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Abstract

We investigate the smoothness of the densities of the finite-dimensional distribu-
tions of the Rosenblatt process. Within the Malliavin calculus framework, we prove
that Rosenblatt random vectors are nondegenerate in the Malliavin sense. As a con-
sequence, their densities belong to the Schwartz space of rapidly decreasing smooth
functions. The proof relies on establishing the existence of all negative moments
of the determinant of the Malliavin matrix, exploiting the specific structure of ran-
dom variables in the second Wiener chaos. In addition, we derive exponential-type
upper bounds for the partial derivatives of the densities of the finite-dimensional
distributions of the Rosenblatt process.
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1 Introduction

Let F = (F1, . . . , Fm) be a random vector whose components are differentiable in the
Malliavin sense. Denote by ΓF its Malliavin matrix, whose entries are given by ΓF (i, j) =
〈DFi, DFj〉H, 1 ≤ i, j ≤ m, where D denotes the Malliavin derivative with respect to an
isonormal process (W (h), h ∈ H) on a real and separable Hilbert space H. A classical
result in Malliavin calculus (the Bouleau-Hirsch criterion) states that if ΓF is almost
surely invertible, then F admits a density with respect to the Lebesgue measure on Rm.

The random vector F is said to be nondegenerate if its components are infinitely
Malliavin differentiable and if (det ΓF )−1 ∈ Lp(Ω) for every p ≥ 1. In this case, its
density is smooth and belongs to the Schwartz space of rapidly decreasing C∞ functions
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on Rm. Hence, obtaining a smooth density is tightly linked to the existence of negative
moments of the Malliavin derivatives of the components.

When the components of F lie in a fixed Wiener chaos, the above result can
be strengthened. It was shown in [6] that in this setting the almost sure invertibility
of ΓF is actually equivalent to the absolute continuity of the law of F . Moreover, [8]
proves that a pair of multiple stochastic integrals fails to admit a density if and only if
its components are proportional, mirroring the Gaussian case.

In the recent work [4] we applied the Bouleau-Hirsch criterion to establish the
absolute continuity of finite-dimensional distributions of Hermite processes. Let q ≥ 1
be an integer and (ZH,qt , t ∈ R) a Hermite process of order q with self-similarity index
H ∈

(
1
2 , 1
)
. Recall that ZH,q is an H-self-similar process with stationary increments and

long memory, living in the qth Wiener chaos. The class of Hermite processes includes
fractional Brownian motion (q = 1), which is Gaussian, and the Rosenblatt process
(q = 2), which belongs to the second Wiener chaos. For any m ≥ 1 and any grid
0 < t1, ... < tm, [4] shows that the determinant of the Malliavin matrix of the Hermite

vector Z =
(
ZH,qt1

, . . . , ZH,qtm

)
is almost surely strictly positive; therefore, Z admits a

density.
The objective of the present work is to go a step further and investigate the

smoothness of this density. As previously mentioned, smoothness is deeply linked to
nondegeneracy, and in particular to the existence of negative moments of the determinant
of the Malliavin matrix. While establishing these negative moments appears challenging
for general q, we succeed in proving nondegeneracy for q = 2, that is for Rosenblatt
vectors. This relies crucially on the specific structure of random variables in the second
Wiener chaos, which can be represented as weighted sums of independent centered chi-
square random variables.

Our first main result concerns the smoothness of the density of increments of the
Rosenblatt process.

Theorem 1 Let (Zt, t ∈ R) be a Rosenblatt process with self-similarity index H ∈
(
1
2 , 1
)
.

Let m ≥ 1 and 0 = t0 < t1 < ... < tm. Consider the random vector

Zπ =
(
Zt1 − Zt0 , . . . , Ztm − Ztm−1

)
, (1)

Then Zπ admits a density belonging to the Schwartz space S(Rm) of rapidly decreasing
smooth functions.

