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Abstract

The primary aim of this thesis is to develop a novel inverse dynamics
method to evaluate joint torques and muscle forces for analysing human
gait. Classical inverse dynamics methods rely on the direct measurement
of ground reaction forces (GRFs), which still faces major challenges in vari-
ous environments, particularly outside controlled laboratory settings. While
advancements in kinematic measurements have facilitated the acquisition of
motion data in diverse contexts, the reliance on expensive force platforms
restricts the scope of biomechanical studies.

The objective of this thesis is to overcome these limitations and eliminate
the need for force platform data in the context of inverse dynamics analy-
sis. To achieve this, a comprehensive review of existing kinematic and dy-
namic analysis methods, as well as foot-ground contact models, was con-
ducted. The research led to the creation of a two-dimensional model based
on fundamental assumptions about foot-ground interaction, which was later
extended to a three-dimensional model. The first fundamental assumption
is the non-penetrability of the feet into the ground, which enables the re-
placement of experimentally measured ground reaction forces by kinematic
constraints between the feet and the ground within the contact model. These
constraints are enforced by reaction forces that represent the resulting ground
contact forces. The second assumption concerns the distribution of these re-
action forces among the two feet in the double support phase. A least-squares
approach is adopted within the equation of motion solver of the muscu-
loskeletal model to allocate the components of the reaction loads among the
contacting feet. The third assumption is that the position of the centre of
pressure (COP) along the foot can be estimated as a function of the foot ori-
entation in its sagittal plane. This methodology ensures a redistribution of
the ground reactions, without relying on direct force plate measurements.
The 3D model was used in conjunction with the OpenSim software to eval-
uate joint torques, muscle activations, and muscle forces during human gait.
The results showed good agreement with a standard OpenSim workflow for
most joint torques, particularly in the sagittal plane. Muscle activation and
some torque estimations exhibited a higher sensitivity to input uncertain-
ties: several major muscle groups displayed consistent activation patterns,
while others, especially those associated with knee motion, showed larger
discrepancies. Despite these limitations, the model was able to reproduce
physiologically meaningful trends, indicating its potential to provide useful
internal biomechanical information without relying on force plate measure-
ments.

In addition to the theoretical developments and numerical implementa-
tion, this thesis includes a critical analysis of the results obtained. The pro-
posed framework has been systematically compared both to alternative mod-
elling approaches from the literature and to more conventional methods that
rely on experimental force platforms measurements. This comparative eval-
uation highlights the strengths and limitations of the method, and provides
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valuable insights into its applicability and accuracy for estimating internal
biomechanical quantities such as joint torques and muscle activations.
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Chapter 1

Introduction

1.1 Context of the thesis

Biomechanics is a multidisciplinary field that investigates the mechanical as-
pects of living organisms, delving into the analysis of their movements, struc-
tures, and physiological functions. By integrating principles from physics,
biomechanics seeks to unravel the intricacies of how biological systems, in
humans, animals, or other organisms, interact with their surroundings. This
includes the examination of internal forces, external influences, and the me-
chanical properties of tissues, aiming to gain a comprehensive understanding
of the biomechanical principles governing the behaviours and capabilities of
living organisms.

It aims at distinguishing patterns of motion in different activities, includ-
ing how muscles, bones, joints and central nervous system produce the move-
ment. Biomechanics relies upon knowledge in anatomy, physics, mechanics,
and chemistry.

Biomechanical analyses are carried out in several domains. For example,
in medicine, certain pathologies affect movement and coordination: their
early detection can improve a patient’s situation. In physiotherapy, these
analyses will directly influence the rehabilitation strategy, or the shape of a
prosthesis. We can also mention sport, where the search for performance is
generally essential to achieve success. Recent video games use motion recog-
nition as the main gameplay mechanic (i.e., the set of rules, systems, and
interactions that define how the game is played): teaching players certain
dance choreographies, learning gymnastic, yoga movements, etc. Biome-
chanical studies can also be predictive. For example, they can investigate
how the choice of a specific treatment will affect the movement of a patient.
In robotics, collaboration between humans and robots is becoming a key
component of the fourth industrial revolution, and therefore, robots need
to learn and predict the motion of the humans to avoid injuries and help the
best way they can.

Historically, the first analytical tools to describe the motion were the naked
eye and basic measuring instruments to scale the subject. Studies were more
rudimentary and only revealed the most obvious things. The diagnosis of
pathologies was based entirely on the expert’s opinion, and the exchanges of
observations were difficult or even impossible. Pioneering works by Muy-
bridge and Marey in the late 19th century marked an important turning
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point, introducing early motion capture techniques through sequential pho-
tography and chronophotography. However, it was not until the second half
of the 20th century that technological advances made it possible to develop
better measuring instruments, and, combined with recording cameras, to bet-
ter define certain objective parameters. Clinical studies have therefore been
carried out in order to establish standards and the emergence of new fields
of study.

After having carried out studies of descriptions of movements, scientists
have sought to study what caused the motion: joint torques, muscular forces
and activation, as well as the role of the central nervous system. Inverse
dynamics analyses were performed to study and understand human motion.
By solving the equations of motion, linking the internal and external forces
of a body to its movement, speed and acceleration, it is possible to estimate
the joint torques and muscles forces based on experimental motion data and
information about the external forces acting on the human body, in particular,
gravity and ground reaction forces. If gravity forces can be evaluated using
a simple model, ground reaction forces have to be measured or estimated
using a numerical foot/ground model.

Over the past decades, the quality of kinematic measurements has sig-
nificantly advanced, enabling the easy acquisition of such data in various
settings. As a result, kinematic studies are no longer confined to laboratory
environments.

Direct measurement of reaction forces can be achieved using force plat-
forms. However, due to their cost and limited portability, measuring contact
forces is typically restricted to laboratory experiments. This limitation con-
fines comprehensive studies to simple activities conducted within the labo-
ratory setting. By utilizing contact models rather than direct force measure-
ments, researchers can overcome logistical challenges associated with force
platform use. Additionally, these models offer the flexibility to conduct anal-
yses in diverse environments beyond traditional laboratory settings, facili-
tating in-situ data collection wherever relevant. This approach not only ex-
pands the scope of biomechanical research but also enhances its applicability
in real-world scenarios, ranging from clinical assessments to sports perfor-
mance evaluations and beyond.

In the literature, one generally distinguishes compliant and rigid foot
models. Compliant models use the deformation of the foot sole and the
ground to estimate the ground reaction forces with simple equations. How-
ever, measuring this deformation is often beyond the capabilities of the cur-
rent motion capture technologies, and the use of compliant model is mostly
restricted to predictive analysis. Rigid models do not require the local com-
pliance since they rely on a non-penetration condition. With rigid models
available in the literature, the ground reaction forces are usually estimated
from the global acceleration of the body and empirical laws are necessary to
define the repartition of the forces between both feet. The presented work
provides a general numerical approach to solve the inverse dynamics prob-
lem when no ground reaction force measurement is available using a novel
foot/ground contact model.
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FIGURE 1.1: Proposed and standard inverse dynamics schemes

1.2 Objective of the thesis

Figure 1.1 represents the typical workflow of the inverse dynamics analy-
sis of a biomechanical system. For this type of analysis, the movement is
known (generally measured experimentally) and the objective is to estimate
the forces at the origin of this movement. For a biomechanical study, these
forces can be the joint torques generated by muscle contraction, or more di-
rectly the force of contraction of these muscles. It is possible to go further by
estimating the activity of the central nervous system which drives the activity
of the muscles.

In Figure 1.1, the first step is the definition of a general musculoskele-
tal model. This comprises segments, rigid or not, assembled by joints, and
which may contain muscle models. This model is scaled to the subject via a
static experimental measurement. This scaled model can be set in motion on
the basis of the motion measured during a kinematic study in order to know
the position and relative rotation of each of the segments.

With a standard resolution model, the external ground reaction forces are
measured and it is possible to directly define the joint torques without a con-
tact model. However, measuring these forces can be difficult or expensive.
The information may also not be complete. In this case, the recourse to a
numerical model of contact can be considered. We propose in this thesis to
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introduce such a contact model in the musculoskeletal model to find the joint
torques and the reaction forces on the ground.

Finally, from the joint torques, it is possible to evaluate muscle forces and
activation thanks to the muscle model.

The goal of this thesis research is to develop such a new approach in the
inverse dynamics analysis of the human gait in three dimensions. The main
purpose is to develop a numerical foot/ground model to estimate properly
the ground reaction forces, as well as the muscle activation when an experi-
mental measurement of the ground reaction forces is not available.

Beyond fundamental biomechanical insights, the development of mus-
culoskeletal models and inverse dynamics approaches is strongly motivated
by their potential clinical and applied relevance. In particular, such models
provide quantitative tools for the assessment of joint and muscle loading in
a wide range of contexts. They can support the evaluation of rehabilitation
procedures following musculoskeletal injuries, help characterize gait defi-
ciencies associated with neurological disorders such as stroke or Parkinson’s
disease. They contribute to the analysis and optimization of knee or hip joint
prosthesis implantation, and transfemoral and transtibial prostheses, where
an accurate estimation of internal efforts is essential for improving comfort,
efficiency, and long-term outcomes. Finally, such models can be extended
to sport biomechanics, where they offer a framework to investigate perfor-
mance, injury mechanisms, and loading patterns under realistic movement
conditions.

More broadly, reducing the experimental constraints required for force
estimation opens perspectives for the analysis of daily-life activities outside
laboratory environments, for instance in home-based or ambulatory settings.
Such an approach could facilitate the integration of biomechanical analysis
into routine clinical practice, enabling the monitoring of patients undergoing
rehabilitation, the assessment of gait impairments related to neurological or
musculoskeletal disorders, and the evaluation of treatment strategies such as
orthopaedic interventions or prosthetic fittings. Beyond clinical applications,
the method could also be extended to field-based sport analysis, where labo-
ratory instrumentation is impractical. This would allow the investigation of
performance-related movement strategies, fatigue effects, or injury mecha-
nisms, thereby broadening the applicability of musculoskeletal modelling to
real-world scenarios.

1.3 Organisation of the thesis

Chapter 2 reviews the fundamental concepts of multibody systems mod-
elling, and the current methods of gait analysis with some background on the
terminology of human modelling. A history of the methods of gait analysis
is also described, as well as the modern measurement instruments present in
the Laboratory of Motion Analysis of the University of Liège.

Chapter 3 describes the experiments carried out in the laboratory in or-
der to establish a set of data useful for the development of our digital model.



1.3. Organisation of the thesis 5

These experiences were the opportunity to supervise a student in physio-
therapy during his master thesis (Gautier et al., 2016). Typical experimental
results are presented for a test of a subject. As this thesis is not a study of
walking behaviour, no statistical results are presented.

Chapter 4 refers to the development of our first model for analysing gait
in two dimensions. The method and results were published in the Journal
of Biomechanics (Van Hulle et al., 2020). The contact is modelled as a set of
unilateral constraints and the ground reaction forces is therefore represented
by the Lagrange multipliers associated to these constraints. The proposed
model relies on the hypothesis that the human body tends to minimize the
global set of reactions forces: the least-square evaluation of the Lagrange
multipliers provides an estimation of the contact forces between the feet and
the ground. The criterion of activation of the contact constraints is inspired
by the work of Alart and Curnier, 1991, and relies on the gap measured be-
tween the foot and the ground and the estimated value of the local contact
force. The position of the centre of pressure (COP) is implicitly defined in
terms of the kinematic measurement and the estimated reaction forces.

In Chapter 5, the previously developed model from two dimensions (2D)
is extended to a three-dimensional (3D) framework, with the aim of utilizing
this model in a comprehensive study of muscle effort estimation. The various
assumptions of the 2D model are reviewed, along with their limitations.

In Chapter 6, the 3D contact model is employed within the OpenSim soft-
ware, a tool commonly used for comprehensive biomechanical studies, to
estimate joint torques, muscle activation, and efforts. This comprehensive
study highlights the limitations of our model and naturally provides sugges-
tions for future improvement.

Chapter 7 concludes this thesis and proposes some future perspectives.
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Chapter 2

Fundamentals and state of the art

In this chapter, fundamental concepts in multibody system dynamics and in
biomechanics are first developed.

The human body, from an engineer’s point of view, can be considered
as a complex multibody system composed of different segments, the limbs,
connected together with kinematic joints. The terminology of human motion
in general, and various activities, such as gait and run, are described in the
second and third sections. A more important focus is put on the human gait,
given that it is an activity of capital importance in everyday life, and that
many studies already focus on this subject, making it easier to develop and
compare models.

A fourth section describes the tools to analyse experimentally the gait and
other human motion.

Finally, a fifth section develops different numerical models present in
the literature and the basic mathematical and physical knowledge needed
to model numerically the human motion.

2.1 Fundamental concepts of multibody systems

A multibody system is an assembly of rigid and/or flexible elements con-
nected by joints and force elements (spring, damper, ...). In this section, we
will limit our focus to the concepts of two-dimensional multibody systems.
In Figure 2.1, an example of a 2D multibody system is shown. This system is
composed of three rigid bodies numbered in Roman numerals. These bodies
I and II are interconnected by the joint CD and a spring element FG connects
the bodies II and III. The centre of gravity and the orientation of each body is
also shown.

Following the finite element terminology (Géradin and Cardona, 2001),
the different bodies can be defined in terms of nodes (letters in Figure 2.1).
For example, the body I is composed of three nodes A (centre of gravity),
B (linked to the ground) and C (linked to the body I I). The coordinates of
each node of this first body can be expressed either in the fixed inertial frame
{O,

−→
E1 ,

−→
E2} or in the body-attached frame {O,−→eI,1,−→eI,2}.

If this system is subjected to a set of external forces, its equation of motion
is expressed in the generic form of differential algebraic equations (Angeles
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FIGURE 2.1: 2D multibody system

and Kecskeméthy, 1995), (Géradin and Cardona, 2001):

M(q)q̈+fgyr(q,q̇)+fdamp(q,q̇)+fint(q)+gT
qλ = fext(t)+A(q)fact(t) (2.1)

g(q) = 0 (2.2)

where q is the vector of generalized coordinates, M is the mass matrix, fgyr is
the vector of gyroscopic forces (centripetal and Coriolis), fdamp is the vector
of damping forces, fint is the vector of internal forces, g and gq the vector
of kinematic constraints and its gradient matrix, λ is the vector of Lagrange
multipliers representing the reaction forces associated with the constraints,
fext is the vector of external forces, fact(t) is a vector of applied actuator forces
and torques and A is the incidence matrix of the actuators.

Equation (2.1) represents the dynamic equilibrium of the multibody sys-
tem. It represents the balance between all the forces acting on the system
(internal and external) and the dynamic effect of the acceleration. Equa-
tion (2.2) represents the constraints acting on the system, here at the position
level. These constraints are based on the body conditions (rigid, flexible,...),
the type of joints,... Mathematically speaking, the equations of motion are
usually highly non linear and have a large number of degrees of freedom.

It is possible to solve the equations of motion of a mechanism, and based
on the unknown parameters (position/velocity/acceleration or the forces),
the problem will be qualified as a direct dynamic problem or an inverse dy-
namic analysis, as depicted in Figure 2.2.

2.1.1 Direct dynamic problem

For a direct dynamic problem, excepted for the reaction forces, the forces
acting on the system are known, either over time, or as a function of the posi-
tion/velocity of some given component. The objective of this kind of simula-
tion is therefore to find the configuration (position/velocity/ acceleration) of
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FIGURE 2.2: Direct and inverse dynamics

the system over time as a function of an initial configuration and the known
forces.

To solve this kind of problem, one uses time integrators with the ini-
tial configuration as a starting point in order to establish the solution, time
step by time step. There are two main time integrator families: explicit and
implicit schemes, that we shall briefly introduce for systems without con-
straints.

The explicit schemes compute the configuration of the system at a given
time step only according to previous time steps. For example, the explicit
Euler method is written as:

yi+1 = yi + hf(yi, ti) (2.3)

where f represents the non linear differential equations linked to the dynamic
equilibrium, and h is the numerical time step. The resolution method is gen-
erally quite straightforward, easy to implement and not demanding in terms
of numerical resources. However, these methods are subject to exponential
numerical instabilities, which therefore do not allow long simulations with
many degrees of freedom to be carried out.

The implicit schemes solve the problem iteratively. To compute the con-
figuration of a given time step, it is necessary not only to use the configura-
tion of the system in the previous time step but also the current value of the
configuration of the calculated time step:

yi+1 = yi + hf(yi, yi+1, ti) (2.4)

Given their iterative nature, these methods are slower and more expensive in
terms of numerical resources. However, they have the advantage of greatly
reduce the instabilities in the computed solutions. These schemes are thus
more adequate for long simulations with numerous degrees of freedom. De-
pending on the degree of accuracy sought and the numerical damping re-
quested, several schemes exist, such as the generalized-α method, for ex-
ample, or more particular cases of this method, such as Newmark, Hilbert-
Hugues-Taylor or even Chung-Hulbert.

Relevant software on the market to solve direct dynamic problems are Re-
curDyn, MSC Adams, NX Simcenter and the Samcef Mecano (now included
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in Siemens/Simcenter).

2.1.2 Inverse dynamic analysis

Conversely to the direct dynamic problems, inverse dynamic analysis aims
to find the forces at the origin of a known motion (position, velocity and ac-
celeration). Motion is usually measured experimentally to obtain the vector
of generalized coordinates. This vector can later be derived to obtain the
velocity and acceleration vectors.

In Equation (2.1), the gyroscopic forces fgyr, the damping forces fdamp, the
internal forces fint and the external forces fext are expressed as function of the
positions and/or velocities, which leads to a straightforward evaluation of
those forces. The remaining unknowns are the actuator forces fact depending
on time and the Lagrange multipliers λ.

The formulation of the constraints can change between the direct and in-
verse dynamic analyses. If an actuator motion is imposed, for example a
constant rotation around an axis, translation along a rail on a machine or a
rotation of a limb around a joint in a biomechanical body, a driving bilateral
constraint is added to the system. If the movement is measured but is not
controlled by an actuator (as in the case of a pendulum for example), then the
movement is considered as free and no additional bilateral constraint should
be taken into account in the model. When an actuator is modelled as a driv-
ing constraint, the associated Lagrange multiplier represents the force or the
torque necessary for the actuator to impose this movement on the system.
This means that the applied actuator forces A(q)fact(t) present in the direct
dynamic model are substituted by a contribution of Lagrange multipliers of
the driving constraints in the inverse dynamic model. Equations (2.1) can be
adapted:

M(q)q̈+fgyr(q,q̇)+fdamp(q,q̇)+fint(q)+(gq
bilat)Tλbilat+(gq

driving)Tλdriving = fext(t) (2.5)
g(q,t) = 0 (2.6)

With the set of constraints g including bilateral constraints dependent on
the generalized coordinates, and driving constraints explicitly dependent on
time:

g =

[
gbilat(q)

gdriving(q, t)

]
(2.7)

And the associated Lagrange multipliers:

λ =

[
λbilat

λdriving

]
(2.8)

To solve the equations of motion for the extended set of Lagrange multi-
pliers, Equation (2.5) has to be inverted. However, depending on the number
of degrees of freedom, constraints, and actuators, the problem can be under-
or overdetermined, so that a unique solution is not always achievable. A
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unique solution can still be found by introducing hypotheses to remove the
indetermination, such as minimizing the forces or the energy of the system.

2.1.3 Contacts

The study of contacts between bodies or with the ground is frequent in multi-
body dynamics analysis.

In direct dynamics, contact models make it possible to define the change
of momentum, and to define the trajectory of the various bodies after the im-
pact. In inverse dynamics, it is the contact forces which are generally sought
after.

To represent mathematically a contact condition using a rigid body as-
sumption, there are two main families of methods: compliant and rigid con-
tact models, depicted in Figure 2.3.

Compliant contact model

Compliant contact models allow a penetration of the different bodies which
may represent some unmodelled deformations. On Figure 2.3, in blue, the
ball bounces on the ground and a penetration is computed. An equivalent
stiffness and damping coefficient are associated to the contact model to rep-
resent the contact force as a function of the penetration amplitude and the
penetration velocity during the impact process. Mathematically, for exam-
ple, the contact force is:

if yA > r then f cont
A = 0 (2.9)

if yA ≤ r then f cont
A = −k(yA − r) (2.10)

where f cont
A is the contact force, k is the contact stiffness, yA the vertical po-

sition of the ball and r its radius. If necessary, damping effects can be taken
into account (Lankarani and Nikravesh, 1994).

In the equations of motion (2.1) and (2.5), the contact forces can be in-
cluded as an additional force fcont.

Compliant contact models are often used for direct dynamic problems
and the time integrator algorithm will iterate at each time step to compute
the dynamic equilibrium of the system. The contact stiffness has to be deter-
mined if compliance exists, but is generally chosen very high to approach the
assumption of rigid bodies and prevent unphysical penetrations. This can
have numerical consequences, like the creation of a ill-conditioned stiffness
matrix, or the need to use of a very small time step. Choosing a stiffness co-
efficient based on physical properties can therefore lead to numerical issues,
while alternative choices result in non-physical behaviour.

If used in inverse dynamics analyses, the penetration/deformation
should be measured, which is generally beyond what cameras can capture
today. This is why a rigid contact model was preferred in this work.
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FIGURE 2.3: Bouncning balls: compliant contact model (1. blue), rigid con-
tact model (2. green)

Rigid contact model

Unlike compliant contact models, rigid contact models do not allow pen-
etration. The contact is this time represented by a unilateral constraint of
non-penetrability between the bodies (Chen et al., 2013). In Figure 2.3, on the
right, the bouncing ball is not allowed to penetrate the ground and one can
distinguish two axes: normal and tangent to the contact surface (we still limit
ourselves to 2D models for the moment). The coordinates in the horizontal
(tangential) and vertical (normal) directions are xB and yB.

