · + SN � 2N , (8)

where the upper bound is achieved for pure states, while
the lower bound is achieved for the maximally mixed state.
Additional constraints on the sector lengths can be derived
based the time-reversed density matrix [11]

ρ̃ ≡ σ⊗N
y ρ∗σ⊗N

y , (9)

where ∗ denotes complex conjugation. The quantity

Rρ ≡ Tr(ρρ̃ ) = 1

2N

∑
μ

xμxμ (10)

defines the overlap between the density matrix ρ and its
time-reversed counterpart ρ̃. Here, we introduced the dual
coefficients xμ =∑ν gμνxν, where the metric tensor is defined
as a product of single-qubit gμν = diag(1,−1,−1,−1). Ex-
pressed in terms of the sector lengths Sm, Rρ takes the form
[11]

Rρ = 1

2N
[S0 − S1 + S2 − · · · + (−1)N SN ]. (11)

Since Rρ � 0 for all physical states, combining this with the
purity constraint in Eq. (8) yields the inequality

0 � S0 − S1 + S2 − · · · + (−1)N SN � 2N . (12)

B. Constraints for pure states

For a pure state ρψ = |ψ〉 〈ψ |, the values of Sm = Sm(ρψ )
are further constrained by the fact that Tr(ρ2

ψ ) = 1, which
produces

N∑
m=0

Sm = 2N . (13)

Moreover, for any odd number of qubits N , the time-reversed
state

|ψ̃〉 = σ⊗N
y |ψ∗〉 (14)

is orthogonal to the original pure state |ψ〉 [11,48]. Therefore,
the overlap Rρψ

= |〈ψ |ψ̃〉|2 = 0, and Eq. (12) yields

0 �
N∑

m=0

(−1)m Sm � 2N , for N even

N∑
m=0

(−1)m Sm = 0, for N odd.

(15)

We now turn to the reduced states obtained by taking par-
tial traces of ρψ . For any bipartition A ∪ Ā = {1, . . . , N}, the
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purities of the reduced density matrices ρA and ρĀ are equal,
Tr(ρ2

A) = Tr(ρ2
Ā). This equality leads to the following set of

identities [18,21]:

1

2N−k

N−k∑
m=0

(
N − m

k

)
Sm = 1

2k

k∑
m=0

(
N − m

N − k

)
Sm, (16)

valid for all k = 0, . . . , N . A full derivation of Eq. (16) is
provided in Appendix A. These relations represent an alter-
native formulation of the MacWilliams identity, a well-known
result in classical coding theory [21,25,35]. Importantly, they
allow one to express the sector lengths Sm(ρψ ) for m > 	N/2

in terms of those with m � 	N/2
, significantly reducing the
number of independent Sm(ρψ ).

C. Shadow inequalities

Additional constraints on the sector lengths of pure and
mixed N-qubit states are given by the so-called quantum
shadow inequalities [18,26,27], which take the form

S(e)
g ≡ 1

2N

N∑
m=0

(−1)mKg(m, N ) Sm � 0, (17)

for all g = 0, . . . , N, and where Kg(m, N ) are known as
Kravchuk polynomials [26,49,50], defined by

Kg(m, N ) ≡
g∑

i=0

(−1)i 3g−i

(
m

i

)(
N − m

g − i

)
. (18)

The quantities S(e)
g are called shadow enumerators. In partic-

ular, for g = 0, we recover the overlap with the time-reversed
state

S(e)
0 (ρ) = Rρ � 0. (19)

The inverse relation of Eq. (17) is given by (see Appendix B
for a detailed derivation)

Sm = (−1)m

2N

N∑
g=0

Km(g, N )S(e)
g . (20)

We explain in more detail the connection between the in-
equalities (17) and quantum coding theory in Appendix B.
It should be noted that the inequalities (17) can also be de-
rived independently of the quantum coding framework using
a representation of sector lengths in the double-copy Hilbert
space. For the sake of completeness, this alternative derivation
is included in Appendix C.

D. Numerical range

Taking into account the positivity condition (5) and the
normalization condition (6), the sector length vector S ≡
(S1, . . . , SN ) lies within a subset of RN

+. We define the nu-
merical range of sector lengths for pure states as

S ≡ {S(ρψ )| ρψ = |ψ〉 〈ψ |} ⊂ RN
+. (21)

The main aim of our work is to characterize S as com-
pletely as possible by deriving inequalities that capture the
monogamy of quantum correlations in pure multiqubit states.
To that end, we define R1 as the subset of vectors in RN

+ that

satisfy the conditions specific to pure states given in Secs. II A
and II B:

R1 = {S ∈ RN
+ | Eqs. (13), (15), (16) hold ∀ k = 0, . . . , N}.

(22)

The shadow inequalities (17) for g = 0, . . . , N impose addi-
tional constraints on S, further refining the admissible region
to

R2 = R1 ∩ {S | inequalities (17) hold ∀ g = 0, . . . , N}.
(23)

By definition, we have that S ⊆ R2 ⊆ R1. In the next section,
we derive new inequalities that further restrict the allowed
values of the sector lengths Sm, thereby refining the charac-
terization of S .

III. MONOGAMY INEQUALITIES FROM REDUCED
DENSITY MATRICES

In this section, we derive inequalities that complement
those in the previous section, starting from the Schmidt
decomposition of a pure state. This will give inequalities
associated with the reduced density matrices of |ψ〉 whose
purities are related to the sector lengths.

A. Inequalities for reduced density matrices

Consider a pure state |ψ〉 of N qubits, and a bipartition A|Ā
that splits the system into k and N − k qubits. The Schmidt
decomposition of |ψ〉 with respect to this bipartition reads as

|ψ〉 =
2min(k,N−k)∑

i=1

√
pi |φi〉 ⊗ |χi〉 , (24)

with pi � 0,
∑

i pi = 1, and {|φi〉}i and {|χi〉}i forming
orthonormal sets of states in the subsystems A and Ā, respec-
tively. By tracing over subsystem Ā, we obtain the reduced
density matrix ρA =∑i pi |φi〉 〈φi|, and therefore

Tr
(
ρ2

A

) =
∑

i

p2
i = 1 − 2

∑
i< j

pi p j, (25a)

RρA = Tr(ρAρ̃A) =
∑
i, j

pi p j | 〈φi|φ̃ j〉 |2, (25b)

where |φ̃ j〉 is defined as in Eq. (14). Using the fact that the
purities of ρA and ρĀ are equal for any pure bipartite state
|ψ〉 and minimal when the reduced state of the smallest sub-
system is maximally mixed, Eq. (25) implies the following
inequalities:

1

2min(k,N−k)
� Tr

(
ρ2

A

)
� 1, (26a)

0 � RρA � 1. (26b)

As noted in Sec. II B, for any odd k, a k-qubit state |φ〉
is orthogonal to its time-reversed state |φ̃〉. Thus, for odd k,
the expression for RρA simplifies to 2

∑
i< j pi p j | 〈φi|φ̃ j〉 |2.

Combining with Eq. (25a), we obtain

1 − Tr
(
ρ2

A

)− RρA = 2
∑
i< j

pi p j (1 − | 〈φi|φ̃ j〉 |2) � 0. (27)
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Summing Eqs. (26a) and (26b), we obtain the following
proposition:

Proposition 1. For a general pure state of N qubits

2− min(k,N−k) � Tr
(
ρ2

A

)+ RρA � 3 + (−1)k

2
. (28)

The upper bound of the latter inequality, for odd k, follows
from Eq. (27).

B. Sector length inequalities

The quantities Tr(ρ2
A) and RρA in Proposition 1 can be

expressed in terms of the sector lengths Sm(ρA). Indeed, using
Eqs. (7) and (11) for ρA (a mixed k-qubit state), we get

Tr
(
ρ2

A

) = 1

2k

k∑
m=0

Sm(ρA),

RρA = 1

2k

k∑
m=0

(−1)mSm(ρA).

(29)

In order to obtain additional inequalities for the sector lengths
of the pure state ρψ = |ψ〉 〈ψ | of which ρA is a reduction,
we consider sums over all sets A with k elements. For fixed
k and m � k, the sector lengths Sm(ρA) of the reduced states
and the sector lengths Sm(ρψ ) of the pure state are related by
the identity∑

|A|=k

Sm(ρA) =
(

N − m

k − m

)
Sm(ρψ ) ∀ m � k, (30)

where |A| denotes the cardinality of A. A proof of (30) is given
in Appendix A. By summing (29) over all subsets of length k
and using (30), we obtain

∑
|A|=k

Tr
(
ρ2

A

) = 1

2k

k∑
m=0

(
N − m

k − m

)
Sm(ρψ ), (31)

∑
|A|=k

RρA = 1

2k

k∑
m=0

(−1)m

(
N − m

k − m

)
Sm(ρψ ). (32)

Summing Eqs. (26a), (26b), and the result in Proposition 1 in
the same way, we get

1

2min(k,N−k)

(
N

k

)
�
∑
|A|=k

Tr
(
ρ2

A

)
�
(

N

k

)
,

0 �
∑
|A|=k

RρA �
(

N

k

)
,

(N
k

)
2min(k,N−k)

�
∑
|A|=k

[
Tr
(
ρ2

A

)+ RρA

]
� 3 + (−1)k

2

(
N

k

)
.

(33)

This leads to new constraints on the sector lengths Sm =
Sm(ρψ ) that must be satisfied by any pure multiqubit state:

2k

2min(k,N−k)

(
N

k

)
�

k∑
m=0

(
N − m

k − m

)
Sm � 2k

(
N

k

)
, (34)

0 �
k∑

m=0

(−1)m

(
N − m

k − m

)
Sm � 2k

(
N

k

)
, (35)

	 k−1
2 
∑

m=0

(
N − 2m

k − 2m

)
S2m � 2k−2

(
3 + (−1)k

)(N

k

)
. (36)

Equations (34)–(36) define a new region in the S space that
further restricts the admissible values of the sector lengths.
We denote this region by

R3 = R1 ∩ {S | Eqs. (34)-(36) hold ∀ k = 1, . . . , N}. (37)

We note that the upper bound in Eq. (34) and the lower bound
in Eq. (35) were previously established in Proposition 7 and
Eq. (32) of Ref. [18].

C. Summary of our results

We summarize our main result in the following theorem.
Theorem 1. Let

R = R2 ∩ R3, (38)

where R2 and R3 are the subsets of RN
+ defined in Eqs. (23)

and (37), respectively. Then, R defines a polytope and the
set S of achievable sector length vectors for pure states is
contained within this polytope, that is,

S ⊂ R. (39)

Although numerical optimization of Sm on the simplex R
is relatively straightforward, finding the extremal values of Sm

within the set S involves optimizing a quartic polynomial in
2N+1 variables (the real and imaginary parts of the compo-
nents of |ψ〉). This is computationally feasible only for a small
number of qubits.

We performed a numerical optimization to determine the
extremal values of the Sm and the corresponding pure states
that achieve these optima, for m = 1, 2, . . . , N on systems of
N = 1, . . . , 8 qubits. The results are summarized in Table I.
The states highlighted in gray can be shown analytically to
saturate the bounds defining the set R. Since S ⊂ R, this con-
firms that these states are indeed the optimal pure states within
S . Some of these optimal states were previously known, with
references provided in Table I.

The following list presents results that, to our knowledge,
have not been reported before:

(i) For N = 4, S is completely characterized and coincides
with the polytope R.

(ii) For N = 5, the boundaries of S are fully characterized,
and strong numerical evidence suggests that S coincides with
the polytope R.

(iii) For N = 5 and 6, it is known that absolutely max-
imally entangled (AME) states satisfy S2 = 0. Furthermore,
we show that the specific AME states given in Eqs. (E4) and
(E8) also achieve the global maximum of S4. It should be
noted that there are other six-qubit AME states that do not
achieve this maximum.

(iv) For N = 5, the global minimum of S4 is reached by a
product state.
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TABLE I. Examples of optimal N-qubit pure states that extrem-
ize the sector lengths Sm [Eq. (4)], presented in two tables: one sorted
by N (left) and the other by m (right). Footnotes refer to either trivial
(in)equalities or to previous work that identified and proved the opti-
mality of some of these states. All states whose optimality is proven
appear in a gray cell. They correspond to the extreme values of the
region R [see Eq. (38)], and therefore of the pure-states numerical
range S [see Eq. (21)]. The remaining states are conjectured optima,
identified through algebraic-numerical methods. Some coincide with
well-known states in the literature, but their optimality has not yet
been rigorously proven.

