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Abstract

This study addresses the operational implementation of a spot-fare
inspection strategy on a proof-of-payment urban bus transportation sys-
tem, where opportunistic passengers can evade fare payment by the most
convenient path. The spot-fare inspection strategy defines the frequency
at which the transit authority should control sites of the transportation
network to inhibit the action of opportunistic passengers. The opera-
tional implementation is done using an unpredictable allocation schedule,
where the transit authority selects an allocation schedule of n sites to
be controlled (one for each inspection team) each day with some proba-
bility. The challenge is to determine the set of allocation schedules and
their respective probabilities of being selected whose systematic day-to-
day application matches the inspection frequencies defined by the spot
strategy. The interaction between transit authority and opportunistic
passengers is modeled as a Leader-Follower Stackelberg game, where the
decision of opportunistic passengers to evade the fare payment and the
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path to take depends on the passengers’ observations on the inspection
frequencies set by the transit authority. We consider that the transit
authority implements a vehicle selective inspection policy and an on
board passengers mass inspection policy, with and without interruption
of the bus schedule, representing two real approaches to fare inspection.

Keywords: Urban bus system; fare evasion; spot strategy; unpredictable
allocation schedule; Stackelberg game.

1 Introduction

Fare evasion has a significant financial impact on proof-of-payment (POP)
transportation systems without barriers (Cantillo et al, 2022), denoted as
POPg systems (Barabino et al, 2020). In these public transportation systems,
passengers purchase a ticket before boarding the vehicles; however, they are
not automatically controlled and may opportunistically decide to evade the
fare (Barabino et al, 2023). When passengers evade fare payment, operat-
ing companies experience economic losses that affect their revenues. This fare
evasion can accumulate over time, resulting in a negative impact on the finan-
cial sustainability of the transportation system (Barabino and Salis, 2023)
and representing an obstacle to its adequate expansion, operation, and ser-
vice provision (Guzman et al, 2021). Furthermore, fare evasion causes other
externalities, such as a negative impact on the perception of safety and service
quality (Reddy et al, 2011).

To counter fare evasion in POPg systems, the transit authority implements
several methods, with passenger inspections and fine enforcement being the
most relevant ones (Barabino et al, 2024, 2023; Board et al, 2022; Multisystems
et al, 2002). However, not all evaders in a public transportation system react
in the same way to inspections and fine enforcement. For instance, chronic fare
evaders (Barabino et al, 2024) or recidivist evaders (Currie and Delbosc, 2021)
do not pay the ticket or fines for economic or ideological reasons and are insensi-
tive to the inspection level or fines defined by the transit authority. This group
of evaders is not numerous (Barabino and Salis, 2023; Currie and Delbosc,
2021; Salis et al, 2017). On the other hand, opportunistic evaders or calcu-
lated risk-related evaders choose to evade based on the risk of being inspected
and caught. Thus, this group of evaders is the most sensitive to the inspection
system defined by the transit authority and largely explains the negative cor-
relations between fare evasion and fare inspection (the larger the inspection,
the lesser fare evasion) found by Dauby and Kovacs (2007) and Currie and Del-
bosc (2021). However, other research, which is mostly practitioner-oriented,
finds contrasting results (Board et al, 2022; Multisystems et al, 2002; Clarke
et al, 2010).

Passenger inspection in a POPg system is performed by inspection teams
and is defined by the deployment policy (spot or patrolling), the location policy
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(on board or in-station), and the inspection policy (mass or selective) whose
combination results in different fare inspection systems (Escalona et al, 2023).
However, given a fare inspection system, the key characteristic of passenger
inspections should be their unpredictability from the passengers’ perspective
because predictable inspections can be exploited by potential evaders for their
benefit.

A spot deployment policy considers that each inspection team is allocated
to a specific site of the transportation network where they remain verifying
fare payment during a given time interval, e.g., peak hours. This approach
contrasts with the patrolling deployment policy where each inspection team
follows a time-space path verifying fare payment at different sites of the trans-
portation network during their workday. The location policy defines whether
fare payment verification is performed on board the vehicles or in-station when
passengers alight or board the vehicles. The mass inspection policy considers
that fare payment verification is applied to all passengers and/or vehicles at the
site controlled by the transit authority. On the contrary, the selective inspec-
tion policy considers that the inspectors randomly select passengers and/or
vehicles to be controlled. It should be noted that the design of a selective pas-
senger inspection policy is a complex issue in terms of equity when inspections
are socially biased towards certain groups (Barabino et al, 2024).

The strategy followed by opportunistic passengers to evade fare payment
depends on the fare inspection system and the risk of being inspected, where
the risk is commonly measured by the inspection probability. For instance,
opportunistic passengers choose the path with the lowest inspection probability
in response to a fare inspection system based on an on board location policy,
or choose to alight or board the vehicle at stations with low or null inspection
probability in response to a fare inspection system based on an in-station
location policy. Thus, determining the distribution of inspection probabilities
over the transportation network that inhibits the action of the largest number
of opportunistic passengers under a given fare inspection system is a relevant
issue for the transit authority seeking to reduce the evasion rate. However, the
distribution of inspection probabilities is only useful to the transit authority
if there is a mechanism for its practical implementation.

The problem of determining the probability distribution of fare inspec-
tions over a transportation network under a fare inspection system based on
a spot or patrolling deployment policy, denoted as fare inspection strategy
according to Correa et al (2017), is addressed in the literature mainly as a
Leader-Follower Stackelberg game (Barabino et al, 2020). In this game, the
transit authority (the leader) sets the inspection probabilities over the trans-
portation network, and opportunistic passengers (the followers) decide their
evasion strategy according to their knowledge of the fare inspection system,
the risk of being inspected, and travel times. Thus, opportunistic passengers
act strategically when they observe and learn the inspection pattern of the
transit authority. Two variants can be distinguished for the evasion strategy
followed by opportunistic passengers (Correa et al, 2017; Bahamondes et al,
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2017). In the first one, denoted as non-adaptive strategy, opportunistic passen-
gers choose a priori the most convenient path (station to alight or board the
vehicle) from a finite set of alternatives under a fare inspection system based
on an on board (in-station) location policy. In the second one, denoted as
adaptive strategy, opportunistic passengers obtain information along the way
and use it to update their path (station to alight or board the vehicle) under
a fare inspection system based on an on board (in-station) location policy.

