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of polar crystals using effective atomic potentials

Miao Yu®,"2 Fernando G6mez-Ortiz,' Louis Bastogne ! Jin-Zhu Zhao,>* and Philippe Ghosez

1%

YTheoretical Materials Physics, Q-MAT, Université de Liege, B-4000 Sart-Tilman, Belgium
2Institute of Atomic and Molecular Physics, Sichuan University, Chengdu 610065, China
3Guangdong Provincial Key Laboratory of Quantum Engineering and Quantum Materials, School of Physics,
South China Normal University, Guangzhou 510006, China
4Guangdong-Hong Kong Joint Laboratory of Quantum Matter, South China Normal University, Guangzhou 510006, China

® (Received 2 July 2025; revised 27 August 2025; accepted 10 September 2025; published 29 September 2025)

Driven by novel approaches and computational techniques, second-principles atomic potentials are nowadays
at the forefront of computational materials science, enabling large-scale simulations of material properties with
near-first-principles accuracy. However, their application to polar materials can be challenging, particularly
when longitudinal-optical phonon modes are active on the material, as accurately modeling such systems
requires incorporating the long-range part of the dipole-dipole interactions. In this study, we challenge the
influence of these interactions on the properties of polar materials taking BaTiO; as paradigmatic example.
By comparing models with and without the long-range part of the electrostatic contributions in a systematic
way, we demonstrate that even if these interactions are neglected, the models can still provide an overall good
description of the material, though they may lead to punctual significant artifacts. Our results propose a pathway
to identify when an atomistic potential may be inadequate and needs to be corrected through the inclusion of the

long-range part of dipolar interactions.

DOI: 10.1103/7418-yfn7

I. INTRODUCTION

For decades, empirical and semiempirical models have
been fundamental in the atomistic modeling of materials, pro-
viding an alternative framework even prior to first-principles
methods. Early approaches relied on interatomic potentials
such as Lennard-Jones [1], Stillinger-Weber [2], and Ter-
soff [3] potentials, which successfully described properties
of simple materials. Rapidly, they improved and became
more sophisticated [4] and today a wide range of strate-
gies, depending on the specific material system, can be
found in the literature [5,6] providing highly accurate pre-
dictions of material properties. With advances in computing
power and electronic-structure theory [7-10], the commu-
nity increasingly turned to first-principles simulations for
greater predictive accuracy. However, aided by modern pa-
rameter fitting algorithms, high-quality reference data, and
new perspectives, the atomistic modeling of materials is
now enjoying a resurgence, allowing simulations of longer
length and time scales as well as including operating con-
ditions, such as the application of external electric fields or
mechanical constraints [11]. Atomistic models directly fit-
ted on first-principles data (and sometimes referred to as
“second-principles”) now offer a versatile framework that al-
lows researchers to create custom models for a wide range
of materials ranging from metals and semiconductors to
insulators [12—-15]. Modern approaches include pioneering
lattice effective Hamiltonians [16,17], related effective atomic
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potentials [18-21], phase-fields methodologies [22], shell-
and bond-valence models [23,24], reactive force fields [25]
and their application to ferroelectrics [26-28], or recent
machine-learning interatomic potentials, including emerging
universal potentials [29].

