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We study the variational perturbations for the mean-field solution of an interacting spinor system with underlying 
rotational symmetries. An approach based upon the Majorana stellar representation for mixed states and group 
theory is introduced to this end. The method reduces significantly the unknown degrees of freedom of the 
perturbation, allowing us a simplified and direct exploration on emergent physical phenomena. We apply it to 
characterize the phases of a spin-1 Bose-Einstein condensate and to study the behavior of these phases with 
entropy. The spin-2 phase diagram was also investigated within the Hartree-Fock approximation, where a non-

linear deviation of the cyclic-nematic phase boundary with temperature is predicted.
1. Introduction

Many-body quantum systems of interacting spins may exhibit novel 
phases and fascinating physical phenomena. In particular, in the field 
of ultracold atoms, phases occurring in spinor Bose-Einstein conden-

sates (BEC) can be realized and manipulated under highly controllable 
setups [1–5]. Most notably, the spin domain behavior of spinor BECs 
can differ drastically over different atomic species [2]. For instance, it 
has been corroborated experimentally [6–9] that condensates of 23Na 
and 78Rb in an optical trap exhibit different ground spinor phases: the 
polar (P) and the ferromagnetic (FM) phases, respectively [1,10]. Re-

cent experimental advances allow us to scrutinize the spin phases of 
BEC of several spin values, from 1 to 8, even in the presence of external 
fields and spin-orbit interactions [7,11–16]. Theoretically, the study of 
the spin-phase diagram in spinor BECs has been done using mean-field 
(MF) theories, first for spin 𝑓 = 1 [17,18], and subsequently for higher 
spins [2,19–22]. MF theory commonly reduces a many-body interacting 
problem into an effective one-body problem. This is achieved through 
the replacement of all interactions with an average over the many-body 
quantum states. Consequently, MF theory in BECs assumes that all the 
atoms in the condensate share the same single quantum state, such state 
characterized by a spinor order-parameter 𝚽 obeying the spinor version 
of the well-known Gross-Pitaevskii (GP) equations [1,2,10].

Although the MF theory predicts qualitatively well the spin phases 
of a BEC, it fails to offer a satisfactory description of a wide range of 

* Corresponding author at: Institut de Physique Nucléaire, Atomique et de Spectroscopie, CESAM, University of Liège, B-4000 Liège, Belgium.

physical effects as, its behavior at finite temperatures, quantum fluctua-

tions, or non-local perturbations. The studies of the spinor BEC covering 
these aspects become essential to scrutinize other nontrivial physical 
phenomena such as deviations in the spin phase boundaries, metastable 
phases, tunneling effects, quench dynamics, or (dynamic/static) quan-

tum phase transitions, among other phenomenology [5,8,11,23–38].

Some of the well-known beyond mean-field theories are the varia-

tional approaches, which have already proven to be well suitable near 
the MF phases in BECs [23,39–44]. The condensate gas, represented by 
a mixed ensemble of particles, is described by a density matrix 𝜌. It is 
assumed to be comprised by two contributions such that 𝜌 = 𝜌𝑐 + 𝜌𝑛𝑐 , 
where 𝜌𝑐 =𝚽†𝚽 is the atom fraction that remains in the same MF so-

lution 𝚽, while 𝜌𝑛𝑐 is the ensemble of noncondensate atoms described 
by other quantum states to be determined [23,27,40]. Operationally, 
the study of the condensate and its perturbation entails the solution of 
the GP equations solved in a self-consistent manner with a set of equa-

tions that govern the noncondensate fraction [39,40]. Such approach is 
computationally demanding and not free from numerical issues. A way 
to circumvent this is to make use of variational methods exploiting the 
so called, self-consistent symmetries [39], i.e., approaches where the non-

condensate fraction 𝜌𝑛𝑐 inherits the common symmetries between the 
Hamiltonian of the whole cold gas and the order parameter 𝚽 of its 
condensed fraction.

In fact, it is known that, as a consequence of the Michel’s theo-

rem [45], the common symmetries of the Hamiltonian of the spinor 
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sector of the BEC and 𝚽 usually conform a nontrivial point group, com-

posed of a set of rotational and reflection symmetries. This result has 
been used to characterize MF solutions of spinor BEC [2,20,22,46,47]. 
The point group symmetries associated to spin phases are also of great 
interest due to its connection to the appearance of Abelian and non-

Abelian vortices [48–50]. Notably, the inherited symmetries of 𝜌𝑛𝑐 have 
been exploited before to study the metastable phases of spinor BEC of 
spin-1 at finite temperatures [27].

In this Letter, we present a thoroughly systematic method based on 
the Majorana representation of spin mixed states [51,52] and the use 
of self-consistent symmetries, that allows us the full determination of the 
non-condensed fraction 𝜌𝑛𝑐 of a spinor BEC having a particular point 
group. Our approach greatly reduces the number of degrees of freedom 
of the variational perturbation, offering a simplified methodology for 
the exploration of the nature of phase diagrams in BECs. We make use 
of the approach to characterize the 𝜌𝑛𝑐 of the spin phases of BECs of spin 
𝑓 = 1 and 2. In addition, as an application of these characterizations, 
we develop a simple analytical model to study the spin-1 phases of a 
BEC under the presence of perturbations encoded by an increment in 
its entropy. The simple model reproduces well the known results for 
the phase diagrams reported earlier in the literature for BECs at finite 
temperatures. Furthermore, we study the phase diagram of the spin-2 
BEC at finite temperatures using the Hartree-Fock approximation [23,

39–41], leading us to predict the appearance of a non-linear deviation 
with temperature of the cyclic-nematic phase boundary.