The contact on the normal axis is represented by a unilateral constraint,
and is mathematically transcribed by:

gn(q) = yB ≥ 0, λn ≥ 0, gn(q)λn = 0 (2.11)

where gn is the normal unilateral contact constraint and λn is its associated
Lagrange multiplier representing the normal contact force. Equation (2.11)
is a complementarity equation representing the fact that either the contact is
inactive (g > 0, a gap is present) and therefore there can not be any contact
force (λ = 0), either the contact is active (g = 0, no gap is present) and the
contact force can be positive (assuming that a normal contact force can only
be repulsive). Equation (2.11) can also be written as:

0 ≤ gn ⊥ λn ≥ 0 (2.12)

On the tangential axis, when contact occurs, either the two bodies slide
on each other and the contact is said to be slipping, or the relative tangent
velocities is null and the contact is sticking. Depending on the type of con-
tact, different sets of equations will have to be applied. For example, in the
Coulomb’s friction law, the sticking conditions are expressed as:

ġt(q) = ẋB = 0 and λt ≤ µλn (2.13)

where λt is the tangential contact force and µ is the static friction coefficient.
A rigid contact model does not provide a direct evaluation of the contact

forces in contrast to compliant contact models. To obtain these values, the
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equation of motion must be solved. In Equations (2.1) and (2.5), the contact
terms will appear in the constraints and in their associated Lagrange multi-
pliers. Depending on the problem, direct or inverse dynamics, the solution
method will be different and some other new parameters might be necessary.

In direct dynamics, the expression of the unilateral constraints are suffi-
cient to prevent the penetration of the bodies. However, nothing allows us
to predict the behaviour of the bodies after the impact, and an impact law
has to be taken into account. For example, a Newton impact law can be used
to define the post-impact velocities of the bodies based on the pre-impact
velocities and a coefficient of restitution. Mathematically:

ġn(t+) = eġn(t−) (2.14)

where ġn is the normal gap velocity vector (time-derivative of the normal
gap), t− and t+ the instants of pre- and post-impact respectively and e the co-
efficient of restitution. In this case, the coefficient of restitution must be in the
interval [0; 1], where 0 represents a completely inelastic shock (all the energy
is dissipated) and 1 a completely elastic one (all the energy is transferred).
With this new information, a time integrator can compute the positions and
velocities of every body, time step by time step.

In inverse dynamics, an impact law is not required because the motion is
measured thus known before and after the impact. The size of the constraints
vector will change from time step to time step and redundant constraints
may appear. This can lead to an absence or an infinity of solutions. Some
hypotheses will have to be made to be able to solve the equations of motions
or to pick a preferred solution. Depending on the system or activity, the
hypotheses can vary largely, and we will describe the most commonly used
ones in biomechanics in the next section.

2.2 The human body as a multibody mechanism

To be able to study the equations of motion of the human body, it is essen-
tial to first model the human body and therefore establish the terminology
commonly used in biomechanics. Also, in this section, the extension to 3D
models is considered, in particular, the representation of finite rotation in 3D
is addressed.

2.2.1 Anatomical reference position, planes and axes of the
human body

The human body is defined with respect to three reference planes and six
axes passing by the global centre of mass. These planes and axes are defined
using anatomical points corresponding to a reference anatomical position of
the human body: standing up, feet and knees facing front, arms along the
trunk and forearm in supination, as can be seen in Figure 2.4. The trans-
verse plane divides the body into upper and lower parts of equal mass, is
parallel to the ground plane and perpendicular to the superior/inferior axis.
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The frontal plane divides the body into front and back parts of equal mass,
and is perpendicular to the anterior/posterior axis. Finally, the sagittal plane
divides the body into right and left parts of equal mass, and is therefore per-
pendicular to the right/left axis.

When describing a single limb, these same planes and axes are used
around the centre of gravity of this particular limb with a similar approach.
The extremities of a limb are named according to their position from the
global centre of mass. The proximal extremity is the closest to the global
centre of mass of the body, while the distal extremity is the furthest.

FIGURE 2.4: The anatomical position, with three reference planes and six
fundamental directions (Whittle, 2007)

2.2.2 Defining the angles

To define the angular position of a multibody system, such as the human
body, it is possible to use absolute angles, with respect to a fixed frame of
reference, or relative angles between the bodies. For the human body, these
relative angles are called joint angles. These two types of angles are related
to each other, as we will show.

Orientation angles

In three dimensions, the absolute angles are defined as a combination of three
successive rotations around the centre of gravity of the segment, with respect
to an inertial reference frame (usually taken parallel/perpendicular to the
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FIGURE 2.5: Absolute angles of a single limb

ground). Considering the reference planes of the studied limb, the combina-
tion of rotations is composed of the flexion/extension ψ in the sagittal plane
first, then the abduction/adduction ϕ in the frontal plane and finally the ex-
ternal/internal rotation θ in the transverse plane, as seen in Figure 2.5. This
sequence of rotations is a variation of the Bryant angles, a parametrization
widely used in aeronautical, mechanical or nautical applications.

It should be noted that the choice of orientation parametrization is an
important subject. The proposed approach based on a sequence of three
rotations about predefined axes leads to singularities when ϕ = π

2 + kπ.
However, in the specific case of human walking, which is predominantly a
sagittal-plane motion with moderate adduction/abduction amplitudes, the
selected parametrization does not encounter singular configurations and re-
mains well suited for the intended analyses. As such, this representation pro-
vides a good compromise between interpretability, numerical stability, and
adequacy for the studied movement. More general representations, such as
quaternions, may be preferable in other contexts, particularly to avoid singu-
larities in motions involving large 3D rotations.

The absolute angles thus give the relation of a free vector attached to
the limb expressed in the reference configuration by the variable ∆X and in
the current configuration by the variable ∆x. Mathematically, this relation is
given by:

∆x =

cos ψ cos ϕ + sin ψ sin ϕ sin θ sin ψ sin ϕ cos θ − cos ψ sin θ sin ψ cos ϕ
cos ϕ sin θ cos ϕ cos θ − sin ϕ

cos ψ sin ϕ sin θ − sin ψ cos θ cos ψ sin ϕ cos θ + sin ψ sin θ cos ψ cos ϕ


︸ ︷︷ ︸

=Rabs

∆X

(2.15)
where Rabs is the rotation matrix corresponding to the sequence.
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Relative angles

FIGURE 2.6: Motion and rotation around the hip and knee joints

More than the absolute orientation of a limb, it is often useful to have
an expression of the relative joint angles between two consecutive limb, as
shown in Figure 2.6. The parametrization of this relative rotation relies on
the flexion/extension ψ, then the abduction/adduction ϕ and finally the ex-
ternal/ internal rotation θ of the distal segment with respect to the proximal
limb.

The relation between the absolute orientation of the proximal and distal
limbs, and the relative rotation matrix is based on Equation (2.15) and the
fact that the relative rotation is the orientation of the distal limb with respect
to the local proximal limb frame:

RT
abs,proximalRabs,distal = Rrel (2.16)

Having the absolute orientation of each limb, the relative rotation Rrel can be
evaluated using Equation (2.16), and the relative joint angles corresponding
to this matrix can then be extracted.

2.2.3 Representing the human body in terms of nodes and
coordinates

To describe the motion of a multibody system, relative or absolute coordi-
nates can be chosen (Géradin and Cardona, 2001). For biomechanical prob-
lems, relative independent coordinates q(t) (e.g. joints relative angles and
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pelvis position and orientation) are usually used (Uchida and Delp, 2021;
Nasr and McPhee, 2025), and no bilateral constraint needs to be considered
in the equations of motion (Equation (2.1) and (2.2)).

Absolute coordinates can also be chosen: compared to relative coordi-
nate formulations, this approach leads to simpler equations of motion and
a straightforward evaluation of the reaction forces in the bodies and joints,
which are represented by the Lagrange multipliers. For applications in biome-
chanics, absolute generalized coordinates q(t) can include the spatial coordi-
nates of the extremities and of the centre of mass of each segment, the abso-
lute orientation angles of each segment, and the relative joint angles between
two consecutive segments.

2.3 Description of the motion

2.3.1 Generalities

Human movements are varied and complex. Each joint behaves differently
and the number of degrees of freedom is large. Depending on the activity,
some simplifications will be possible. For example, walking or running are
essentially two-dimensional activities, the spine can generally be simplified
as a single body (the trunk), etc.

Before dealing in more detail with certain activities such as the gait, the
degrees of freedom of each joint of the lower limb will be presented as well
as their usual modelling.

Description of the lower limb

Usually, the centre of gravity is linked to the pelvis. This part of the body is
often used as the main reference to localize and define the position of the hu-
man body and motion under study. A reference is always needed to position
a multibody system in space, using either fundamental, relative or absolute
coordinates.

Most of the numerical models used to analyse motion represent the pelvis
and the bones as rigid bodies (Winter, 2009). Notice that some other studies
used finite element methods to fully model the bone deformation due to the
tendons and muscles (Phillips et al., 2007). In this thesis, the rigid body as-
sumption is made for the bones and more details will be provided in Chap-
ters 4 and 5.

A shown in Figure 2.7, the lower limb of the human body is subdivided
in three main parts: the thighs, the legs and the feet (Spägele et al., 1999). The
foot can be subdivised again into two parts: the midfoot and the toes. Each
segment comprises one or several bones and can usually be represented as a
rigid body. Between each segment, a joint constrains the relative motion.

The hip joint (or acetabulofemoral joint) is a ball-and-socket, so that the
spherical head of the femur is able to rotate in the acetabulum of the pelvis.
This joint has three degrees of freedom in rotation: flexion/extension, ab-
duction/adduction, and internal/external rotation. Twenty-two groups of
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FIGURE 2.7: Bodies, bones and joints of the lower limbs
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muscles control the hip joint (Byrne et al., 2010). In the literature, spheri-
cal joints are the most common model used to represent the hip (Anderson
and Pandy, 2001; Taylor et al., 2004). More complex models have also been
proposed, as in (Anderson, 2007).

The knee joint is a modified hinge joint, composed of two parts: the
tibiofemoral joint (between the femur and the tibia) and the patellofemoral
joint (between the femur and the patella). This combination of closely spaced
joints allows mainly the flexion/extension of the knee, while controlling a
slight internal/external rotation. In the literature, the knee joint is often rep-
resented as a hinge joint in 2D (Xiang et al., 2011), or a constrained spherical
joint in 3D (Arnold et al., 2010). More advanced models do exist, as in (Wis-
mans et al., 1980; Richard et al., 2016).

The ankle joint is a complex mechanism that includes three separate joints:
the talocrural joint (hinge joint between the tibia and the talus), the subta-
lar joint (plane joint between the talus and the calcaneus), and the inferior
tibiofibular joint (surface joint between the tibia and the fibula). This assem-
bly allows a three degrees of freedom rotation (flexion/extension, adduc-
tion/abduction, internal/external rotation). The ankle joint, as a whole, can
be modelled in two dimensions as a simple hinge (Pàmies-Vilà et al., 2018), or
as four-bar linkage (Leardini et al., 1999). In three dimensions, the ankle joint
can be represented by a spherical joint (Koopman et al., 1995), or by a more
accurate representation as in (Delp et al., 1990; Mok et al., 2011; Carbone et
al., 2015).

Finally, the metarsophalangial joints are condyloid joints that allow three
constrained rotation between the midfoot to the toes. When all the toes are
modelled as one, the metarsophalangial joint is either represented as a hinge
joint (Delp et al., 1990), or as a constrained spherical joint (Koopman et al.,
1995). An interphalangeal joint connects each bone of the toes. The interpha-
langeal joint acts as a hinge joint. The toes and the interphalangeal joints are
usually not modelled for global motion studies (as gait, etc).

2.3.2 Normal healthy gait

Walking is the most common activity of everyday life. It involves the lower
limbs and, to a lesser extent, the upper limbs which will keep the body in
balance by acting as a (inverted) pendulum.

In the literature, many studies describe it and interpret all the parameters
affecting it. It seemed interesting to us to start with a study of healthy human
gait in order to be able to base ourselves on other research and to establish a
first numerical skeletal model.

Describing healthy gait patterns and parameters is important as they will
represent the standard behaviours and properties needed in gait analysis,
and deviation will be estimated based on that.
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Terminology of the gait cycle

The gait is usually presented as a cycle consisting in two consecutive steps,
starting with the heel strike of one foot and ending with the heel strike of the
same foot, as depicted in Figure 2.8. For a given leg, the gait cycle is divided
into two phases: the stance phase (the foot is in contact with the ground) and
the swing phase (the foot is not in contact).

FIGURE 2.8: Timing of single and double support during one gait cycle,
starting with right initial contact. HS: heel strike, TO: toe off, green: right

support; blue, left support.

The gait cycle begins with the right foot initial contact, and the double
support reception phase (10% of the duration). The following phase is the
single support stance phase (40%). The other foot takes off and the centre of
gravity of the human body moves forward. The next phase is the double sup-
port propulsion phase (10%). The other foot touches the ground and begins
its reception phase. During this phase the reference foot pushes the centre of
gravity forward to keep moving. Finally, the reference leg enters the swing
phase (40%) where it oscillates and prepares for the landing and reception
phase, beginning a new cycle.

Based on this sequence, several contact events are commonly identified:
the heel-strike, the toe-strike, the heel-off and the toe-off. To these events one
may add the metatarsal-strike (resp. off), when the metarsophalangial joint
between the foot and the toes lands on (resp. takes off) the ground.

FIGURE 2.9: Geometrical parameter of the stride

Finally, the stride length is defined as the distance covered in one gait
cycle, and a step as the distance between two consecutive heel-strike contact
points, as in Figure 2.9. The walking cadence is the number of gait cycle per
second and the walking speed is the product between the cadence and the
stride length.
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The stride length and the stance phase duration are correlated to the walk-
ing speed as shown in Figure 2.10 (Stoquart et al., 2008).

FIGURE 2.10: Stance phase duration (% of gait cycle time, upper graph) and
the step frequency as a function of walking speed. Data from (Oberg et al.,
1993) (obtained on the ground) are shown by the dash line.(Stoquart et al.,

2008)

Kinematics of the gait cycle

The angles in the sagittal plane of the hip, the knee and the ankle are shown
in Figure 2.11. The gait is a mainly two dimensional motion, in the sagittal
plane.

Dynamics of the gait cycle

As mentioned previously, several types of forces act on the human body dur-
ing a gait cycle: external forces, internal forces, inertial forces and reaction
forces.

External forces The external forces are the weight acting on the whole hu-
man body (constant) and the ground reaction forces (GRF) acting on the feet
when contact occurs, and only depends on the repartition of masses among
the different limbs of the body.

The centre of pressure is the point where the moment of all the contact
forces acting on the foot is null, and its path is shown in Figure 2.12. The
centre of pressure moves forward along the foot during the gait: its initial
position corresponds to the heel at the initial contact with the ground and
the final position corresponds to the hallux when it leaves the ground. The
trajectory of the centre of pressure goes to the external side of the foot to
maintain balance during the gait.
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FIGURE 2.11: Sagittal plane joint angles (degrees) during a single gait cycle
of right hip, knee and ankle. (Winter, 1984)

FIGURE 2.12: View of the walking surface from above, showing the centre
of pressure, adapted from (Forner-Cordero et al., 2006)
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The ground reaction force resultant (Figure 2.13) acts on the centre of
pressure (Figure 2.12). They can be measured experimentally, estimated or
numerically computed, as will be shown in Sections 2.4 and 2.5.

As can be seen on Figure 2.13, the main component of the ground reaction
forces is on the vertical axis (Marasovič et al., 2009). The component is always
positive: this force is repulsive and the foot can not penetrate the ground. At
the heel-strike, the force starts from zero, and increases rapidly after that. The
full-body weight is reached at the toe-off of the other foot (the beginning of
the single-support phase). The force continues to increase due to inertia ef-
fects and reaches its maximum at approximatively 107% of the body weight
- depending on the walking speed. The vertical ground reaction forces de-
creases slowly to reaches 85% of the body weight. As the human body moves
forward, its centre of gravity experiences an acceleration downward: the hu-
man body is "falling". Before being in complete imbalance, the body pushes
forward and upward, and a second peak similar to the first one is visible.
The second foot heel-strike occurs and the value of the contact force falls to
zero at the toe-off.

The fore-aft component comes second in terms of amplitude. At the heel-
strike, the contact force is equal to zero. It increases to reaches 20% of the
body-weight as the single-contact phase begins. The force is positive: the
body is decelerating and the foot is prevented to slip forward, it is the recep-
tion phase. As the body is moving forward and "falls" forward, the fore-aft
component decreases and goes back to zero when the heel rises. The force be-
comes negative (propulsion phase) and the human body is pushed forward.
It reaches its minimum at the end of the single support phase, and decreases
back to zero at the toe off.

The lateral component has the smallest amplitude : between 5 and 10%
maximum, depending on the subject and the walking speed. This component
tends to vary more from one subject to another, due to the variation in the gait
patterns. It is usually oriented towards the internal side of the human body,
the feet being generally placed slightly outside to maintain lateral balance
during gait.

Actuator forces In biomechanics, the actuator forces are the forces exerted
by the muscles to generate joint torques. A group of muscles works mainly
in contraction, therefore there will be at least two different groups of muscles
per degree of freedom at each joint (e.g., one for the flexion, and one for the
extension). However, in reality, there are many more muscle groups per axis
of rotation. According to the literature (Calais-Germain, 2004), the hip has
seventeen groups of muscles, the knee has fourteen groups and the ankle
has twenty groups that work and contract together in order to achieve the
desired motion.

In order to contract and develop a force, a group of muscles has to be
activated by the central nervous system. The brain will generate an electrical
nerve impulse and a calcium-dependant mechanism in order to generate and
control the contraction of the different groups of muscles (Ebashi et al., 1969).
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FIGURE 2.13: Vertical, fore–aft and lateral components of the ground reac-
tion force, in % of body weight (Kitaoka et al., 2006)
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The joint torques depend on the resultant muscle forces and on the posi-
tion of the attachment points of tendons and muscle groups around the joint.
The application of this torque on the joint then produces the desired motion.

FIGURE 2.14: Schematic view of the muscle contraction principle

Figure 2.14 represents a schematic view of the neural command affect-
ing the motion of the human body. An electromyographic signal is sent by
central nervous system to the muscle. Based on this signal, and the type of
muscle, the group will activate and contract. This contraction will develop a
force, and alongside the external forces acting on the human body, will gen-
erate a joint torque, hence a motion. The vast majority of muscle activation
models are based on the work of (Hill, 1938), linking the muscle force to the
level of activation a and the activation rate ȧ.

FIGURE 2.15: Typical activity of major muscle groups during the gait cycle
(Whittle, 2007)

Usual patterns of muscles activation of the main muscle groups used for
gait can be seen in Figure 2.15.

Modelling each muscle group and making the appropriate assumptions
to address potential redundancy can be complex or undesirable, depending
on the study. In certain cases, although actuator forces are generated by mus-
cle groups, it is possible to simplify the model and assume that the actuator
generates the joint torques, as illustrated in Figure 2.14.



26 Chapter 2. Fundamentals and state of the art

Segment Segment
weight/Total
body weight

Proximal
Centre of
mass/Segment
length

Density

Foot 0.0145 M 0.5 1.1

Leg 0.0465 M 0.433 1.09

Thigh 0.1 M 0.433 1.05

Head, arms and trunk (HAT) 0.678 M 0.626 -

TABLE 2.1: Anthropometric data based on (Winter, 2009)

Inertial forces The inertial forces appear when a mass is subjected to an
acceleration. The magnitude of this force is therefore related to the mass of
each limb and to the amplitude of the linear and angular acceleration.

The mass matrix is developed by experimental measurements or with an-
thropometric tables.

A direct experimental measurement provides a number of subject spe-
cific data. However, obtaining the mass, inertia, and centre of mass location
of each limb of an alive subject can be time consuming and eventually expen-
sive. Methods have been published to speed up the process of experimental
measurements (Hatze, 1975).

However, it is not always possible or necessary to obtain an extremely
precise measurement of the anthropometric data of the subject. In this case,
one can refer to anthropometric tables, which represent statistical values of
mass, inertia and position of the centre of gravity based on macroscopic data
of the subject, such as the size, the weight, the diameter of certain limbs,
etc. Although the data is not subject specific, these tables have the advantage
of giving realistic estimates based on few experimental measurements. An
example of an anthropometric table can be consulted at Table 2.1.

Reaction forces The reaction forces represented by some Lagrange multi-
pliers λ in Equation (2.1) are related with the constraints imposed on the
system. There are several types of constraints acting on the human body.

For example, the length of each body segment (and bone) has to be con-
stant through time, as a consequence of the rigid body hypothesis. The reac-
tion forces related with these "rigid body" constraints are the internal efforts
keeping the distance constant. The relative motion of the proximal and distal
segments is restricted by the type of joint between them. The reaction forces
at the joints will keep the segments attached and ensure an equilibrium with
the other forces acting on the body segment, such as the muscle forces.
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If a unilateral constraint is used to represent the contact between the foot
and the ground, the reaction force enforcing the constraint represents the
ground reaction forces.

Summary of forces classification

FIGURE 2.16: Free-body diagram of a leg in contact with the ground, show-
ing inertia forces (magenta), external forces (orange), internal forces (cyan),

actuator (red), and reaction forces (green)

In summary, the forces discussed in this thesis can be classified into five
categories, and are depicted in Figure 2.16.

The first category comprises inertial forces, arising from the acceleration
and masses of the various moving segments.

The second category includes external forces, where gravity alone acts on
the different segments.

The third category encompasses internal forces, which represent elastic
and/or dissipative elements, such as muscles modelled by the Hill model
(Hill, 1938), utilized in Chapter 6.

