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Abstract

Geometric phases, accumulated when a quantum system traces a cycle in
quantum state space, do not depend on the parametrization of the cyclic path,
but do depend on the path itself. In the presence of noise that deforms the path,
the phase gets affected, compromising the robustness of possible applications,
e.g. in quantum computing. We show that for a special class of spin states,
called anticoherent, and for paths that correspond to a sequence of rotations
in physical space, the phase only depends on topological characteristics of
the path, in particular, its homotopy class, and is therefore immune to noise.

Keywords: geometric phases, holonomic quantum computing,
Majorana representation, spin coherent states

(Some figures may appear in colour only in the online journal)

Introduction

Cyclic evolution of a quantum system gives rise to a geometric phase @geo, invariant under
time-reparametrizations of the path C(f) taken by the state of the system in the corresponding
projective Hilbert space P(H) =P [2, 7, 8, 22, 28, 29]. Motivated by this, proposals have
been made to use such phases in quantum computation, the invariance mentioned translating,
in this case, in noise resilience (see, e.g. [16, 23, 24, 32]). However, whatever noise exists,
affects not only the time-parametrization of C (2), but also its form, and this residual effect will,
in general, leave its imprint on Qgeo, to the detriment of the robustness of the computation.
As a concrete mental picture, consider a spin-1/2 particle in the presence of a time-varying
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magnetic field B(f) = Bo(r) = Biy(?), starting out, at r = 0, in the eigenstate [no(0)+) and fol-
lowing adiabatically Bo(t) for # > 0. For a cyclic evolution, fig(T') = fig(0), the phase ¢y, is
proportional to the area enclosed by the curve Co(f) = No(?) on the unit sphere. In the presence
of noise in the field, B(f) = Bo() + €B(7), the component of B along the tangent to Cy(f)
induces reparametrization of Cy(#) and, hence, leaves g, invariant, but the normal comp-
onent changes the shape of Cy(#) and modifies, in general, ©geo. The statistics of pge, Were first
computed analytically in [10], considering By as a classical stochastic field, with subsequent
numerical [12] and experimental [13] confirmations of the results, while the subtler case of
B being a quantum operator was treated in [1], with some qualitative differences showing up
(see also [14] for earlier work treating B as a quantum field, [17, 18, 30] for subsequent theor-
etical debate, and the recent experimental observation reported in [15]).

Our focal point in this letter is to outline a scenario in which the presence of parametric
noise has no effect whatsoever on the geometric phase. The mechanism presented, and possi-
ble generalizations to the non-abelian case [3, 31], could be of interest in holonomic quantum
computing [32]. The setup is best presented via Majorana’s stellar representation and involves
anticoherent spin states—both concepts are now briefly explained. In a little known 1932
paper [19], Majorana pointed out that spin-s quantum states can be labeled by a constellation
of 2s points on the unit sphere. The recipe given is simple as it is cryptic: expand the state in
question |%) in the S, eigenbasis, [y = Zz:_s ckgs, k), and use the expansion coefficients to
write down a polynomial in an auxiliary variable G,

s

Py = S (—1) ( fsm) e G, M
the roots of which, stereographically projected from the south pole onto the unit sphere S,
supply the Majorana constellation of |1)). When |¢) is transformed in Hilbert space by the
unitary representation D(R) of a rotation R € SO(3), the constellation rotates by R on S°.
Additional information about the Majorana constellation may be found in [6, 9] while interest-
ing applications appear in, e.g. [4, 5, 20].

A spin coherent state [n), where n lives on the two-sphere S2,is an eigenstate of n-S
with eigenvalue s (S denotes the spin-s representation of the generators of s1(2)) [9, 25, 26].
Spin coherent states maximize the modulus of the spin expectation value and are, in many
respects, the ‘most classical’ spin states available. Their Majorana constellation consists in
2s coincident stars in the direction n—intuitively, they are the most directional states pos-
sible. In [33], Zimba considered the natural question of which spin states should be declared
the ‘most quantum’, or, as he aptly named them, ‘anticoherent’—one would expect these to
correspond to constellations spread out ‘as uniformly as possible’ over S2. Analytically, the
natural requirement, adopted by Zimba, for an anticoherent state [¢) is that its spin expecta-
tion value vanish, (¢)|n - S|1)) = 0, for all n in S2 Ttis easily shown that there are no spin-1/2
anticoherent states, but they do exist for all higher spins. Such states show up in the classifica-
tion of the different phases of bosonic condensates [4, 5], as well as the study of the so called
inert states [20].

