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Orbital propagation around irregular celestial bodies
using the harmonic balance method

Nicolas Leclère

Abstract

This thesis presents a frequency-domain framework for the computation and analysis
of periodic and quasi-periodic orbits in astrodynamics. The harmonic balance method
is adapted to autonomous and conservative systems to compute periodic solutions effi-
ciently while providing direct access to their stability and bifurcations. The method’s
performance is first validated on a benchmark two degrees of freedom system and then
applied to the circular restricted three-body problem, where it reproduces classical fam-
ilies of periodic orbits and reveals new connections between resonant branches through
bifurcation analysis.

The approach is then extended to the gravitational environment of asteroid 433 Eros,
modeled using the polyhedron method. A dense map of periodic families, comprising
over one hundred bifurcations, is established, offering new insights into the resonance
structure and transitions between orbital modes. The multi-harmonic balance method is
further introduced to compute quasi-periodic orbits, enabling the study of multi-frequency
dynamics directly in the frequency domain.

Finally, the method is extended to more realistic scenarios by incorporating solar radi-
ation pressure and binary gravitational effects, demonstrated through the Didymos–Dimo-
rphos system. The results confirm that the harmonic balance framework provides a pow-
erful, efficient, and insightful alternative to classical time-domain techniques for orbital
propagation around irregular celestial bodies.
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Chapter 1

Introduction

Context

The study of periodic and quasi-periodic motion lies at the heart of celestial mechanics.
From the earliest analytical treatments of the two-body problem to the modern numeri-
cal exploration of complex multi-body environments, the search for recurrent trajectories
has remained a cornerstone of astrodynamics. Periodic orbits, in particular, provide the
backbone of the dynamical structure surrounding celestial bodies: they organize the flow
in phase space, define regions of stability, and often serve as the foundation for mission
design and station-keeping strategies.

However, when the gravitational potential departs from the idealized spherical or
point-mass model, as is the case near irregular asteroids or binary systems, the dynamics
become considerably more intricate. The loss of symmetry introduces strong nonlinear-
ities that challenge both analytical and numerical approaches. In such environments,
classical time-domain methods, though reliable, may struggle with sensitivity to initial
conditions, numerical stiffness, and the high computational cost of long-term integrations.

These limitations have motivated the search for alternative formulations capable of
describing periodic motion more efficiently. Among them, the harmonic balance method
(HBM) offers an appealing perspective. By reformulating the equations of motion di-
rectly in the frequency domain, the method enforces periodicity intrinsically and provides
immediate access to the stability and bifurcation properties of the solutions. Originally
developed in the field of nonlinear electrical circuits [1], HBM has seen growing interest
for its ability to capture steady-state oscillations in strongly nonlinear systems with re-
markable efficiency.

Transposing this approach to celestial mechanics opens new opportunities. Around
small and irregular bodies, where gravitational fields are highly nonlinear and resonances
are dense, the frequency-domain formulation allows the systematic construction of fam-
ilies of periodic and quasi-periodic orbits without time integration. It also enables the
detection of bifurcations and the continuation of emerging branches, offering a global view
of the system’s dynamical organization.

In this context, the present work explores how the harmonic balance framework can
be adapted and extended to astrodynamics. It aims to demonstrate that this method
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provides not only a computationally efficient alternative to traditional approaches but
also a novel way to interpret the complex dynamical behavior around irregular celestial
bodies, paving the way toward more comprehensive and automated exploration of their
orbital environments.

Contributions of the Thesis
The central objective of this thesis is to introduce and validate a new approach for the
computation of periodic solutions in orbital propagation problems, with particular atten-
tion to motion around irregular celestial bodies. The harmonic balance method, operating
directly in the frequency domain, enforces the periodicity of the solutions by construction
while providing an efficient and low-cost framework for stability and bifurcation analysis.
A second major goal is to construct a comprehensive map of periodic orbits around the
asteroid 433 Eros, tracing the numerous bifurcations that connect families of solutions.
This global view of the dynamical environment highlights the complex resonant struc-
ture surrounding irregular bodies. The third contribution extends the harmonic balance
formulation to the computation of quasi-periodic solutions. This extension, referred to
as the multi-harmonic balance method, allows the characterization of multi-frequency os-
cillations and provides a frequency-domain perspective on quasi-periodic motion around
asteroids. Finally, the thesis demonstrates that the proposed methodology can be general-
ized to more realistic dynamical scenarios, including external perturbations such as solar
radiation pressure and the gravitational influence of additional bodies. This establishes
the transferability of the method beyond idealized models toward practical applications
in mission analysis and trajectory design.

The thesis is organized as follows. Chapter 2 introduces the theoretical foundations of
the harmonic balance method for nonlinear autonomous and conservative systems. Par-
ticular emphasis is placed on stability analysis and bifurcation tracking, with validation
carried out on a two-degree-of-freedom system. The chapter concludes with the introduc-
tion of the multi-harmonic balance method, applied to a simple example to illustrate its
potential for capturing quasi-periodic behavior.

In Chapter 3, the method is applied to the classical circular restricted three-body prob-
lem. Despite the extensive literature on this problem, the harmonic balance method offers
a renewed perspective by enforcing periodicity directly in the frequency domain. The re-
sults are validated against the software AUTO, and a schematic map of the Earth–Moon
periodic solutions is constructed, highlighting bifurcations and the emergence of secondary
branches. The bifurcation analysis also uncovers previously unreported connections be-
tween resonant families. To further demonstrate the flexibility of the approach, an alter-
native continuation parameter is introduced.

Chapter 4 forms the core of the thesis. The gravitational environment of asteroid 433
Eros is modeled using the polyhedron method to capture its nonlinear potential. For the
first time, a dense bifurcation map comprising roughly one hundred distinct bifurcations
among periodic families is established. The stability of the solutions is examined, and
a detailed spectral analysis provides new insight into the evolution of harmonics across
resonances. The full potential of the harmonic balance framework is realized here with
the computation of quasi-periodic orbits around Eros.
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In Chapter 5, the study is extended to perturbed and more realistic dynamical en-
vironments. The first part introduces solar radiation pressure in the vicinity of Eros,
including the development of an eclipse model. The resulting resonant orbits are ana-
lyzed and compared with those obtained through classical time-domain integration. The
second part shifts focus to the binary asteroid system Didymos–Dimorphos, assessing the
method’s ability to handle the additional complexity induced by a secondary body.

The final chapter gathers the main conclusions of the work, summarizes the contribu-
tions of the thesis and outlines the perspectives for future research and applications.
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Chapter 2

Harmonic Balance Method

2.1 Introduction

The study of periodic motion is key to many dynamical systems from mechanical vibra-
tion of large structures like satellites [2, 3] to celestial dynamics [4]. Two distinct angles
exist to compute periodic solutions that consist of either working in the time domain or
in the frequency domain. In the time domain, the two main approaches consist of the
shooting method and the collocation method. The shooting method transforms the prob-
lem of finding a periodic orbit into a boundary value problem, where an initial condition
is iteratively adjusted so that the solution after one period matches the starting point
[5],[6]. This approach is conceptually simple and computationally efficient for systems
with a moderate number of degrees of freedom. However, its performance can degrade
in stiff systems or when the solution is highly sensitive to initial conditions. The col-
location method, by contrast, discretizes the time domain into subintervals and seeks a
solution that satisfies the governing differential equations at selected points, known as
collocation points. This strategy allows for a more robust handling of complex dynamics,
including stiff and highly nonlinear behavior. It reformulates the original problem into a
system of nonlinear algebraic equations, which can be solved using established numerical
techniques while enforcing periodicity explicitly as a constraint [7]. Most of the software
packages that exist for the computation of periodic solutions are based on this method,
like MATCONT [8], AUTO [9] or COCO [10].

In the frequency domain, the main method is the harmonic balance method (HBM)
that offers significant advantages for systems with smooth periodic solutions dominated
by low-order harmonics. By formulating the problem directly in the frequency domain,
harmonic balance avoids transient integration and efficiently captures steady-state behav-
ior. The method assumes that the periodic solution can be approximated by a truncated
Fourier series and substitutes this expansion into the governing differential equations. The
resulting expressions are then projected onto the basis of harmonic functions, yielding a
system of nonlinear algebraic equations for the Fourier coefficients. This makes it particu-
larly attractive for applications in electrical and mechanical oscillatory systems. However,
its effectiveness diminishes when strong nonlinearities generate rich harmonic content, re-
quiring many terms in the Fourier expansion to maintain accuracy. A comparative study
of the HBM and the collocation method on stiff systems was produced by Karkar in 2014
[11]. A review of the recent developments around the harmonic balance is proposed by
Yan [12].
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2.1: Introduction

Many cases of application of the HBM for forced or autonomous systems are found in
the literature [13, 14]. However, unlike forced systems, where the periodicity is externally
defined, autonomous systems have their phase inherently indeterminate and requiring ex-
plicit specification. This is typically achieved by formulating an augmented system that
incorporates a phase constraint [15, 16]. This fixes the issue related to the phase but
creates an over-constrained system that can be fixed with the introduction of a fictitious
energy [17].

Stability plays a central role in understanding complex nonlinear behaviors. Hill’s
method offers a powerful approach for analyzing the stability of linear differential equa-
tions with periodic coefficients. The method approximates the Floquet exponents, al-
lowing the identification of stability regions [18]. Bifurcation theory complements this
analysis by describing qualitative changes in system dynamics as parameters vary. Bifur-
cations mark critical thresholds where the number or stability of solutions changes, often
giving rise to new dynamical regimes such as periodic, quasi-periodic, or chaotic motion.
The interplay between Hill’s method and bifurcation analysis provides valuable insights
of the dynamics of the system.

A quasi-periodic orbit is characterized by the interaction of multiple frequencies, which
requires adapting the classical HBM to account for this complexity. The first adaptation
of the HBM for multi-frequency systems was developed in 1981 for electrical circuits by
Chua and colleagues [19]. Several years later, the method was improved through coupling
with the alternating frequency–time domain method (AFT) [20]. Guillot extended the
approach further by enabling the continuation of quasi-periodic solutions involving two
frequencies using the asymptotic numerical method (ANM) [21]. More recently, Wang
proposed an efficient adaptation of the reconstruction-based HBM for handling multiple
frequencies [22]. A detailed analysis of the quasi-periodic responses of a single-degree-of-
freedom harmonically forced Duffing oscillator, as well as a two-degree-of-freedom system
using the MHBM, along with their respective stability properties, was provided by Liao
[23].

This chapter presents the methodology for computing periodic solutions in autonomous
and conservative systems, with a focus on their stability analysis and bifurcation track-
ing using the HBM. Section 2.2 reviews the core components of the general algorithm,
including key concepts specific to autonomous systems, such as the phase condition and
fictitious energy, along with a discussion of Hill’s method for stability analysis. Given
their substantial influence on system behavior, bifurcations in the frequency response are
examined in detail in Section 2.3. The extension of the HBM to the MHBM for the com-
putation of quasi-periodic solutions is presented in Section 2.4. Section 2.5 then explores
the emergence of new solution branches originating from branch points. In Section 2.6, a
simple two-degree-of-freedom system is used as a reference case to validate the proposed
approach. The chapter concludes with a summary of the main findings in Section 2.7.
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2.2: Harmonic balance for autonomous and conservative systems

2.2 Harmonic balance for autonomous and conserva-
tive systems

An autonomous nonlinear dynamical system with n degrees of freedom (DOFs) is consid-
ered, governed by the equations of motion shown in Eq. (2.1):

Mẍ+Cẋ+Kx = fnl (x) (2.1)

Here, M, C and K represent the mass, damping, and stiffness matrices, respectively. The
displacement vector x corresponds to the n DOFs, and fnl denotes the nonlinear force
vector, which may depend on both displacement and velocity. Time derivatives are indi-
cated by dots. The system is autonomous, as there is no explicit time dependence in the
equations of motion. It is also conservative if the damping matrix C is zero. It is retained
in the formulation for generality, despite being null in the present context.

2.2.1 Computation of periodic solution in the frequency domain

Periodic solutions are approximated using truncated Fourier series up to theN th harmonic.
Two such expansions are applied to the displacement vector x and the nonlinear force
vector fnl from Eq. (2.1):

x(t) =
cx0√
2
+

NH∑

j=1

(
sxj sin(jωt) + cxj cos(jωt)

)
(2.2)

fnl(t) =
cf0√
2
+

NH∑

j=1

(
sfj sin(jωt) + cfj cos(jωt)

)
(2.3)

Here, sj and cj denote the vectors of Fourier coefficients associated with the sine
and cosine terms, respectively, with the superscripts x and f indicating displacement and
force. For compact representation, these coefficients are assembled into vectors z and
b, respectively. The accuracy of this truncated representation relies on the fact that,
for sufficiently smooth and strictly periodic solutions, the Fourier coefficients associated
with higher harmonics decay rapidly, making their contribution negligible beyond a finite
number of terms. The corresponding trigonometric functions, sine and cosine components
across harmonics, are collected into a time dependent vector Q(t).

z =
[
(cx0)

T (sx1)
T (cx1)

T . . .
(
sxNH

)T (
cxNH

)T]T (2.4)

b =
[(
cf0
)T (

sf1
)T (

cf1
)T
. . .
(
sfNH

)T (
cfNH

)T]T (2.5)

Q(t) =

[
1√
2
sin (ωt) cos (ωt) . . . sin (NHωt) cos (NHωt)

]
(2.6)

By applying the Kronecker tensor product, along with the identity matrix In of di-
mension (n× n), Eq.(2.2) and Eq.(2.3) are written in a more compact form as Eq.(2.7)
and (2.8), respectively:
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2.2: Harmonic balance for autonomous and conservative systems

x(t) = (Q(t)⊗ In) z (2.7)

fnl(t) = (Q(t)⊗ In)b (2.8)

This compact formulation makes it straightforward to derive expressions for velocity
and acceleration directly from the vector Q(t):

ẋ(t) =
(
Q̇(t)⊗ In

)
z = (Q(t)∇⊗ In) z (2.9)

ẍ(t) =
(
Q̈(t)⊗ In

)
z =

(
Q(t)∇2 ⊗ In

)
z (2.10)

where ∇ is defined as the matrix

∇ =




0
. . .

ω∇j

. . .
ω∇NH



,∇2 =




0
. . .

ω2∇2
j

. . .
ω2∇2

NH




(2.11)

with

∇j =

[
0 −j
j 0

]
,∇2

j =

[
−j2 0
0 −j2

]
(2.12)

By substituting Eq. (2.7), (2.8), (2.9) and (2.10) into the equation of motion, Eq.
(2.1), we obtain

M
((
Q(t)∇2

)
⊗ In

)
z+C ((Q(t)∇)⊗ In) z+K (Q(t)⊗ In) z = (Q(t)⊗ In)b (2.13)

Thanks to the mixed-product property of the Kronecker product, (A⊗B) (C⊗D) =
(AC)⊗ (BD), this expression can be rearranged into a more convenient form

((
Q(t)∇2

)
⊗M

)
z+ ((Q(t)∇)⊗C) z+ (Q(t)⊗K) z = (Q(t)⊗ In)b (2.14)

To eliminate the time dependence in Eq. (2.14), a Galerkin procedure is applied, resulting
in:

(
∇2 ⊗M

)
z+ (∇⊗C) z+ (I2NH+1 ⊗K) z = (I2NH+1 ⊗ In)b (2.15)

Finally, the system can be expressed in its most compact form within the Harmonic
Balance framework as:

h(z, ω) = A(ω)z− b(z) = 0 (2.16)

Here, h(z, ω) denotes the residual, while the matrix A(ω) encapsulates the linear
dynamics of the system. Two equivalent expressions for A(ω) are provided in Eqs. (2.17)
and (2.18).

A = ∇2 ⊗M+∇⊗C+ I2NH+1 ⊗K (2.17)
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2.2: Harmonic balance for autonomous and conservative systems

A =




K
K− ω2M −ωC

ωC K− ω2M
. . .

K− (NHω)
2M −NHωC

NHωC K− (NHω)
2M




(2.18)

Equation (2.16) is nonlinear, and solving it requires the use of an iterative approach.
Several methods are available for this purpose, with Newton–Raphson being the most
commonly used [24], though alternatives like Powell’s hybrid method also exist [25]. In
this thesis, we focus on Newton’s method.

2.2.2 Newton’s method and alternating frequency-time method

The core idea behind Newton’s method is to begin with an initial guess, z0, and itera-
tively refine it using derivative information. At each step, the next approximation zj+1

is computed using the current estimate zj, the residual h(zj, ω), and the Jacobian with
respect to z, denoted hz(zj, ω):

zj+1 = zj −
h(zj, ω)

hz(zj, ω)
(2.19)

One of the main challenges in applying this method lies in computing the Jacobian
of Eq. (2.16), particularly due to the nonlinear force terms. In many cases, these forces
are not explicitly defined as functions of z, which complicates the derivation. To address
this, the alternating frequency–time (AFT) method can be employed to evaluate the
nonlinear part of the Jacobian, specifically b(z) [26]. The AFT method leverages the
discrete Fourier transform (DFT): the nonlinear forces, typically expressed in the time
domain as fnl(x, ẋ), are evaluated there and then transformed back into the frequency
domain to complete the computation.

z
FFT−1

−−−−→ x(t) −→ fnl (x)
FFT−−−→ b(z)

Several approaches can be used to compute the Jacobian matrix hz. The most straight-
forward is the finite difference method, which is easy to implement but can be compu-
tationally expensive, especially for large systems. A more elegant and computationally
efficient alternative involves interpreting the inverse Fourier transform (DFT−1) as a linear
operator, denoted by Γ(ω). To reconstruct the time-domain response from its frequency-
domain representation, the periodic solution (with period T ) must be discretized into N
time steps, with a uniform time interval ∆t = T

N
. The resulting time vector is

t = [t1, t2, . . . , tN ], with t1 = 0, t2 = ∆t, . . . , tN = T −∆t

The operator Γ(ω) then takes the form:
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2.2: Harmonic balance for autonomous and conservative systems

Γ(ω) =




In ⊗




1/
√
2

1/
√
2

...
1/
√
2


 In ⊗




sin(ωt1)
sin(ωt2)

...
sin(ωtN)


 In ⊗




cos(ωt1)
cos(ωt2)

...
cos(ωtN)


 . . .

In ⊗




sin(NHωt1)
sin(NHωt2)

...
sin(NHωtN)


 In ⊗




cos(NHωt1)
cos(NHωt2)

...
cos(NHωtN)







(2.20)

or as the simple equation that links discretized time domain and frequency domain:

x̃ = Γ(ω)z (2.21)

The time-domain vector x̃, of size nN , is constructed by stacking the N time samples
for each degree of freedom sequentially. Specifically, it is ordered as the time discretization
of the first degree of freedom, followed by the second, and so on up to the nth, yielding:

x̃ = [x1(t1) . . . x1(tN) . . . xn(t1) . . . xn(tN)]

The inverse of Eq.(2.21), i.e., the direct Fourier transform, provides the relationship:

z = (Γ(ω))+ x̃ (2.22)

Here, the superscript + denotes the Moore–Penrose pseudo-inverse, given by Γ+ =

Γ⊤ (ΓΓ⊤)−1. This operator is also used to transform the nonlinear force vector, evaluated
in the time domain, back into the frequency domain to compute

b(z) = (Γ(ω))+ f̃ (2.23)

Using Eqs. (2.22) and (2.23), the Jacobian hz(zj, ω) is conveniently expressed as:

hz =
∂h

∂z
= A− ∂b

∂z
= A− ∂b

∂ f̃

∂ f̃

∂x̃

∂x̃

∂z
= A− Γ+ ∂ f̃

∂x̃
Γ (2.24)

The term ∂ f̃
∂x̃

—the Jacobian of the nonlinear forces with respect to the state in the time
domain—is assumed to be analytically defined.

At this point, all components required to solve the harmonic balance equation (2.16)
are in place. However, since the dynamical systems studied in this thesis are autonomous,
additional care must be taken to ensure that the periodic solutions computed are nontriv-
ial (i.e., z ̸= 0) and suitable for continuation. To this end, a phase condition is introduced.

2.2.3 Phase condition

Solutions of autonomous nonlinear systems exhibit time-translation invariance. That is,
if x(t) is a solution to an autonomous system with an initial condition x(∆t) = x0,
then the time-shifted function x(t + ∆t) is also a valid solution with initial condition
x(0) = x0. However, since the HBM operates in the frequency domain, this invariance
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2.2: Harmonic balance for autonomous and conservative systems

must be expressed in terms of Fourier coefficients. If ẑ denotes the vector of Fourier
coefficients associated with a solution x(t), then the time-translated solution x(t + ∆t)
corresponds to a new vector of coefficients, denoted ẑ(z,∆t). In this context, the Fourier
decomposition of the time-shifted solution takes the form

x(t+∆t) =
ĉx0√
2
+

NH∑

j=1

(
ŝxj sin(jωt) + ĉxj cos(jωt)

)

= (Q(t)⊗ In) ẑ

(2.25)

x(t+∆t) =
cx0√
2
+

NH∑

j=1

(
sxj sin(jω(t+∆t)) + cxj cos(jω(t+∆t)

)

=
cx0√
2
+

NH∑

j=1

(sxj (cos(jωt) cos(jω∆t)− sin(jωt) sin(jω∆t))

+ cxj (cos(jωt) cos(jω∆t) + sin(jωt) sin(jω∆t)))

= (Q(t)⊗ In) (R(∆t)⊗ In) z

(2.26)

with

R(∆t) =




1
. . .

Rotj
. . .

RotNH



,Rotj =

[
cos(jω∆t) − sin(jω∆t)
sin(jω∆t) cos(jω∆t)

]

Just as solutions of autonomous systems are invariant under time translations in the
time domain, they exhibit a similar invariance in the frequency domain through the trans-
formation ẑ. Because the HBM assumes periodic solutions, this invariance results in a
lack of uniqueness due to an undefined phase shift. In practical terms, this causes the
Jacobian matrix hz to become singular. The eigenvector corresponding to this singularity
can be identified by examining the Jacobian under the transformation ẑ.

hẑ|∆t=0

∂ẑ(z,∆t)

∂∆t

∣∣∣∣
∆t=0

+ h∆t = 0

hẑ|∆t=0

∂ẑ(z,∆t)

∂∆t

∣∣∣∣
∆t=0

= 0

hẑ|∆t=0

(
∂R(∆t)

∂∆t

∣∣∣∣
∆t=0

⊗ In
)
z = 0

hz (−∇⊗ In) z = 0

This shows that the direction of the singularity in the solution space is given by
φ = (diag(0, . . . ,∇j, . . . ,∇NH

)⊗ In) z. The factor ω found in the matrix ∇, has been
omitted, since scalar multiplication does not affect the nullspace and therefore does not
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2.2: Harmonic balance for autonomous and conservative systems

alter the singularity of hz. To restore uniqueness, a phase condition, denoted g(z), must
be imposed. The most basic approach is to fix one of the Fourier coefficients, typically
by setting a component of z to zero (e.g., zi = 0), which corresponds to constraining the
initial displacement or velocity. However, this strategy can result in a phase drift during
continuation, which may introduce numerical inaccuracies and slow down the computa-
tion.

A more robust and general phase condition, which does not depend on the specific
type of nonlinearity, is used in continuation software like AUTO [16, 27]. This condition,
formulated in the time domain, is

g(ẋ(t),x(t)) =

∫ T

0

xT
j−1ẋ(t)dt = 0 (2.27)

Here, xj−1 is the displacement vector from the previous continuation step. Following
the earlier approach, this condition is translated into the frequency domain as:

g(z) = zTj−1 (diag(0, . . . ,∇j, . . . ,∇NH
)⊗ In) z = 0 (2.28)

This condition ensures smooth progression between continuation steps by limiting
abrupt changes, thus helping prevent numerical errors. Additionally, its derivative with
respect to z aligns with the singular eigenvector φ. In other words, this phase condition
effectively cancels the evolution of z along the null direction of the Jacobian, thereby
enforcing the uniqueness of the periodic solution. The derivative of g(z) with respect to
z is simply:

gz = (diag(0, . . . ,∇j, . . . ,∇NH
)⊗ In) zj−1 (2.29)

2.2.4 Injection of fictitious energy

Adding a phase condition to the system introduces an extra constraint, which results in
an overdetermined problem and a non-square Jacobian matrix. A common workaround
is to use the Moore–Penrose pseudoinverse [28]. However, a more elegant and efficient
strategy is to inject a fictitious, non-conservative energy term Efic, scaled by a damping
parameter η, into the equations of motion

Mẍ+Cẋ+ ηEfic(ẋ) +Kx = fnl (x) (2.30)

In order for the system to admit periodic solutions, it must be conservative when
there’s no external forcing. This means that the damping coefficient η should tend toward
zero as the continuation progresses [17]. Accordingly, the HBM formulation (Eq. (2.16))
becomes:

h(z, ω, η) = A(ω)z+ ηP(z)− b(z) = 0 (2.31)

with P(z) the fictitious energy Efic(ẋ) expressed in the frequency domain. Since η goes
to zero during the continuation, the specific shape of P(z) is not critical, as long as it is
non-conservative. That said, the choice does affect the structure of the Jacobian. Ideally,
P(z) should be set as, P(z) = (∇⊗ In) zj−1. With this choice, the derivative of h with
respect to η denoted hη becomes identical to gz, and the singularity in the Jacobian of
the augmented system is naturally resolved.
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2.2: Harmonic balance for autonomous and conservative systems

2.2.5 Initialization and continuation

The computation of a single periodic solution for a conservative autonomous system has
been detailed in the previous sections. However, in practice, it is often more insightful
to compute entire branches of solutions over a range of frequencies. To achieve this,
various continuation techniques are available. The MANLAB package, for instance, uses
the asymptotic numerical method (ANM), while arclength continuation is another well-
established approach [29]. In this work, the chosen method follows the continuation
scheme implemented in the MATCONT toolbox, which relies on a Moore–Penrose-based
formulation [8].