Two types of fare inspection strategies can be distinguished. The spot-
fare inspection strategy considers the spatial inspection probability distribution
over the transportation network under a spot deployment policy. The fare
inspection patrolling strategy aims to determine the temporal-spatial inspection
probability distribution over the transportation network under a patrolling
deployment policy. The first one can be interpreted as the frequency with
which inspection teams must be allocated to network sites during a given time
interval, while the second one can be interpreted as the frequency with which
the network sites should be patrolled.

Implementation

Spot ——— > Unpredictable allocation
strategy schedule

Fare inspection Randomized
strategy fare inspection

Implementation

Patrolling ——— = Unpredictable patrolling

strategy schedule
Fig. 1: Fare inspection strategy implementation using randomized fare inspec-
tion

The operational implementation of a fare inspection strategy, summarized
in Figure 1, can be done through a randomized fare inspection. More precisely,
a spot-fare inspection strategy can be operationally implemented through a
set of allocation schedules, where each allocation schedule is a collection of
sites to be controlled (one for each fare inspection team) with an associated
probability of being selected, denoted as unpredictable allocation schedule of
inspection teams. Similarly, a fare inspection patrolling strategy can be opera-
tionally implemented through a set of patrolling schedules, where each schedule
is a collection of temporal-spatial patrol paths (one for each fare inspection
team) with an associated probability of being selected, denoted as unpredictable
patrolling schedule. Thus, the transit authority can select each day an alloca-
tion schedule (patrolling schedule) with a probability, avoiding any regularity
that could be exploited by opportunistic passengers. The challenge is to deter-
mine the unpredictable allocation schedule (unpredictable patrolling schedule)
whose systematic day-to-day application matches in the medium term the
inspection probabilities defined by the spot strategy (patrolling strategy).

Large-scale urban bus POPg systems are particularly vulnerable to fare
evasion due to the number of bus lines, the number of bus stops, the diversity



Spot-fare inspection in urban bus transportation systems 5

of service routes, the extension of the bus transportation networks, and the
limited fare inspection resources. For instance, in the Transmilenio bus system
in Bogotd, Colombia, evasion reached 15% in 2023 (DTS, 2024), and in the
bus system of Santiago, Chile, evasion reaches 42.8% in 2023 (DTPM, 2024).
On the other hand, even if the evasion rate in developed countries is usually
less than 5%, this rate may be underestimated, as mentioned by Ramos and
Silva (2023). For instance, the Metropolitan Transportation Authority of New
York, USA, reported for the first quarter of 2023 a 41% evasion rate in the
bus system (MTA, 2023), and Egu and Bonnel (2020) studied evasion in Lyon,
France, and found that the evasion rate reached 33% in the city’s bus system.

This paper studies the design of a spot-fare inspection strategy and
their practical implementation in public bus transportation networks using
an unpredictable allocation schedule. We formulate the spot strategy as a
Leader-Follower Stackelberg game. The transit authority determines the spa-
tial distribution of inspection probabilities over the transit network under a
spot-fare inspection system, with selective inspection of buses and a mass
inspection of passengers on board the bus. Opportunistic passengers respond
by evaluating a finite set of alternative paths and choosing the most convenient
for them. This path-based approach to defining the spot strategy leads to a
nonlinear optimization problem (NLP) for which a relaxation-based heuristic
is proposed. Then, we present an equivalent formulation for the unpredictable
allocation schedule, which ensures that for each spot strategy there is a cor-
responding unpredictable allocation schedule. The unpredictable allocation
schedule is determined using column generation, where the pricing problem
generates allocation schedules and the master problem determines the proba-
bility of being selected. Two variants of the spot-fare inspection system, with
selective inspection of buses and mass inspection of passengers on board are
explored. The first one considers that passengers are inspected while the bus
is stopped, representing the system used by the transit authority in Santiago,
Chile (Delgado et al, 2018). The second one considers the inspection of pas-
sengers with the bus in motion, which does not alter the bus schedule and is
the most widely used.

The main contributions of this study are summarized as follows. (1) To
the best of our knowledge, it is the first time that a spot-fare inspection strat-
egy and their operational implementation in public transportation networks
are addressed jointly under a Stackelberg game approach. (2) A mechanism
to operationally implement a spot-fare inspection strategy is proposed. (3) An
efficient approach to generate an unpredictable allocation schedule that takes
advantage of the spot inspection strategy is defined. (4) A mechanism for eval-
uating the time it takes for a spot-fare inspection strategy to be operationally
implemented is provided.

The remainder of this paper is structured as follows. A review of related
work is discussed in Section 2. In Section 3, we formulate the spot-fare inspec-
tion strategy as a Leader-Follower Stackelberg game. In Section 4, we derive
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bounds for the spot-fare inspection strategy. Section 5 presents the unpre-
dictable allocation schedule formulation. In Section 6, a brief discussion of
the practical implementation of the spot-fare inspection strategy is presented.
Computational results are reported in Section 7. Finally, conclusions and
suggested future extensions are described in Section 8.

2 Related works

The spot-fare inspection strategy and the unpredictable allocation schedule
in public transportation networks under an adaptive or non-adaptive path-
finding strategy are particular topics of network security games. In a network
security game, a defender can check a limited number of edges in a graph and
the attacker computes from a given set of source and target nodes on a path
connecting a source and a target (Correa et al, 2017). Network security games
(Casorran et al, 2019) are used to great effect in applications such as airport
security (Pita et al, 2008), maritime security (Shieh et al, 2012), border security
(Lessin et al, 2019), wildlife poaching (Fang et al, 2016), mitigating pyro-
terrorism attacks and natural wildfires (Rashidi et al, 2018), fare inspection
patrolling (Escalona et al, 2023; Brotcorne et al, 2021; Jiang et al, 2013; Yin
et al, 2012; Jiang et al, 2012), minimizing the misinformation spread in social
networks (Tanmmus et al, 2020), drunk drivers’ interdiction (Jie et al, 2020),
and drug traffic interdiction (Washburn and Wood, 1995).