2. Methodology

We start by considering a BEC with spin 𝑓 confined in an optical 
trap. The atomic gas is assumed to be weakly interacting and sufficiently 
diluted such that only two-body collisions are predominant and that 
the 𝑠-wave approximation is still valid. Moreover, we will work in the 
regime where neither spin-orbit coupling nor the dipolar interactions 
are of significance. We also consider that the Hamiltonian model of the 
atomic gas is factorizable into its spinorial and spatial sectors, and that 
the BEC is free of any topological spin disorder.

Under such conditions, the spinor sector of the full Hamiltonian can 
be written in the second-quantization formalism in terms of the spinor 
field operators 𝜓̂𝑚, and the numerical tensors associated to the two-body 
collisions, (𝛾),

𝐻̂ =
𝑓∑
𝛾=0

∑
𝑖,𝑗,𝑘,𝑙

𝑐𝛾

2
(𝛾)

𝑖𝑗𝑘𝑙
𝜓̂

†
𝑖
𝜓̂

†
𝑗
𝜓̂𝑘𝜓̂𝑙 , (1)

where the indices 𝑖, 𝑗, 𝑘, 𝑙 run over the magnetic quantum numbers 𝑚 =
𝑓, 𝑓 −1, … , −𝑓 and 𝑐𝛾 are the coupling factors associated to the 𝑠-wave 
scattering lengths of a given interaction channel, with 𝛾 = 0, 1, … 𝑓 [1,

2]. For example, the interactions for a spinorial BEC with 𝑓 = 2 have 
only three different tensor elements, and are given by [2]

(0)
𝑖𝑗𝑘𝑙

=𝛿𝑖𝑙𝛿𝑗𝑘 , (1)
𝑖𝑗𝑘𝑙

= (𝐹𝜈)𝑖𝑙(𝐹𝜈 )𝑗𝑘 ,

(2)
𝑖𝑗𝑘𝑙

= (−1)𝑖+𝑘

5
𝛿𝑖,−𝑗𝛿𝑘,−𝑙 , (2)

where 𝛿𝑖𝑗 is the Kronecker delta, and 𝐹𝜈 are the components of the an-

gular momentum matrices along the 𝜈 = 𝑥, 𝑦 or 𝑧 direction, which here 
are scaled by ℏ making them dimensionless. For spin-1 condensates, 
only the first two interactions 𝑐0 and 𝑐1 appear in the Hamiltonian. The 
𝑐0-interaction is spin-independent since it is equivalent to the square of 
the number operator. The rest of the interactions are all spin-dependent. 
The spinor-quantum field operator associated to the spinor condensate 
is denoted by 𝚿̂ = (𝜓̂𝑓 , 𝜓̂𝑓−1 , … , 𝜓̂−𝑓 )T, where T denotes the transpose. 
Note that the Hamiltonian (1) has a symmetry point group 𝑆𝑂(3) ×Z2
constituted by the group of rotations 𝑆𝑂(3) and the inversion with re-

spect to the origin.

Mean-field (MF) approximation assumes that ⟨𝚿̂⟩ = 𝚽, where 𝚽 =
2

(𝜙𝑓 , 𝜙𝑓−1, … , 𝜙−𝑓 )T, is the spinor order-parameter obeying 𝚽†𝚽 = 𝑁 , 
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being 𝑁 the total number of atoms in the condensate gas [1,2]. The 
spin phase of the BEC is thus the order parameter 𝚽 that minimizes the 
energy functional 𝐸[𝚽] = ⟨𝐻̂⟩. The rotational symmetries of 𝚽 can be 
found through the Majorana representation for pure states [51], which 
associate each spin-𝑓 state 𝚽 with 2𝑓 points on the sphere, usually 
called the (Majorana) constellation of 𝚽 and denoted by 𝚽. The rep-

resentation is defined via a polynomial that involves the coefficients of 
𝚽,

𝑝𝚽(𝑧) =
𝑓∑

𝑚=−𝑓
(−1)𝑓−𝑚

√(
2𝑓
𝑓 −𝑚

)
𝜙𝑚𝑧

𝑓+𝑚 . (3)

The degree of the polynomial 𝑝𝚽(𝑧) is at most 2𝑓 . By rule, its set of 
roots {𝜁𝑘} is always increased to 2𝑓 by adding the sufficient number of 
roots at infinity [51,53]. 𝚽 thus represents a set of 2𝑓 points on the 
sphere 𝑆2, called stars, and they are obtained through the stereographic 
projection from the south pole. Hence, each root 𝜁𝑘 = tan(𝜃𝑘∕2)𝑒𝑖𝜑𝑘 is 
associated to a point on 𝑆2 with spherical angles (𝜃𝑘 , 𝜑𝑘). When 𝚽 is 
transformed by the unitary representation 𝐷(𝖱) of a rotation 𝖱 ∈ 𝑆𝑂(3)
in its Hilbert space, the constellation 𝚽 rotates by 𝖱 on the physical 
space R3, where 𝐷(𝜎)

𝜇′𝜇
(𝖱) ≡ ⟨𝜎, 𝜇′|𝑒−𝑖𝛼𝐹𝑧 𝑒−𝑖𝛽𝐹𝑦 𝑒−𝑖𝛾𝐹𝑧 |𝜎, 𝜇⟩ is the Wigner 

D-matrix of a rotation 𝖱 with Euler angles (𝛼, 𝛽, 𝛾) [54]. Therefore, the 
point group of the quantum state 𝚽 is equal to the point group of the 
geometrical object associated to 𝚽. This representation has been used 
successfully to classify the spin ground phases of BEC in the ideal case 
of zero temperature [20,22,46].

