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We study the variational perturbations for the mean-field solution of an interacting spinor system with underlying
rotational symmetries. An approach based upon the Majorana stellar representation for mixed states and group
theory is introduced to this end. The method reduces significantly the unknown degrees of freedom of the
perturbation, allowing us a simplified and direct exploration on emergent physical phenomena. We apply it to
characterize the phases of a spin-1 Bose-Einstein condensate and to study the behavior of these phases with
entropy. The spin-2 phase diagram was also investigated within the Hartree-Fock approximation, where a non-

linear deviation of the cyclic-nematic phase boundary with temperature is predicted.

1. Introduction

Many-body quantum systems of interacting spins may exhibit novel
phases and fascinating physical phenomena. In particular, in the field
of ultracold atoms, phases occurring in spinor Bose-Einstein conden-
sates (BEC) can be realized and manipulated under highly controllable
setups [1-5]. Most notably, the spin domain behavior of spinor BECs
can differ drastically over different atomic species [2]. For instance, it
has been corroborated experimentally [6-9] that condensates of 2Na
and 78Rb in an optical trap exhibit different ground spinor phases: the
polar (P) and the ferromagnetic (FM) phases, respectively [1,10]. Re-
cent experimental advances allow us to scrutinize the spin phases of
BEC of several spin values, from 1 to 8, even in the presence of external
fields and spin-orbit interactions [7,11-16]. Theoretically, the study of
the spin-phase diagram in spinor BECs has been done using mean-field
(MF) theories, first for spin f =1 [17,18], and subsequently for higher
spins [2,19-22]. MF theory commonly reduces a many-body interacting
problem into an effective one-body problem. This is achieved through
the replacement of all interactions with an average over the many-body
quantum states. Consequently, MF theory in BECs assumes that all the
atoms in the condensate share the same single quantum state, such state
characterized by a spinor order-parameter ® obeying the spinor version
of the well-known Gross-Pitaevskii (GP) equations [1,2,10].

Although the MF theory predicts qualitatively well the spin phases
of a BEC, it fails to offer a satisfactory description of a wide range of

physical effects as, its behavior at finite temperatures, quantum fluctua-
tions, or non-local perturbations. The studies of the spinor BEC covering
these aspects become essential to scrutinize other nontrivial physical
phenomena such as deviations in the spin phase boundaries, metastable
phases, tunneling effects, quench dynamics, or (dynamic/static) quan-
tum phase transitions, among other phenomenology [5,8,11,23-38].

Some of the well-known beyond mean-field theories are the varia-
tional approaches, which have already proven to be well suitable near
the MF phases in BECs [23,39-44]. The condensate gas, represented by
a mixed ensemble of particles, is described by a density matrix p. It is
assumed to be comprised by two contributions such that p = p¢ + p"°,
where p¢ = ®'® is the atom fraction that remains in the same MF so-
lution ®, while p"¢ is the ensemble of noncondensate atoms described
by other quantum states to be determined [23,27,40]. Operationally,
the study of the condensate and its perturbation entails the solution of
the GP equations solved in a self-consistent manner with a set of equa-
tions that govern the noncondensate fraction [39,40]. Such approach is
computationally demanding and not free from numerical issues. A way
to circumvent this is to make use of variational methods exploiting the
so called, self-consistent symmetries [39], i.e., approaches where the non-
condensate fraction p" inherits the common symmetries between the
Hamiltonian of the whole cold gas and the order parameter ® of its
condensed fraction.

In fact, it is known that, as a consequence of the Michel’s theo-
rem [45], the common symmetries of the Hamiltonian of the spinor
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sector of the BEC and @ usually conform a nontrivial point group, com-
posed of a set of rotational and reflection symmetries. This result has
been used to characterize MF solutions of spinor BEC [2,20,22,46,47].
The point group symmetries associated to spin phases are also of great
interest due to its connection to the appearance of Abelian and non-
Abelian vortices [48-50]. Notably, the inherited symmetries of p"* have
been exploited before to study the metastable phases of spinor BEC of
spin-1 at finite temperatures [27].