The augmented system used for continuation couples the HBM equation (Eq. (2.31))
with the phase condition (Eq. (2.29))

[
h(z, ω, η)
g(z)

]
=

[
A(ω)z+ ηP(z)− b(z)

zTj−1 (∇⊗ In) z

]
=

[
0
0

]
(2.32)

The continuation is carried out alongside a prediction step. The method adopted here
is tangent prediction, where the next point on the solution branch is estimated using the
tangent vector at the previous point. Let ti denote the tangent vector associated with the
current solution yi =

[
zTi ωi ηi

]T . This vector is obtained by solving the linear system


J(yi)
gy

tTi−1


 ti =



0
0
1


 (2.33)

Here, J(yi) =
[
hz hω hη

]
is the Jacobian of the HBM system, and gy = [gz 0 0]

is the Jacobian of the phase condition. The last row in Eq. (2.33), tTi−1ti = 1, enforces a
unit projection onto the previous tangent, preventing the predictor from reversing direc-
tion along the branch.

All the components of the Jacobian system have been defined in earlier sections, except
for hω, which is the derivative of Eq. (2.31) with respect to the frequency ω, and can be
obtained straightforwardly:

hω =
∂A(ω)

∂ω
z (2.34)

While frequency ω is used here as the continuation parameter, the same framework
readily accommodates other scalar parameters. In that case, the additional Jacobian
column is simply the derivative of Eq. (2.31) with respect to the chosen parameter, for
example the mass ratio µ in the circular restricted three-body problem presented in the
next chapter.

The tangent vector is scaled by a step size si and added to the current solution to
obtain the prediction for the next continuation point:

yi+1 = yi + siti (2.35)

Choosing an appropriate step size is critical: an improper selection can increase com-
putational cost, introduce phase jumps, or even cause entire solution branches to be
missed during continuation [30]. A straightforward approach is to use a constant step
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2.2: Harmonic balance for autonomous and conservative systems

size, si = const, but this strategy is often suboptimal. If the value is too small, the com-
putation becomes unnecessarily long; if too large, the discretization may miss important
features or lead to convergence failure.

An improved strategy is to use an adaptive step size based on the number of iterations
ni required by the correction scheme. If ni exceeds an upper threshold nu, the step size
is halved. If ni falls below a lower threshold nl, the step size is doubled. Otherwise, the
step size remains unchanged. This logic is summarized by:

si = Υsi−1 with Υ =





0.5 ni > nu

1 nl ≤ ni ≤ nu

2 ni < nl

(2.36)

A drawback of this method is that the thresholds nl and nu may need tuning depend-
ing on the system. Alternative adaptive schemes exist, including approaches based on the
smallest parameterized eigenvalue of the Jacobian matrix hz [31].

Once the prediction yi+1 is constructed, it must be corrected to satisfy the system
of equations (Eq. (2.31)). The correction is performed using a Moore–Penrose-based
method with an auxiliary optimization variable vi, initialized as the tangent vector ti.
The correction update rules are:

yj+1
i+1 = yj

i+1 +∆yj
i+1 = yj

i+1 −Gy
−1(yj

i+1,v
j
i+1)G(yj

i+1,v
j
i+1) (2.37)

vj+1
i+1 = vj

i+1 +∆vj
i+1 = vj

i+1 −Gy
−1(yj

i+1,v
j
i+1)R(yj

i+1,v
j
i+1) (2.38)

where the residuals and Jacobians are defined as:

G(y,v) =



h(y)
g(y)
0


 (2.39)

Gy(y,v) =



J(y)
gy(y)
vT


 (2.40)

R(y,v) =



J(y)v
gy(y)v

0


 (2.41)

With this prediction-correction scheme, one can trace out the evolution of the families
of orbits with respect to their frequency. For complex systems, unnecessary harmonics
can significantly increase computation time. It is therefore essential to select the appro-
priate number of harmonics to balance accuracy and efficiency. One strategy is to adapt
the harmonic content during continuation, using the adaptive harmonic balance method
(AHBM) [32, 33].
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2.2: Harmonic balance for autonomous and conservative systems

Adaptive harmonic balance method (AHBM)

The fundamental idea behind the AHBM is to isolate the sine and cosine contributions
of each harmonic and each degree of freedom, d, in the Fourier expansion of the response.
For example, for a two-degree-of-freedom system, the forcing terms for each degree of
freedom are collected in vectors:

bxd
=

[(
c
fxd
0

)T(
s
fxd
1

)T (
c
fxd
1

)T (
s
fxd
2

)T (
c
fxd
2

)T
. . .
(
s
fxd
NH

)T (
c
fxd
NH

)T]T
(2.42)

For each harmonic h and each degree of freedom d, the scalar quantity Φd
h is computed

as:

Φd
h =

√(
s
fxd
NHh

)2
+
(
c
fxd
NHh

)2

This value represents the amplitude of the h-th harmonic of the d-th degree of freedom.
It is then compared to a threshold value ϵAHBM. If Φd

h > ϵAHBM for any d, the harmonic h
is retained; otherwise, it is discarded. This selective inclusion reduces unnecessary com-
putation while maintaining accuracy.

A flowchart summarizing the HBM algorithm, including all previously detailed steps, is
presented in Figure 2.1. The next section addresses the stability analysis of the computed
periodic solutions.
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Initial solution y(i) =
[
zT(i) ω(i) η(i)

]T
, i = 1

Predictor step y
(j)
(i+1), j = 1

Adaptive selection : Φdh ≥ ϵAHBM

Harmonic balance equation : h = h
(
y
(j)
(i+1)

)

∥h∥ < ε Next solution on the branch : y(i+1) = y
(j)
(i+1)

i = i + 1

Corrector step y
(j+1)
(i+1) = y

(j)
(i+1) +∆y

(j)
(i+1)

j = j + 1 YES

NO

Figure 2.1: Algorithm flowchart of HBM.

2.2.6 Stability

Nonlinear systems are subject to complex dynamical behaviors, including unstable solu-
tions and bifurcation phenomena. In the time domain, Floquet theory provides insight
into the stability of periodic solutions by analyzing the eigenvalues of the monodromy
matrix. In the frequency domain, an alternative approach, Hill’s method, relies on the
Floquet exponent, λ, to evaluate the stability of solutions. The Floquet multipliers, σ,
are related to the exponents through the relation:

σi = eλiT (2.43)

A periodic solution is unstable if at least one Floquet multiplier satisfies |σi| > 1; oth-
erwise, the solution is considered stable. In terms of the Floquet exponents, instability
occurs if the real part of any exponent satisfies Re(λi) > 0. A graphical representation of
the stable and unstable regions for both the Floquet exponents and multipliers is provided
in Figure 2.2.
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Re(λ)

Im(λ)

Stable Unstable

(a)

Re(σ)

Im(σ)

Stable

Unstable

(1, 0)(−1, 0)

(b)

Figure 2.2: Stability with respect to the Floquet exponents (a) and Floquet multipliers
(b).

Hill’s method introduces a periodic perturbation, s(t), modulated by an exponential
term, to an existing periodic solution x∗(t):

p(t) = x∗(t) + eλts(t) (2.44)

This perturbed solution is then substituted into the equations of motion, Eq. (2.1), to
assess the evolution and stability of the response.

Mẍ∗ +Cẋ∗ +Kx∗ +
(
λ2Ms+ λ (2Mṡ+Cs) +Ms̈+Cṡ+Ks

)
eλt = f(p) (2.45)

In the stability analysis, the fictitious energy term ηEfic is omitted, as it has no
dynamical meaning and serves only to regularize the continuation system. Since η tends
to 0 at convergence, the resulting Hill matrix corresponds strictly to the linearized physical
system [34]. Using a Fourier decomposition truncated to the N th order for the periodic
solution x(t) and its perturbation s(t), the corresponding vectors of Fourier coefficients
are denoted z and u, respectively. Applying the Galerkin procedure to the perturbed
equations yields:

Az∗ +
(
λ2∆2 + λ∆1 +A

)
eλtu = b

(
z∗ + eλtu

)
(2.46)

where the operators ∆1 and ∆2 are defined as:

∆1 = ∇⊗ 2M+ I2NH+1 ⊗C (2.47)

∆2 = I2NH+1 ⊗M (2.48)

To simplify Eq. (2.46), a Taylor series expansion of the right-hand side is performed:

b
(
z∗ + eλtu

)
= b(z∗) +

∂b

∂z

(
eλtu

)
(2.49)
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2.3: Bifurcations

This makes the residual Az∗ − b(z∗) appear, which vanishes by construction of the
harmonic balance equation, Eq.(2.16). Substituting this expression and introducing the
Jacobian matrix hz, defined in Eq.(2.82), leads to the following quadratic eigenvalue
problem:

(
∆2λ

2 +∆1λ+ hz

)
eλtu = 0 (2.50)

Since the exponential term is non-zero, it can be omitted, resulting in:

(
∆2λ

2 +∆1λ+ hz

)
u = 0 (2.51)

This quadratic eigenvalue problem can be reformulated as a linear eigenvalue problem
by increasing its dimension, typically by a factor of two [3]. Among all computed eigen-
values λ, only 2n are meaningful as they approximate the true Floquet exponents of the
periodic solution x∗ [35]. According to [36], the relevant exponents are those with the
smallest imaginary parts in modulus, while the others are discarded due to their lack of
physical significance.

It is worth noting that the accuracy of the computed Floquet exponents improves with
the number of harmonics used in the Fourier decomposition. However, for autonomous
systems, the Jacobian hz is always singular due to time-translation invariance, resulting
in two zero eigenvalues. These may affect the numerical conditioning of the stability
analysis. Common remedies include shifting the null eigenvalues to a small negative value
(e.g., −1), as suggested in [37], or simply discarding them, since they do not interfere
with the detection of bifurcations.

2.3 Bifurcations
During the continuation process, the evolution of the Floquet multipliers along the unit
circle can reveal the presence of specific points known as bifurcations. Bifurcations are
often associated with changes in the stability of the system; however, a stability change
is not a necessary condition for a bifurcation to occur.

In the context of this work, three particular types of bifurcations are considered,
namely singular points, period doubling and Neimark-Sacker bifurcations. A more com-
prehensive treatment of bifurcation theory can be found in Kuznetsov [38]. The char-
acteristic behavior of the Floquet exponents and multipliers for these three bifurcation
types is illustrated in Figure 2.3.

2.3.1 Singular points

Singular points occur when the real part of a Floquet exponent changes sign while its
imaginary part is zero. This is equivalent to a pair of Floquet multipliers entering or
leaving the unit circle through the point (1, 0). At such points, the Jacobian matrix hz

(Eq. (2.82)) becomes singular. Among these singular points, two types of bifurcations
can arise: fold bifurcations and branch points (BP). They can be distinguished using hω

(Eq. (2.34)):

• Fold bifurcations satisfy hω
Tu ̸= 0.
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Re(λ)

Im(λ)

Stable Unstable

Period Doubling

λ = iω
2

Neimark Sacker

λ ̸= − iω
2

Singular pointλ = 0

Neimark Sackerλ ̸= − iω
2

Period Doublingλ = − iω
2

(a)

Re(σ)

Im(σ)

Stable

Unstable

(1, 0)(−1, 0)
Period Doubling Singular point

Neimark Sacker

Neimark Sacker

(b)

Figure 2.3: Bifurcations with respect to the Floquet exponents (a) and Floquet multipliers
(b).

• Branch points satisfy hω
Tu = 0.

Fold bifurcation: Also known as limit points or saddle nodes, folds do not give rise
to new branches of solutions. They are characterized by a reversal in the direction of the
continuation parameter ω, typically showing an increase followed by a decrease (or vice
versa). Since folds do not introduce new solution paths, their detection is not addressed
in this work.

Branch point: Before a branch point, the system follows a single solution branch.
After the bifurcation, multiple branches emerge. This bifurcation is often accompanied
by a change in stability between the primary branch and the new one(s).

• If two branches meet and exchange stability, the phenomenon is referred to as a
transcritical bifurcation.

• If a new branch emerges from the main one—either stable or unstable—along with a
stability change in the main branch, the bifurcation is termed a pitchfork bifurcation.

The singularity of hz at these points can be leveraged to detect folds and branch
points. In both cases, the determinant of hz vanishes. To distinguish between them, the
rank deficiency of the Jacobian system in Eq. (2.33) is exploited, as proposed in [39]. The
test function used for branch point detection is

φi = det



hz hω hη

gz 0 0
tTi−1


 (2.52)

A branch point bifurcation is identified when this test function changes sign between
two consecutive continuation steps, i.e, φi.φi+1 < 0.

Page 19



2.3: Bifurcations

2.3.2 Period doubling

Period doubling bifurcations (PD) occur when a pair of Floquet multipliers exits or enters
the unit circle through the point (−1, 0) on the real axis. In terms of Floquet exponents,
this corresponds to a pair of complex conjugate exponents crossing the imaginary axis at
λ = ± iω

2
. At the bifurcation point, a new branch of periodic solutions emerges, with the

new solutions having a period twice that of the original branch.

Several test functions are available for detecting PD bifurcations; two such methods
are detailed in [40]. The first method involves substituting λ = iω

2
into Eq. (2.51) and

decomposing the associated eigenvector into its real and imaginary parts as u = uR+ iuI,
yielding

[
hz −

(
ω
2

)2
∆2

ω
2
∆1

−ω
2
∆1 hz −

(
ω
2

)2
∆2

](
uR

uI

)
= B

(
uR

uI

)
=

(
0
0

)
(2.53)

The matrix on the left-hand side of this equation, denoted as B, becomes singular at
the PD bifurcation. A simple detection method relies on monitoring the sign variation of
the derivative of the determinant of B during the continuation. Using a finite difference
approximation for the derivative, the associated test function is defined as

φi = sign (det (Bi)− det (Bi−1)) (2.54)

The presence of a bifurcation is indicated when the test function changes sign between
two consecutive steps, i.e., when φi.φi+1 < 0. An alternative approach presented in [40]
relies directly on the Floquet exponents. Let us define λ̄ as:

λ̄ = max
j={1,...,2n}

∥∥∥e
2πλj
ω

∥∥∥ (2.55)

The corresponding test function is then given by:

φi = sign
(
ℜ
(
λ̄
))
|λ̄|+ 1 (2.56)

As with the previous method, a sign change in φi across consecutive continuation steps
also signals the occurrence of a PD bifurcation. However, these methods can occasionally
yield false positives in the context of autonomous systems. Therefore, it is recommended
to combine them with direct monitoring of the Floquet multipliers or exponents during
the continuation to enhance robustness.

A third method, also discussed in [40], involves modifying the frequency basis by
explicitly incorporating subharmonics into the Fourier decomposition. In this case, the
vector Q(t) (as defined in Eq. (2.6)) is extended as:

QPD(t) =

[
1√
2
sin
(ω
2
t
)
cos
(ω
2
t
)
sin (ωt) cos (ωt) . . .

sin (NHωt) cos (NHωt) sin

(
(2NH + 1)ω

2
t

)
cos

(
(2NH + 1)ω

2
t

)]
(2.57)

This modification changes the nature of the emerging branch from a PD bifurcation.
The period no longer doubles; instead, in the new frequency basis, the PD bifurcation
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manifests as a branch point bifurcation [38]. Consequently, the established detection
framework for branch points can be applied to reliably identify PD bifurcations. The
downside of this approach is that the minimal period is extended from T to 2T , and the
number of unknowns in the system is effectively doubled. Period doubling bifurcations
are detected and discussed in Chapter 3.

2.3.3 Neimark-Sacker

Neimark–Sacker (NS) bifurcations, also known as secondary Hopf bifurcations, occur when
a pair of complex conjugate Floquet multipliers exit the unit circle. In terms of Floquet ex-
ponents, this corresponds to crossing the imaginary axis at values different from ± iω

2
. NS

bifurcations give rise to a new branch of solutions characterized by quasiperiodic oscilla-
tions, defined by a combination of the fundamental frequency ω and at least one secondary
frequency ω2, such that the ratio ω

ω2
is irrational. The resulting quasiperiodic branches

require a dedicated formulation, and the HBM must be extended to accommodate the
additional frequency. This extended formulation is referred to as the Multi-Harmonic
Balance Method (MHBM). There is no explicit test function for the detection of NS bi-
furcations in autonomous systems. However, in the scope of this work, all observed NS
bifurcations are accompanied by a change in stability. Therefore, the presence of an NS
bifurcation is inferred from a stability change where Im(λ) ̸= 0, confirmed by the direct
observation of the Floquet multipliers [41, 42]. The NS bifurcations and their associated
quasiperiodic solutions are not that commonly found in simple, autonomous and conser-
vative systems; they are studied in Chapter 4, where they are found in the vicinity of
asteroid 433 Eros.

2.4 Multi-harmonic balance method

While the classical HBM effectively captures periodic motion, multiple nonlinear sys-
tems also exhibit quasi-periodic behavior, where two or more incommensurate frequencies
coexist. To describe such dynamics, the formulation must be extended to account for mul-
tiple interacting frequency components. The multi-harmonic balance method (MHBM)
provides this generalization by expressing the solution as a multi-dimensional Fourier
expansion over several base frequencies. This approach preserves the core principles of
the HBM, projection onto a harmonic basis, frequency-domain residual formulation, and
continuation in parameter space, while introducing additional phase conditions to ensure
uniqueness and proper handling of the multi-frequency structure. The equations of mo-
tion retain the same structure as in equation (2.30).

A quasi-periodic solution can be viewed as motion on a torus spanned by multiple
independent frequencies. Each frequency introduces its own harmonic basis, and the full
motion is a superposition over all combinations of harmonics of these base frequencies.
To account for quasi-periodic solutions involving multiple incommensurate frequencies,
the trajectory x(t) is expressed as a multi-harmonic Fourier series involving Nω such
frequencies ωi:
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x(t) =
Nω∏

i=1

(Qi(ωit)⊗ Ini
) z (2.58)

Here, Qi(ωit) denotes the Fourier basis vector, of size 1× (2Nhi
+ 1) associated with the

ith frequency component, constructed as

Qi(ωit) =
[

1√
2
, sin(θi), cos(θi), · · · , sin(Nhi

θi), cos(Nhi
θi)
]

(2.59)

with the set of torus variables

θi = ωit θi ∈ [0, 2π] (2.60)

The dimension ni accounts for the nested structure of the multi-frequency expansion and
is defined recursively as

ni = n

i−1∏

k=1

(2Nhk
+ 1) (2.61)

where n is the number of degrees of freedom of the system and Nhk
is the number of

harmonics considered for the kth frequency. The Fourier coefficients vector z is of size n.

Time derivatives of x(t), the velocity ẋ(t) and the acceleration ẍ(t), are easily ex-
pressed using the Fourier series as

ẋ(t) =
Nω∑

i=1

(
Nω∏

j=1

(Qj(ωjt)κji)⊗ Inj

)
z (2.62)

ẍ(t) =
Nω∑

i=1

Nω∑

j=1

(
Nω∏

k=1

(Qk(ωkt)κkjκki)⊗ Ink

)
z (2.63)

where the derivation operator κji is

κji =

{
κj if i = j

I2NHj
+1 if i ̸= j

, κj = ωj




0 0

0



1

. . .
NHj


⊗ κ


 κ =

[
0 −1
1 0

]

(2.64)
The quasi-periodic motion can be expressed by the Nω independent torus variables

θi = ωit + θi,0 defining the Nω-dimensional torus TNω = [0, 2π]Nω . The state vector can
then be regarded as a 2π-periodic function of these angles,

x(t) = X(θ1, . . . , θNω). (2.65)

If the base frequencies {ωi} are rationally independent, time averages along the quasi-
periodic trajectory coincide with spatial averages over the torus. Indeed, according to
[43], one has

lim
T→∞

1

T

∫ T

0

F (ω1t, . . . , ωNωt) dt =
1

(2π)Nω

∫

TNω

F (θ1, . . . , θNω) dθ1 · · · dθNω . (2.66)
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This equivalence allows the Galerkin procedure to be performed in the orthogonal
trigonometric basis Qi defined on the torus, as used in Eq. (2.67).

1

π

∫ 2π

0

QT
i (θi)Qi(θi) dθi = I2Nhi

+1 (2.67)

The Galerkin procedure on the torus consists in enforcing the orthogonality of the
residual with respect to all the trigonometric basis functions Qi(θ). This condition can
be written as the projection integral

1

(2π)Nω

∫

TNω

(
Nω∏

i=1

Qi(θi)⊗ Ini

)T

R(θ)dθ = 0 (2.68)

where R(θ) denotes the residual of the governing equations (2.1). Equation (2.68)
is the multidimensional counterpart of the classical Fourier–Galerkin projection used in
the periodic HBM, and constitutes the formal definition of the Galerkin procedure in the
MHBM framework.

Substituting the truncated Fourier expansions of the state vector and the nonlinear
terms into the residual expression, and using the orthogonality of the trigonometric basis
on TNω , the above projection leads to a set of algebraic equations for the unknown Fourier
coefficients. By arranging these equations in vector form and applying Eqs. (2.58), (2.62),
(2.63), and (2.67), together with the mixed-product property of the Kronecker product,
the resulting system can be written in the compact matrix form of Eq. (2.69).

[∑Nω

k=1

∑Nω

j=1

(⊗1
i=Nω

κijκik

)
⊗M+

∑Nω

j=1

(⊗1
i=Nω

κij

)
⊗C+

(⊗1
i=Nω

I2NHi
+1

)
⊗K

]
z+ ηP(z)− b(z) = 0

(2.69)
or in the compact form,

A(ω1, . . . , ωNω)z+ ηP(z)− b(z) = h(z, ω1, . . . , ωNω) = 0 (2.70)

The matrix of the linear dynamics for two frequencies A is a n(2NH1 + 1)(2NH2 +
1)×n(2NH1 +1)(2NH2 +1). As the number of incommensurate frequencies increases, the
complexity of the multi-harmonic balance method grows rapidly. Specifically, the size of
matrix A scales with the product of the harmonic orders, resulting in a steep rise in both
computational cost and memory usage.

The presence of multiple incommensurate frequencies introduces additional considera-
tions. The main difference lies in the need to account for more than one frequency in the
formulation. While the primary frequency is treated as a continuation parameter, the sec-
ondary frequency must also be carefully controlled. Each additional frequency introduces
another time-shift symmetry on the torus. A corresponding phase condition removes this
degeneracy, ensuring that the quasi-periodic solution is uniquely defined. Following the
approach proposed by Schilder [44] the phase condition selected minimizes the L2 norm
of the difference between the current solution and that of the previous iteration, denoted
by zj−1

gi(x) =

∫

TNω

(
∂xj−1(θ)

∂θi

)T

x(θ) dθ = 0 (2.71)
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After the Galerkin procedure the phase condition takes the form:

gi(z) =
1

ωi

zTj−1

[(
1⊗

j=Nω

κT
ji

)
⊗ In

]
z = zTj−1Uiz = 0 (2.72)

The logic behind the fictitious energy added in the classical term is kept unchanged
for the MHBM to balance the number of equations and unknowns. It takes the form

P(z) =

[(
1⊗

j=Nω

κT
ji

)
⊗ In

]
z = Uiz (2.73)

To facilitate the understanding of Eq. (2.70), and in particular the construction of A,
the different elements of equation (2.69) are separated and described for the case of two
frequencies

2∑

k=1

2∑

j=1

(
1⊗

i=2

κijκik

)
⊗M =

[
I(2NH2+1) ⊗ (κ1)

2 + 2 (κ2 ⊗ κ1) + (κ2)
2 ⊗ I(2NH1+1)

]
⊗M

(2.74)
2∑

j=1

(
1⊗

i=2

κij

)
⊗C = (I(2NH2+1) ⊗ κ1 + κ2 ⊗ I(2NH1+1))⊗C (2.75)

(
1⊗

i=2

I2NHi
+1

)
⊗K = (I(2NH2+1) ⊗ I(2NH1+1))⊗K (2.76)

The same continuation procedure as outlined on the classical harmonic balance method
is applied to solve Eq. (2.70). The core ideas, projection, nonlinear evaluation using AFT,
and continuation using pseudo-arclength remain unchanged. However, the components
of those operations have to be updated to take into account the additional frequency. It
translates into:

ΓQP = In ⊗ (Q̃2 ⊗ Q̃1) (2.77)

with

Q̃i =




1√
2

sin(θi,1) cos(θi,1) · · · sin(NH1θi,1) cos(NH1θi,1)

...
...

... . . . ...
...

1√
2

sin(θi,N) cos(θi,N) · · · sin(NH1θi,N) cos(NH1θi,N)




i = 1, 2

However, the columns of the matrix ΓQP have to be permuted so that the Fourier
coefficients corresponding to each physical degree of freedom are grouped together like
it was the case for the classical HBM. This is achieved by multiplying by a permutation
matrix P:

ΓQP ← ΓQPP, (2.78)

where P ∈ RnNH×nNH with NH = (2NH1 + 1)(2NH2 + 1), and whose indices are defined
such that

Pq,p =

{
1, if q = (j − 1)NH + h, p = (h− 1)n+ j

0,
(2.79)
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with j = 1, ..., n and h = 1, ..., NH .