We now briefly review some of the most well-known spinor phases 
associated that corresponds to a MF solution of a BEC with spin 𝑓 = 1, 2, 
and with a point group. In particular, we specify its order parameters 
and its corresponding Majorana constellations (Figs. 1 and 2) for a given 
orientation:

(i) Ferromagnetic (FM) phase: The spinor order-parameter has only 
one non-zero coefficient, 𝜙𝑓 =

√
𝑁 . It is symmetric under rotations 

about the 𝑧 axis, imposing its symmetry group to be isomorphic to 
𝑆𝑂(2). Its constellation 𝚽 consists of 2𝑓 coincident points on the 
north pole.

(ii) Polar (P) phase: Here 𝜙𝑚 =
√
𝑁𝛿𝑚0. Its symmetry group, 𝐶∞ in the 

Schönflies notation [55], consists of the group generated by any 
rotation about the 𝑧 axis, and a rotation by 𝜋 about any axis on 
the equator. For spin 𝑓 = 2 condensates, it belongs to the family of 
states called the nematic phase [20]. The constellation of the polar 
phase has 𝑓 points on each pole of the sphere.

(iii) Antiferromagnetic (AF) phase: It is a non-inert state [46] since it 
is represented by a family of spin-1 states 𝚽 =

√
𝑁(cos𝜒, 0, sin𝜒)T

with 𝜒 ∈ (0, 𝜋∕4]. The whole family is symmetric over two geomet-

ric operations, a rotation by 𝜋 about the 𝑧 axis, and a reflection 
across the 𝑦𝑧 plane, implying that the symmetry group is isomor-

phic to Z2 ×Z2. Its Majorana constellation consists of two points 
on the 𝑦𝑧 plane, with an angle 𝜔 between them bisected by the 𝑧
axis (see Fig. 1). 𝜔 depends functionally on the parameter 𝜒 and 
increases monotonically.

(iv) Square (S) phase: A spin-2 phase with non-zero order-parameter 
terms 𝜙2 = 𝜙−2 =

√
𝑁∕2. Its Majorana constellation consists of a 

square. Hence, 𝚽 has the dihedral point group denoted by 𝐷4 in 
the Schönflies notation [55]. This phase belongs also to the family 
of the nematic spin-2 states [20].

(v) Cyclic (C) phase: This spin-2 phase is described with 𝚽 = (
√
𝑁∕3)

(1, 0, 0, 
√
2, 0)T. The order parameter has a constellation equal to a 

tetrahedron with point group T in the Schönflies notation [55].

The point group of each spin state can be established by inspecting 
at its corresponding Majorana constellation. The spin phases mentioned 
above are still present as ground states for Hamiltonians with some ad-

ditional symmetry breaking terms such as linear and quadratic Zeeman 

interactions, and fixed magnetization [2,19].
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We now consider a variational perturbation 𝛿𝑗 of the field operators 
near the MF solution, such that 𝜓̂𝑗 = 𝜙𝑗 + 𝛿𝑗 . The ultra-cold atomic gas 
is now described by two fractions: those who define the condensate (c) 
part, and those that specify the noncondensate (nc) fraction of atoms. 
They are represented by the density matrices 𝜌𝑐

𝑖𝑗
= 𝜙𝑖𝜙∗

𝑗
and 𝜌𝑛𝑐

𝑖𝑗
= ⟨𝛿†

𝑗
𝛿𝑖⟩, 

respectively. Here 𝑁𝑎 = Tr(𝜌𝑎) with 𝑎 = 𝑛, 𝑛𝑐 for the atomic fractions in 
each splitted part satisfying 𝑁𝑐 +𝑁𝑛𝑐 =𝑁 . The ground state phases of 
the condensate will thus correspond to the spin states that minimizes 
the energy functional 𝐸(𝜌) = ⟨𝐻̂⟩. By working within the Popov approx-

imation, which assumes that all field operators of the form ⟨𝛿𝑗𝛿𝑖⟩ are 
ruled out, and further neglecting the contribution of the three-field op-

erators of the form ⟨𝛿†
𝑘
𝛿𝑗𝛿𝑖⟩ [40], we obtain for the energy,

𝐸(𝜌) =
𝑐0
2
{
𝑁2 + Tr

[
𝜌𝑛𝑐 (2𝜌𝑐 + 𝜌𝑛𝑐)

]}
+
𝑐1
2
∑
𝛼

{
Tr

[
𝜌𝐹𝛼

]2 + Tr[𝐹𝛼𝜌𝑛𝑐𝐹𝛼(2𝜌𝑐 + 𝜌𝑛𝑐)]
}

+
𝑐2
10

{
Tr

[
 𝜌 𝜌+  𝜌𝑛𝑐 (2𝜌𝑐 + 𝜌𝑛𝑐)

]}
, (4)

here the coupling factors 𝑐𝑘 have physical units of energy per density 
square, and for spin-1 BEC, 𝑐2 = 0. The time-reversal operator  acts in 
𝜌 as [52]

( 𝜌 )𝑗𝑖 = (−1)2𝑓−𝑖−𝑗𝜌−𝑖−𝑗 . (5)

The previous equation leads to the MF energy [2,10] in the assumption 
that 𝜌𝑛𝑐

𝑖𝑗
= 0, and consequently 𝜌 = 𝜌𝑐 . In this case, the MF energy reduces 

to

𝐸(𝑀𝐹 )(𝜌) =
𝑐0𝑁

2

2
+
𝑐1
2
∑
𝛼

Tr
[
𝜌𝐹𝛼

]2 + 𝑐2
10

Tr
[
 𝜌 𝜌

]
. (6)

In the scenario of a variational method with a self-consistent symmetry, 
𝜌𝑛𝑐 inherits the specific point group symmetries of the Hamiltonian (1)

and 𝜌𝑐 . We then need to determine the most general 𝜌𝑛𝑐 for a given 
point group. To that end, we make use of the Majorana representation 
for mixed states [52].