As a consequence, for all m ≥ 1 and for all 0 ≤ s1 < ... < sm, the vector
(Zs1 , . . . , Zsm) also has a density in S(Rm), see Corollary 1. The proof of Theorem 1
relies on the classical Malliavin calculus theorem asserting that nondegenerate random
vectors possess densities in the Schwartz space.
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Our second main result provides exponential-type bounds for the partial deriva-
tives of the density of the finite-dimensional distributions of the Rosenblatt process. For
m ∈ N∗ and n = (n1, ..., nm) ∈ Nm, set

∂nx =
m∏
j=1

(
∂

∂xj

)nj
.

Theorem 2 Let (Zt, t ∈ R) be a Rosenblatt process with self-similarity index H ∈
(
1
2 , 1
)
.

For any m ≥ 1 and n = (n1, ..., nm) ∈ Nm, there exists C > 0 (depending possibly on
m and n) such that for any grid 0 = t0 < t1 < ... < tm, the density pπ of the vector Zπ
defined in (1) satisfies

|∂nxpπ(x)| ≤ C
m∏
j=1

(tj − tj−1)−H(1+nj)e
−c

xj

(tj−tj−1)
H
,

with c = c(m, q) > 0, for every x = (x1, ..., xm) such that xj ≥ 2(tj−tj−1)H , j = 1, ...,m.

The proof of Theorem 2 is based on a Malliavin integration by parts formula
expressing the partial derivatives of pπ (see relation (11) in Proposition 2 below) and on
a precise control of the resulting terms using Malliavin calculus and tail estimates for
random variables in Wiener chaos.

The paper is organized as follows. Section 2 provides the necessary preliminaries
on Malliavin calculus, Wiener chaos and the Rosenblatt process. Section 3 contains the
proof of the smoothness of the density of Rosenblatt vectors. Section 4 is devoted to the
analysis of the regularity of the partial derivatives of this density.

2 Preliminaries

In this preliminary section, we introduce the basic notions of Malliavin calculus and
Wiener chaos that will be used throughout the paper. We also present the Rosenblatt
process and recall its main properties.

2.1 Wiener chaos, multiple stochastic integrals and Malliavin deriva-
tive

We refer to the classical references [7] and [5] for a comprehensive exposition of Wiener
chaos and Malliavin calculus. Let B = (Bt, t ∈ R) be a two-sided Brownian motion
defined on a complete probability space (Ω,F , P ). Set H = L2(R), and for each h ∈ H
define

B(h) =

∫
R
h(s) dBs,
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the Wiener integral of h with respect to B. The family {B(h) : h ∈ H} forms an
isonormal Gaussian process, that is, a centered Gaussian family satisfying

E[B(h)B(g)] = 〈h, g〉H for all h, g ∈ H.

We now recall the definition of the Wiener chaos generated by this isonormal
process. Let (Hq)q≥0 denote the Hermite polynomials, defined recursively by

H0(x) = 1, H1(x) = x, Hq+1(x) = xHq(x)− qHq−1(x).

For q ≥ 1, the qth Wiener chaos Hq is the closed linear span in L2(Ω) of

{Hq(B(h)) : h ∈ H, ‖h‖H = 1}.

In particular, H1 is the Gaussian chaos generated by B(h), while Hq is non-Gaussian for
every q ≥ 2.

For q ≥ 1 and h ∈ H with ‖h‖H = 1, we set

Iq(h
⊗q) := Hq(B(h)).

If ‖h‖ 6= 1, we instead define

Iq(h
⊗q) := ‖h‖qHHq

(
B

(
h

‖h‖H

))
.

By polarization, one extends the definition to elementary tensors h1 ⊗ · · · ⊗ hq ∈ H⊗q,
and then by linearity and density to any symmetric kernel f ∈ H�q. This yields a linear
isometry

Iq : H�q → L2(Ω),

satisfying

E[Ip(f)Iq(g)] =

{
p! 〈f, g〉H⊗p , p = q,

0, p 6= q,

for all f ∈ H�p and g ∈ H�q. One then obtains

Hq = {Iq(f) : f ∈ H�q}, q ≥ 1,

that is, the qth Wiener chaos is precisely the image of H�q under Iq.