N min Sm Optimal state max Sm Optimal state

m = 1

N � 2 0a |GHZ(N )〉 Nb |0〉⊗N

m = 2

2 1c |0〉⊗2 3b |GHZ(2)〉
3 3b Any |ψ〉 3b Any |ψ〉
4 2d |tetra〉 6b |0〉⊗4

5 0e |AME(5, 2)〉(E4) 10b |0〉⊗5

6 0e |AME(6, 2)〉(E8) 15b |0〉⊗6

7 0b |AME(6, 2)〉|0〉 21b |0〉⊗7

8 0 |ψM〉(E20)
12783456 28b |0〉⊗8

N � 9 0 See Sec. V B
(N

2

)
b |0〉⊗N

m = 3

3 1c |0〉⊗3 4c |GHZ(3)〉
4 0a |GHZ(4)〉 8b |tetra〉
N � 5 0a |GHZ(N )〉 (N

3

)
b |0〉⊗N

m = 4

4 1c |0〉⊗4 9b |GHZ(4)〉
5 5 |0〉⊗5 15 |AME(5, 2)〉
6 5 |GHZ(5)〉|0〉 45 |AME(6, 2)〉
7 7 |ψ7〉(E14) 45 |AME(6, 2)〉|0〉
8 14 |tetra〉⊗2 70 |0〉⊗8

m = 5

5 1c |0〉⊗5 16c |GHZ(5)〉
6 0a |GHZ(6)〉 24 |pyramid〉(E12)

7 0a |GHZ(7)〉 603/13 |ψ7b〉(E18)

8 0a |GHZ(8)〉 90 |AME(6, 2)〉|0〉⊗2

N � 9 0a |GHZ(N )〉 ? ?
m = 6

6 1c |0〉⊗6 33b |GHZ(6)〉
7 7 |0〉⊗7 49 |ψ7〉(E14)

8 7 |GHZ(7)〉|0〉 168 |ψ1
12345678〉(E25)

m = 7

7 1c |0〉⊗7 64c |GHZ(7)〉
8 0a |GHZ(8)〉 592/7 |tetra(8)〉(E22)

N � 9 0a |GHZ(N )〉 ? ?
m = 8

8 1c |0〉⊗8 129f |GHZ(8)〉
m = N

N odd 1c |0〉⊗N 2N−1c |GHZ(N )〉
N even 1c |0〉⊗N 2N−1 + 1f |GHZ(N )〉

N = 2

1 0a |GHZ(2)〉 2b |0〉⊗2

2 1c |0〉⊗2 3b |GHZ(2)〉

TABLE I. (Continued.)

N min Sm Optimal state max Sm Optimal state

N = 3

1 0a |GHZ(3)〉 3b |0〉⊗3

2 3b Any |ψ〉 3b Any |ψ〉
3 1c |0〉⊗3 4c |GHZ(3)〉

N = 4

1 0a |GHZ(4)〉 4b |0〉⊗4

2 2d |tetra〉 6b |0〉⊗4

3 0a |GHZ(4)〉 8b |tetra〉
4 1c |0〉⊗4 9b |GHZ(4)〉

N = 5

1 0a |GHZ(5)〉 5b |0〉⊗5

2 0e |AME(5, 2)〉 10b |0〉⊗5

3 0a |GHZ(5)〉 10b |0〉⊗5

4 5 |0〉⊗5 15 |AME(5, 2)〉
5 1c |0〉⊗5 16c |GHZ(5)〉

N = 6

1 0a |GHZ(6)〉 6b |0〉⊗6

2 0e |AME(6, 2)〉 15b |0〉⊗6

3 0a |GHZ(6)〉 20b |0〉⊗6

4 5 |GHZ(5)〉|0〉 45 |AME(6, 2)〉
5 0a |GHZ(6)〉 24 |pyramid〉(E12)

6 1c |0〉⊗6 33b |GHZ(6)〉
N = 7

1 0a |GHZ(7)〉 7b |0〉⊗7

2 0 |AME(6, 2)〉|0〉 21b |0〉⊗7

3 0a |GHZ(7)〉 35b |0〉⊗7

4 7 |ψ7〉(E14) 45 |AME(6, 2)〉|0〉
5 0a |GHZ(7)〉 603/13 |ψ7b〉(E18)

6 7 |0〉⊗7 49 |ψ7〉(E14)

7 1c |0〉⊗7 64c |GHZ(7)〉
N = 8

1 0a |GHZ(8) 8b |0〉⊗8

2 0 |ψM〉(E20)
12783456 28b |0〉⊗8

3 0a |GHZ(8)〉 56b |0〉⊗8

4 14 |tetra〉⊗2 70 |0〉⊗8

5 0a |GHZ(8)〉 90 |AME(6, 2)〉|0〉⊗2

6 7 |GHZ(7)〉|0〉 168 |ψ1
12345678〉(E25)

7 0a |GHZ(8)〉 592/7 |tetra(8)〉(E22)

8 1c |0〉⊗8 129b |GHZ(8)〉
aSm � 0.
bReference [5].
cReference [4].
dReferences [22,31].
eReferences [17,33,69].
fReference [51].

(v) For N = 6, the symmetric state given in Eq. (E12)
maximizes S5.

(vi) We find the minimum number of qubits N0 for which
Theorem 2 holds, which concerns the maximum value of Sm,
for m = 4 and 5.

(vii) We find states with S1 = S2 = 0 for any N � 5 in
Sec. V B.
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TABLE II. Sector lengths (S1), (S1, S2), and (S1, S2, S3) for
states associated with certain vertices of the polytope R defined in
Theorem 1. The states for N = 4, 5, and 6 are indicated in Figs. 1
and 3 and are given in Appendix E. They were all found to be ex-
tremal for some shadow enumerators or entanglement entropies (see
Sec. VI A).

N State (S1) or (S1, S2)

2 |GHZ(2)〉 (0)
|0〉⊗2 (2)

3 |GHZ(3)〉 (0)
|0〉⊗3 (3)

4 |tetra〉 (0, 2)
|GHZ(4)〉 (0, 6)

|0〉⊗4 (4, 6)
5 |AME(5, 2)〉 (0, 0)

|GHZ(5)〉 (0, 10)
|0〉⊗5 (5, 10)

N State (S1, S2, S3)

6 |AME(6, 2)〉 (0, 0, 0)∣∣ψ6

〉(E10)
(0, 0, 8)

|GHZ(6)〉 (0, 15, 0)
|0〉⊗6 (6, 15, 20)

|AME(5, 2)〉|0〉 (1, 0, 10)
|GHZ(3)〉⊗2 (0,6,8)
|GHZ(5)〉|0〉 (1,10,10)

|GHZ(3)〉|0〉⊗3 (3,6,14)

Furthermore, we derive another proof that the maximum
value of SN is equal to 2N−1 + 1 for N even. This result was
conjectured in Ref. [7] and later proved in Ref. [51]. Our
alternative proof is presented in Sec. V D and is based entirely
on our inequalities.

IV. MONOGAMY RELATIONS FOR SMALL NUMBERS
OF QUBITS

In this section, we apply Theorem 1 to determine the
numerical range S of the sector lengths of pure multiqubit
states (21). Our analysis focuses on systems between two and
six qubits. For N � 5, we show that S forms a polytope.
In these cases, we also identify the extremal quantum states
corresponding to the vertices and edges of the respective
polytopes. However, the case N = 6 presents a significantly
more complicated scenario, and we are unable to verify that
S retains a polytope structure. Table II summarizes optimal
quantum states associated with the extremal points of the set
R for all N � 6. These states account for all upper bounds
reported in Table I, and also for all lower bounds, with the
exception of the bound S4 � 5 for N = 6. To express these
results, we make use of the generalized Greenberger-Horne-
Zeilinger (GHZ) state, defined as

|GHZ(N, φ)〉 ≡ cos

(
φ

2

)
|0〉⊗N + sin

(
φ

2

)
|1〉⊗N (40)

with φ ∈ [0, π ]. We denote the standard N-qubit GHZ state
by |GHZ(N )〉 ≡ |GHZ(N, π

2 )〉.

A. Two qubits

In this case, R1 ⊂ R2
+ is defined by the following

nontrivial (in)equalities:

S1 + S2 = 3, 0 � 1 − S1 + S2 � 4. (41)

These conditions imply that S1 ∈ [0, 2], S2 ∈ [1, 3], and that
S1 and S2 are linearly related. The sets R2 and R3 coincide
with R1, so all three are fully characterized by the constraints
(41). For the generalized GHZ state |GHZ(2, φ)〉, the sector
lengths are given by S1 = 2 cos2 φ and S2 = 3 − 2 cos2 φ.
When φ varies, these expressions span the set of allowed
values (S1, S2), with the extremal values being achieved by
product states and by the |GHZ(2)〉 state. This shows that
each point in R corresponds to a pure state. It follows that
S = R, and that the entire set S can be parametrized by the
angle φ. Note that the set of achievable sector lengths has also
been characterized for mixed two-qubit states in Ref. [5]. By
relaxing the purity constraint, this set becomes significantly
larger and more complex to characterize.

B. Three qubits

For three qubits, the set R1 ⊂ R3
+ is defined by the con-

straints

S2 = 3, S1 + S3 = 4. (42)

The smaller sets R2 and R3 coincide, and differ from R1 by
the additional inequality

0 � S1 � 3. (43)

Thus, it follows that R = R2 = R3 is delimited by the in-
tervals S1 ∈ [0, 3] and S3 ∈ [1, 4], with S2 = 3. As in the
case of two qubits, the family of states |GHZ(3, φ)〉 leads to
S1 = 3 cos2 φ, which spans the entire interval R. Therefore,
R = S , with the extremal values attained by product states
and the |GHZ(3)〉 state. As for N = 2, the set of achievable
sector lengths for mixed three-qubit states has also been fully
characterized in Ref. [5], which contains the particular values
for pure states described above.

C. Four qubits

For four qubits, R1 ⊂ R4
+ is specified by the equalities

S4 = 3 − 2S1 + S2, S3 = 12 + S1 − 2S2, (44)

and the inequality

2 � S2 − S1 � 6. (45)

In Fig. 1, we plot the projection of R1 onto the sector length
subspace (S1, S2) (shown as the largest green region). While
the set R2 (shown in red) is reduced by the additional inequal-
ity 3S1 + S2 � 18, the set R3 (shown in purple) is reduced
by an even stricter inequality S2 � 6, such that R = R3 ⊂
R2 ⊂ R1. The intervals delimiting the set R3 are S1 ∈
[0, 4], S2 ∈ [2, 6], S3 ∈ [0, 8], and S4 ∈ [1, 9], with the limits
reached by the states indicated in Table I. It should be noted
that this case has also been studied in Refs. [52,53]: in terms
of the bipartite tangles τ1 and τ2 introduced there, we have
S1 = 4(1 − τ1) and S2 = 6 + 12(τ1 − τ2), and the inequalities
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FIG. 1. Projection of the sets R3 ⊂ R2 ⊂ R1 onto the (S1, S2)
plane for N = 4 (top) and N = 5 qubits (bottom), colored in purple,
red and green, respectively. For these particular numbers of qubits,
R = R3 and every point in R3 corresponds to a physically realizable
quantum state.

τ1 � τ2 � 4
3τ1 obtained in [52,53] correspond to S2 � 6 and

2 � S2 − S1, respectively.
The set R = R3, which is entirely characterized by the

conditions

0 � S1 � S2 − 2 � 4, (46)

corresponds to the purple triangle in the top panel of Fig. 1.
A comparable plot can be found in Ref. [54], where examples
of pure states corresponding to the boundary of the set R are
given. Here, we find a family of states that explicitly realizes
all points in R. It is given by

|ψ4(θ, φ)〉 = cos

(
θ

2

)
|GHZ(4, φ)〉 + i sin

(
θ

2

) ∣∣D(2)
4

〉
(47)

with θ ∈ [0, π
2 [, φ ∈ [0, 2π ], and the symmetric Dicke state

|D(2)
4 〉 as defined in Eq. (E1). For the family (47), the sector

lengths are

S1 = (1 + cos θ )2 cos2 φ, (48)

S2 = 2[3 − (1 + sin φ) sin2 θ ]. (49)

To show that Eqs. (48) and (49) parametrize the whole set R,
we let u = cos θ and v = sin φ, which yields

S1 = (1 + u)2(1 − v2) ≡ x,

3 − S2/2 = (1 + v)(1 − u2) ≡ y. (50)

Equation (46) yields 0 � y � 2 − x/2 � 2. We thus want to
show that for any x, y � 0 such that x + 2y � 4 one can find
u ∈ [0, 1] and v ∈ [−1, 1] such that x = (1 + u)2(1 − v2) and
y = (1 + v)(1 − u2). If y = 0 we take u = 1 and v ∈ [−1, 1].
Otherwise, we get in particular the condition v = 1 − x(1−u)

y(1+u) ,
and u must be a root of the order-2 polynomial P(u) = (x +
2y)u2 − 2ux + x − 2y + y2. This polynomial reaches its min-
imum at u0 = x/(x + 2y) ∈ [0, 1]. The condition x + 2y � 4
implies that P(u0) = y2(x + 2y − 4)/(x + 2y) � 0, which, to-
gether with P(1) = y2 � 0, ensures that there is a real root
u ∈ [u0, 1]. To show that the corresponding v = 1 − x(1−u)

y(1+u)
is in [−1, 1] one needs to check that x(1 − u) � 2y(1 + u),
that is, u � u0 − 2y/(x + 2y). This is true since u � u0 and
x, y � 0. Thus, there exists a solution (u, v) inverting Eq. (50).
This shows that S = R is given by (46) and parametrized by
the two angles θ and φ according to (48) and (49). In partic-
ular, the maximum of S1 is achieved by the state |ψ4(0, 0)〉 =
|0〉⊗4. The minimum of S1 can be reached, for instance, by
|ψ4(0, π/2)〉 = |GHZ(4)〉. Lastly, min S2 = 2 is achieved by
the state |ψ4(π/2, π/2)〉 = |tetra〉 [see Eq. (E2) for more
details].