In this Letter, we present a thoroughly systematic method based on
the Majorana representation of spin mixed states [51,52] and the use
of self-consistent symmetries, that allows us the full determination of the
non-condensed fraction p" of a spinor BEC having a particular point
group. Our approach greatly reduces the number of degrees of freedom
of the variational perturbation, offering a simplified methodology for
the exploration of the nature of phase diagrams in BECs. We make use
of the approach to characterize the p" of the spin phases of BECs of spin
f =1 and 2. In addition, as an application of these characterizations,
we develop a simple analytical model to study the spin-1 phases of a
BEC under the presence of perturbations encoded by an increment in
its entropy. The simple model reproduces well the known results for
the phase diagrams reported earlier in the literature for BECs at finite
temperatures. Furthermore, we study the phase diagram of the spin-2
BEC at finite temperatures using the Hartree-Fock approximation [23,
39-41], leading us to predict the appearance of a non-linear deviation
with temperature of the cyclic-nematic phase boundary.

2. Methodology

We start by considering a BEC with spin f confined in an optical
trap. The atomic gas is assumed to be weakly interacting and sufficiently
diluted such that only two-body collisions are predominant and that
the s-wave approximation is still valid. Moreover, we will work in the
regime where neither spin-orbit coupling nor the dipolar interactions
are of significance. We also consider that the Hamiltonian model of the
atomic gas is factorizable into its spinorial and spatial sectors, and that
the BEC is free of any topological spin disorder.

Under such conditions, the spinor sector of the full Hamiltonian can
be written in the second-quantization formalism in terms of the spinor
field operators y,,, and the numerical tensors associated to the two-body
collisions, M,
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where the indices i, j, k, [ run over the magnetic quantum numbers m =
f.f=1,....,—f and ¢, are the coupling factors associated to the s-wave
scattering lengths of a given interaction channel, with y =0, 1,... f [1,
2]. For example, the interactions for a spinorial BEC with f =2 have
only three different tensor elements, and are given by [2]

M9 =06y , M = (F)u(F)je»

ijkl j ijkl =
2) (_1)i+k
M:('jkl =73 01—k -1+ &)

where §;; is the Kronecker delta, and F, are the components of the an-
gular momentum matrices along the v = x, y or z direction, which here
are scaled by 7 making them dimensionless. For spin-1 condensates,
only the first two interactions ¢, and ¢, appear in the Hamiltonian. The
¢y-interaction is spin-independent since it is equivalent to the square of
the number operator. The rest of the interactions are all spin-dependent.
The spinor-quantum field operator associated to the spinor condensate
is denoted by Y= g Wrpoysee W f)T, where T denotes the transpose.
Note that the Hamiltonian (1) has a symmetry point group SOQ3) X Z,
constituted by the group of rotations SO(3) and the inversion with re-
spect to the origin.

Mean-field (MF) approximation assumes that (¥) = ®, where ® =
(@s s _1s-...¢_p)T, is the spinor order-parameter obeying ®'® = N,
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being N the total number of atoms in the condensate gas [1,2]. The
spin phase of the BEC is thus the order parameter @ that minimizes the
energy functional E[®]= (H). The rotational symmetries of @ can be
found through the Majorana representation for pure states [51], which
associate each spin-f state @ with 2f points on the sphere, usually
called the (Majorana) constellation of ® and denoted by Cg. The rep-
resentation is defined via a polynomial that involves the coefficients of
P,

S
po()= Y, (=1

2f f+m 3
z < ; >¢mz : ®)

—m

The degree of the polynomial pg(z) is at most 2f. By rule, its set of
roots {{,} is always increased to 2f by adding the sufficient number of
roots at infinity [51,53]. Cg thus represents a set of 2f points on the
sphere 52, called stars, and they are obtained through the stereographic
projection from the south pole. Hence, each root ¢, = tan(6;/2)e'?« is
associated to a point on S? with spherical angles (6, , ;). When ® is
transformed by the unitary representation D(R) of a rotation R € SO(3)
in its Hilbert space, the constellation C4 rotates by R on the physical
space R3, where DE;L(R) = (o, y le@Fze Py e~z |6, 1) is the Wigner
D-matrix of a rotation R with Euler angles (a, f, y) [54]. Therefore, the
point group of the quantum state ® is equal to the point group of the
geometrical object associated to Cq,. This representation has been used
successfully to classify the spin ground phases of BEC in the ideal case
of zero temperature [20,22,46].

We now briefly review some of the most well-known spinor phases
associated that corresponds to a MF solution of a BEC with spin f =1,2,
and with a point group. In particular, we specify its order parameters
and its corresponding Majorana constellations (Figs. 1 and 2) for a given
orientation:

(i) Ferromagnetic (FM) phase: The spinor order-parameter has only
one non-zero coefficient, ¢, = \/N . It is symmetric under rotations
about the z axis, imposing its symmetry group to be isomorphic to
SO(2). Its constellation Cq consists of 2f coincident points on the
north pole.