Recently, with the advent of machine learning, atomic
potentials have indeed experienced a revolution, and are
rapidly becoming a standard complementary tool in computa-
tional materials science [12—-15,30,31] to extend the predictive
power of first-principles simulations in a multiscale context.
Approaches such as Gaussian process regression [32], kernel
methods [31], and neural networks [30,33] have democra-
tized the generation of accurate interatomic models for many
different materials. These models are typically trained on ex-
tensive data sets generated from first-principles calculations
without the inclusion of any extra terms and relying on the
configuration itself rather than distortions with respect to a
high-symmetry reference structure. As a result, long-range
interactions are often neglected. Although these models are
typically assumed to depend on the local atomic environment
at first sight, the actual range of the interactions is depen-
dent and inherently determined by the size of the training set
used to develop the model. Therefore, the correct description
of the nonanalytic behavior of the interatomic force con-
stants in the long-wavelength limit presents a challenge as it
originates from the power-law behavior of the Coulombic in-
teraction and cannot be easily captured by spatially truncated
training sets. Moreover, the absence of a reference structure
inherently complicates the analytical inclusion of electrostatic
interactions, which are often neglected in Al models be-
yond the spatial range covered by their training set. Novel
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approaches are trying to circumvent this issue including
charge equilibration schemes [34], the on-the-fly prediction
of maximally localized Wannier function centers [35,36] or
a recently proposed modification of the model without the
need for additional first-principles calculations or retraining
discussed in Ref. [37]. However, these tools have not yet
become common practice, and most of the machine-learned
interatomic potentials rely on the nearsightedness of inter-
atomic interactions neglecting such long-range part of the
interactions beyond the range defined by the training set,
which in most cases turns out to be computed on a 2x2x2
supercell.

In this work, we aim to clarify the concrete impact of
neglecting the long-range part of the dipole-dipole interac-
tions in computational models and to identify the scenarios
where incorporating corrections for an accurate description
becomes crucial. By focusing on the prototypical ferroelectric
material BaTiO3 in which dipolar interactions are expected
to be key [38,39], we systematically explore the influence
of the dipole-dipole interactions on the phonon dispersion
curves and atomic distortion patterns. On the one hand, we
demonstrate that the inclusion of the long-range part of dipolar
interactions is not always essential for an overall accurate de-
scription of the system, including the ferroelectric instability
and its characteristic chainlike character, which supports the
good performance of Al-based models even in polar materials
[40]. On the other hand, we also point out specific cases where
neglecting the long-range part of the dipole-dipole interac-
tion can lead to significant artifacts in the phonon spectrum,
resulting in inaccurate descriptions of the energy landscape
associated with certain atomic displacements and the emer-
gence of spurious phases.

II. METHODOLOGY

To assess the impact of the long-range character of dipo-
lar interactions on the lattice dynamics of BaTiO3;, we rely
here on a second-principles effective atomic potential (EAP)
method, as implemented in the MULTIBINIT software. The
method relies on a Taylor expansion of the Born-Oppenheimer
potential energy surface (PES) in terms of structural degrees
of freedom around the cubic perovskite structure taken as ref-
erence. Although lower symmetry phases such as the P4mm,
Amm?2, or R3m could also be considered as proper refer-
ences for constructing the model, the choice of the cubic
parent phase follows previous similar studies in perovskites
based on Taylor expansion [11,16,18] and is the most sen-
sible choice to access the whole phase diagram. The Taylor
expansion around the reference geometry is made in terms
of individual atomic displacements and homogeneous strain
degrees of freedom and includes phonon, strain, and strain-
phonon energy terms at both harmonic and anharmonic levels.
The coefficients of harmonic terms corresponds to second-
energy derivatives, which are straightforwardly determined
from density-functional perturbation theory, so that the model
keeps first-principles accuracy at the harmonic level. Then,
most relevant anharmonic terms, which capture key deviations
from harmonic behavior, are selected and their coefficients
fitted in order to reproduce the energies, forces, and stresses
as obtained from DFT calculations for a representative set
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FIG. 1. (a) Schematic representation of the dipole-dipole (DD,
red) and short-range (SR, blue) contributions to the total interatomic
force constants (IFC). (b) When activating the explicit treatment of
DD interactions, the latter are computed analytically and infinite
range while the SR IFC are obtained by subtracting the DD part from
the total IFC and their range limited to that of a supercell defined by
the g-point grid used for the calculations. (c) When deactivating the
explicit treatment of DD interactions, the SR IFC correspond to the
total IFC but truncated at the range of the supercell defined by the
g-point grid.

of atomic configurations. The reference model used here is a
slight revision of the one reported in Ref. [41], only including
refitted anharmonic terms. Parameters and a validity assess-
ment passport are provided in Ref. [42].