Different from other network security games, the spot-fare inspection strat-
egy and the unpredictable allocation schedule consider multiple attackers, each
with multiple strategies to evade fare payment. Indeed, in a public transporta-
tion network there are as many attackers as origin-destination pairs, and the
number of strategies an attacker has is equal to the number of alternative paths
between its origin and destination. In Table 1, we classify the papers related
to spot strategy and unpredictable allocation schedule according to: (i) the
problem addressed (spot strategy or unpredictable schedule), (ii) path-finding
strategy (adaptive or non-adaptive), (iii) inspection policy (mass or selec-
tive), and (iv) application (Toll on Motorways, Metro System, Bus System, or
General).

Borndorfer et al (2012) studied the optimal spot inspection strategy and
the unpredictable inspectors allocation schedule to enforce the toll payment
on transportation networks (highways) under a Stackelberg game approach.
They adopt a directed graph as a spatial network type where inspection activ-
ity occurs on the edges. The path that a driver follows is predefined a priori.
Using an upper bound for the inspection probabilities, they formulated two
spot inspection strategies as a single-level linear problem (LP) and mixed
integer linear problem (MIP) when the leader maximizes the revenue gener-
ated by the toll and minimizes the number of evaders, respectively. On the
other hand, the unpredictable inspector’s allocation is formulated as an LP
and solved using a column generation approach. The pricing problem, which
generates spatial inspector allocations, is formulated as a NLP and solved by
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a greedy heuristic. The formulation of the spot inspection strategy and the
unpredictable inspectors allocation are independent. Borndorfer et al (2012)
assume a selective inspection policy because the probability of inspecting a
driver on an edge is equal to the fraction of controlled drivers on that edge.
In contrast, in our paper the followers select the most convenient path from a
finite set of alternatives, we address jointly the spot strategy and the unpre-
dictable allocation schedule, and we implement a selective inspection policy of
buses and an on board passengers mass inspection policy.

Borndorfer et al (2013) extend the spot inspection strategy presented in
Borndérfer et al (2012) by considering that each driver is free to choose his
path in the network to reach his destination. They simplify the followers’ prob-
lem to a standard shortest path problem, where drivers choose the path that
minimizes the sum of the expected travel cost and fines. Based on this sim-
plification, they formulate the spot inspection strategy as a single-level MIP.
Borndorfer et al (2015) generalize the spot inspection strategy of Borndérfer
et al (2013) to transportation networks with fixed and distance-based tolls,
respectively.

Correa et al (2017) address the spot-fare inspection strategy in public
transportation networks under adaptive and non-adaptive passengers using
a Stackelberg game approach. They adopt a directed graph to represent the
spatial transit network, where nodes are stations and edges represent trips
between stations. The spot-fare inspection strategy considering non-adaptive
passengers is formulated as a single-level mixed integer nonlinear (path-based)
problem (MINLP). The spot-fare inspection strategy considering adaptive
opportunistic passengers is formulated as single-level MINLP taking advan-
tage of the primal-dual relation of the follower’s problem. They present a
general local search framework, computing near-optimal solutions for both
path-finding strategies. Correa et al (2017) assume a massive inspection policy
because the probability of inspecting an opportunistic passenger at an edge
of the network is equal to the probability that the transit authority controls
that edge. We study a problem similar to the non-adaptive passengers variant
of Correa et al (2017). However, our spot-fare inspection strategy is an NLP,
and we move towards an unpredictable allocation schedule of inspection teams.
Bahamondes et al (2017) study the same problem as Correa et al (2017) as
a network interdiction problem under Stackelberg game approach. They con-
sider that the checkpoint can only be located on a single edge, leading to a
different optimization problem for opportunistic passengers. The spot strategy
is formulated as a single-level path-based LP and solved using metaheuristics.
In contrast, we consider that fare inspections can be performed simultaneously
at several sites in the transit network.

Holzmann and Smith (2021) consider the work of Borndérfer et al (2013),
Correa et al (2017), and Bahamondes et al (2017) as stochastic interdiction
actions that focus on the enforcement of fare evasion deterrence in public
transportation networks. Holzmann and Smith (2021) study the stochastic
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shortest-path interdiction problem where the leader selects a policy of ran-
dom interdiction actions, and the follower only knows the probability of where
interdictions are deployed in the network and identifies a path that has the
minimum expected cost. They generalize the work of Borndorfer et al (2013),
Correa et al (2017), and Bahamondes et al (2017) by considering that the
leader’s objective function could be either concave or convex.

In summary, no previous work has jointly addressed the design of a spot-
fare inspection strategy and an unpredictable allocation schedule that ensures
that for any spot strategy there is a corresponding unpredictable allocation
schedule in an interconnected bus network. Furthermore, no previous work
considers that opportunistic passengers choose the most convenient path in
response to a policy of selective bus inspection and mass on board passenger
inspection.

In this paper we address the design of a fare inspection strategy and its
operational implementation in a public transportation network. However, it
should be noted that there are other research lines to address passenger inspec-
tions and fine enforcement. For example, one research line is to determine the
optimal level of inspection in a proof-of-payment public transportation system,
i.e., the optimal number of inspectors, in order to maximize the network oper-
ator’s profit. This research line is initiated by Boyd et al (1989) and exploited
by Kooreman (1993), Barabino et al (2013), Barabino et al (2014), and Bara-
bino and Salis (2019). A comprehensive review of fare inspection in proof-of
payment transit networks can be found in Barabino et al (2024).