D. Five qubits

In this case, R1 ⊂ R5
+ is defined by the equalities

S3 = 10 + 2S1 − S2,

S4 = 15 − S2,

S5 = 6 − 3S1 + S2, (51)

and the inequalities

S2 � 15, 3S1 − 6 � S2 � 2S1 + 10. (52)

R2 is constrained by the two additional inequalities

2S1 � S2, 2S1 + S2 � 20. (53)

Finally, R3 is characterized by the above inequalities, together
with the additional condition S1 � 10. In Fig. 1 we plot the
projection onto the (S1, S2) plane of the sets R3 ⊂ R2 ⊂ R1.
The intervals of the sector lengths Sm are S1 ∈ [0, 5], S2 ∈
[0, 10], S3 ∈ [0, 10], S4 ∈ [5, 15], and S5 ∈ [1, 16]. The end
points of these intervals are reached by the examples given in
Table I.

The region R is now characterized by the conditions

0 � S1 � 5, 2S1 � S2 � 10, (54)
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corresponding to the purple triangle in Fig. 1 (bottom panel).
As shown in the previous subsections, for N � 4 one can
realize all points in R by simply considering a family of pure
states made of superpositions of extremal points. This is no
longer the case for N = 5, and finding a state realizing an
arbitrary point of the domain R is far from trivial.

Let us consider the left boundary of R, that is, points
for which S1 = 0 and 0 � S2 � 10. A superposition of the
|GHZ(5)〉 and |AME(5, 2)〉 states does not enable to reach
all values of S2 for S1 = 0. However, we can exhibit a family
of states which realizes all points on this boundary. Setting
z = tx − (t + 1)y, we found that states of the form

|ψ〉 = (0,−tz, 0, x, y, 0, tz, 0, z, 0, z, 0, 0, y, 0, z,

− z, 0,−y, 0, 0, z, 0, z, 0, tz, 0, y,−x, 0, tz, 0), (55)

in the computational basis, depending on three parameters
x, y, t , are such that S1 = 0. The normalization condition for
|ψ〉 can be rewritten

2(2t4 + 3t2 + 1)x2 − 4t (2t3 + 2t2 + 3t + 3)xy

+ 2(2t4 + 4t3 + 5t2 + 6t + 5)y2 = 1, (56)

while S2 is a polynomial in (x, y, t ) given by

1

8
S2 = −4t (t + 1)2(8t5 + 8t4 + t + 17)xy3

+ 2(24t8 + 48t7 + 24t6 + 15t4 + 70t3

+ 54t2 − 2t − 1)x2y2 + (8t8 + 32t7 + 48t6 + 32t5

+ 5t4 + 4t3 + 30t2 + 36t + 21)y4

+ (8t8 + 13t4 − 2t2 + 5)x4 − 4t (8t7 + 8t6

+ 9t3 + 17t2 − t − 1)x3y. (57)

Analytical minimization and maximization of (57) under the
constraint (56) shows that the bounds S2 = 0 and 10 are
reached for (x, y, t ) = ( 1

4 ,− 1
4 ,−1) and (− 1√

2
, 0, 0), respec-

tively. By continuity, the family of states (55) covers the whole
left boundary of the domain R. Now consider the oblique
boundary of R on the right, characterized by S2 = 2S1 with
S1 ∈ [0, 5]. We present two families of states that, taken to-
gether, cover this boundary. First, consider the family of states

|ψ (η)〉 = cos η

2
(|00011〉 + |00110〉 − |10001〉 + |10100〉)

+ sin η

2
(|01000〉 − |01101〉 + |11010〉 + |11111〉).

(58)

These states have sector lengths

S2 = 2S1 = 2 cos2(2η) (59)

and thus cover the segment of the right boundary of R with
S1 ∈ [0, 1] for η ∈ [0, π/4]. Second, consider the family of
states

|φ(η)〉 = N
[

cos(η/2) |ψ5〉 + sin(η/2)√
2

|00000〉
]
, (60)

where |ψ5〉 is given in Eq. (E6) and N = 2 (sin η + cos
η + 3)−1/2 is a normalization constant. These states exhibit

sector lengths given by

S2 = 2S1 = 28 sin η − 6 sin(2η) − 4 cos η − cos(2η) + 37

(sin η + cos η + 3)2
.

(61)

In this case, S1 increases monotonically from 1 at η = 0 to 5
at η = π , covering the right boundary of R with S1 ∈ [1, 5].
Together, these results show that there are states that realize
all the points on the right-hand boundary. Finally, the top
boundary of R is covered by the generalized GHZ state (40) as
φ varies within [0, π/2], yielding sector lengths S1 = 5 cos2 φ

and S2 = 10. By forming superpositions of states located at
the entire boundary, we find numerically that we can obtain
any combination of sector lengths within R.

This leads us to the following conjecture:
Conjecture 1. For a five-qubit system, the set of sector

lengths attainable by pure states S is exactly the polytope R.

E. Six qubits

For N = 6, we have three free variables S1, S2, and S3, and

S4 = 45 + 10S1 − 2S2 − 3S3,

S5 = 3S3 − 9S1,

S6 = 18 − 2S1 + S2 − S3. (62)

R1 is the subset of R6
+ defined by the equalities (62) and the

inequalities

−8 � 2S1 − S3 � 0. (63)

R2 is constrained by R1 together with the following addi-
tional inequalities:

30S1 � 8S2 + 3S3, 10S1 + 16S2 + 3S3 � 360. (64)

Similarly, R3 is constrained by R1 together with

10S1 + S3 − 20 � 4S2 � 60, 10S1 � 3S3. (65)

Interestingly, in this case, R2 is not contained in R3, as we
can observe in Fig. 2. Thus, N = 6 is the smallest number of
qubits for which R = R2 ∩ R3 �= R3 and R2. R has the fol-
lowing ranges in the sector lengths: S1 ∈ [0, 6], S2 ∈ [0, 15],
S3 ∈ [0, 20], S4 ∈ [0, 45], S5 ∈ [0, 24] and S6 ∈ [1, 33]. Our
numerical results show that S is strictly contained in R,
further restricted by S4 � 5 (see Table I). By integrating this
constraint into the region R, along with additional linear
constraints derived from numerical optimization, we obtain a
reduced polytope in R6

+ (see the lower panel of Fig. 3), whose
nontrivial faces are defined by the following inequalities:

10S1 − 3S3 � 0,

30S1 − 8S2 − 3S3 � 0,

−10S1 + 4S2 + 3S3 � 60,

−5S1 + S2 + S3 � 15,

−2S1 + S3 � 8. (66)

Although this reduced polytope contains S , the exact shape of
S for N = 6 remains unknown. The question of whether it is
even a polytope remains open.
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FIG. 2. Projection of the sets R1, R2 ⊂ R1, R3 ⊂ R1, and R = R2 ∩ R3 onto the (S1, S2, S3) subspace for N = 6. Note that R3 is not
contained in R2 and vice versa (see the differences in the faces of the polyhedra in the planes S2 = 0 and S1 = 0).

F. Seven and eight qubits

We expect the set S to exhibit a complex shape for N = 7
and 8, similar to the case N = 6. Indeed, we find that, while
several optimal states for the sector lengths are achieved by R
(states in a gray cell in Table I), numerical searches reveal
other states that produce tighter bounds for certain sector
lengths. Therefore, additional conditions are needed to fully
characterize S .

V. RESULTS FOR ARBITRARY NUMBER OF QUBITS

In Sec. IV and Table I, we analyzed systems with a reduced
number of qubits up to N = 8. However, in certain cases, it
is possible to derive explicit bounds for certain sector lengths
that hold for arbitrary values of N . In the following, we present
several examples of such bounds. Before proceeding with the
proofs, we first calculate the sector lengths for both product
states and GHZ states for an arbitrary number of qubits.

A. Product and GHZ states

We start with product states. As sector lengths are SU(2)
invariants, we can consider the state |0〉⊗N , for which we have

〈σμ〉 =
N∏

α=1

(δ0,μα
+ δ3,μα

). (67)

Then, Sm(|ψ〉) ≡ Sm(ρψ ) is equal to the number of Pauli
strings consisting of N − m 0’s and m 3’s, i.e.,

Sm(|0〉⊗N ) =
(

N

m

)
. (68)

We now consider the |GHZ(N )〉 state. The squared expec-
tation value |〈σμ〉|2 is equal to 1 if μ consists either of a vector
of zeros with an even number of 3’s, or a vector of 1 with an
even number of 2. In all other cases, this quantity vanishes.
As a consequence, we find that Sm = 0 for all odd m < N . For
even m < N , we have Sm = (Nm), with nonzero contributions
arising from Pauli strings of the form μ = 3m0N−m, up to
permutations.

For the case m = N , the squared expectation value |〈σμ〉|2
equals 1 when μ = 1N− j2 j , with j ranging from 0 to N if N is
even, or from 0 to N − 1 if N is odd. These terms contribute
a total of 2N−1. In addition, for even N , there is one more
nonzero contribution from the Pauli string μ = 3N . Therefore,
we find

SN (|GHZ(N )〉) =
{

2N−1 + 1 for N even
2N−1 for N odd.

(69)

B. One- and two-body correlations

We found tight upper bounds for the sector lengths S1 and
S2 that quantify the amount of one- and two-body correlations.
The same bounds were also derived and formally proved in
Ref. [5]. However, we observe here that these bounds follow
straightforwardly from Eqs. (34)–(36).
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FIG. 3. Top: the polytope R = R2 ∩ R3 for N = 6 in the
(S1, S2, S3) space. Bottom: smaller polytope obtained by including
additional linear constraints given in Eq. (66), derived by numerical
optimization. States corresponding to vertices or points along the
edges are indicated. The vertex P = (0, 7, 8), shown in gray, is one
for which we have not identified any state realizing these sector
lengths.

First, consider Eqs. (34) and (35) with k = 2:(
N

2

)
S0 +

(
N − 1

1

)
S1 +

(
N − 2

0

)
S2 � 4

(
N

2

)
,

−
(

N

2

)
S0 +

(
N − 1

1

)
S1 −

(
N − 2

0

)
S2 � 0. (70)

Subtracting the two equations, we obtain

S1 � N. (71)

Now, from Eq. (36) with k = 3, we obtain(
N

3

)
S0 +

(
N − 2

1

)
S2 � 4

(
N

3

)
. (72)

Since S0 = 1 for any N , it follows that

S2 �
(

N

2

)
. (73)

One may conjecture from Eqs. (71) and (73) that the Sm are
upper bounded by binomial coefficients

(N
m

)
. This is no longer

the case for S3 since for N = 4 we have S3(|tetra〉) = 8 [see
Eq. (E2)]. The next subsection presents more general results
on these upper bounds.