In MULTIBINIT, the dipole-dipole contribution to the in-
teratomic force constant (IFC), CEO?K, g» related to atomic
displacement of atom « in direction « and atom «’ in direction
B, separated by a vector d are by default evaluated analytically
from the knowledge of Born effective charges Z* and optical
dielectric tensor €., using an expression that generalize the
following classical formula,

VAVANE) d,d
CDD e K~k ng -3 atp , 1
BT ey <d3 d3 M

to anisotropic cases following the scheme described in
Ref. [43].

In practice, and as illustrated in Fig. 1, this analytical
dipole-dipole (DD) contribution, which extents from nearest
neighbors to infinite range, is subtracted from the total IFC
to yield the remaining so-called short-range (SR) IFC. The
process is associated to a Fourier transform of the dynamical
matrices on a nxmx p grid of ¢ points, which practically lim-
its the SR IFC to a range defined by a corresponding nxmx p
supercell. Inside the range of this supercell, the total IFC are
therefore the sum of SR and DD contributions, while outside
it restricts to the DD contribution. Alternatively, the explicit
treatment of DD interactions can also be set to zero, in which
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FIG. 2. Tllustration of the relationship between the real-space supercell (1 x 1inblue, 2 x 2 inred, 4 x 4 in green) and the reciprocal-space
g-point grid (along k,) in the case of a diatomic planar square lattice. The real-space atomic distortion patterns allowed in a given supercell
are restricted to linear combinations of the atomic eigendisplacements of the phonon modes associated to the related g-point grid. Due to the
periodic boundary conditions, simulations within a given supercell only provide access to interatomic force constants up to the range defined

by the supercell.

case the SR IFC correspond to the total IFC but with a range
artificially cut to the size of the supercell.

Figure 2 illustrates the correspondence between the size
of the supercell used in real space and that of the related
g-point grid in reciprocal space. The atomic distortion patterns
allowed in a given nxnxn supercell are linear combinations
of the eigendisplacements vectors of the phonon modes asso-
ciated to the corresponding nxnxn grid of g points. Looking
at the frequencies of the phonons associated to that mesh (and
comparing model to DFT data) so quantifies the energetics, at
harmonic level, of the displacement patterns compatible with
that supercell. Looking at intermediate points belonging to
finer meshes, allow to estimate the energetics of patterns in
bigger supercells.

Second-principles models are typically trained on first-
principles data using a given supercell. Looking at how the
phonons on the related grid are reproduced by the model
allow to assess the precision of the model at harmonic level.
In the case of MULTIBINIT, the model is exact by construc-
tion at that level. Then the model is used for simulations
in larger supercells. Looking at the quality of the disper-
sion curves at intermediate points related to finest grids
allow to anticipate the precision of the model in such bigger
supercells.

By simultaneously adjusting the real-space cutoff used
to compute the interatomic force constants and toggling the
analytical dipole-dipole term in MULTIBINIT, one can system-
atically modulate the effective interaction range. This dual
control offered by MULTIBINIT provides a unique way to
progressively refine models by incorporating interactions at
larger ranges, enabling a controlled analysis of their impact
through simulations on different supercell sizes. Moreover,
since nondipolar short-range interactions are expected to
decay exponentially fast according to the nearsightedness
principle, this approach allows us to assess the specific impact

of the dipole-dipole interaction range, as will be discussed in
Sec. III.

The different models discussed on this article are con-
structed using different g-point meshes for the calculation of
the dynamical matrices.