In this reordered form, ΓQP groups the Fourier coefficients by physical variable rather
than by harmonic index, which simplifies the assembly of the harmonic balance equations.
With that we retrieve the same formulation as the classical HBM. The rearranged position
vector x̃ is

x̃ = ΓQPz (2.80)

This operator is similarly employed to project the nonlinear force vector, evaluated in
the time domain, into the frequency domain as:

b(z) = (ΓQP)
+ f̃ (2.81)

and

hz = A− Γ+
QP
∂ f̃

∂x̃
ΓQP (2.82)

The correction scheme, based on the Moore-Penrose presented for the HBM, to find
the next solution is adapted where vi+1 is still initiated as the tangent vector ti obtained
by solving



J(yi)
gy

tTi−1


 ti =



0
0
1


 (2.83)

with yi =
[
zTi ω1i ω2i ηi

]T , J(yi) =
[
hz hω1 hω2 hη

]
and gy =

[
g1z 0 0 0
g2z 0 0 0

]

The Moore-Penrose scheme for the correction is identical to the HBM one, described
in equations (2.37)-(2.41).

2.4.1 Stability

Up until recently, the stability of quasi-periodic solutions was evaluated using an ex-
tended classical monodromy matrix algorithm, which computes the Floquet multipliers
[45]. However, this method can be quite time-consuming due to the need for solving a
large number of eigenvalue problems, making it less efficient for large-scale systems. As
an alternative, the method of Hill’s equations, as presented in the previous section, can
be adapted to handle quasi-periodic solutions [23].

The method involves slightly perturbing the quasi-periodic solution, x∗(t), with a small
perturbation of the form leλt :

x(t) = x∗(t) + leλt (2.84)

This newly perturbed quasi-periodic solution is reintroduced in Eq.(2.30) yields

Mẍ∗ +Cẋ∗ +Kx∗ +
(
λ2Ml+ λ

(
2Ml̇+Cl

)
+Ml̈+Cl̇+Cl

)
eλt = fnl

(
x∗(t) + leλt

)

(2.85)
Using Fourier series and a Galerkin procedure as previously done Eq.(2.85) is recast

in the frequency domain with z∗ and r the vectors of Fourier coefficients associated to x∗

and L respectively.
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A(ω1, . . . , ωNω)z
∗ +

(
λ2∆2 + λ∆1 +A(ω1, . . . , ωNω)

)
eλtr∗ − b

(
z∗ + eλtr

)
= 0 (2.86)

Following the same procedure as the classical Hill’s method, the Hill’s coefficient λ for
quasi-periodic solutions are the results of the quadratic eigenvalue problem

(
λ2∆2 + λ∆1 + hz

)
r = 0 (2.87)

where hz is the Jacobian of Eq.(2.70) computed during the continuation process, and ∆2

and ∆1 are respectively :

∆2 = I(2NH1
+1)×(2NH2

+1) ⊗M (2.88)

∆1 =
(((

I(2NH1
+1) ⊗ 2∇1

)
+
(
2∇2 ⊗ I(2NH2

+1)

))
⊗M

)
∇+ I(2NH1

+1)×(2NH2
+1) ⊗C

(2.89)
Similar to the periodic case, the quadratic eigenvalue problem can be transformed

into a linear eigenvalue problem using the same approach. However, despite the problem
becoming linear, the size of the eigenvalue problem is effectively doubled, which can be
problematic given the already large matrix dimensions. The Floquet exponents are then
determined by selecting the eigenvalues with the smallest imaginary parts.

2.5 Branching
Once a bifurcation is localized and identified, a branching technique can be applied to
transition from the main branch to the secondary one. At a branch point, period doubling
or Neimark-Sacker bifurcation, the uniqueness of the tangent vector ti, is no longer guar-
anteed; two distinct tangents exist, corresponding to the main and secondary branches.
At this point, there exist two independent vectors ϕ = [ϕ1,ϕ2] solutions of hyϕ = 0 with
y = [z, ω] and one left eigenvector ϕg to hy such that hT

yϕg = 0 exists at the bifurcation.
At a bifurcation point, the Jacobian matrix of the system becomes singular, resulting
in a nontrivial nullspace. The first-order tangent vector y1, which satisfies hyy1 = 0,
lies within this nullspace and corresponds to a direction in which the system is locally
insensitive. However, this condition alone does not distinguish between the continuation
of the original solution branch and the emergence of a secondary branch. Additionally,
since hz remains singular, it is regularized with respect to φ1 = (∇⊗ In) z such that

h̄z = (hz +φ1φ
∗
1)

To resolve this ambiguity, a second-order expansion of the solution y with respect to
the pseudo-arclength parameter ξ is introduced:

y = y0 + ξy1 + ξ2y2

h(y) = h(y0) + ξhyy1 + ξ2
(
hyy2 + hyyy1y1

) (2.90)

where y0 is the (z, ω) at the bifurcation point, y1 is the first-order tangent, and y2

represents the curvature of the solution path. The terms of order ξ2 are

hyy2 + hyyy1y1 = 0 (2.91)
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The inclusion of the second-order term is therefore essential to uniquely determine
the continuation direction and ensure the trajectory departs from the original branch.
Without it, the first-order information would be insufficient, as it fails to distinguish
between multiple admissible paths at the bifurcation point. Equation (2.91) is multiplied
by ϕT

g resulting in

ϕT
g

(
hzzz1z1 + hzωz1ω1 + hωωω1ω1

)
= 0 (2.92)

The solution (z1, ω1) is then expressed as a linear combination of two independent
vectors ϕ = (ϕ1,ϕ2), where ϕ1 corresponds to the null eigenvector of the Jacobian and
ϕ2 is the displacement part ∆z of the tangent obtained at the previous step

(z1, ω1) = (ϕ1 + αϕ2, α) (2.93)

Substituting this expression into Eq. (2.92) yields a scalar quadratic equation in the
parameter α:

aα2 + bα + c = 0 (2.94)

with

a = ϕT
g

((
hzϕ2

)
zϕ2 + 2

(
hzϕ2

)
ω
+ hωω

)

b = ϕT
g

((
hzϕ1

)
zϕ2 +

(
hzϕ1

)
ω

)

c = ϕT
g

(
hzϕ1

)
zϕ1

(2.95)

α is then simply obtained by:

α1 =
−b+

√
b2 − ac
a

α2 =
−b−

√
b2 − ac
a

(2.96)

In the scenario where c = 0 the branch point is a pitchfork point, otherwise it is a
transcritical point. Introducing α into Eq. (2.93) give the direction of the new tangent
leading to the emerging branch.

The branching technique for the period doubling bifurcations is similar since, as stated
in the previous section, the introduction of the subharmonics in the Fourier decomposition
changes the nature of the bifurcation. Neimark-Sacker bifurcations are characterized by a
pair of complex-conjugate Floquet exponents, λ and λ∗, for which ℜ(λ) = 0 and ∂ℜ(λ)

∂ω
̸= 0.

The eigenvector v associated with λ can be interpreted as the unstable mode that grows
over time [46]. This allows for the construction of a predictor ∆z as follows:

∆z =




0
−sign(ℑ(λ))ℑ(v)

ℜ(v)
0


 (2.97)

The additional frequency is then estimated by the imaginary part of λ.
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2.6 Validation case - Two-degree-of-freedom system
To illustrate the results and evaluate the robustness of the approach, a simple two-degree-
of-freedom autonomous and conservative system featuring cubic stiffness, shown in Fig.2.4,
is selected as a test case. The system parameters, listed in Table 2.1, are chosen in align-
ment with values used in previous studies such as [47] and [34].

m1 m2

k1 k2 k1

knl1

x1 x2

Figure 2.4: Schematic of the two-degrees-of-freedom system.

The system studied is characterized by the following matrices:

M =

[
1 0
0 1

]
, K =

[
k1 + k2 −k2
−k2 k1 + k2

]
and fnl =

[
−knl1x31

0

]
.

Table 2.1: Parameters for the 2 DOFs sytem.

k1(N/m) k2(N/m) knl1(N/m
3)

1 1 0.5

Using the prediction–correction scheme presented in section 2.2.5, the full frequency
response curve of the nonlinear autonomous system can be traced. Figure 2.5 illustrates
the amplitude–frequency backbone curve of the first nonlinear normal mode (NNM) for
a two-degree-of-freedom system. In the context of nonlinear dynamics, NNMs general-
ize the concept of classical linear normal modes to systems exhibiting nonlinear stiffness
or coupling. In linear systems, normal modes represent simple harmonic oscillations at
distinct natural frequencies, where all degrees of freedom move proportionally. When
nonlinearities are present, this proportional motion no longer holds, and the oscillation
frequency becomes amplitude-dependent. NNMs are periodic motions in which all parts
of the system oscillate in a coordinated manner. The variable of interest is the amplitude
of the first coordinate x1, obtained using NH = 15 harmonics [47].

As the frequency grows, the amplitude increases up to a certain point where the
solution loops on itself before increasing again. This loop corresponds to a 3:1 internal
resonance, where the in-phase and out-of-phase nonlinear normal modes interact through
a harmonic coupling, allowing energy exchange between them. A detailed description
of this resonance mechanism and its manifestation in the frequency–energy plot can be
found in Kerschen [47].
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Figure 2.5: Amplitude-frequency backbone curve for the first NNM of the 2-DOF system.

Importance of the amount of harmonics

The essence of the HBM lies in the Fourier decomposition, which imposes the periodicity
of the solution. However, it can suffer from accuracy loss if the number of harmonics
selected, NH , is too low. Figure 2.6 highlights the differences between five solutions
computed with increasing numbers of harmonics. The cases with low harmonics, NH = 3,
NH = 5, and NH = 10, produce clearly distinct results. For NH = 15 and NH = 20, the
curves are identical, indicating that the additional harmonics do not further improve the
accuracy.

Adaptive harmonic balance method

Figure 2.7 compares the reference solution with the AHBM result using ϵAHBM = 10−4.
The reference solution required approximately 0.128 s per converged point, whereas the
AHBM solution required 0.105 s, yielding a 17% speed-up.1 It is important to note that
if ϵAHBM is set too restrictively, essential harmonics may be erroneously filtered out. This
can lead to incomplete harmonic representations and ultimately prevent convergence of
the solution.

Stability and bifurcation detection

Figure 2.8 illustrates the evolution of the system’s stability together with the results of
the bifurcation detection techniques. Three distinct branch points are identified, each cor-
responding to a stability change and the emergence of a new family of periodic solutions.

1Computation performed on MATLAB R2020a, Intel i9-9900K @ 3.60GHz, with 32GB RAM.
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Figure 2.6: Comparison of the frequency-amplitude response for different amounts of
harmonics.
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Figure 2.7: Comparison of the frequency-amplitude response with the AHBM.

Additional stability transitions are also observed, associated with fold bifurcations, which
do not give rise to new branches but mark local turning points in the continuation. The
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detected branch points are highlighted by blue squares in the figure.
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Figure 2.8: Stability (stable in black, unstable in dashed red) and bifurcations of the
2-DOF system.

Branching

The application of the branching procedure to the various branch points identified in Fig-
ure 2.8 reveals a more detailed view of the system’s dynamical landscape, as illustrated
in Figure 2.9. Each newly traced branch corresponds to a family of periodic solutions
emerging from a detected bifurcation, thereby enriching the global map of the nonlinear
response. When combined with the stability analysis, this representation provides a com-
prehensive picture of how stability alternates between branches along the continuation,
highlighting regions of stable and unstable motion and their interconnections.

Page 31



2.6: Validation case - Two-degree-of-freedom system

0.204 0.206 0.208 0.21 0.212 0.214 0.216 0.218 0.22 0.222 0.224

3

4

5

6

7

8

9

Figure 2.9: Emerging branches from the different bifurcations.
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2.7 Conclusion
In this chapter, the harmonic balance method (HBM) was developed and applied to the
computation of periodic solutions in autonomous and conservative nonlinear systems.
Particular attention was devoted to the selection of harmonics, with an adaptive strategy
introduced to retain only those contributing meaningfully to the solution throughout the
continuation process. The stability of these periodic solutions was assessed using Hill’s
method, enabling the systematic detection of bifurcations within a representative 2-DOF
mechanical system.

Among the bifurcations identified, branch points were found to generate new solution
families, which were successfully explored using a dedicated branching algorithm. While
period doubling and Neimark–Sacker bifurcations were not encountered during the con-
tinuation of this example, their theoretical foundation and associated branching strategies
were established in anticipation of more complex systems.

The methodologies developed here, harmonic balance, adaptive harmonic selection,
stability analysis via Floquet theory, and bifurcation tracking, form a robust and exten-
sible framework. Though presented in the context of a simple mechanical system, these
tools are directly transferable to higher-dimensional dynamical systems. In particular,
they pave the way for the investigation of rich and intricate solution structures in astro-
dynamical models such as the circular restricted three-body problem (CRTBP). Chapter
2 thus serves as a foundational step toward the application of harmonic balance tech-
niques to celestial mechanics. It establishes not only the computational tools but also
the theoretical insight necessary to construct global bifurcation maps of periodic orbits in
multi-body gravitational environments.
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Chapter 3

Application to the circular restricted
three-body problem

3.1 Introduction

The circular restricted three-body problem (CRTBP) has been a long-standing topic of
interest for both mathematicians and physicists, offering a solid framework for under-
standing how celestial bodies move under mutual gravitational influence. Early thinkers
like Newton, Euler, Lagrange, and Poincaré made key contributions that still influence
current research. Newton laid out the equations for the general n-body problem, while
Euler simplified things by ignoring the mass of a third body, leading to the restricted
version. Lagrange identified five special equilibrium points, now named after him, and
Poincaré brought a new perspective by showing that the CRTBP is not integrable, dis-
covering periodic orbits, and laying the groundwork for dynamical systems theory [48].
These ideas, while originally theoretical, have become highly relevant with the rise of
space exploration. For example, the SOHO mission uses the L1 point between the Earth
and Sun to maintain an uninterrupted view of the Sun [49]. Similarly, the James Webb
Space Telescope operates near the L2 point, where it benefits from a stable thermal envi-
ronment thanks to Earth’s shadow, allowing it to perform sensitive observations.

Modern computational tools have pushed CRTBP research even further. Numerical
techniques like continuation methods have made it possible to explore entire families of
periodic orbits [50]. Henon’s classic studies [51, 52] were especially impactful, exploring
different mass ratios (including Earth-Moon) and delving into stability and bifurcations.
This work was continued by others who mapped out various families of orbits and how
they are connected [53, 54, 55]. A more recent overview by Zhang et al. highlights just
how active this area of research remains [56].

One key area of focus is understanding how periodic orbit families behave, especially
their stability and how they branch off through bifurcations. Papadakis et al. [57] studied
this near L4 and L5, while Howell and colleagues looked at the Sun-Earth/Moon setup
[58]. Later on, Dichmann et al. examined the bifurcation structure around the collinear
points L1, L2, and L3 [59]. Tools like AUTO have played an important role in helping
researchers trace these connections [60]. More recently, Grebow et al. improved methods
for predicting initial conditions and detecting bifurcations, streamlining orbit calculations
[50].
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Within the broader set of periodic orbits, resonant orbits are especially interesting.
Resonance occurs when orbiting bodies interact gravitationally in such a way that their
orbital periods form simple ratios like m : n [61]. A famous example is the Galilean
moons of Jupiter: Io, Europa, and Ganymede are locked in a 1 : 2 : 4 resonance. These
types of resonances aren’t just limited to our solar system; they’re also found in many
exoplanetary systems.

The stability of resonant orbits in the CRTBP has been extensively studied in various
contexts to develop transfer orbits [62, 63, 64]. In particular, the case of a planetary 2 : 1
resonance was examined by [65], and this work was subsequently extended to additional
cases in [66]. Resonances are of significant practical interest beyond their theoretical
implications, particularly in mission design and planning [67, 68, 69] For example, the
extension of the IBEX (Interstellar Boundary Explorer) mission involved a maneuver to
place the spacecraft in a 3 : 1 resonance with the Moon [70]. Similarly, the TESS (Tran-
siting Exoplanet Survey Satellite) mission currently operates in a 2 : 1 resonant orbit
with the Moon [71]. This specific orbital choice is intended to minimize exposure to high
radiation doses and reduce the duration of eclipse periods.

3D resonant periodic orbits have been investigated as transfer trajectories between
resonant periodic orbits and orbits associated to liberation points of the Earth-Moon sys-
tem [72]. More recently, Peng et al. [73], presented an analysis on 3D 3:1 and 3:2 resonant
orbits to connect L3 and L5 Lagrange points in the CRTBP. Recent studies by Pan &
Hou [74, 75] demonstrated the breakup and recombination of interior and exterior reso-
nant periodic orbits as the mass ratio µ increases, ranging from the Sun-Earth CRTBP
to the Sun-Jupiter case. Additionally, [76], briefly discussed the bifurcations and stabil-
ity of exterior resonant families in the Earth-Moon system. Antoniadou also performed
continuation of resonant orbits for the 3:2, 5:2, 3:1, 4:1 and 5:1 resonant periodic orbits
in the CRTBP and the ERTBP (Elliptic restricted three body problem) [77].

Numerical methods evolved and improved the accuracy of the results proposed during
the last years. The first numerical methods were based on initial conditions of the two-
body problem, which is equivalent to the CRTBP where the mass of one of the bodies is
set to 0. Slightly increasing its mass allowed to obtain conclusive results [78]. Broucke et
al. presented a grid search method [79] that is still relevant nowadays, with Restrepo in
2017, who provided a database of many periodic orbits obtained with the grid search [80].
Recently, Akiyama et al. presented a numerical method based on the centered manifold
theorem coupled with a correction scheme to compute periodic and quasi-periodic orbits
[81]. More recently, with the rise of AI in computer science, Gil et al. [82], proposed a
method including neural networks to obtain periodic orbits in the CRTBP. On a side note,
a modified version of the harmonic balance method (HBM), known as the reconstructed
HBM, has been used to compute some periodic orbits in the CRTBP [83, 84].

This chapter introduces the dynamics of the CRTBP coupled with the HBM to the
well-established astrodynamic problem. Section 3.2 outlines the equations of motion that
govern the CRTBP, detailing the positions and stability of equilibrium points, as well as
introducing the concept of the Jacobi constant. Periodic orbits around these equilibrium
points are computed using the HBM, with results discussed in Section 3.3. This section
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also revisits concepts introduced in Chapter 1, including the stability of orbits, detection
of bifurcations, and branch switching. Additionally, the chapter examines switching that
occurs as a result of period-doubling (PD) bifurcations. Results are compared with the
ones obtained thanks to AUTO software, providing an efficient validation tool. Section 3.4
provides a comprehensive analysis of resonant orbits with various ratios, computed using
the HBM. Finally, Section 3.6 presents the conclusions drawn from this chapter.

3.2 Problem Statement

3.2.1 Equations of motion

The CRTBP examines the motion of a small body of mass m, referred to as the tertiary,
relative to two primary bodies of masses m1 and m2. This specific case of the three-body
problem is characterized by two key assumptions:

1. The mass of the first primary is larger than that of the second, m1 > m2 while the
mass m is considered negligible compared to the primaries.

2. The two primaries move in circular orbits around their common center of mass,
denoted as O.

A schematic representation of the CRTBP is shown in Figure 3.1. In this framework
R represents the position of the tertiary relative to O, which is defined as the origin
of the rotating coordinate system {x,y, z}. The x axis points towards m2, the y axis
lies in the orbital plane, and the z axis is aligned with the angular momentum vector
Ω = ωz. Additionally, R1 and R2 denote the positions of the tertiary relative to m1 and
m2, respectively, and the distance between the primaries is given by R12. The motion of
the tertiary is governed by Newton’s laws of motion.

m
d2R

dt2
= −Gmm1

∥R1∥3
R1 −

Gmm2

∥R2∥3
R2 (3.1)

where G is the universal gravitational constant. Equation (3.1) is nondimensionalized
using characteristic scales for mass, length, and time. The characteristic length, Lc, is
chosen as the distance between the primaries, R12 while the characteristic mass, Mc, is
the sum of the masses of the primaries, m1 + m2. The characteristic time, tc, is then
defined in terms of these characteristic values as:

tc =

√
L3
c

GMc

By introducing these characteristic quantities into equation (3.1), the equation can be
rewritten in a dimensionless form, yielding:

d2r

dτ 2
= −1− µ
∥r1∥3

r1 −
µ

∥r2∥3
r2 (3.2)

where µ = m2

m1+m2
is the mass ratio, r, r1, and r2 are the dimensionless positions, and τ is

the dimensionless time. In the particular case of the Earth-Moon, µ = 0.01215058.
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Figure 3.1: Schematic of the Circular Restricted Three-Body Problem.

The second derivative of the position with respect to the dimensionless time in the
rotating frame is given by

d2r

dτ 2
= (ẍ− 2ẏ − x)x+ (ÿ + 2ẋ− y)y + zz (3.3)

Since the dimensionless angular velocity Ω is equal to 1, the equations of motion of the
tertiary in the rotating frame can be expressed in scalar form as shown in equations
(3.4)− (3.6).

ẍ− 2ẏ − x = −(1− µ)(x+ µ)

∥r1∥3
− µ(x− (1− µ))

∥r2∥3
(3.4)

ÿ + 2ẋ− y = −(1− µ)y
∥r1∥3

− µy

∥r2∥3
(3.5)

z̈ = −(1− µ)z
∥r1∥3

− µz

∥r2∥3
(3.6)

with ∥r1∥ =
√

(x+ µ)2 + y2 + z2 and ∥r2∥ =
√

(x− (1− µ))2 + y2 + z2.

Equations (3.4)-(3.6) can be recast in the HBM formalism introduced in the previous
chapter as

M =



1 0 0
0 1 0
0 0 1


 , C =



0 −2 0
2 0 0
0 0 0


 , K =



−1 0 0
0 −1 0
0 0 0


 and fnl =



− (1−µ)(x+µ)

∥r1∥3 − µ(x−(1−µ))
∥r2∥3

− (1−µ)y
∥r1∥3 −

µy
∥r2∥3

− (1−µ)z
∥r1∥3 −

µz
∥r2∥3


.
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3.2.2 The equilibrium points

The equations of motion (3.4)−(3.6) do not admit a general analytical solution. However,
there exist five equilibrium points where both acceleration and velocity vanish. These
equilibrium points, known as the Lagrange points (xL, yL, zL), satisfy equations (3.7) −
(3.9)

−xL = −(1− µ)(xL + µ)

∥r1∥3
− µ(xL − (1− µ))

∥r2∥3
(3.7)

−yL = −(1− µ)yL
∥r1∥3

− µyL
∥r2∥3

(3.8)

0 = −(1− µ)zL
∥r1∥3

− µzL
∥r2∥3

(3.9)

From equation (3.9), the only solution is zL = 0, indicating that all Lagrange points
lie within the orbital plane. For equation (3.8) two cases arise, yL ̸= 0 and yL = 0.

Case 1: yL ̸= 0

When yL ̸= 0, equation (3.8) simplifies to

1 =
(1− µ)
∥r1∥3

+
µ

∥r2∥3
(3.10)

which is immediately satisfied when ∥r1∥ = ∥r2∥ = 1.Substituting the expressions for ∥r1∥
and ∥r2∥ in terms of (xL, yL, zL) gives the coordinates of the two equilateral Lagrange
points, L4 and L5

xL =
1

2
− µ, yL = ±

√
3

2
.

Case 2: yL ̸= 0

When yL = 0, only equation (3.7) remains to be solved. This yields three solutions,
L1, L2, L3 referred to as the collinear Lagrange points. Their positions depend on the val-
ues of ∥r1∥3 and ∥r2∥3, which are determined numerically. The positions of these points
relative to the mass ratio µ are illustrated in Figure 3.2, which shows the Lagrange points
for the Earth-Moon system (µ = 0.01215058)

Stability of the Lagrange points

To analyze the stability of the Lagrange points, the equations of motion are linearized
around each point by introducing small perturbations:

x(t) = xL + ϵ(t)

y(t) = yL + η(t)
(3.11)

Substitution into the full equations of motion (3.4)–(3.5) yields:
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Figure 3.2: Position of the Lagrange points in the Earth-Moon CRTBP (µ = 0.01215058).

ϵ̈− 2η̇ =
∂Γ(xL + ϵ, yL + η)

∂x
(3.12)

η̈ + 2ϵ̇ =
∂Γ(xL + ϵ, yL + η)

∂y
(3.13)

where Γ(x, y) = 1
2
(x2 + y2) + 1−µ

∥r1∥ + µ
∥r2∥ is the effective potential (pseudo-potential) in

the rotating reference frame.

Expanding the right-hand sides using a Taylor series around the equilibrium points
(xL, yL), and retaining only first-order terms, gives:

∂Γ(xL + ϵ, yL + η)

∂x
≈ ∂Γ(xL, yL)

∂x
+
∂2Γ(xL, yL)

∂x2
ϵ+

∂2Γ(xL, yL)

∂xy
η (3.14)

∂Γ(xL + ϵ, yL + η)

∂y
≈ ∂Γ(xL, yL)

∂y
+
∂2Γ(xL, yL)

∂xy
ϵ+

∂2Γ(xL, yL)

∂y2
η (3.15)

At the Lagrange points, the gradient of Γ vanishes by definition, resulting in the
linearized system:

ϵ̈− 2η̇ =
∂2Γ(xL, yL)

∂x2
ϵ+

∂2Γ(xL, yL)

∂xy
(3.16)

η̈ + 2ϵ̇ =
∂2Γ(xL, yL)

∂xy
ϵ+

∂2Γ(xL, yL)

∂y2
(3.17)
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This second-order system can be written as a first-order system by defining the state
vector, u = [ϵ, η, ϵ̇, η̇]T resulting in the system of equations:

d

dt




ξ
η

ξ̇
η̇


 =




0 0 1 0
0 0 0 1

∂2Γ(xL,yL)
∂x2

∂2Γ(xL,yL)
∂xy

0 2
∂2Γ(xL,yL)

∂xy
∂2Γ(xL,yL)

∂y2
−2 0







ξ
η

ξ̇
η̇


 (3.18)

The eigenvalues of this matrix determine the local linear stability of the corresponding
Lagrange point. If all eigenvalues are purely imaginary or have negative real parts, the
perturbations remain bounded and the point is considered linearly stable. In contrast, the
presence of any eigenvalue with a positive real part indicates exponential divergence and
instability. For the collinear Lagrange points, (L1, L2, L3) the linearized matrix always
possesses at least one eigenvalue with a positive real part, implying instability regardless
of the mass ratio µ. In contrast, the equilateral points L4 and L5 are linearly stable when
the mass parameter satisfies µ < µc =

1
2
(1−

√
69/9) ≈ 0.03852. This condition is met in

the Earth–Moon system, confirming the linear stability of L4 and L5 in that context.