The lower bound of S2 for N � 9 has been obtained in the
previous section and in earlier works (see Table I). In what fol-
lows, we describe a procedure to construct states whose sector
lengths S1 and S2 vanish simultaneously for larger values of N .
The construction relies on the following result:

Proposition 2. For a product state ρ = ρ1 ⊗ ρ2 ⊗ · · · ⊗
ρr , it holds that

Sm(ρ) =
m∑

j1,..., jr=0
j1+···+ jr=m

r∏
i=1

S ji (ρi ). (74)

The proof follows from recursively applying

Sm(ρ1 ⊗ ρ2) =
m∑

j=0

S j (ρ1)Sm− j (ρ2), (75)

which was established in Ref. [5]. In particular, the sector
length S1 of a product state is given by a sum of terms, each
consisting of products of S0’s (equal to 1 by normalization)
and exactly one S1 from its constituent states. Similarly, the
contributions to S2 fall into two categories: (i) products of
S0’s with a single S2, and (ii) products of S0’s with a pair
of S1’s. Consequently, if all constituent states ρi of a product
state ρ satisfy S1(ρi ) = S2(ρi ) = 0, then the product state
itself obeys S1(ρ) = S2(ρ) = 0. We now return to the problem
of constructing an N-qubit pure state such that S1 = S2 = 0.
For N = 5, . . . , 9, explicit examples, which we denote here
by |ϕ(N )〉 for simplicity, are provided in Appendix E. For
any integer N � 10, we can write N = 5(q − 1) + (5 + r) for
some natural numbers q, r with r � 4. Hence, the N-qubit
state

|ψ〉 = |AME(5, 2)〉⊗q−1 |ϕ(5 + r)〉 (76)

is such that S1 = S2 = 0. Therefore, for every N � 5, there
exists a pure state whose sector lengths satisfy S1 = S2 = 0.

C. Upper bound for Sm with m > 2

The results presented in Table I show that the inequality
Sm �

(N
m

)
holds for all multiqubit systems with N larger than

some m-dependent N0. This property was previously estab-
lished in Ref. [5], which states the following lemma:

Lemma 1. [5]. If Sm(ρ) �
(N0

m

)
holds for all states ρ of N0

qubits, then for any N � N0, Sm(ρ ′) �
(N

m

)
holds for all N-

qubit states ρ ′.
In Lemma 1 states ρ and ρ ′ are not necessarily pure.
In this paper we find analytically the minimal values

N0 = 2, 3, 5 for m = 1, 2, 3, respectively, and numerically
N0 = 8 for m = 4. The central question is whether, for each
m, there exists a finite value of N0 and if so, what the smallest
such N0 is, satisfying Sm(ρ) �

(N0

m

)
for all N0-qubit states ρ.

This existence problem was first conjectured in Ref. [5] and
was recently proven in Ref. [55] (see Proposition II.1 in the
Supplemental Material in [55]), which established the bound
N0 � (3k − 1)/2. This leads to the following theorem:
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Theorem 2. [55] For every m, there exists an
N0 � (3k − 1)/2 such that Sm �

(N0

m

)
for all N0-qubit states.

By Lemma 1, this inequality then extends to all N � N0.
The exact minimal value of N0, however, is still unknown.

Our results in Sec. IV allow us to determine N0 explicitly for
m � 5. For m = 1, 2, and 3, we recover the same minimal
values of N0 as reported in Ref. [5]. By analytically maximiz-
ing Sm under the constraints defining R [see Eq. (38)], we
obtain N0 = 9 for m = 4 and N0 = 12 for m = 5. However,
the numerical results in Table I suggest that the minimal value
for m = 4 may instead be N0 = 8.

D. Upper bound for SN

The lower bound of SN for an N-qubit system is 1, and this
bound is saturated by product states, as shown in Ref. [4].
The same reference proves that SN � 2N−1 for odd N , and
conjectures that SN � 2N−1 + 1 for even N . In both cases, the
|GHZ(N )〉 states saturate the inequality. This conjecture has
been rigorously proven in Ref. [51], leading to the following
theorem:

Theorem 3. [4,51] For an N-qubit pure state, the sector
length SN has a minimum value of 1. Its maximum value is

max SN =
{

2N−1, if N is odd
2N−1 + 1, if N is even.

The minimum and maximum are attained by product states
and GHZ states, respectively.

Here, we give an alternative proof of this result. Our strat-
egy is the following: find an upper bound for SN within some
polytope containing S , and then show that this upper bound is
reached within S , i.e., saturated by some quantum state.

Finding an upper bound for SN under the constraint that
the vector S belongs to a polytope is a typical linear pro-
gramming problem. In our case, we observed numerically that
the maximum of SN is reached when optimizing only under
the constraints (16) for 1 � k � N/2 and (36) for odd k. The
linear programming problem in the variables S1, ..., SN can be
expressed as follows:

(i) find max(SN )
(ii) under the constraints Sm � 0, m = 1, . . . , N
(iii) with inequality constraints for q = 1, . . . , N/2 − 1

q∑
m=1

(
N − 2m

2q + 1 − 2m

)
S2m � (22q − 1)

(
N

2q + 1

)
, (77)

corresponding to (36) for k = 2q + 1,
(iv) and equality constraints for k = 0, . . . , N/2 − 1

1

2N−k

N−k∑
m=1

(
N − m

k

)
Sm − 1

2k

k∑
m=1

(
N − m

N − k

)
Sm

=
(

1

2k
− 1

2N−k

)(
N

k

)
. (78)

This linear problem takes the form of a primal problem
over the variables Sm [56]:

(i) find max(
∑

m cmSm)
(ii) under the constraints Sm � 0, m = 1, . . . , N ,
(iii) with

∑
m aqmSm � bq for q = 1, . . . , N/2 − 1

(iv) and
∑

m a′
kmSm = b′

k for k = 0, . . . , N/2 − 1,

with

cm = δm,N ,

aqm =
(

N − m

2q + 1 − m

)
δm even,

a′
km = 1

2N−k

(
N − m

k

)
− 1

2k

(
N − m

N − k

)
,

bq = (22q − 1
)( N

2q + 1

)
,

b′
k =

(
1

2k
− 1

2N−k

)(
N

k

)
. (79)

To this primal problem corresponds the following dual prob-
lem over the variables yq, y′

k , corresponding to constraints (78)
and (77), respectively:

(i) find min(
∑

q bqyq +∑k b′
ky′

k )
(ii) under the constraints yq � 0, q = 1, . . . , N/2 − 1,
(iii) and inequality constraints for m = 1, . . . , N

N/2−1∑
q=1

aqmyq +
N/2−1∑

k=0

a′
kmy′

k � cm. (80)

The constraints defining the primal problem are a subset
of the constraints defining R ⊃ S . Therefore, all points in S
are feasible points of the primal problem and, by virtue of
the weak duality theorem of linear programming, provide a
lower bound for the dual problem. This is the case of the state
|GHZ(N )〉, for which Eq. (69) gives SN = 2N−1 + 1. From the
strong duality theorem, to conclude the proof, it suffices to
show that there are feasible values of yq, y′

k which achieve that
lower bound.

We take the following values:

yq = 0, 1 � q � N
4 − 1

yq = 21−N/2, q = N−2
4 if N mod 4 = 2

yq = 2−2q+1, 	N+2
4 
 � q � N

2 − 1

y′
0 = 2N ,

y′
k = 2N−k−2k+1

(−1)k − 1, 1 � k � N
2 − 1.

(81)

The values (81) obviously follow the trivial constraints
yq � 0. As for the other inequality constraints, the left-hand
side of Eq. (80) reads as

Qm =
N/2−1∑

q=1

aqmyq +
N/2−1∑

k=0

a′
kmy′

k . (82)

In Appendix F 1 we show that Qm � cm, which shows that the
values (81) yield a feasible point for the dual problem. We
show in Appendix F 2 that at this point we have

N/2−1∑
q=1

bqyq +
N/2−1∑

k=0

b′
ky′

k = 2N−1 + 1, (83)

and thus 2N−1 + 1 is an upper bound of the primal problem.
This proves that SN � 2N−1 + 1 for any pure state, with equal-
ity for the |GHZ(N )〉 state.

012415-11



SERRANO-ENSÁSTIGA, GIRAUD, AND MARTIN PHYSICAL REVIEW A 113, 012415 (2026)

E. The overlap Rρ

Since the quantity Tr(ρ2
A) + RρA played a central role in de-

riving our inequalities for the sector lengths, we now examine
its extremal values. In particular, we investigate whether the
bounds given in Proposition 1 are saturated. Without loss of
generality, we consider a bipartition A|Ā, where A consists
of the first k qubits. The case k = 1 is a bit special because
the Hilbert space of A is two dimensional. In this setting, any
orthonormal basis {|φ1〉 , |φ2〉} must satisfy |φ2〉 ∝ |φ̃1〉 since
the orthogonal complement of |φ1〉 is one dimensional, and
for an odd number of qubits, 〈φ1|φ̃1〉 = 0 (see Sec. II B). As a
result, using Eq. (27), we find that for |A| = 1,

Tr
(
ρ2

A

)+ RρA = 1, (84)

which we also found numerically for small values of N (see
Table III).

For k = |A| > 1, the upper bound of Tr(ρ2
A) + RρA depends

on the parity of k. When k is odd, the bound is attained by
product states with Tr(ρ2

A) = 1 and RρA = 0. For even k, the
maximum is achieved by a state of the form |ψA〉 ⊗ |0〉⊗NB ,
where |ψA〉 satisfies |ψ̃A〉 ∝ |ψA〉. An example is the Dicke
state |D(k/2)

k 〉 defined in Eq. (E1), for which Tr(ρ2
A) = 1 and

RρA = 1. This maximum value can be interpreted as a com-
promise between the purity of the reduced state ρA and the
overlap RρA , when the sum is optimized.

For the minimum of Tr(ρ2
A) + RρA , Table III lists examples

of optimal states obtained numerically for systems with up
to N = 10 qubits and various values of k. The lower bound
given in Proposition 1 is saturated when NA > NĀ, i.e., when
2k > N . For k � N − k and k �= 1, numerical results consis-
tently yield a minimum of 2−k+1. It should be noted that the
case N = 10 with k = 5 provides the first example in which
the contributions of Tr(ρ2

A) and RρA are neither completely
balanced nor entirely concentrated in a single term. All these
observations can be summarized in the following conjecture:

Conjecture 2. Let A|Ā be a bipartition of an N-qubit sys-
tem into k = |A| and N − k = |Ā| qubits. Then, the minimum
of Tr(ρ2

A) + RρA taken over all pure states |ψ〉 of the N-qubit
system is given by

min
|ψ〉
(
Tr
(
ρ2

A

)+ RρA

) =
{

2k−N if 2k > N,

2−k+1 if 2k � N.
(85)

VI. APPLICATIONS

Sector lengths can be used to define entanglement mea-
sures for pure states (see Appendix D for more details). In this
section, we explore several applications of sector lengths re-
lated to these entanglement measures and to quantum coding
theory.

A. Linear entropy of entanglement and shadow enumerators

Sector lengths are directly related to the linear entropy of
entanglement of a pure state across a bipartition A|Ā, defined
as

EA
L (ρ) ≡ 2

[
1 − Tr

(
ρ2

A

)]
. (86)

Using Eqs. (29) and (30), the average linear entropy of entan-

glement over all bipartitions of k and N − k qubits, E
k
L(ρ) ≡

TABLE III. Examples of states that minimize Tr(ρ2
A) + RρA . For

NA > NĀ (i.e., k > N − k), the minimum coincides with the lower
bound 2− min(k,N−k) presented in Proposition 1, which is therefore
saturated by the corresponding optimal state. All states whose op-
timality is rigorously proven appear in a gray cell, the others being
putative optimal states obtained by numerical optimization.

N (NA, NĀ ) min
[
Tr
(
ρ2

A

)+ RρA

]
Optimal state

(
Tr
(
ρ2

A

)
, RρA

)
2 (1,1) 1 Any |ψ〉 (x, 1 − x)a

3 (2,1) 2−1 |0〉|GHZ(2)〉 (2−1, 0)

4 (3,1) 2−1 |0〉|GHZ(3)〉 (2−1, 0)

5 (4,1) 2−1 |0〉|GHZ(4)〉 (2−1, 0)

6 (5,1) 2−1 |0〉|GHZ(5)〉 (2−1, 0)

3 (1,2) 1 Any |ψ〉 (x, 1 − x)

4 (2,2) 2−1 |0〉|GHZ(3)〉 (2−1, 0)

5 (3,2) 2−2 |AME(5, 2)〉 (2−2, 0)

6 (4,2) 2−2 |0〉|AME(5, 2)〉 (2−2, 0)

7 (5,2) 2−2 |GHZ(2)〉|AME(5, 2)〉 (2−2, 0)

8 (6,2) 2−2 |0〉⊗2|AME(6, 2)〉 (2−2, 0)

9 (7,2) 2−2 |0〉⊗3|AME(6, 2)〉 (2−2, 0)

4 (1,3) 1 Any |ψ〉 (x, 1 − x)

5 (2,3) 2−1 |AME(5, 2)〉(E4) (2−2, 2−2)

6 (3,3) 2−2 |AME(6, 2)〉(E8) (2−3, 2−3)

7 (4,3) 2−3 |0〉|AME(6, 2)〉 (2−3, 0)

8 (5,3) 2−3 |0〉⊗2|AME(6, 2)〉 (2−3, 0)

9 (6,3) 2−3 |0〉⊗3|AME(6, 2)〉 (2−3, 0)

5 (1,4) 1 Any |ψ〉 (x, 1 − x)

6 (2,4) 2−1 |AME(6, 2)〉 (2−2, 2−2)

7 (3,4) 2−2 |0〉|AME(6, 2)〉 (2−2, 0)

8 (4,4) 2−3 |0〉|ψM 〉(E16)
1234567 (2−3, 0)

9 (5,4) 2−4 Numerical (2−4, 0)

10 (6,4) 2−4 Numerical (2−4, 0)

6 (1,5) 1 Any |ψ〉 (x, 1 − x)

7 (2,5) 2−1 |AME(6, 2)〉|0〉 (2−2, 2−2)

8 (3,5) 2−2 |AME(6, 2)〉|0〉⊗2 (2−3, 2−3)

9 (4,5) 2−3 |0〉|ψM 〉(E20)
12783456 (2−3, 0)

10 (5,5) 2−4 Numerical (0.04787, 0.01463)

aWith x ∈ [1/2, 1].