The first model (blue points in Fig. 3) is derived using an
8x8x8 g-point mesh, while the second (green points) and
third (red points) models with a 2x2x2 mesh. Notably, with
the described approach, the dipole-dipole interactions are in-
herently included up to the specified interaction ranges (eight
and two unit cells, respectively). Some of the models, denoted
as “4-Dip” will include the analytical dipole-dipole correction
at infinite range, while others do not, limiting consequently the
dipole-dipole interactions to the specific range determined by
their respective ¢ mesh as schematized in Fig. 1, allowing us
to systematically assess its influence. Interestingly, since the
anharmonic interactions in the model are limited to a range of
ﬁ /2 times the lattice constant on the reference structure, and
no differences at the harmonic level are expected for cutoffs
below two unit cells, all models effectively share the same
anharmonic description—rendering them equivalent in this
respect.

Remarkably, the model derived with a 2x2x2 g-point
mesh, which excludes the analytical dipole-dipole correction,
is of special interest, as it mimics the typical interaction range
used in the training sets of AI models, which in turn defines
the maximum range of interactions these models incorporate.
At the other extreme, the model with 8x8x8 g-point mesh,
including the analytical dipole-dipole correction can be con-
sidered as the exact model to be taken as reference.

Structural relaxations were performed using the Broyden-
Fletcher-Goldfarb-Shanno (BFGS) method [44] and finite-
temperature simulations followed a hybrid molecular dy-
namics Monte Carlo approach (HMC) [45,46], consisting of
Markov chain Monte Carlo sampling.
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FIG. 3. Phonon dispersion curves of BaTiO; obtained from three distinct models each capturing a specific range of interactions (8, 2, and
2 from top to bottom rows) with varying levels of resolution in the phonon band structure (2, 4, and 8 from left to right columns). The first two
models (blue, green) include analytically the dipole-dipole interactions that extend to infinite range M8+Dip and M2+Dip, while the third
(red) omits them M2. The solid blue line present in all panels represents the reference model (8 x8 x 8 g-point mesh with analytic treatment of

the dipolar interactions).

III. RESULTS

Let us first explore the influence of neglecting the
long-range part of the dipole dipole interactions in the
phonon dispersion curves of BaTiOs3. Figure 3 presents the
phonon dispersion curves produced by three distinct models
capturing each a given range of interactions (arranged by
rows) at different levels of resolution in the phonon band
structure (arranged by columns). The latter intent to assess
the quality of the model by quantifying in reciprocal space the
energetics of distortion patterns compatible with supercells of
increasing sizes, not necessarily limited to the intrinsic range
of interactions included in the model.

In the first column, a 2x2x2 supercell is considered,
which only gives access to distortions patterns associated to
phonon modes at the high-symmetry points (dots atI", X, ...)
as schematized in Fig. 2. The second column (4 x4 x4 super-
cell) extend this to additional intermediate points along the
dispersion paths. Finally, the third column (8 x8x 8 supercell)
further increases the number of points offering a more detailed
sampling of the phonon spectrum and overlays a faint colored
line (blue, green, and red) representing the frequencies as
predicted by the model in the infinite supercell limit.

By rows, each model is constructed, as explained in
Sec. II, using different g-point meshes for the calculation

of the dynamical matrices and related to a specific range of
interatomic-force constant in real space. The first-row model
(blue points) is derived using an 8 x8x 8 g-point mesh, while
the second-row model (green points) and the third-row model
(red points) use a 2x2x2 mesh. It is important to emphasize
that, within the described framework, the short-range part of
the dipole-dipole interactions is inherently included up to the
specified interaction range of each model. The long-range part
of the dipole-dipole interactions is treated differently among
the models. In the first two models, it is incorporated analyti-
cally as discussed in Sec. II. In contrast, the third model omits
this contribution. We will refer to them as M8+Dip, M2+Dip,
and M2, respectively.

For reference, the solid blue line, representing the phonon
frequencies predicted by the M84-Dip model constructed with
an 8 x8x 8 g-point mesh and including long-range part of the
dipole-dipole interactions, is superimposed on all panels. Im-
portantly, the long-range part of the dipole-dipole interactions
is only included in the plot of the phonon dispersion lines if
the model accounts for this information.