3.2.3 Jacobi constant

The equations of motion (3.1) admit one integral of motion known as the Jacobi constant,
J . This constant is associated with the conservation of energy, representing the sum of
the kinetic and potential energy of the tertiary:

J =
ẋ2 + ẏ2 + ż2

2
− 1

2
(x2 + y2)− 1− µ

r1
− µ

r2
− µ(1− µ)

2
(3.19)

This constant value is determined by the characteristics and geometry of the orbits,
serving as a valuable tool for distinguishing between them. However, this conservation
property is strictly preserved in numerical solutions obtained through direct time inte-
gration. For periodic orbits computed using the HBM, small oscillations in the Jacobi
constant are typically observed along the orbit. These oscillations arise due to the inher-
ent approximation in HBM, which represents the solution as a truncated Fourier series.
Specifically, the state variables (position and velocity) are approximated as sums of har-
monics up to a prescribed order, NH . Because the Jacobi constant depends nonlinearly
on both position and velocity, any approximation error in these quantities translates into
deviations from perfect conservation. The presence of oscillations in the Jacobi constant
is therefore a direct consequence of the truncation of the harmonic expansion. The HBM
solution satisfies the governing equations in an averaged sense, rather than pointwise over
time. As such, the method does not enforce conservation laws exactly at each point in
time, and this leads to slight periodic variations in the computed Jacobi constant. The
amplitude of these oscillations decreases as the number of harmonics included in the ap-
proximation is increased. A higher number of harmonics enables the HBM to better
capture the nonlinearities present in the system dynamics, leading to a more accurate
reconstruction of the periodic orbit. Consequently, the approximation of the Jacobi con-
stant improves, and the oscillations diminish in amplitude.

The global features of the periodic orbit, such as its geometry, stability type, and
position in phase space, remain in good agreement with those obtained via time inte-
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gration. When only a few harmonics are retained, the method primarily captures the
dominant frequency content of the orbit. For many low- to moderate-amplitude periodic
orbits in the CRTBP, a large proportion of the solution energy is contained in the first few
harmonics. As a result, even a low-order HBM approximation can represent the general
shape and timing of the orbit reasonably well. In contrast, the Jacobi constant involves
nonlinear combinations of velocity and position, which are sensitive to small inaccura-
cies in the higher-frequency components. Consequently, even small truncation errors in
the harmonic expansion, negligible in terms of trajectory shape, can result in perceptible
deviations in the computed Jacobi constant. This is presented in Figure 3.3 where the
trajectories and the evolution of the Jacobi constant over time for 5 and 25 harmonics are
compared with the results of time integration.
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Figure 3.3: Comparison of periodic orbit shape obtained with HBM and time integration
(a); Evolution of the Jacobi constant showing oscillations in HBM results and their re-
duction with increasing harmonic order (b).

To compensate for the oscillations observed in the Jacobi constant when using the
HBM, the median value of the Jacobi constant over one orbit period is used as a refer-
ence. This approach provides a robust and representative estimate of the true constant,
minimizing the influence of transient numerical artifacts that can disproportionately affect
the mean. The median is particularly well-suited in this context due to the symmetric
nature of the oscillations around the underlying value, especially when a sufficient number
of harmonics is included. This reference value enables consistent comparison with time
integration results.

3.3 Periodic families around Lagrange points
The search for three-dimensional periodic orbits around equilibrium points dates back
over a century to Moulton [85], who introduced the concept of oscillating satellites. This
work led to the discovery of the first periodic vertical orbits near collinear Lagrange points.
However, progress in computing periodic orbits within the CRTBP was initially limited
by the lack of numerical tools. In the 1960s, Goudas extended Moulton’s work, calcu-
lating 19 periodic orbits [53]. Today, advanced numerical methods enable the efficient
computation of numerous periodic orbits around Lagrange points.
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One potential tool for this purpose is the software AUTO, which employs piecewise poly-
nomial collocation with Gauss–Legendre collocation points and adaptive mesh refinement.
Additionally, AUTO calculates Floquet multipliers, essential for analyzing the asymptotic
stability and bifurcation characteristics of periodic orbits. Frequent applications of AUTO
are found in various domains of nonlinear dynamics and control theory [86, 87, 88].

The harmonic balance method (HBM), combined with Hill’s method for bifurcation
detection and branch-following algorithms, facilitates mapping entire families of periodic
orbits from a single initial solution. Figure 3.4 illustrates a subset of periodic orbit fami-
lies around the first Lagrange point, interconnected through bifurcations, plotted against
their periods and associated Jacobi constants. The results derived using the HBM are
compared with those obtained from AUTO, serving as a validation of the HBM’s accuracy.
The different families are connected via branch points represented with blue squares.
All the orbits presented in this chapter have been computed with a maximum of 30 har-
monics (NH = 30), a time discretization N = 512, and a tolerance for the HBM ϵ = 1e−10.
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Figure 3.4: Sample branches of periodic orbits around the first Lagrange point in the
Earth-Moon CRTBP, illustrating connections through bifurcations. Results obtained with
AUTO software (a) and Harmonic Balance method (b).

To aid interpretation, a schematic bifurcation diagram inspired by the 3D representa-
tion of Doedel [89] is shown in Figure 3.5. Additional branches originating from period-
doubling bifurcations are included. Each colored line represents a family of periodic
orbits associated with specific Lagrange points. In the diagram, Earth is denoted by a
blue circle, the Moon by a green circle, and the five Lagrange points by red squares. Line
intersections indicate bifurcations between orbit families, while dashed lines do not rep-
resent intersections. Collisions and non-converged orbits are marked by small red circles.
Notably, collisions are not algorithmic limitations but rather an intentional criterion to
terminate continuation.

Page 43



3.3: Periodic families around Lagrange points

Table 3.1: Abbreviations and colors on the schematic bifurcation map of periodic orbit
families in Figure 3.5.

Symbols Family Color
L1, L2, L3 Lyapunov Red
H1, H2, H3 Halo Dark Blue
A1, A2, A3 Axial Yellow

V 1, V 2, V 3, V 4, V 5 Vertical Green
S3 Short-period Orange

L4, L5 Long-period Grey
B1, B2, B3 Backflip Purple
Y 4, Y 5 Long-axial Black
R2 L2-vertical Green-blue

W4,W5 Halo-vertical transition Light Blue
C1, C2 Circular Brown

L1PD, L2PD1, L2PD2, L3PD Lyapunov period doubling Violet
H1PD1, H2PD2 Halo period doubling Pink

This analysis focuses on orbits directly connected to Lagrange points and their bifur-
cated branches. However, many additional periodic orbits can be computed using these
methods. The names, abbreviations, and associated colors of the different families are
detailed in Table 3.1.

The following sections provide a comprehensive description of the different families of
periodic orbits. For each family, a detailed analysis includes:

1. Three-dimensional representations: Visualization of selected orbits in 3D space,
highlighting their relationship to the primaries and equilibrium points.

2. Stability analysis: Assessment of stability characteristics based on Floquet mul-
tipliers, offering insight into the dynamic behavior of the orbits.

3. Bifurcation identification: Identification and classification of bifurcations, re-
vealing connections between orbit families and the emergence of new periodic solu-
tions.

This systematic approach aims to offer a deeper understanding of the structural and
dynamical properties of periodic orbits within the Earth-Moon CRTBP framework.

3.3.1 Lyapunov families

The Lyapunov families consist of planar orbits originating from the three collinear La-
grange points, L1, L2 and L3. As depicted in Figure 3.5, these families terminate in
collisions with one of the primaries. Graphical representations of the Lyapunov orbits for
L1, L2 and L3 are provided in Figures 3.6a, 3.6b and 3.6c respectively.
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Figure 3.5: Schematic bifurcation map for the Earth-Moon CRTBP (µ = 0.0121508).
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Branch point bifurcations, which are represented by colored dashed lines, connect
the Lyapunov families with other periodic orbit families. Period-doubling bifurcations,
marked by dotted lines, lead to the creation of new families, such as L1PD or L2PD1,2.
The orbits shared between the Lyapunov and halo families (H1, H2, H3), are depicted in
blue, while the orbits that connect to the axial families (A1, A2, A3) are shown in yellow.
In Figure 3.6b, the green-blue orbit represents the bifurcation with the R2 family, and
in Figure 3.6c, the orange orbit corresponds to the short-period bifurcation S3. Purple
orbits are the result of period-doubling bifurcations of L1 and L2, leading to unnamed
families labeled L1PD or L2PD1,2. While these Lyapunov orbits give rise to additional
periodic families through further bifurcations, this work focuses only on the families di-
rectly connected to the Lyapunov orbits. All three Lyapunov families (L1, L2, L3) are
inherently unstable.

(a) (b)

(c)

Figure 3.6: 3D representation of orbits of (a) L1 family; (b) L2 family; (c) L3 family;
relative to the primaries and Lagrange points.
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3.3.2 Vertical families

The vertical families arise from all five Lagrange points and are labeled V 1, V 2, V 3, V 4
and V 5, as depicted by the green lines in Figure 3.5. The families V 4 and V 5 are di-
rectly connected, without a bifurcation, and can be considered as a single family (V 4/V 5)
even though they originate from different Lagrange points. All four Vertical families are
unstable. Sample 3D representations of orbits from these families are shown in Figure 3.7.

The bifurcations encountered by the Vertical families V 1, V 2 and V 3 follow a similar
pattern. Starting from the equilibrium points, the orbits initially share common paths
with the Axial families A1, A2 and A3. As the families continue, an additional bifur-
cation with the Backflip orbits B1, B2 and B3 occurs. Eventually, the vertical families
transform into planar, circular orbits via a period-doubling bifurcation, which connects
the circular families C1 and C2. The period of the circular orbits is half the period of the
Vertical family at the bifurcation point.

(a) (b)

(c) (d)

Figure 3.7: 3D representation of orbits of (a) V 1 family; (b) V 2 family; (c) V 3 family;
(d) V 4 family; relative to the primaries and Lagrange points.

The family V 3 experiences an additional bifurcation compared to V 1 and V 2. At a
certain point during the continuation, one of the periodic orbits of V 3 is shared with the
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V 4/V 5 family. The V 4/V 5 family starts from either of the triangular equilibrium points,
with five bifurcation points during its continuation, specifically with respect to frequency.
Starting from L4, the first bifurcation is a period-quadrupling with the Y 4 family where
the members have a period 4 times greater than the bifurcating orbit of V 4 bifurcates.
Further along the continuation, the family undergoes a pitchfork bifurcation with the W4
family, where orbits can grow in either the northern or southern part. Once the orbits
from V 4 reach the symmetry axis formed by the collinear Lagrange points, a bifurcation
with V 3 occurs. Due to symmetry, a similar behavior is observed starting from L5.

3.3.3 Halo families

The halo families, labeled H1, H2 and H3, result from branch point bifurcations of the
Lyapunov families L1, L2 and L3. In these families, the orbits grow out of the plane in
either the northern or southern direction, and they are represented by the color blue in
Figure 3.5. Due to the configuration of the CRTBP, the periods and Jacobi constants of
the Northern Halo and Southern Halo are identical. Sample 3D representations of orbits
from these families are shown in Figure 3.8.

(a) (b)

(c)

Figure 3.8: 3D representation of orbits of (a) H1 family; (b) H2 family; (c) H3 family;
relative to the primaries and Lagrange points.

Page 48



3.3: Periodic families around Lagrange points

The halo family H1 is unique among the three in that it bifurcates with another family
through branch points. First, there are two period-doubling bifurcations that result in the
families H1PD1 and H1PD2 . Then, a branch point bifurcation occurs with the W4/W5
family (light blue), followed by a period doubling bifurcation with the circular family C2
(brown). The other two halo families, H2 and H3 ultimately collide with the primaries,
though H2 undergo a period-doubling bifurcation leading to the H2PD family before that.
All three halo families, H1, H2 and H3 are unstable.

3.3.4 Axial families

The axial families A1, A2 and A3 also bifurcate from the Lyapunov families L1, L2 and
L3. These three-dimensional orbits connect the vertical families V 1, V 2 and V 3. and
are represented in yellow on Figure 3.5. Apart from the starting and ending points, none
of the three families experiences bifurcations. There is no stability change during the
continuation, and the families remain unstable throughout.

Figure 3.9 shows the 3D orbits with respect to the primaries and Lagrange points.

(a) (b)

(c)

Figure 3.9: 3D representation of orbits of (a) A1 family; (b) A2 family; (c) A3 family;
relative to the primaries and Lagrange points.
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3.3.5 Short and long period families

The short-period family S3 is a planar family emanating from either of the triangular
Lagrange points L4 or L5. It is named in contrast to the Long-Period family that also
originates from these points. The short-period family is represented in orange in Figure
3.5, while the long-period family is in gray. The short-period family connects with the
L3 family, while the long-period family has one bifurcation with the Y 4/5 family. Due
to symmetry with respect to the x-z axis, the same behavior is observed regardless of
whether the continuation starts from L4 or L5 The short-period family is stable, while
the long-period family shows stable orbits near the equilibrium points L4 and L5 until
the branch point bifurcation with the Y 4/5 family is encountered, after which the orbits
become unstable.

The short-period family is represented in Figure 3.10a, while the long-period family is
shown in Figures 3.10b, where the 3D orbits with respect to the primaries and Lagrange
points are displayed.

(a) (b)

Figure 3.10: 3D representation of orbits of (a) S3 family; (b) L4 family; relative to the
primaries and Lagrange points.

3.3.6 Backflip families

Each of the three vertical families V 1, V 2 and V 3 exhibits a bifurcation that leads to the
backflip families B1, B2 and B3. The B1 and B2 families ultimately end with a collision
with the primaries, while the B3 family bifurcates into other periodic families, which are
not discussed in the scope of this thesis. These periodic orbits are associated with the
color purple in Figure 3.5.

All three backflip families are unstable. The 3D representations of some of the periodic
orbits of each family are shown in Figures 3.11a, 3.11b, and 3.11c.
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(a) (b)

(c)

Figure 3.11: 3D representation of orbits of (a) B1 family; (b) B2 family; (c) B3 family;
relative to the primaries and Lagrange points.

3.3.7 Long-axial families

The long-axial families, labeled Y 4/5 and depicted in black in Figure 3.5, originate from
a bifurcation point in the long-period family L4/5 and end with a period-quadrupling
bifurcation in the vertical family V 4/5. Similar to the axial families A1, A2 and A3, the
orbits of the Y 4/5 families serve as a bridge between a planar and a vertical orbit, with
the key difference being that the vertical termination has a period four times smaller than
the starting period. This family is unstable.

A sample of the Y 4/5 families is shown in Figure 3.12.
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Figure 3.12: 3D representation of orbits of W4/W5 family relative to the primaries and
Lagrange points.

3.3.8 L2-vertical family

This family of periodic orbits results from a bifurcation of the L2 family just before it
collides with the Moon. It consists of several orbits that depart from the orbital plane
and eventually end in a collision with the Moon. In Figure 3.5, it is labeled R2 and
corresponds to the green-blue color. Figure 3.13 shows a few orbits of the family. The R2
family is unstable as well.

Figure 3.13: 3D representation of orbits of R2 family relative to the primaries and La-
grange points.

3.3.9 Halo-vertical transition families

The halo-vertical transition families share some similarities with the short-period family,
as they can be associated with a single family due to symmetry along the x-z plane and
the fact that one can be reached from the other without any bifurcations. The W4/5
families begin with a pitchfork bifurcation from the vertical families V 4/V 5, with W4
and W5 branching off in either the northern or southern direction. The northern parts
of W4 and W5 eventually merge in a bifurcation with the northern part of H1 in the
middle. Similarly, the southern parts of W4 and W5 merge with the southern part of
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H1. These families are depicted in pale blue in Figure 3.5. The halo-vertical transition
families are unstable.

Figure 3.14: 3D representation of orbits of W4/W5 family relative to the primaries and
Lagrange points.

3.3.10 Circular families

The circular families C1 and C2 are named for their circular shape. The C1 family results
from a period-doubling bifurcation from the vertical family V 1, where the two vertical
branches collapse onto one another, forming a circle with half the period of the V 1 orbit
at the connection. The C2 family can be reached in multiple ways. One path involves a
connection with the H1 family at its end, while another mirrors the case of C1 involving
period-doubling bifurcations from the collapsing orbits of V 2 and V 3.Both C1 and C2
are represented by the brown color in Figure 3.5.

Figures 3.15a and 3.15b display samples of periodic orbits from these families. Addi-
tional bifurcations exist, such as the one shown by the dashed line in Figure 3.15a. The
emerging branches of these bifurcations are not considered in this work. The circular fam-
ily C1 is mostly stable, though it becomes unstable between the two bifurcation points
while the C2 family is unstable.
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(a) (b)

Figure 3.15: 3D representation of orbits of (a) C1 family; (b) C2 family; relative to the
primaries and Lagrange points.

3.3.11 Halo period-doubling families

The halo period-doubling families result from period-doubling bifurcations along the halo
families H1 and H2, and are labeled H1PD1 , H1PD2 , H2PD associated with the color
pink in Figure 3.5. Three distinctive period-doubling bifurcations are detected during the
continuation process of the H1 family, some of which are discussed in [90]. The first,
H1PD1 , is continued until the algorithm can no longer converge toward a new solution.
The two other period-doubling bifurcations form a loop emanating from the main branch
of solution H1. Both of these families, along with the family bifurcated from H2 are
unstable. Samples of these bifurcated branches are shown in Figures 3.16a, 3.16b, and
3.16c. The families H1PD1 and H2PD are also known as the dragonfly families [91]. All
three of these families, H1PD1 , H1PD2 , H2PD are unstable.

(a) (b)
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(c)

Figure 3.16: 3D representation of orbits of (a) H1PD1 family; (b) H1PD2 family; (c) H2PD

family; relative to the primaries and Lagrange points.

3.3.12 Lyapunov period-doubling families

Along the Lyapunov families, various period-doubling bifurcations are encountered. These
periodic orbits are grouped under the labels L1PD, L2PD and L3PD, and are colored
in violet in Figure 3.5. They are out-of-plane orbits with an X shape. Bifurcations
occur during the continuation process, which are highlighted in Figure 3.17a, though
the emerging branches are not followed in this work. These period-doubled families are
unstable.

(a) (b)
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(c)

Figure 3.17: 3D representation of orbits of (a) L1PD family; (b) L2PD1 family; (c) L2PD2

family; relative to the primaries and Lagrange points.

3.4 Resonant periodic families

In the previous section, the importance of Lagrange points for the emergence of periodic
families was highlighted. However, periodic solutions can exist outside of these equilib-
rium points. In this section, resonant periodic orbits are explored using the harmonic
balance method. A resonant orbit is defined by the ratio m:n, where m is the period
of the spacecraft’s motion and n is the period of rotation of the secondary around the
center of mass. In the CRTBP, the ratio is not exactly equal to the ratio of two integers
due to the gravitational influence of the secondary primary body [92]. In other words,
the spacecraft completes m orbits while the secondary body completes approximately n
revolutions [93]. If m>n the resonant families are labeled interior, if n>m the families
are called exterior.

Unlike the families around Lagrange points, families of resonant periodic orbits are
not interconnected in the Earth-Moon configuration. However, for lower mass ratios, the
families are linked together by near-circular families. In his work, Pan [75] explored the
breaking points and the recombination of these connections with respect to the mass ratio.
He covered the interior and exterior planar resonant families and discussed some of the
limitations he encountered, such as having to stop his algorithm when the solutions were
too close to the primaries. HBM does not have issues with orbits close to the primaries,
making it a useful tool for the propagation and continuation of resonant families. In
addition, the HBM combined with the Hill’s method allows the detection of bifurcation
and the construction of new paths of solutions. Examples of resonant periodic orbits for
different ratios are presented in Figure 3.18.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

(j) (k)

Figure 3.18: Example of resonant periodic orbits in the Earth-Moon system : (a) 1:1
Resonance; (b) 1:2 Resonance; (c) 1:3 Resonance; (d) 1:4 Resonance; (e) 2:1 Resonance; (f)
2:3 Resonance; (g) 3:1 Resonance; (h) 3:2 Resonance; (i) 3:4 Resonance; (j) 4:1 Resonance;
(k) 4:3 Resonance

Figure 3.18 provides a few samples from the continuation processes. Over a broader
range of frequencies, orbits within the same families undergo numerous bifurcations, lead-
ing to increasingly complex orbital paths. For instance, Figure 3.19 illustrates the con-
tinuation of the 1:1 resonant family with respect to the frequency. In this figure, blue
squares denote bifurcations, where new solutions could potentially emerge. Following
each of these branches is a meticulous task, and the decision not to trace the emerging
branches reflects the author’s choice rather than a limitation of the algorithm.
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Figure 3.19: Continuation process with HB for 1:1 resonant family in the Earth-Moon
CRTBP.

The potential branches are not confined to the case of the 1:1 resonant family; numer-
ous solutions exist for various resonant ratios. Building on the observations of Pan [75],
the focus is directed toward a closed loop of solutions, particularly examining the interior
first-order 3:2 resonance and its connection to the 2:1 resonance.

3.4.1 3:2 Resonant periodic family

The interior 3:2 resonant family (Figure 3.18h) serves as an ideal case study due to the
regular shape of its continuation loop and the presence of both branch points, marked by
blue squares, and period-doubling bifurcations, denoted by green diamonds. The contin-
uation process, represented in Figure 3.20, illustrates the evolution of the solutions with
respect to their period, where stable portions are shown as solid black lines and unstable
portions as dotted red lines.

The continuation loop initiates at the smallest dimensionless period, approximately
10.5, along the lower branch, which is initially unstable. As the loop progresses, it tran-
sitions into a primarily stable branch, disrupted by a segment of instability flanked by
two period-doubling bifurcations. Along this stable segment, two branch-point bifurca-
tions are encountered. Following these branch points, the loop enters another unstable
region, also constrained by two period-doubling bifurcations. Beyond this, a brief stable
segment appears between the final period-doubling bifurcation and the loop’s fold-back
point around a period of 13. Ultimately, the continuation forms a closed loop, exhibiting
instability exclusively in regions where two distinct branch points are present.
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Figure 3.20: Continuation process with HB for 3:2 resonant family in the Earth-Moon
CRTBP.

The periods and Jacobi constants associated with the bifurcations are summarized
in Table 3.2. These bifurcations include four period-doubling events (PD1, PD2, PD3,
PD4) and four branch points (B1, B2, B3, B4).

The four period-doubling bifurcations form two connected pairs: PD1 links to PD3,
and PD2 links to PD4. To highlight this relationship, the periods of the bifurcated
branches are halved, and the solutions are overlaid onto Figure 3.20. Figure 3.21 show-
cases the resulting bifurcations, while Figure 3.22 presents 3D visualizations of the orbits
for these period-doubled branches, with stable orbits in black and unstable ones in red.

Table 3.2: Period and Jacobi constant of the orbits at the bifurcations of the periodic 3:2
resonant family in the Earth-Moon CRTBP associated to Figure 3.20

Bifurcation Period Jacobi Cst
PD1 11.379 -1.457
PD2 11.551 -1.440
B1 12.509 -1.529
B2 12.551 -1.526
PD3 12.592 -1.421
PD4 12.880 -1.362
B3 12.294 -1.482
B4 11.737 -1.496
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Figure 3.21: Continuation process with HB for 3:2 resonant family supperposed with the
period doubling connection between (a) PD1 and PD3;(b) PD2 and PD4; in the Earth-
Moon CRTBP.

(a) (b)

Figure 3.22: 3D representation of (a) the period doubled orbits between PD1 and PD3; (b)
the period doubled orbits between PD2 and PD4; relative to the primaries and Lagrange
points.

This loop structure is not universal for all CRTBP configurations. Pan [75] demon-
strated that for smaller mass ratios (µ), the loop opens and connects to the 2:1 resonance
branch via quasi-circular orbits. Figure 3.23 shows the evolution of the continuation
process for different µ values, ranging from the Sun-Earth system (small µ) to the Earth-
Moon system (large µ).

For µ < 4.09019e−3, the 2:1 resonant orbits are unstable and directly connected to the
stable 3:2 resonant orbits via quasi-circular orbits. As µ increases, two period-doubling
bifurcations emerge, introducing an unstable segment that grows as µ increases further.
For µ > 4.09019e−3, the 3:2 branch becomes a closed loop, separate from the 2:1 reso-
nance. To clarify, Figures 3.24 and 3.25 isolate the continuation processes for the 3:2 and
2:1 families, respectively, across different mass ratios.
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Figure 3.23: Continuation along the frequency ω with HB of the 2:1 and 3:2 resonant
families with respect to the mass ratio µ.