When geometric phases turn topological

The formulation of geometric phases we adopt here is the one put forth in [22], which general-
izes the original setup of [7] to the case of non-cyclic, non-adiabatic evolutions. Given a curve
C(t) = [¢(1)]in P, with 0 < t < 1, a geometric phase (g, may be associated to it via



J. Phys. A: Math. Theor. 53 (2020) 065301 P Aguilar et al

Pgeo = Prot T Pdyn
:mw@wm+%ﬁwmwwm, @

where C(f) = [¢(¢)) is an arbitrary lift of C(¢) in the Hilbert space H, and the two terms on
the right hand side are known as the total and dynamical phase, respectively. It can be shown
easily that ¢,eo does not depend on the lift, and is, therefore, a property of C(2). It is also easy
to show that (geo does not change under a reparametrization of C(¢), C(t) — C'(t) = C(s(t)),
with s(f) a monotonically increasing function of ¢. Under more general perturbations of C(r)
though, that affect the locus of points the curve passes through, @se, does change—when such
perturbations are infinitesimal, and leave the endpoints fixed, only the second term of (2), i.e.
the dynamical phase, contributes to the change of @geo.

We specify now the above to the case in which C(¢) is the path taken by a spin-s state under
a sequence of rotations R(t) € SO(3), C(t) = [¢(1)], with

(1)) = D(R(1))[4(0)), A3)
where D(R(t)) is the spin-s irreducible representation of R(t). Taking into account that for
DR(Y) = &m0

9D(R(t)) = —i(m(z) - S) D(R(7)) “)

holds, with m(#) a complicated function of m(#), the details of which are not essential to our
argument, gy, in the r.h.s. of (2) becomes

tr
pan = [ a0l - S} (1) =0, )
i

the second equality only being valid when |1/(0)), and, hence, |1(f)), are anticoherent. Then
Peeo in (2) reduces to Prot, depending only on the endpoints [¢(0)), [1/(1)) of the lift C(z). It is
important to keep in mind that C() is not an arbitrary lift of C(¢), rather, it is uniquely deter-
mined by (3) once the phase of, say, |¢’(0)) has been chosen. It is also clear that Pgeo 18 indepen-
dent of this latter choice, as the phase change [¢/(0)) — €|4(0)) implies (1)) — €| (1)),
and arg(1)(0)|¢ (1)) remains invariant.

We consider now anticoherent states with Majorana representations that have a non-trivial
rotation symmetry group I, which we assume to be a discrete subgroup of SO(3). This latter
assumption only simplifies the presentation—our results below easily extend to the special
case in which all stars lie on a diameter of S2, so that the symmetry group has a continuous
U(1) component. In the presence of such discrete symmetries, there are open curves R(f) in
SO(3) that give rise, via (3), to closed curves [¢(f)] in IP. Take, for example, a curve R(r) that
starts, at r = 0, at the identity e of SO(3), and ends, at r = 1, at the rotation R,, € T. Since the
Majorana constellation determines the state up to phase, and R, is a symmetry of the constel-
lation, we have (putting [1/(0)) = |¥)),

D(R,)|¥) = &*"|W), (©6)

so that [¢(1)] = [¢(0)] = [¥], i.e. [&(7)] is a closed curve in P. For such a curve, (2) and (5)
imply that pgeo = Qm, i.€. regardless of the details of the curve R(t), the geometrical phase
only depends on its endpoints.