The fourth category consists of actuator forces, which are represented by
joint torques in Chapters 4 and 5, or by muscle forces in Chapter 6.

Finally, the fifth category includes reaction forces: the ground reaction
forces and torques, as well as the reaction forces and torques at the joints.

When contact is active, the segment in contact is fully constrained. Thus,
in 2D, two ground reaction forces and one moment are required to constrain
two translations and one rotation, while in 3D, three forces and three mo-
ments are necessary to constrain three translations and three rotations.

Joint reactions are essential for constraining relative movements that are
restricted by a joint. In 2D, revolute joints generate two reaction forces to
constrain translations. In 3D, revolute joints generate three reaction forces
and two moments to constrain three translations and two rotations. Spherical
joints generate only three forces to constrain the three translations.

In direct dynamics, the actuator forces fact are given, and one can compute
the motion and the reaction forces by solving the equation of motion.



28 Chapter 2. Fundamentals and state of the art

In inverse dynamics, we introduce driving constraints for the relative
joints motion. The joint torques are represented by the Lagrange multipliers
of the driving constraints of the relative joint motion, but we do not introduce
driving constraints and Lagrange multipliers for the pelvis, because there is
no related actuator.

2.3.3 Normal healthy running

Running is considered today as one of the most recreational activities per-
formed by people. Studies about running patterns are continuously increas-
ing in importance. This is why it seems judicious to us to define the termi-
nology, the kinematics and the forces at play during a running cycle.

Terminology of the running cycle

According to (Novacheck, 1998) and in Figure 2.17, the evolution from the
stand-still to the maximum speed goes as follow. At point A, the human
body is not moving and both feet are on the ground. There is only one stance
phase with double support, and we can not describe this as a cycle strictly
speaking. As the walking speed increases, the double support phase tends to
become smaller, until point B. At this point, there is no more double support
phase and this activity is called running. Again, as the velocity increases,
periods of double floating (no contact on the ground) increase. At point C, the
initial contact of the foot on the ground changes from a hindfoot contact to a
forefoot contact. In other words, running differs from walking by the absence
of a double support phase, and by a generally higher speed of movement.

FIGURE 2.17: Difference between walking, running and sprinting

As can be seen in Figure 2.18, as in the gait cycle, we consider the starting
moment by the initial contact of a reference foot. The first support phase,
proportionally shorter than during a gait cycle, is composed of the reception
(the initial contact and the recovery of the equilibrium). This initial contact
is usually with the heel for running at lower speed, and with the forefoot for
higher speed (sprinting). The second part of this phase is propulsion, when
the body pushes forward to continue moving. The next stage is a phase of
double floating where both feet are in the air without any contact with the
ground. The cycle ends with the support phase of the opposite foot and a
new double floating phase.

Kinematics of the running cycle

The angles in the sagittal plane of the hip, the knee and the ankle are shown
in Figure 2.19 for different conditions of running (inclined, and level). Run-
ning is a mainly two dimensional motion, in the sagittal plane. Generally
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FIGURE 2.18: Running cycle

FIGURE 2.19: Kinematics of the running gait, (Swanson and Caldwell, 2000).
INC: Inclined running; LSS: Level running; LSSF: Level running with the

same stride frequency as INC
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speaking, the maximum values of the relative angles are greater than the
ones measured during gait tests.

Dynamics of the running cycle

As for any other activities, four types of forces are acting on the human body
during running: external, internal, inertial and reaction forces.

As the inertial and reaction forces are obtained as in the case of gait, these
forces will not be described here. The anthropometric tables remain the same,
therefore, for the inertial forces, only the acceleration will affect the ampli-
tude of these forces. The external forces are composed of the constant gravity
forces acting on the whole human body. As the joint reaction forces depend
on the amplitude of all the others in order to obtain a balance, it is not neces-
sary to describe them either.

FIGURE 2.20: Shapes of the vertical, fore–aft and lateral components of the
ground reaction forces for gait, running with rearfoot initial contact and

midfoot initial contact (Nilsson and Thorstensson, 1989)

Ground reaction forces Figure 2.20 compares the shapes of the ground re-
action forces on the three axis for gait and running. The lateral and fore-
aft components show a lot of similarities. Lateral forces are used primarily
to maintain movement in the sagittal plane. As the lateral disturbances are
equivalent, so are the ground reaction forces on this axis. The front-to-rear
components are also equivalent: as the body tries to keep a constant speed,
the landing and propulsion forces are similar.

The main difference is in the vertical component. A more precise visual-
ization of different configuration of running can be seen in Figure 2.21.

The shape of the curve is made up of two peaks. The first peak, of lower
intensity and shorter duration, is the shock of reception. The second peak is
the active force peak. The presence of the shoe cushioned the impact and the
loading rate. Conversely, barefoot, we notice the presence of several small
impact peaks, and a higher loading rate. The presence or absence of shoes
does not affect the intensity of active force peak. The position of the foot
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(a) Barefoot and shod running

(b) Rearfoot and forefoot running

FIGURE 2.21: Vertical ground reaction forces for barefoot VS shod running
(De Wit et al., 2000) and rearfoot VS forefoot running (Knorz et al., 2017)
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during impact also has an effect. We can notice that in the case of a rearfoot
running, the impact of the heel increases the loading rate, unlike a forefoot
running, which dampens it. On the other hand, the tendency is reversed
concerning the active force peak , more important for a forefoot running than
a rearfoot running.

2.4 Experimental gait analysis

2.4.1 With the naked eye

Analysing the gait of a subject with the naked eye is the more common and
simplest way to become aware of its possible faults. By looking at the joints,
a keen eye, as a physician or a physiotherapist, can perceive a pathology or a
compensation due to an injury.

To quantify the gait variation from the norm, indexes have been devel-
oped: e.g. the Visual Gait Assessment Scale (VGAS) or the Edinburgh Visual
Gait Score (EVGS). The VGAS relies on six parameters and assigns a score to
define the pathological gait of children with cerebral palsy. It was first de-
scribed by Koman et al. (Koman et al., 1994) then improved by Dickens et al.
(Dickens and Smith, 2006). This index shows good intra-observer but a low
inter-observer reliability due to difficulties in standardizing tests (Maathuis
et al., 2005). The EVGS is used for a more general description of the gait but
its reliability is again highly correlated with the experience of the examiner
(Ong et al., 2008).

Overall, even with standardized criterion, the visual analysis of the gait
remains highly subjective and varies according to the expertise of the exam-
iners (Krebs et al., 1985). The human eye can not detect precise details of
the kinematics, and forces can not be quantified. Therefore, acquisition tools
have been invented.

2.4.2 Acquisition of kinematic data

Throughout history, direct measurement devices of kinematics parameters of
the gait have considerably evolved, from the goniometers used to measure
the relative angle between two segments to the optoelectronic systems or the
sensorless motion capture devices.

The Laboratory of Motion Analysis (LAM) of the University of Liège
is equipped with four optoelectronic cameras (Codamotion system; Charn-
wood Dynamics; Rothley, UK). This system uses active markers which emit
an infrared light flash captured by the cameras. Using triangulation of the
light signals, the markers are located in the laboratory coordinates system in
three dimensions, with a margin of error of less than a millimetre.

The motion during the gait of a subject can be reconstituted by measur-
ing the positions of the markers placed on anatomical points of the human
body (Schwartz et al., 2010). By filtering and time-deriving the position of
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the markers, it is possible to obtain the velocity and acceleration of the seg-
ments, and the relative angle at the joints can also be computed easily by
post-processing.

Faulty results may have several sources. At best, a wrong calibration
of the system will shift in space the markers positions, or at worse make
it impossible to obtain these position by triangulation. The relative motion
between the rigid underlying bones and the surrounding soft tissues, com-
monly referred to as soft tissue artifacts (STA), are known to be one of the
main sources of error in optical motion capture and can significantly affect
the accuracy of estimated segment kinematics. The amplitude of the STA
varies with the anatomical location; marker placement therefore aims to tar-
get regions where these amplitudes are minimal. Also, improper lighting in
the laboratory can alter the visibility of markers (Cappozzo et al., 2005).

2.4.3 Acquisition of the ground reaction forces

Force platforms can accurately measure the contact reaction along three axes,
and provide a good estimation for every type of motion (healthy or patho-
logical gait, run, jump, etc) or for static position, in posturology for example.
A force platform is usually able to measure in three dimensions the applied
forces, the location of the centre of pressure, and the ground reaction mo-
ments (Sutherland, 2005).

Their cost and implementation in the laboratory tend to complicate some
studies. A large number of force platforms is necessary to estimate a patho-
logical gait on a long distance, or the race of a sprinter on a specific track.

The LAM is equipped with two force platforms (Kistler force-plate; Kistler
Instrumente AG, Switzerland).

2.4.4 Acquisition of the muscles activity and force

Electromyograph devices (EMG) measure the electric activity of a muscle
that varies during its contraction. These electrodes can be placed under (in-
tramuscular electrode) or above (surface electrode) the skin. To avoid unnec-
essary pain during in-vivo tests, surface electrode are most frequently used.
The electric activity is measured below the electrode with a depth of 20 to 25
millimetres, limiting the collected data to surface muscles.

Depending on its position and the depth of the muscle, the electric po-
tential measured can vary. To facilitate the interpretation of the activity of
the muscle, a test of maximum contraction can be performed to calibrate the
measurement. The envelope of the EMG signal is used during the test to
represent the activity in terms of a percentage.

The EMGs do not directly measure the force developed by the muscle.
To estimate its value, maximal voluntary contraction force tests or isokinetic
tests can be performed to obtain the maximum force developed by muscle
groups. If this information is combined with the muscle electrical activity,
it is possible to estimate the muscle force (Aratow et al., 1993; Doorenbosch
and Harlaar, 2004; Raison, 2009).
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2.4.5 Quantified Gait Analysis

A Quantified Gait Analysis (QGA) measures simultaneously the kinematics,
the ground reaction forces and the muscles activity, described in the previ-
ous section, as in Figure 2.22. QGA were performed for this thesis and the
methods and results will be detailed in Chapter 3.

FIGURE 2.22: The gait analysis equipment, with a six camera kinematic sys-
tem, two force platforms and an EMG telemetry system (Whittle, 2007)

2.5 Numerical gait modelling

As described in Section 2.4, the gait analysis can be fully performed experi-
mentally. However, each experimental devices has its limitations: e.g. diffi-
culties for the subject to land their feet on specific force platforms, difficulties
to estimate deep muscle forces, etc.

When a part of the information is lacking, one can use numerical analyses
to compute and estimate the behaviour of the human body.

2.5.1 Direct dynamics analysis

Direct dynamics, or more commonly "dynamics", is the study of the forces
acting on a mechanical system and their effects on the motion.

For these simulations, as in Figure 2.23 the motion is unknown and the
global set of forces should be given (ground reaction forces and joint torques
deriving from the muscle forces). These analysis are very frequent in robotics
(where the motor torques are controlled) but are more difficult in biomechan-
ics because of the difficulty to know all the forces acting on the human body.

To be able to predict the position of each limb in a direct dynamics anal-
ysis, all the forces should be known precisely, which can be very difficult to
obtain experimentally. Moreover, the human body is under-actuated (Gupta
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and Kumar, 2017): there are a lower number of actuators than degrees-of-
freedom, since the human body is not fixed to the ground. Added to the
large number of degrees of freedom, this property leads to inaccurate mod-
els of the human motion. Numerical predictions of the gait exist nonetheless,
as in (Anderson and Pandy, 2001), (Ackermann and van den Bogert, 2010) or
(Martin and Schmiedeler, 2014).

To cope with these instabilities and approximation, some hypotheses have
to be made to solve the equation of motion, such as an optimization of the
motion, or modelling a feedback law.

FIGURE 2.23: Schematic view of a direct dynamics simulation

In the model of (Anderson and Pandy, 2001), an optimization technique
is developed based on an observation implying that humans tend to walk
in a way that minimize the metabolic energy (Ralston, 1976). Their mus-
culoskeletal model comprises 10 rigid segments, 23 degrees-of-freedom and
54 musculotendons units. The joints were simplified using ball-and-socket
joints (3 dof) for the lumbar joint (between the rigid trunk and the pelvis)
and for the hips, using hinge joints (1 dof) for the knees and the metatarsal
joints and using universal joints (2 dof) to model the ankle.

The cost function to minimize was the sum of different aspects of the
metabolic energy, such as the metabolic heat rate of the whole body, the acti-
vation heat rate, the maintenance heat rate, the shortening heat rate and the
mechanical work rate of each muscles per unit of displacement (Anderson,
1999). Finally, some constraints were added to impose a cycle pattern for the
gait (initial and final joint angular displacements should be the same).

Minimizing the cost function for the constrained optimization problem
leads to an optimized realistic gait pattern for each subject of the study. How-
ever, this model revealed discrepancies between numerical and experimen-
tal data, due to the simplification and hypotheses in the development of the
model.

The method developed by (Ackermann and van den Bogert, 2010) is also
an optimization technique. However, instead of minimizing the metabolic
energy, the cost function was this time the sum of the weighted muscle acti-
vations, while varying the power of this activation. This also lead to realistic
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gait patterns and showed also the possibility to consider other cost functions,
and not only the energy.

The model proposed by (Martin and Schmiedeler, 2014) is a mixed op-
timization/feedback model. To determine some parameters of the gait, a
feedback model is developed to match the numerical predictive gait patterns
to a set of experimental measurements. Based on these results, the model
can accurately predict a gait pattern by minimizing the square of the joint
torques.

FIGURE 2.24: Schematic view of a direct dynamics simulation of a human
motion, using feedback control, based on (Buchanan et al., 2004)

Finally, some models rely only on a feedback system and estimate the
neural command needed to activate the muscle, as depicted in Figure 2.24. A
feedback is given by the muscles (level of activation, contraction forces,...) or
by the position of each limb. Usually, feedback models try to match a motion
pattern (motion-driven feedback) or the achievement of a goal (task-driven
feedback). (Todorov and Jordan, 2002) proposed a method to find an optimal
feedback control law based on stochastic analysis. Their model used feed-
back to correct the motion when the deviations interfere with the task goals,
allowing some variability in the motion patterns. This mixed formulation
combines both feedback methods.

2.5.2 Inverse dynamics analysis

Inverse dynamics is a method used to compute the forces and torques at the
origin of a given motion. In this case, the motion of the different segments
is known and the goal is to find the muscle forces, joint torques and/or the
ground reaction forces.

When the ground reaction forces are measured and only the joint torques
and muscle forces are sought, we speak of inverse dynamics analysis with-
out contact model, and conversely, when the ground reaction forces are also
unknown, of inverse dynamics analysis with contact model.

As shown in Figure 2.25, the inverse dynamics analyses without contact
model are the most common method to analyse the human gait. The ground
reaction forces are measured with force platforms, and the positions of the
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FIGURE 2.25: Schematic view of an inverse dynamics simulation without
contact model

limbs are captured with cameras. The mass matrix is developed with anthro-
pometric tables or by experimental measurements, and as in Section 2.5.1, the
equations of motion of the system must be solved. Equations (2.1) and (2.2)
remain the same but the new unknowns are the internal forces. The motion
(position, velocities and accelerations) are known and measured experimen-
tally.

There are several software used to perform inverse dynamics analyses,
like OpenSim, AnyBody, etc.

FIGURE 2.26: Flowchart of OpenSim software

In Figure 2.26, a simplified flowchart of OpenSim is presented: it repre-
sents the majority of inverse dynamics schemes used in biomechanics.

First, a general musculoskeletal model is used for the ongoing study. This
model is either provided by the software or can be directly developed by the
user. This model is an assembly of segments connected by joints, allowing
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certain degrees of freedom. Muscles elements and the attachment points are
also defined between each segments. Numerical markers are linked to the
segments and are used to locate the numerical model in space. An anthropo-
metric table is defined alongside the model so that, based on the dimension
of each segments, a mass, inertia and centre of gravity location can be nu-
merically estimated.

A static test has to be provided in order to scale the general musculoskele-
tal model. The location of experimental markers matching the position of the
numerical markers in the model are measured. The total mass of the subject
and these measurements are exploited with anthropometric tables to esti-
mate the length, masses and inertia of each segments. The general muscu-
loskeletal model is scaled using all this information. To scale each segment,
the software minimizes the distance between each experimental and numer-
ical markers, in a least square sense.

Once the model is scaled, it is possible to perform dynamic studies. The
first step is to correlate the experimental markers with the numerical mark-
ers. Once again, to find the position of each segment at each time step, a
minimization of the error on the position of the numerical markers is car-
ried out in a least squares sense. This stage is called inverse kinematics and
makes it possible to define the vector of the generalized coordinates and the
controlled degrees of freedom.

The next stage is the inverse dynamics, properly speaking. In order to
obtain the vector of speeds and accelerations, the vector of generalized coor-
dinates is derived temporally. Being an experimental signal, it is generally
affected by noise and filtering is necessary to obtain consistent results. The
filter used can be for example a Butterworth zero shift low-pass filter with
a cut-off frequency depending on the activity studied. For gait, the cut-off
frequency is generally chosen at 6 Hz. External forces are added to the study
during this stage. The gravity is chosen constant and depends on the posi-
tion of the centres of gravity and the mass of each segment, calculated during
the scaling and in the previous stage. The inverse dynamics stage makes it
possible to define the articular joint torques necessary for the realization of
the motion.

Finally, it is possible to evaluate the activation and the muscular efforts
as well as the joint efforts, the torques at the joints being known, and the pa-
rameters of the muscles being defined by the scaled model (point of attach-
ment around the joints, maximum forces, etc.). These stages use optimization
and control techniques in order to deal with the redundancy of the muscles
groups.

This method provides complete results and allows to obtain a descrip-
tion of the behaviour of all muscles, joints and segments of the human body
during the activity studied. However, the reliability of the obtained results
strongly depends on the quality of the experimental measurements and on
the modelling assumptions (optimization and control techniques to estimate
muscle activation). In particular, accurate kinematic data and precise mea-
surements of ground reaction forces are required, making the approach sen-
sitive to measurement noise and OpenSim’s modelling assumptions.
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2.5.3 Foot/ground contact models

If force platforms can accurately measure the contact reaction along three
axes, and provide a good estimation for every type of motion (healthy or
pathological gait, run, jump, etc), their cost and implementation in the lab-
oratory tend to complicate some studies. A large number of force platforms
is necessary to estimate a pathological gait on a long distance, or the race
of a sprinter on a specific track. It is often difficult to obtain a complete in-
formation. These limitations motivates the development of contact models
between the feet and the ground as a substitute of direct measurements.

FIGURE 2.27: Schematic view of an inverse dynamics simulation without
contact model

Different methods are available in the literature and can be classified in
three major categories: empirical, compliant or rigid models. We present
here a selection of models that are representative of the state of the art. For
a more comprehensive review, the reader is referred to the work of (Saraiva
et al., 2022).

Empirical models

Empirical models lead to rather simple equations. The GRF can be com-
puted from the measurement of the global centre of gravity displacement, as
in (Farley and González, 1996) or (McMahon and Cheng, 1990). This model,
used for running tests, assimilates the leg in stance phase to a spring. The
displacement of the center of gravity of the human body deforms this equiv-
alent spring and a reaction force is thus calculated, as in Figure 2.28. The
vertical ground reaction force is given, in this model, by:

F = kleg(∆y + L0(1 − cos θ))) (2.17)

where kleg is the equivalent stiffness of the leg, ∆y the vertical variation of the
centre of gravity of the body, L0 the initial length of the leg, and θ the angle
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between the contact point and the centre of gravity. This model shows some
limitations: there is no clear definition of the contact point, and therefore of
the angle θ, and the relative stiffness varies with the subject (depending on
the mass, height, running speed,...).

FIGURE 2.28: Running is modeled as simple spring-mass system bouncing
along the ground (McMahon and Cheng, 1990)

Some other models were directly based on statistical data as in (Keller et
al., 1996). In this study, data linking the scaled vertical ground reaction force
and the walking/running speed are collected, as in Figure 2.29.

FIGURE 2.29: Vertical GRF, time histories patterns as a function of running
speed (Keller et al., 1996)

Empirical model can eventually give a good first guess, but they hardly
give a subject specific estimation of the ground reaction forces.

Compliant models

Compliant models represent the local deformation of the foot sole and the
ground during the contact. This approach is similar to a finite element method,
where the computed deformation of the contact elements on the foot soles are
directly linked to the ground reaction forces.
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The model of (Gilchrist and Winter, 1996) was one of the first developed
for direct dynamics simulation purposes: nine ideal viscoelastic elements (or
spring-dampers) are vertically fixed between the foot and the ground when
contact is considered active. The musculoskeletal model of the foot was com-
posed of two segments linked by one revolute joint representing the metatar-
sophalangeal joint. The stiffness of these elements is chosen linear, while the
coefficient of damping is non-linear and follows a third order polynomial law
in terms of the vertical position of the contact element. The deformation of
these elements gives the vertical ground reaction force. The horizontal fric-
tion force is modelled as a function of the velocities of the contact point. The
centre of pressure is not directly computed. Each contact element develops
a force, and the balance of all these forces provides the centre of pressure.
However, the multiple contact constraints (several constraints lock the same
rigid body) require caution in the obtained response. Moreover, the presence
of stiffness elements implies the penetration of the foot into the ground. To
limit this non physical defect, a large value of the stiffness must be chosen,
which can also be a source of numerical problems. To address these issues,
the model was modified and is still widely used to compute the ground re-
action forces: e.g. (Anderson and Pandy, 2001), (Ackermann and van den
Bogert, 2010),... These methods vary by the number of selected contact el-
ements, the value of the stiffness or the damping, or the contact activation
criterion, but all keep the same fundamental idea.