A mixed state is represented by a density matrix, i.e., a (2𝑓 + 1) ×
(2𝑓 + 1) complex matrix with a nonnegative eigenspectrum. The set of 
density matrices has an orthonormal basis given by the tensor operators 
𝑇
(𝑓 )
𝜎𝜇 with 𝜎 = 0, … 2𝑓 and 𝜇 = −𝜎, … , 𝜎 [54,56,57], which are defined in 

terms of the Clebsch-Gordan coefficients 𝐶𝑗𝑚
𝑗1𝑚1𝑗2𝑚2

, and reads

𝑇 (𝑓 )
𝜎𝜇

=
𝑓∑

𝑚,𝑚′=−𝑓
(−1)𝑓−𝑚′

𝐶
𝜎𝜇

𝑓𝑚,𝑓−𝑚′ |𝑓,𝑚⟩ ⟨𝑓,𝑚′| . (7)

For clarity, henceforth, we omit the super index (𝑓 ) when there is no 
possible confusion. The tensor operators 𝑇𝜎𝜇 satisfy

Tr(𝑇 †
𝜎1𝜇1

𝑇𝜎2𝜇2 ) = 𝛿𝜎1𝜎2𝛿𝜇1𝜇2 , 𝑇 †
𝜎𝜇

= (−1)𝜇𝑇𝜎−𝜇 . (8)

The most important property of the 𝑇𝜎𝜇 operators is that they trans-

form block-diagonally under a unitary transformation 𝑈 (𝖱), describing 
a rotation 𝖱 ∈ 𝑆𝑂(3) according to an irrep of 𝑆𝑂(3), 𝐷(𝜎)(𝖱), that is

𝑈 (𝖱)𝑇𝜎𝜇𝑈−1(𝖱) =
𝜎∑

𝜇′=−𝜎
𝐷

(𝜎)
𝜇′𝜇

(𝖱)𝑇𝜎𝜇′ , (9)

where 𝜎 = 0, 1, 2, … labels the irrep. In the 𝑇𝜎𝜇 basis, the density matrix 
𝜌𝑛𝑐 can be written as

𝜌𝑛𝑐 =𝑁𝑛𝑐

(
1𝑓

2𝑓 + 1
+

2𝑓∑
𝜎=1

𝝆𝜎 ⋅ 𝑻 𝜎

)
, (10)

where 𝝆𝜎 = (𝜌𝜎𝜎, … , 𝜌𝜎−𝜎) ∈ C2𝜎+1 with 𝜌𝜎𝜇 = Tr(𝜌 𝑇 †
𝜎𝜇), and 𝑻 𝜎 =

(𝑇𝜎𝜎, … , 𝑇𝜎,−𝜎) is a vector of matrices. Here the dot product stands for ∑𝜎

𝜇=−𝜎 𝜌𝜎𝜇𝑇𝜎𝜇 . Each vector 𝝆𝜎 , which transforms as a spinor of spin 𝜎 by 
Eq. (9), can be associated to a constellation à la Majorana [51] consist-

ing of 2𝜎 points on 𝑆2 obtained through a similar polynomial as Eq. (3)
3

but defined with 𝜌𝜎𝜇 . The hermiticity condition of 𝜌𝑛𝑐 together with 
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Eq. (8) implies that every constellation (𝜎) has an antipodal symme-

try [52]. While a pure state 𝚽 is normalized and its global phase factor 
is physically irrelevant, the same quantities of 𝝆𝜎 carry now the nec-

essary information to fully characterize 𝜌𝑛𝑐 . However, this information 
can also be added in the Majorana representation of 𝜌𝑛𝑐 . The norm of 
𝝆𝜎 , 𝑟𝜎 , is associated to the radius of the sphere where the constellation 
of 𝝆𝜎 lies. On the other hand, the hermiticity property of 𝜌𝑛𝑐 implies 
that the global phase factor of 𝝆𝜎 can only have two choices [52], both 
differing by a minus sign. There exists a method to associate this sign 
to a certain equivalence class of the points of each constellation [52]. 
Here, we just incorporate this choice of sign to the norm 𝑟𝜎 . Hence, 𝑟𝜎
can have negative values that evidently does not affect the radius of 
the sphere. In summary, a mixed state will be associated to a set of 2𝑓
constellations, denoted by 𝜌𝑛𝑐 , with antipodal symmetry and a num-

ber of stars equal to 2𝜎, with 𝜎 = 1, … , 2𝑓 , over spheres with radii 𝑟𝜎 , 
respectively.