We now introduce the Malliavin derivative with respect to B. Let S denote the
class of smooth cylindrical random variables of the form

F = f(B(g1), . . . , B(gn)),

4



where n ≥ 1, g1, . . . , gn ∈ H, and f ∈ C∞P (Rn) (i.e., smooth with all derivatives of
polynomial growth). The Malliavin derivative of F is the process

DrF =

n∑
j=1

∂f

∂xj
(B(g1), . . . , B(gn)) gj(r), r ∈ R.

Higher-order derivatives DkF are defined by iteration. For k, p ≥ 1, the space Dk,p is
the closure of S under the Sobolev-type norm

‖F‖pk,p = E[|F |p] +
k∑
j=1

E
[
‖DjF‖p

H⊗j

]
, (2)

and we set D∞ =
⋂
k,p≥1Dk,p. For F,G ∈ D1,2, the inner product of their derivatives is

given by

〈DF,DG〉H =

∫
R
DrF DrGdr.

Let U be a separable Hilbert space. Denote by SU the class of U-valued smooth
random variables of the form u =

∑n
j=1 Fjuj with uj ∈ U and Fj ∈ S. One similarly

defines the spaces Dk,p(U) and D∞(U) with associated norm

‖u‖pk,p,U = E
[
‖u‖pU

]
+

k∑
j=1

E
[
‖Dju‖p

H⊗j⊗U

]
.

The Malliavin matrix of Z = (Z1, . . . , Zm) with Zi ∈ D1,2 is the matrix ΓZ =
(ΓZ(i, j))1≤i,j≤m defined by

ΓZ(i, j) = 〈DZi, DZj〉H.

We now recall the notion of nondegeneracy used in Malliavin calculus.

Definition 1 Let F = (F1, . . . , Fm) be an m-dimensional random vector with Fi ∈ D∞
for all i. We say that F is nondegenerate if its Malliavin matrix ΓF is invertible and

(det ΓF )−1 ∈
⋂
p≥1

Lp(Ω).

Before concluding this section, we recall two classical results that will play a key
role in the sequel. The first is a tail estimate for random variables in a fixed Wiener
chaos, corresponding to Theorem 6.7 in [3].
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Lemma 1 Let X = Iq(f) with f ∈ H�q. Then there exists a universal constant cq > 0
such that for all t ≥ 2,

P

(
|X|

(E[|X|2])1/2
≥ t
)
≤ e−cq t2/q .

For any β = (β1, . . . , βj) ∈ {1, . . . ,m}j , let

∂βi =
∂

∂xβi
, ∂β = ∂β1 · · · ∂βj .

We denote by S(Rm) the Schwartz space of smooth functions f : Rm → R such
that for every k, j ≥ 1 and every multi-index β ∈ {1, . . . ,m}j ,

sup
x∈Rm

|x|k |∂βf(x)| <∞.

The next theorem provides a classical criterion ensuring that a random vector has a
smooth density; see [7], Proposition 2.1.5.

Theorem 3 If F = (F1, . . . , Fm) is nondegenerate in the sense of Definition 1, then the
law of F admits a density belonging to the Schwartz space S(Rm).

We conclude by recalling the following factorization of the determinant of the
Malliavin matrix, proved in [4], Lemma 4.1.

Lemma 2 Let Z = (Z1, . . . , Zm) ∈ (D1,1)m and let ΓZ be its Malliavin matrix. Then,
almost surely,

det ΓZ = ‖DZ1‖2H
m∏
j=2

∥∥DZj − projEj−1
(DZj)

∥∥2
H
,

where Ej−1 is the closed linear span in H generated by {DZ1, . . . , DZj−1} and projEj−1

denotes the orthogonal projection onto Ej−1.