∑
|A|=k EA

L (ρ), is indeed equal to

E
k
L(ρ) = 2

(
N

k

)[
1 − 1

2k

k∑
m=0

(k
m

)(N
m

)Sm(ρ)

]
. (87)

The quantity E
k
L(ρ) vanishes if and only if the state is a

product state. This is because E
k
L(ρ) is a positive linear combi-

nation of entanglement measures. Hence, E
k
L = 0 implies that

the state is separable across all bipartitions A|Ā with |A| = k,
which is equivalent to being a product state. On the other hand,
for a k-uniform state, that is, a state that is maximally entan-
gled across every bipartition with up to k qubits in subsystem
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A, it holds that

xμm0N−m = δμm0m (88)

for any m-index vector μm. This is equivalent to

Sm = 0 ∀ m � k. (89)

Such k-uniform states can exist only for k � 	N/2
. When
k = 	N/2
, they are known as absolutely maximally entan-
gled (AME) states and denoted by |AME(N, 2)〉 [17,30],
where the number 2 is related with the dimension of each sub-
system. Thus, the maximum possible average linear entropy
of entanglement is attained only by k-uniform states.

Other relevant quantities for quantifying entanglement are
the shadow enumerators S(e)

g , which are linear combinations of
sector lengths [see Eq. (17)]. These quantities have recently
been used in the experimental characterization of entangle-
ment [29]. As shown in Appendix C, each shadow enumerator
corresponds to the expectation value of a projector operator
acting in the double-copy Hilbert space. Furthermore, as we
discuss in Appendix D, some of them can also be interpreted
as multipartite concurrences. For pure states, the shadow enu-
merators satisfy S(e)

g (ρ) = 0 for g − N odd and
∑N

g=0 S(e)
g =

2N (see Appendix C).
For N � 5, we showed in Sec. V that the numerical range

S forms a polytope. It follows that the extremal values of
any physical quantity expressed as a linear combination of
Sm are reached by quantum states necessarily associated with
the vertices of this polytope. More generally, the maximum
or minimum of any monotonic function of such a linear
combination will be reached at one of the vertices of the
polytope.1 As a concrete example, for N = 4 and 5, the quan-
tities E

g
L and S(e)

g with g < N can be extremized by evaluating
them over the finite set of extremal states from Table II, with
the corresponding maximizers and minimizers summarized in
Table IV (including results for N = 6, when available).

As discussed above, product states minimize E
k
L, while for

N = 5 and 6, this quantity is maximized by AME states. For
N = 4, however, an |AME(4, 2)〉 state does not exist. In this
case, the state |tetra〉 maximizes E

2
L; further details about this

state can be found in Appendix E.
For N = 4, the shadow enumerators (17) give

S(e)
0 = 1

4
(−2 − S1 + S2), S(e)

2 = 1

2
(18 − 3S1 − S2), (90)

and for N = 5,

S(e)
1 = 1

2
(−2S1 + S2), S(e)

3 = −2S1 − S2 + 20. (91)

Note that S(e)
3 is maximized not only by |AME(5, 2)〉 states,

but also by the five-qubit GHZ state, and that shadow enumer-
ators are not always minimized by product states.

For N � 6, our results are not sufficient a priori to com-
pletely characterize the structure of S; however, we can search

1If the optimum is reached at several vertices, the complete ex-
tremal set corresponds to the convex hull of these vertices in the
space Sm.

TABLE IV. States lying on the boundary of the polytope R and
quantities they extremize among the average linear entanglement
entropies and the shadow enumerators E

g
L and S(e)

g , respectively.

N State Minimum Maximum

4 |tetra〉 S(e)
0 E

1
L, E

2
L, S(e)

2

|GHZ(4)〉 E
1
L, S(e)

0

|0〉⊗4 E
1
L, E

2
L, S(e)

0 , S(e)
2

5 |AME(5, 2)〉 S(e)
1 E

1
L, E

2
L, S(e)

3

|GHZ(5)〉 E
1
L, S(e)

1

|0〉⊗5 E
1
L, E

2
L, S(e)

1 , S(e)
3

6 |AME(6, 2)〉 S(e)
2 E

1
L, E

2
L, E

3
L

S(e)
0 , S(e)

4

|ψ6〉(E10) S(e)
0 E

1
L, E

2
L

|GHZ(6)〉 E
1
L, S(e)

0 , S(e)
2

a

|0〉⊗6 E
1
L, E

2
L, E

3
L

S(e)
0 , S(e)

2 , S(e)
4

|AME(5, 2)〉|0〉 S(e)
0 , S(e)

2

|GHZ(3)〉⊗2 S(e)
0 E

1
L

|GHZ(5)〉|0〉 S(e)
0

|GHZ(3)〉|0〉⊗3 S(e)
0 , S(e)

2

aThe optimality of |GHZ(6)〉 for S(e)
2 relies only on a global numeri-

cal optimization over the pure states space, not on our inequalities.

for extrema over the larger set R. Since S ⊂ R, if an ex-
tremum is reached at a vertex of R that corresponds to a
realizable quantum state, then that state is guaranteed to be
optimal. We apply this approach for N = 6 to both the average
linear entanglement entropy and the shadow enumerators. The
linearly independent shadow enumerators in this case are

S(e)
0 = 1

8
(8 + 2S1 − S3),

S(e)
2 = 1

8
(−30S1 + 8S2 + 3S3),

S(e)
4 = 1

8
(360 − 10S1 − 16S2 − 3S3). (92)

We find that product states minimize all three shadow enu-
merators, though some of these minima are also attained by
other states. The state |AME(6, 2)〉 is found to maximize both
S(e)

0 and S(e)
4 . Additionally, using our inequalities, we can an-

alytically confirm that |GHZ(6)〉 maximizes S(e)
0 . Numerical

results further suggest that it also maximizes S(e)
2 , although

this cannot be concluded from our inequalities alone.

B. Quantum coding theory

Let us now discuss the connection between our results
and quantum-error correction. For completeness, we briefly
summarize key concepts of quantum error-correcting codes
(QECCs) in the context of sector lengths restricted to qubits,
following the references [22,25]. Any error operator can be
expressed as a linear combination of local error operators,
which are simply Pauli strings σμ. Consequently, we focus on
errors of the form E = σμ.
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A quantum code Q of dimension K is a vector subspace of
the Hilbert space of N qubits, (C2)⊗N . An error operator E is
said to be detectable by Q if

〈ψ | E |ψ〉 = c(E ) for all |ψ〉 ∈ Q,

where c(E ) is a constant depending only on E .
A quantum code Q for qubits, specified by the triple

((N, K, d )), is a subspace of dimension K that detects all
local errors with wt(σμ) < d . Such a code is referred to as
a ((N, K, d )) QECC. The code is called pure if, for any local
error E , the expectation value satisfies c(E ) = 2−N Tr(E ). In
our context, we focus on a single pure state, corresponding
to a one-dimensional subspace (K = 1). QECCs of the form
((N, 1, d )) are known as self-dual codes and are, by conven-
tion, always considered pure. This basic theory allows us to
highlight a link between QECCs and sector lengths.

Proposition 3. [22,25] A pure state |ψ〉 of N qubits has
Sm = 0 if and only if it defines a (pure) ((N, 1, m + 1)) QECC.

In quantum coding theory, a more quantitative way to de-
termine whether a code detects local errors of weight m is
through the Shor-Laflamme enumerators, which are defined in
terms of the projector MQ on the code subspace Q by [21,27]

Am(MQ, MQ) ≡
∑

wt(σμ )=m

Tr(σμMQ)2,

Bm(MQ, MQ) ≡
∑

wt(σμ )=m

Tr(σμMQσμMQ), (93)

for m = 1, . . . , N . In the special case where K = 1 (i.e., the
code consists of a single state), the projector becomes MQ =
ρ = |ψ〉 〈ψ |. In this case, the Shor-Laflamme enumerators
reduce to the sector lengths: Am(ρ, ρ) = Bm(ρ, ρ) = Sm(ρ).
For completeness, we present this result along with the more
general framework of Shor-Laflamme enumerators [21] and
their connection to sector lengths in Appendix B. We also
discuss their relation to the MacWilliams identity and shadow
inequalities.

VII. CONCLUSIONS

In this work, we studied the set S of admissible sector
lengths S = (S1, . . . , SN ) for pure N-qubit states. By combin-
ing known constraints on multipartite quantum correlations
with the monogamy inequalities derived in this work, we
constructed a polytope R containing S (see Theorem 1). For
N � 5 qubits, we showed that this polytope precisely defines
the boundary of S . The states corresponding to the edges of
R were identified, and those corresponding to the vertices
are listed in Table II. Extending our analysis to six-qubit
systems revealed a significant increase in complexity, with
numerical evidence suggesting that R �= S in this case. The
origin of additional constraints on sector lengths defining S
for N � 6 remains to be determined, as does the more general
question of whether the set S continues to form a polytope for
larger N .

We also systematically identified, numerically or analyt-
ically, pure states that extremize sector lengths Sm (i.e., lie
on the boundary of S) for all m for N � 8. These states,
listed in Table I, include known exceptional states as well
as previously unknown states. Those highlighted in gray have

been analytically verified as optimal by saturating inequalities
defining R ⊃ S . Our inequalities also provided an alternative
proof for a conjecture on the maximum value of SN (see
Theorem 3) from Ref. [4], and allowed us to find analytically
the minimum number of qubits N0 for which Theorem 2 holds,
namely, N0 = 9 for S4 and N0 = 12 for S5.

The search for new monogamy inequalities is essential to
refine the geometric understanding of the set S . To this end,
we examined the sum of the purity and the overlap of the
reduced states, Tr(ρ2

A) + RρA , and found that some extremal
states do not saturate our bounds (see Conjecture 2), sug-
gesting that there is still potential to find further and sharper
inequalities. A complete characterization of the set S is valu-
able for identifying states that optimize physical quantities
expressible only in terms of sector lengths. When such a
quantity is a monotonic function of a linear combination of
Sm, the search space reduces to the boundary of S , or if S is
a polytope, its vertices. Leveraging this, we determined states
extremizing the average linear entropy of entanglement and
the quantum shadow enumerators for N = 4, 5, and 6 (see
Table IV). Both quantities, which are examples of generalized
concurrences, depend linearly on sector lengths. Additionally,
we showed that the shadow enumerators can be interpreted as
the expectation value of a projector in the double-copy Hilbert
space.

In summary, our results once again highlight the complex
structure of multipartite quantum correlations, with a notable
increase in complexity at N = 6, suggesting the existence
of stricter constraints that remain to be found. The extremal
states identified here could constitute key resources in the
fields of quantum entanglement and quantum information,
motivating further studies on their properties and potential
generalizations.
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APPENDIX A: DERIVATION OF EQs. (16) AND (30)

Let us first prove Eq. (30). We start by considering the
simplest case, when subsystem A contains k = 3 qubits.