We first compare the results of the 2x2x2 model with
the analytic electrostatic interactions (M2+Dip) with those
of the reference model M8+Dip (8x8x8 g mesh and full
dipole-dipole contributions). As shown in Fig. 3, we notice
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only minor differences in the phonon dispersion curves, which
show good agreement with what is reported in the literature
[47]. This suggests that beyond a range of two unit cells, the
interactions are mostly dominated by electrostatics while the
short-range part nearly vanishes [48]. This observation is in
line with the results of Ref. [47] where the inclusion of the
point A = (0.25,0.25,0.25) on top of the 2x2x2 g-point
mesh was anticipated to provide good convergence of the
phonon dispersion curves.

We then investigate the difference between the phonon
dispersion curves obtained using the model constructed with
a 2x2x?2 g-point mesh without the long-range component of
dipole-dipole interactions (M2) and those obtained with the
models that include this component M8+Dip and M2+Dip.
When this long-range part of the dipolar contribution is omit-
ted, Fig. 3 clearly shows that while the overall description of
the phonon dispersion bands remains accurate, certain spe-
cific bands, particularly near the I point, are inadequately
described. This is evidenced by the extra unstable LO branch
and the artificial degeneracy between the LO and TO modes
of the topmost band at I". These discrepancies underscore
the critical role of the long-range part of electrostatic in-
teractions in accurately capturing the giant LO-TO splitting
characteristic of BaTiO3 [49,50]. Including the long-range
part of the dipole-dipole interactions corrects these inaccura-
cies, yielding a significantly improved representation of the
phonon bands in this region. Nevertheless, the model is in
good agreement with the reference dispersion curves for the
remaining bands and for the LO branches away from I', as
indicated by the overlap of the red curves with the blue one in
Figs. 3(f) and 3(i).

Interestingly, the ferroelectric instability, intrinsic to TO
modes, is very well captured even without incorporating the
long-range part of electrostatic interactions in the model. This
demonstrates that the short-range part of the Coulomb in-
teractions alone (limited to two unit cells in this case) are
sufficient to accurately describe this instability, indicating that
in BaTiOs, the long-range part of the Coulomb interaction
does not play a significant role in its ferroelectric character.
This may sound surprising at first sight since the ferroelectric
instability has historically been explained from the Cochran
picture [38] as the competition between the short-range and
the dipole-dipole interactions. This picture was validated by
first-principles calculations in Ref. [39]. However, it is im-
portant to note that, as we have already mentioned before,
the dipole-dipole interactions include both short-range and
long-range parts and the competition between the so-called
short-range and dipole-dipole interactions is already present
in the interatomic force constants down to first neighbors as
studied in Ref. [51]. Our results simply highlight this fact and
demonstrate that, in BaTiO3, the dominant contributions of the
dipole-dipole interactions responsible for the ferroelectric in-
stability are already well captured within a 2x2x?2 supercell.

This establishes, for instance, that if a BaTiO3; model is
built using AI methods with a 2x2x2 supercell for the train-
ing set, and so limiting implicitly the interaction range to
two unit cells (equivalently to our 2x2x2 model without
dipole-dipole), the overall description of the material will
remain largely accurate (the ferroelectric instability and its
chainlike character [47] are preserved), except for the specific
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FIG. 4. (a) Phase diagram of BaTiO;, and (b) hysteresis loop
of the R3m phase at 50 K, reproduced using the M2 and M8-+Dip
models, as indicated in the legend. The supercell size used for the
calculations was 12x12x12.

LO phonon branches affected by the missing long-range part
of dipolar interactions, particularly near I". This discrepancy
is unlikely to significantly impact the material’s dynamics
and phase transitions, as the phonon density of states remains
well reproduced and the number of poorly described phonon
bands is marginal. This is indeed confirmed in Fig. 4 where
it appears that the phase transition sequence and hysteresis
loops reproduced by M2 and M8+Dip models are very closely
similar, which explains why Al-based models limited to short-
range interactions have been shown to successfully predict
phase diagrams and ferroelectric transitions in complex ma-
terials [40,52-55]. However, as it will be emphasized later,
the improper treatment of the long-range part of dipolar in-
teractions may introduce artificial discrepancies in the energy
landscape, potentially affecting specific analyses.