2.2 The Rosenblatt process

We now introduce the Rosenblatt process and recall its main features. Let H ∈ (1/2, 1).
The Rosenblatt process (Zt, t ∈ R) with self-similarity index H is defined by

Zt = I2(Lt), t ∈ R, (3)

where the kernel Lt is given, for y1, y2 ∈ R, by

Lt(y1, y2) = d(H)

∫ t

0
(u− y1)

H
2
−1

+ (u− y2)
H
2
−1

+ du.
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The constant d(H) in (3) is chosen so that E[(Zt)
2] = |t|2H for all t ∈ R. We use the

convention θα+ = θα for θ > 0, and 0 otherwise. Integrals over negative intervals are

defined by
∫ t
0 = −

∫ 0
t for t < 0.

The Rosenblatt process is H-self-similar, i.e., for every a > 0,

(Zat, t ∈ R)
law
= (aHZt, t ∈ R),

and has stationary increments: for every h ∈ R,

(Zt+h − Zt, t ∈ R)
law
= (Zt, t ∈ R).

Its covariance function is given by

E[ZtZs] = 1
2

(
|t|2H + |s|2H − |t− s|2H

)
,

which coincides with that of fractional Brownian motion with Hurst index H. Since the
Rosenblatt process is non-Gaussian, this covariance does not determine its law.

The random variable Z1 is called the Rosenblatt random variable. If 0 = t0 <
t1 < · · · < tm, the random vector (Zt1 − Zt0 , . . . , Ztm − Ztm−1) is called the Rosenblatt
increment vector, whereas for 0 ≤ s1 < · · · < sm, the vector (Zs1 , . . . , Zsm) is called a
Rosenblatt vector.

Since Zt belongs to the second Wiener chaos for every t 6= 0, it admits a series
expansion as a weighted sum of independent centered chi-square random variables. More
precisely (see Proposition 2.7.13 in [5]),

Zt =
∑
j≥1

λj,t (N2
j − 1), (4)

where (Nj)j≥1 is a sequence of i.i.d. N(0, 1) random variables, and the series (4) converges
in L2(Ω) and almost surely. The coefficients λj,t can be expressed in terms of contractions
of the kernel Lt.

3 Smoothness of the density

This section is devoted to the proof of Theorem 1. We first recall some auxiliary results,
then establish the existence of negative moments for the determinant of the Malliavin
matrix of a Rosenblatt vector, and finally deduce the smoothness of its density.

3.1 Auxiliary results

The two results recalled below were obtained in [4]. The first one asserts that a Rosen-
blatt increment vector admits a density, while the second provides a useful identity for
the “Malliavin conditional variance”.
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Theorem 4 Let (Zt, t ∈ R) be a Rosenblatt process with self-similarity index H ∈
(
1
2 , 1
)
.

Let m ≥ 2 and 0 = t0 < t1 < · · · < tm. Consider the random vector

Zπ =
(
Zt1 − Zt0 , Zt2 − Zt1 , . . . , Ztm − Ztm−1

)
.

Then
P (det ΓZπ > 0) = 1.

In particular, the random vector Zπ admits a density with respect to the Lebesgue measure
on Rm.

Proof. By Theorem 1.1 in [4], the vector

V := (Zt1 , . . . , Ztm)

admits a density fV on Rm. Consider the map S : Rm → Rm defined by

S(y1, . . . , ym) =

y1, y1 + y2, . . . ,

m∑
j=1

yj

 . (5)

Then S is linear, invertible, and the determinant of its associated matrix is equal to one.
We have V = S(Zπ). Since S is a linear diffeomorphism, the law of Zπ is the pushforward
of the law of V by S−1. It follows that Zπ admits a density given by fZπ(y) = fV (S(y))
for all y ∈ Rm.

Lemma 3 Let (Zt, t ∈ R) be a Rosenblatt process with self-similarity index H ∈
(
1
2 , 1
)
.