In fact, [¢(1)] lies in the subset of P given by the orbit O}y) of [¥] under the action of SO(3),
so that C(2) is a closed curve in Ojg) C P. The SO(3) orbit of a state consists of all states that
share the same shape of their Majorana constellations, but differ in its orientation in space. For
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a general state [¥], this orbit is a copy of SO(3), but in the presence of symmetries, codified by
T, it reduces to the quotient space SO(3) /T, in which two rotations R, R’ are identified if there
exists a symmetry rotation R, € I' such that R = RR,,. One may visualize Oy as a certain
subset of SO(3) in an infinite number of ways—a canonical choice is to define a biinvariant
distance function D(g1,&2) in SO(3), given, say, by D(g1,g2) = arccos | Tr(g1g, ')/3| and
then assign to each symmetry rotation R,, € I' a ‘cell’ C,, consisting of all group elements in
SO(3) for which the closest symmetry rotation is R,,, i.e.

miin(D(g, R)) =D(g,R,) = g € Cp. (7

This assignment divides the whole SO(3) in cells, excluding those group elements that lie on
the interface between two (or more) cells, i.e. are equidistant from two (or more) symmetry
rotations. These latter group elements can also be ‘distributed’” among a cell and its neighbors
in some canonical way—the orbit O},) may then be identified with any of the cells C,,.

The identifications among points of SO(3) mentioned above, that give rise to Oy}, endow
the latter with a complicated topology, a signature feature of which is that for two given closed
curves Ci(1), Cx(t) in (9[\1,], both of which start, at t = 0, and end, at t = 1, at the same point,
there may not exist a continuous map (homotopy) that brings one into the other, fixing all
along the endpoints. One then says that the two curves belong to different homotopy classes,
denoted by [C1], [C>], respectively, and the set of all such classes forms the fundamental group
71(Orw)) of Oy}, in which the group multiplication is given by concatenation of representa-
tive curves, i.e. [C1] - [C2] = [Cy - C2], where (Cy - C2)(2) is the curve that first goes through
C; (for 0 < ¢ < 1/2), and then through C, (for 1/2 < t < 1). It follows from our discussion
above that the geometric phase acquired by an anticoherent spin state [t ()], going around a
curve C in SO(3) that projects to a loop C in its orbit space Oy, is constant on the homotopy
class of C.

The question that naturally arises now is how many homotopy classes are there, for a given
discrete symmetry group I', and how they combine among themselves, in other words, what
is the structure of the fundamental group 7 (SO(3)/I")? The following theorem, the proof of
which may be found in [21], addresses just that:

Theorem 1. Let G be a connected, simply connected continuous group. Let H be any sub-
group of G. Let Hy be the set of points in H that are connected to the identity by continuous
paths lying entirely in H. Then Hy is a normal subgroup of H, and the quotient group H/Hy is
isomorphic to the fundamental group 7 (G/H) of the coset space G/H.

Since SO(3) is not simply connected, as assumed of the group G in the theorem, we have to
pass to its universal cover SU(2). To each SO(3) rotation matrix there correspond two SU(2)
matrices, that only differ in an overall sign. To each continuous path R(#) in SO(3), that starts
at the identity, there corresponds a unique path R(#) in SU(2), that also starts at the identity
(there is of course a second path, that starts at minus the identity). Finally, the symmetry group
T gets lifted to I'C in SU(2), which has twice as many elements. Applying now theorem 1
we conclude that 71 (SU(2)/T€) ~ ', since H, in the theorem contains just the identity in
our case. The result makes perfect sense intuitively: one expects that homotopy classes cor-
respond somehow to curves that start at the identity in SO(3) and get to any of the symmetry
rotations R,, in I'. However, because SO(3) is not simply connected, there are two homotopi-
cally inequivalent such curves, for each R,—the corresponding doubling-up of the homotopy
classes is exactly captured by the doubled-up I'C’. Taking into account that the geometric phase
corresponding to the product of two homotopy classes is the sum of the geometric phases
corresponding to the factors, so that the corresponding phase factors simply multiply, we may
summarize our findings in the following
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Figure 1. Plot of the twelve elements of I'ewa in the axis-angle parametrization
of SO(3). To help visualize their position, the twelve points have been organized as
follows: the vertices of the two tetrahedra give the four symmetry rotations by 27 /3
and their inverses, while the vertices of the two triangles give the three rotations by
m—these latter appear twice, as pairs of antipodal points, which are identified. The
identity Ry is at the origin and cannot be seen in the figure.