3 Spot-fare inspection strategy formulation

Let us consider an interconnected urban public bus transportation system with
L (I = 1,...,]L|) bus lines. The streets where buses travel and the stations
where passengers board and alight are used by one or more bus lines. In this
bus network, passengers behave according to two profiles: honest (always pur-
chasing a ticket) and opportunist (assessing the specific situation before buying
a ticket). To prevent fare evasion during a given time interval I (e.g., 4-6
pm), the transit authority is committed to a spot-fare inspection system with
selective inspection of buses and a mass inspection of passengers on board.
Opportunistic passengers react by evading fare payment by using the most
convenient path for them, which may involve the use of different combinations
of bus lines. The notations used in this section are summarized in Appendix A.

The bus network is represented by an undirected graph G = (V,E),
where V' (v = 1,...,]V]) is the set of nodes representing bus stops and E
(e = 1,...,|E|) is the set of edges representing the connection between bus
stops. Nodes and edges can be used by one or more bus lines. Let & be the
set of edges followed by bus line [ in G. An illustrative example of G is shown
in Figure 2 where six bus lines operate in the network.

For instance, in Figure 2 bus line 1 (I = 1) travels from v = 1 to v = 6
using edges eq, e5, and eg, with stations v = 1,2,7, and 6. Furthermore, e; is
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Fig. 2: Illustrative example of G

used by bus lines 1 and 2, e5 is used by bus lines 1 and 4, and eg is used by
bus lines 1, 3, and 5. We assume that the route of each bus line is a round trip
by the same nodes and edges.

Each day the transit authority allocates inspection resources to simultane-
ously control sites during IT. Let X (x = 1,...,|X|) be the set of sites in G that
can be inspected by the transit authority. Two mutually exclusive spot-fare
inspection systems with selective inspection of buses and a mass inspection of
passengers on board are considered by the transit authority:

® The first one considers inspections at the edges of GG, where buses are ran-
domly stopped by the transit authority between stations and passengers
subject to mass inspection on board of the vehicle. The bus controlled by the
authority continues on its route after the inspection. Thus, X = E (z =€)
under edge inspection.

® The second one considers that inspection resources are allocated to control
districts, where inspection teams randomly board buses and check all passen-
gers on board with the bus in motion without disrupting the bus schedule.
Let D (d = 1,...,|DJ) be the set of districts. Thus, X = D (z = d) under
district inspections.

We define a district for each v € V' as a subgraph of G. More precisely, let
G(v) C G be the subgraph defined by v that contains all nodes and edges of
G such that the travel time of an inspection team boarding a bus at v and
alighting at v’ is less than or equal to 74 time units for any [ € N,, where
N, is the set of bus lines that use v. Thus, we define as many districts as the
number of nodes in the transportation network, i.e., d = v and |D| = |V|. For
instance, consider the district defined by v = 1 in Figure 2, which is used by
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the | = 1 and [ = 2 bus lines. Let 7! be the bus travel time of bus line [ in e.
If it is satisfied that Téi + Té}) <14 and Téi + Té; + Téé > 14 for bus line [ =1,
and Téf + Té; <14 and Téf + Tég + Té§ > 14 for bus line | = 2, then the district
associated with v = 1 is defined by the subgraph G(v = 1) in Figure 3.

O—F——06

Fig. 3: Illustrative example of G(v = 1)

Passengers are defined by their origin-destination. Thus, a type p € P of
passengers is defined as a set of d, > 0 passengers with origin v; € V and

destination v, € V during II. Let the discrete random variable d be the

number of opportunistic passengers of type p during II. We consider that dj
follows a discrete uniform distribution, i.e., dj ~ U{0, ..., JZ} with JZ <d, for
any p € P.

3.1 The follower’s problem

Opportunistic passengers are assumed to be rational and non-adaptive, mean-
ing that they make their decision about buying a ticket or not, and the path
to take, based solely on the expected cost of their trip which depends on the
probability of being inspected. More precisely, opportunistic passengers of type
p can either buy a ticket at price B and take the shortest path (with respect
to travel time) or choose a path without paying for the ticket but with the
risk of incurring a fine F' (F' >> B) if they are caught. For each opportunistic
passenger of type p € P, let NV, be the set of k-shortest paths from v; to v,
(with respect to travel time). In particular, let the first element of AV, be the
shortest path through p.

Let W) be equal to 1 if an opportunistic passenger of type p purchases a
ticket, and 0 otherwise. Let Hé be equal to 1 if an opportunistic passenger of
type p takes the path i € N,, and 0 otherwise. Furthermore, let the random
variable up be the fee paid by the opportunistic passenger of type p. Thus,
py = BWg + F(1 - Wp) Zie/\/p 1L H) with Eie/\/p H} = 1, where 1} is an
indicator function equal to 1 if an opportunistic passenger of type p is inspected
on path i € NV, and 0 otherwise. Let Uy be the expected value of the amount
paid by an opportunistic passenger of type p, i.e., U = E(u5) = B W+ F(1—
wy) Zie/\/p P! H},, where P}, = E(1}) is the probability that an opportunistic
passenger of type p is inspected in the path i € N,. Thus, the optimization
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problem for an opportunistic passenger of type p is formulated as follows:

FMP(p): min B Wg+F (1-Wy) > P,H; (1)
W He 1EN,
st Yy Hp=1 (2)
€N,
Wy €{0,1} (3)
H, €{0,1}  Vie N, (4)

where constraint (2) ensures that an opportunistic passenger of type p can
only choose one path between v; and v, . The FMP(p) model is a separable
integer nonlinear problem (INLP) because there are no linking constraints
(no capacity constraint). Thus, the expected value of the amount paid by an

opportunistic passenger of type p is:
U? = min {B, Fgﬁ{ﬁv;}} VpeP. (5)

From (5) it is easy to infer that the opportunistic passenger’s decision
depends on the risk of being inspected, i.e., min;cnr, {P;}, and the threshold
¢ = B/F. Indeed, if mine;, {P;} < ¢, then an opportunistic passenger of type
p does not buy the ticket (W, = 0) and takes the path i = argmin;en, {P,}. In
contrast, if min;en, {]P’;} > ¢, then an opportunistic passenger of type p buys
the ticket (W, = 1) and takes the shortest path in terms of travel time (i = 0).