It must also be noted that, although the present discussion
might have some general character, the specific 2x2x?2 range
is a priori material dependent and cannot be taken for granted
in a general case.

It is important at this stage to clarify the distinction
between the plotted phonon dispersion curves and the
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FIG. 5. Phonon dispersion curves of BaTiO; along the I'-X branch for the same three models as described in Fig. 3. Blue lines corresponds

to the phonon dispersion curves computed with the reference model.

information within the model. Programs such as PHONOPY
[56] can include the contribution of dipole-dipole interactions
on top of the information provided by the M2 model, thereby
mimicking the phonon dispersion curves of M2+Dip model
plotted in Fig. 3(f). This is indeed a common practice in the
literature [40,54,57]. However, this correction is artificially
made at the level of the postprocessing while it is not present
in the independent use of the model creating the illusion that
the model phonons correspond to those plotted on Fig. 3(f),
while in reality, the model remains at the level of Fig. 3(i).

To conduct a deeper analysis, we now focus on the I'-X
branch of the phonon dispersion curve, which allows us to
explore larger supercells. The results, presented in Fig. 5,
demonstrate that certain features, such as an extra unsta-
ble phonon branch predicted by the M2 model, are artifacts
arising from the absence of the long-range part of the dipole-
dipole interactions. When these interactions are included, the
branch stabilizes. Similarly, the high-frequency LO mode is
significantly corrected, eliminating its near degeneracy with
the TO mode near the I" point, as predicted by the model when
the long-range part of dipolar interactions are not included. In
contrast, the remaining bands are reasonably well described.

Some key conclusions can be drawn at this stage. First, ne-
glecting the long-range part of the dipole-dipole interactions
leads to significant inaccuracies in the description of the LO
modes, making it essential to include them whenever these
bands are involved in the materials distortions. Second, ac-
counting for these interactions not only improves the accuracy
of the phonon frequencies but also speeds up convergence,
allowing a good description of the phonon dispersion curves
with a relatively crude g-point grid value and providing a clear
computational advantage as the short-range interactions are
already reasonably well described with a supercell of size 2.
Finally, a relatively small interaction cutoff might be sufficient
to achieve a reasonable global description of the phonon dis-
persion curves for most materials (besides the description of
the LO modes), even capturing the ferroelectric instability.
This explains the good performance of Al methods in ac-
curately describing the phase diagram of BaTiO3 and other
compounds even when trained on relatively small supercells
[40]. However, it is important to keep in mind that this range
is material dependent.

To point out the main and concrete deficiencies aris-
ing from the exclusion of the long-range component of
the dipole-dipole interactions, we can condense the LO
phonon at ¢ = 1/20u.c.”! from the spurious unstable branch

predicted by the M2 model [Fig. 5(a)] As shown in Fig. 6,
the condensation of such LO modes induce head-to-head
and tail-to-tail domains that remain metastable due to the
wrong description of the phonon branch. Clearly, this polar-
ization state is unphysical as the divergence of the polarization
generates bound charges on the material that enormously in-
crease the electrostatic energy of the system. Similarly, when
condensing together two of these LO phonon modes directed
along x and y, we can stabilize a lattice of center-convergent
and center-divergent vortices demonstrating that more com-
plex polar phases can also suffer from this spurious behavior.
As shown in Fig. 6, the energy lowering associated to such
fake metastable phase is not negligible (=10 meV /f.u.) and
comparable to that of the Pmma phase (=10 meV/f.u.).

Properly including the long-range part of the dipole-dipole
interactions, as discussed earlier, stabilizes the problematic
phonon LO branch and corrects the issue, leading to the sup-
pression of the related fake low-energy states. As shown in
Fig. 6(c), the energy landscape as a function of the phonon
mode amplitude changes dramatically with the inclusion of
the long-range part of the dipole-dipole interactions. The
original double-well potential is replaced by a steeply rising
energy surface, preventing the formation of bound charges and
restoring a proper description of the material.