Theorem 2. Consider an anticoherent state |), the Majorana constellation of which has
rotational symmetry group I' C SO(3). Then the geometric phase factors e acquired by the
rotated state |1)(t)) = D(R(¢))|¢), when R(t) traces a path in SO(3), starting at the identity
Ry and ending at R,, = Rn g € T, provide a 1-dimensional representation of the fundamental
group 71 (SO(3)/T) of the orbit space of |1)), the latter group being isomorphic to the lift T€
of T'in SU(2).

As a concrete example of the above general setup, consider the spin-2 anticoherent state
|Prera) = (1,0,0,v/2,0)/v/3, expressed in the S, eigenbasis (2, 1,0, —1, —2), with Majorana
constellation given by a regular tetrahedron—the corresponding rotation symmetry group
Ttetra contains 12 elements, shown in figure 1, while the cell Cy, surrounding the identity Ry in
SO(3), is shown in figure 2.

The geometric phases accumulated as a result of symmetry rotations of the tetrahedral
state, as well as some other interesting cases, are summarized in table 1. These phases can, in
principle, be computed by applying the appropriate rotation matrix to the corresponding state,
but, in fact, can be shown to only depend on the number of stars, in the constellation of [1),
pointing in the direction of the rotation axis, and the corresponding rotation angle [5], thus
reducing their computation to simple star gazing.

Some remarks are due at this point:

1. The geometric phase of m = 0 spin-s states reported in [27] is a special case of our gen-
eral setting, in which the Majorana constellation consists of s points in a direction A,
and another s points in the antipodal direction—the corresponding symmetry rotation
exchanges the two groups of points. Note that the symmetry group in this case has a
continuous component (rotations around f).

2. The Majorana constellation of the spin-s GHZ state |{guz) ~ |s,s) + |s, —s) consists in
2s equidistant points along the equator—the symmetry rotation is around the z-axis by an
angle of 7/s.
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Figure 2. The SO(3) ball and the identity cell Cp, which may be identified with the
orbit space Ojg,,,]. Three of the faces of Cy are not shown, so that its interior remains
visible. A curve C, is plotted that starts at Ry and ends at R = R(Z,27/3). When the
curve crosses into the cell C; (denoted by a change of color in the figure), its image 6‘01
in Oy, reappears at the bottom of Cy and loops back at the identity, as Cy, reaches R.
Thus, while Cp; is open in SO(3), Coris aclosed loop in Oy}, based at the identity. The
geometric phase along this loop only depends on its homotopy class, and is therefore
immune to deformations.

Table 1. Absolute values of geometric phases corresponding to symmetry rotations
of the spin s, m = 0 and GHZ states, and those corresponding to the platonic solids
(inverse rotations give opposite phases). The rotations are specified by their order (top
row), which, in this case, uniquely defines them.

2 3 4 5 2s
Spins, m =0 ST — — _ _
Spin s, GHZ — — _ — T
Tetrahedron 0 %ﬂ _ _ _
Cube 0 0 0 — —
Octahedron m 0 T — _
Dodecahedron 0 0 — 0 _
Icosahedron 0 0 — 0 _

3. The above phases are insensitive to perturbations of the path taken in SO(3), but are still
affected by end-point imprecision. However, the effect is weak, being at most quadratic
in the rotation error, i.e. assuming a rotation

R— o ihSp ®)

is applied to 1), where R,, is a symmetry rotation and the prefactor is due to noise, it is
easily seen that

(WIR|Y) = e (1+ O(e)), ©

with a;,; as in (6).
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4. A further virtue of the use of anticoherent states in the setup we consider, is that the
vanishing of the spin expectation value implies the absence of dynamical phase, when
the states are rotated with magnetic fields—generic states, on the contrary, do accumulate
dynamical phase, which requires further processing for its elimination (see, e.g. [11, 16]).
Thus, if a beam of spins in an anticoherent state is split into two, and each of these
secondary beams is subjected to a different symmetry rotation, say, R;, R, respectively,
when the two beams are brought back together to interfere, the pattern observed will only
depend (apart from noise effects) on the difference a; — .