1. Case k = 3

Consider a three-qubit mixed state ρA. If ρA is the reduced
state of a larger pure quantum state ρψ = |ψ〉〈ψ | of N qubits,
its coordinates correspond to the variables xμ, where the
multi-indices μ have at least N − 3 zeros [see Eqs. (2) and
(3)]. For example, if subsystem A corresponds to the three
first qubits, its variables are the xμ1μ2μ30N−3 of the original
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pure state of the N-qubit system. We now calculate the sector
length S1 of ρA, which is

S1(ρA) =
3∑

a=1

(
x2

a000N−3
+ x2

0a00N−3
+ x2

00a0N−3

)
. (A1)

Summing over all
(N

k

)
bipartitions A|Ā, where Ā is the com-

plementary subset of A, each x2
a000N−3

appears in all triplets

involving the first qubit, that is,
(N−1

2

)
times. Therefore,

∑
|A|=k

S1(ρA) =
(

N − 1

2

) 3∑
a=1

(
x2

a00...0 + x2
0a0...0 + · · · + x2

0...0a

)

=
(

N − 1

2

)
S1(ρψ ). (A2)

Similarly,

S2(ρA) =
3∑

a,b=1

(
x2

ab00N−3
+ x2

a0b0N−3
+ x2

0ab0N−3

)
(A3)

and each x2
ab00N−3

appears
(N−2

1

) = N − 2 times in the sum
over A, thus

∑
|A|=k

S2(ρA) = (N − 2)
3∑

a,b=1

(
x2

ab0...0 + x2
a0b0...0 + · · · + x2

0...0ab

)

=
(

N − 2

1

)
S2(ρψ ). (A4)

2. General k

Equations (A2) and (A4) are easily generalized to arbitrary
values of k. If A corresponds to the k first qubits, Sm(ρA) with
m � k is given by

Sm(ρA) =
3∑

a1,...,am=1

(
x2

a1a2...am0...00N−k
+ · · ·

+ x2
00a1a2...am0N−k

)
. (A5)

We then sum over all
(N

k

)
bipartitions A|Ā, where A consists of

k qubits. Each term x2
a1a2...am0k−m0N−k

appears in every k-qubit

subsystem that includes the first m qubits, which occurs
(N−m

k−m

)
times. However, it appears only once in Sm(ρψ ). This is true
for all terms in Eq. (A5), which leads to Eq. (30) for m � k.

Equation (16) is then obtained by expressing the purity of
the reduced state ρA as

Tr
(
ρ2

A

) = 1

2k

k∑
m=1

Sm(ρA). (A6)

Combining this with Eq. (30), we obtain

∑
|A|=k

Tr
(
ρ2

A

) = 1

2k

k∑
m=1

(
N − m

k − m

)
Sm(ρψ ). (A7)

Since Tr(ρ2
A) = Tr(ρ2

Ā) holds for any pure state, we have that∑
|A|=k

Tr
(
ρ2

A

) =
∑
|Ā|=k

Tr
(
ρ2

Ā

)
, (A8)

which directly leads to Eq. (16).

APPENDIX B: SHOR-LAFLAMME ENUMERATORS
AND SECTOR LENGTHS

We describe the connection between sector lengths and
some concepts that appear in quantum coding theory [21,27].
For any two Hermitian operators M1 and M2, the Shor-
Laflamme enumerators (or weights) are defined as2

Am(M1, M2) ≡
∑

wt(σμ )=m

Tr(σμM1)Tr(σμM2),

Bm(M1, M2) ≡
∑

wt(σμ )=m

Tr(σμM1σμM2). (B1)

We define two-variable polynomials using these enumerators

A(x, y) =
∑

0�i�N

Am(M1, M2)xN−mym, (B2)

and analogously for B(x, y). Theorem 7 of Ref. [25] (first
proved in Ref. [21]) establishes a duality relation between
A(x, y) and B(x, y), namely,

B(x, y) ≡ A

(
x + 3y

2
,

x − y

2

)
,

A(x, y) ≡ B

(
x + 3y

2
,

x − y

2

)
. (B3)

These identities are the quantum analog of the MacWilliams
identities used in classical coding theory over GF(4) [57].

In Ref. [27], Rains introduced another enumerator inspired
by classical shadow codes [58]. These quantum shadow enu-
merators, denoted by Cm, are given by

Cm(M1, M2) = Bm(M1, M̃2), (B4)

where M̃2 = σ⊗N
y M∗

2 σ⊗N
y , and M∗

2 is the complex conjugation
of M2. Moreover, the associated polynomial C(x, y) satisfies
[27]

C(x, y) = A

(
x + 3y

2
,

y − x

2

)
. (B5)

Theorem 10 of Ref. [27] shows that

Cm = 1

2N

N∑
i=0

(−1)iKm(i, N )Ai � 0. (B6)

The inverse relation of Eq. (B6) is given by

N∑
i=0

Km(i, N )Ci = 1

2N

N∑
i, j=0

(−1) jKm(i, N )Ki( j, N )Aj

= 2N (−1)mAm, (B7)

2We adopt the definition of the Shor-Laflamme enumerators from
Ref. [27], which agrees with the original formulation up to a global
factor [21].

012415-15



SERRANO-ENSÁSTIGA, GIRAUD, AND MARTIN PHYSICAL REVIEW A 113, 012415 (2026)

where the second equality follows from the orthogonality rela-
tion of the Kravchuk polynomials (Corollary 2.3 in Ref. [50])

N∑
i=0

Km′ (i, N )Ki(m, N ) = 4Nδm,m′ . (B8)

We now establish the connections between the Shor-
Laflamme enumerators, the sector lengths Sm, and the shadow
enumerators S(e) for quantum states. For M1 = M2 = ρ, we
have that Am(ρ, ρ) = Sm(ρ) and Cm(ρ, ρ) = S(e)

m (ρ), which
leads to Eq. (17). If we use instead M1 = ρ = M̃2, we obtain
the inequality

1

2N

N∑
m=0

Km′ (m, N ) Am(ρ, ρ)︸ ︷︷ ︸
Sm (ρ)

� 0, (B9)

where we have used Am(M1, M̃2) = (−1)mAm(M1, M2) which
follows from the properties of Pauli strings. Alternatively,
we can use M1 = M2 = ρA with ρA the k-qubit reduced state
obtained after tracing over a subsystem Ā. Thus, we obtain
another family of inequalities

1

2k

k∑
i=0

(−1)iKm(i, k)Ai(ρA, ρA) � 0. (B10)

Summing over all the partitions of the same size [as in
Eqs. (A6) and (A7)] yields

1

2k

k∑
i=0

(−1)iKm(i, k)

(
N − i

k − i

)
Ai(ρ, ρ)︸ ︷︷ ︸

Si (ρ)

� 0. (B11)

Notably, numerical evidence shows us that the inequalities
(B9) and (B11) are less restrictive than Eq. (17).

APPENDIX C: SHADOW INEQUALITIES FROM THE
DOUBLE-COPY HILBERT SPACE

Here, we derive the shadow inequalities (17) that define
R2 [see Eq. (23)]. For that purpose, we use the double-copy
of the initial Hilbert space of N qubits, H⊗N

1 ⊗ H⊗N
1 , where

H1 is the Hilbert space of a single qubit. This double-copy
technique has also been used to study the entanglement of
mixed states in [9,59,60]. We start with a reformulation of the
Sm variables

Sm =
∑

wt(σμ )=m

| 〈ψ | σμ |ψ〉 |2

= 〈�|
⎛
⎝ ∑

wt(σμ )=m

σμ ⊗ σμ

⎞
⎠ |�〉

= 〈�| Ŝm |�〉 , (C1)

where |�〉 = |ψ〉 ⊗ |ψ〉 and the sum runs over the multi-
indices μ with m nonzero entries. Thus, the sector length Sm of
a pure state |ψ〉 can be thought of as the expectation value of
an observable Ŝm.3 The terms of the operators Ŝm are grouped

3We can also make this generalization for mixed states Sm(ρ ) =
Tr[(ρ ⊗ ρ )Ŝm].

as

Ŝm =
∑

wt(σμ )=m

σμ ⊗ σμ

=
∑

π∈Sym(N )

3∑
a1,...,am=1

σπ (a1...am0N−m ) ⊗ σπ (a1...am0N−m )

m!(N − m)!
, (C2)

where Sym(N ) is the permutation group of N elements, and
the denominator accounts for multiplicities to ensure that
each distinct term appears exactly once. The index aα ap-
pears twice, in the positions α and N + α, and sums from
1 to 3. To calculate the eigenspectrum of Ŝm, we start with
the decomposition

3∑
a=1

(σa)α ⊗ (σa)N+α =
1∑

j=0

j∑
m=− j

F ( j) | j, m〉α,N+α 〈 j, m|α,N+α

= F (1)P̂ (α)
1 + F (0)P̂ (α)

0 , (C3)

where

F ( j) ≡ 2 j( j + 1) − 3 =
{

1, j = 1
−3, j = 0

P̂ (α)
1 ≡

1∑
m=−1

|1, m〉α,N+α 〈1, m|α,N+α ,

P̂ (α)
0 ≡ |0, 0〉α,N+α 〈0, 0|α,N+α , (C4)

and | j, m〉α,N+α denotes the corresponding triplet and sin-
glet states of the two coupled qubits formed by the αth and
(N + α)th qubits.

Thus, the eigenvectors of Ŝm are

Ŝm

N⊗
α=1

| jα, mα〉α,N+α

= em(F ( j1), . . . , F ( jN ))
N⊗

α=1

| jα, mα〉α,N+α , (C5)

where em(x1, . . . , xN ) is the mth elementary symmetric func-
tion of N variables

em(x1, . . . , xN ) ≡
∑

1� j1< j2<···< jm�N

x j1 . . . x jm . (C6)

We can observe that all the Ŝm operators have common eigen-
vectors. Consequently, [Ŝm, Ŝm′ ] = 0. Also, each eigenvalue
(C5) has degeneracy

(N
g

)
3g where g is equal to the number of

j equal to 1. This implies that

Ŝm =
N∑

g=0

λm,gQ̂g, (C7)

with

λm,g = em

(
F (1), . . . , F (1)︸ ︷︷ ︸

g

, F (0), . . . , F (0)︸ ︷︷ ︸
N−g

)

= em

(
1, . . . , 1︸ ︷︷ ︸

g

,−3, . . . ,−3︸ ︷︷ ︸
N−g

)
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=
m∑

s=0

(
g

s

)(
N − g

m − s

)
(−3)m−s

= (−1)mKm(g, N ), (C8)

where we have used the generating function of the symmetric
polynomials [61], and the last expressions are the Kravchuk
polynomials (18). The Q̂g operators are given by

Q̂g = 1

g!(N − g)!

∑
π∈Sym(N )

(
g⊗

i=1

P̂π (i)
1

)
⊗
(

N⊗
i=g+1

P̂π (i)
0

)
.

(C9)

The state |�〉 is symmetric under the swap opera-
tor S12(|ψ1〉 ⊗ |ψ2〉) = |ψ2〉 ⊗ |ψ1〉. Over this permutation,
| j, mj〉α,N+α

transforms to (−1) j+1 | j, mj〉α,N+α
. Hence,

Q̂g |�〉 = 0 whenever N − g is odd.
By denoting the expectation value of the projections

〈�| Q̂g |�〉 = Qg, we can write Sm as

Sm =
N∑

g=0

(−1)mKm(g, N )Qg, (C10)

and Qg = 0 for N − g odd. Notably, the Qg coefficients are
proportional to the shadow enumerators (20). To prove this,
we use the orthogonality condition of the Kravchuk polynomi-
als (B8) in the previous equation and in Eq. (20), which gives
S(e)

g = 2N Qg. Therefore, S(e)
g = 0 for N − g odd. Additionally,

since
∑N

g=0 Q̂g is equal to the identity matrix in the symmetric
sector of H ⊗ H, then

N∑
g=0

S(e)
g = 2N . (C11)

Consequently, there are only 	N/2
 linearly independent
shadow enumerators.

APPENDIX D: MULTIPARTITE CONCURRENCES

Tensor products of the projectors P̂ (α)
x defined in Ap-

pendix C are used in Refs. [8,9,59,60] to define multipartite
concurrences.4 For that, we define first a function CÂ(|ψ〉) as

CÂ(|ψ〉) = 2
√

〈ψ | ⊗ 〈ψ | Â |ψ〉 ⊗ |ψ〉, (D1)

where

Â =
1∑

s1,...,sN =0

ps1,...,sN P̂ (1)
s1

⊗ · · · ⊗ P̂ (N )
sN

, (D2)

with the ps1...sN coefficients such that

〈ψ | ⊗ 〈ψ | Â |ψ〉 ⊗ |ψ〉 � 0 (D3)

for all |ψ〉 ∈ H [60], i.e., Â is a positive-semidefinite operator
in the symmetric sector of H ⊗ H.5 For example, the Ŝm

4In Ref. [60], the operator P̂ (α)
1 (P̂ (α)

0 ) is denoted by P(α)
+ (P(α)

− ).
5The positive-semidefinite condition of Â over the symmetric sec-

tor of H ⊗ H holds, but not necessarily [60], when all the ps1,...,sN

coefficients are positive.