We now determine the density matrices 𝜌𝑛𝑐 with a particular point 
group 𝐺. By the property (9) of the Majorana representation, 𝜌𝑛𝑐 has 
the point group 𝐺 if each 𝝆𝜎 fulfills

𝐷(𝜎)(𝑔)𝝆𝜎 = 𝝆𝜎 , for each 𝑔 ∈𝐺 . (11)

Let us remark that this condition is more restrictive that in the case of 
pure states, where a state 𝚽 is invariant under the element action 𝑔 ∈𝐺
if 𝐷(𝑔)𝚽 is equal to 𝚽 up to a global phase factor. The determination 
of pure spin states with a particular point group has been studied be-

fore in [58]. We use Eq. (11) to impose on 𝜌𝑛𝑐 the symmetries of the 
spin phases mentioned above. We plot their Majorana representations 
in Figs. 1 and 2. By looking at the constellations, one can deduce that 
the point group of 𝜌𝑛𝑐 is equal to their corresponding order parameter 
𝚽.

3. Results for spin-1 and 2 BECs

3.1. Characterization of the noncondensate fractions

We use now the Majorana representation for mixed states to obtain 
the most general density matrix 𝜌 with a fixed point group Eq. (11). 
In particular, we consider the point groups of the spin-1 and 2 phases 
mentioned above. Their respective Majorana constellations are shown 
in Figs. 1 and 2. We summarize the most important characteristics of 
𝜌𝑛𝑐 of each phase:

(i–ii) FM and P phases: 𝝆𝜎 has only the 0th-components different than 
zero 𝜌𝜎0 = 𝑟𝜎 . Their constellations are given by 𝜎 stars on each 
pole of the sphere. The additional symmetry of the P phase im-

plies that the 𝝆𝜎 vectors with 𝜎 odd are zero.

(iii) AF phase: The vectors of 𝝆𝜎 are given by

𝝆1 = 𝑟1 (0,1,0) ,

𝝆2 = 𝑟2

(
cos𝑥√

2
,0, sin𝑥,0, cos𝑥√

2

)
. (12)

The constellations of 𝝆1 have a star on each pole, and for 𝝆2 it 
is a rectangle with sides parallels to the 𝑦 and 𝑧 axes with length 
dimensions dependent of the variable 𝑥.

(iv) S phase: 𝜌𝑛𝑐 has only two non-zero vectors 𝝆𝜎

𝝆2 = 𝑟2 (0 ,0 ,1 ,0 ,0) ,

𝝆4 = 𝑟4

(
cos𝑦√

2
,0 ,0 ,0 , sin𝑦 ,0 ,0 ,0 , cos𝑦√

2

)
. (13)

The constellation of 𝝆2 has two stars on each pole, and for 𝝆4
it consists of a parallelepiped with faces parallel to the cartesian 

planes and length dimensions dependent of the variable 𝑦.
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Fig. 1. Majorana representations of the order parameters 𝚽 (left) and noncon-

densed fraction 𝜌𝑛𝑐 (right) of spin phases of BEC of 𝑓 = 1. The adjacent number 
in some points correspond to its degeneracy. Each nonzero vector 𝝆𝜎 of 𝜌𝑛𝑐 is 
associated to a constellation of 2𝜎 points, which are also colored in red and yel-

low for 𝜎 = 1 and 2, respectively. For clarity, we omit the cartesian axis in the 
figures and split the constellations of the AF phase. The gray area in the sec-

ond constellation of 𝜌𝑛𝑐 of the AF phase is the corresponding geometric object 
of the points.

(v) C phase: The 𝝆𝜎 non-zero vectors are

𝝆3 = 𝑟3
(
−
√
2 ,0 ,0 ,

√
5 ,0 ,0 ,

√
2
)
∕3 , (14)

𝝆4 = 𝑟4
(
0 ,−

√
10 ,0 ,0 ,−

√
7 ,0 ,0 ,

√
10 ,0

)
∕
√
27 .

Their constellations are given by an octahedron and a constella-

tion conformed by two antipodal tetrahedrons, respectively.

In overall, a generic 𝜌𝑛𝑐 will have a total of (2𝑓 + 1)2 degrees of free-

dom constituted by the variables 𝜌𝜎𝜇 and 𝑁𝑛𝑐 , with domain restricted 
by the properties of the density matrices 𝜌𝑛𝑐 , unit trace, hermiticity and 
positive semidefinite condition [59]. Notwithstanding, the previous cal-

culations show that the inherited symmetries of 𝜌𝑛𝑐 reduce the degrees 
of freedom considerably. For example, in spin-1 BEC, the number is re-

duced from 9 degrees to 3 for both the FM and P phases, namely to 
(𝑁𝑛𝑐, 𝑟1, 𝑟2), and to 4 in the AF phase, (𝑁𝑛𝑐, 𝑟1, 𝑟2, 𝑥). Additionally, the 
total degrees of freedom for the spin-2 phases, which add up to 25 in 
the general case, are drastically reduced to just 3 or 5, depending upon 
the symmetry of its corresponding order-parameter.