3.2 The leader’s problem

The spot-fare inspection strategy consists of determining the inspection prob-
ability distribution on G such that the action of opportunistic passengers is
inhibited. Let n be the number of fare inspection teams and let 1, be an indi-
cator function equal to 1 if site x is controlled during I7, and 0 otherwise.
Under the spot-fare inspection, the transit authority simultaneously deploys
all inspection resources on G during II. Then, ) .\ 1, < n, as the transit
authority cannot simultaneously control more than n sites during I7. Taking
expected values, we obtain the following constraint:

> P, <n, (6)

zeX

where P, = E(1,) is the probability that the transit authority controls x
during I7.

Let Xg be the set of sites and bus line pairs that an opportunistic pas-
senger of type p follows if he takes the path i € N, ie., X; = {(z,]) :
p goes through x on bus line [ when it takes path ¢} for any ¢ € N, and p €
P. Let P?, be the probability that an opportunistic passenger of type p is
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inspected at (z,1) € Xg. Thus, the probability that an opportunistic passenger
of type p is inspected on path ¢ € N, is defined as follows:

Ph=1- [ (1-P) VpePicN, (7)
(@ )ex;

since an opportunistic passenger of type p, on path ¢ € N, is not inspected if
the transit authority does not control any (z,l) € X; during IT.

Let the random variable w,; be the number of buses of line [ inspected on
x during II, with (z,l) € Xg for any ¢ € N, and p € P. We consider that
wy follows a hypergeometric distribution since during I7 an inspection team
controls 7, vehicles (without replacement) out of a total of ¢, Qa1 vehicles
of which ¢,; are on line [. That is, w,; ~ Hypergeometric (Zleﬁm Qaly Gl rI),
where ¢,; is the number of buses of line [ running on x, £, is the set of bus
lines passing through x, and r,, is the number of buses that an inspection team
controls in x, all during IT. A passenger of type p is inspected at (z,1) € X; if
the transit authority controls  and the passenger is traveling on a bus of line
[ at x. Assuming independence, we have:

min{qy,ra } .
N J P
PP =P, » Plun= j)ﬂ V(z,l) e XL ie Np,peP. (8)
j=1 *
The transit authority’s objective function is to maximize the expected rev-
enue from ticket sales and fines collected from passengers. Thus, the leader’s
problem under a Stackelberg game approach is defined as:

-SSP max > E(dg) Uy (9)
pEP
st: U <B Vp e P (10)

Ug<F|1- ] Q=fuPs)| VpePiich, (11)

(z,l)ex;
Z P, <n (6)
rzeX
Us >0 VpeP (12)
P, € [0,1] vz € X, (13)

where E(dp) = 0.5(2;’), because dj follows a discrete uniform distribution, and

min{qei,r2 }

N
fwl: Z ]P(wzl:])i
=1 gzl
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Constraints (10) and (11) represent the optimal reaction of the followers to
the transit authority decision because UJ = min{B, F'min;cy;, {]P’;}} for any
p € P, and the x-SSP model is a maximization optimization problem. The
expected revenue of honest passengers is omitted from the objective function
since it is a constant.

The difficulty in solving the x-SSP model is related to the inequality con-
straint (11) since UZ — F (1 - H(z,l)eX,ﬁ' (1- f.’I:ZPm)) is neither convex nor
concave.

It should be noted that U = F minjen;, {P},} < B when an opportunistic
passenger of type p evades fare payment, and Uy = B otherwise. Thus, the
transit authority has no incentive to encourage evasion because the upper
bound on the amount that an opportunistic passenger of type p is willing to
pay is equal to B. The real objective of the transit authority is to inhibit the
action of as many opportunistic passengers as possible by making efficient and
effective use of its resources.

The optimal spot-fare inspection strategy for the transit authority, which
refers to the inspection probabilities in the transportation network, is defined
by {P,}.cx, where P, is the optimal variable of -SSP for any = € X.

4 A relaxation-based heuristic for -SSP model

In this section, we present a relaxation-based heuristic that provides a lower
bound for the -SSP objective function, a feasible spot-fare inspection strategy,
a quality measure of the feasible spot-fare inspection strategy in terms of the
optimality gap, and evasion and inspection measures induced by the feasible
spot-fare inspection strategy.

The relaxation-based heuristic exploits the geometric structure of the non-
linear constraint (11). Let C}, be the set of P, and Ug that satisfy (10), (11),
(12), and (13) for any i € N}, and p € P. The set C} is non-convex because
of (11). However, the set of P, and Uy that satisfy (10), (12), (13), and

F (1 — H(w,l)exg (1- fxlIP’x)> — Uy < 0 is convex, which defines a particular
geometry for C;,.

The geometry of C, is based on the unitary hypercube defined by 0 <P, <
1for all (x,1) € X. The dimension of the hypercube is equal to | X}|. Constraint
(11) cuts the hypercube by defining a; vertices with i = 1,...,|X}|, where

a; € RI%| with all its components equal to zero except the ith component

equal to fUlpF. To illustrate the C; geometry, we consider a simple example

with X = {(«/,1'), (2”,1")}, as shown in Figure 4.
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Fig. 4: Illustrative example of set C},

The left-hand side of Figure 4 shows the set of P/, P;, and Uy that satisfy
(10), (11), (12), and (13), and the right-hand side shows the set of P, and P~
that satisfy (11) and (13) for some Uy € [0, B].

We generate the convex hull of C;; by using the hyperplane defined by the
vertices ay, ..., ajxi|- The hyperplane is defined as F’ Z(m,l)e.?(;; July = Uy, and
constraint (11) can be replaced by the linear constraint:

Ug<F > fuPs VpePicN, (14)
(z,l)eX}

thereby providing an upper bound for x-SSP. The left-hand side of Figure 5
shows the convex hull for Figure 4 and the right-hand side shows the set of all
P, and P, that satisfy (13) and (14) for some Uy € [0, B].