In (Baker and Robb, 2006), (Scott and Winter, 1993), (Moreira et al., 2009)
(Figure 2.30), or (Lin et al., 2018) the sole is modelled by deformable spheres
in 2D or 3D of different radii, stiffness and damping coefficients are used to
better represent the behaviour of the foot sole during gait or run, giving an
estimation of the ground reaction forces. This is an extension of the method
of (Gilchrist and Winter, 1996), since the element deforms along several axes
and not just one. There is also more penetration since the sole of the foot is
no longer defined as a rigid body and becomes deformed. However, there
remains the redundancy of constraints which must be treated with great care
to obtain a coherent estimation of the centre of pressure. On the horizontal
axis, to take into account the friction between the foot and the ground, (Lin
et al., 2018) uses a model of Coulomb friction law:

Ft ≤ µFn (2.18)

where Ft (resp. Fn) is the tangent (resp. normal) ground reaction force, and µ
is the coefficient of friction.

FIGURE 2.30: Schematic view of the foot with deformable spheres (Moreira
et al., 2009)
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All these compliant models require an experimental measurement of the
compliance between the foot and the ground, whose value might change
from one subject to another. The use of compliant models for direct dynam-
ics simulation is quite successful but their use in inverse dynamics is hardly
achievable because it would require an accurate measurement of the foot sole
deformation, which is beyond the capabilities of usual motion capture tech-
nologies; they are mostly used for predictive models in numerical simulation.

Rigid models

FIGURE 2.31: Calculated transfer ratios (solid lines), based on linear as-
sumptions, compared with measurement data from (Winter, 2009). Fxr, Fyr,
Fxl and Fyl are the horizontal and vertical ground forces at the right and left
foot. CoPr and CoPl are centres of pressure for right and left foot. CoP is
defined as (Man − Fxyan)/Fy. In the double support phase from right heel
contact (HCR) to left toe off (TOL), the vertical force transfer ratio rt_ f y in-
creases from 0 to 1, the horizontal force transfer ratio rt_ f x increases from

r(HC)
t_ f x to r(TO)

t_ f x , while the CoP transfer ratio rt_cop increases from 0 to 1. (Ren
et al., 2007)

Rigid models neglect the deformation of the foot and the ground and sim-
ply rely on a non-penetration condition. Hence, they do not involve any local
stiffness and damping parameters, and they do not require any precise eval-
uation of the foot sole deformation. In (Koopman et al., 1995), (Allard et al.,
1998) or (Ren et al., 2005; Ren et al., 2007), the ground reaction forces are
equivalent to the global acceleration of the body, splitted between both feet,
according to an empirical linear law during the double support, as in Figure
2.31. Mathematically, in (Koopman et al., 1995), the ground reaction forces
are given by:
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FR = f
N

∑
i=1

mi(ẍi − g)

FL = (1 − f )
N

∑
i=1

mi(ẍi − g) (2.19)

where F are the force vectors in 3 dimensions, i is the segment, N the num-
ber of segments, ẍi is the acceleration vector of the centre of gravity of the ith

segment in 3 dimensions, and g the gravity vector. The shift function f repre-
sents the transition from one foot to the other during the gait. This function,
as depicted by Figure 2.31, is linear by parts. It is equal to zero during the
swing phase and one during the single support phase, with a linear transition
during the double support phase.

In the 2D model of (Koopman et al., 1995), developed for direct dynamics
analysis with constrained motion (to avoid inverse dynamics derivations and
smoothing), the centre of pressure is defined using a geometric constraint.
The foot sole is define by a curve and is directly linked to the orientation of
the foot segment when it is in contact with the ground.

Although this formulation of the contact forces has a clear biomechanical
interpretation and a simple numerical implementation, it is directly related to
the activity under study via the shift function f . The hypothesis of a healthy
gait with a linear transition from one foot to the other sometimes quickly
reaches its limits. For example, for the healthy gait, we can see in Figure
2.31 that the transition of the experimental vertical reaction force is slightly
higher than the linear estimation in the reception phase, and slightly lower
in the propulsion phase. These limitations have motivated the development
of more accurate contact models between the foot and the ground.

The method developed by (Oh et al., 2013) to estimate the ground reac-
tion forces and moments uses an artificial neural network (ANN) method
for the double support phase and a standard method for the single support
phase, as in (Koopman et al., 1995). The artificial neural network was based
on the experimental results of 43 subjects and verified by testing the results
obtained for 5 other subjects. The inputs given to this ANN were the po-
sitions and accelerations of different anatomical points and centre of mass
of the human body and the output were the ground reactions forces and mo-
ments in 3 dimensions. This method provided a representation of the ground
reaction forces and moments than standard methods. The centre of pressure
can be deduced from the forces and moments, but is therefore linked to the
estimation errors of both parameters. However, this method was again based
on experimental data (used to train the artificial neural network), and shows
its limits when the studied activity deviates strongly from the healthy gait,
which has motivated the development of more general models.

The method of (Fluit et al., 2014) uses several contact points per rigid foot
and muscle-like actuators to evaluate the ground reaction forces through the
muscle recruitment optimisation problem. On Figure 2.32, the position of the
contact points are shown alongside the profile of the contact reaction forces.
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The method developed by (Skals et al., 2017) is similar, with 18 contact points
per foot. First, a criterion is used in order to determine the active contact
points, that is to say, the different locations where the feet are in contact with
the ground. This criterion is based on measurements of the vertical position
of the point of contact and of its global velocity, which, if they are below
a critical threshold, will make the contact active or not. Once all the con-
tact points have been determined, three muscle-like actuators are defined be-
tween each active contact point and the ground, with a predefined maximum
force. These fictitious actuators are therefore treated as muscles when solving
the equations of motion, which makes it possible to define an activation of
the actuator and therefore the force necessary to maintain the contact points
at the ground level. The level of activation is estimated by an optimization
technique which minimizes the cube of the activation of all the muscles at
each time step. This assumption weighs the redundancy of constraints (dur-
ing the phase of double support, or between the points of contact being on
the same rigid segment) and makes it possible to select a preferred solution
during the resolution of the equations of motion. Like most of the compliant
models presented above, the centre of pressure is not directly determined but
derived from the balance of all the reaction forces developed by the contact
actuators. Its position is therefore correlated to the location of these actuators,
the number of active contact point and the maximum force allowed.

FIGURE 2.32: Left: Visualization of the 12 contact points for each foot.
Points were defined at the medial and lateral side of the heel, at the base
of the first and fifth metatarsal bone, at the head of each metatarsal bone
and at the big, second and fifth toe. Right: Visualization of the characteris-
tic strength function (Eq. (1)) and the smoothed strength function (Eq. (2))
for the right heel contact node during a gait cycle. Heel contact and toe-off
of the right leg are abbreviated as HCR and TOR respectively and, analo-

gously, for the left leg as HCL and TOL. (Fluit et al., 2014)

The model proposed by (García-Vallejo and Schiehlen, 2012) uses an evolv-
ing set of bilateral constraints in the equation of motion to impose the contact
force on the system. This method was developed for direct dynamics simu-
lation. This approach takes ideas from nonsmooth dynamics: no penetration
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is allowed. The musculoskeletal model of the foot consists of a single rigid
body and two contact points located on the heel and on the hallux. The pre-
dictive model is always in one of the 8 authorized contact configurations (see
Figure 2.33). Depending on this configuration, bilateral constraints fix the
translations of the contact points, leaving the rotations free. The Lagrange
multipliers associated to these bilateral constraints represent the ground re-
action forces. To change the configuration, the contact criterion of the follow-
ing configuration must be verified: the vertical position of the contact points
concerned by this new configuration must be zero. The centre of pressure is
not defined by this model.

FIGURE 2.33: Sketch of the contact conditions (García-Vallejo and Schiehlen,
2012)

The last contact model presented in this chapter is the algorithm pub-
lished by (Xiang et al., 2007). In this model developed for predictive studies
in direct dynamics, the centre of pressure is first calculated from the zero
moment point (ZMP). This point is defined as the point where all of the
ground reaction forces acting on the body in motion do not generate a mo-
ment. When the body is in equilibrium and during the single support phase,
the ZMP corresponds to the centre of pressure of the foot in contact with the
ground. During the double support phase, the ZMP is located between the
two feet. To find the two centres of pressure, a linear distribution of the load
between the two supports is performed, like the model of (Koopman et al.,
1995). Knowing the position of the centres of pressure over time, it is now
possible to recheck the overall balance of forces at these points to find the
ground reaction forces. This method, using ZMP, a concept also widely used
in robotics, is perfectly suited for direct dynamics. In inverse dynamics, the
precise location of the ZMP can be difficult: it depends significantly on the
acceleration of the centres of gravity of each segment, a value obtained by
time differentiation and smoothing.

Some recent models have also been implemented directly in the OpenSim
software, as in (Di Pietro et al., 2025). This approach integrates calibrated
foot–ground contact probes with an optimization framework based on com-
puted muscle control to estimate the ground reaction forces and moments, as
well as the centre of pressure.

In a recent work published after ours, (Gao et al., 2024) proposed a rigid
foot–ground contact model to estimate GRFs and the COP during gait. As
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this model is partly based on several of our proposed concepts, it will be
discussed in Section 4.3.

Rigid contact models are more suitable for our approach. However, they
exhibit certain limitations, particularly in the estimation of the centre of pres-
sure, clarity in force estimation methods, and general applicability (such as
the assumed contact sequence). Our objective is to develop a contact model
capable of estimating ground reaction forces and moments, regardless of the
support phase (zero, single, or double contact), while simultaneously deter-
mining the position of the centre of pressure, all while maintaining inter-
pretable equations.

Critical analysis and remaining gaps

The literature shows that the problem of foot-ground contact modelling has
been widely addressed, but never fully resolved in a unified and general
framework. Existing approaches can broadly be classified into compliant
and rigid contact models, each successfully addressing specific aspects of the
problem while introducing their own limitations.

Compliant models provide a physically intuitive representation of the
contact by explicitly modelling local deformations and allowing a continu-
ous transition of forces. They are particularly well suited for direct dynamics
and predictive simulations, where the deformation state is internally com-
puted. However, their reliance on stiffness and damping parameters, often
subject- and experiment-specific and difficult to measure, limits their appli-
cability in inverse dynamics. Moreover, acquiring an accurate measurement
of the foot sole deformation is beyond the capabilities of usual motion cap-
ture technologies. As a result, while compliant models can yield accurate
GRFs, their use in experimental inverse-dynamics pipelines based on stan-
dard motion capture remains impractical.

Rigid contact models, on the other hand, are more compatible with
inverse dynamics frameworks and experimental gait analysis. Early ap-
proaches based on global force balance and empirical load-sharing functions
provide simple and robust estimations of vertical ground reaction forces, but
they strongly depend on activity-specific assumptions, such as a predefined
gait pattern or a linear transition during double support. More advanced
rigid models introduce optimisation techniques, artificial neural networks, or
muscle-like contact actuators to overcome these limitations. These methods
improve accuracy and allow more flexibility in contact configurations, but at
the cost of increased model complexity, reduced interpretability, and, in some
cases, a strong dependence on training data or heuristic choices (number and
location of contact points, maximum actuator forces).

Across both compliant and rigid approaches, several key challenges re-
main only partially addressed. First, the robust and direct estimation of
the COP, independent of force redundancy, contact determination, or opti-
misation artefacts, remains an open issue. Second, many models are either
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strongly task-dependent or require extensive calibration, limiting their gen-
eralisability. Third, there is often a trade-off between biomechanical inter-
pretability and numerical performance: models that are simple and trans-
parent tend to be less accurate, while more accurate models are harder to
analyse and validate biomechanically.

These observations highlight a gap for a contact model that remains com-
patible with inverse dynamics and experimental data, provides interpretable
equations, does not rely on local deformation parameters, and can be ex-
ploited to estimate ground reaction forces, moments, and the centre of pres-
sure consistently across all support phases. The model proposed in this work
aims to address these limitations by adopting a rigid-contact formulation
with an explicit and continuous description of the centre of pressure evo-
lution, while avoiding unnecessary numerical complexity.

2.6 Conclusion of the chapter

In this chapter, a summary of the literature and of the fundamental concepts
of multibody system dynamics and biomechanics has been presented. The
main concepts needed to establish and define a musculoskeletal system with
contact elements have been defined.

A more detailed review of the existing contact models, with their qualities
and their limitations, have also been described in this chapter.

This chapter will serve as a basic theoretical reference for the physical,
mathematical and numerical developments mentioned in the following chap-
ters.
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Chapter 3

Experimental measurements

In this chapter, the experimental protocols used to acquire the experimental
data required by the numerical models are described. These experimental
protocols have been defined in order to obtain healthy gait data which will
serve as a reference for our numerical model. These experimental data were
also of interest to other studies within the Laboratory of Motion Analysis.
During the 2015–2016 academic year, a Master’s thesis in physiotherapy was
conducted on the influence of subject-specific data on muscle force estima-
tion (Gautier et al., 2016). The author of the present doctoral thesis super-
vised this work and was directly involved in the definition of the experi-
mental protocols and data processing methodologies. The experimental data
acquisition itself was carried out by the Master’s student. This collaboration
was specifically set up to ensure full control over the experimental design
and data collection process.

3.1 Objective of the experimental tests

The main objective of this battery of tests is to provide a set of data which
will serve as gold standard: the data measured by force platforms being ex-
tremely precise and the error made by the 3D cameras on the position of the
markers being very low, it makes sense to rely on these data to establish our
numerical model.

Several tests will be carried out by varying the walking parameters, such
as the walking speed. From one subject to another we will be able to observe
the importance of the speed variation on the kinematics as well as the ground
reaction forces and the muscular activation.

The tests were performed in the Laboratory of Motion Analysis of the
University of Liège.

3.2 Instrumentations and data acquisitions

3.2.1 Population

Five healthy adults male subjects participated to our first battery of gait tests.
They were aged from 18 to 30 years old (23.8 ± 2.17), measuring 177.2 ± 6.5
cm, weighting 74.4 ± 7.47 kg, sedentary (less than two hours of physical ac-
tivity per week) and with no traumatic history. In our second battery of tests,
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Parameters First battery Second battery
Age 23.81 ± 2.17 years 27.23 ± 2.21 years
Height 1.77 ± 0.06 cm 1.68 ± 0.09 cm
Mass 74.40 ± 7.47 kg 72.12 ± 6.95 kg

TABLE 3.1: General parameters of the reference populations

FIGURE 3.1: Instrumentation used during a gait test. 1: Force platforms, 2:
3D optoelectronic cameras, 3: 3D infrared markers, 4: electromyograph, 5:

masses and inertia of the subject with anthropometric tables.

four healthy subject (one male, three female) took part. They were 27.3± 2.21
years old, and were measuring 168 ± 9 cm, and weighting 72.1 ± 6.95 kg.

They performed bare-foot gait tests (low, comfortable and high speed
walking speed), jump tests (squat jumps, lateral jump and forward jump)
and running tests.

3.2.2 Spatio-temporal data

3.2.3 Instrumentation

For our first battery of tests, a quantified gait analysis was performed, as can
be seen in Figure 3.1. It includes a measurement of the kinematic of the limbs,
of the ground reaction forces and of the muscular activity.

The kinematic measurement is performed by a system of four optoelec-
tronic cameras CODAMOTION associated with active markers, at a frequency
of 200 Hz. The ground reaction forces, moments and the centre of pressure
measurements in 3D are based on two force platforms KISTLER integrated in
a row at the ground level in the test track, and captured at a frequency of 1000
Hz. The muscular activity is captured by wireless surface electromyographic
electrodes DELSYS TRIGNO, at a frequency of 1000 Hz. The three separate
measurements were synchronized by the main computer.
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EMG muscle Letter in Figure 3.2
Vastus medialis A
Vastus lateralis B
Rectus femoris C
Biceps femoris D
Semitendinosus E
Tibialis anterior F
Gastrocnemius G
Gluteus maximus H

TABLE 3.2: Electromyographic electrodes

For the second battery of tests, the same instrumentation and frequencies
of acquisition were used for the motion and ground reaction forces capture.
The muscular activity was not measured for these tests.

3.2.4 Data acquisition

General data

Before equipping the subject, several data are collected concerning the age,
the weight, the size and the reference hand. This information will be used
when scaling our numerical model.

Electromyographic electrodes placement

The position of the sixteen surface electromyographic electrodes is shown in
Figure 3.2 and in Table 3.2. The subject’s skin is first shaved, then lightly
abraded with a fine sandpaper to remove dead skin cells, and finally disin-
fected prior to electrode placement. This procedure reduces skin impedance
and improves electrode adherence. This stage was only performed during
the first battery of tests.

Maximum muscular activity estimations

After a ten-minute warm-up, the subject is positioned on a table and three
maximum voluntary activation (MVA) tests are performed for each of the
muscle groups monitored by the EMG. These three trials provide a signal
envelope that defines the MVA level for each muscle group, which is subse-
quently used to normalize the EMG signals recorded during gait trials. This
allows the estimation of the relative muscle activation, expressed as a per-
centage of each group’s maximum activity, during dynamic movements.

The measured potential greatly depends on the exact position of the elec-
trode. Therefore, if an electrode falls during a gait test, it is posed again and
the maximum activity test is performed again.
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FIGURE 3.2: Position of the electromyographic electrodes, Table 3.2, and
optoelectronic markers, Table 3.3

Optoelectronic markers placement

The position of the twenty-eight optoelectronic markers is shown in Figure
3.2 and in Table 3.3.

In this study, markers were placed only on anatomical points to track seg-
ment motion. While this approach simplifies the setup and allows for clear
identification of joint centres, it is associated with known limitations. The
placement of markers on the skin introduces potential errors due to soft tis-
sue artifacts (STA), i.e., relative motion between the underlying bone and the
overlying skin. Furthermore, relying solely on anatomical landmarks may
reduce the spatial resolution of certain segment orientations, particularly for
complex joints such as the hip or shoulder. Additional clusters of markers
could improve the robustness of kinematic estimation, but at the cost of a
more complex setup and increased preparation time. Therefore, the current
choice represents a compromise between experimental feasibility and mea-
surement accuracy.

Static test

To scale the numerical model to the subject, a first static test is performed.
The subject stands straight on the force platforms with the forearm bending
at 90◦. This test also allows us to verify the proper functioning of the markers.
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Marker position Number on Figure 3.2
Heel (R-L) 1
5th metatarsal (R-L) 2
1st metatarsal (R-L) 3
Hallux (R-L) 4
External malleolus (R-L) 5
Internal malleolus (R-L) 6
External condyle (R-L) 7
Internal condyle (R-L) 8
Trochanter (R-L) 9
Posterior superior iliac spine (R-L) 10
Anterior superior iliac spine (R-L) 11
Dorsal vertebra D10 12
Cervical vertebra C7 13
Acromion (R-L) 14
Lateral epicondyle (R-L) 15

TABLE 3.3: Optoelectronic markers

Dynamic gait tests

Finally, the subject is fully equipped and dynamic tests are performed. For
the first battery of tests, after several trials, two tests are completed. For
the first one, the subject is asked to walk at a comfortable speed (CWS) in
such a way that his right foot lands on the first platform and the left on the
second one. If the subject missed this instruction, the test was rejected and
performed again. The last test is performed at a higher walking speed (fast
walking speed, FWS), with the same instructions about the landing feet. Both
tests are completed three times each.

For the second battery of tests, four tests were performed. First, the sub-
ject is asked to walk at a comfortable speed, with his right foot landing first
on the force platform. The second test is conducted at a lower speed (approx-
imatively 30% slower, CWS-30), with the same instructions about the landing
feet. The third test is conducted at a higher speed (CWS+30), with the same
instruction about the landing foot. The fourth test is a squat jump test, where
the subject is asked to stand still in equilibrium on one foot for at least two
seconds (the counting starts only when equilibrium is reached), then jumps
vertically and lands smoothly on the platform on the same foot. The test is
conducted on each foot. The objective of this test is to assess an activity other
than walking, still mostly restricted to the sagittal plane, and characterized
by the presence of phases with no foot–ground contact.
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Parameters Comfortable gait Fast gait
Walking speed 1.39 ± 0.19 m/s 2.00 ± 0.11 m/s
Stride length 1.38 ± 0.08 m 1.73 ± 0.06 m
Step length 0.69 ± 0.04 m 0.86 ± 0.03 m
Walking cadence 1.00 ± 0.11 s−1 1.15 ± 0.08 s−1

Stance phase 61.12 ± 6.61 % 57.28 ± 1.55 %
Swing phase 38.88 ± 6.61 % 42.72 ± 1.55 %

TABLE 3.4: Spatio-temporal parameters of the gait

3.3 Gait experimental results

As a reminder, Table 3.1 shows the general characteristics of the populations
of reference, composed of five healthy and sedentary men for the first battery
and of one healthy and sedentary man and three women for the second one.

3.3.1 Spatio-temporal data

Based on two consecutive gait cycles, the main general parameters of the gait
cycle have been acquired and both groups are gathered in Table 3.4. The du-
ration of the stance and swing phases are normalised with the cycle duration.
The gait cycle begins with the heel strike of the right foot and ends with the
same event.

3.3.2 Kinematic parameters

The results displayed in Figure 3.3 come from a representative gait test of
one of the subjects involved in the study. The results for the comfortable and
fast walking speed are compared and normalised with the cycle duration. To
obtain the estimations of the different joint angles, we followed the procedure
that will later be described in Section 4.1 and 5.1.2.

The flexion of the hip increases at the beginning and the end of the gait
cycle with the walking speed. At mid-cycle, the flexion of the hip increases
as well. This variation was expected given the increased stride length.

The amplitude of the knee flexion appears to increase during the double
support reception phase. The maximum extension happens earlier in the
cycle.

The d-flexion and p-flexion amplitudes of the ankle remain approxima-
tively the same for the comfortable and fast gait tests. The maximum p-
flexion happens also earlier in the cycle.