With increasing values of µ, both the period and the Jacobi constant ranges for the
solutions shrink, leading to the disappearance of certain bifurcations at specific µ values.
Across all solutions, stable portions exist, separated by unstable segments bounded by
two period-doubling bifurcations. As µ increases, the unstable portion decreases. On
the stable branch, two branch point bifurcations consistently occur regardless of µ. The
stable branch terminates at a period-doubling bifurcation.

For larger values of µ, as seen in the Earth-Moon CRTBP, the number of period-
doubling bifurcations on the unstable branch following the stable segment reduces. For
µ > 8e−3, a small stable portion of solutions emerges, ending at the maximum value of
the Jacobi constant. This stable portion loops back onto itself with unstable orbits until it
reaches the minimum Jacobi constant, with two branch points located along this unstable
segment. For µ < 8e−3, additional period-doubling bifurcations appear after the branch
points on the unstable portion.
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Figure 3.24: Continuation along the frequency ω with HB of the 3:2 resonant family with
respect to the mass ratio µ.

Figure 3.25: Continuation process with HB of the 2:1 family with respect to the mass
ratio µ.

On the continuation branch of the 2:1 resonance after its separation from the 3:2
branch, the bifurcations remain consistent across nearly all branches. The branch starts
with a drop in the Jacobi constant and encounters four period-doubling bifurcations. At
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the fourth period-doubling, the unstable branch transitions into a stable segment that
quickly ends with a branch point, closely followed by another branch point. Five addi-
tional bifurcations are observed before the continuation process halts at a dimensionless
period of approximately 18. These include two period-doubling bifurcations, two branch
points, and a final period-doubling bifurcation.

These numerous bifurcations can be followed to construct new connecting paths, sim-
ilar to what has been accomplished with the orbits around the Lagrange points (Figure
3.5). To reconnect the two resonant families, the new bifurcations that emerge at high
µ values can be utilized. In the specific case of the Earth-Moon CRTBP, attention is
focused on the emerging branch points after the stable portion of the 2:1 resonant fam-
ily. Two distinct bifurcation pathways can be identified to connect the 2:1 and 3:2 families.

Figures 3.26a and 3.26b illustrate these connections, with branches after the bifurca-
tions in the connecting paths highlighted in pale red. A 3D visualization of the transition
orbits along both new pathways between the two families is shown in Figures 3.27a and
3.27b, with a color gradient applied to distinguish individual orbits.
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Figure 3.26: Connecting paths between the 2:1 and 3:2 families for the Earth-Moon
CRTBP.
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(a) (b)

Figure 3.27: 3D representation of (a) the first path of connection between the 2:1 and
the 3:2 resonant periodic families; (b) the second path of connection between the 2:1 and
the 3:2 resonant periodic families; relative to the primaries and Lagrange points for the
Earth-Moon CRTBP.

This result highlights the robustness of the harmonic balance method in constructing
complex periodic orbit transitions through bifurcation detection and stability tracking.
Despite the separation of the 2:1 and 3:2 resonant families at lower mass ratios, new con-
necting paths are discovered and explored for mass ratios up to the Earth-Moon case.

In addition, the investigation of several period-doubling bifurcations along the 2:1
resonant family revealed a connection to the circular family C1 through a period-octupling
bifurcation. This result further demonstrates the effectiveness of the HBM as a powerful
tool for uncovering complex networks of periodic orbits and their interconnections. While
it is likely that many other connections remain undetected, the HBM provides a robust
framework for systematically exploring such pathways. The identified connection and the
associated periodic orbits are illustrated in Figure 3.28.
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Figure 3.28: Connecting paths between the 2:1 and C1 families for the Earth-Moon
CRTBP (a) and the corresponding orbits (b).

The bifurcated path to reconnect resonant families is not exclusive to the 3:2 resonant
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family. For the sake of completeness, the analysis of reconnection through bifurcations is
extended to another resonant family, the 4:3 family. A brief description of the evolution
of bifurcations within this family is also provided.

3.4.2 4:3 Resonant periodic family

Similarly to the 3:2 case, at low mass ratios, such as in the Sun-Earth system, the 4:3
resonant family is connected to the 3:2 family. These two families disconnect at a critical
mass ratio, µ ≈ 6.508e−4. A comparison of the continuation process, similar to Figure
3.20, is presented in Figure 3.25. A similar pattern emerges, featuring an unstable left
branch with one period-doubling bifurcation that transitions to a stable branch. This
stable branch maintains an almost constant Jacobi constant until a period of approxi-
mately 8π, corresponding to the 4:3 resonant family. Two branch-point bifurcations are
also located on this branch.

Increasing the mass ratio µ to 4.050e−3 results in a large unstable branch emanating
from the 3:2 family, featuring four period-doubling bifurcations and one branch-point bi-
furcation. The isolated 4:3 family exhibits similarities with the solutions discussed in the
previous section (Figure 3.20). Four branch points are identified, along with two period-
doubling bifurcations instead of four. The solutions are predominantly unstable, with two
portions of stable orbits detected between the period-doubling bifurcations and the fold
of the loop at both extremities of the closed branch.

Figure 3.29: Continuation process with HB of the 3:2 and 4:3 resonant families with
respect to the mass ratio µ.

The focus is placed on the branch point that appears on the lower part of the 3:2

Page 65



3.5: Continuation with respect to the mass ratio µ

continuation. By applying the harmonic balance method for branch switching, a path of
periodic orbits reconnecting the two families is constructed, mirroring the results found in
the previous section. Figures 3.30a-b depict the connecting branch and the corresponding
3D representation of the orbits along this connection, respectively.
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Figure 3.30: (a) Connecting path between the 3:2 and 4:3 families for the Earth-Moon
CRTBP;(b) 3D representation of the path of connection between the 3:2 and the 4:3
resonant periodic families relative to the primaries and Lagrange points for µ = 0.004050.

3.5 Continuation with respect to the mass ratio µ

As introduced in the previous chapter, the continuation in HBM is not restricted to the
frequency of the solution. Instead of differentiating Eq. (2.31) with respect to ω, it can
be differentiated with respect to the mass ratio µ. In this case, the Jacobian of the HBM
system takes the form J(yi) =

[
hz hµ hη

]
where

hµ = −∂b(z, µ)
∂µ

(3.20)

and
∂b(z, µ)

∂µ
= (Γ(ω))+

∂ f̃(z, µ)

∂µ
(3.21)

The derivative of the force with respect to µ across the three degrees of freedom is ∂ f̃(z,µ)
∂µ

=

(∂fx
∂µ
, ∂fy

∂µ
, ∂fz

∂µ
). The explicit expressions of these components are given by

∂fx
∂µ

=
1− 2µ− x
∥r1∥3

− 3(1− µ) (x+ µ)2

∥r1∥5
+
x− 1 + 2µ

∥r2∥3
− 3µ

(x− 1 + µ)2

∥r2∥5
, (3.22)

∂fy
∂µ

= − y

∥r1∥3
− 3(1− µ) y(x+ µ)

∥r1∥5
+

y

∥r2∥3
− 3µ

y(x− 1 + µ)

∥r2∥5
, (3.23)

∂fz
∂µ

= − z

∥r1∥3
− 3(1− µ) z(x+ µ)

∥r1∥5
+

z

∥r2∥3
− 3µ

z(x− 1 + µ)

∥r2∥5
. (3.24)
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with ∥r1∥ =
√
(x+ µ)2 + y2 + z2 and ∥r2∥ =

√
(x− (1− µ))2 + y2 + z2. This adapted

HBM formulation makes it possible to explore periodic orbits from a different perspec-
tive. For a fixed period, one can follow the evolution of the families introduced earlier as
µ varies. For example, Figure 3.31 shows the continuation of the vertical family V 1 for a
period T = 3242 as µ increases from 0 up to approximately 0.25.
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Figure 3.31: (a) Continuation of the V1 family with respect to the mass ratio µ; (b)
Evolution of the V1 orbits with respect to the mass ratio µ.

As shown in Figure 3.31a, the Jacobi constant decreases with increasing µ up to
µ ≈ 0.12 after which it rises again. The overall orbital geometry remains the charac-
teristic “8” shape. As µ grows, the orbits expand both vertically and horizontally until
the minimum Jacobi constant is reached; beyond this point, the width decreases while
the vertical extent continues to increase. The instability of these solutions persists for all
values of µ.

In the previous section, continuation with respect to the frequency ω was applied to
resonant families (2:1, 3:2) for various mass ratios, as illustrated in Figure 3.20. Using
µ as the continuation parameter instead provides additional insight into the dynamics,
especially in connection with bifurcations and changes in stability. Figure 3.32 shows the
evolution of solutions for a fixed period T = 10.5629.

The associated orbits are displayed in Figure 3.33. For small values of µ, the orbit
is nearly circular and stable. As µ increases, the 3:2 resonant features become more
pronounced. The transition from stability to instability in Figure 3.32 is explained by
the period-doubling bifurcations listed in Table 3.2 and illustrated in Figure 3.24. As
the unstable region shifts toward higher periods, the orbits regain stability. The branch
eventually folds back around µ = 0.012324, giving rise to unstable solutions associated
with the upper part of the 3:2 resonant loop. Another fold at low µ reveals unstable
periodic orbits at higher Jacobi constants, whose geometry corresponds to the last orbit
shown in Figure 3.33.
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Figure 3.32: Continuation along the mass ratio µ with HB of the 2:1 and 3:2 resonant
families for a period T = 10.5629

Figure 3.33: Evolution of the resonant orbits with respect to the mass ratio µ.
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3.6 Conclusion

This chapter introduced the equations of motion governing the Circular Restricted Three-
Body Problem (CRTBP) and explicitly presented its equilibrium points. The application
of the Harmonic Balance Method (HBM) offers several distinct advantages over conven-
tional time integration or collocation-based continuation methods. By working directly
in the frequency domain, HBM enforces periodicity naturally and avoids issues related to
accumulated integration errors. Unlike time-domain methods, it is inherently suited for
the analysis and continuation of families of periodic solutions, making it particularly effec-
tive in mapping complex bifurcation structures. Furthermore, HBM demonstrates robust
behavior even near sensitive regions, such as close approaches to the primaries, where tra-
ditional methods may fail or require special handling. These characteristics make HBM
not only a competitive alternative but also a complementary tool to established techniques
like AUTO, enabling richer exploration of the CRTBP landscape. Beginning from a single
periodic orbit, the approach generated a vast interconnected map of solutions emanating
from different types of bifurcations.

A particular emphasis was placed on the 3:2 periodic resonant orbits and their connec-
tion to the 2:1 resonant family as a function of the mass ratio in the CRTBP. By following
the branches emanating from multiple bifurcations within the 3:2 family, variations in sta-
bility with respect to the orbital period were revealed, confirming the persistent existence
of stable solutions across the entire range of periods. The bifurcation tracking capabilities
of the harmonic balance method further enabled the construction of previously unreported
connecting paths within the 4:3 resonant family, thereby uncovering a new reconnection
pattern between the n+1:n and n:n−1 resonant families for mass ratios up to that of the
Earth–Moon system. To the author’s knowledge, this is the first time such connections
have been explicitly identified and characterized using a frequency-domain formulation.

The last part of this chapter explored an alternative continuation approach, highlight-
ing the versatility of the HBM for periodic solutions. Instead of using the frequency, the
continuation parameter was set to the mass ratio µ, allowing the method to track the
evolution of the V 1 and 3:2 resonant families for selected periods. This change of per-
spective not only uncovers periodic orbits that might otherwise remain hidden but also
provides valuable insight into the behavior of bifurcations and stability across different
CRTBP systems.

Despite the intrinsic complexity of this autonomous dynamical system, the results
clearly demonstrate the effectiveness of the HBM in reproducing and extending the known
structure of periodic orbits in the circular restricted three-body problem. The method
successfully recovered the classical periodic families around the equilibrium points and
accurately captured their bifurcations and stability transitions. Its continuation and
branching capabilities enabled the systematic exploration of resonant families such as
the 3:2 and 4:3 orbits, including the identification of new connecting paths between reso-
nant branches. The close agreement with reference results obtained using AUTO confirms
the accuracy and reliability of the frequency-domain formulation. These achievements
demonstrate that the harmonic balance framework provides not only a computationally
efficient alternative to time-domain integration but also a powerful tool for uncovering
previously unreported dynamical connections. This success establishes a solid foundation
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for its extension to more complex gravitational environments, such as those surrounding
irregular asteroids, addressed in the following chapter.

Page 70



Chapter 4

Periodic and quasiperiodic propagation
around the asteroid 433 Eros

4.1 Introduction

Interest in small celestial bodies has reached unprecedented levels in recent years, with
numerous recent and upcoming space missions targeting asteroids and comets. Notable ex-
amples include ESA’s Rosetta mission, which successfully landed on comet 67P/Churyumov-
Gerasimenko in 2014 [94]; NASA’s Psyche mission, launched in 2023, which will be the
first to orbit a metal-rich asteroid, 16 Psyche [95]; and Lucy, launched in 2021, which
has already encountered two asteroids and is scheduled to visit nine additional Trojan
asteroids trapped at Jupiter’s Lagrangian points [96]. Other landmark missions include
OSIRIS-REx, which collected and returned samples from asteroid 101955 Bennu after
a successful surface contact in 2020 [97]; Hayabusa2, a Japanese mission that recovered
samples from asteroid Ryugu in 2019 and returned them to Earth in 2020 [98]; and DART,
the first planetary defense test mission, which altered the trajectory of the asteroid Di-
morphos in 2022 [99]. The Hera mission will follow up on DART by analyzing the impact’s
aftermath in 2026 [100].

Planning and executing such missions requires a precise understanding of the dynam-
ical environment surrounding these small bodies. Various methods exist to approximate
gravitational attraction, including the mascon method [101], the polyhedron method [102]
and the hybrid tetrahedron approach [103]. The mascon method discretizes the body into
a set of point masses (mascons) to approximate its mass distribution. Although simple to
implement, it suffers from reduced accuracy due to voids between discrete mass elements.
The tetrahedron method improves accuracy by representing the volume with tetrahedral
elements of specified mass, eliminating such voids. However, the method primarily serves
in numerical modeling. The primary method employed in this work is the polyhedron
model [104, 105], which assumes a uniform density and uses a surface mesh to represent
the shape of the asteroid. This approach provides high precision in gravitational mod-
eling but can be computationally demanding, particularly as mesh resolution increases.
However, computational efficiency can be greatly improved by using parallel processing
techniques.

The identification of periodic orbits plays a central role in designing spacecraft trajec-
tories. Early work by Riaguas et al. (1999) demonstrated the existence of periodic orbits
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around a linear segment [106]. Scheeres computed multiple periodic orbits around the as-
teroid 4769 Castalia using the Newton-Raphson method in combination with Poincaré
maps [107]. Additional studies investigated periodic orbits around the asteroids 216
Kleopatra and 4179 Toutatis, led by Yu [4] and Scheeres [108], respectively. Yu also devel-
oped a hierarchical grid search technique, later applied by Jiang to compute near-surface
periodic orbits for asteroids 216 Kleopatra and 101955 Bennu [109]. However, these grid-
based approaches tend to be computationally expensive, particularly when coupled with
the polyhedron method. To address this, Shang proposed a modified approach that uses
mascons with global optimization and local refinement [110].

The complex dynamical environment near asteroids can also give rise to quasi-periodic
orbits. Recent efforts have focused on identifying such orbits, especially near slowly ro-
tating asteroids and small planetary moons, leading to the concept of quasi-frozen orbits
[111, 112, 113]. In 2018, Baresi introduced a numerical method for continuing quasi-
periodic orbit families in the time domain [114]. In 2023, he extended this work to
compute two-dimensional quasi-periodic tori around planetary satellites such as Io and
Phobos [115].

The search for periodic and quasi-periodic orbits typically relies on time-integration
techniques and is inherently computationally intensive. In this chapter, we apply the
harmonic balance method (HBM) to asteroid 433 Eros to identify periodic orbits, assess
their stability, and construct a comprehensive bifurcation map. Unlike time-marching
approaches such as multiple shooting or collocation, which rely on integrating the equa-
tions of motion over many steps or segments, HBM tackles the problem directly in the
frequency domain. This not only avoids cumulative integration errors but also provides
a global view of the solution from the outset. Particularly for smooth, closed orbits,
HBM can deliver accurate results with relatively few harmonics, making it well-suited for
preliminary analyses or continuation studies. Its capacity to handle strong nonlinearities
and compute stability properties without resorting to time integration offers a significant
benefit, especially in the complex dynamical environment near an asteroid. The first sec-
tion details the implementation of the polyhedron model to compute the gravitational
field of 433 Eros. Section 4.3 presents a catalog of more than 100 bifurcations and a bi-
furcation map, with periodic orbits classified by their geometrical properties. Section 4.4
focuses on resonant orbits, particularly near equilibrium points. In Section 4.5, the focus
is put on the amplitude of the Fourier coefficients to provide a spectral analysis of the
transitions between different bifurcations. Finally, Section 4.6 applies the multi-harmonic
balance method (MHBM) to compute and analyze quasi-periodic orbits and their stability
around 433 Eros.

4.2 Polyhedron method
A polyhedron is a three-dimensional solid whose surface consists of flat polygonal faces
that intersect along straight edges and meet at vertices. Each edge is shared by exactly
two faces, and each vertex is the meeting point of three or more edges and, correspond-
ingly, three or more faces. It is important to emphasize that the vertex coordinates alone
are insufficient to fully define a polyhedron. A complete description also requires its
connectivity topology, specifying which pairs of vertices are connected by edges and how
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these edges define the boundaries of the faces [102].

Each face f , of the polyhedron is associated with an outward-pointing unit normal
vector n̂f , which is essential in the computation of the matrix Ff :

Ff = n̂f ⊗ n̂f (4.1)

Each edge e, also has an associated unit normal vector, n̂f
e , defined with respect to a

given face f . This vector points outward from the polyhedron and is perpendicular to both
the normal face n̂f and the direction of the edge. It is used to define the contribution
of the edge to the overall gravitational potential. The matrix associated with an edge
defined by vertices P1 and P2, which lies between faces A and B, is given by:

E12 = n̂A ⊗ n̂A
12 + n̂B ⊗ n̂B

21 (4.2)

Figure 4.1 provides a graphical representation of the various normal vectors, including
face and edge normals, to aid in visualizing their geometric relationships.

common edge

n̂A

n̂B

n̂A
12

n̂B
21

P1

P2

face A

face B

Figure 4.1: Face and edge normal vectors.

The gravitational potential U of a polyhedron is expressed as

U =
1

2
Gσ

∑

e∈edges

re ·Eere ·Le −
1

2
Gσ

∑

f∈faces

rf ·Ffrf ·ωf (4.3)

where G is the gravitational constant, with a value of 6.67430 × 10−11m3kg−1s−2 and σ
denotes the constant density of the polyhedron. The dimensionless scalars Le and ωf are
associated with the geometric properties of the edges and faces, respectively.

Le ≡
∫

e

1

r
ds =

∫ Pj

Pi

1

r
ds = ln

ri + rj + eij
ri + rj − eij

(4.4)

ωf =

∫∫

triangle

∆z

r3
dS = 2arctan

ri · (rj × rk)

rirjrk + ri(rj · rk) + rj(rk · ri) + rk(ri · rj)
(4.5)
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Considering a field point located at position O, the vector ri connects O to the vertex
Pi, and its magnitude is denoted ri. The quantity eij represents the length of the edge
connecting vertices Pi to Pj. A graphical representation illustrating this configuration for
the specific case of a single triangular face is provided in Figure 4.2.

eij

ejk

eki

rj
ri

rk

O

Pj

Pi

Pk

Figure 4.2: Graphical representation of the field-point to polyhedron vertices vectors.

The gravitational attraction force—defined as the gradient of the potential—as well as
its gradient and Laplacian, corresponding to equations (4.6)–(4.8), can be directly derived
from the expression of the potential.

∇U = −Gσ
∑

e∈edges

Eere ·Le +Gσ
∑

f∈faces

Ffrf ·ωf (4.6)

∇∇U = Gσ
∑

e∈edges

Ee ·Le −Gσ
∑

f∈faces

Ff ·ωf (4.7)

∇2U = −Gσ
∑

f∈faces

ωf (4.8)

The Laplacian of the gravitational potential vanishes when the field point lies outside
the polyhedron, as the summation term

∑
f ωf , evaluates to zero in this case. However,

when the field point is located inside the polyhedron, the sum equals 4π. This fundamental
result serves as a straightforward criterion for detecting potential orbit penetration or
collision. The full derivation of these expressions is presented in [102] for readers seeking
further detail.

4.2.1 Application to the asteroid 433 Eros

Eros is one of the largest near-Earth objects, making it one of the most extensively
studied asteroids to date. Figure 4.3 presents images captured by the NEAR Shoemaker
probe during its mission in 2000. This mission provided a wealth of data on the asteroid,
including detailed measurements of its topography [116] and physical characteristics [117],
which have been instrumental in generating high-resolution shape models. The total mass
of 433 Eros is estimated at 6.69× 1015kg with a bulk density, ρ, of 2.67± 0.03 g cm−3. Its
dimensions were measured as 34.4×11.2×11.2 km and the rotation period is approximately
5.27 hours [118]. When combined with the polyhedron method, these parameters allow

Page 74



4.2: Polyhedron method

for an accurate modeling of the gravitational environment surrounding Eros. Figure 4.4
displays the polyhedron model constructed from a mesh consisting of 856 edges and 1708
faces [119].

Figure 4.3: Eastern and western hemispheres of asteroid 433 Eros. Pictures were taken
by NEAR-Shoemaker on 23 February 2000 [120].

Figure 4.4: 3D surface mesh of asteroid 433 Eros with 856 edges and 1708 faces.
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The equations of motion governing the dynamics of a massless body in orbit around
an asteroid are given by:

ẍ+ 2ωa × ẋ+ ωa × (ωa × x)−∇U(x) = 0 (4.9)

where x denotes the position vector of the massless body, ωa = [0, 0, ωa] is the angular
velocity of the asteroid about its principal axis of inertia, and ∇U(x) corresponds to the
gravitational acceleration derived from equation (4.6). The distribution of the gravita-
tional potential on the surface of asteroid 433 Eros is illustrated in Figure 4.5.

Figure 4.5: Intensity of the gravitational potential on the surface of 433 Eros.

Equation (5.1) can be recast in the HBM formalism with the matrices M =



1 0 0
0 1 0
0 0 1


,

C =




0 −2ωa 0
2ωa 0 0
0 0 0


, K =



−ω2

a 0 0
0 −ω2

a 0
0 0 0


 and fnl =




∂U(x)
∂x

∂U(x)
∂y

∂U(x)
∂z


.

Similar to the Circular Restricted Three-Body Problem (CRTBP), the time invariance
of equation (5.1) implies the existence of a conserved quantity: the Jacobi constant. In
the rotating frame of the asteroid, it is expressed as:

J =
1

2
ẋ · ẋ− 1

2
(ωa × x) · (ωa × x)− U(x) (4.10)

The Jacobi constant offers valuable insight into the structure of zero-velocity surfaces
and the location of equilibrium points. These surfaces represent the boundaries beyond
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which a body, given its specific energy level, cannot travel, as doing so would require neg-
ative kinetic energy. In other words, all available kinetic energy would be converted into
potential energy, leaving the body with zero velocity. Mathematically, this corresponds
to rewriting equation (4.10) in terms of the modified potential V , such that:

V = −1

2
(ωa × x) · (ωa × x)− U(x) (4.11)

There are four critical values of V for the particular case of 433 Eros, corresponding
to the four equilibrium points. Notably, two of these points, E1 and E2, are saddle
points, while E3 and E4 are center points; all are linearly unstable [121]. The positions
of the equilibrium points are obtained by solving ∇V = 0, their coordinates are listed in
Table 4.1 and are displayed in Figure 4.6.

Table 4.1: Position of the four equilibrium points around 433 Eros.

Equilibrium point x (km) y (km) z (km)
E1 18.444 -5.68 0.193
E2 -19.993 -0.075 0.162
E3 2.886 14.428 -0.015
E4 -2.7 -13.697 -0.027

Figure 4.6: Position of the equilibrium points with respect to 433 Eros.

The influence of the number of harmonics on the accuracy of the solutions was already
discussed in the previous chapter. Similar conclusions hold for the case of periodic orbits
around 433 Eros. Therefore, in the results that follow, a total of 30 harmonics (Nh = 30)
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are retained in the Fourier decomposition in order to reduce the errors associated with the
Jacobi constant. In addition, the time discretization is kept equal to one in the previous
chapter, N = 512. To ensure the periodicity of the computed solutions, the accuracy of
the HBM is enforced by requiring that the residual of Eq. (2.16) remains below ϵ = 10−12.

Impact of the mesh refinement

The HBM is compatible with asteroid models represented by meshes of various densi-
ties and shapes. However, the resolution of the mesh directly affects computational cost;
denser meshes significantly increase the time required to construct families of periodic
orbits. When the goal is to identify general orbit shapes rather than highly precise trajec-
tories, reducing the number of faces in the mesh can greatly speed up the computation,
albeit at the expense of accuracy. Since HBM requires an initial guess for the orbit to
begin the correction process, the ability to explore a wide range of orbit types at lower
computational cost is a notable advantage. To illustrate how mesh simplification affects
both CPU time and solution accuracy, four different mesh resolutions are considered in
this study. The original model contains 1708 faces [91], and three progressively coarser
versions are generated with 1200, 298, and 30 faces, respectively (see Figure 4.7).