In the present examples, the apparent minima observed in
Figs. 6(a) and 6(c) when limiting the range of interactions, are
in fact saddle points of the Born-Oppenheimer energy surface
once full structural relaxation without symmetry constraints is
allowed. This is confirmed by finite-temperature simulations
using the M2 models, where the associated atomic configura-
tions are unstable and do not persist. This result is consistent
with the absence of report of such metastable phases in pre-
vious Al models restricted to short-range interactions. But we
cannot exclude the presence of eventual spurious local min-
ima in other cases and, at least, our Fig. 6 demonstrates that
models limited to short-range interactions will significantly
overstabilize head-to-head or tail-to-tail polar configurations,
which will unavoidably affect phase competition.

In short, it is important to know that as soon as the lon-
gitudinal optical phonon modes are involved in the atomic
displacements of the material under study, the proper treat-
ment of the long-range part of the dipole-dipole interactions
remains crucial to properly quantify the energetics. This might
become relevant when studying topological textures, dynam-
ics of large supercells or thin films, and superlattices where
depolarizing fields play an important role.
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FIG. 6. Polarization map resulting from the condensation of (a) one and (c) two LO phonon modes (directed along y and x) from the I"-X
branch at g = 1/20 u.c.™" predicted by the model calculated using a 2 x2 x2 g-point mesh and excluding the long range part of the dipole dipole
interactions. (b), (d) Energy landscapes as a function of the amplitude of the corresponding LO modes predicted by the models calculated using
a2x2x2,4x4x4, 8x8x8 g-point mesh without the long range part and a 2x2x?2 with the long-range part of the dipole-dipole interactions

as specified in the legend.

IV. CONCLUSIONS

In summary, our results demonstrate that the overall
phonon dispersion curves as well as structural phase transi-
tions with temperature and hysteresis loops are well captured
even when the interactions are limited to a relatively small
range, which explains the success of Al-based models in de-
scribing material properties, where the range of interactions
is inherently limited by the supercell size used to generate
the training set. Particularly surprising is the fact that the
ferroelectric instability is very well described even in the
case of BaTiOs;, where long-range electrostatic interactions
were thought to be crucial for its ferroelectric character. Our
results show, however, that while these dipolar interactions are
crucial, it is the short-range part of them that appears to play
a key role in driving this effect.

However, despite these successes, some problems can arise
as a consequence of neglecting the long-range part of the
Coulomb interactions. In particular, some artifacts such as
fake minima and improper treatment of LO modes, which lead
to inaccuracies in the phonon spectrum at particular bands and
in the energetics of related distortion patterns. These issues
suggest that further refinement of the Al models is necessary
whenever atomic distortions associated to LO modes are ac-
tive on the material under study.

In the light of these results, a useful strategy for determin-
ing when long-range electrostatic corrections are needed to
properly predict the energetics of some distortion patterns is
to project the atomic displacements onto the phonon modes
and check how much the LO modes contribute. This approach
helps to identify a posteriori when the model’s accuracy

might be compromised, allowing for necessary refinements to
improve its predictive power. We anticipate that these mod-
ifications will be particularly useful in studying thin films,
superlattices, or topological textures, where the intricate in-
terplay of interactions requires a more precise treatment. It
is worth noting that an analytical treatment of dipole-dipole
interactions is easy to incorporate whenever a reference struc-
ture is used to build the model and is inherently included
for instance in effective Hamiltonian approaches or effec-
tive atomic potential approaches. Strategies to incorporate the
long-range part of the dipole-dipole interactions in machine
learning potentials include charge equilibration schemes [34],
the on-the-fly computation of maximally localized Wannier
function centers [35,36], or a recently proposed modification
of the model without the need for additional first-principles
calculations or retraining discussed in Ref. [37].
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