5. Zimba gives the following generalization of the concept of anticoherence [33]: a state
|¥) is k-anticoherent if k is the largest integer such that (1|(f - S)"|t)) is independent of f
forr = 1,...,k. For a k-anticoherent state, the error in the phase in (9) is independent of
n up to O(ek ). For example, the tetrahedral state |prera) turns out to be two-anticoherent.
Accordingly, if a rotation R as in (8) is applied, with € = .1 (about 6 degrees), the error
in the phase obtained will be of the order of 1072, with fi-dependent part of the order of
1072,

We are currently working on a generalization of the above to the non-abelian case and plan to
report our findings in this direction in a forthcoming publication.

Acknowledgments

The authors wish to acknowledge partial financial support from DGAPA PAPIIT UNAM proj-
ect IN111920.

ORCID iDs

C Chryssomalakos @ https://orcid.org/0000-0002-6676-4762

Edgar Guzman-Gonzdlez © https://orcid.org/0000-0002-1548-0321
L Hanotel @ https://orcid.org/0000-0001-8801-5810

Eduardo Serrano-Enséstiga © https://orcid.org/0000-0001-6146-3787

References

[1] Aguilar P, Chryssomalakos C and Guzmén E 2016 Geometric phase of a spin-1/2 particle coupled
to a quantum vector operator Mod. Phys. Lett. A 31 1650098

[2] Aharonov Y and Anandan J 1987 Phase change during a cyclic quantum evolution Phys. Rev. Lett.
58 1593-6

[3] Anandan J 1988 Non-adiabatic non-abelian geometric phase Phys. Lett. A 133 171-5

[4] Barnett R, Turner A and Demler E 2006 Classifying novel phases of spinor atoms Phys. Rev. Lett.
97 180412

[5] Barnett R, Turner A and Demler E 2007 Classifying vortices in § = 3 Bose—Einstein condensates
Phys. Rev. A 76 013605

[6] Bengtsson I and Zyczkowski K 2017 Geometry of Quantum States 2nd edn (Cambridge: Cambridge
University Press) (https://doi.org/10.1017/CB0O9780511535048)

[7] Berry MV 1984 Quantal phase factors accompanying adiabatic changes Proc. R. Soc. A 392 45-57

[8] Berry M V 1989 The quantum phase, five years after Geometric Phases in Physics ed A Shapere
and F Wilczek (Singapore: World Scientific) pp 7-28

[9] Chryssomalakos C, Guzman-Gonzélez E and Serrano-Ensastiga E 2018 Geometry of spin coherent
states J. Phys. A: Math. Theor. 51 165202


https://orcid.org/0000-0002-6676-4762
https://orcid.org/0000-0002-6676-4762
https://orcid.org/0000-0002-1548-0321
https://orcid.org/0000-0002-1548-0321
https://orcid.org/0000-0001-8801-5810
https://orcid.org/0000-0001-8801-5810
https://orcid.org/0000-0001-6146-3787
https://orcid.org/0000-0001-6146-3787
https://doi.org/10.1142/S021773231650098X
https://doi.org/10.1142/S021773231650098X
https://doi.org/10.1103/PhysRevLett.58.1593
https://doi.org/10.1103/PhysRevLett.58.1593
https://doi.org/10.1103/PhysRevLett.58.1593
https://doi.org/10.1016/0375-9601(88)91010-9
https://doi.org/10.1016/0375-9601(88)91010-9
https://doi.org/10.1016/0375-9601(88)91010-9
https://doi.org/10.1103/PhysRevLett.97.180412
https://doi.org/10.1103/PhysRevLett.97.180412
https://doi.org/10.1103/PhysRevA.76.013605
https://doi.org/10.1103/PhysRevA.76.013605
https://doi.org/10.1017/CBO9780511535048
https://doi.org/10.1098/rspa.1984.0023
https://doi.org/10.1098/rspa.1984.0023
https://doi.org/10.1098/rspa.1984.0023
https://doi.org/10.1142/9789812798381_0001
https://doi.org/10.1142/9789812798381_0001
https://doi.org/10.1088/1751-8121/aab349
https://doi.org/10.1088/1751-8121/aab349