Two distinct orbits are analyzed: one primarily confined to the equatorial plane, and
another exhibiting a more complex three-dimensional structure with a noticeable vertical
component. The results of orbit propagation using the four mesh resolutions are com-
pared in Figure 4.8. For the planar orbit, all four meshes produce converged solutions
that are extremely close to one another. The solution obtained with the coarsest mesh
shows a slight deviation but still captures the essential dynamics. In contrast, for the
orbit with vertical motion, discrepancies become more evident in the results from the two
lower-resolution meshes. Nevertheless, even these coarser meshes manage to reproduce
the overall orbit shape, making them suitable for generating initial guesses that can be
refined with higher-resolution models. Initial guesses are obtained either from the litera-
ture [122], or by adjusting the initial Fourier coefficients. For example, a simple circular
orbit can be readily expressed in terms of Fourier coefficients, which, after a few corrective
steps, provides a suitable starting point for continuation.

Computation time is largely insensitive to the orbit type but is strongly influenced by
the mesh resolution. Table 4.2 summarizes the average time per correction step and per
full iteration leading to convergence. These two metrics are reported separately, as mesh
resolution also affects tasks such as stability analysis and continuation prediction, which
contribute to the total iteration time. All computations were carried out using MATLAB
R2020a on a Intel(R) Core(TM) i9-9900K CPU at 3.60GHz, with 32Go RAM. From Table
4.2, it is evident that reduced-resolution meshes significantly improve performance. The
30- and 298-face meshes yield speedups of approximately 3.84× and 2.74×, respectively,
compared to the full 1708-face mesh. A smaller but still notable difference is observed
between the 1200- and 1708-face meshes, with negligible differences in the resulting or-
bits. This demonstrates that combining HBM with mesh simplification offers an effective
strategy for quickly exploring families of periodic orbits. Promising candidates identified
using coarse meshes can then be used as initial conditions for higher-resolution refinement.

To improve the generality and numerical conditioning of the problem, the equations
of motion are adimensionalized using characteristic units of length, time, and mass. It
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(a) (b)

(c) (d)

Figure 4.7: 3D surface mesh of asteroid 433 Eros with 17 vertices and 30 faces (a), with
151 vertices and 298 faces (b), with 602 vertices and 1200 faces (c), with 856 vertices and
1708 faces (d).

(a) (b)

Figure 4.8: Comparison of planar orbit computed with the four different meshes (a).
Comparison of 3D orbit computed with the four different meshes (b).
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Table 4.2: Computation time per correction and iteration for the different mesh refine-
ments.

Mesh CPU time/correction (s) CPU time/iteration (s)
30 Faces ≈ 1.27 ≈ 3.69
298 Faces ≈ 1.72 ≈ 5.17
1200 Faces ≈ 3.35 ≈ 9.95
1708 Faces ≈ 4.56 ≈ 14.2

improves numerical stability and precision by minimizing the risk of floating-point errors
arising from very large or small dimensional quantities. The unit of time is chosen as the
asteroid’s rotation period, tu = 5.27× 3600s, the unit length lu = 16.84e3 m and the unit
mass mu = 6.69× 1015kg. It is also worth noting that the mass term cancels out due to
the presence of the product Gρ in equation (4.6).
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4.3 Main periodic families
A wide variety of periodic orbits coexist in the vicinity of irregular celestial bodies. The
Harmonic Balance Method (HBM) provides a powerful framework for identifying these
solutions and constructing a comprehensive bifurcation map. Figure 4.9 illustrates such a
map, where the Jacobi constant is plotted against the orbital period. This representation
reveals the presence of all three primary bifurcation types, with corresponding branches
tracked across the diagram. Notably, while multiple period-doubling bifurcations are
identified, only a single branch point is observed. The majority of periodic orbits around
433 Eros are found to be unstable. Several examples presented in this section have also
been reported in prior studies using time-domain approaches [123]. Let’s note that 30
harmonics were considered in order to fully capture the dynamics of the different periodic
orbits.

0 2 4 6 8 10 12
-150

-100

-50

0

50

100

150

Period Doubling

Neimark-Sacker

Branchpoint

Figure 4.9: Continuation of stable (in black) and unstable (in red) periodic orbits around
433 Eros.

Given the large number of periodic solutions identified through the HBM, all bifurca-
tions that give rise to new branches are listed in Table 4.3, sorted by increasing period.
To enhance the visualization of the connections between these branches, a deconstructed
version of Figure 4.9 is provided in Figure 4.10. This schematic representation highlights
the structure of the bifurcation network: dashed lines indicate branches emerging from
period-doubling bifurcations, while dotted lines represent secondary branches that origi-
nate from bifurcations on already period-doubled solutions. The color coding follows the
convention established in the previous chapter, where black lines denote stable orbits and
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red lines correspond to unstable ones.

The symbol “//” is used to indicate gaps in the continuation between pairs of branches
with nearly identical Jacobi constants and orbital periods, suggesting similar orbital ge-
ometries, either around different equilibrium points or shifted in space but not connected
with bifurcations. It is worth noting that the initial conditions for branches beyond a gap
are obtained by deliberately overshooting the prediction of a solution from the preceding
branch. The bifurcations are denoted as period doubling (PD), Neimark–Sacker (NS), or
branch point (BP). Table 4.3 specifies the type of each bifurcation along with the asso-
ciated dimensionless period, Jacobi constant, and the corresponding label as marked in
Figure 4.10.

Table 4.3: Bifurcations encountered around asteroid 433 Eros.

Type Period (-) Jacobi cst (-) Label

PD 0.56761 29.1465 PD1

PD 0.58041 29.9525 PD2

PD 1.0022 -30.5076 PD11

PD 1.0028 -30.5476 PD12

PD 1.0098 -31.3439 PD16

PD 1.0121 -31.41 PD15

PD 1.0785 -7.28 PD10

PD 1.0848 -4.7402 PD9

PD 1.1124 0.1313 PD17

PD 1.1141 1.5178 PD18

PD 1.1335 19.5227 PD3

PD 1.1368 15.5393 PD8

PD 1.1374 15.8453 PD4

PD 1.1418 19.3767 PD6

PD 1.1431 19.045 PD19

PD 1.1453 18.7585 PD5

PD 1.1458 18.6409 PD7

PD 1.4972 -60.6822 PD21

PD 1.5037 -60.5872 PD22

BP 1.6793 -58.5165 BP1

PD 1.6896 -58.1206 PD23

PD 1.6972 -58.1397 PD24

PD 1.9414 -34.7775 PD37

PD 1.9424 -35.3276 PD38

PD 1.9606 -46.4628 PD53

NS 1.962 -46.8412 NS7

NS 1.9641 -46.9332 NS8

PD 1.9866 -37.573 PD54

PD 2.0256 -24.3058 PD28

PD 2.0271 -24.8698 PD39

PD 2.0532 13.0937 PD27

PD 2.0538 10.3995 PD55
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Type Period (-) Jacobi cst (-) Label

PD 2.0538 10.9927 PD40

PD 2.0612 22.2521 PD26

PD 2.06268 22.3411 PD25

NS 2.0442 20.0458 NS9

NS 2.045 20.4044 NS10

PD 2.2424 10.3421 PD20

PD 2.264 19.0591 PD13

NS 2.2748 15.4504 NS2

NS 2.2753 15.7825 NS1

PD 2.2796 17.9082 PD14

NS 2.2848 19.0131 NS3

NS 2.2853 19.079 NS4

PD 2.41 -49.105 PD29

PD 2.4204 -49.7634 PD41

PD 2.913 -60.2813 PD56

PD 2.951 -44.3426 PD43

NS 2.9593 -60.4317 NS5

PD 2.9644 -48.3188 PD30

PD 2.9889 -38.419 PD31

PD 2.9913 -35.0437 PD32

PD 3.0362 24.2222 PD58

PD 3.1251 3.0993 PD42

PD 3.3979 -50.2375 PD44

PD 3.4013 -58.0013 PD61

PD 3.404 -57.9008 PD70

PD 3.4122 -57.9225 PD62

PD 3.4162 -57.8066 PD71

PD 3.4172 -57.8857 PD63

PD 3.4318 -50.2157 PD45

PD 3.521 -48.8105 PD33

PD 3.7093 -50.1298 PD46

PD 3.8754 -35.7693 PD74

PD 3.8767 -35.6124 PD73

PD 3.9265 -48.7963 PD34

PD 3.9666 -50.1044 PD48

PD 3.9906 -8.5624 PD65

PD 4.0021 -37.1016 PD83

PD 4.0047 -36.238 PD75

PD 4.0088 -30.2116 PD47

PD 4.0136 -36.5268 PD35

PD 4.0199 -2.2442 PD64

PD 4.1002 -1.0565 PD82

PD 4.1028 0.154 PD80

PD 4.1037 1.8092 PD79

PD 4.1051 2.3871 PD78

NS 4.1191 21.1983 NS11
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Type Period (-) Jacobi cst (-) Label

NS 4.1199 21.3195 NS12

PD 4.1152 20.4362 PD67

PD 4.1157 20.522 PD56

PD 4.2286 -50.1687 PD49

PD 4.3909 -49.0063 PD84

PD 4.4198 -50.1687 PD50

PD 4.4247 -48.9668 PD85

PD 4.5113 -48.8044 PD36

PD 4.5548 -50.1661 PD51

PD 4.6247 -50.1646 PD52

PD 5.8322 -60.2284 PD57

PD 5.9303 -48.1999 PD68

PD 5.9699 -37.853 PD69

NS 6.072 23.8063 NS6

PD 6.0678 22.4285 PD59

PD 6.0953 24.1038 PD60

PD 6.8555 -50.324 PD72

PD 7.94 -44.5928 PD77

PD 7.9742 -35.1899 PD86

PD 7.9853 -33.8403 PD76

PD 8.2038 -0.2622 PD81

PD 8.8607 -48.1787 PD87
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Figure 4.10: Schematic bifurcation map for 433 Eros.

In contrast to the results presented in the previous chapter for the CRTBP, the irreg-
ular shape of asteroid 433 Eros results in a highly non-uniform gravitational field, making
the classification of well-defined orbital families more challenging. In 2019, Jiang presented
few families around the equilibrium points of irregular bodies [124]. The simplest class
of orbits is the planar circular orbit. However, even this basic configuration exhibits two
distinct variants around 433 Eros. Since the asteroid rotates counterclockwise, circular
orbits may rotate either in the opposite direction (clockwise), called retrograde, or in the
same direction (counterclockwise), called prograde. It is important to note that in the ro-
tating frame fixed to Eros, both orbit families appear as prograde. The NEAR-Shoemaker
probe was placed in particular on a near-circular polar orbit [125]. All subsequent three-
dimensional representations of the orbits are presented in this rotating reference frame.

4.3.1 Retrograde

The circular retrograde family predominantly consists of stable orbits. A narrow segment
of instability is bounded by two period-doubling bifurcations, labeled PD1 and PD2 in
Figure 4.10. These bifurcations are represented as dashed lines in Figure 4.11, which illus-
trates several representative orbits from this family. The branches that emerge from PD1
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and PD2 are shown in Figures 4.12a and 4.12b, respectively. Orbits with shorter periods
lie closer to the surface of Eros, while those farther away exhibit periods approaching
unity, corresponding to a synchronous rotation with the asteroid. The color gradient used
in Figure 4.11 serves solely to visually distinguish the individual orbits within the family.

Figure 4.11: Retrograde family around 433 Eros

4.3.2 Vertical

The first period-doubling bifurcation encountered along the circular retrograde family ini-
tiates a transition toward vertical motion around the equilibrium point E2. Additional
vertical-like periodic orbits, often exhibiting a characteristic “figure-eight” shape, are found
in the vicinity of the remaining three equilibrium points. Representative examples of these
orbits are shown in Figures 4.12a, 4.12b, 4.12c, 4.12d, 4.12e, and 4.12f.

On the bifurcation diagram, the branch emerging from PD1, illustrated in Figure 4.12a,
is entirely unstable. Figure 4.12b is the partially stable branch emerging from PD2 that
includes 3 period-doubling bifurcations from PD4 to PD6. Figure 4.12c corresponds to the
family containing period-doubling bifurcations PD7 through PD11. This family exhibits
predominantly unstable behavior, except for a narrow stable segment near PD8. The
geometric evolution of these orbits reflects a smooth transition between vertical librations
around equilibrium point E4 and E1. For clarity, individual bifurcations are intentionally
omitted from the 3D visualizations.
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Figures 4.12e and 4.12d depict two short branches containing bifurcations PD12 and
PD15, respectively. These branches follow a similar pattern on opposite hemispheres of
433 Eros: each begins with vertical motion about an equilibrium point, followed by a
gradual tilting of the orbit plane until the trajectory ultimately collides with the asteroid.
Both families are entirely unstable.

The final vertical-related family is shown in Figure 4.12f. This set of orbits originates
near equilibrium point E3 and follows a similar vertical-to-collision transition. It includes
the bifurcations PD16 through PD19 and is mostly unstable, with the exception of a small
stable region near PD19.

(a) (b)

(c) (d)
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(e) (f)

Figure 4.12: Vertical families around 433 Eros.

4.3.3 Vertical period doubling

Along the various branches of vertical solutions, several period-doubling bifurcations are
encountered, each associated with distinct dynamical behaviors. Figure 4.13a illustrates
the result of the bifurcation labeled PD3. Another period-doubling event, PD13, is en-
countered along a continuation path but was not followed further. Figure 4.13b shows
the transition of orbit geometries between PD4 and PD9; notably, a Neimark–Sacker bi-
furcation, NS1, is detected within this segment.

The family of orbits originating from PD5 and depicted in Figure 4.13c exhibits mor-
phological similarities with those of Figure 4.13a, including the presence of one period-
doubling bifurcation, PD14, and a comparable global structure. Orbits represented in Fig-
ure 4.13d, which emerge from PD7, also share visual characteristics with these branches.
All four of these branches are fully unstable.

Additionally, the branch that loops between PD18 and PD19 is part of the family of
period-doubled vertical orbits. This loop includes three bifurcations: one period doubling
(PD20) and two Neimark–Sacker bifurcations (NS3 and NS4). Most of this branch re-
mains unstable, except for a narrow stable region between NS3 and PD19.
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(a) (b)

(c) (d)

(e)

Figure 4.13: Vertical period doubling families around 433 Eros.

4.3.4 Heart-like

Another distinct family of orbits arising from a period-doubling bifurcation is referred to
as the heartlike family, named for the heart-shaped appearance exhibited by some of its
members. Figure 4.14a shows the unstable branch that emerges from PD6, where the
terminal orbit displays a heart shape oriented downward on the face of equilibrium point
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E3.

On the opposite side of the asteroid, also oriented downward, lie the orbits presented
in Figure 4.14b, which belong to the unstable branch originating from PD8. Still on this
same face, the orbits in Figure 4.14c are oriented upward and belong to the unstable
family emerging from the period-doubling bifurcation PD10.

(a) (b)

(c)

Figure 4.14: Heart-like period doubling families around 433 Eros.

Page 90



4.3: Main periodic families

4.3.5 Double axial

Double axial families refer to orbit families that emerge from a period-doubling bifur-
cation associated with an axial orbit. Four distinct configurations are identified within
this category: the orbits may lie on either side of equilibrium points E3 or E4, and they
may exhibit a leftward or rightward tilt. Figures 4.15a through 4.15d illustrate these four
scenarios, corresponding respectively to the branches bifurcating from PD11, PD12, PD15,
and PD16. All of these families are characterized by instability.

(a) (b)

(c) (d)

Figure 4.15: Double Axial families around 433 Eros.
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4.3.6 Prograde

As illustrated in the bifurcation maps (Figures 4.9 and 4.10), the retrograde and prograde
orbit families are clearly distinct. The prograde family consists of circular orbits that
rotate in the same direction as asteroid 433 Eros. This family is predominantly stable,
with the exception of a narrow segment of unstable orbits located between the two period-
doubling bifurcations PD21 and PD22. The stable portion terminates at BP1, the only
branch point detected by the HBM in the vicinity of Eros. These three bifurcations are
marked by dashed lines in Figure 4.16. Notably, in contrast to the retrograde family, the
orbital period increases as the orbit approaches the asteroid.

Figure 4.16: Prograde families around 433 Eros.

4.3.7 Pretzel-like

Following the branch point BP1, the prograde family either continues as an unstable ex-
tension or splits into two partially stable branches. The first branch, shown to the left of
BP1 in Figure 4.10, remains stable up to the period-doubling bifurcation PD24, with its
3D representation provided in Figure 4.17a. The second branch, leading up to BP1 in the
same figure, is stable until PD23, with an additional period-doubling bifurcation encoun-
tered along the continuation at PD37. Its corresponding 3D view is shown in Figure 4.17d.
Figures 4.17b and 4.17c represent the counterparts of these two branches, with the key
difference being that the orbits tilt in the opposite direction. Another notable distinction
is that the horizontal sections of these families are not strictly circular but form loop-like
structures around the equilibrium points—resembling a “pretzel”—which gives the family
its name.
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(a) (b)

(c) (d)

Figure 4.17: Pretzel-like families around 433 Eros.

4.3.8 Vertical circular

The family referred to as "Vertical circular" is characterized by large circular trajectories
around the asteroid, with the orbit remaining close to either of the equilibrium points
E3 or E4 Figures 4.18a and 4.18b display the orbits arising from the two period-doubling
bifurcations detected within the prograde family, PD21 and PD22, respectively. Both fam-
ilies initially emerge as doubled planar circular orbits. The family from PD21 begins with
stable orbits, transitions briefly to unstable ones, then returns to stability until it reaches
period-doubling PD56, beyond which it remains unstable. In contrast, the family from
PD22 starts as unstable, becomes temporarily stable after the Neimark-Sacker bifurcation
NS5, and then reverts to instability. Along this path, an additional period-doubling bi-
furcation, PD58, is also encountered.

The family represented in Figure 4.18c originates as the unstable continuation fol-
lowing the branch point BP1, where planar orbits begin to tilt vertically as the period
increases. This branch contains one period-doubling bifurcation, PD25. Its symmetrical
counterpart on the opposite side of 433 Eros is shown in Figure A.1, which corresponds
to the unstable branch containing bifurcation PD26. It’s worth noting that this family
terminates before reaching the Neimark-Sacker bifurcation NS10, at the point where the
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orbit becomes planar once again.

(a) (b)

(c) (d)

Figure 4.18: Vertical circular families around 433 Eros.

4.3.9 S-shaped vertical

The final family described in this chapter is referred to as ’S-shaped vertical’, named
after the distinct shape of its orbits, which loop above and below 433 Eros in opposite
directions, forming an S-like configuration. Figures 4.19a and 4.19b belong to the same
branch of solutions, which includes the bifurcations NS10, PD27, PD28, and PD29. These
two figures represent orbits located on either side of the Neimark-Sacker bifurcation: Fig-
ure 4.19a lies to the right, and Figure 4.19b to the left. Most of the orbits within this
family are unstable. Additionally, Figures 4.19c and 4.19d correspond to other unstable
orbits arising after Neimark-Sacker bifurcations NS9 and NS8, respectively.

Page 94



4.4: Resonance

(a) (b)

(c) (d)

Figure 4.19: S-shaped vertical families around 433 Eros.

4.4 Resonance

As in the case of the CRTBP discussed in the previous chapter, resonances are also ob-
served in the dynamics around 433 Eros. This phenomenon is clearly visible in Figure 4.9,
where the Jacobi constant exhibits distinct increases at integer dimensionless period val-
ues, and the associated orbital shapes tend to deviate from the equatorial plane. It is
worth noting that the dashed lines, representing period doubling bifurcations, have their
period halved for visualization purposes; their actual periods correspond to integer val-
ues in Figure 4.9. Since most of the orbits with period ratios below 3 were extensively
described in the previous section, the focus here shifts to those with period ratios greater
than 3. On the bifurcation map, Figure 4.10, these orbits correspond to a series of parallel
branches, beginning with those associated with PD32 and PD42. Although the bifurca-
tions encountered along these branches are labeled, they are not analyzed in detail, as the
efficacy of the HBM in tracking bifurcations has already been demonstrated. Generally,
each of these branches originates at a resonant orbit. As the period increases, the orbits
tend to align with the equatorial plane. However, when the period approaches another
integer value, the Jacobi constant increases and a vertical component emerges in the orbit.
These vertically extended resonant orbits are the focus of this section.
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Figure 4.20 shows several examples of resonant orbits corresponding to different period
ratios: 1:4, 1:6, 1:8, and 1:10. For a resonance of the form n:m, the asteroid completes m
rotations about its principal axis of inertia while the massless particle completes n revo-
lutions around it. Several key observations arise from the morphology of these resonant
orbits. First, their similarity to the Heart-like family introduced in the previous section
is evident, with the addition of vertical loops near the equilibrium point E3. Second,
despite the variety of period ratios, the overall shape of these resonant orbits remains
qualitatively similar. The difference in period between them is largely due to the number
of vertical loops: the higher the period, the greater the number of loops.

Figure 4.20: Resonant orbits of the southern Heart-like family around 433 Eros.

A similar pattern is observed for various combinations of the previously introduced
families, which consistently interact with the vertical family to form resonance loops.
Figure 4.21 presents resonant ratios of 1:3, 1:4, 1:5, 1:6, and 1:7, all associated with the
northern branch of the Heart-like family. Other orbit families also combine with the ver-
tical family to generate resonant structures. For instance, the Pretzel-like family gives
rise to resonant orbits with ratios of 1:8 and 1:9, as shown in Figure 4.22.

In addition, resonance is not confined to a single equilibrium point. Figure 4.23 illus-
trates resonant orbits around equilibrium point E4, formed by a combination of axial mo-
tion and vertical loops, for resonant ratios ranging from 1:4 to 1:8. Similarly, Figure 4.24
displays resonant orbits belonging to a previously unpresented family, yet exhibiting com-
parable resonant dynamics.
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Figure 4.21: Resonant orbits of the northern Heart-like family around 433 Eros.

Figure 4.22: Resonant orbits of the Pretzel-like family around 433 Eros.

A considerable number of periodic orbits have been identified through the continu-
ation process combined with branch switching using the HBM. However, this collection
is far from exhaustive; many more periodic orbits exist around 433 Eros. Additional
computations with the HBM have led to the discovery of more intricately shaped peri-
odic orbits. These advanced results are presented in Appendix A for the interested reader.
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Figure 4.23: Resonant orbits of the axial family around 433 Eros.

Figure 4.24: Resonant orbits of an unlabeled family around 433 Eros.

4.5 HBM spectral analysis

Compared to classical time integration methods, the HBM offers a powerful additional
perspective for analyzing the dynamics of orbit families. In particular, it enables the study
of how bifurcations influence the evolution of solutions during continuation by examining
the behavior of the normalized Fourier coefficients, denoted σj

i :

σj
i =

Φj
i∑NH

i=0Φ
j
i
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with

Φj
i =

√(
s
fxj
i

)2
+
(
c
fxj
i

)2
(j = 1, ..., n; i = 0, ..., NH)

where Φji represents the amplitude of the i-th harmonic in the j-th degree of freedom,
and σji expresses its normalized contribution relative to the total harmonic content. The
analysis focuses on a particular circular orbit family that exhibits two period-doubling bi-
furcations, PD1 and PD2, each marking a change in stability along the continuation path.
The secondary branch that emerges from PD1, which includes another bifurcation (PD3),
is also investigated, along with the new branch that arises from PD3. These bifurcating
branches are compared with the main circular family to highlight the changes in harmonic
content and dynamics. Figure 4.25 shows the three sets of orbits in the spatial context of
asteroid 433 Eros. Figure 4.26 presents a heat map of the normalized Fourier coefficients
σj
i for the first 10 harmonics in the X and Y directions across the entire continuation. The

positions of the period-doubling bifurcations are indicated by green lines, clearly marking
where changes in harmonic structure and orbital stability occur.

(a) (b)

(c)

Figure 4.25: Quasi-circular orbits, including the period doubling bifurcations PD1 and
PD2 (a). Vertical orbits resulting from PD1 including the period doubling bifurcation
PD3 (b). Vertical orbits resulting from PD3 (c).

As expected, the Fourier coefficients for the circular orbit family show dominant activ-
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ity in the first harmonic for both the X and Y degrees of freedom. A smaller contribution
from the third harmonic in the X direction is also observed. Given that the bifurcated
orbits in Figure 4.25(b) exhibit vertical deviations from the circular family, it is partic-
ularly relevant to examine the harmonic content in the Z direction, as shown in Figure
4.27. This heat map reveals a clear signature of the period-doubling bifurcation, marked
by a noticeable change of the dominant harmonic near the PD bifurcations.

Concerning the orbits in Figure 4.25(b), the dominant harmonic is the second one,
around the 60th orbit in the continuation, the third harmonic begins to show increased
activity, and shortly after PD3, the fourth harmonic becomes significant as well. Figure
4.28 offers a comparison of the orbits in Figure 4.25(b) before and after the 60th orbit.
Prior to this point, the orbits primarily show increasing vertical excursion along the Z
axis. Beyond the 60th orbit, however, the vertical growth is accompanied by noticeable
deviations in the X and Y directions, suggesting a shift in the orbit structure.

The final family of orbits emerging after PD3, represented in Figure 4.25(c), is pre-
dominantly governed by the fourth harmonic. Nonetheless, the second harmonic retains a
non-negligible presence, indicating that these orbits share certain dynamical features with
those just prior to the bifurcation. This evolution of the harmonic structure underscores
the power of HBM in capturing subtle qualitative transitions in orbital dynamics.