These results are comparable with similar results described in the litera-
ture (Uchida and Delp, 2021), see e.g. Figure 2.11 from (Winter, 1984).
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FIGURE 3.3: Comparison of the joint angle for a comfortable, a fast and a
slow gait test. IC: initial contact; OT: opposite toe off; OI: opposite initial

contact; TO: toe off.
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FIGURE 3.4: Comparison of the ground reaction forces for a comfortable,
a fast and a slow gait test for two different subjects, where mtot is the total

mass of the subject.
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FIGURE 3.5: Comparison of the centre of pressure for a comfortable, a fast
gait and a slow gait test. x and y represent the longitudinal and lateral coor-

dinates.

3.3.3 Ground reaction forces and centre of pressure

The experimental force platforms results displayed in Figure 3.4 come from
two different subject’s gait tests. The results for the slow, comfortable, and
fast walking speed are compared and normalised with the cycle duration and
the total mass mtot of the subject. It can be observed that these subjects exhibit
slightly different curves in terms of peak magnitudes, plateau levels, loading
rate,... These variations fall within the natural inter-subject variability and
remain within the normal range of healthy gait patterns.

On the vertical axis, the reception peak increases with the walking speed.
The propulsion peak conserves its amplitude but happens earlier. The double
support phase duration is reduced.

On the horizontal axis, the amplitude increases with the walking speed.
The heel rise (HR), representing the transition between the reception and
propulsion phase, happens also earlier in the cycle.

On the lateral axis, the amplitude remains constant with respect to the
gait events.

In Figure 3.5, the reference point to express the position of the centres
of pressure of the right and left foot is located on the ground level in the
frontal plane and with respect to the right heel strike. The results for the
comfortable and fast walking speed are compared and normalised with the
cycle duration.
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FIGURE 3.6: Comparison of the muscular activity for a comfortable and a
fast gait test. IC: initial contact; OT: opposite toe off; HR: heel rise; OI: op-
posite initial contact; TO: toe off; FA: feet adjacent; TV: tibia vertical. Letters

from Table 3.2 and Figure 3.2.

The stride length increases with respect to the walking speed. The posi-
tion of the centre of pressure relatively to the foot moves also faster from heel
to toe, the COP remaining for a longer period of time on the latter.

3.3.4 Muscle activity

The experimental EMG results displayed in Figure 3.6 come from the same
representative gait test. The results for the comfortable and fast walking
speed are compared and normalised with the cycle duration. The activity sig-
nals were scaled using the results of maximum voluntary activation (MVA)
tests performed for each monitored muscle group. For each group, three
MVA trials were recorded, and the envelopes of these signals were computed
in order to define a representative maximal activation level. The peak value
of this envelope was then used as a normalisation reference. Finally, the EMG
envelopes obtained during the gait trials were scaled with respect to these
MVA values, allowing the estimation of the relative activation level of each
muscle group during the different gait tests.

The activity increases with respect to the walking velocity. For the biceps
femoris, semitendinosus and tibialis anterior, the duration of the activity no-
ticeably increases.
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3.4 Discussion

The experimental data acquisitions were performed in the Laboratory of Mo-
tion Analysis (LAM). This choice was mainly motivated by the decision to
acquire the experimental data in-house, in order to ensure full control and
consistency over the entire experimental protocol, instead of relying on ex-
ternal data. In particular, this approach allowed precise control of key factors
such as barefoot conditions, walking speed, reference foot definition, marker
placement strategy and signal acquisition settings. The experimental data
were therefore primarily intended to provide a reliable and coherent refer-
ence dataset for model development and validation.

Nevertheless, several sources of uncertainty can be identified. They in-
clude motion capture errors (marker placement, skin motion artefacts, occlu-
sions and interpolation of missing trajectories), force platform accuracy, and
EMG-related uncertainties such as electrode placement, skin impedance and
signal normalization. These uncertainties are known to affect joint kinemat-
ics, kinetics and muscle activation estimates. These uncertainties associated
with the experimental measurements were not explicitly quantified in terms
of confidence intervals or formal error propagation. Rather than isolating
each contribution, their combined effect was evaluated indirectly by com-
paring the obtained results with values reported in previous studies.

However, the representativeness of the experimental population consti-
tutes an important limitation. The subjects were predominantly healthy
young adults, mostly male, with no reported musculoskeletal pathology. As
a result, the experimental data can not be considered representative of the
general population. This limited diversity may influence the measured val-
ues and, consequently, some modelling choices or parameter values adopted
in the following chapters. The proposed model should therefore be inter-
preted as validated for a healthy gait pattern, and caution should prevail
when extrapolating the results to pathological populations, elderly subjects
or high-performance athletic motions.

3.5 Conclusion of the chapter

In this chapter, the experimental protocols have been described. They were
established to obtain a reliable set of healthy walking data in conjunction
with a master’s thesis from a physiotherapy student and the results obtained
seem to correspond to the description of healthy walking in the literature.

These results will serve as a gold standard for numerical modelling and
the study of the results of our contact models developed in Chapter 4 and 5.
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Chapter 4

2D inverse dynamics skeletal
model

In this chapter, the description of the skeletal model, including a rigid con-
tact model between the foot and the ground, is given, as well as the numeri-
cal scheme used to determine the inverse dynamics solution. The purpose
of the contact model is to provide an efficient method to account for the
ground reaction forces when no measurement of these forces is available, see
Chapter 3. As a rigid contact model is considered, the skeletal model is de-
veloped without requiring any data related to compliance of the foot. More
precisely, every limb of the human body is considered rigid, and the indeter-
minacy in the force estimation (e.g., during double-support phase) is handled
using an optimization approach in order to provide a numerical solution.

This chapter is divided into three main sections: the 2D model and its
results, published in the Journal of Biomechanics (Van Hulle et al., 2020), and
a discussion of results needed for the extension of our model to 3D.

The purpose of the skeletal model is to provide a general numerical ap-
proach to solve the inverse dynamics problem and determine the contact re-
action forces and joint torques, while limiting the number of modelling pa-
rameters. The goal is to keep it as simple as possible in 2D, using a rigid body
model of the foot and a skeletal model and eluding the muscle recruitment
computation and avoiding compliance data. The contact between the foot
and the ground is expressed using unilateral contact conditions at the centre
of pressure (COP), and ground reaction forces (GRF) are modelled using La-
grange multipliers. The internal joint torques are represented by Lagrange
multipliers associated with the driving constraints on the joint angles. The
model assumes that the position of the centre of pressure is moving as a func-
tion of the segment rotation angle in agreement with experimental data. The
whole set of joint torques and ground reaction forces are obtained by inver-
sion of the equation of motion in a least square sense and a post-filtering
method. The results obtained with this method are compared with exper-
imental results obtained with force platforms considered here as the gold
standard, and also with other rigid models found in the literature.
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Segment Segment weight/
Total body weight

Centre of mass/
Segment length
(Proximal)

Foot 0.0145 0.5
Leg 0.0465 0.433
Thigh 0.1 0.433
Head, arms, trunk 0.678 0.626

TABLE 4.1: Anthropometric data (Winter, 2009)

Solid body

Experimental data

Constructed data

I

1

II

2

III

3

IV
V

4

VI

5

VII

6

VIII

7

IX

X
8

XI
9

XII

Joint
y

x

FIGURE 4.1: Muskuloskeletal model, constructed data based on Table 4.1

4.1 2D model

As shown in Figure 4.1, the human body is modelled with nine rigid bod-
ies: torso, femur right-left, tibia right-left, foot right-left and toes right-left.
These bodies evolve in the sagittal plane and are represented by three con-
trol points: the proximal and distal extremities and the centre of mass. The
position of these centres of mass relatively to the extremities comes from the
anthropometric Table 4.1 (Winter, 2009).

To describe the motion of a multibody system, relative or absolute co-
ordinates can be chosen (Géradin and Cardona, 2001). For biomechanical
problems, relative independent coordinates (e.g. joints angles and pelvis po-
sition and orientation) are usually used, and no bilateral constraint needs to
be considered. In this model, absolute coordinates are chosen: compared to
relative coordinate formulations, this approach leads to simpler equations of
motion and a straightforward evaluation of the reactions forces in the bodies
and joints, which are represented by the Lagrange multipliers. The following
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FIGURE 4.2: Segment orientation and joint angles. Illustration from "Monty
Python’s Ministry of silly walks"

generalized coordinates (g.c.) q(t) are chosen: the x and y coordinates of the
extremities and of the centre of mass of each segment (42 g.c), the absolute
orientation ψ (flexion/extension angle in the sagittal plane) of each segment
(9 g.c) and the relative angle between two consecutive segments (8 g.c) are
also taken into account.

To compute the orientation of a segment in 2D, a method similar to (Win-
ter, 2009) is used. Figure 4.2 represents a schematic view of the relation be-
tween the orientation of the thigh and the leg, and the relative joint angle of
the knee. The positions of the hip, knee and ankle are first measured during
a static test, giving us a reference, and then during the dynamic tests. To find
the orientation of the thigh at each time step for the dynamic test we solve
the following equations:

xthigh,dynamic =

[
cos ψthigh − sin ψthigh
sin ψthigh cos ψthigh

]
︸ ︷︷ ︸

R2

xthigh,0 (4.1)

Equation (4.1) is solved for the unknowns ψ for the nine segments of our
skeletal model (the position of the extremities are measured experimentally
and therefore known).

The eight relative joint angles are based on the orientation of the different
limbs. For example, the relative angle of the knee is defined as

αknee = ψthigh − ψleg (4.2)

For example, for the right thigh, the generalized coordinates are expressed
as (see Figure 4.1):



64 Chapter 4. 2D inverse dynamics skeletal model

qthigh,r = [xI I , yI I , x2, y2, xI I I , yI I I , ψthigh,r]
T (4.3)

The complete vector q is constructed with the coordinates of every seg-
ments and the relative joint angles so that it contains 59 components. The dis-
placements of segment extremities in the sagittal plane, labelled with I...XII
in Figure 4.1 are either measured directly or follow virtual markers created
based on experimental markers in post-processing, respecting the rigid body
assumption. Hence, the fitting of these generalized coordinates on the mea-
sured and virtual marker trajectories is a trivial problem, which is an addi-
tional advantage of using an absolute coordinates model. The other coor-
dinates are then calculated based on kinematic considerations to complete
the vector. As the out-of-plane motion is ignored, the vector of generalized
coordinates may slightly violate the rigidity constraints. In this study, this
artefact leads to a variation of link lengths of maximum 1%, which can be
neglected for the purpose of an inverse dynamics analysis. In case of larger
out-of-plane motions, an optimization procedure could be used to ensure the
consistency, as in (Alonso et al., 2010). This issue will be addressed in 3D in
Chapter 5.

As the model has 11 degrees of freedom and 59 generalized coordinates,
48 scleronomic bilateral constraints are introduced and represent the rigid
body conditions and the constraints defining the joint angles from the abso-
lute coordinates. For example, the rigid body constraints between the hip
and the centre of gravity of the right thigh are expressed as{

xI I − x2 − Lthigh,r cos(ψthigh,r) = 0
yI I − y2 − Lthigh,r sin(ψthigh,r) = 0

(4.4)

In the inverse dynamics analysis, the relative joint angles are piloted by
the experimental data, leading to eight additional rheonomic driving con-
straints. For the right knee, the time-dependent driving constraint is

αknee,r − αknee,r,exp(t) = 0 (4.5)

where the subscript exp refers to the experimental measurement of the mo-
tion.

The experimental acquisition of relative rotations is performed straight-
forwardly. The positions of the experimental markers (see Figure 4.1) are
measured during a dynamic test. If a marker is not seen by any camera, its
trajectory is missing. Interpolation was performed to estimate these missing
marker trajectory segments when necessary. When the missing marker was
redundant, meaning that the position and orientation of the corresponding
segment could still be reliably reconstructed from the remaining markers,
no interpolation was applied. When interpolation was required, the missing
data were reconstructed by fitting a third-order polynomial, enforcing conti-
nuity of both the signal and its first derivative at the boundaries of the seg-
ment. Interpolation was only applied to short gaps (< 100 ms), and longer
gaps were excluded from the analysis. In 2D, the absolute orientation of each
segment can be easily determined at each time step, as shown in Equation
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(4.1). By knowing the absolute orientation of the segments, the relative an-
gles between each consecutive segments over time are implicitly defined by
solving Equation (4.2).

These obtained values then need to be imposed on the corresponding
generalized coordinates using driving constraints, as in Equation (4.5). In
the case of inverse dynamics, these constraints are self-satisfied since the mo-
tion is known, and do not provide new information. However, the constraint
gradient and the Lagrange multipliers associated with these constraints help
complete the dynamic equilibrium of forces, defined in the following sections
and in Equation (4.15).

The set of 56 bilateral and driving constraints is expressed as:

gB(q, t) =
[

gbilateral

gdriving

]
= 0 (4.6)

As the joint angles are prescribed, three degrees of freedom remain: the
vertical and lateral motion of the centre of gravity of the pelvis and its ori-
entation. Although these data are given by the experimental measurement
of the movement, no driving constraint is imposed here: these degrees of
freedom are not directly controlled in our inverse dynamics formulation. If
constraints were imposed here, that would imply the creation of Lagrange
multipliers, and therefore of actuation forces on the centre of gravity of the
pelvis in the equations of motion which would not be physical. On the other
hand, a muscle torque is applied in the joints during motion, which justifies
the introduction of driving constraints with Lagrange multipliers on the rel-
ative angles in the joints. In the end, we thus have 56 bilateral and driving
constraints, 59 generalized coordinates and 59 − 56 = 3 degrees-of-freedom.

The velocity vector q̇(t) and the acceleration vector q̈(t) are computed to
be consistent with respect to the bilateral constraints. To avoid a coupling be-
tween the computation of the velocities and accelerations and the algorithm
for the activation of the contact constraints (Section 4.1.3), the contact con-
straints are disregarded at this level, following a similar strategy as in (Win-
ter, 2009). The generalized coordinates are partitioned into two subsets: in-
dependent coordinates qI (joints angles and pelvis position and orientation),
and dependent coordinates qD (the remaining positions and orientations):

q =

[
qI

qD

]
(4.7)

First, the velocity and acceleration of the independent coordinates (joints
angles and pelvis position and orientation) are obtained through numerical
time differentiation, based on central difference scheme and filtered using a
Butterworth fourth-order zero-shift low-pass filter, with a cut-off frequency
of ωkin, set to 6 Hz in accordance with the literature (Winter, 2009). The cen-
tral difference formulae are:
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q̇I(t∗) =
(

qI
exp(t∗ + h)− qI

exp(t∗ − h)
)

/2h

q̈I(t∗) =
(

qI
exp(t∗ + h)− 2qI

exp(t∗) + qI
exp(t∗ − h)

)
/h2

(4.8)

where h is the time step, linked to the sampling rate of the experimental
acquisition.

The velocity and acceleration of the dependent coordinates are then re-
constructed by solving the bilateral constraints at velocity and acceleration
levels to be consistent with the rigid body assumption (Géradin and Car-
dona, 2001). Mathematically, we define the matrix:

S =

[
I

−
(

∂gbilat

∂qD

)−1
∂gbilat

∂qI

]
(4.9)

And finally, the velocity and acceleration vector are evaluated as:{
q̇ = Sq̇I

q̈ = Sq̈I + Ṡq̇I (4.10)

4.1.1 Model of the foot and contact constraints

As shown in Figure 4.3, the displacements of each foot are measured by four
optoelectronic markers: on the heel, on the malleolus (representing the joint
between the foot and the tibia), on the head of the first metatarsal bone (joint
between the foot and the toes), and on the hallux. The developments are
given for the left foot but the right foot is modelled in the same way. How-
ever, these markers never touch the ground, and moreover, depending on
the orientation of the foot, the distance between the ground and those mark-
ers when contact occurs may change. To obtain a simple expression of the
foot/ground distance, three new control points on the foot (A, B and C) are
placed at the ground level and at the vertical of the experimental markers
during a preliminary static test. These three points are assumed rigidly con-
nected to the points V, VI and VII respectively, and follow the motion of the
foot segments. As can be seen in Figure 4.3, the metatarsophalangeal joint
was modelled at ground level in the present formulation. This choice was
initially made to simplify the equations of motion of the first version of the
model. From a kinematic standpoint, placing the joint at ground level in-
troduces only a vertical offset and does not affect the relative angles of the
segments obtained as explained above (the evaluation procedure does not
involve the position of the joint axes). After solving the equations of mo-
tion, this modelling choice primarily impacts the metatarsophalangeal joint
torque, whose contribution remains negligible compared to the overall joint
loading during gait. Nevertheless, this simplification constitutes a limitation
of the model, and positioning the joint at its anatomical location would be
preferable in future refinements.
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FIGURE 4.3: Model of the left foot

At this level, a first model of the foot is proposed by imposing a non pen-
etration and a non-slipping condition at points A, B and C. At this point, the
normal unilateral constraints for the left foot is written as follow:

gAn = yA ≥ 0
gBn = yB ≥ 0
gCn = yC ≥ 0

(4.11)

However, this approach leads to irregularities and jumps of the ground
reaction moment (GRM) and of the position of the centre of pressure because
of the coarse spatial localization of the centre of pressure (COP), as will be
shown later in the results and in Figure 4.4.

To prevent these irregularities, a second model of the foot is proposed in
this paper. Based on the three control points defined previously (A, B and
C), one geometric point D moving from A to C and representing the COP
is created. Experimentally, we observe that xD is strongly correlated with
the foot segment inclination ψ4. Figure 4.4 shows the mean value of xD as a
function of ψ4 obtained from the force platforms measurements for gait and
squat jump tests. Based on the experimental data, the position of the COP xD
as a function of ψ4 seems to be independent of the activity or subject. Hence,
we assume that the position of the geometric point D is a function of yA, yB,
yC and ψ4 as follows:

yD = min(yA, yB, yC) (4.12)
xD = F (ψ4)

where the function F is defined to fit mean experimental data. In this pa-
per, we propose a function defined in three parts between major gait events:
a first sinusoidal function between the heel strike (ψ4 = δHS) and the heel
off (ψ4 = δHO), a second sinusoidal function between the heel off and the
metatarsal off (ψ4 = δMO), and a linear function between the metatarsal off
and the toe off (ψ4 = δTO). The function is thus fully determined by the four
parameters δHS, δHO, δMO and δTO.
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As the geometric point D is moving with respect to the foot, we then
define the point D∗ which instantaneously coincides with point D and is
rigidly fixed to the foot. The four coordinates xD∗ and yD∗ of the two feet
are thus added to the vector of generalized coordinates q(t), which contains
now n = 63 components. Also, four new bilateral constraints are added to
represent the rigid connexion between the D∗ and the points 4 and 8 of the
two feet.

ψ

ψ

FIGURE 4.4: Evolution of the longitudinal position x of the COP in the sagit-
tal plane

Finally, the GRF are computed by using a unilateral normal constraint and
a tangential sticking constraint at the point D∗, see also the rolling without
slipping tangential condition in (Caspers et al., 2017; Caspers, 2019). First,
the normal non-penetration condition takes the form of a complementarity
condition between the normal gap distance gD∗,n and the normal force λD∗,n:

gD∗,n(q) = y∗D ≥ 0, λD∗,n ≥ 0, gD∗,n(q)λD∗,n = 0 (4.13)

In the inverse dynamics analysis proposed in this thesis, these conditions
are not explicitly imposed but they are exploited to build the algorithm for
the generalized forces, as explained below.

In the tangent direction, the contact condition can be represented by a
Coulomb friction model with a distinction between stick and slip situations.
In this study, we assume that the foot does not slip on the ground so that all
closed contact are in stick state (Pàmies-Vilà et al., 2018). This means that the
tangent displacement gD∗,t and the tangent reaction forces λD∗,t satisfy:

if gD∗,n(q) = 0 then gD∗,t(q) = ∆xD∗ = 0
else λD∗,t = 0 (4.14)
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The normal GRF (resp. tangent) is given by the Lagrange multipliers
λD∗,n and λD∗,t of the normal (resp. tangent) constraints, for each foot. The
centre of pressure (COP) of the foot is given by xD.

The total set of bilateral constraints and contact constraints (such as Equa-
tions 4.13-4.14) are collected in the vector g(q, t).

4.1.2 Dynamic equilibrium and least square evaluation of the
forces

The dynamic equilibrium of the mechanical system is given by n = 63 equa-
tions, written in the following matrix form (Géradin and Cardona, 2001):

Mq̈ + gT
q(q, t)λ− fext = 0 (4.15)

Notice that, as the system is planar and is represented using absolute coordi-
nates, the dynamic equilibrium does not involve gyroscopic and centrifugal
forces.

The n × n mass matrix M is constant and constructed thanks to anthro-
pometric tables (Winter, 2009). The mass and inertia of each segment is at-
tributed to the components x, y and orientation of the centre of mass only.
The mass matrix is thus singular, square and diagonal. The construction of
this matrix is based on the expression of the kinetic energy of each limb.

For the right thigh, based on Equation (4.3), the mass matrix is:

Mthigh,r = diag[0, 0, mthigh,r, mthigh,r, 0, 0, Ithigh,r] (4.16)

The complete mass matrix M is constructed by assembly of the mass matrices
of the different segments.

In Equation (4.15), gq(q, t) = ∂g(q,t)
∂q is the matrix of bilateral, driving

and unilateral constraints gradients, λ is the vector of bilateral, driving and
unilateral Lagrange multipliers, and fext represent the gravity acting on the
system. Equation (4.15) represents the balance between the inertial forces,
the reaction forces resulting from the constraints gT

qλ, composed of the joint
reactions forces (enforcing the bilateral constraints), joint torques (enforc-
ing the driving constraints) and ground reaction forces (enforcing the non-
penetration and sticking constraints), and the external forces.