[Eq. (C7)] and Q̂g [Eq. (C9)] operators fulfill (D3) and, conse-
quently, they belong to this family of functions. In particular,
if CÂ(|ψ〉) is an entanglement monotone, then it qualifies
as a well-defined multipartite concurrence [8,60]. References
[8,60] discuss necessary and/or sufficient conditions for CÂ to
be a multipartite concurrence. In particular, [8] shows that the
quantity Rρ in Eq. (11), which is equal to S(e)

0 (ρ) (19) for pure
states, is a concurrence. The latter result has been discussed
previously in other references [48,62,63].

The interpretation of the shadow inequalities as the ex-
pectation value of a projector in the double-copy Hilbert
space was briefly discussed in Ref. [8].6 Finally, note that the
concurrences can also be generalized to mixed states via the
convex-roof extension [60].

APPENDIX E: OPTIMAL STATES

In this Appendix, we present analytical expressions for
proven or putative optimal states that extremize certain sec-
tor lengths or Tr(ρ2

A) + RρA . Most of these states have been
deduced from numerical optimization. Their extremality is
then either rigorously established based on our inequalities
and those existing in the literature, or supported by numerical
optimization (see Tables I and III for more details).

Before presenting the states, we recall that a k-uniform N-
qubit state is one for which all the reduced density matrices
of at most k qubits are maximally mixed. When k = 	N/2
,
such states are known as AME(N, 2). Consequently, for a k-
uniform state, all sector lengths Sm vanish for m � k; that is,
Sm = 0 for all m � k.

As some optimal states are symmetric, it is useful to ex-
press them in terms of symmetric N-qubit Dicke states

∣∣D(α)
N

〉 = (N

α

)−1/2∑
π

∣∣π (00 . . . 0︸ ︷︷ ︸
N−α

11 . . . 1︸ ︷︷ ︸
α

)
〉
, (E1)

where α = 0, . . . , N , and the sum runs over all permutations
π of the N-qubit labels. Symmetric N-qubit states can be
uniquely represented by configurations of Majorana points
on the Bloch sphere, known as Majorana stellar constellation
[64,65]. In the following, certain state names explicitly refer
to this geometric representation.

1. N = 4

(i) The symmetric four-qubit tetrahedron state, given by

|tetra〉 = 1

2

( ∣∣D(0)
4

〉+ i
√

2
∣∣D(2)

4

〉+ ∣∣D(4)
4

〉 )
, (E2)

minimizes both S1 and S2 and maximizes S3. It has sector
lengths

S = (0, 2, 8, 5). (E3)

Among all symmetric four-qubit states, it stands out as the
unique maximally entangled one [66–68]. Each of its two-
qubit reduced density matrices is maximally mixed within the

6Specifically, in Eqs. (14) and (18) as well as footnote [45] in
Ref. [8].
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symmetric subspace, having nonzero eigenvalues ( 1
3 , 1

3 , 1
3 ). Its

extremality has been established analytically.

2. N = 5

(i) The 2-uniform five-qubit state [17,33,69]

|AME(5, 2)〉 = 1√
8

(|00000〉 + |00011〉 + |01101〉 + |01110〉

+ |10101〉 − |10110〉 + |11000〉 − |11011〉)
(E4)

minimizes both S1 and S2 and maximizes S4. It has sector
lengths

S = (0, 0, 10, 15, 6). (E5)

All extremality properties have been established analytically.
(ii) The state

|ψ5〉 = 1√
8

(|00000〉 + |00011〉 − |00101〉 + |00110〉

+ |10000〉 + |10011〉 + |10101〉 − |10110〉) (E6)

has sector lengths

S = (1, 2, 10, 13, 5) (E7)

and is used in the superposition (60) to cover part of the right
boundary of R.

3. N = 6

(i) The 2-uniform six-qubit state [17,33,69]

|AME(6, 2)〉 = 1

5
(|000000〉 + |000011〉 + |000101〉

+ |000110〉 + |001001〉 − |001010〉
− |001100〉 + |001111〉 + |010001〉
+ |010100〉 − |010111〉 + |011000〉
− |011011〉 + |011101〉 − |011111〉
− |100001〉 − |100100〉 + |100111〉
+ |101000〉 + |101011〉 + |101110〉
+ |110000〉 + |110011〉
+ |110101〉 + |111000〉) (E8)

minimizes both S1 and S2 and maximizes S4. It has sector
lengths

S = (0, 0, 0, 45, 0, 18). (E9)

Its extremal properties have been established analytically.
(ii) The 2-uniform six-qubit state

|ψ6〉 = 1

4
(|000000〉 + |000111〉 + |001110〉 + |010101〉

+ |100100〉 + |110001〉 + |110110〉 + |111111〉
− |001001〉 − |010010〉 − |011011〉 − |011100〉
− |100011〉 − |101010〉 − |101101〉 − |111000〉)

(E10)

minimizes both S1 and S2. It has 12 of its 3-qubit reduced
density matrices maximally mixed. The remaining 8 have an
identical spectrum (0, 0, 0, 0, 1

4 , 1
4 , 1

4 , 1
4 ). The sector lengths

for this state are

S = (0, 0, 8, 21, 24, 10), (E11)

corresponding to a vertex of the polytope shown in Fig. 3.
(iii) The 1-uniform six-qubit symmetric state7

|pyramid〉 = −1

2

∣∣D(0)
6

〉+ √
3

2

∣∣D(4)
6

〉
(E12)

minimizes S1 and maximizes S5. It has sector lengths

S =
(

0,
27

5
, 8,

51

5
, 24,

77

5

)
. (E13)

Its extremal properties have been established analytically.

4. N = 7

(i) The 1-uniform seven-qubit symmetric state

|ψ7〉 = N
(
2
√

2
∣∣D(0)

7

〉+ √
14
∣∣D(3)

7

〉+ √
14
∣∣D(6)

7

〉)
(E14)

minimizes both S1 and S4 and maximizes S6. Its sector lengths
are given by

S = (0, 7, 14, 7, 28, 49, 22). (E15)

All its two-qubit reduced states have nonzero eigenvalues
( 1

3 , 1
3 , 1

3 ), while its three-qubit reduced states have nonzero
eigenvalues ( 1

10 , 2
10 , 3

10 , 4
10 ). Its extremality for S4 and S6 has

not been established analytically but is supported by our nu-
merical results.

(ii) The 2-uniform seven-qubit state given in Eq. (17) of
Ref. [70], which reads as

|ψM〉1234567 = 1

4
√

2
[|0000000〉 + |0000011〉 + |0001101〉 + |0001110〉 + |0010001〉 − |0010010〉 + |0011100〉 − |0011111〉

− |0100101〉 − |0100110〉 + |0101000〉 + |0101011〉 + |0110100〉 − |0110111〉 − |0111001〉 + |0111010〉
− |1000100〉 − |1000111〉 + |1001001〉 + |1001010〉 + |1010101〉 − |1010110〉 − |1011000〉 + |1011011〉
+ |1100001〉 + |1100010〉 + |1101100〉 + |1101111〉 + |1110000〉 − |1110011〉 + |1111101〉 − |1111110〉]

(E16)

7Its name comes from its Majorana constellation consisting of a square pyramid (the top vertex is twice degenerate) whose base is at a polar
angle θ = −2 arctan(31/451/8).
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minimizes both S1 and S2, which are both zero. This state has 32 of its three-qubit reduced density matrices maximally mixed.
The remaining three have the spectrum (0, 0, 0, 0, 1

4 , 1
4 , 1

4 , 1
4 ). Its sector lengths are

S = (0, 0, 3, 29, 42, 34, 19). (E17)

(iii) The seven-qubit state

|ψ7b〉 = 1√
13

[√
3

2
|0000〉 ⊗ ( |001〉 − |100〉 )+ |0001010〉 + |0101000〉 + |0110000〉 + |0011000〉

+ ω |1100000〉 + ω2 |0010010〉 + ω3 |1010000〉 + ω4 |0100010〉 + ω5 |100〉 ⊗ ( |0010〉 + |1000〉 )
]
, (E18)

with ω = eiπ/3, maximizes S5 and has sector lengths

S =
(

25

13
,

9

13
,

125

13
, 35,

603

13
,

355

13
,

79

13

)
. (E19)

Its extremality has not been established analytically but is supported by our numerics.

5. N = 8

(i) The 3-uniform eight-qubit state given in Eq. (19) of Ref. [71], which reads as

|ψM〉12783456 = 1

8
[(|0000〉 + |0011〉 − |1101〉 + |1110〉)1278 ⊗ (|0000〉 + |0111〉 − |1001〉 + |1110〉)3456

+ (−|0001〉 + |0010〉 + |1100〉 + |1111〉)1278 ⊗ (|0001〉 + |0110〉 + |1000〉 − |1111〉)3456

+ (|0100〉 − |0111〉 + |1001〉 + |1010〉)1278 ⊗ (−|0011〉 + |0100〉 + |1010〉 + |1101〉)3456

+ (|0101〉 + |0110〉 + |1000〉 − |1011〉)1278 ⊗ (−|0010〉 + |0101〉 − |1011〉 − |1100〉)3456], (E20)

where the multi-indices denote the qubit labels, minimizes both S1, S2 and S3, which are all zero. Its sector lengths are given by

S = (0, 0, 0, 26, 64, 72, 64, 29). (E21)

(ii) The 1-uniform 8-qubit symmetric state

|tetra(8)〉 = 1

3
√

3

(√
7
∣∣D(0)

8

〉+ 2
∣∣D(3)

8

〉+ 4
∣∣D(6)

8

〉)
(E22)

minimizes S1 and maximizes S7. This state has doubly degenerate Majorana stars at the vertices of a tetrahedron. Its sector
lengths are given by

S =
(

0,
28

3
,

144

7
,

310

21
,

160

7
,

1396

21
,

592

7
,

255

7

)
. (E23)

Its extremality for S7 has not been established analytically but is supported by our numerics.
(iii) The eight-qubit state |tetra〉⊗2 with |tetra〉 given in Eq. (E2) minimizes S1 and S4 and has sector lengths

S = (0, 4, 16, 14, 32, 84, 80, 25). (E24)

Its extremality for S4 has not been established analytically but is supported by our numerics.
(iv) The 3-uniform eight-qubit state given in Eq. (12) of Ref. [72], which reads as∣∣ψ1

12345678

〉 = 1

4
√

2
[(|0000〉 + |1111〉)1256 ⊗ (|0000〉 + |0011〉 + |1100〉 + |1111〉)3478

+ (|0011〉 + |1100〉)1256 ⊗ (|0110〉 + |0101〉 + |1010〉 + |1001〉)3478

+ (|0101〉 + |1010〉)1256 ⊗ (|0110〉 − |0101〉 − |1010〉 + |1001〉)3478

+ (|0110〉 + |1001〉)1256 ⊗ (|0000〉 − |0011〉 − |1100〉 + |1111〉)3478], (E25)

minimizes S1, S2, S3, S5, and S7 and maximizes S6. Its sector lengths are given by

S = (0, 0, 0, 42, 0, 168, 0, 45). (E26)

Its extremality for S6 has not been established analytically but is supported by our numerics.
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6. N = 9

(i) The 3-uniform nine-qubit state given in Eq. (15) of Ref. [73], which reads as

|ψm〉123456789 = 1√
32

[|000000000〉 − |000000111〉 − |000011001〉 + |000011110〉 + |001101001〉 + |001101110〉

+ |001110000〉 + |001110111〉 + |010101011〉 − |010101100〉 − |010110010〉 + |010110101〉
+ |011000010〉 + |011000101〉 + |011011011〉 + |011011100〉 − |100100011〉 − |100100100〉
− |100111010〉 − |100111101〉 − |101001010〉 + |101001101〉 + |101010011〉 − |101010100〉
+ |110001000〉 + |110001111〉 + |110010001〉 + |110010110〉 + |111100001〉 − |111100110〉
− |111111000〉 + |111111111〉], (E27)

minimizes S1, S2, S3. Its sector lengths are given by

S = (0, 0, 0, 18, 72, 120, 144, 117, 40). (E28)

APPENDIX F: PROOFS FOR THE DUAL PROBLEM

1. Proof of feasibility equation (80)

Here we show that the values given in (81) provide a feasible point of the dual problem, namely, that the inequalities Qm � cm

hold.
Let us first consider the special case m = N . Equation (79) gives aqN = 0 for all q, a′

kN = 0 for k � 1 and a′
0N = 1/2N . We

get

N/2−1∑
q=1

aqN yq +
N/2−1∑

k=0

a′
kN y′

k = 1 = cN , (F1)

thus, Eq. (80) holds. For m = 1, . . . , N − 1, we only need to show that Qm � 0. We have