Let m ≥ 2 and 0 = t0 < t1 < · · · < tm. For j ≥ 1, set

Ẽj−1 = span {D(Ztk − Ztl) : k, l = 0, 1, . . . , j − 1}. (6)

Then, for every j ≥ 1,∥∥∥D(Ztj − Ztj−1)− projẼj−1

(
D(Ztj − Ztj−1)

)∥∥∥2
H

law
= (tj − tj−1)2HFj ,

where, for each j ≥ 1, Fj is a random variable such that Fj ≥ ‖DZ1‖2H1
, with H1 =

L2([0, 1]).

Proof. This follows from the proof of Theorem 6.1 in [4].
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3.2 Smoothness of the density: Proof of Theorem 1

As a first step, we show that the norm of the Malliavin derivative of a Rosenblatt random
variable admits negative moments of all orders.

Proposition 1 Let (Zt, t ∈ R) be a Rosenblatt process. Then, for every p ≥ 1,

E
[
‖DZ1‖−2pH1

]
<∞.

Proof: Following (3), we have Z1 = I2(L1) for a symmetric kernel L1 ∈ L2(R2). For
each s ∈ [0, 1], define

gs(·) := L1(s, ·) ∈ L2(R), Ys := I1(gs).

Then (Ys)s∈[0,1] is a centered Gaussian process belonging to the first Wiener chaos, with
covariance function

K(s, t) = E[YsYt] = 〈gs, gt〉L2(R), s, t ∈ [0, 1].

Step 1: Spectral decomposition of the covariance operator. Consider the Hilbert–Schmidt
operator T : L2([0, 1])→ L2([0, 1]) defined by

(Tϕ)(s) :=

∫ 1

0
K(s, t)ϕ(t) dt.

The operator T is self-adjoint, positive, and compact. Hence, there exists an orthonormal
basis (ϕj)j≥1 of L2([0, 1]) consisting of eigenfunctions of T , associated with nonnegative
eigenvalues (λj)j≥1 satisfying λj → 0 as j →∞. In particular,

K =
∞∑
j=1

λj ϕj ⊗ ϕj . (7)

It is easy to verify that T = B∗B, where

B : L2([0, 1])→ L2(R), Bf =

∫ 1

0
L1(t, ·) f(t) dt,

and

B∗ : L2(R)→ L2([0, 1]), B∗f =

∫
R
L1(s, ·) f(s) ds.

From Step 2 in the proof of [9, Theorem 1.2], we know that rank(B|L2(R)
) =∞. Since

rank(B|L2(R)
) ≤ rank(B) = rank(B∗B) = rank(T ),
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we deduce that rank(T ) =∞. Therefore, the set

S := { j ≥ 1 : λj > 0 }

is infinite.

Step 2: Construction of an orthogonal Gaussian family. For each j ∈ S, define

hj :=

∫ 1

0
ϕj(s) gs ds ∈ L2(R), ξj := I1(hj), ζj :=

ξj√
λj
.

A straightforward computation yields, for all i, j ∈ S,

E[ξiξj ] = 〈hi, hj〉L2(R) =

∫ 1

0

∫ 1

0
ϕi(s)ϕj(t)K(s, t) ds dt = 〈ϕi, Tϕj〉L2([0,1]) = λj δij .

Hence, (ξj)j∈S are independent centered Gaussian random variables with Var(ξj) = λj ,
and consequently, (ζj)j∈S are i.i.d. standard normal variables.

By the Karhunen–Loève expansion associated with K,

Ys =
∑
j∈S

√
λj ζj ϕj(s), s ∈ [0, 1],

with convergence in L2(Ω× [0, 1]).

Step 3: Expression of the Malliavin derivative. Since DsZ1 = 2 I1(f1(s, ·)) = 2Ys, we
obtain

DsZ1 = 2
∑
j∈S

√
λj ζj ϕj(s), s ∈ [0, 1].