J. Phys. A: Math. Theor. 53 (2020) 065301 P Aguilar et al

[10] De Chiara G and Palma G M 2003 Berry phase for a spin 1/2 particle in a classical fluctuating field
Phys. Rev. Lett. 91 090404

[11] Falci G, Fazio R, Palma G M, Siewert J and Vedral V 2000 Detection of geometric phases in
superconducting nanocircuits Nature 407 355-8

[12] Filipp S 2008 Noise fluctuations and the Berry phase: towards an experimental test Eur. Phys. J.
Spec. Top. 160 165

[13] Filipp S et al 2009 Experimental demonstration of the stability of Berry’s phase for a spin-1/2
particle Phys. Rev. Lett. 102 030404

[14] Fuentes-Guridi I, Carollo A, Bose S and Vedral V 2002 Vacuum induced spin-1/2 Berry’s phase
Phys. Rev. Lett. 89/22 220404

[15] Gasparinetti S, Berger S, Abdumalikov A A, Pechal M, Filipp S and Wallraff A J 2016 Measurement
of a vacuum-induced geometric phase Sci. Adv. 2 1501732

[16] JonesJ, Vedral V, Ekert A K and Castagnoli C 2000 Geometric quantum computation using nuclear
magnetic resonance Nature 403 869

[17] Larson J 2012 Absence of vacuum induced Berry phases without the rotating wave approximation
in cavity QED Phys. Rev. Lett. 108 033601

[18] Liu T, Feng M and Wang K 2011 Vacuum-induced Berry phase beyond the rotating-wave
approximation Phys. Rev. A 84 062109

[19] Majorana E 1932 Atomi orientati in campo magnetico variabile Nuovo Cimento 9 43-50

[20] Mikeld H and Suominen K A 2007 Inert states of spin-S systems Phys. Rev. Lett. 99 190408

[21] Mermin N D 1979 The topological theory of defects in ordered media Rev. Mod. Phys. 51 591-648

[22] Mukunda N and Simon R 1993 Quantum kinematic approach to the geometric phase: I. General
formalism Ann. Phys., NY 228 205-68

[23] Ota'Y and Kondo Y 2009 Composite pulses as geometric quantum gates Decoherence Suppression
in Quantum Systems ed M Nakahara et al (Singapore: World Scientific) pp 12549

[24] Pachos J and Zanardi P 2001 Quantum holonomies for quantum computing Int. J. Mod. Phys. B
15 1257-85

[25] Perelomov A 1986 Generalized Coherent States and their Applications (New York: Springer)
(https://doi.org/10.1007/978-3-642-61629-7)

[26] Radcliffe J M 1971 Some properties of coherent spin states J. Phys. A: Gen. Phys. 4 313-24

[27] Robbins J M and Berry M V 1994 A geometric phase for m = 0 spins J. Phys. A: Math. Gen.
27 1435

[28] Samuel J and Bhandari R 1988 General setting for Berry’s phase Phys. Rev. Lett. 60 2339-42

[29] Simon B 1983 Holonomy, the quantum adiabatic theorem, and Berry’s phase Phys. Rev. Lett.
512167-70

[30] Wang M, Wei L and Liang J 2015 Does the Berry phase in a quantum optical system originate from
the rotating wave approximation? Phys. Lett. A 379 1087-90

[31] Wilczek F and Zee A 1984 Appearance of gauge structure in simple dynamical systems Phys. Rev.
Lett. 5221114