Qm = δm even

N/2−1∑
q=1

(
N − m

2q + 1 − m

)
yq +

N/2−1∑
k=0

[
1

2N−k

(
N − m

k

)
− 1

2k

(
N − m

N − k

)]
y′

k

= δm even

⎡
⎢⎣21− N

2

(
N − m
N
2 − m

)
δN mod 4=2 +

N
2 −1∑

q=	 N+2
4 


(
N − m

2q + 1 − m

)
2−2q+1

⎤
⎥⎦+ 1

+
min(N−m, N

2 −1)∑
k=1

1

2N−k

(
N − m

k

)
[(−1)k (2N−k − 2k + 1) − 1] −

N/2−1∑
k=m

1

2k

(
N − m

N − k

)
[(−1)k (2N−k − 2k + 1) − 1]. (F2)

By replacing m by r = N − m and setting p = N − 2q − 1 in the first sum in (F2), we get for r = 1, . . . , N − 1

QN−r = δr even

⎡
⎢⎣21− N

2

(
r
N
2

)
δN mod 4=2 +

2	 N
4 
−1∑
p=1
p odd

2p−N+2

(
r

p

)⎤⎥⎦+ 1

+
min(r, N

2 −1)∑
k=1

1

2N−k

(
r

k

)
[(−1)k (2N−k − 2k + 1) − 1] −

N/2−1∑
k=N−r

1

2k

(
r

N − k

)
[(−1)k (2N−k − 2k + 1) − 1]. (F3)

The sums can be calculated analytically. If r � N/2 − 1, the last sum is 0 and Eq. (F3) reduces to

QN−r = δr even

⎡
⎢⎣ r−1∑

p=1
p odd

2p−N+2

(
r

p

)⎤⎥⎦+ 1 +
r∑

k=1

1

2N−k

(
r

k

)
[(−1)k (2N−k − 2k + 1) − 1]. (F4)
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The last sum gives
r∑

k=1

1

2N−k

(
r

k

)
[(−1)k (2N−k − 2k + 1) − 1] = −1 + 1 − (−3)r + (−1)r − 3r

2N
, (F5)

while
r∑

p=1
p odd

2p

(
r

p

)
= 1

2
[3r − (−1)r], (F6)

hence (F4) becomes

QN−r = δr even

[
3r − (−1)r

2N−1

]
+ 1 − (−3)r + (−1)r − 3r

2N
= 0 (F7)

when considering in turn the cases r even and odd.
If r � N/2, the bounds of the sums are slightly different, and Eq. (F4) becomes

QN−r = δr even

⎡
⎢⎣21− N

2

(
r
N
2

)
δN mod 4=2 +

2	 N
4 
−1∑
p=1
p odd

2p−N+2

(
r

p

)⎤⎥⎦+ 1

+
N
2 −1∑
k=1

1

2N−k

(
r

k

)
[(−1)k (2N−k − 2k + 1) − 1] −

r∑
k= N

2 +1

1

2N−k

(
r

k

)
[(−1)k (2k − 2N−k + 1) − 1], (F8)

where in the last sum we changed k to N − k. In the last line, the terms in (2N−k − 2k ) give
r∑

k=1

1

2N−k

(
r

k

)
(−1)k (2N−k − 2k ) = −1 + 1 − (−3)r

2N
, (F9)

while

N
2 −1∑
k=1

1

2N−k

(
r

k

)
[(−1)k − 1] = − 1

2N−1

N
2 −1∑
k=1
k odd

2k

(
r

k

)
, (F10)

r∑
k= N

2 +1

1

2N−k

(
r

k

)
[(−1)k − 1] = − 1

2N−1

r∑
k= N

2 +1
k odd

2k

(
r

k

)
. (F11)

The difference of the above two identities yields

N
2 −1∑
k=1

1

2N−k

(
r

k

)
[(−1)k − 1] −

r∑
k= N

2 +1

1

2N−k

(
r

k

)
[(−1)k − 1] (F12)

= − 1

2N−1

N
2 −1∑
k=1
k odd

2k

(
r

k

)
+ 1

2N−1

r∑
k= N

2 +1
k odd

2k

(
r

k

)
(F13)

= 1

2N−1

⎛
⎜⎝−2

N
2 −1∑
k=1
k odd

2k

(
r

k

)
− 2

N
2

(
r
N
2

)
δN mod 4=2 +

r∑
k=1
k odd

2k

(
r

k

)⎞⎟⎠. (F14)

We thus get

QN−r = δr even

⎡
⎢⎣21− N

2

(
r
N
2

)
δN mod 4=2 +

2	 N
4 
−1∑
k=1
k odd

2k−N+2

(
r

k

)⎤⎥⎦+ 1 − (−3)r

2N

− 22−N

N
2 −1∑
k=1
k odd

2k

(
r

k

)
− 21− N

2

(
r
N
2

)
δN mod 4=2 + 3r − (−1)r

2N
(F15)
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[using (F6) for the last term]. For even r and N = 4M + 2ε, ε = 0, 1, the upper bounds of the remaining sums are, respectively,
2M − 1 and 2M − 1 + ε, but since the sums run over odd k only, the two sums cancel whether ε = 0 or 1; thus, QN−r = 0 for
even r. For odd r, Eq. (F15) reduces to

QN−r = 1

2N−2

⎛
⎜⎝1 + 3r

2
−

N
2 −1∑
k=1
k odd

2k

(
r

k

)
− 2

N
2 −1

(
r
N
2

)
δN mod 4=2

⎞
⎟⎠

= 1

2N−2

⎛
⎜⎜⎝

r∑
k= N

2
k odd

2k

(
r

k

)
− 1

2
2

N
2

(
r
N
2

)
δN mod 4=2

⎞
⎟⎟⎠, (F16)

where we used again Eq. (F6). It is a sum of positive terms, apart from the last term, which, for N/2 odd, is half the term
corresponding to k = N/2 in the sum. Therefore, QN−r � 0.

2. Proof of Eq. (83)

We have

bq = (22q − 1)

(
N

2q + 1

)
, b′

k = 2N−k − 2k

2N

(
N

k

)
. (F17)

Using the values (81) for yq, y′
k , we get

N/2−1∑
q=1

bqyq +
N/2−1∑

k=0

b′
ky′

k =
(

1 − 21− N
2

)(N
N
2

)
δN mod 4=2 + 2

N
2 −1∑

q=	 N+2
4 


(
1 − 2−2q

)( N

2q + 1

)

+ 2N − 1 + 1

2N

N
2 −1∑
k=1

(2N−k − 2k )

(
N

k

)
[(−1)k (2N−k − 2k + 1) − 1]. (F18)

The first sum is

2

N
2 −1∑

q=	 N+2
4 


(1 − 2−2q )

(
N

2q + 1

)
= 2

N
2 −1∑
k=1
k odd

(1 − 2−N+k+1)

(
N

k

)
, (F19)

while the second sum reads as
N
2 −1∑
k=1
k odd

(
N

k

)
(2−k − 2k−N )(2k − 2N−k − 2) + 1

2N

N
2 −1∑
k=2
k odd

(
N

k

)
(2N−k − 2k )2. (F20)

Summing up Eqs. (F19) and (F20) gives
N
2 −1∑
k=1
k odd

(
N

k

)
(4 − 2−N+k+1 − 22k−N − 2N−2k − 21−k ) + 1

2N

N
2 −1∑
k=2

k even

(
N

k

)
(2N−k − 2k )2. (F21)

For the second sum we get

N
2 −1∑
k=2

k even

(
N

k

)
(2N−k − 2k )2 =

N∑
k=2

k even

(
N

k

)
(2N−k − 2k )2 −

N∑
k= N

2
k even

(
N

k

)
(2N−k − 2k )2 (F22)

=
N∑

k=2
k even

(
N

k

)
(2N−k − 2k )2 −

N
2∑

k=0
k even

(
N

k

)
(2k − 2N−k )2 (F23)

and thus
N
2 −1∑
k=2

k even

(
N

k

)
(2N−k − 2k )2 = 1

2

N∑
k=2

k even

(
N

k

)
(2N−k − 2k )2 − (1 − 2N )2 = 5N + 3N − 3 × 4N + 2N+2 − 2

2
. (F24)
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For the odd terms in (F21), and in the same way changing k to N − k, we obtain
N
2 −1∑
k=1
k odd

(
N

k

)
(4 − 2−N+k+1 − 22k−N − 2N−2k − 21−k ) =

N−1∑
k= N

2 +1
k odd

(
N

k

)
(4 − 2−k+1 − 2N−2k − 22k−N − 21−N+k ). (F25)

Thus, adding both sides and dividing by 2,
N
2 −1∑
k=1
k odd

(
N

k

)
(4 − 2−N+k+1 − 22k−N − 2N−2k − 21−k )

= 1

2

N−1∑
k=1
k odd

(
N

k

)
(4 − 2−k+1 − 2N−2k − 22k−N − 21−N+k ) −

(
N
N
2

)
(1 − 2− N

2 +1)δN mod 4=2

= 22N+1 − 3N − 5N + 2

2N+1
−
(

N
N
2

)
(1 − 2− N

2 +1)δN mod 4=2.

Gathering together all identities, Eq. (83) yields

N/2−1∑
q=1

bqyq +
N/2−1∑

k=0

b′
ky′

k = 2N − 1 + 5N + 3N − 3 × 4N + 2N+2 − 2

2N+1
+ 22N+1 − 3N − 5N + 2

2N+1
(F26)

= 2N−1 + 1, (F27)

which completes the proof.
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Mintert, Phys. Rev. A 74, 052303 (2006).

[61] I. G. Macdonald, Symmetric Functions and Hall Polynomials
(Oxford University Press, Oxford, 1998).

[62] S. S. Bullock and G. K. Brennen, J. Math. Phys. 45, 2447
(2004).

[63] C. Eltschka, T. Bastin, A. Osterloh, and J. Siewert, Phys. Rev.
A 85, 022301 (2012).

[64] E. Majorana, Nuovo Cimento 9, 43 (1932).
[65] J. Zimba, Electron. J. Theor. Phys. 3, 143 (2006).
[66] M. Aulbach, D. Markham, and M. Murao, New J. Phys. 12,

073025 (2010).
[67] J. Martin, O. Giraud, P. A. Braun, D. Braun, and T. Bastin, Phys.

Rev. A 81, 062347 (2010).
[68] D. Baguette, T. Bastin, and J. Martin, Phys. Rev. A 90, 032314

(2014).
[69] F. Huber, Table of AME states, https://huberfe.github.io/ame.
[70] X.-w. Zha, H.-y. Song, J.-x. Qi, D. Wang, and Q. Lan, J. Phys.

A: Math. Theor. 45, 255302 (2012).
[71] X. Zha, C. Yuan, and Y. Zhang, Laser Phys. Lett. 10, 045201

(2013).
[72] X. Zha, Z. Da, I. Ahmed, and Y. Zhang, Laser Phys. Lett. 15,

055206 (2018).
[73] J. Che, P. Zhao, and F. Wen, Int. J. Theor. Phys. 59, 3979 (2020).

012415-24

https://doi.org/10.1088/1751-8121/aaade5
https://doi.org/10.1142/S0219749904000079
https://doi.org/10.1103/PhysRevA.87.012319
https://doi.org/10.1103/PhysRevA.90.022316
https://doi.org/10.1103/PhysRevA.100.032112
https://doi.org/10.1002/qute.202400245
https://doi.org/10.1103/PhysRevA.111.052410
https://arxiv.org/abs/2503.02222
https://doi.org/10.1088/1742-6596/698/1/012003
https://doi.org/10.1103/PhysRevA.55.900
https://doi.org/10.1103/PhysRevA.67.012313
https://doi.org/10.22331/q-2020-06-18-284
https://doi.org/10.1103/PhysRevLett.114.080401
https://doi.org/10.1103/PhysRevA.63.044301
https://doi.org/10.1109/18.412678
https://doi.org/10.22331/q-2020-02-10-229
https://doi.org/10.1063/1.3511477
https://doi.org/10.1063/1.2435088
https://doi.org/10.1103/cbqf-d24r
https://doi.org/10.1109/18.59931
https://doi.org/10.1103/PhysRevLett.98.140505
https://doi.org/10.1103/PhysRevA.74.052303
https://doi.org/10.1063/1.1723701
https://doi.org/10.1103/PhysRevA.85.022301
https://doi.org/10.1007/BF02960953
https://doi.org/10.1088/1367-2630/12/7/073025
https://doi.org/10.1103/PhysRevA.81.062347
https://doi.org/10.1103/PhysRevA.90.032314
https://huberfe.github.io/ame
https://doi.org/10.1088/1751-8113/45/25/255302
https://doi.org/10.1088/1612-2011/10/4/045201
https://doi.org/10.1088/1612-202X/aab69d
https://doi.org/10.1007/s10773-020-04648-1