Fig. 5: Illustrative example of the convex hull of C;
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Using (14), we define the following LP relaxation of z-SSP:

2-R(SSP) : max > E(dg) Uy (9)
peP
st: U <B VpeP (10)
U’ <F Z fuiPs Vp € P,i € N, (14)
(;c,l)eX;;
Z P.<n (6)
rzeX
U2 >0 VpeP (12)
P, € [0,1] Vr e X. (13)

Problem z-R(SSP) is a relaxation of 2-SSP since the feasible region of z-
SSP is included in that of 2-R(SSP). Thus, the optimal objective function of
2-R(SSP) is an upper bound of the optimal objective function of z-SSP, i.e.,
Zyssp < Zyp(ssp) Where Z7 gsp and Z7 5 «qpy are the optimal objective
function of 2-SSP and x-R(SSP) models, respectively.

The spot-fare inspection strategy resulting from z-R(SSP) satisfies con-
straint (6) and is therefore feasible in 2-SSP, i.e., {P, }.cx is feasible in z-SSP
where P, for any x € X, is the optimal variable of 2-R(SSP).

To define a lower bound for the optimal objective function value of the z-
SSP model, we use the spot-fare inspection strategy resulting from z-R(SSP)
to determine the response of each opportunistic passenger. For each oppor-
tunistic passenger of type p, we compute the expected value they pay according
to:

UI(; = g}\g B, F|1-— H v (]- - f:vl]P:v) ’ (15)
(z,l)ex}

where P,,, for any x € X, is the optimal variable of 2-R(SSP). We then compute
the lower bound for the optimal objective function of the z-SSP model, defined
as Zy = Y ,ep E(d))Uy.

The quality of the feasible spot-fare inspection strategy resulting from the
2-R(SSP) model is measured using the optimality gap between the upper
bound given by Z;_R(SSP) and the lower bound given by ch, ie.,

(Z;—R(SSP) — Z2)

Gap, (%) = 100 x (16)

xT

The procedure to obtain a feasible spot-fare inspection strategy is summa-
rized in Algorithm 1.

Using the feasible spot-fare inspection strategy resulting from Algorithm
1, the evasion rate and inspection rate can be computed. Following Brotcorne
et al (2021) and Escalona et al (2023), the evasion rate is defined as the ratio
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Algorithm 1 Feasible spot-fare inspection strategy

1 {Po}teex, Z; g(gspy ¢ solve 2-R(SSP)
2: p= 0

5. 29 =0

4: while p <|P| do

5: [7;’ + solve (15)

o 2P =207V L Edo)02

7: p=p+1

8: end while

o Zy — 207D

10: Return feasible spot strategy and Gap: {P;}zex, Gaps

between the expected number of evaders and the total number of passengers.
Thus, the evasion rate during I is:

ZpeP:Ug<B E(d;)

ER = :
ZpG’P dp

(17)

where U]f is computed according to (15). It should be noted that (17) is a
population measure because the total number of opportunistic passengers who
choose to evade in the transportation network during I7 is determined using
(15). This population measure diverges from the sample measures determined
empirically in real transportation systems where the evasion rate is the ratio
of evaders to inspected passengers (Barabino et al, 2020).

The inspection rate is defined as the ratio between the expected number of
checked passengers and all passengers. Thus, the inspection rate during I is:

> per 1(dp —E(d9))go + E(dg) minsen;, {g:}}
EpGP dp ,

where go = 1- H(.’t,l)eXS(]‘ - fxl]P)x)v gi = 1- H(.’E,l)GX;;(]' - lePa:)a and P:IH
for any = € X, is the optimal variable of z-R(SSP).

IR =

(18)

5 An equivalent unpredictable allocation
schedule formulation

In this section, we first formulate the unpredictable allocation schedule as an
optimization problem equivalent to the -SSP model by assuming that the
set of all allocation schedules of n inspection teams are known. Then, a relax-
ation of the unpredictable allocation schedule is presented as an optimization
problem equivalent to 2-R(SSP).

Let S be the set of allocation schedules. Each allocation schedule defines the
n sites of the transportation network that must be controlled simultaneously
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during II. Under a Stackelberg game approach, the unpredictable allocation
schedule involves determining the set of allocation schedules and their respec-
tive probabilities of being selected. Let 7, € [0, 1] be the probability of selecting
the allocation schedule s € &, which can be interpreted as the frequency at
which the transit authority implements that allocation schedule.

Assuming that the transit authority knows all the allocation schedules of
n inspection teams, the probability that site x is controlled during IT can be
expressed as a convex combination of the inspection teams allocations. That
is, Py = > cs s Ya|s With D g7 = 1, where Yy, is equal to 1 if the transit
authority controls x during IT given the allocation schedule s, and 0 otherwise.
By implementing the change of variables in the -SSP model, the resulting
optimization problem can be reformulated as the following NLP:

2-UAS:  max > E(dy) Uy (19)
peEP
st: Ug<B Vp e P
(10)
ve<F|l1- ] (1 - fﬂZWSYMs) Vp € P,i €N,
(z,)EX] s€S
(20)
Zws =1
SES
(21)
ms >0 Vs €S,
(22)

where each allocation schedule satisfies ) . Y;s < n, ie., the number of
sites that the transit authority can control simultaneously during I7 is limited
to the number of inspection resources available. The z-UAS model is difficult
to solve since the function of the inequality constraint (20) written in standard
form is neither convex nor concave.

In a similar way as 2-SSP, we propose the following LP relaxation of x-UAS:

z-R(UAS) : max > E(dg) Up (19)
peEP
st: US<B Vp e P (10)

Ug<F > Y fumYys VpePieN, (23)

(z,l)eXi s€S

dome=1 (21)

sES
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Ts 2 0 VS S S; (22)

because 1 — H(w,l)e;@ (1= far X ses™s Yais) < Z(z,z)exg Yses furms Yoo It
should be noted that x-R(UAS) is a reformulation of 2-R(SSP), and conse-
quently an equivalent optimization problem, since it results from the change
of variable in 2-R(SSP).