3.2. Spin phases for 𝑓 = 1 and 𝑓 = 2

For sake of illustration of our variational perturbation approach with 
self-consistent symmetries, we apply it to study the behavior of the phases 
for spin-1 and 2 BECs against temperature and entropy near the mean 
field solution. Let us first consider the spin-1 BEC case with spin phases 
4

at zero temperature having a nontrivial point group, namely, the FM, P, 
Physics Letters A 492 (2023) 129188

Fig. 2. Majorana representations of 𝚽 (left) and 𝜌𝑛𝑐 (right) of spin phases of BEC 
of spin-2, where we follow the same conventions as in Fig. 1. The constellations 
of 𝝆𝜎 for 𝜎 = 3, 4, correspond to the constellations with six (green sphere) and 
eight (blue sphere) points, respectively.

and AF phases, as described in Sec. 2. For the perturbation, instead to 
consider a particular scenario, let us just consider an increment of the 
entropy of the condensate, which is a signature of the atomic disorder 
(mixedness) of the condensate, due for instance to non-zero temperature 
effects. In that sense, we can study the physical properties of the spin-1 
ground phases of a BEC with respect to the entropy given by [60]

𝑆(𝜌) = −Tr[(𝜌∕𝑁) ln(𝜌∕𝑁)] . (15)

Here, for simplicity, we work within the linear entropy response, ob-

tained by Taylor expanding over the logarithm of a matrix around a 
pure state, yielding 𝑆𝐿(𝜌) ≡ 1 −Tr

[
(𝜌∕𝑁)2

]
.1 It is noteworthy that 𝑆𝐿(𝜌)

is a good approximation of the entropy 𝑆(𝜌) as long as |𝑆−𝑆𝐿| ≪ 1. The 
previous regime can be written in terms of the non-zero eigenvalues Λ𝑘
of 𝜌||||||1 −

∑
Λ𝑘≠0

Λ𝑘
𝑁

(
Λ𝑘
𝑁

− ln
Λ𝑘
𝑁

)||||||≪ 1 . (16)

1 The logarithm of a mixed state  can be written in terms of its non-zero 
eigenvalues 𝑚𝑘 with eigenvector |𝑚𝑘⟩, ln =∑

𝑘 ln𝑚𝑘 |𝑚𝑘⟩ ⟨𝑚𝑘|. If the density 
matrix is almost a pure state, i.e. one of its eigenvalues 𝑚1 is much larger than 
the others and closer to one, ln𝑚𝑘 is approximated by its first term of the Taylor 
expansion around the unit value ln𝑚𝑘 ≈ 𝑚𝑘 − 1. Using this expansion and that 

𝑚𝑘 ≪𝑚1 for 𝑘 ≠ 1, we can obtain the approximation − ln ≈(1 −).
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Fig. 3. (Top) Energy of the FM and P ground state phases 𝜌 with fixed linear 
entropy 𝑆𝐿 describing the mixture (disorder) of the system for positive and 
negative values of 𝑐1 . (Bottom) The fractions 𝑓𝑚 of the FM phase in the |𝑠,𝑚⟩
states versus the linear entropy. For 𝑆𝐿 = 0, the system is in the MF solution of 
the FM phase, and as 𝑆𝐿 increases, the system tends to the equally partitioned 
state achieved at 𝑆𝐿 → 2∕3. Both limit cases illustrate the regimes 𝑇 = 0 and 
𝑇 →∞, respectively. The fractions of the P phase have a similar behavior (see 
Eq. (18)).

Notice that for 𝑇 = 0, the density matrix has only one nonzero eigen-

value Λ𝑚 =𝑁 , yielding 𝑆 = 𝑆𝐿 = 0. On the other hand, 𝑇 →∞ entails, 
by the equipartition theorem, that the three eigenvalues are equal to 
𝑁∕3, and consequently 𝑆𝐿 = 2∕3. The ground spin phase is charac-

terized by the state 𝜌 that minimizes the thermodynamical potential 
Ω(𝜌) = 𝐸 −𝑁𝑘𝐵𝑇𝑆𝐿. However, since we are going to consider a fixed 
value of the entropy 𝑆𝐿, the ground state phase is also identified as the 
density matrix with minimal energy 𝐸(𝜌). The problem is then reduced 
to minimize Eq. (4) under the constraints of fixed number of particles 
𝑁 = Tr(𝜌) and linear entropy 𝑆𝐿(𝜌), for the admissible phases of the 
spin-1 BEC. A direct calculation shows that the ground states allowed 
are only for the FM and the P phases for 𝑐1 < 0 and 𝑐1 > 0, respectively. 
The energies of the ground state phases have an analytical form, and 
are given by

𝐸(𝜌(𝐹𝑀)) =𝑁2
[
𝑐0

(
1 −

𝑆𝐿

2

)
+ 𝑐1(1 −𝑆𝐿)

]
,

𝐸(𝜌(𝑃 )) =𝑁2
[
𝑐0

(
1 −

𝑆𝐿

2

)
+ 𝑐1

𝑆𝐿

2

]
. (17)

We plot the minimized energy 𝐸(𝜌) (17) of the FM and P phases for a 
given value of 𝑆𝐿(𝜌) in Fig. 3. We can observe that for 𝑐1 > 0 (𝑐1 < 0), 
the ground state phase of the BEC has its atoms predominantly in the 
FM (P) phase. Therefore, our approach predicts that by an increment of 
the entropy in the spin-1 BEC, the FM-P phase transition at 𝑐1 = 0 does 
not exhibit a deviation. This observation agrees with other calculations 
found in the literature [23,27], where in contrast, extensive numerical 
calculations were considered instead to reach to the same conclusion.