(ii) Polar (P) phase: Here ¢,, = \/F So- Its symmetry group, C, in the
Schonflies notation [55], consists of the group generated by any
rotation about the z axis, and a rotation by r about any axis on
the equator. For spin f =2 condensates, it belongs to the family of
states called the nematic phase [20]. The constellation of the polar
phase has f points on each pole of the sphere.

(iii) Antiferromagnetic (AF) phase: It is a non-inert state [46] since it
is represented by a family of spin-1 states & = \/ﬁ (cos y,0,sin )T
with y € (0,z/4]. The whole family is symmetric over two geomet-
ric operations, a rotation by = about the z axis, and a reflection
across the yz plane, implying that the symmetry group is isomor-
phic to Z, x Z,. Its Majorana constellation consists of two points
on the yz plane, with an angle » between them bisected by the z
axis (see Fig. 1). w depends functionally on the parameter y and
increases monotonically.

(iv) Square (S) phase: A spin-2 phase with non-zero order-parameter
terms ¢, = ¢_, = v/N /2. Its Majorana constellation consists of a
square. Hence, @ has the dihedral point group denoted by D, in
the Schonflies notation [55]. This phase belongs also to the family
of the nematic spin-2 states [20].

(v) Cyclic (C) phase: This spin-2 phase is described with ® = (/N /3)
(1,0,0, \/5 0)T. The order parameter has a constellation equal to a
tetrahedron with point group T in the Schonflies notation [55].

The point group of each spin state can be established by inspecting
at its corresponding Majorana constellation. The spin phases mentioned
above are still present as ground states for Hamiltonians with some ad-
ditional symmetry breaking terms such as linear and quadratic Zeeman
interactions, and fixed magnetization [2,19].
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We now consider a variational perturbation § ; of the field operators
near the MF solution, such that y; = ¢, + 5 ;- The ultra-cold atomic gas
is now described by two fractions: those who define the condensate (c)
part, and those that specify the noncondensate (nc) fraction of atoms.
They are represented by the density matrices p; = ¢;¢; and p/¢ = (5"'3 ),
respectively. Here N¢ = Tr(p?) with a =n, nc for the atomlc fractlons in
each splitted part satisfying N¢ + N" = N. The ground state phases of
the condensate will thus correspond to the spin states that minimizes
the energy functional E(p) = (H). By working within the Popov approx-
imation, which assumes that all field operators of the form (sz?,-) are
ruled out, and further neglecting the contribution of the three-field op-
erators of the form (3+ (Sl-) [40], we obtain for the energy,

Ey= %O {N?+Tr [p" @ + ")}
’ %1 b) {Tr [PF.)” + THl Fup™ F, 26 + p"f)]}
+ % {Tr [Tpr +T T (255 + pﬂc)] } ’ -

here the coupling factors ¢, have physical units of energy per density
square, and for spin-1 BEC, ¢, = 0. The time-reversal operator 7 acts in
p as [52]

TpT);i =D " p_ ;. ©)

The previous equation leads to the MF energy [2,10] in the assumption

that p;'j" =0, and consequently p = p°. In this case, the MF energy reduces
to
EME)(p) = Z Tr [pF + —Tr [ToTp] . (6)

In the scenario of a variational method with a self-consistent symmetry,
p" inherits the specific point group symmetries of the Hamiltonian (1)
and p¢. We then need to determine the most general p" for a given
point group. To that end, we make use of the Majorana representation
for mixed states [52].

A mixed state is represented by a density matrix, i.e., a (2f + 1) X
(2f + 1) complex matrix with a nonnegative eigenspectrum. The set of
density rnatrices has an orthonormal basis given by the tensor operators

T(f) with 6 =0,...2f and u=— ¢ [54,56,57], which are defined in

terms of the Clebsch Gordan coefﬁc1ents C/’ ""Wz”h, and reads

T = Z nfres A m)(fol ] @
m,m’ _—

For clarity, henceforth, we omit the super index (/) when there is no

possible confusion. The tensor operators 7T, satisfy
TI‘(TM,‘] 52!12) 551"2 6!‘1#2 ’ T{z-u = (_l)ﬂTﬂﬂl . ®