Clearly, for a realistic public bus transportation network, it is impossible
to enumerate all the allocation schedules since S grows exponentially with the
size of G. Thus, a Column Generation (CG) approach must be applied to solve
x-R(UAS).

The CG process is defined such that an arbitrarily given subset of allocation
schedules S,.(C S) is first considered, and further allocation schedules are then
added to reach optimality. The CG solution procedure starts by defining a
restricted master problem denoted as RMP by replacing S in 2-R(UAS) with
Sr. Let Zgy\p be the optimal objective function of RMP, 87, > 0 and 6*
the values of the dual variables corresponding to constraints (23) and (21),
respectively. Then, Zfp is an optimal solution to x-R(UAS) if all reduced
costs are non-positive, i.e., ¢, = szep Zie/\/p Z(z,l)e)(pi 5;7:fwlyz|s —9*<0.

To generate further inspection team allocations or verify the optimality of
the current solution Zf,p, we need to solve the following pricing problem:

SP: max Cs = FZ Z Z Bpifu1Yas — 0" (24)

pEP iEN, (z,h)eXx;

s.t: Z Yos<n (25)

zeX
Yas € {0,1} Vz e X. (26)

If the optimal objective value of SP is positive, then the allocation schedule
with the maximum reduced cost ¢ is added to RMP as a new entering alloca-
tion schedule, and the updated RMP is solved again. Otherwise, Zfp is an
optimal solution to z-R(UAS), i.e., Z;_R(UAS) = Zfimp> Where Z;_R(UAS) is
the optimal objective function of the z-R(UAS) model. Furthermore, since z-
R(UAS) and z-UAS are reformulations of z-R(SSP) and 2-SSP, respectively,
we conclude that Z, < Z3 ssp = Ziyas < 25 g(sse) = Zaruas) = Zinp:
where Z7 ;44 is the optimal objective function oé 2-UAS. It should be noted
that the SP model is an 0-1 Knapsack problem. Although the 0-1 knapsack
problem is NP-hard, it is one of the easiest problems within this complexity
class (Jooken et al, 2022). Following Bellman (1966), the SP model can be
solved in pseudopolynomial time with a time complexity of O(|X|n).

We take advantage of the optimal variables resulting from z-R(SSP) to
improve the CG algorithm. More precisely, let Xy = {# € X : P, = 0} be
the set of not controlled sites where P, is the optimal variable of z-R(SSP).
Consequently, for any x € Xy we have 7, = 0 or Y| = 0 for any s € S because
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P, = > ,csTsYzs- Thus, an equivalent pricing problem can be defined by
including Y, = 0 for any z € Ay in the SP model, denoted RSP.

Solving z-R(UAS) by the CG procedure using RMP-RSP leads to a feasi-
ble unpredictable allocation schedule of inspection teams. Let {(s,7s) : w5 >
0}ses, be the feasible unpredictable allocation schedule resulting from solving
-R(UAS), and S, = {s € S, : m, > 0} be the set of useful allocation sched-
ules. The procedure to obtain a feasible unpredictable allocation schedule of
inspection teams is summarized in Algorithm 2.

Algorithm 2 Feasible unpredictable allocation schedule

Feasible Spot Strategy: {P,}.cx ¢ solve z-R(SSP)
Set Xp = {z € X : P, = 0}
s=0
Set 5@0) =00, YO =0
B 9 — solve RMP
while & > 0 do
s=s+1
&9 Y « solve RSP
B),06) « solve RMP
end while
: Return feasible Unpredictable Allocation Schedule : {(s,7s) : 75 > 0)}ses,

_
=

The systematic day-to-day application of the unpredictable allocation
schedule resulting from Algorithm 2 converges at steady-state to the evasion
rate defined in (17) since z-R(SSP) and z-R(UAS) are equivalent optimiza-
tion problems. However, a steady-state solution is not operationally useful to
the transit authority. Surely the transit authority is interested in knowing after
how much time the evasion rate defined by (17) is reached. We propose to use
Monte Carlo simulation to reproduce the transit authority’s daily choice of an
inspection team allocation s € S, with probability 74 and compute the evasion
rate as a function of time. Let g, be the frequency with which the inspection

teams allocation s € S, is selected after T days. Thus, the evasion rate after 7

days is:

ey <n B2
ZpEP dp ’
where Uy . = min {B, Fmin;ep, {1 — H(x,l)eX;; (1= fu > s, gS’TYx‘S)}} is

the amount paid by an opportunistic passenger of type p after 7 days and Y|,
is the optimal variable of z-R(UAS).

ER, = (27)
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6 On the practical implementation of the
spot-fare inspection strategy

This paper has a practical orientation. The objective is to provide the transit
authority with an unpredictable allocation schedule that inhibits the action of
as many opportunistic evaders as possible considering the number of inspection
teams available to the transit authority. The practical implementation of the
spot-fare inspection strategy using an unpredictable allocation schedule is as
follows.

e The first step consists of generating a graph G representing the urban bus
network during IT and to characterize the bus lines and passengers in G.
More precisely, the path of each bus line in G and the number of buses
of each line per time unit in G must be determined. Furthermore, the k-
shortest paths that can be used by each type of passenger in G to avoid fare
payment must be determined.

e The second step consists of solving z-R(SSP) to obtain a feasible spot-fare
inspection strategy (SSP), i.e., the frequency with which the transit author-
ity should control each site in G during I1. Using the spot-fare inspection
strategy, the evasion and inspection rates during IT (E'R, I R) are determined
given the number of inspection teams available to the transit authority.
Thus, the transit authority can estimate whether or not the number of
inspection teams available is sufficient to reduce evasion to acceptable lev-
els. The transit authority can also determine the smallest number of fare
inspection teams that induce an evasion rate below an acceptable level. This
acceptable level may be the evasion rate induced by chronic or recidivist
evaders, since the fare inspections have no effect on them.

e The third step consists in solving 2-R(UAS) from which an unpredictable
allocation schedule (UAS) is obtained, i.e., a set of allocation schedules each
with its respective probability of being selected. More precisely, each alloca-
tion schedule defines the sites in G to be controlled (one for each inspection
team) and has an associated probability of being selected. Using Monte
Carlo simulation to reproduce the daily choice of an allocation schedule, the
convergence time to the evasion rate induced by the spot-fare inspection
strategy is determined. Thus, the transit authority has clarity on the imple-
mentation period of the spot-fare inspection strategy. It should be noted that
convergence is guaranteed since z-R(SSP) and z-R(UAS) are two equivalent
optimization problems.