In the inverse dynamics problem, the accelerations q̈ are given and the
Lagrange multipliers constitute the sole unknowns. For a given q̈, and in the
case m ≤ n, (García De Jalón and Gutiérrez-López, 2013) show that the global
resultant of the forces gT

qλ is unique but that the vector of Lagrange multipli-
ers λ remains indeterminate if the matrix gT

q does not have maximum rank
(rank(gT

q) < m), in other words, if the constraints are redundant. In our case,
we also need to cover the case m > n and it is important to distinguish bilat-
eral constraints, active contact constraints and inactive contact constraints.

To obtain the unknowns λ, we develop Equation (4.15), and use Equa-
tions (4.6) to (4.14) to define the set of active constraints. In Equation (4.15), it
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FIGURE 4.5: Complementarity condition (bold grey) and mixed constraint
activation criterion, (Alart and Curnier, 1991)

is essential to separate the set of active constraints A, whose Lagrange multi-
pliers can differ from zero from inactive ones A, whose Lagrange multipliers
are zero. The classification criterion will be detailed in Section 4.1.3. We ob-
tain:

gA,T
q (q)λA = −Mq̈ + f, λA = 0 (4.17)

Depending on the number of active constraints mA in the system and their
degree of redundancy, the problem might be over- and/or underdetermi-
nated and the solution for the Lagrange multipliers λ might not be unique.
However, at the global level, the resultant gA,T

q (q)λA is unique and has a
physical meaning. We postulate that usual overground motions tend to min-
imize the full set of reaction forces λA. Hence, the over/underdetermination
is handled using the least square method and the pseudo-inverse as sug-
gested by (García De Jalón and Gutiérrez-López, 2013; Blumentals et al.,
2016) in other contexts:

λA =
(

gA,T
q (q)

)+
(f − Mq̈) , λA = 0 (4.18)

To eliminate the possible indeterminacy, other optimisations could be per-
formed. It would lead to another weighting of the constraints, or even to
another equation to solve.

4.1.3 Contact activation criterion

The contact activation criterion is based on the complementarity condition,
Equation (4.13), between the gap function gj,n (gap distance between the jth

contact point and the surface, along its normal axis) and the normal reaction
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force λj,n. In our context, gj,n is evaluated from kinematic measurements and
λj,n is estimated by our inverse dynamics scheme. Hence, both variables are
affected by some uncertainties, and a robust classification criterion is needed.
Inspired by the work of (Alart and Curnier, 1991), a mixed criterion relying
on both values of gj,n and λj,n is proposed so that the set of active contacts C
is defined as (Figure 4.5):

C = {j : λj,n − rgj,n ≥ 0} (4.19)

where r ≥ 0 is a scalar parameter whose chosen value will be discussed in
Section 4.3. We also define the set of inactive contacts:

C = {j : λj,n − rgj,n < 0} (4.20)

For every contact j in C, the constraints gj,n = gj,t = 0, whereas for all
contacts j in C, the Lagrange multipliers are fixed to zero λj,n = λj,t = 0.
These conditions are thus fully equivalent to Equations (4.13) and (4.14). At
every time, we thus impose:

gA =

 gB

gC,n

gC,t

 = 0 and λA =

[
λC,n

λC,t

]
= 0 (4.21)

where the sets C, A and A implicitly depend on q and λ (see Equations 4.19,
4.20 and 4.21).

Combining the activation criterion with Equation (4.17) leads to an im-
plicit problem for λ which can be solved numerically. Here, an iterative
Newton semi-smooth solver is selected (Figure 4.6). The process is initial-
ized by considering that every contact constraint is active. Then, Equation
(4.18) is used to evaluate a first guess of the Lagrange multipliers. The ac-
tivation status is then reevaluated using these Lagrange multipliers and the
activation criterion in Equations (4.19) and (4.20). A new distribution of the
Lagrange multipliers is determined in the next iteration, and the set of active
contact constraints is again updated, until the proper contact status of each
constraint is found.

4.1.4 Final filtering

The least-square solution might exhibit sudden and abrupt changes from one
sampling time to the next, especially when activating and deactivating con-
tact constraints. To ensure the temporal continuity of the GRF, a post-process
final filtering of the results is applied to the previous results, using a Butter-
worth fourth-order zero-shift low pass filter, with a cut-off frequency ωdyn,

whose chosen value will also be discussed in Section 4.3. After filtering, λA

is reset to zero to ensure the consistency with the activation status.
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Time incrementation

t = t+ h

Initial prediction

C = ∅,A = all constraints

Evaluation of Lagrange multipliers

λA(t) =
(
gA
q

T
(q(t))

)+
(f(t) −Mq̈(t))

Check for consistency

λj,n(t) − rgj,n(q(t)) ≥ 0 ∀j ∈ C

no

Evaluation of corrections

Update C, C, A, A

yes

FIGURE 4.6: Evaluation of the force using a Newton semi-smooth solver
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4.2 Results

The marker experimental data were first filtered to remove measurement
noise using a zero-phase, low-pass Butterworth filter with a cut-off frequency
of 6 Hz. Missing marker trajectories were extrapolated when necessary and
when feasible, by enforcing continuity of both the signal and its time deriva-
tive. Once the vector of generalized coordinates was constructed, after es-
timating the COP position for each foot as a function of its orientation, the
independent coordinates were temporally differentiated to obtain velocities
and accelerations. The velocities and accelerations of the dependent coor-
dinates were then reconstructed using the bilateral constraints. Finally, the
algorithm described in Figure 4.6 was implemented to compute the Lagrange
multipliers associated with the unilateral constraints, which represent the
ground reaction forces.

The measurements on the force platforms are used as the reference results,
and the errors in the numerically computed reaction forces are based on the
Root Mean Square Error (RMSE), as defined in (Oh et al., 2013):

RMSE =

√
1
T

∫ T

0

(
unum(t)− uexp(t)

)2dt (4.22)

where T is the duration of the test, limited to two steps, unum(t) and uexp(t)
are respectively the numerical estimation and the experimental measurement
of the GRF/GRM. The GRM are computed relatively to a point located be-
tween the force platforms.

Also, the relative Root Mean Square Error (rRMSE) is given by:

rRMSE =
100 RMSE

1
2 [max

(
unum(t)

)
− min

(
unum(t)

)
+ max

(
uexp(t)

)
− min

(
uexp(t)

)
]

(4.23)
Finally, in this study, the numerical value of the parameters are set to

δHS = −0.3 rad, δHO = 0 rad, δMO = 0.15 rad, δTO = 1 rad, based on the
mean value obtained experimentally for the 24 gait tests and consistent with
the literature (Borghese et al., 1996), r = 103 N/m, ωkin = 6 Hz and ωdyn = 12
Hz.

4.2.1 Healthy gait tests

In Figure 4.7, the results are illustrated for one single gait test, with the two
proposed foot models.

For the 24 tests, with the single point foot model, the rRMSE and standard
deviation (SD) of the vertical GRF are 4.1%(1.1). The rRMSE and (SD) of the
horizontal GRF are 11.2%(1.7). The rRMSE and (SD) of the GRM are only
5.3%(1.1), which is similar to the error on the vertical GRF.
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FIGURE 4.7: Comparison of the 3-points foot model and single point foot
model with experimental measurements for one single gait test. Red: right

foot; Brown: left foot; Magenta: right and left feet.
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FIGURE 4.8: Comparison of the single point foot model numerical results
with experimental measurement for one single squat jump test.

4.2.2 Jump tests

The method, coupled with the second foot model, is tested for a unilateral
squat jump test and the results are shown in Figure 4.8. The rRMSE and (SD)
are smaller for the vertical GRF, 2.4%(0.4), compared to the horizontal GRF,
5.6%(0.6). It comes from the fact that there is almost no movement on the
horizontal direction, and mainly noise is measured. The rRMSE and (SD) of
the GRM are 5%(0.4).

4.3 Discussion

A method is developed for the inverse dynamics analysis of the human mo-
tion, based on muskuloskeletal models using rigid segments and a unilater-
ally constrained foot-ground contact model. The proposed method provides
results with limited errors. It relies on two main assumptions: the position
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of the COP is assumed to be a function of the segment angle and the full set
of reaction forces is evaluated in a least-square sense. The parameters are
the activation parameter r, the cut-off frequencies ωkin and ωdyn of the filters,
and the limit angles δ.

In the proposed model, the assumption that the COP evolves as a contin-
uous function F of the foot segment angle is relevant for a variety of human
movements (e.g. healthy gait, run, stance, jump,...). This assumption mostly
affects the COP position (and thus the GRM), but a very limited influence on
the value of the contact forces. It leads to a clear improvement of the GRM
between the first and second model. In this work, the function F is defined
by parts based on gait events (heel strike, heel off, metatarsal off and toe off)
to fit properly the mean experimental data obtained during the gait and jump
tests performed for this study. This assumption is clearly an approximation
but our results confirm its relevance. The parameters δ of the function F
have a clear biomechanical interpretation and have been measured and av-
eraged for the 24 gait tests, leading to consistent values with the literature.
Using a subject specific value of these parameters could further improve the
results. However, in our experience, the results are quite robust with respect
to these parameters and even to the choice of the function F . Defining the
function F on one population and validating it on an independent dataset
would have been the preferred approach to formally assess generalizability.
However, this was not feasible in the present study due to the limited num-
ber of available subjects, which did not allow for a meaningful separation
between identification and validation populations. Alternative modelling
strategies, such as data-driven or learning-based approaches, could also be
considered. While such methods may improve generalization, they typically
require larger datasets to be reliable and often lead to models that are less
interpretable from a biomechanical standpoint. Given the available data,
the choice to adopt a simple, physics-based formulation grounded in well-
defined gait events, ensures robustness and ease of interpretation. Expand-
ing the dataset or exploiting other public available datasets, e.g. (van der Zee
et al., 2022), and exploring learning-based extensions remain natural perspec-
tives for future work. In the case of high speed running or pathological gait,
the motion of the COP can be more complex and a new COP function may
thus be required (averaged or specific).

The model postulates a least-square distribution of the reaction forces,
i.e., it assumes that during motion, the human body tends to minimize the
value of those forces. This assumption is used to resolve the indeterminacy
in the distribution of the horizontal GRF over the two feet which is particu-
larly critical during the double support phase. It seems reasonable for many
day-to-day activities and is confirmed by our results for gait and squat jump
tests. The assumption that the human body tends to minimize the magni-
tude of internal and reaction forces during motion is generally accepted for
basic locomotor tasks such as level walking in healthy subjects (Ackermann
and van den Bogert, 2010). In this context, gait is often interpreted as an
energetically efficient and mechanically economical movement. However,
this assumption may no longer hold in pathological conditions, where pain
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avoidance, muscle weakness, or joint degeneration alter motor strategies,
or in high-performance sports, where force production and power output
are deliberately maximized rather than minimized. Therefore, the proposed
hypothesis should be regarded as task- and context-dependent. While it is
appropriate for the study of fundamental activities of daily living such as
walking, it would require reformulation or extension for pathological gait or
performance-oriented movements. Incorporating alternative or additional
cost functions reflecting injury avoidance, stability, or performance objectives
constitutes an important perspective for future work, see e.g. (Ackermann
and van den Bogert, 2010; Razavian and McPhee, 2015; Falisse et al., 2019;
Haralabidis et al., 2021).

The activation parameter r can be selected to obtain robust results with
respect to the measurement of the error on the displacement of the foot. With
a small r, the activation criterion is more sensitive to the errors on the force
estimation. Conversely, with a large r, the criterion is more sensitive to the
errors in the gap measurement. If r = 0, it only relies on the repulsive com-
puted forces and if r = +∞, it is only influenced by the kinematics. As the
errors on the kinematic measurements are usually quite small, a large value
of r is recommended: in our experience with standard gait and jump tests,
the criterion is robust and leads to equivalent results for any r > 10 N/m.
Lower values, r < 10 N/m, lead to over-activation of the constraints. To
test the robustness of this criterion with respect to uncertainties in the gap
distance measurement, the ground level is virtually shifted up or down by
1 cm, which may represent an error in the calibration of the motion capture
devices or irregularities in the ground plane. The value of r had to be chosen
in the smaller interval [102, 104] N/m to obtain acceptable results. In particu-
lar, values lower than 102 N/m create the same issues than in the undisturbed
case, and values higher than 104 N/m lead to an over/under-activation of the
constraints.

The kinematic data (velocities and accelerations) are computed using a
Butterworth 4th order low-pass filter with a cut-off frequency ωkin set to 6 Hz,
as usually recommended (Winter, 2009). The cut-off frequency ωdyn of the
post-filtering process is used to ensure the temporal continuity of the GRF,
especially during the activation and deactivation of the contact constraints
(e.g. the transition between single and double support). With a low cut-off
frequency, the loss of information might become significant and the value of
the GRF non-physical. With a high value, discontinuities appear in the GRFs,
leading to larger errors. In this study, it was selected as twice the value of
ωkin, hence ωdyn = 12 Hz.

In Table 4.2, the proposed method is compared with the methods of (Ren
et al., 2007), of (Oh et al., 2013), of (Fluit et al., 2014) and of (Gao et al., 2024)
for the healthy gait test. One observes that the proposed method provides
comparable results for the vertical GRF and the GRM. The main advantage
of the proposed method is in the simplicity of the foot/ground contact model
which only involves a limited number of parameters which do not necessar-
ily need to be adapted to the specific subject or task under study. Several as-
sumptions have been made: the planar motion, no slipping conditions, ideal
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Method Smooth
transition
assump-
tion
method
(Ren et
al., 2008)

Hybrid
kinematics-
neural
method
(Oh et al.,
2013)

Muscle-
like
actuators
method
(Fluit
et al.,
2014))

Proposed
2D non-
smooth
method
(Van Hulle
et al.,
2020)

COP-
PTCM
(Gao et
al., 2024)

Participants N = 5 N = 48 N = 9 N = 4 N = 10
Axes/Planes rRMSE

(SD)
rRMSE
(SD)

rRMSE
(SD)

rRMSE
(SD)

rRMSE
(SD)

Vertical 5.6 (1.5) 5.8 (1.0) 6.6 (1.1) 4.1 (1.1) 4.7 (1.4)
Anterior 10.9 (0.8) 7.3 (0.8) 9.3 (2.0) 11.2 (1.7) 10.9 (2.1)
Sagittal 12.2 (4.8) 9.9 (1.9) 12.4 (3.5) 5.3 (1.1) -

TABLE 4.2: Gait test: results comparison

distribution of masses and inertia (according to anthropometric tables), ab-
sence of friction in the simplified articular joints, unilateral contact between
the foot and the ground, and simple function of the COP evolution. Despite
these assumptions, the robustness of the model and the activation criterion
make it possible to obtain valuable results. The model developed by (Gao
et al., 2024), published after and citing our own work, builds upon several
concepts similar to those proposed in this thesis, including the rigid-body
assumption, energy minimization principles, and a COP evolution governed
by a function of foot orientation. The main difference lies in the strategy
used to distribute the load between the feet during the double-support phase.
The convergence of these approaches supports the relevance of the proposed
methodology.

4.4 Conclusion of the chapter

A method is proposed to compute the GRF and GRM for healthy gait tests
and jumps based on a least square estimation of the Lagrange multipliers of
a unilaterally constrained foot model. A mixed criterion is used for a robust
and consistent activation of the contact constraints and a simple model of the
foot serves to evaluate the position of the center of pressure.

This method produces reliable results. Easy to implement, it could be
used to estimate the GRF and GRM in many cases: healthy and pathological
gait, jumping, running, treadmill, etc. In the next chapter, the model will be
generalized in order to obtain exploitable results for the GRF along the lateral
axis as well as the GRM in the transverse and frontal planes.
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Chapter 5

3D inverse dynamics skeletal
model

The 2D model developed in Chapter 4 was extended and adapted to 3D in
this chapter. The goal is to obtain results that can be used to compute the
joints torques and muscular activity and forces.

The main hypothesis remains: each limb is considered as a rigid body
and the indeterminacy of the double-support phase is handled using a least-
square approach, and the assumption on that the COP evolves as a function
of the foot orientation in the sagittal plane.

The model was used for comfortable gait, fast gait, and jump tests, and
gave exploitable results. These results will be used in Chapter 6 to estimate
the joint torques and muscular activity and forces.

5.1 3D model

In 3D, the human body is modelled with nine rigid bodies as in the 2D model:
the pelvis-trunk, femur right-left, tibia right-left, foot right-left and toes right-
left. A schematic view can be seen on Figure 5.1.

The nine bodies evolve in space and are still represented by three points:
proximal and distal extremities and centre of gravity.

To build the vector of generalized coordinates q(t), as for the 2D model,
absolute coordinates are chosen : the position x, y and z of the extremi-
ties and centre of gravity of each segment, the absolute orientation ψ (flex-
ion/extension), ϕ (adduction/abduction) and θ (internal/external rotation)
and finally the relative rotation between each segments.

5.1.1 Modelling the joints

In 2D, the modelling of the joints was trivial: the skeletal model being pro-
jected in the sagittal plane, only one degree of freedom was authorized for
the rotations, and each joint was modelled as a revolute joint.

In 3D, three degrees of freedom are defined for the rotations. The choice
of the type of joint model thus deserves more attention.

The hip joint effectively allows three degrees of relative rotational free-
dom between the pelvis and femur. This joint allows flexion/extension, ad-
duction/abduction and internal/external rotation. The spherical joint was
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FIGURE 5.1: 3D skeletal model, nodes and segments

selected to model this articulation, as frequently done in the literature (An-
derson and Pandy, 2001; Taylor et al., 2004).

The knee joint is a more complex joint, mainly allowing only flexion-
extension. Sometimes, it is modelled numerically based on an equivalent
4-bars mechanism as in (Singh et al., 2018; Xie et al., 2014). In our case, as
in (Arnold et al., 2010), a spherical joint model is used. This choice is mainly
motivated by the desire not to transmit the eventual measurement errors of
the knee position markers in the rest of the kinematics. Two markers are
used to measure the position of the knee: one inside the knee, the other out-
side. If the external marker is permanently visible, this is not the case for the
internal marker, which can become invisible for the optoelectronic cameras
when it is close to the other knee. This short disappearance induces a lack of
information on the orientation of the segment, corrected by assumptions of
continuity with the other segments and by kinematic constraints of the knee
model. However, if a brief occlusion happens at the same time at the inner
ankle marker, an error can occur on the absolute and relative orientation be-
tween all the different leg segments. By choosing a spherical joint, the num-
ber of kinematic constraints of the knee model is reduced and fewer errors
are transmitted. Allowing additional rotational degrees of freedom of the
joints prevents inaccuracies in skeletal motion reconstruction, due to marker
placement errors, soft tissue artefacts or sensor noise, from being artificially
transferred to adjacent joints or segments. The driving constraints on the rel-
ative rotation over time will impose an almost perfect flexion/extension, and
the Lagrange multipliers associated with the adduction/abduction and the
internal/external rotation will give the reaction forces maintaining the knee
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in its configuration.
The ankle joint, in 3D, allows the flexion/extension, adduction/abduction

and internal/external rotation as the hip joint, and is also modelled as a
spherical joint, as in (Koopman et al., 1995).

The metarsophalangial joint could be described as a simple hinge joint.
The occlusion issue with disappearance of position markers occurs less of-
ten in this case and would not generate important issues. However, for
the sake of consistency, we decided to model it as a spherical joint also, as
in (Koopman et al., 1995). Rheonomic bilateral constraints on the abduc-
tion/adduction and internal/external rotation and their associated Lagrange
multipliers will provide the internal forces in this joint.

In summary, all joints are modelled as spherical joints and the relative
rotations shall be driven by the experimental data using rheonomic bilateral
constraints.

5.1.2 Vector of generalized coordinates

As mentioned previously, the model comprises 9 segments. As the 2D model
(see Section 4.1), absolute coordinates are preferred to relative coordinates.
Therefore, the position of each segment is defined by the x, y and z coordi-
nates of the centre of gravity, proximal and distal extremities, leading to 81
generalized coordinates.

The extremities of the segment being measured experimentally, it is pos-
sible to define the position of the centres of gravity using anthropometric
tables:

xCG = xdist + βCG(xdist − xprox) (5.1)

where βCG represents the anthropometric coefficient making it possible to
calculate the position of the centre of gravity from the positions of the distal
and proximal extremities of a segment.

The orientation of each segment is defined as the three absolute angles of
flexion/extension, adduction/abduction and internal rotation of the centre
of gravity, leading to an additional 27 generalized coordinates. Between suc-
cessive segments, three relative angles are also defined, thus adding 24 gen-
eralized coordinates. To find the values of the absolute and relative angles of
each segment, the positions of at least three non-aligned experimental mark-
ers per segment are used together with Equation (2.15) and Equation (2.16).
The extraction of the angles from the rotation matrix can be solved either an-
alytically or using a Newton-based numerical solver. In our code, the angles
are found numerically. A Bryant angle-like parametrization was adopted to
define absolute segment orientations and relative joint angles. Given that gait
is predominantly a sagittal plane activity, and with an appropriate choice of
reference configuration, this parametrization does not lead to singularities
(gimbal lock) in the present study. However, if a broader generalization of
the model were sought to study a wider range of movements involving large
3D rotations, an alternative representation of rotations would be preferable.
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In particular, quaternions inherently avoid gimbal lock and would therefore
constitute a suitable choice for such applications.

It is possible to reduce the number of generalized coordinates. Indeed,
the segments being joined at their extremities, some positions coordinates
are redundant and the vector of the active generalized coordinates can be
reduced to 69 positions (x, y and z for each of the 23 extremities and centres
of gravity), 27 angular positions and 24 relative angles, that is to say 120
active generalized coordinates.