Figures 4.9 and 4.10 reveal that two consecutive resonant peaks are connected through
a transition involving planar orbits. The HBM facilitates a spectral analysis of these tran-
sitions by examining the evolution of the normalized Fourier coefficients. The transitions
between the 5:1 and 6:1 resonances, as well as between the 1:9 and 1:10 resonances, are
shown in Figures 4.29 and 4.31, with their corresponding spectral decompositions illus-
trated in Figures 4.30 and 4.32.

From these analyses, several patterns emerge. First, the transition between the 1:9
and 1:10 resonances involves a broader and more complex spectrum of harmonics than the
1:5 to 1:6 case, which reflects the increasing geometrical intricacy of higher-order resonant
orbits. In both transitions, the z-component of the motion exhibits a clear shift in the
dominant harmonic, moving from the 5th to the 6th and from the 9th to the 10th harmonic
respectively, demonstrating the spectral signature of the change in resonance. As the
orbits pass through the equatorial plane during the transition, the contribution of the
lower-order harmonics becomes more prominent in all three degrees of freedom, especially
in the x and y directions. Additionally, the x and y components show noticeable activation
of higher harmonics, particularly the 10th and 12th during the 1:5–1:6 transition and the
18th and 20th during the 1:9–1:10 transition. These contributions further emphasize
the increased harmonic richness associated with more complex orbital geometries near
higher-order resonances.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.26: Normalized Fourier coefficients of the quasi-circular orbits, including the
period doubling bifurcations PD1 and PD2 of x (a) and y (b). Normalized Fourier coeffi-
cients of the vertical orbits resulting from PD1 including the period doubling bifurcation
PD3 of x (c) and y (d). Normalized Fourier coefficients of the vertical orbits resulting
from PD3 of x (e) and y (f).
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Figure 4.27: Normalized Fourier coefficients of the quasi-circular orbits, including the
period doubling bifurcations PD1 and PD2 of z

(a) (b)

Figure 4.28: Decomposition of the vertical orbits resulting from PD1 including the period
doubling bifurcation PD3. Before orbit 60 (a), after orbit 60 (b).
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Figure 4.29: Transition of 1:5 resonant orbits to the 1:6 resonant orbits.

(a) (b)

(c)

Figure 4.30: Normalized Fourier coefficients of the transition of the resonances 1:5 to the
1:6 of x (a), y (b) and z (c).
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Figure 4.31: Transition of 1:9 resonant orbits to the 1:10 resonant orbits.

(a) (b)

(c)

Figure 4.32: Normalized Fourier coefficients of the transition of the resonances 1:9 to the
1:10 of x (a), y (b) and z (c).
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4.6 Quasi-periodic solutions

Up to this point, only the branches emerging from branch points and period-doubling
bifurcations have been followed, while Neimark–Sacker bifurcations have been left aside.
The branches associated with Neimark–Sacker bifurcations correspond to quasi-periodic
solutions. Tracking these solutions requires adapting the HBM to account for an addi-
tional frequency. The Multi-Harmonic Balance Method (MHBM), presented in the first
chapter, allows the computation of those emerging quasi-periodic solutions.

To obtain quasi-periodic orbits, complex and time-consuming computations are nec-
essary. While 12 different Neimark-Sacker bifurcations have been detected and are listed
in Table 4.3, not all of them were followed. The focus has been placed on one Neimark-
Sacker bifurcation that is not a result of a period doubling bifurcation, specifically NS10.
The quasi-periodic orbit resulting from this bifurcation is depicted around 433 Eros in
Figure 4.33.

Figure 4.33: Quasi-periodic orbit resulting from Neimark-Sacker bifurcation NS10.

The continuation of these solutions reveals how the quasi-periodic orbits evolve and
interact with their periodic counterparts. Figure 4.34 provides a more detailed view,
focusing on the region around NS10 as shown in Figure 3.5, where the secondary period
of the quasi-periodic orbits is represented along a third axis.
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Figure 4.34: Jacobi constant with respect to the period for periodic and quasi-periodic
orbits around the Neimark-Sacker bifurcation NS10.

To validate the result obtained via MHBM, the decomposed motion along the x, y,
and z directions is compared to a time integration performed using MATLAB’s ode113
solver over one period of the second frequency, 2π

ω2
(see Figure 4.35). The two solutions

are in excellent agreement, confirming the accuracy of the MHBM. The quasi-periodic
nature of the orbit is especially evident in the x and y directions. It is worth noting that
this particular orbit is unstable. The solution was computed using 20 harmonics for the
first frequency and 10 for the second. As previously mentioned, obtaining quasi-periodic
solutions with MHBM is computationally intensive: in this case, the solution required
approximately 30 minutes1 to converge and have its stability determined.

To illustrate the sensitivity of time-domain numerical integration for quasi-periodic
solutions, two different sets of initial conditions, listed in Table 4.4, are considered. These
sets are derived from quasi-periodic orbits computed with different harmonic resolutions.
The first corresponds to a solution obtained using 20 harmonics on the first frequency and
5 on the second, while the second (taken as the reference for relative error computation)
results from a higher-resolution solution using 80 harmonics on the first frequency and 5
on the second.

Despite the difference in harmonic content, the solutions computed in the frequency
domain using MHBM are nearly identical, as the method enforces quasi-periodicity by
construction. However, when these initial conditions are propagated in time using a clas-
sical numerical integrator (Figure 4.36), the solution derived from the lower-harmonic
approximation gradually diverges from the reference over several periods. This diver-
gence highlights the sensitivity of traditional time-domain methods to small discrepancies
in initial conditions, especially for unstable orbits. In contrast, the frequency-domain
framework provided by HBM and MHBM offers a much more robust and reliable envi-
ronment for studying such solutions.

1Intel(R) Core(TM) i9-9900K CPU at 3.60GHz, with 32GB RAM, MATLAB R2020a
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Figure 4.35: Comparision of the evolution of the three degrees of freedom over time
computed with MHBM (NH1 = 20 and NH2 = 5) and time integration with ode113 for x
(a), y (b) and z (c)

Table 4.4: Initials conditions for 20 and 80 harmonics on the first frequency and 5 on the
second and the associated relative error.

Coordinate Initial condition 1 (-) Initial condition 2 (-) Relative error (%)
x0 1.5106 1.5073 0.2184
y0 0.3153 0.3361 6.1702
z0 -0.2842 -0.30602 7.1171
vx0 2.9441 3.1102 5.3397
vy0 -12.6162 -12.5755 0.3235
vz0 3.3842 3.3571 0.8073

To accelerate the computation of quasi-periodic solutions using the MHBM, the total
number of harmonics can be reduced, allowing the exploration of the solution space at
a lower resolution. However, this approach has limitations: if the number of harmonics
is too small, the solution may fail to converge. The main sources of computational cost
when solving for quasi-periodic solutions are directly linked to the number of harmonics
and to the asteroid’s mesh resolution, since orbits with more sampling points require a
greater number of potential evaluations.

Both factors can be adjusted to significantly reduce computation time. One effective
approach is the adaptive harmonic selection strategy, previously introduced for the peri-
odic case and extended here to filter out negligible harmonic components. This method
relies on evaluating the amplitude of the forcing vector b and retaining only the harmonics
whose magnitude exceeds a prescribed threshold ϵAHBM . Figure 4.37 illustrates the effect
of ϵAHBM on the average computation time per iteration, the number of iterations, and
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Figure 4.36: Comparison of the evolution of the three degrees of freedom over time for
two different set of initial conditions propagated with ode113 for x (a), y (b) and z (c)

the total convergence time for three consecutive continuation points. The example orbit
considered here includes 15 harmonics on the first frequency and 5 on the second.

As ϵAHBM decreases, more harmonics are preserved, which increases both the com-
putational load per iteration and the overall time required for convergence. Conversely,
higher values of ϵAHBM , shown on the left side of the plot, filter out more harmonic compo-
nents. This leads to faster computations, though with a slightly coarser approximation of
the solution. The blue curves illustrate that the correction time per iteration decreases as
more harmonics are filtered out. However, the dotted blue line, representing the average
time to reach convergence, shows a minimum around ϵAHBM = 10−6. This behavior cor-
relates directly with the orange curve, which indicates the number of corrections needed
for convergence.

When fewer harmonics are retained, each correction step is faster, but more correc-
tions are required overall. As a result, the total computation time increases despite the
shorter individual steps. The horizontal dashed blue lines indicate reference times for
the case where all harmonics are kept. It is worth noting that if ϵAHBM is set too high,
too few harmonics are considered, and the solution may fail to converge. On average,

Page 108



4.6: Quasi-periodic solutions

0.0001 1e-05 1e-06 1e-07
100

150

200

250

300

350

400

450

500

550

600

4

4.5

5

5.5

6

6.5

7

7.5

8

8.5
Time/correction step

Time/convergence

Reference time/correction step

Reference time/convergence

Step/convergence

Figure 4.37: Influence of ϵAHBM on the computation time per iteration, the number of
iterations and the total time required for convergence with 15 harmonics on the first
frequency and 5 on the second.

the total time for the reference solution is about 7 minutes, substantially higher than for
ϵAHBM = 10−6, which achieves roughly a 30 seconds reduction per solution.

Figure 4.38 illustrates the effect of the AHBM when 20 harmonics are used on the first
frequency and 10 on the second. As expected, the influence of filtering becomes more no-
ticeable as the number of harmonics increases. Even with ϵAHBM = 10−7, some harmonic
components are filtered, leading to a reduction in total computation time compared to
the reference case. Both the correction time per iteration and the overall time decrease
as ϵAHBM increases. Between the reference case and ϵAHBM = 10−5, approximately 300
seconds are saved, a significant improvement in computational efficiency.

To assess the influence of the mesh on the computation time of quasi-periodic solu-
tions, the same meshes shown previously in Figure 4.7 are considered. To isolate the
mesh effect, the solutions are selected close to each other so that the number of correction
steps remains roughly constant. Figure 4.39 clearly shows that coarser meshes yield faster
computations. With a simple mesh of 30 faces, the computation time is reduced by about
a factor of five. As in the classical HBM case, this makes coarse meshes a valuable tool
for rapid exploration at low resolution before refining the solution around a specific orbit.

Combining both methods the evolution of the solutions along this quasi-periodic
branch emerging from NS10 can be built and corresponds to the one represented in Fig-
ure 4.40. It appears that, at first, the orbits path gets slightly thicker as the second period
grows

Figure 4.41 presents two additional unstable quasi-periodic orbits that arise from two
distinct Neimark-Sacker bifurcations, NS1 and NS2. It’s worth mentioning that despite
the more intricate shape of the orbit in Figure 4.41b, the dimensionless period of the
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Figure 4.38: Influence of ϵAHBM on the computation time per iteration, the number of
iterations and the total time required for convergence with 20 harmonics on the first
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Figure 4.39: Influence of the polyhedron mesh on the computation time per iteration, the
number of iterations and the total time required for convergence with 15 harmonics on
the first frequency and 5 on the second.

orbits is 23.998, whereas the orbit in Figure 4.41a has a period of 76.152.

Despite attempting to reproduce the quasi-periodic solutions reported by Baresi et
al. [114] using the MHBM formulation, convergence could not be achieved. The absence
of Neimark-Sacker bifurcations to guide the first prediction to the quasi-periodic branch
leads to diverging corrections. Nonetheless, each correction step required approximately
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(a) (b)

(c) (d)

Figure 4.40: Evolution of the quasi-periodic orbits resulting from Neimark-Sacker bifur-
cation NS10.

(a) (b)

Figure 4.41: Quasi-periodic orbits resulting from Neimark-Sacker bifurcation NS1 (a) and
NS2 (b).
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10 seconds, indicating that, had convergence been reached, the total computational cost
per solution would likely have been comparable to that obtained with the numerical
continuation methods reported in the reference study. Combined with the AHBM the
method may even outperform them.
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4.7 Conclusion
In this chapter, the polyhedron method was introduced to model the gravitational field
around an irregularly shaped celestial body, specifically applied to the asteroid 433 Eros.
This approach enabled the identification of equilibrium points, which are crucial for un-
derstanding the orbital environment of the asteroid.

The harmonic balance method (HBM) was then extended from the CRTBP to accom-
modate the complex dynamics of 433 Eros, which is characterized by low gravity and an
irregular shape. Approximately one hundred bifurcations of three distinct types were en-
countered. Both branchpoint and period-doubling bifurcations were tracked, resulting in
a dense bifurcation map. The stability of the different branches was evaluated using Hill’s
method. For the first time, a classification of orbits based on their general shape, similar
to the CRTBP, was proposed. Despite the complexity of the system, the application of the
HBM revealed patterns in the orbits, particularly with respect to resonant orbits. Sev-
eral cases of resonant ratios in different shapes were presented through HBM applications.

Furthermore, the application of the multi-harmonic balance method (MHBM) and the
detection of Neimark-Sacker bifurcations allowed for the smooth computation and contin-
uation of quasi-periodic orbits. The extension of Hill’s method provided insights into the
stability of these quasi-periodic orbits. Additionally, the harmonic selection algorithm,
previously discussed, was successfully extended, which reduced the computational burden
associated with quasi-periodic orbits. The impact of the meshes on the computation time
was also discussed.

To conclude, this chapter has established the HBM and its multi-frequency extension
as effective and reliable tools for exploring the complex dynamical environment around
irregular celestial bodies. Through their application to asteroid 433 Eros, the methods
proved capable of revealing the global organization of periodic and quasi-periodic orbits,
their bifurcations, and stability transitions within a highly nonlinear gravitational field.
Beyond the quantitative results obtained, such as the mapping of over a hundred bi-
furcations and the identification of multiple resonant connections, the frequency-domain
approach demonstrated its efficiency and interpretive power through the spectral charac-
terization of the solutions.

Building on these achievements, the next chapter extends the analysis to more re-
alistic dynamical scenarios, incorporating external perturbations such as solar radiation
pressure and the mutual gravitational coupling within binary systems. This progression
aims to assess the robustness and adaptability of the harmonic balance framework under
conditions representative of actual mission environments.
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Chapter 5

Major perturbations

5.1 Introduction

The relatively small size of asteroids induces a weak gravity field, small perturbations can
have a large impact on the overall dynamic of orbital motion around an asteroid. The
first source of external perturbation is the solar radiation pressure (SRP), especially for
orbits that grow away from the asteroid. When carefully exploited, the SRP can become
a valuable asset in space exploration. Solar sails directly harness this pressure to provide
continuous propulsion for spacecraft [126, 127]. The influence of SRP on motion around
asteroids was investigated in the context of hovering orbits [128, 129, 130] as well as peri-
odic orbits within the Hill model [131, 132, 133]. To further enhance hovering capabilities,
alternating SRP-assisted orbiter trajectories were studied by García [134]. Later, Xin [135]
analyzed SRP-forced periodic orbits around asteroids modeled with an ellipsoidal gravity
field combined with a cylindrical eclipse model projected by the ellipsoidal body. This
eclipse model was subsequently extended to asteroid 101955 Bennu, represented with a
polyhedral shape model, for the study of equatorial orbits [136]. Recently, the search
for forced periodic motions by SRP with the polyhedron method has been conducted by
Pedros-Faura [137], where the periodic orbits are corrected using Melnikov-like functions.

The second major source of perturbation arises from the presence of one or more
smaller bodies gravitationally bound to a larger asteroid. Such systems, commonly re-
ferred to as binaries or triples, are more frequent than one might expect [138]. The most
well-known example is the binary asteroid (65803) Didymos, the target of NASA’s DART
mission. The mission aimed to demonstrate planetary defense by intentionally impacting
the secondary body, Dimorphos, in order to alter its orbit around the primary [139, 140].
The impact successfully shortened the orbital period by approximately 33 minutes [141].
A follow-up mission, Hera, led by ESA, is currently en route to the system and is expected
to arrive in December 2026 [142].

The simplest dynamical model for such systems is the CRTBP, introduced in Chap-
ter 3, where both Didymos and Dimorphos are approximated as point masses without
additional perturbations. To improve the quality of the numerical analysis, numerous
studies investigated the dynamical environment around Didymos under various influ-
ences, including solar radiation pressure, stability analyses, and planar periodic orbits
[143, 144, 145, 146, 147]. More recently, Voyatzis [148] examined the evolution of planar
orbits within the Didymos system by progressively increasing the model’s fidelity, from
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the classical CRTBP to more realistic representations incorporating the asteroid’s actual
shape and rotation.

In this chapter, the solar radiation pressure is introduced as a perturbation within
the HBM, with asteroid 433 Eros approximated by an ellipsoid to construct the eclipse
model. The influence of SRP on the orbital dynamics is examined by comparing periodic
solutions computed with the HBM against direct time integrations. To further assess
stability, these orbits are propagated over multiple periods, highlighting how prolonged
exposure to radiation pressure affects their long-term behavior.

The second part of the chapter shifts focus on the binary system Didymos–Dimorphos,
in order to demonstrate the capability of the HBM to account for third-body perturba-
tions. Initial families of periodic orbits are identified in a complexified version of the
CRTBP, where Didymos is modeled as a non-rotating polyhedron and Dimorphos as an
ellipsoid. Building on these solutions, the analysis is then refined to incorporate the rota-
tion of the primary asteroid, further illustrating the method’s robustness in increasingly
realistic dynamical environments.

5.2 Solar radiation pressure
Solar radiation pressure (SRP) is an antisunward force acting on a spacecraft directly ex-
posed to sunlight. Since the rotation period of an asteroid about its spin axis is typically
much shorter than its orbital period around the Sun, the Sun can be considered frozen
in the inertial frame. This approximation is valid for short-period motions, such as the
orbits computed with the HBM.

In the body-fixed frame, rotating with a constant angular velocity ωa, the Sun follows a
circular trajectory perpendicular to the spin axis at a constant latitude θ. The orientation
of the asteroid with respect to the Sun is then described by a time-varying longitude,

ψ = −ωat+ ψ0,

where ψ0 is the initial longitude of the Sun. As this orientation is generally unknown,
ψ0 is conventionally set to 0◦. A schematic representation of the Sun’s apparent motion
around the asteroid is shown in Figure 5.1.

The equations of motion including SRP are written as

ẍ+ 2ωa × ẋ+ ωa × (ωa × x)−∇U(x) + fSRP = 0, (5.1)

with the SRP force expressed in the antisunward direction as

fSRP =




νg cos θ cosψ

νg cos θ sinψ

νg sin θ


 , (5.2)

where ν denotes the eclipse factor, and the SRP magnitude g is defined by

g =
β

D2
, (5.3)
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Figure 5.1: Schematic representation of the Sun’s apparent motion in the body-fixed
frame.

with

β = (1 + η)
G1

B
. (5.4)

Here, G1 = 108 kg km3 s−2 m−2 is a solar constant, B is the spacecraft mass-to-
area ratio in kg m−2, and η is the reflectance coefficient of the spacecraft. Following the
Osiris-Rex mission around Bennu [103], η is set to 0.2. The distance from the Sun to the
spacecraft is denoted by D (in km). For nondimensionalization, the unit length is taken
as the mean radius of asteroid 433 Eros, lu = 16.84 km, and the time unit as its rotation
period, tu = 5.27 h.

5.2.1 Eclipse

When the spacecraft enters the shadow of the asteroid, the SRP no longer reaches its
surface, effectively canceling the forcing term. Owing to the elongated shape of asteroid
433 Eros, the shadow it casts is best approximated by an ellipsoid combined with a
cylindrical solar eclipse model [135]. The differences between cylindrical and conical
eclipse models are generally negligible [133]. The ellipsoid semi-axes α, β, and γ are
nondimensionalized such that α = 1, β = 0.3325, and γ = 0.3088. A comparison between
the ellipsoidal approximation (in red) and the actual shape of 433 Eros (in gray) is shown
in Figure 5.2.
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Figure 5.2: Ellipsoidal approximation of asteroid 433 Eros with nondimensional semi-axes
α = 1, β = 0.3325, and γ = 0.3088.

The direction vector of the Sun is expressed as

R̂s =
Rs

Rs

=




lx

ly

lz


 =




cos θ cosψ

cos θ sinψ

sin θ


 , (5.5)

where Rs is the Sun’s position vector and Rs its norm.

The line of sight between the spacecraft (x, y, z) and the Sun is modeled as a half-line
(or ray) that originates at the spacecraft and extends indefinitely toward the Sun. Any
point along this ray is given by 




x′ = x+ lxs,

y′ = y + lys,

z′ = z + lzs,

(5.6)

with s ∈ [0,+∞). The purpose of introducing this half-line is to test whether the space-
craft’s view of the Sun is obstructed by the asteroid.

The ellipsoid is defined by
x′2

α2
+
y′2

β2
+
z′2

γ2
= 1. (5.7)

Substituting Eq. (5.6) into Eq. (5.7) yields a quadratic equation in s:

As2 + 2Bs+ C = 0, (5.8)
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with coefficients 



A =
l2x
α2

+
l2y
β2

+
l2z
γ2
,

B =
lxX

α2
+
lyY

β2
+
lzZ

γ2
,

C =
X2

α2
+
Y 2

β2
+
Z2

γ2
− 1.

(5.9)

If the quadratic admits real, positive solutions, the ray intersects the ellipsoid, imply-
ing that the Sun is occluded by the asteroid and the spacecraft lies in eclipse. If no such
solution exists, the spacecraft remains illuminated.

The eclipse factor ν is then defined as

ν =




0, D > 0 and B < 0,

1, otherwise,
(5.10)

where
D = B2 − AC. (5.11)

This condition can be expressed more compactly using a two-dimensional Heaviside func-
tion:

ν = 1− H(D,−B), (5.12)

where H is equal to 0 for negative arguments and 1 otherwise. However, the sudden
passage in the shadow of the asteroid immediately induces a change in the forcing term.
In the HBM formalism it may result in the appearance of Gibbs phenomenon. To prevent
it, the transition must be smoothed to improve it representation with the Fourier decom-
position. For this reason, the eclipse is overlooked in this work and ν is set to 1.

5.2.2 Results

Because SRP acts as a periodic forcing term with frequency 2π, only resonant periodic
orbits can be obtained. Several resonant cases are therefore revisited from the previous
chapter, where purely gravitational solutions were used as initial guesses for the compu-
tation with SRP included. An example of such a resonant orbit, is shown in Figure 5.3.

The introduction of SRP removes the autonomous character of the equations of mo-
tion, owing to the explicit time dependence in the longitude ψ. In principle, this implies
that the phase condition introduced in the previous chapter, together with the fictitious
energy used to regularize the equations, are no longer strictly necessary. However, since
the influence of SRP is significantly weaker than the gravitational attraction of 433 Eros,
the system may still be regarded as perturbed autonomous, or quasi-autonomous. In prac-
tice, omitting the phase condition leads to greater divergence of the algorithm, whereas
retaining it does not compromise the accuracy of the results and, in fact, contributes to
numerical stability. For the orbit shown in Figure 5.3, the Jacobian with the phase condi-
tion has cond(J) ≈ 1.28× 105 and σmin ≈ 0.519, whereas without it cond(J) ≈ 3.89× 109
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Figure 5.3: Periodic orbit around 433 Eros computed with SRP taken into account.

and σmin ≈ 1.71× 10−5. As highlighted in Figure 5.4, the discrepancy is entirely concen-
trated at the small end of the spectrum. Retaining the phase condition therefore reduces
sensitivity by several orders of magnitude, stabilizing Newton iterations without altering
the underlying orbit.

0 50 100 150 200 250 300 350 400 450 500
10-5

100

105

with phase cond

without phase cond

Figure 5.4: Singular value spectrum of HBM Jacobian with and wihtout a phase condition.

Incorporating SRP into the HBM requires modifying the forcing term b, which is
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computed as
b(z) = (Γ(ω))+

(
∇U − fSRP

)
. (5.13)

Since the position of the spacecraft, x, with respect to the center of mass of the asteroid is
significantly smaller than the distance between the asteroid and the Sun, D, the distance
between the spacecraft and the Sun is assumed constant and equal to D. Therefore, the
SRP does not explicitly depend on x, the derivative of the force with respect to position
is not required. No further modifications to the HBM formulation presented in earlier
chapters are necessary.

To quantify the influence of SRP on this periodic orbit, the gravitational and SRP
contributions are decoupled and compared along the X, Y , and Z axes in Figure 5.5.
Several observations can be drawn. First, the amplitude of SRP is approximately four
orders of magnitude smaller than the gravitational attraction of 433 Eros. Second, the
orbit does not intersect the asteroid’s shadow at any point, and thus the spacecraft re-
mains continuously exposed to SRP throughout its motion. Finally, the SRP component
along the Z axis vanishes because the latitude is fixed at θ = 0◦.
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Figure 5.5: Comparison of the X, Y , and Z components of the gravitational attraction
of 433 Eros and the solar radiation pressure.

Although the SRP is small in magnitude compared to gravity, its inclusion has a direct
effect on the evaluation of the Jacobi constant and the equilibrium points. Because SRP
is explicitly time dependent, the Jacobi constant is no longer conserved; instead, it oscil-
lates at the forcing frequency of the SRP. Over longer timescales, these oscillations lead
to a secular drift. For consistency with the earlier chapters, the term “Jacobi constant”
is retained here as a comparative diagnostic, rather than adopting the more precise term
“pseudo-Jacobi constant.”
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This effect is illustrated in Figure 5.6, where the orbit from Figure 5.3 is shown with
and without SRP, along with the corresponding Jacobi constant evolution. The three-
dimensional orbit shapes overlap closely in both cases, while the oscillatory behavior
induced by SRP is clearly visible in the Jacobi constant.

(a)
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Without SRP

With SRP

(b)

Figure 5.6: Comparison of the periodic orbit around 433 Eros computed using the HBM
with and without the SRP effect (a); Comparison of the Jacobi constant with and without
the SRP (b).