Since the density matrices are diagonal with respect to the eigen-

basis of the operator 𝐹𝑧, the condensate can thus be understood as 
5

consisting of a statistical mixture of atoms in the |1,𝑚⟩ states. Each 
Physics Letters A 492 (2023) 129188

Fig. 4. Phase diagram of the spin-2 BEC in the space of the spin-dependent 
coupling factors (𝑐1, 𝑐2). The C-P phase transition (color curves) depends on the 
temperature, while the rest of the phase transitions remain invariant (black 
lines). We also add the values of the coupling factors (𝑐1 , 𝑐2) of several atomic 
species along with its respective uncertainties [19].

state is populated by a fraction of atoms equal to 𝑓𝑚 = ⟨1, 𝑚|𝜌 |1, 𝑚⟩∕𝑁 , 
with values

𝑓
(𝐹𝑀)
1 =𝑓 (𝑃 )

0 = 1
3

(√
4 − 6𝑆𝐿 + 1

)
,

𝑓
(𝐹𝑀)
0 =𝑓 (𝐹𝑀)

−1 = 𝑓 (𝑃 )
1 = 𝑓 (𝑃 )

−1 = 1
6

(
2 −

√
4 − 6𝑆𝐿

)
. (18)

We plot the behavior of the fractions for the FM phases (18) in Fig. 3. 
We can observe that for 𝑆𝐿 = 2∕3 (𝑇 →∞), the atoms of the BEC are 
equally distributed of the FM and P phases are equal, as expected by the 
equipartition theorem. The qualitative behavior of the fractions exposed 
in Fig. (18) is consistent with the numerical calculations reported in 
Ref. [27] where it is used the Hartree-Fock approximation.

The same procedure can be applied for a more sophisticated model. 
As an example, we apply the characterizations of 𝜌𝑐 and 𝜌𝑛𝑐 to calculate 
the spin phase diagram of spin-2 BEC at finite temperatures using the 
Hartree-Fock approximation [23,39–41]. In this case, 𝜌𝑛𝑐 is determined 
by the Bose-Einstein distribution at temperature 𝑇 , while the spatial en-

ergy density is defined by its potential trap. For simplicity, we consider 
a finite box potential trap, with eigenstates labeled by the wavenumber 
vector 𝒌, having a spatial energy contribution of ℏ2𝑘2∕2𝑀 , being 𝑀 the 
atomic mass of the condensate. After the replacement ∑𝒌 → (2𝜋)−3 ∫ d𝒌, 
the spatial part of 𝜌𝑛𝑐 is integrated leading to

𝜌𝑛𝑐
𝑖𝑗
=

2𝑓+1∑
𝜈=1

𝜉𝜈
𝑖
𝜉𝜈∗
𝑗
Λ𝜈 , Λ𝜈 =

𝐿𝑖3∕2
(
𝑒−𝛽𝜅𝜈

)
𝜆3
𝑑𝐵

, (19)

where 𝐿𝑖3∕2(𝑧) is the polylogarithm function and 𝜆𝑑𝐵 = ℎ∕
√
2𝜋𝑀𝑘𝐵𝑇 is 

the thermal de Broglie wavelength. The spin eigenstates 𝜉𝜈 with ener-

gies 𝜅𝜈 are defined by the eigendecomposition of the (2𝑓 + 1) × (2𝑓 + 1)
matrix 𝐴, usually called the Hartree-Fock Hamiltonian, whose entries 
are derivatives of the energy (4), 𝐴𝑖𝑗 = 𝛿𝐸∕𝛿𝜌𝑛𝑐𝑗𝑖 [27]. In Fig. 4, we plot 
the phase diagram of the spin-2 BECs at finite temperatures. We predict 
a deviation of the C-P phase-transition as a function of the temperature, 
in contrast with the other phase transitions that remain invariant with 
the temperature. We can conclude that, whilst for 23Na and 83Rb cold 
gases the phases remain practically insensible to temperature, the 87Rb 
condensates may exhibit a temperature-dependent spin-phase transi-

tion. Further details of the HF approximation applied to spin-1 and 
spin-2 BECs are discussed in [27].

4. Summary and conclusions

We have introduced a rigorous and systematic method capable of 
characterizing the MF variational perturbations of an interacting spinor 
system with a self-consistent rotational symmetry. Our method is based 

in a generalization of the Majorana stellar representation for quantum 
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mixed states in conjunction with point group symmetry arguments. 
A distinctive feature of the approach is that it reduces considerably 
the unknown degrees of freedom of the perturbation. In addition the 
methodology can be applied to any other spin or spin-like physical 
system having self-consistent symmetries. We applied the approach to 
characterize the noncondensate fractions in a spin-1 BEC and to study 
the behavior of its spin phases when the mixedness of the condensate is 
monitored by the value of the entropy. The model is solved analytically 
and reproduces the same results predicted by other methods [23,27] but 
with much less intricacies involved. In addition, we calculate the phase 
diagram of spin-2 BEC in the Hartree-Fock approximation at finite tem-

peratures, where a non-linear deviation in the C-P phase transition with 
temperature is predicted. The method presented here can also be im-

plemented in more complex systems, for example, for physical setups 
described by a tensor product of spins systems. However, further gen-

eralizations of the Majorana stellar representation may be necessary in 
such cases [61,62].

CRediT authorship contribution statement

Eduardo Serrano-Ensástiga: Investigation. Francisco Mireles: In-

vestigation.

Declaration of competing interest

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper.

Data availability

No data was used for the research described in the article.

Acknowledgements

E.S.-E. acknowledges support from the postdoctoral fellowships of-

fered by DGAPA-UNAM and the IPD-STEMA program of the University 
of Liège. F.M. acknowledges the support of DGAPA-UNAM through the 
project PAPIIT No. IN113920.

References

[1] M. Lewenstein, A. Sanpera, V. Ahufinger, Ultracold Atoms in Optical Lattices: Sim-

ulating Quantum Many-Body Systems, Oxford University Press, 2012.

[2] Y. Kawaguchi, M. Ueda, Phys. Rep. 520 (2012) 253.