By orthonormality of (ϕj) in L2([0, 1]),

‖DZ1‖2L2([0,1]) =

∫ 1

0
(DsZ1)

2 ds = 4
∑
j∈S

λj ζ
2
j . (8)

Step 4: Finite negative moments of ‖DZ1‖L2([0,1]). Fix p ≥ 1, and let j1, j2, . . . denote
an enumeration of S. Since S is infinite and each λjk > 0, for any N ≥ 1,

‖DZ1‖2L2([0,1]) ≥ 4

N∑
k=1

λjk ζ
2
jk
≥ 4λjN

N∑
k=1

ζ2jk .

Therefore,

‖DZ1‖−2pL2([0,1])
≤ (4λjN )−p

( N∑
k=1

ζ2jk

)−p
.
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Since
∑N

k=1 ζ
2
jk
∼ χ2(N), its negative moments of order p are finite whenever N > 2p.

Choosing N := 2p+ 1 ensures this condition, and thus

E
[
‖DZ1‖−2pL2([0,1])

]
<∞, ∀ p ≥ 1.

We now deduce the existence of negative moments for the determinant of the
Malliavin matrix of Rosenblatt increment vectors.

Lemma 4 Let (Zt, t ∈ R) be a Rosenblatt process with self-similarity index H ∈
(
1
2 , 1
)
.

Let m ≥ 1 and 0 = t0 < t1 < · · · < tm. Consider the random vector

Zπ =
(
Zt1 − Zt0 , . . . , Ztm − Ztm−1

)
,

and let ΓZπ be the Malliavin matrix of Zπ. Then, for any integer k ≥ 0 and any p ≥ 1,∥∥∥(det ΓZπ)−1
∥∥∥
k,p
≤ C

m∏
j=1

(tj − tj−1)−2H . (9)

Proof. We first consider the case k = 0. We need to show that

(
E
[
(det ΓZπ)−p

]) 1
p ≤ C

m∏
j=1

(tj − tj−1)−2H . (10)

We use Lemma 2 to factorize det ΓZπ . By this result, for every p ≥ 1,

(det ΓZπ)−p = ‖DZt1‖
−2p
H

m∏
j=2

‖D(Ztj − Ztj−1)− projẼj−1
D(Ztj − Ztj−1)‖−2pH ,

where Ẽj−1 is given by (6). Applying Hölder’s inequality yields

E
[
(det ΓZπ)−p

]
≤

(
E
[
‖DZt1‖

−2pm
H

]) 1
m

×
m∏
j=2

(
E
[
‖D(Ztj − Ztj−1)− projẼj−1

D(Ztj − Ztj−1)‖−2pmH

]) 1
m
.

By Lemma 3, for each j = 2, . . . ,m,

‖D(Ztj − Ztj−1)− projẼj−1
D(Ztj − Ztj−1)‖2H

law
= (tj − tj−1)2HFj ,
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with Fj satisfying Fj ≥ ‖DZ1‖2H1
. Consequently,

E
[
(det ΓZπ)−p

]
≤

(
E
[
‖DZt1‖

−2pm
H

]) 1
m

m∏
j=2

(tj − tj−1)−2Hp
(
E
[
F−pmj

]) 1
m

≤ E
[
‖DZ1‖−2pmH1

] m∏
j=1

(tj − tj−1)−2Hp

= C
m∏
j=1

(tj − tj−1)−2Hp,

and (10) follows.
Now let k ≥ 1. By (2),

∥∥det Γ−1Zπ

∥∥p
k,p

= E
[
(det ΓZπ)−p

]
+

k∑
j=1

E
[∥∥Dj(det ΓZπ)−1

∥∥p
H⊗j

]
.

By following exactly the same lines as in the proof of relation (4.11) in [1], one can show
that, for j = 1, . . . , k,

E
[∥∥∥Dj

(
det ΓZπ

)−1∥∥∥p
H⊗j

]
≤ C

m∏
i=1

(ti − ti−1)−2Hp,

which yields the desired bound.