The most important property of the T,, operators is that they trans-
form block-diagonally under a unitary transformation U (R), describing
a rotation R € SO(3) according to an irrep of SO(3), D°)(R), that is

c

> D RIT,,, ©

w'==0c

URT,, U™ R) =

where 6 =0,1,2,... labels the irrep. In the T, y basis, the density matrix
p"¢ can be written as

2f
pnc:Nnc< ]lf +ZPG'T¢7)’ (10)
2f+1  ~A

where p(7 = (Pggs--+Ppg) € C*1 with p,, = Tr(pT,,), and T,

(Tygs -5 Ty, _J) is a vector of matrices. Here the dot product stands for
er—a 4T,y Each vector p,, which transforms as a spinor of spin ¢ by
Eq. (9), can be associated to a constellation d la Majorana [51] consist-
ing of 2¢ points on S? obtained through a similar polynomial as Eq. (3)
but defined with p,,. The hermiticity condition of p" together with
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Eq. (8) implies that every constellation C® has an antipodal symme-
try [52]. While a pure state ® is normalized and its global phase factor
is physically irrelevant, the same quantities of p, carry now the nec-
essary information to fully characterize p"¢. However, this information
can also be added in the Majorana representation of p"¢. The norm of
Pss Iy is associated to the radius of the sphere where the constellation
of p, lies. On the other hand, the hermiticity property of p"¢ implies
that the global phase factor of p, can only have two choices [52], both
differing by a minus sign. There exists a method to associate this sign
to a certain equivalence class of the points of each constellation [52].
Here, we just incorporate this choice of sign to the norm r,. Hence, r,
can have negative values that evidently does not affect the radius of
the sphere. In summary, a mixed state will be associated to a set of 2f
constellations, denoted by C,., with antipodal symmetry and a num-
ber of stars equal to 26, with 6 =1,...,2f, over spheres with radii r,,
respectively.

We now determine the density matrices p" with a particular point
group G. By the property (9) of the Majorana representation, p" has
the point group G if each p, fulfills

D (g)p, =p,, foreach geG. a1

Let us remark that this condition is more restrictive that in the case of
pure states, where a state ® is invariant under the element action g € G
if D(g)® is equal to ® up to a global phase factor. The determination
of pure spin states with a particular point group has been studied be-
fore in [58]. We use Eq. (11) to impose on p"¢ the symmetries of the
spin phases mentioned above. We plot their Majorana representations
in Figs. 1 and 2. By looking at the constellations, one can deduce that
the point group of p" is equal to their corresponding order parameter
D.

3. Results for spin-1 and 2 BECs
3.1. Characterization of the noncondensate fractions

We use now the Majorana representation for mixed states to obtain
the most general density matrix p with a fixed point group Eq. (11).
In particular, we consider the point groups of the spin-1 and 2 phases
mentioned above. Their respective Majorana constellations are shown
in Figs. 1 and 2. We summarize the most important characteristics of
Cpne Of each phase:

(i-ii) FM and P phases: p, has only the Oth-components different than
zero p,o =r,. Their constellations are given by ¢ stars on each
pole of the sphere. The additional symmetry of the P phase im-
plies that the p, vectors with ¢ odd are zero.
(iii) AF phase: The vectors of p, are given by

p1=r1(0,1,0),
pr=ry COSX,O, sinx, 0, cosx ) 12)
V2 V2

The constellations of p; have a star on each pole, and for p, it
is a rectangle with sides parallels to the y and z axes with length
dimensions dependent of the variable x.

(iv) S phase: p"¢ has only two non-zero vectors p,

p2=r,(0,0,1,0,0),

p4=r4<°°”,o,o,o,siny,o,o,o,CO”). a3
V2 V2

The constellation of p, has two stars on each pole, and for p,
it consists of a parallelepiped with faces parallel to the cartesian
planes and length dimensions dependent of the variable y.
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Cpnc

O
()=

Fig. 1. Majorana representations of the order parameters @ (left) and noncon-
densed fraction p™ (right) of spin phases of BEC of f = 1. The adjacent number
in some points correspond to its degeneracy. Each nonzero vector p_ of p" is
associated to a constellation of 2¢ points, which are also colored in red and yel-
low for 6 =1 and 2, respectively. For clarity, we omit the cartesian axis in the
figures and split the constellations of the AF phase. The gray area in the sec-
ond constellation of C,.. of the AF phase is the corresponding geometric object
of the points.

(v) C phase: The p, non-zero vectors are
P3=r3(—\/£,0,0,\/g,0,0,\/§)/3, (14)
py=ry (0.-/10,0,0,-/7,0,0.3/10,0) /V27.