The equilibrium points found in the previous chapter are no longer equilibrium posi-
tions. Figure 5.7 shows the evolution of a spacecraft left at the position of the previous
equilibrium points with no velocity. The propagation was terminated upon collision with
the asteroid.

To further quantify the differences between the cases with and without SRP, the varia-
tion in the amplitudes of the harmonic components is examined. The differences along the
X, Y , and Z directions are shown in Figure 5.8. As expected from the three-dimensional
orbit comparison, the amplitude differences are small, yet they remain sufficient to affect
the long-term propagation. The predominance of the second harmonic can be traced to a
geometric frequency-mixing effect. The direction of the SRP force rotates with the Sun at
the fundamental frequency, but its action on the spacecraft is not felt directly, it is always
projected onto the orbital coordinates. Along a nearly symmetric orbit, the projection of
the SRP vector repeats twice during one SRP cycle, because the spacecraft encounters
geometrically similar configurations on opposite sides of the asteroid. In other words, the
scalar product between the once-per-cycle SRP direction and the orbital position vector
introduces a modulation with a two-per-cycle character. From a Fourier point of view,
this corresponds to the product of two periodic functions with different periodicities; the
convolution of their spectra transfers energy from the fundamental into higher harmonics,
with the second harmonic being the strongest. As a result, even though SRP itself is a
simple sinusoidal forcing at the Sun’s frequency, its geometric projection onto the orbit
naturally amplifies the second harmonic component of the response.

As discussed earlier, the inclusion of SRP introduces an explicit time dependence into
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Figure 5.7: Evolution of the position of the equilibrium points under SRP.
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Figure 5.8: Differences in harmonic amplitudes along X (a); Y (b); Z (c) between the
cases with and without SRP.

the system. As a result, periodic solutions can only exist when the orbital motion is
resonant with the SRP forcing period. Several resonance orders are identified with the
HBM and compared against direct time integration, first over a single period and then
over multiple periods. The resonance notation m : n is used, where m denotes the rotation
period of the asteroid (and thus of the SRP), and n corresponds to the orbital period.
For this analysis, the latitude is fixed at θ = 10.827◦, equal to the inclination of Eros with
respect to the ecliptic plane. This angle only serves to provide a vertical component to the
force. As in the previous chapter, a total of 30 harmonics (NH = 30) are retained, with
a tolerance of ϵ = 10−10 imposed for convergence and a time discretization of N = 512.

Resonance 1:1 - T = 1

The orbit investigated at the 1:1 resonance corresponds to a low-amplitude, vertically
unstable trajectory. Figure 5.9a compares the time-integrated solution with the result
obtained through the HBM over a single period, T = 1. The associated evolution of the
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Jacobi constant is presented in Figure 5.9b. This comparison illustrates the ability of the
HBM to efficiently capture periodic solutions while accounting for the effect of SRP. The
SRP acts as a continuous perturbation, which gradually amplifies the instability of the
trajectory.

It is nevertheless instructive to examine how this solution behaves when propagated
forward in time, as this provides insight into the robustness of the initial conditions
supplied by the HBM. Figures 5.9c–5.9d show the trajectory extended over four orbital
periods. The orbit maintains its overall shape for approximately three periods before
gradually diverging from the original path, reflecting its intrinsic instability.
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Figure 5.9: Periodic orbit at the 1:1 resonance under SRP: (a) short-term HBM vs time
integration; (b) Jacobi constant evolution; (c-d) multi-period propagation.

Resonance 2:1 - T = 2

At the 2:1 resonance, the computed solution corresponds to a periodic orbit with period T
= 2. Figure 5.10a compares the trajectory obtained with the HBM to the time-integrated
solution over one full period, and the agreement between the two is again verified. The
evolution of the Jacobi constant, shown in Figure 5.10b, highlights the same oscillatory
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behavior observed in the 1:1 case, confirming that the presence of SRP prevents strict
conservation of the quantity.

When the orbit is propagated for several successive periods, as shown in Figures
5.10c–5.10d for 10 periods, the solution initially maintains its periodic structure before
exhibiting a gradual divergence from the original trajectory. This deviation appears af-
ter a few cycles and is consistent with the expected unstable nature of the orbit. The
HBM nonetheless provides highly accurate initial conditions, as evidenced by the excel-
lent short-term agreement. The orbital shape is kept for more than 10 times the period
despite being constantly exposed to the perturbation of the SRP.
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Figure 5.10: Periodic orbit at the 2:1 resonance under SRP: (a) short-term HBM vs time
integration; (b) Jacobi constant evolution; (c-d) multi-period propagation.

Resonance 3:1 - T = 3

At the 3:1 resonance, the HBM again identifies a periodic orbit of period T=3, however
the solution is stable under the SRP. The comparison in Figure 5.11a shows that the
HBM solution and the time-integrated trajectory are nearly indistinguishable over a sin-
gle orbital cycle. The corresponding Jacobi constant evolution in Figure 5.11b follows the
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familiar oscillatory pattern, reflecting the time-dependent forcing introduced by SRP.

Extending the propagation across multiple periods (Figures 5.11c–5.11d) demonstrates
that the orbit retains its global structure for the 10 additional periods which is in agree-
ment with the stability of the orbit. This reflects as well in the evolution of the Jacobi
constant which solely displays a slow drift over time compared to the sudden deviation
observed in the previous cases.
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Figure 5.11: Periodic orbit at the 3:1 resonance under SRP: (a) short-term HBM vs time
integration; (b) Jacobi constant evolution; (c-d) multi-period propagation.

Resonance 4:1 - T = 4

The unstable periodic orbit at the 4:1 resonance exhibits the same general characteristics
as the lower-order resonances. As seen in Figure 5.12a, the short-term match between
HBM and time integration is excellent. However, the Jacobi constant, illustrated in Fig-
ure 5.12b, exhibits larger oscillations for the results obtained with the HBM. Due to the
complex shape of the orbit, the effect on the Jacobi constant has to be mitigated with a
large amount of harmonics, as portrayed in previous chapters. The impact on the orbit
shape is negligible, and the global trend of the time integration Jacobi constant is still
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followed; hence, the number of harmonics is kept equal to 30 and this oscillatory behavior
is disregarded.

The long-term propagation in Figures 5.12c–5.12d shows that the orbit barely main-
tains its coherence for two periods but even if the orbit loses its periodicity, it remains
bounded to the asteroid for multiple periods. This is directly linked to the initial con-
ditions given by the HBM, which reflects that the more complex the orbit, the more
harmonics are required to better capture the periodicity of the orbit. In addition, the
longer the period, the more the solution is subject to small deviations and numerical
errors, which add up over time and eventually set the orbit off its original path.
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Figure 5.12: Periodic orbit at the 4:1 resonance under SRP: (a) short-term HBM vs time
integration; (b) Jacobi constant evolution; (c-d) multi-period propagation.

Resonance 5:1 - T = 5

Lastly, the 5:1 resonance provides the longest-period orbit examined in this study. Figure
5.13a illustrates that the HBM prediction and the time-integration remain in close agree-
ment during a single orbital cycle. The Jacobi constant variation in Figure 5.13b confirms
the persistence of oscillatory, non-conservative behavior due to SRP with one more os-
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cillation associated with the HBM resolution. The trend of the Jacobi constant is followed.

Similar results as the ones shown for the 4:1 resonance are retrieved for the propagation
over multiple periods. The orbit keeps its periodic shape for few orbits before diverging
from its path.
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Figure 5.13: Periodic orbit at the 5:1 resonance under SRP: (a) short-term HBM vs time
integration; (b) Jacobi constant evolution; (c-d) multi-period propagation.
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5.3 Binary system — The case of Didymos and Dimor-
phos

A second major source of perturbation in orbital propagation around irregular bodies
arises from the presence of a secondary companion orbiting the primary. This is the case
of the binary asteroid system composed of Didymos and its moon Dimorphos.

Didymos is a quasi-spherical asteroid with an effective diameter of approximately
850 m. For this study, it is represented by a polyhedral shape model consisting of 1000
vertices and 1996 faces (Figure 5.14) [149]. Dimorphos, by contrast, is modeled as a tri-
axial ellipsoid with a longest axis of about 180 m. The primary rotates about its principal
axis of inertia with a period of 2.26 h, while the secondary follows a nearly circular orbit
of radius 1.19 km around Didymos with a period of 11.37 h. These values correspond to
the post-impact configuration measured after the DART mission [150].

As in the CRTBP, the two bodies of mass m1 and m2 revolve in circular motion around
their barycenter O with angular velocity n and separation distance r12 [148]. Figure 5.15
illustrates the Didymos–Dimorphos system, showing both the inertial frame centered at O
and the body-fixed frame attached to Didymos (in blue). The latter rotates with angular
velocity ω and is oriented at an angle ϕD with respect to the inertial frame. The difference
between the two angular velocities defines the synodic frequency,

ωsynodic = ω − n.

The relevant physical parameters are summarized in Table 5.1, where the semi-axes of
the ellipsoid representing Dimorphos are denoted a, b, and c.

Figure 5.14: Dydimos mesh made of 1000 edges and 1996 faces.
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Figure 5.15: Dydimos and Dimorphos frames.

Table 5.1: Physical values of Didymos and Dimorphos.

Parameter Physical values
m1 5.32× 1011 kg
m2 4.94× 109 kg
r12 1.19 km
a 0.088 km
b 0.087 km
c 0.058 km

Tsystem 11.37 h
TDidymos 2.26 h
Tsynodic 2.82 h

The nondimensionalization of the physical parameters is carried out by defining the
unit time as

tu =
11.37

2π
h,

such that the nondimensional angular velocity is n = 1. The unit length is taken as
lu = 1.19 km, and the unit mass as mu = m1 +m2.

With these definitions, the nondimensional equations of motion become





ẍ = 2nẏ + n2x+∇Ux − µ∇Uxell ,

ÿ = −2nẋ+ n2y +∇Uy − µ∇Uyell ,

z̈ = ∇Uz − µ∇Uzell ,

(5.14)

where µ = 0.0092535 is the mass ratio, and ∇U is the gradient of the potential of a point

Page 130



5.3: Binary system — The case of Didymos and Dimorphos

mass. The potential of the ellipsoidal secondary is written as

Uell = −
1

r
− Ix + Iy + Iz

2r3
+

3

2

Ixx
2 + Iyy

2 + Izz
2

r5
, (5.15)

where the gradient is evaluated at the position

R = (x− 1 + µ, y, z),

and the distance is
r =

√
(x− 1 + µ)2 + y2 + z2.

The nondimensional semi-axes of Dimorphos are α = 0.0739, β = 0.0731, and γ =
0.0487, leading to the expressions for the principal moments of inertia:





Ix = 1
5
µ(β2 + γ2),

Iy =
1
5
µ(α2 + γ2),

Iz =
1
5
µ(α2 + β2).

(5.16)

The gradient of the ellipsoidal potential in each coordinate direction is then given by




∇Uxell =
x

r3
+

3

2

(Ix + Iy + Iz)x

r5
+

3Ixx

r5
− 15

2

(Ixx
2 + Iyy

2 + Izz
2)x

r7
,

∇Uyell =
y

r3
+

3

2

(Ix + Iy + Iz)y

r5
+

3Iyy

r5
− 15

2

(Ixx
2 + Iyy

2 + Izz
2)y

r7
,

∇Uzell =
z

r3
+

3

2

(Ix + Iy + Iz)z

r5
+

3Izz

r5
− 15

2

(Ixx
2 + Iyy

2 + Izz
2)z

r7
.

(5.17)

Unlike the perturbation induced by SRP, the forcing term due to the presence of the
secondary body depends explicitly on the spacecraft’s position. Consequently, the Hessian
matrix is required for the HBM implementation. Its expression is provided in Eq. (5.18),
where the indices i and j can be replaced with x, y, or z with i ̸= j.





∇∇Uiiell =
r2 − 3i2

r5
+

3

2
(Ix + Iy + Iz)

(
1

r5
− 5i2

r7

)

+ 3Ii

(
1

r5
− 5i2

r7

)
− 15

2

Ixx
2 + Iyy

2 + Izz
2

r7

+
105

2

(Ixx
2 + Iyy

2 + Izz
2) i2

r9

∇∇Uijell =
−3ij
r5
− 15

2
(Ix + Iy + Iz)

(
ij

r7

)

− 15(Ii + Ij)

(
ij

r7

)
+

105

2

(Ixx
2 + Iyy

2 + Izz
2) ij

r9

(5.18)

The HBM algorithm itself remains unchanged, except for updates to the forcing vector
b and the expression of the Jacobian hz, which are now written as
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b(z) = (Γ(ω))+ (∇U− µ∇Uell) (5.19)

hz = A− Γ+ (∇∇UDidy− µ∇∇Uell)Γ. (5.20)

5.3.1 Non-rotating Didymos

When the polyhedral model of Didymos is considered fixed in the frame connecting Didy-
mos to Dimorphos, the angular velocity ω is set equal to the orbital angular velocity n.
This choice results in a synodic angular velocity ωSynodic of zero, meaning that Dimor-
phos constantly observes the same face of Didymos. Under these conditions, the system
remains autonomous and behaves analogously to the CRTBP, with the addition of an ir-
regular gravitational field from Didymos and the possibility of collisions with either body.

Building on the periodic orbit families introduced in the CRTBP chapter, analogous
families are identified in the non-rotating Didymos–Dimorphos system. These include, for
example, the vertical family around the first Lagrange point shown in Figure 5.16, and the
W4 family that connects the vertical family near the fourth Lagrange point, L4, with the
halo family around Dimorphos (Figure 5.17). Circular families are also recovered across
the system, as illustrated in Figure 5.18, together with the halo family located opposite
Dimorphos near the third Lagrange point, L3.

In addition, families of orbits in resonance with the system’s rotation are detected.
The 1:1 and 1:2 resonant families are displayed in Figures 5.20 and 5.21, respectively.
The perturbations introduced by the irregular gravity field of Didymos become more pro-
nounced for orbits closer to the asteroid, as illustrated by the 2:1 resonant family in Figure
5.23 and the 2:3 resonant family in Figure 5.24.
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Figure 5.16: V1 orbit family around Didymos-Dimorphos.

Figure 5.17: W4 orbit family around Didymos-Dimorphos.
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Figure 5.18: Circular orbit family around Didymos-Dimorphos.

Figure 5.19: H3 orbit family around Didymos-Dimorphos.
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Figure 5.20: Resonant 1:1 orbit family around Didymos-Dimorphos.

Figure 5.21: Resonant 1:2 orbit family around Didymos-Dimorphos.
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Figure 5.22: Resonant 1:4 orbit family around Didymos-Dimorphos.

Figure 5.23: Resonant 2:1 orbit family around Didymos-Dimorphos.
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Figure 5.24: Resonant 2:3 orbit family around Didymos-Dimorphos.
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5.3.2 Rotating Didymos

Introducing the rotation of Didymos induces a time dependence in the system of equations,
as the angle between the two frames, ϕD, evolves according to

ϕD(t) = ωSynodict+ ϕD(0), (5.21)

thereby removing the autonomous character of the system.

There are two approaches to account for the rotation of Didymos in the primary
rotating frame. One option is to rotate the entire polyhedral mesh at each time step
before evaluating the gradient, however, this method is computationally expensive. An
alternative, more efficient approach is to project the predicted orbit into the body-attached
frame of Didymos, compute the gradient and Hessian matrix there, and then project the
results back into the main frame. This method is less costly and straightforward to
implement. The initial orientation is set as ϕD(0) = 0, and the rotation matrix is defined
as

R(t) =




cos(ωSynt) sin(ωSynt) 0
− sin(ωSynt) cos(ωSynt) 0

0 0 1


 . (5.22)

The transformation from the body-attached frame to the main frame is then given by

∇Umain = RT (t)∇Ubody, (5.23)

and analogously for the Hessian matrix

∇∇Umain = RT (t)∇∇UbodyR(t). (5.24)

Since the rotation introduces a time-dependent perturbation in the main frame, iso-
lated periodic solutions can only exist when in resonance with the synodic period, similar
to the effect of the SRP discussed earlier in this chapter. When SRP is considered in
addition to Didymos’ rotation, the system loses its periodicity because the SRP period
and the rotation period are generally incommensurate [148].

Based on the periodic families obtained in the non-rotating case, a few resonant or-
bits of various shape and resonance ratio are represented and compared with the solution
computed with the initial conditions given by the HBM and integrated over one period in
Figure 5.25. Figure 5.25a is a vertical orbit, found near the second Lagrange point of the
autonomous system, in a 2:1 resonance with the synodic period, its period of rotation is
twice the synodic period. Figure 5.25b corresponds to a retrograde planar circular orbit
in a 3:1 resonance. The third orbit, in Figure 5.25c is an halo orbit mainly orbiting Di-
morphos that extends toward a side of Didymos. This orbit is in a 3:1 ratio as well. The
final orbit represented in Figure 5.25d is part of the 1:3 resonance orbit presented in the
previous section. It is, however, in a 11:1 resonance ratio with the synodic period. This
orbit exhibits a verticalization in the vicinity of Dimorphos.
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(a) (b)

(c) (d)

Figure 5.25: (a) Vertical synodic resonant (2:1) orbit around Dimorphos; (b) Circular
synodic resonant (3:1) orbit; (c) Long-period synodic resonant (3:1) orbit around Dimor-
phos; (d) Resonant orbit (1:3) in the CRTBP and synodic resonant (11:1) orbit around
Didymos-Dimorphos taking the rotation of Didymos into account.

5.4 Conclusion

In this chapter, the primary sources of perturbations in the vicinity of asteroids are inves-
tigated. Periodic orbits, under the influence of either solar radiation pressure or within
the binary system Didymos–Dimorphos, are studied using the HBM.

Solar radiation pressure is modeled as a periodic force acting on a body when ex-
posed to direct sunlight. A shadow model was introduced to account for eclipses during
propagation around asteroid 433 Eros. Despite the approximations, this simple represen-
tation of SRP directly influences the system’s dynamics; only minor modifications to the
HBM are required, and the method remains highly effective for obtaining periodic orbits
at different resonance ratios. To validate the results, they are compared with classical
time-integration methods, with orbits propagated over multiple periods. A brief analysis
of the effect of orbit passages through the shadow is also presented.
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5.4: Conclusion

The binary system Didymos–Dimorphos is first considered as a generalized CRTBP,
comprising a non-rotating polyhedral mesh for Didymos and an ellipsoid for Dimorphos.
This approach allows the continuation of solutions obtained via the HBM and provides
a partial map of periodic orbits in the vicinity of Didymos. Building on these branches,
the rotation of Didymos is then introduced to enhance the model’s fidelity. The analysis
focuses on a selection of resonant orbits with the synodic angular velocity, enabling the
identification of periodic solutions that are subsequently validated through time integra-
tion. Overall, the HBM proves to be an efficient and reliable tool for computing periodic
solutions under the major perturbative forces, highlighting its value in astrodynamics.

Page 140



Chapter 6

Conclusions and perspectives

This thesis set out to explore the use of the harmonic balance method (HBM) and its
multi-frequency extension (MHBM) for the computation and analysis of periodic and
quasi-periodic orbits in astrodynamics. The central objective was to demonstrate that
this frequency-domain approach, originally rooted in nonlinear electrical circuits, could
provide an efficient, accurate, and insightful framework for studying orbital motion around
irregular celestial bodies. Through successive levels of model complexity, from academic
examples to realistic asteroid environments, this work has shown that HBM not only
reproduces known families of solutions but also reveals new dynamical features with ex-
ceptional clarity.

The first part of the thesis established the theoretical foundations of the method. The
formulation of HBM for autonomous and conservative systems was revisited, with special
attention given to stability analysis via Floquet theory and the detection of bifurcations.
The proposed adaptive harmonic selection and branching strategies proved essential for
exploring large solution sets efficiently. The theory of the MHBM was also presented in
detail. This framework was then validated on a simple two-degree-of-freedom nonlinear
oscillator, providing a clear demonstration of the method’s robustness and extensibility.

In the second stage, the method was applied to the classical circular restricted three-
body problem (CRTBP), a cornerstone of celestial mechanics. Here, HBM offered a fresh
perspective on a well-established model. By enforcing periodicity directly in the frequency
domain, the method allowed the systematic mapping of resonant families and bifurcation
structures without relying on time integration. The comparison with established tools
such as AUTO confirmed the accuracy of the approach, while the continuation across mass
ratios and resonance connections showcased its versatility. This stage validated HBM as
a reliable continuation tool capable of reproducing and extending known results in non-
linear orbital dynamics.

Building on this foundation, the third part of the work addressed the highly irregular
gravitational environment of asteroid 433 Eros. Using a polyhedral representation of the
asteroid’s shape, a dense bifurcation map, comprising over one hundred detected bifurca-
tions, was constructed. This analysis revealed rich transitions between resonant families
and provided an unprecedented spectral view of the dynamics. Furthermore, the intro-
duction of the MHBM enabled the computation and continuation of quasi-periodic orbits,
marking one of the first applications of this technique in celestial mechanics. The detec-
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tion of Neimark–Sacker bifurcations and the subsequent continuation of quasi-periodic
branches demonstrated the method’s ability to capture multi-frequency motion in a fully
nonlinear gravitational field.

Finally, the scope of the HBM was extended to more realistic dynamical scenarios,
including external perturbations such as solar radiation pressure and binary gravitational
coupling. Around asteroid Eros, the SRP was modeled alongside an eclipse function,
and the results were directly validated by time integration. In the case of the Didy-
mos–Dimorphos binary system, the HBM successfully handled the complexity of a rotat-
ing polyhedral primary coupled with an ellipsoidal secondary. In both cases, the method
proved remarkably adaptable, requiring only minor modifications to accommodate addi-
tional forces and couplings. These applications highlight its potential for future mission
design and long-term stability analysis around small celestial bodies.

Taken together, the results confirm that the harmonic balance method constitutes a
powerful alternative to classical time-domain approaches for studying periodic and quasi-
periodic orbits in astrodynamics. By enforcing periodicity intrinsically, it avoids the
accumulation of integration errors, offers direct access to stability information, and facil-
itates the global exploration of solution families. Beyond its computational advantages,
the spectral interpretation of the solutions provides a new lens through which resonance
interactions and bifurcations can be understood.

Perspectives
Several directions naturally emerge from this work. First, the MHBM formulation could
be further generalized to handle higher-dimensional quasi-periodic tori, allowing the study
of systems with three or more interacting frequencies. Such an extension would open the
door to exploring chaotic transitions and the onset of instability in more detail.

Second, coupling HBM with optimization and control design could provide a system-
atic framework for identifying stable orbits, transfer trajectories, or resonant pathways in
multi-body systems, particularly relevant for asteroid exploration missions.

Third, extending the frequency-domain framework to include weakly non-conservative
effects, such as solar tides, low-intensity thrust, or thermal forces, would broaden its ap-
plicability to realistic mission scenarios. While strict periodicity is generally lost in the
presence of such perturbations, the harmonic balance formulation could still provide valu-
able approximate solutions by capturing near-periodic or slowly varying dynamics. This
would make it a useful diagnostic or predictive tool for studying the long-term behavior
and stability of trajectories in environments where classical time integration is limited by
stiffness or sensitivity.

In a broader sense, the work presented here bridges two traditionally distinct com-
munities: nonlinear dynamics and celestial mechanics. By transferring concepts such
as harmonic balance, stability maps, and bifurcation tracking into orbital mechanics,
this thesis contributes to building a unified methodology for analyzing complex gravita-
tional systems. The results achieved, from the Earth–Moon system to Eros and Didy-
mos–Dimorphos, demonstrate the maturity of this approach and its promise for future

Page 142



applications in astrodynamics and space mission design.
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Appendix A

Additional orbits around 433 Eros

The different labels of the bifurcations are found in Table 4.3 and Figure 4.10.

Figure A.1: Unstable branch emerging from PD26 with 3 bifurcations encountered: NS12,
PD67 and PD79.
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Figure A.2: Unstable branch emerging from PD25 with 3 bifurcations encountered: NS11,
PD66 and PD78.

Figure A.3: Unstable branch emerging from PD30 looping back to PD31 with 2 bifurcations
encountered: PD68 and PD69.
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Figure A.4: Unstable branch emerging from PD84 with 1 bifurcation encountered: PD87.

Figure A.5: Unstable branch emerging from PD83 with 1 bifurcation encountered: PD86.
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Figure A.6: Unstable branch emerging from PD80 with 1 bifurcation encountered: PD81.

Figure A.7: Unstable branch emerging from PD68 looping back to PD69.
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Figure A.8: Unstable branch emerging from PD80 with 1 bifurcation encountered: PD81.

Figure A.9: Unstable branch emerging from PD66.
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Figure A.10: Unstable branch emerging from PD23 with 2 bifurcations encountered: PD70

and PD71.

Figure A.11: Unstable branch emerging from PD71 with 1 bifurcation encountered: PD72.
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Figure A.12: Different orbits of the continuation branch emanating from PD24 with 5
bifurcations encountered: PD61, PD62, PD63, PD64 and PD65.
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Figure A.13: Unstable branch emerging from PD38 with 2 bifurcations encountered: PD74

and PD75.

Figure A.14: Unstable branch emerging from PD74 with 1 bifurcation encountered: PD77.
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Figure A.15: Unstable branch emerging from PD75 with 1 bifurcation encountered: PD76.

Figure A.16: Unstable branch emerging from PD40 with 1 bifurcation encountered: PD82.
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Figure A.17: Branch emerging from PD58 with 3 bifurcations encountered: NS6, PD59

and PD60. The branch is stable between NS6 and PD59 otherwise it’s unstable.

Figure A.18: Unstable branch emerging from PD56 with 1 bifurcation encountered: PD57.
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