The active generalized coordinate vector in 3D is comparable to that in
2D. The main difference comes from the out-of-plane degrees of freedom
added to the model, increasing the number of coordinates in position and
orientation (absolute and relative).

5.1.3 Bilateral constraints

Defined as above, the model has 30 degrees of freedom: the 24 relative ro-
tations angles, the x, y and z positions and the θ, ϕ, ψ absolute orientation
angles of the pelvis, for example.

As the model has 120 generalized coordinates, 90 scleronomic bilateral
constraints must be introduced. Of these 90 constraints, 66 ensure that the
rigid body assumption is respected. For example:

xdist − xprox + Rabs,3

0
0
L

 = 0 (5.2)

defines a set of 3 bilateral constraints, where xdist and xprox are the distal and
proximal coordinates of a segment, Rabs,3 is the 3D absolute rotation matrix
defined in (2.15) based on the orientation of the centre of gravity of the seg-
ment, and L is the length of the segment, oriented vertically by definition.

The remaining 24 bilateral constraints are used to verify the assembly and
to ensure the relation between the absolute and the relative orientation of
two joined segments. The constraints g derive from a relation between the
absolute orientation of the proximal and distal segment and their relative
orientation. Equation (2.16) can be rewritten as:

RT
relR

T
abs,proximalRabs,distal − I = 0 (5.3)

where, for two neighbour segments, Rabs,proximal is the absolute rotation ma-
trix of the proximal segment, Rabs,distal is the absolute rotation matrix of the
distal segment and Rrel is the relative rotation matrix between the two seg-
ments. I is the identity matrix. To obtain three independent constraints
per joint, we enforce the value of the non-diagonal elements of the matrix
RT

relR
T
abs,proximalRabs,distal:
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[R
T
relR

T
abs,proximalRabs,distal]2,3

[RT
relR

T
abs,proximalRabs,distal]1,3

[RT
relR

T
abs,proximalRabs,distal]1,2

 = 0 (5.4)

Since the 24 relative angles are controlled over time, the model also in-
cludes 24 rheonomic driving constraints. For example:

ψ − ψexp(t) = 0 (5.5)
ϕ − ϕexp(t) = 0 (5.6)
θ − θexp(t) = 0 (5.7)

where ψ, ϕ and θ are the relative angles between segments, and ψexp, ϕexp
and θexp are their corresponding experimental value.

As in 2D, the experimental acquisition of relative rotations in 3D is per-
formed directly using the position of experimental markers (see Figure 5.1).
In 3D, the absolute orientation of each segment is defined for each time step
using at least three non-aligned experimental markers and Equation (2.15).
Once the absolute orientation of each segment is known, the relative rota-
tion matrix is computed using Equation (2.16), and the relative angles are
obtained numerically from Rrel .

These obtained values are applied to the corresponding generalized coor-
dinates via driving constraints. In the case of inverse dynamics, these con-
straints are self-satisfied; the gradient of the constraints and the associated
Lagrange multipliers complete the dynamic force equilibrium in Equation
(5.8).

Only six degrees of freedom remain: the position and orientation, in 3D,
of the centre of mass of the whole body. These degrees of freedom will be de-
termined using the foot/ground contact model and the equations of motion.

The vector of bilateral constraints in 3D is comparable to that in 2D. The
main difference comes from the degrees of freedom added to the model, go-
ing from 3 (2 positions and 1 orientation of the pelvis in 2D) to 6 (3 positions
and 3 orientations of the pelvis in 3D), as well as the increased number of
active generalized coordinates. The process for generating these constraints,
however, remains identical between the 2D and 3D models.

5.1.4 Model of the foot and contact constraints

The foot is modelled as two segments, foot and toes, linked by a spherical
joint.

The contact with the ground is modelled as a mobile contact point rigidly
connected to the centre of gravity of the foot. Following the same method-
ology used in the 2D COP estimation model, the position of the COP is first
measured experimentally in order to estimate a law linking the orientation of
the foot in its sagittal plane and the centre of pressure. The evolution of the
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FIGURE 5.2: Evolution of the position of the COP of the right foot in the lat-
eral direction as a function of the angle ψ4 representing the foot inclination

in the sagittal plane

COP in the longitudinal direction is the same as in the 2D model, and shown
in Figure 4.4. In the lateral direction, two new laws are defined for each foot,
as shown for the right foot in Figure 5.2.

Note that xD and yD are now expressed in the local coordinate system of
the foot. In the 2D model, the foot segment was projected onto the global
sagittal plane, assuming minimal deviation from that plane during walk-
ing. In 3D, however, this simplification is no longer valid, as foot orientation
varies from subject to subject and from step to step. Therefore, modelling the
evolution of the COP in the local foot frame, in both the x and y directions, is
more appropriate. This local position will subsequently be transformed into
the global coordinate system, taking into account the sign change due to the
symmetry in COP evolution between the left and right feet. These two laws
were established in two parts. The first, between the ’heel strike’ (δHS) and
the ’heel off’ (δHO), follows a quadratic behaviour. The second, from ’heel off’
to ’toe off’(δTO), is linear. The lateral distance is calibrated based on the width
of the foot, which we estimate as the distance between the two experimental
metatarsal markers (i and j for the right foot in Figure 5.1). We also assume
that the sagittal plane of the foot passes through the numerical markers of
the heel and metatarsal joint (VI and VII in Figure 5.1).

Based on this information, it is possible to estimate the x and y coordinates
of the COP according to the orientation of the foot in its sagittal plane.

5.1.5 Dynamic equilibrium and least-square evaluation of the
contact forces

In 3D, the dynamic equilibrium of the system is given by n = 126 equations
written in the same matrix form as in 2D (Géradin and Cardona, 2001):

Mq̈ + gT
q(q, t)λ− fext = 0 (5.8)
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All the terms in Equation (5.8) have the same physical meaning as in the 2D
model in Equation (4.15). In general 3D problems, gyroscopic and centrifugal
forces should be included in the dynamic equilibrium. However, the prob-
lems treated in this thesis are almost 2D problems and the angular velocities
remain moderate. In this case, considering that the equations are expressed
in absolute coordinates, we assume that the gyroscopic and centrifugal con-
tributions can be neglected.

As in the 2D model (see Equations (4.7) to (4.10)), the vector of general-
ized coordinates q is separated into two sets of dependent and independent
coordinates. The independent coordinates are derived twice to obtain the
vector of independent acceleration q̈I , and thanks to the bilateral constraints
it is possible to compute the complete vector of acceleration q̈ to be consistent
with the rigid body assumption (Géradin and Cardona, 2001)

As in 2D, Equation (5.8) is solved for the Lagrange multipliers. At first, it
is possible to find a unique solution and a physical meaning for the term
gA,T

q (q)λA representing the reaction forces, namely the bilateral reaction
forces, the unilateral reaction forces (resulting from the contact constraints)
and the actuation torques (resulting from the driving constraints).

gA,T
q (q)λA = −Mq̈ + f, λA = 0 (5.9)

Using the Moore-Penrose pseudo inverse, it is possible to solve this last
equation for λA in a least-square sense, meaning that this solution represents
the minimal reaction forces needed to execute the given motion.

λA =
(

gA,T
q (q)

)+
(f − Mq̈) , λA = 0 (5.10)

Finally, it remains to define the "activated" or nonactivated" status of the
unilateral constraints, using a contact activation criterion.

5.1.6 Contact activation criterion

The contact activation criterion is the same as in 2D, based on a complemen-
tarity condition between the gap function gj,n and the normal reaction force
λj,n. Based on the work of (Alart and Curnier, 1991), it is mathematically
written as:

C = {j : λj,n − rgj,n ≥ 0} (5.11)

and represented graphically in Figure 4.5.
The contact status is first supposed "active" for each unilateral constraint.

If the criterion is not satisfied for a given constraint and time-step, the uni-
lateral constraint is deactivated. The new vector of Lagrange multipliers is
reevaluated until the system reaches convergence. The process can be assim-
ilated to an iterative Newton semi-smooth solver.
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Once convergence is reached, a final filtering is applied to the result to
smooth the eventual jumps that may occur during the transition from single-
to double-support phase.

5.2 Results

In Figure 5.3, the results of a single gait test are illustrated, and a comparison
is made with the 2D model of Chapter 4. In Table 5.1 the relative Root Mean
Square Error, as proposed by (Oh et al., 2013), is compared for the 3D and 2D
model. As a reminder, the RMSE and rRMSE were given in Equation (4.22)
and (4.23).
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FIGURE 5.3: Comparison of the 3D foot/ground model with experimental
measurements. Red: right foot; Brown: left foot; Magenta: right and left
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Method 3D model 2D model
Participants N = 4 N = 4
Axes/Planes rRMSE (SD)

%
rRMSE (SD)
%

Vertical 4.9 (1.3) 4.1 (1.1)
Anterior 10.7 (1.5) 11.2 (1.7)
Lateral 10.3 (1.4) -
Sagittal 6.3 (1.3) 5.3 (1.1)
Frontal 12.3 (1.7) -
Transverse 12.1 (1.6) -

TABLE 5.1: Relative RMS error comparison between 2D and 3D models

5.3 Discussion

The method, previously developed in 2D, has been extended to 3D. For an
essentially two-dimensional movement, such as walking, the results on the
two main axes (vertical and longitudinal) based on the 2D and 3D models are
closely correlated, demonstrating that the addition of the third dimension
does not disturb the results along the two main axes. However, it’s worth
noting that while the extension to 3D does not degrade the previous results,
it also does not enhance them, mainly due to the fact that walking primarily
occurs in the sagittal plane.

This 3D model depends on the same parameters as the 2D model, namely:
the activation parameter r, the cut-off frequencies ωkin and ωdyn of the filters,
and the limit angles δ.

This 3D model assumes that the position of centre of pressure (COP) on
the foot sole evolves as a 2D function of the foot orientation F (ψ f oot). This
assumption is fundamental for the determination of the position of the COP
but has little influence on the evaluation of the forces. The piecewise def-
inition of the function [xCOP, yCOP] = F (ψ f oot) was chosen to best match
the mean experimental COP trajectories observed across the studied subjects.
The limit angles δHS, δHO and δTO, which govern the transitions between the
different phases of the function, are directly related to identifiable gait events
and therefore have a clear biomechanical interpretation. Although a more
rigorous validation procedure, such as defining the function on a modelling
dataset and validating it on an independent test population, would be de-
sirable, this was not feasible due to the limited number of available subjects.
More general approaches, including learning-based methods, could also be
envisaged to improve generalization. However, such methods typically re-
quire larger datasets and often lead to reduced model interpretability. In the
present work, considering the available dataset, the chosen formulation rep-
resents a first-order approximation that prioritizes physical interpretability
and consistency with experimental observations, and proved sufficient for a
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preliminary estimation of COP evolution in the context of gait.
The least-square distribution of the reaction forces is used to resolve the

over/underdetermination of the model during the single or double support
phase. Since the Cartesian generalized coordinates and external forces are
clearly expressed along the three main axis, the least-square distribution does
not mix up the data and the distribution of the forces along the vertical, longi-
tudinal and lateral axis is performed independently. Moreover, this indepen-
dent distribution of forces along each axis opens up the possibility of refining
parameters individually for each axis. This refinement could further enhance
the correlation with experimental results.

For lateral forces, while the magnitude and general trend are generally
respected, the errors remain significant. However, these errors have a limited
impact on the final result as lateral forces are less significant than vertical and
longitudinal forces in the case of gait, which primarily occurs in the sagittal
plane. The impact of these errors on the joint torques and muscle forces will
be estimated in Chapter 6. The more significant errors probably stem from
the evaluation of lateral acceleration and thus from kinematic filtering. The
equations, assumptions, and contact model for the lateral axis are equivalent
to those for the longitudinal axis, so that is is reasonable to assume that the
results and errors along these two axes would be of similar magnitude if the
kinematics were as accurate as in the frontal plane.

The activation criterion r is chosen to address the eventual measurement
errors. By choosing r = +∞, the model relies only on the kinematic mea-
surements, and with r = 0, the results are based solely on the numerical
estimation of the contact forces. The high quality of the measurement of op-
toelectronic cameras motivates us to choose a high value for the parameter r,
namely between [102, 104] N/m.

In Table 5.2, the results obtained with the proposed 3D model are com-
pared with representative methods from the literature for healthy gait anal-
ysis. Overall, the proposed approach yields ground reaction forces and mo-
ments that remain within the range reported by existing models, particularly
for the vertical component, which is the dominant contributor during walk-
ing, and the obtained results are consistent with those reported in previous
studies.

The 3D model is inherently more complex than our 2D model but does not
significantly improve the results. However, its implementation is nonethe-
less valuable for utilization in a comprehensive gait analysis scheme: starting
from kinematics, the calculation of the reaction and internal efforts, is a nec-
essary step before the evaluation of muscle activation and efforts. To achieve
this, we shall integrate this model with the OpenSim software, which is a 3D
biomechanical analysis tool, in the next chapter of the thesis.
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Method Smooth
transition
assump-
tion
method
(Ren et
al., 2008)

Hybrid
kinematics-
neural
method
(Oh et al.,
2013)

Muscle-
like
actuators
method
(Fluit
et al.,
2014))

COP-
PTCM
(Gao et
al., 2024)

Proposed
3D non-
smooth
method

Participants N = 5 N = 48 N = 9 N = 10 N = 9
Axes/Planes rRMSE

(SD)
rRMSE
(SD)

rRMSE
(SD)

rRMSE
(SD)

rRMSE
(SD)

Vertical 5.6 (1.5) 5.8 (1.0) 6.6 (1.1) 4.7 (1.4) 4.9 (1.3)
Anterior 10.9 (0.8) 7.3 (0.8) 9.3 (2.0) 10.9 (2.1) 10.7 (1.5)
Lateral 20.0 (2.7) 10.9 (1.8) 14.9 (3.4) 15.2 (1.7) 10.3 (1.4)
Sagittal 12.2 (4.8) 9.9 (1.9) 12.4 (3.5) - 6.3 (1.3)
Frontal 32.5 (4.3) 22.8 (4.9) 22.9 (5.9) - 12.3 (1.7)
Transverse 26.2 (9.4) 25.5 (4.5) 40.6(11.3) - 12.1 (1.6)

TABLE 5.2: Gait test: results comparison

5.4 Conclusion of the chapter

The method developed in 2D in the previous chapter has been extended to
3D. It produces results for the reaction forces that can be exploited with other
tools to pursue a more in-depth analysis of the biomechanical behaviour. In
the next Chapter, the 3D model will be combined to OpenSim, to carry out
comprehensive biomechanical inverse dynamics studies.



91

Chapter 6

Evaluation of muscle forces

In the last chapter of this thesis, we will evaluate not only joint torques but
also muscle forces and muscle activation by inverse dynamics computation
to demonstrate the complete workflow with our contact model. For this, the
3D method developed in Chapter 5 will be exploited to evaluate the contact
force between the foot and the ground which is needed by OpenSim.

The first part of this chapter presents the flowcharts used by OpenSim,
using experimental acquisitions of contact forces. By directly using kine-
matic and force platform data acquired during our experimental gait mea-
surements, the results provided by OpenSim can be considered as our gold
standard. Alternatively, joint torques and muscle forces will be evaluated
again in OpenSim, this time using the ground reaction forces and position
of the center of pressure estimated by our contact model, while keeping the
same kinematic data.

The second part of this chapter studies and compares the results obtained
for the joint torques and for the muscle activation.

6.1 OpenSim software

OpenSim is a software developed by Stanford University and specifically de-
signed for modelling and simulating the human movement and the biome-
chanical behaviour (Delp et al., 2007; Seth et al., 2018; Dembia et al., 2020).
OpenSim is primarily used in the field of biomechanics and biomechanical
engineering to create musculoskeletal models of the human body and sim-
ulate various movements and activities. These models can be used to study
human gait, analyse the mechanics of joints and muscles, understand move-
ment disorders, and evaluate the effectiveness of medical treatments or as-
sistive devices.

The software allows users to customize and configure musculoskeletal
models, simulate muscle forces, analyse joint kinetics and kinematics, and
visualize the results.

6.2 OpenSim muskuloskeletal model

The "Gait2354" model, used in this thesis, was developed by D. Thelen (The-
len et al., 2003) based on several works (Delp et al., 1990; Yamaguchi and
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Zajac, 1989; Anderson and Pandy, 1999; Anderson and Pandy, 2001; Carhart,
2000).

This musculoskeletal model is three-dimensional with 23 degrees of free-
dom and 54 musculotendon actuators. The lower limbs are modelled by fif-
teen rigid body segments: pelvis, thighs (femur), legs (tibia and fibula), talus,
feet and toes.

The hip joint is modelled as a spherical "ball-and-socket" joint, the knee
joint is a single-degree-of-freedom joint developed by (Yamaguchi and Zajac,
1989), and ankle ant metatarsophalangeal joints are represented by friction-
less revolute joints.

Finally, as the proposed model of the Chapters 4 and 5, the inertial param-
eters and anthropometric table are based on (Anderson and Pandy, 1999).

6.3 Inverse dynamics analysis workflows

Figure 6.1 represents the workflow available in OpenSim. The method com-
prises four successive stages: scaling, inverse kinematics, inverse dynamics
to obtain the joint torques and muscle dynamics for the muscle forces and
activations.

6.3.1 Numerical procedure with contact forces acquisitions

The procedure in Figure 6.1 using experimental measurement of the contact
forces represents the "gold standard", and the usual utilisation of OpenSim.

The first stage is the scaling. Based on a static acquisition, the general
"Gait2354" model is scaled to represent more accurately the subject. Each
segment of the musculoskeletal model receives a mass, an inertia and di-
mensions.

The second stage is the inverse kinematics. Based on the motion of a re-
stricted set of nodes recorded during a dynamic acquisition, the independent
generalized coordinates of the scaled model are computed.

The third stage is the inverse dynamics where the external forces, i.e.
foot/ground contact forces measured by force platforms and the estimated
gravity, are applied to the scaled model under motion. This allows OpenSim
to resolve the equations of motion and to compute velocities, acceleration
and joint efforts of the system.

Finally, based on the computed joint efforts, it is possible to use a muscle
dynamics model to estimate the muscle activations and the muscle forces.
Two methods are implemented in OpenSim for this problem: Static Opti-
mization and Computed Muscle Control.

Static Optimization is a static model where the results are established in-
dependently for each time step, and the unknowns are the muscles forces
and activation levels. We thus have to solve one static optimization problem
per time step. This method is therefore fast and numerically stable. However,
the solution does not take into account some physiological aspects linked to
the muscle activation dynamics.
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FIGURE 6.1: Flowchart of OpenSim software

Computed Muscle Control is a combination of proportional-derivative
control and static optimization, involving the global time history of the sim-
ulation (Neptune et al., 2001), and takes into account the muscle activation
dynamics. The muscle forces are obtained from the time history of the ac-
tivations. This solver aims to better represent several physiological aspects.
However, it allows the modification of the kinematics imposed on the mus-
culoskeletal model in order to calculate muscle activation, and it is less stable
than the static optimization.

Anderson and Pandy (Anderson and Pandy, 2001) have shown that the
static optimization approach gives comparable results to the CMC approach.
For our workflow, in order to compare results coming from identical kine-
matics, we opted for the static optimization approach.

6.3.2 Numerical procedure with contact forces estimation

Now, we discuss the adaptation of the OpenSim workflow when the contact
forces are not obtained from force platforms acquisition but from our inverse
dynamics procedure.

The first two stages, scaling and inverse dynamics, remain unchanged.
Instead of using the acquisition file for the contact forces measured experi-
mentally, a new file generated using the numerical estimation computed by
our 3D inverse dynamics code.

6.4 Results: joint torques

The results displayed in Figure 6.2 correspond to a representative individ-
ual trial, selected a posteriori as being consistent with the overall trends ob-
served across the dataset, and show the hip, knee, and ankle joint torques
of the left leg evaluated using both experimental force platform data and
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Hip Knee Ankle
Axes rRMSE rRMSE rRMSE
Flexion 10.74 19.94 12.68
Adduction 5.74 - -
Rotation 23.77 - -

TABLE 6.1: Differences in joint torques evaluated in OpenSim using experi-
mental and numerical GRFs

the proposed numerical foot–ground contact model. This comparison allows
joint and muscle efforts obtained from directly measured ground reaction
forces to be contrasted with those estimated using the numerical model, in
order to assess the impact of modelling assumptions and estimation errors
in a more global musculoskeletal analysis framework. Three phases are pre-
sented : balancing, double support (in grey shaded area) and single support.
The signal covers a little less than a complete stride in order to have an al-
most complete and physical representation of the force and muscular results.
In our experimental protocol, the right foot is the first to come into contact
with a force platform. The experimental results at the moment of the right
heel strike do not yet have any physical meaning, since the reaction force of
the left foot (during the initial double support phase) is not measured. The
results are therefore displayed from the second phase of double support, af-
ter the left heel strike.

The root mean square error is defined as in previous chapters, see Equa-
tion 4.23. The Table 6.1 represents the relative Root Mean Square Error of the
different joint torques evaluated, averaged for 24 tests.

The matching between joint torques results from experimental and nu-
merical GRFs appears uneven, depending on the selected joint and axis of
rotation. Indeed, for the hip adduction the numerical and experimental re-
sults are closely correlated. Although the error is slightly larger, the same
can be said for hip and ankle flexion. On the other hand, notable errors are
present for knee flexion and hip rotation. In addition to the rRMSE which
is of the order of 20%, the results are sometimes of the same amplitude but
of opposite sign. The following section aims to analyse the origin of these
errors.