Their constellations are given by an octahedron and a constella-
tion conformed by two antipodal tetrahedrons, respectively.

In overall, a generic p"¢ will have a total of (2f + 1)> degrees of free-
dom constituted by the variables p,, and N", with domain restricted
by the properties of the density matrices p"¢, unit trace, hermiticity and
positive semidefinite condition [59]. Notwithstanding, the previous cal-
culations show that the inherited symmetries of p" reduce the degrees
of freedom considerably. For example, in spin-1 BEC, the number is re-
duced from 9 degrees to 3 for both the FM and P phases, namely to
(N",r,,rp), and to 4 in the AF phase, (N",r,r,,x). Additionally, the
total degrees of freedom for the spin-2 phases, which add up to 25 in
the general case, are drastically reduced to just 3 or 5, depending upon
the symmetry of its corresponding order-parameter.

3.2. Spin phases for f =1 and f =2

For sake of illustration of our variational perturbation approach with
self-consistent symmetries, we apply it to study the behavior of the phases
for spin-1 and 2 BECs against temperature and entropy near the mean
field solution. Let us first consider the spin-1 BEC case with spin phases
at zero temperature having a nontrivial point group, namely, the FM, P,
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Fig. 2. Majorana representations of ® (left) and p™ (right) of spin phases of BEC
of spin-2, where we follow the same conventions as in Fig. 1. The constellations
of p, for o = 3.4, correspond to the constellations with six (green sphere) and
eight (blue sphere) points, respectively.

and AF phases, as described in Sec. 2. For the perturbation, instead to
consider a particular scenario, let us just consider an increment of the
entropy of the condensate, which is a signature of the atomic disorder
(mixedness) of the condensate, due for instance to non-zero temperature
effects. In that sense, we can study the physical properties of the spin-1
ground phases of a BEC with respect to the entropy given by [60]

S(p) ==Trl(p/N)In(p/N)]. (15)

Here, for simplicity, we work within the linear entropy response, ob-
tained by Taylor expanding over the logarithm of a matrix around a
pure state, yielding S, (p) =1 —Tr [(p/N)?].! It is noteworthy that .S, (p)
is a good approximation of the entropy S(p) as long as |S —.S; | < 1. The
previous regime can be written in terms of the non-zero eigenvalues A,
of p

A A A
-y _k<_k_1n_k>

N ~ <. (16)

1 The logarithm of a mixed state M can be written in terms of its non-zero
eigenvalues m, with eigenvector |m,), InM =Y, Inm, |m;) (m,|. If the density
matrix is almost a pure state, i.e. one of its eigenvalues m; is much larger than
the others and closer to one, Inm, is approximated by its first term of the Taylor
expansion around the unit value Inm, ~ m, — 1. Using this expansion and that
my, < m, for k # 1, we can obtain the approximation —M In M ~ M(1 — M).
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Fig. 3. (Top) Energy of the FM and P ground state phases p with fixed linear
entropy S, describing the mixture (disorder) of the system for positive and
negative values of ¢,. (Bottom) The fractions f,, of the FM phase in the |s,m)
states versus the linear entropy. For §; =0, the system is in the MF solution of
the FM phase, and as S, increases, the system tends to the equally partitioned
state achieved at .S; — 2/3. Both limit cases illustrate the regimes 7" =0 and
T — oo, respectively. The fractions of the P phase have a similar behavior (see
Eq. (18)).

Notice that for T =0, the density matrix has only one nonzero eigen-
value A,, = N, yielding S =.5; =0. On the other hand, T — oo entails,
by the equipartition theorem, that the three eigenvalues are equal to
N/3, and consequently .S; =2/3. The ground spin phase is charac-
terized by the state p that minimizes the thermodynamical potential
Q(p) = E — NkTS;. However, since we are going to consider a fixed
value of the entropy .S, , the ground state phase is also identified as the
density matrix with minimal energy E(p). The problem is then reduced
to minimize Eq. (4) under the constraints of fixed number of particles
N =Tr(p) and linear entropy S;(p), for the admissible phases of the
spin-1 BEC. A direct calculation shows that the ground states allowed
are only for the FM and the P phases for ¢; <0 and ¢, > 0, respectively.
The energies of the ground state phases have an analytical form, and
are given by

E(pM)=N? [cO <1 - %) +e(l- SL>] .