Remark 1 Lemma 7.1 in [2] guarantees the existence of negative moments for the Malli-
avin derivative of general second-chaos random variables, but it does not yield quanti-
tative, process-dependent estimates. In contrast, Lemma 4 (building on Proposition 1)
provides explicit bounds on all Sobolev norms of (det ΓZπ)−1 in terms of the increments
(tj − tj−1). This refined control is crucial for deriving the exponential-type estimates in
Theorem 2.

Proof of Theorem 1. The components of Zπ clearly belong to D∞, since they are
elements of the second Wiener chaos. Moreover, by Lemma 4, the Malliavin matrix ΓZπ is
invertible and (det ΓZπ)−1 ∈

⋂
p≥1 L

p(Ω). Thus, the random vector Zπ is nondegenerate
in the sense of Definition 1. The conclusion then follows from Theorem 3.

We now deduce the smoothness of the density for Rosenblatt vectors.

Corollary 1 Let (Zt, t ∈ R) be a Rosenblatt process with H ∈
(
1
2 , 1
)
. Let m ≥ 1 and

0 < s1 < · · · < sm. Then the vector (Zs1 , . . . , Zsm) admits a density which belongs to the
Schwartz space S(Rm).
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Proof. Fix 0 < t1 < · · · < tm and set

Z = (Zt1 , . . . , Ztm).

Then Z = S(Zπ), where S is the map defined in (5). Moreover, we have fZ(y) =
fZπ(S−1(y)) for every y ∈ Rm, where fZ and fZπ denote the densities of Z and Zπ,
respectively.

It is a standard fact that if f ∈ S(Rm) and A is an invertible linear map on Rm,
then f ◦A ∈ S(Rm).

4 Exponential-type upper bounds for the partial deriva-
tives of the density

This section is devoted to the proof of Theorem 2. The argument relies on two prelimi-
nary results. The first provides an estimate for the second moment of a random variable
appearing in the representation of the partial derivatives of the density of a Rosenblatt
increment vector. The second establishes an upper bound for the tail probability of a
Rosenblatt increment vector.

Proposition 2 Let (Zt, t ∈ R) be a Rosenblatt process with self-similarity index H ∈(
1
2 , 1
)
. Let n,m ≥ 1 be integers and fix 0 = t0 < t1 < · · · < tm and β = (β1, . . . , βn) ∈

{1, . . . ,m}n. Let Zπ be given by (1). Then there exists a random variable Hβ ∈ D∞
such that, for every ϕ ∈ C∞p (Rm),

E [∂βϕ(Zπ)] = E
[
ϕ(Zπ)Hβ

]
. (11)

Moreover,

E
[
(Hβ)2

]
≤ C

n∏
j=1

(tβj − tβj−1
)−2H . (12)

Proof. The existence of the random variable Hβ satisfying (11) follows from Proposition
2.1.4 in [7]. From Lemma 3.6 in [1], we have the estimate(

E
[
(Hβ)2

]) 1
2 ≤ C

∥∥∥(det ΓZπ)−1
∥∥∥n
n,2n+2

×
n∏
j=1

∥∥∥D(Ztβj − Ztβj−1
)
∥∥∥
n,22(m+n),H

×
m∏
i=1
i6=βj

∥∥D(Zti − Zti−1)
∥∥2
n,22(m+n),H

. (13)

Since for each t > 0, Zt belongs to the second Wiener chaos, we have, for j = 1, 2,

E
[
‖Dj(Zt − Zs)‖2H⊗j

]
= 2 E

[
|Zt − Zs|2

]
= 2|t− s|2HE[Z2

1 ],

13



and
Dj(Zt − Zs) = 0 for j ≥ 3.