[32] Zanardi P and Rasetti M 1999 Holonomic quantum computation Phys. Lett. A 264 94-9

[33] Zimba J 2006 Anticoherent spin states via the Majorana representation Electron. J. Theor. Phys.
3 143-56 (www.ejtp.com/articles/ejtpv3il0p143.pdf)


https://doi.org/10.1103/PhysRevLett.91.090404
https://doi.org/10.1103/PhysRevLett.91.090404
https://doi.org/10.1038/35030052
https://doi.org/10.1038/35030052
https://doi.org/10.1038/35030052
https://doi.org/10.1140/epjst/e2008-00720-1
https://doi.org/10.1140/epjst/e2008-00720-1
https://doi.org/10.1103/PhysRevLett.102.030404
https://doi.org/10.1103/PhysRevLett.102.030404
https://doi.org/10.1103/PhysRevLett.89.220404
https://doi.org/10.1103/PhysRevLett.89.220404
https://doi.org/10.1126/sciadv.1501732
https://doi.org/10.1126/sciadv.1501732
https://doi.org/10.1038/35002528
https://doi.org/10.1038/35002528
https://doi.org/10.1103/PhysRevLett.108.033601
https://doi.org/10.1103/PhysRevLett.108.033601
https://doi.org/10.1103/PhysRevA.84.062109
https://doi.org/10.1103/PhysRevA.84.062109
https://doi.org/10.1007/BF02960953
https://doi.org/10.1007/BF02960953
https://doi.org/10.1007/BF02960953
https://doi.org/10.1103/PhysRevLett.99.190408
https://doi.org/10.1103/PhysRevLett.99.190408
https://doi.org/10.1103/RevModPhys.51.591
https://doi.org/10.1103/RevModPhys.51.591
https://doi.org/10.1103/RevModPhys.51.591
https://doi.org/10.1006/aphy.1993.1093
https://doi.org/10.1006/aphy.1993.1093
https://doi.org/10.1006/aphy.1993.1093
https://doi.org/10.1142/9789814295840_0003
https://doi.org/10.1142/9789814295840_0003
https://doi.org/10.1142/S0217979201004836
https://doi.org/10.1142/S0217979201004836
https://doi.org/10.1142/S0217979201004836
https://doi.org/10.1007/978-3-642-61629-7
https://doi.org/10.1088/0305-4470/4/3/009
https://doi.org/10.1088/0305-4470/4/3/009
https://doi.org/10.1088/0305-4470/4/3/009
https://doi.org/10.1088/0305-4470/27/4/013
https://doi.org/10.1088/0305-4470/27/4/013
https://doi.org/10.1103/PhysRevLett.60.2339
https://doi.org/10.1103/PhysRevLett.60.2339
https://doi.org/10.1103/PhysRevLett.60.2339
https://doi.org/10.1103/PhysRevLett.51.2167
https://doi.org/10.1103/PhysRevLett.51.2167
https://doi.org/10.1103/PhysRevLett.51.2167
https://doi.org/10.1016/j.physleta.2015.02.006
https://doi.org/10.1016/j.physleta.2015.02.006
https://doi.org/10.1016/j.physleta.2015.02.006
https://doi.org/10.1103/PhysRevLett.52.2111
https://doi.org/10.1103/PhysRevLett.52.2111
https://doi.org/10.1103/PhysRevLett.52.2111
https://doi.org/10.1016/S0375-9601(99)00803-8
https://doi.org/10.1016/S0375-9601(99)00803-8
https://doi.org/10.1016/S0375-9601(99)00803-8
http://www.ejtp.com/articles/ejtpv3i10p143.pdf

	﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿﻿When geometric phases turn topological﻿﻿﻿﻿
	﻿﻿Abstract
	﻿﻿﻿﻿Introduction
	﻿﻿﻿When geometric phases turn topological
	﻿﻿﻿Acknowledgments
	﻿﻿﻿﻿﻿﻿ORCID iDs
	﻿﻿﻿References﻿﻿﻿﻿