E(p®P)=N? [co <1 - ﬂ) +¢ ﬂ] . a7
2 2
We plot the minimized energy E(p) (17) of the FM and P phases for a
given value of S;(p) in Fig. 3. We can observe that for ¢; > 0 (¢; <0),
the ground state phase of the BEC has its atoms predominantly in the
FM (P) phase. Therefore, our approach predicts that by an increment of
the entropy in the spin-1 BEC, the FM-P phase transition at ¢; =0 does
not exhibit a deviation. This observation agrees with other calculations
found in the literature [23,27], where in contrast, extensive numerical
calculations were considered instead to reach to the same conclusion.
Since the density matrices are diagonal with respect to the eigen-
basis of the operator F,, the condensate can thus be understood as
consisting of a statistical mixture of atoms in the |I,m) states. Each
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Fig. 4. Phase diagram of the spin-2 BEC in the space of the spin-dependent
coupling factors (c,,c,). The C-P phase transition (color curves) depends on the
temperature, while the rest of the phase transitions remain invariant (black
lines). We also add the values of the coupling factors (c;,c,) of several atomic
species along with its respective uncertainties [19].

state is populated by a fraction of atoms equal to f,, = (1, m|p|1, m) /N,
with values

fl(FM)z éP) = % (\/4—6SL + 1) B
1
FE gm0 0L (o i) as)

We plot the behavior of the fractions for the FM phases (18) in Fig. 3.
We can observe that for §; =2/3 (T - ), the atoms of the BEC are
equally distributed of the FM and P phases are equal, as expected by the
equipartition theorem. The qualitative behavior of the fractions exposed
in Fig. (18) is consistent with the numerical calculations reported in
Ref. [27] where it is used the Hartree-Fock approximation.

The same procedure can be applied for a more sophisticated model.
As an example, we apply the characterizations of p¢ and p" to calculate
the spin phase diagram of spin-2 BEC at finite temperatures using the
Hartree-Fock approximation [23,39-41]. In this case, p"¢ is determined
by the Bose-Einstein distribution at temperature T, while the spatial en-
ergy density is defined by its potential trap. For simplicity, we consider
a finite box potential trap, with eigenstates labeled by the wavenumber
vector k, having a spatial energy contribution of #2k?/2M, being M the
atomic mass of the condensate. After the replacement Y, — (27)~3 [ dk,
the spatial part of p" is integrated leading to

2f+1 Li e~ Pry

v=1 dB
where Liz(z) is the polylogarithm function and 4,5 = h/+/2zMkgT is
the thermal de Broglie wavelength. The spin eigenstates £ with ener-
gies k, are defined by the eigendecomposition of the 2/ + 1) X 2f + 1)
matrix A, usually called the Hartree-Fock Hamiltonian, whose entries
are derivatives of the energy (4), A;; =6E /6057 [27]. In Fig. 4, we plot
the phase diagram of the spin-2 BECs at finite temperatures. We predict
a deviation of the C-P phase-transition as a function of the temperature,
in contrast with the other phase transitions that remain invariant with
the temperature. We can conclude that, whilst for 2Na and %3Rb cold
gases the phases remain practically insensible to temperature, the ’Rb
condensates may exhibit a temperature-dependent spin-phase transi-
tion. Further details of the HF approximation applied to spin-1 and
spin-2 BECs are discussed in [27].

4. Summary and conclusions

We have introduced a rigorous and systematic method capable of
characterizing the MF variational perturbations of an interacting spinor
system with a self-consistent rotational symmetry. Our method is based
in a generalization of the Majorana stellar representation for quantum
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mixed states in conjunction with point group symmetry arguments.
A distinctive feature of the approach is that it reduces considerably
the unknown degrees of freedom of the perturbation. In addition the
methodology can be applied to any other spin or spin-like physical
system having self-consistent symmetries. We applied the approach to
characterize the noncondensate fractions in a spin-1 BEC and to study
the behavior of its spin phases when the mixedness of the condensate is
monitored by the value of the entropy. The model is solved analytically
and reproduces the same results predicted by other methods [23,27] but
with much less intricacies involved. In addition, we calculate the phase
diagram of spin-2 BEC in the Hartree-Fock approximation at finite tem-
peratures, where a non-linear deviation in the C-P phase transition with
temperature is predicted. The method presented here can also be im-
plemented in more complex systems, for example, for physical setups
described by a tensor product of spins systems. However, further gen-
eralizations of the Majorana stellar representation may be necessary in
such cases [61,62].
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