This implies that, for every k, p ≥ 1 and every 0 ≤ s ≤ t,

‖D(Zt − Zs)‖k,p,H ≤ C(t− s)H . (14)

By plugging (14) and (9) into (13), we obtain

(
E
[
(Hβ)2

]) 1
2 ≤ C

m∏
k=1

(tk − tk−1)−2nH
n∏
j=1

(tβj − tβj−1
)H ×

m∏
i=1
i6=βj

(ti − ti−1)2H


= C

m∏
k=1

(tk − tk−1)−2nH
n∏
j=1

(tβj − tβj−1
)−H

×
n∏
θ=1

(tβθ − tβθ−1
)2H

m∏
i=1
i 6=βθ

(ti − ti−1)2H

 . (15)

On the other hand, it is easy to see that

n∏
θ=1

(tβθ − tβθ−1
)2H

m∏
i=1
i 6=βθ

(ti − ti−1)2H

 =
m∏
k=1

(tk − tk−1)2nH . (16)

Substituting (16) into (15), we conclude that(
E
[
(Hβ)2

]) 1
2 ≤ C

n∏
j=1

(tβj − tβj−1)
−H , (17)

which is the desired estimate.

The next result concerns the tail probability of a Rosenblatt increment vector.

Proposition 3 Let (Zt, t ∈ R) be a Rosenblatt process with self-similarity index H ∈(
1
2 , 1
)
. Let m ≥ 1 and 0 = t0 < t1 < · · · < tm, and let Zπ be given by (1). Then, for

every xj ∈
[
2(tj − tj−1)H ,∞

)
,

P
(
|Ztj − Ztj−1 | ≥ xj , j = 1, . . . ,m

)
≤

m∏
j=1

exp

(
− cxj

(tj − tj−1)H

)
,

where c > 0 is a constant depending only on q and m.

14



Proof. By Hölder’s inequality,

P
(
|Ztj − Ztj−1 | ≥ xj , j = 1, . . . ,m

)
≤

m∏
j=1

P
(
|Ztj − Ztj−1 | ≥ xj

) 1
m .

Next, we apply Lemma 1 with q = 2. For each j = 1, . . . ,m and xj ≥ 2(tj − tj−1)H ,

P
(
|Ztj − Ztj−1 | ≥ xj

)
= P

( |Ztj − Ztj−1 |
(tj − tj−1)H

≥ xj
(tj − tj−1)H

)
≤ exp

(
−c xj

(tj − tj−1)H

)
.

Consequently,

P
(
|Ztj − Ztj−1 | ≥ xj , j = 1, . . . ,m

)
≤

m∏
j=1

(
exp

(
−c xj

(tj − tj−1)H

)) 1
m

=

m∏
j=1

exp

(
− c

m

xj
(tj − tj−1)H

)
.

Absorbing the factor 1/m into the constant c yields the claimed bound.

Proof of Theorem 2. By Theorem 1, the random vector Zπ admits a density pπ in
C∞(Rm). By Proposition 2.1.5 in [7] (see the first equation in its proof), we have, for
every x ∈ Rm,

∂nxpπ(x) = ∂αpπ(x) = (−1)|α|E
[
1{Zπ≥x}H

β
]
,

where
α =

(
1, . . . , 1︸ ︷︷ ︸
n1-times

, . . . ,m, . . . ,m︸ ︷︷ ︸
nm-times

)
and β =

(
α, 1, . . . ,m

)
,

andHβ is a random variable in D∞ satisfying the estimate (12). Thus, if x = (x1, . . . , xm)
with xj ≥ 2(tj − tj−1)H for j = 1, . . . ,m, then by Cauchy–Schwarz,

|∂nxpπ(x)| ≤ P (Zπ ≥ x)
1
2

(
E[(Hβ)2]

) 1
2

≤ C

m∏
j=1

(
exp

(
−c xj

(tj − tj−1)H

))
×
m+

∑m
i=1 ni∏

θ=1

(tβθ − tβθ−1)
−H

= C

m∏
j=1

(tj − tj−1)−H(1+nj) exp

(
−c xj

(tj − tj−1)H

)
.

This is precisely the desired estimate.
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