[3] C. Frapolli, T. Zibold, A. Invernizzi, K. Jiménez-García, J. Dalibard, F. Gerbier, Phys. 
Rev. Lett. 119 (2017) 050404.

[4] F. Schäfer, T. Fukuhara, S. Sugawa, Y. Takasu, Y. Takahashi, Nat. Rev. Phys. 2 
(2020) 411.

[5] T. Tian, H.-X. Yang, L.-Y. Qiu, H.-Y. Liang, Y.-B. Yang, Y. Xu, L.-M. Duan, Phys. Rev. 
Lett. 124 (2020) 043001.

[6] J. Stenger, S. Inouye, D. Stamper-Kurn, H.-J. Miesner, A. Chikkatur, W. Ketterle, 
Nature 396 (1998) 345.

[7] D.M. Stamper-Kurn, M.R. Andrews, A.P. Chikkatur, S. Inouye, H.-J. Miesner, J. 
Stenger, W. Ketterle, Phys. Rev. Lett. 80 (1998) 2027.

[8] D. Jacob, L. Shao, V. Corre, T. Zibold, L. De Sarlo, E. Mimoun, J. Dalibard, F. Gerbier, 
Phys. Rev. A 86 (2012) 061601(R).

[9] M.-S. Chang, C.D. Hamley, M.D. Barrett, J.A. Sauer, K.M. Fortier, W. Zhang, L. You, 
M.S. Chapman, Phys. Rev. Lett. 92 (2004) 140403.

[10] C.J. Pethick, H. Smith, Bose-Einstein Condensation in Dilute Gases, Cambridge Uni-

versity Press, 2008.

[11] K. Jiménez-García, A. Invernizzi, B. Evrard, C. Frapolli, J. Dalibard, F. Gerbier, Nat. 
Commun. 10 (2019) 1.

[12] H. Schmaljohann, M. Erhard, J. Kronjäger, M. Kottke, S. van Staa, L. Cacciapuoti, 
J.J. Arlt, K. Bongs, K. Sengstock, Phys. Rev. Lett. 92 (2004) 040402.

[13] M. Lu, S.H. Youn, B.L. Lev, Phys. Rev. Lett. 104 (2010) 063001.

[14] J.J. McClelland, J.L. Hanssen, Phys. Rev. Lett. 96 (2006) 143005.

[15] F. Schreck, K.v. Druten, Nat. Phys. 17 (2021) 1296.

[16] Q. Beaufils, R. Chicireanu, T. Zanon, B. Laburthe-Tolra, E. Maréchal, L. Vernac, J.-C. 
Keller, O. Gorceix, Phys. Rev. A 77 (2008) 061601.

[17] T.-L. Ho, Phys. Rev. Lett. 81 (1998) 742.

[18] T. Ohmi, K. Machida, J. Phys. Soc. 67 (1998) 1822.

[19] C.V. Ciobanu, S.-K. Yip, T.-L. Ho, Phys. Rev. A 61 (2000) 033607.

[20] R. Barnett, A. Turner, E. Demler, Phys. Rev. Lett. 97 (2006) 180412.

[21] R.B. Diener, T.-L. Ho, Phys. Rev. Lett. 96 (2006) 190405.

[22] Y. Kawaguchi, M. Ueda, Phys. Rev. A 84 (2011) 053616.

[23] Y. Kawaguchi, N.T. Phuc, P.B. Blakie, Phys. Rev. A 85 (2012) 053611.

[24] J. Jiang, L. Zhao, M. Webb, Y. Liu, Phys. Rev. A 90 (2014) 023610.

[25] S. Kang, S.W. Seo, J.H. Kim, Y. Shin, Phys. Rev. A 95 (2017) 053638.

[26] A. Roy, S. Gautam, et al., arXiv preprint, arXiv :2204 .06898, 2022.

[27] E. Serrano-Ensástiga, F. Mireles, Phys. Rev. A 104 (2021) 063308.

[28] B.D. Esry, C.H. Greene, J.P. Burke Jr., J.L. Bohn, Phys. Rev. Lett. 78 (1997) 3594.

[29] H. Shi, W.-M. Zheng, S.-T. Chui, Phys. Rev. A 61 (2000) 063613.

[30] E.J. Mueller, T.-L. Ho, M. Ueda, G. Baym, Phys. Rev. A 74 (2006) 033612.

[31] M. Matuszewski, T.J. Alexander, Y.S. Kivshar, Phys. Rev. A 78 (2008) 023632.

[32] J. Mur-Petit, M. Guilleumas, A. Polls, A. Sanpera, M. Lewenstein, K. Bongs, K. Sen-

gstock, Phys. Rev. A 73 (2006) 013629.

[33] N.T. Phuc, Y. Kawaguchi, M. Ueda, Phys. Rev. A 88 (2013) 043629.

[34] A. Vinit, E.M. Bookjans, C.A.R. Sá de Melo, C. Raman, Phys. Rev. Lett. 110 (2013) 
165301.

[35] N. Shitara, S. Bir, P.B. Blakie, New J. Phys. 19 (2017) 095003.

[36] L.M. Symes, D. Baillie, P.B. Blakie, Phys. Rev. A 98 (2018) 063618.

[37] J.H. Kim, D. Hong, S. Kang, Y. Shin, Phys. Rev. A 99 (2019) 023606.

[38] H.-X. Yang, T. Tian, Y.-B. Yang, L.-Y. Qiu, H.-Y. Liang, A.-J. Chu, C.B. Dağ, Y. Xu, Y. 
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