6.4.1 Origin and causes of the error on the knee flexion and
hip rotation torques

Pelvis residual forces

The OpenSim solver works in a recursive manner, that is to say that the reac-
tion forces are applied to the first body (the foot in contact), then depending
on the imposed kinematics, to the joint and to the next body (the leg), etc. All
the forces are thus distributed step by step from the foot to the pelvis. This
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recursive approach is applicable for systems with an open loop topology but
the treatment of closed kinematics loops requires cumbersome adaptations.

If the model would perfectly define the human body and there would be
no error in the measured reaction forces, the model would be in equilibrium
and the residual forces would be zero at the level of the pelvis. In OpenSim,
the residual forces on the pelvis are often used as a measure of the quality of
the inverse dynamics results. Figure 6.3 represents the residual forces along
the three axes, using experimental and numerical data.

In Figure 6.3 , the residual forces are maximum in or close to the double
support zone, both in the experimental and numerical case. This variation
may come from OpenSim’s recursive method, and its difficulty to deal with
the closed loop topology which appears in the double support phase (both
feet are in contact with the ground).

Also, we immediately notice that it is along the longitudinal axis that the
residual forces are the most important, whatever the data used. This prob-
ably indicates a larger defect in the kinematics along this axis, which could
come from the filtering of the measurement or the weight allocated to this
axis when solving the equations of motion.

The main difference between the experimental and numerical curves is
found in the double support phase along the vertical axis, where the nu-
merical data provide lower residual forces on this component. It seems that
the least squares distribution at the core of our numerical procedure for the
evaluation of the ground reaction forces ensures a better balance of forces,
leading to residual forces closer to zero.

Component-wise study of the reaction forces

The analysis of the pelvis residual forces revealed that the quality of the mod-
elling is not uniform along the different axes.

Three new simulations were implemented in order to isolate the contri-
bution of each GRF component to the overall error. Each of them uses the
experimental COP position and the experimental forces, except on one axis
for which the numerical estimation is used. Figure 6.4, similar to Figure
6.2, shows the results thus obtained. Table 6.2 summarizes these results and
shows the average rRMSE for 24 tests. The "Vert." column represents the case
where only the vertical force is estimated numerically, "Long." only numeri-
cal longitudinal forces and "Lat." only numerical lateral forces.

As can be seen in Figure 6.4 and Table 6.2, the main component of the er-
ror comes from the contribution of the longitudinal reaction force. In Figure
5.3, we can also note that the peaks in this component are not correlated with
the experimental measurements, which corroborates the anticipated obser-
vations of the residual forces (Figure 6.3).

We conclude that the forces and movements (position, speed and acceler-
ation) along the longitudinal axis contain modelling errors. These errors can
come from the chosen cut-off frequencies of the low-pass filters used to es-
tablish the kinematics, or from an under-evaluation of the importance of this
component during the resolution by the least-squares method. Currently,
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Hip Knee Ankle
rRMSE
%

rRMSE
%

rRMSE
%

Axes Vert. Long. Lat. Vert. Long. Lat. Vert. Long. Lat.
Flexion 5.55 12.12 3.53 8.32 23.02 5.37 3.69 15.37 2.45
Adduction 3.97 3.61 3.19 - - - - - -
Rotation 5.67 26.26 2.19 - - - - - -

TABLE 6.2: Differences in joint torques evaluated in OpenSim using experi-
mental and numerical GRFs

each constraint was treated with the same weight. A model with a differ-
ent weighting, or even a dynamic weighting of the constraints could lead to
better results. Likewise, the cut-off frequencies were chosen at 6 and 12 Hz
regardless of the axes.

Finally, the influence of the arms was neglected for this study. According
to (Angelini et al., 2016), the spatio-temporal parameters of walking are not
affected by arm kinematics. However, they also note a slight influence on
ground reaction forces (from 1 to 3% of the body weight on the longitudinal
axis). The experimental data obviously take into account the movement of
the arms, but the numerical data neglect them. The model could therefore be
augmented to take into account the movement of the arms.

Since these errors are present when evaluating joint torques, it is likely
that they will also affect the estimation of muscle activations.

6.5 Results: muscle activations and forces

The muscle activations are calculated using OpenSim’s "Static Optimization"
solver, and depend on a number of pre-implemented modelling parameters.
In particular, each muscle group has its own maximum activation, strength,
speed, and power.

As for the joint reaction forces, a new set of simulations has been per-
formed where only the vertical, longitudinal or lateral numerical estimation
of the ground reaction forces are used together with the experimental mea-
surements. The experimental and numerical results can be seen in Figure 6.5.

In contrast to joint torques, we observe the emergence of some oscilla-
tions and peaks in the muscle activation curves. This can be attributed to
the presence of multiple muscle groups contributing to the same joint torque
component. The optimization algorithm, which distributes activation levels
time step by time step, does not ensure a perfect continuity in the curves.

Errors observed in joint torques are logically reflected in the muscle ac-
tivations. Certain muscle groups, such as the "Rectus Femoris" and "Biceps
Femoris", directly linked to the knee joint and its flexion, present different
behaviours, while the curves of the "Vastus medialis", "Vastus Lateralis" and
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FIGURE 6.5: Muscle activations
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"Gluteus Maximus" are well correlated. However, the error on the longitudi-
nal component observed for the joint torques seems to have a smaller impact
on the numerical error. The errors observed in muscle activations likely stem
from the accumulation of various small errors throughout the modelling pro-
cess rather than being solely attributed to the longitudinal GRF component:
isolating the error of a single force component, such as the longitudinal com-
ponent, becomes less clear-cut. Instead, it is the collective effect of inaccura-
cies that manifests in the discrepancies observed in the results.

The muscle forces estimation curves are presented in Figure 6.6. Given the
static nature of the solver and the inherent correspondence between muscle
activation and forces, the observed curves exhibit uniform behaviour, with a
consistent manifestation of oscillations and error patterns across the data.

The substantial variability in results and errors renders the establishment
of result tables for relative Root Mean Square Error (rRMSE) unnecessary and
irrelevant.
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6.6 Discussion

In this final chapter, joint torques, muscle activations, and forces are evalu-
ated using OpenSim, software designed for modelling and simulating biome-
chanical behaviour. The chapter is divided into two parts: one on joint
torques, the other on muscle activation and forces.

First, OpenSim and the musculoskeletal model "Gait2354" are introduced.
This 3D model, with 23 degrees of freedom and 54 musculotendon actuators,
provides a detailed representation of the lower limbs. OpenSim’s workflow
includes four steps: scaling, inverse kinematics, inverse dynamics, and mus-
cle activation dynamics. Two muscle activation methods, Static Optimization
and Computed Muscle Control, are available. Static Optimization, used here
for its efficiency, offers fast and stable results. The degrees of freedom of the
OpenSim model do not match those of the model used to estimate the ground
reaction forces. The OpenSim model includes a lower number of degrees
of freedom, while providing sufficient kinematic richness to estimate joint
torques and muscle forces. This difference, however, does not fundamentally
compromise the analysis. The objective of this comparison was not to estab-
lish a one-to-one correspondence between the two models, but rather to as-
sess whether the ground reaction forces estimated by the proposed approach
can be meaningfully exploited within a standard musculoskeletal analysis
workflow.

It is important to notice that OpenSim was used here as a musculoskeletal
solver, and that the objective was not to assess its intrinsic ability to predict
muscle activations in an absolute sense. As is well-established in the litera-
ture, muscle activation estimation strongly depends on the underlying mus-
culoskeletal model, the chosen cost function (static versus dynamic optimisa-
tion), and the treatment of muscle redundancy, all of which are known to in-
fluence inter-subject variability (Mathieu et al., 2023). In this work, the com-
parison was performed using the same OpenSim model, identical kinematic
data, and identical optimisation settings, while only replacing the experi-
mentally measured ground reaction forces with the numerically estimated
ones provided by the proposed contact model. This strategy was chosen
to isolate the impact of force estimation errors on joint torques and muscle-
related outputs.

It is likely that a simpler and more generic musculoskeletal model, with
fewer degrees of freedom and muscle actuators, would reduce sensitivity to
modelling assumptions and improve consistency across subjects. Several ap-
proaches exist to address the inherently ill-posed nature of muscle activation
estimation; in this study, a static optimisation framework was selected for
its robustness and numerical stability. More advanced dynamic approaches
implemented in OpenSim allow for kinematic adjustments during optimisa-
tion, but were intentionally avoided here in order to ensure a fair comparison
under identical motion conditions. Regarding the prediction of pathological
or protective muscle actions, a similar optimisation framework could poten-
tially capture such behaviour (Mathieu et al., 2023), but this would require
a dedicated modelling strategy and cost function tailored to pathological or
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protective movement patterns, which lies beyond the scope of this work.
A comparison between the joint torque results obtained from experimen-

tal measurements and numerical estimations of the ground reaction forces
has been presented for joint torques, particularly focusing on the hip, knee,
and ankle. The root mean square error (rRMSE) is calculated and tabulated,
revealing varying degrees of accuracy for different joints and axes of rota-
tion. Notable errors, especially in knee flexion and hip rotation, prompt an
investigation into the origin of these discrepancies.

Pelvis residual forces are analysed, revealing discrepancies, particularly
in the double support phase along the vertical axis. The contribution of each
GRF component to the overall error is assessed through additional simula-
tions, pinpointing the longitudinal reaction force as a major source of error.
These modelling errors can come from the chosen cut-off frequencies of the
low-pass filter used to evaluate the kinematics, and/or from the least-square
approach while solving the equation of motion for the Lagrange multipliers.
A refined model could be implemented using different cut-off frequencies
and using different weight on the constraints, in order to place greater em-
phasis on the longitudinal component of the ground reaction forces.

The chapter concludes with an exploration of the impact of errors in joint
torques on muscle activation. The results highlight the challenges of study-
ing muscle activations and forces through inverse dynamics. When using
the OpenSim framework with our standard experimental data, muscle acti-
vation evaluations are irregular, with noticeable peaks, even though the joint
torque curves appear smooth. Replacing these input values with our numer-
ical estimates, which already contain known errors, does not improve the
"noisy" behaviour of the final responses. Nonetheless, some muscle groups
show converging trends in activations and forces, while others exhibit clear
inconsistencies.

Given the difficulty in achieving smooth results with experimental data
in a standard study framework, one possible solution could be to use a sim-
pler model in OpenSim. It is likely that the current chosen OpenSim’s model,
which includes 54 musculotendon actuators, may not resolve the muscle ac-
tivation optimization properly for our given gait tests. A model with fewer
muscle groups and degrees of freedom might potentially improve the final
results.

Overall, the chapter provides a detailed and critical evaluation of the pro-
posed contact model and its exploitation for joint torques and muscle activa-
tions estimation, shedding light on potential sources of error and avenues for
further refinements in future biomechanical studies.

6.7 Conclusion of the chapter

In conclusion, this chapter assessed the joint torque and muscle activation
evaluation process in OpenSim, exploiting the proposed 3D foot/ground
contact model. Discrepancies between results from experimental and nu-
merical GRFs were scrutinized, highlighting specific challenges in knee flex-
ion and hip rotation. The study also explored the impact of errors in joint
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torques on muscle activations and muscle forces estimation, revealing corre-
lation in certain muscle groups, and inconsistencies in other, although the ex-
perimental results for muscle activations and forces exhibit peaks and noise,
further demonstrating the complexity of evaluating muscle efforts in inverse
dynamics. The findings underscore the need for refinement in modelling pa-
rameters and methodologies to enhance the accuracy of such biomechanical
simulations in OpenSim.
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Chapter 7

Conclusion and perspective

7.1 Summary and main contributions

Compared to classical approaches such as isokinetic testing, which provide
valuable but localized joint torques measurements under controlled condi-
tions, inverse dynamics models combined with 3D motion capture offer a
broader and more functional view of human movement. Rather than isolat-
ing a single joint or muscle group, it allows the estimation of net joint torques
and forces during natural, unconstrained activities such as walking, running,
etc. While motion capture systems can accurately measure the position and
velocity of body segments, they cannot directly reveal the underlying mus-
cular and joint efforts. This is where inverse dynamics becomes indispens-
able. By using kinematic data, external forces, and mechanical principles,
it allows us to estimate driving forces like joint torques and muscle activa-
tions and forces, helping us understand how movements are generated and
controlled, for a variety of activities. This enables the analysis of neuromus-
cular coordination in real-life conditions, accounting for multi-joint interac-
tions and the influence of gravity and inertia. Although inverse dynamics
relies on model-based assumptions, it complements direct measurements by
extending their interpretability and by making it possible to estimate inter-
nal variables that cannot be directly accessed in vivo. In this way, it provides
clinicians and researchers with a more global and integrative understanding
of movement, which is essential for diagnosis, treatment planning, or sport
evaluation. However, the accuracy of inverse dynamics is highly dependent
on the availability and quality of experimental data.

To obtain muscle efforts and activation levels during 3D motions, the
kinematics of the human body must be measured, usually along with the
contact forces between the feet and the ground. Over the years, kinematic
measurement of various body parts has significantly improved, allowing
data acquisition in diverse environments. Kinematic studies can now read-
ily extend beyond laboratory settings and be conducted in-situ wherever
deemed relevant. However, the direct measurement of ground contact forces
remains challenging. Force platforms are not easily transportable and are
prohibitively expensive. Consequently, they are confined to motion analysis
laboratories, limiting external studies primarily to kinematic analysis only.

The primary objective of this thesis was to develop a new foot-ground
contact model for inverse dynamics procedures, based solely on kinematic
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measurements. To achieve this, a state-of-the-art review was conducted on
kinematic and dynamic analysis of multibody movements with and without
contacts, direct and inverse dynamics, human movement description, and
existing foot-ground contact models and their limitations. Experimental gait
data were acquired with the assistance of physiotherapists to establish a gold
standard.

Ground reaction forces (GRFs) play indeed a critical role in the inverse
dynamics analysis, as they provide essential reaction force data necessary for
accurately estimating joint torques, muscle forces, and activations. Without
precise GRF information, the force distribution and the resulting moments
acting on the joints cannot be reliably computed, leading to inaccuracies in
the biomechanical model. GRFs act as the interface between the body and
the ground: this interaction, especially in activities like walking or running,
with single- and double-support phase, generates complex forces patterns
that contribute significantly to the total body dynamics. Therefore, obtain-
ing accurate GRFs is vital for ensuring the reliability of inverse dynamics
calculations, as even minor errors in force estimation can propagate through-
out the model, impacting joint torque and muscle force predictions. In cases
where direct GRF measurements are not feasible, developing robust numeri-
cal models to estimate GRFs becomes crucial for the success of biomechanical
simulations.

A first two-dimensional model was developed based on a limited num-
ber of assumptions, primarily that the feet and ground do not penetrate each
other and their deformations can be ignored (utilizing unilateral constraints),
that reaction efforts to various constraints acting on a moving human body
distribute optimally (Lagrange multipliers are solved using a least squares
method) and that the trajectory of the centre of pressure (COP) is a function
of the foot inclination. The 2D model presented in this thesis was designed
as a simplified and preliminary approach to investigate inverse dynamics
without relying on force plate data. It was tested and validated by compar-
ing the numerically estimated GRFs with experimental measurements from
force platforms. Four participants were involved in the study, each complet-
ing six walking trials (24 in total) and two jumping trials (8 in total). While
certain limitations and modelling inaccuracies were observed (as expected
in a simplified framework) the results proved encouraging. The estimated
GRFs showed reasonable agreement with the experimental data, support-
ing the relevance of the modelling approach. These findings, complemented
by comparisons with similar methods from the literature, provided a strong
foundation and motivation to extend the approach toward a more complete
and robust 3D model.

Although walking primarily occurs in the sagittal plane and could be rea-
sonably approximated using a 2D model, extending the formulation to three
dimensions was a necessary step to evaluate our approach within a complete
musculoskeletal simulation framework. This extension enabled integration
into a full OpenSim workflow, which included subject-specific scaling, com-
putation of joint kinematics from motion capture, and muscle force estima-
tion using Static Optimization. To assess the validity and usefulness of the
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approach, two parallel simulations were performed in OpenSim: one using
fully experimental data, including measured GRFs, and another replacing
the experimental GRFs with those estimated numerically using our inverse
dynamics model. This dual comparison was especially relevant, as muscle
activations and forces are internal quantities that can hardly be directly mea-
sured. Evaluating both workflows allowed for a critical comparison of stan-
dard practice against our alternative estimation method.

The joint torques computed from our estimated GRFs showed encour-
aging consistency with those obtained using experimental force plate data.
However, discrepancies were observed for certain degrees of freedom, most
notably in knee extension and hip internal rotation, highlighting areas where
the sensitivity of the model or limitations in the estimation process still af-
fect performance. Nonetheless, the general trends remained coherent, and
many joint torques were well correlated between both workflows. Muscle ac-
tivations and forces, by contrast, proved to be more challenging to interpret.
These quantities are known to be highly sensitive to errors in input data, in-
cluding even small discrepancies in joint kinematics or joint torques. In both
simulations, whether using experimental or estimated GRFs, the resulting
muscle activations showed some irregularities, including noise and implau-
sible peaks, especially for certain muscle groups. Despite this, convergent
activation patterns were still observed in several major muscle groups.

Overall, the contributions of this thesis are significant in several respects.
We revisited and re-established the entire inverse dynamics mathematical
framework, redefining the meaning and role of bilateral, unilateral, and driv-
ing constraints and their associated Lagrange multipliers. This allowed us
to define a complete set of constraints in the mechanical model that elimi-
nates the need for direct GRFs measurements while allowing us to solve the
equations of motion. The proposed model was evaluated by comparing its
outputs, specifically joint torques and muscle activations, to those obtained
using a more conventional inverse dynamics approach based on experimen-
tally measured GRFs. While the results sometimes deviate from the reference
value, the model shows good agreement in joint torques for most degrees of
freedom, and provides reasonable trends in muscle activation for several key
muscle groups. These internal quantities, which are typically unmeasurable,
thus become accessible without force platforms.

This work offers a lighter alternative framework for estimating joint and
muscular efforts in three-dimensional motion, with the potential for applica-
tions beyond laboratory environments. By identifying the model’s strengths
and current limitations, the contribution of this thesis establishes a basis for
future improvements and more accessible biomechanical analysis studies.
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7.2 Limitations

The previous chapters have demonstrated that the proposed modelling ap-
proach provides coherent and physically interpretable results when com-
pared with experimental measurements and established modelling frame-
works. While these results support the relevance of the methodology, assess-
ing the credibility and generalisability of a model requires a more structured
evaluation framework.

The VVUQ (Verification, Validation and Uncertainty Quantification)
framework provides a rigorous methodology to assess the credibility and
generalisability of computational models. A full VVUQ analysis was not per-
formed in this work, as it would have required a substantially larger experi-
mental dataset, systematic uncertainty propagation and sensitivity analyses,
which were beyond the scope of this thesis. Nevertheless, the proposed ap-
proach can be positioned with respect to the main VVUQ principles.

Model verification was addressed at a numerical and methodological
level by ensuring consistency of the inverse dynamics formulation and by
comparing two independent computational workflows, namely a classical
approach relying on experimentally measured ground reaction forces and
the proposed method using a numerical foot–ground contact model. The
observed agreement in trends and orders of magnitude suggests a correct
implementation of the governing equations and treatment of input data.

Validation was performed qualitatively by confronting the estimated joint
torques, ground reaction forces and muscle activations with experimental
measurements and reference data from the literature. The objective was not
to achieve subject-specific prediction accuracy, but to assess whether the pro-
posed method could reproduce biomechanically meaningful patterns under
controlled conditions of healthy gait.

Uncertainty quantification was not explicitly carried out. Several sources
of uncertainty are known to affect the results, including anthropometric pa-
rameter estimation, marker placement, soft tissue artefacts, kinematic differ-
entiation, sensor noise and assumptions related to the foot–ground contact
model. The influence of these uncertainties was indirectly assessed through
robustness analyses and comparative studies, but no formal uncertainty prop-
agation or sensitivity analysis was conducted. Such analysis would be a rel-
evant topic for future investigations.

Regarding credibility and generalisability, the proposed method is in-
tended for applications involving basic human movements, such as healthy
walking, where simplifying assumptions (planar motion for the 2D model,
no slipping, simplified contact evolution) remain acceptable. The ap-
proach is not expected to be directly applicable to pathological gait or high-
performance sports without revisiting the underlying assumptions and cost
functions.
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7.3 Perspective

Future work could explicitly integrate VVUQ principles by performing sen-
sitivity analyses on key model parameters, propagating experimental uncer-
tainties through the inverse dynamics pipeline, validating the method on in-
dependent populations, and combining the proposed physics-based model
with data-driven approaches when sufficient experimental data are avail-
able, e.g. by using open-source wider datasets when they are available.

Various perspectives have been proposed to improve the model in the fu-
ture, such as revisiting the weighting applied to each constraint during the
resolution of motion equations, a better and possibly subject-specific model
for determining the centre of pressure between the foot and the ground, fur-
ther signal processing enhancements with alternative filters and cut-off fre-
quencies or studying a larger diversity of tasks and subjects.

From a clinical perspective, one of the main outlooks of this work lies
in the progressive translation of inverse dynamics methodologies beyond
highly instrumented laboratory environments. By reducing the reliance on
force platforms and simplifying the foot–ground contact modelling, the pro-
posed approach contributes to the development of biomechanical assessment
tools that are more flexible and potentially deployable in non-laboratory set-
tings.

The next steps toward such translation involve improving the general-
ity and robustness of the model, particularly with respect to inter-subject
variability, pathological gait patterns and sport-specific movements. This in-
cludes refining the contact model, extending validation to larger and more
diverse populations, and integrating alternative measurement technologies
(e.g., wearable sensors). Ultimately, this line of research aims to support
clinicians and practitioners by providing access to estimations of joint and
muscle efforts in contexts where traditional force measurement is impracti-
cal or unavailable, thereby opening new perspectives for clinical assessment,
rehabilitation monitoring and field-based performance analysis.
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