® The fourth step considers the real implementation of the unpredictable
allocation schedule. Each day the transit authority chooses an allocation
schedule s with probability 7s and allocates its inspection resources to the
sites in G as defined by the allocation schedule. This is repeated systemat-
ically day by day during the implementation period defined in step three.
At the end of the implementation period, the transit authority must imple-
ment a sampling schedule to verify whether the evasion rate defined in step
two was achieved.
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Fig. 6: Practical implementation of the spot-fare inspection strategy

The four steps, which are summarized in Figure 6, are denoted as 1) initial-
ization, ii) spot-fare inspection strategy, iii) unpredictable allocation schedule,
and iv) implementation, respectively. It should be noted that in this paper we
cover up to the third step.

7 Numerical results

In this section, we first present numerical results to evaluate the performance
of the feasible spot-fare inspection strategy and the feasible unpredictable
allocation schedule of inspection teams resulting from algorithms 1 and 2,
respectively, when the sites to be controlled are edges or districts, i.e., x = e
or z = d. Then, management insights for the transit authority are discussed,
and an illustrative example is presented.

The computational experiments are based on the Berlin urban bus system
operating in the city center (Zone AB), where 43 bus lines serve 417 bus stops.
Berlin’s bus network was selected for the numerical tests due to the availability
of official data and its suitability as a case study. The network’s complexity
and size make it ideal for showcasing both the computational challenges and
the performance of our approach. Relying on the geographical reference system
of the Berlin urban bus system and the route followed by each bus line, we
generate G, with |V| = 417 and |E| = 487. Figure 7 shows G.
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Fig. 7: Zone AB Berlin urban bus system

We consider all origin-destination pairs combinations in G, resulting in

a total of |P| = 86293 passenger types. Furthermore, we consider spot-fare
inspections at 4-6 pm, i.e., IT = [16 : 00, 18 : 00], with 400 000 passengers on
average.

To determine the set of k-shortest paths that an opportunistic passenger of
type p can take in G, we consider: (1) the line [ bus travel time at e, 7, for any
l € N, and e € E, where N, is the set of bus lines using e, (2) the line [ bus
stopping time at v, 7!, for any [ € N, and v € V, where N, is the set of bus
lines using v, and (3) the time to change from a bus of line ! to a bus of line

U, Tf;ll, for any [ #1' € N, and v € V. In particular, 7! = i—i, where [, is the

length of the edge e and v! is the average speed of a bus of line [ at e during IT.

Twenty randomized test problems (test set) were generated, where each
of them considers n € {0, ..., 10}, leading to a total of 200 instances with the
next common parameters. The set of k-shortest paths for an opportunistic
passenger of type p has at most ten alternative paths, i.e., |V,| < 10 for any
p € P. The number of passengers of type p is uniformly distributed according
to dp ~ U{2,..., 7}, ensuring that the expected total demand E(d,)|P| aligns
with the approximate real demand of 400,000 passengers during IT = [16 :
00, 18 : 00] in the Berlin bus network. Opportunistic passengers are uniformly
distributed according to dg ~ U{0, ..., d3} with d3 = |0.4d,] +1 for any p € P.
The ticket price is B = 1.5, and the fine is F' = 75, such that the ratio between
the ticket price and fine is ¢ = 0.02. v} = U[20,30] (km/hr) for any I € N,
and e € E. 7) = U[1,3] (min) for any [ € N, and v € V. 750" = U[3,6] (min)
for any | # 1’ € N, and v € V. The length of edge e, I, is determined using
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geo-referenced data on the Berlin street network. The number of buses on line
[ running on site z, ¢', is determined using the frequency of buses during
IT = [16 : 00,18 : 00] defined by the Berlin Transport Company (BVG) and
ry ~U{3,...,5} for x = e and = = d. In order to determine the set of districts,
we consider 74, = 20 minutes.

Graph G and the districts were constructed using Python 3.7. Figures of the
network were generated in TikZ using available information on the coordinates
of the bus stops. The set of k-shortest paths that an opportunistic passenger of
type p can use in G is computed using Python’s Networkx library. Models -
R(SSP), RMP, and RSP were solved using CPLEX 20.1. The stopping criterion
was based on an optimality gap lower than or equal to 10~%. All tests are
performed on a PC with an Intel Core i7 2.3 GHz processor and 16 GB RAM.

7.1 Performance of feasible spot strategy and feasible
unpredictable inspection teams allocation

We compute the CPU time to obtain a feasible spot strategy and a feasible
unpredictable allocation schedule using algorithms 1 and 2, respectively, when
x = e and z = d. The maximum CPU times to obtain the feasible spot strategy
and the feasible unpredictable allocation schedule under edge inspection are
426 s and 11937 s, respectively, and under district inspection are 96 s and
18881 s, respectively. Figure 8 shows the average CPU times to obtain the
feasible spot strategy and the feasible unpredictable allocation schedule for all
instances and fare inspection teams when x = ¢ and = = d.

300
o Edge inspection 120004
A District inspection
- w =4
Z 004 & 9000
g ]
g g
=l el
E E 6000 ==
O O
100 4+
3000 =
+ n
1 2 3 4 5 6 78 9 10 1 2 3 1 6 7 8 9 10
(a) Feasible spot strategy (b) Feasible unpredictable allocation schedule

Fig. 8: Average CPU times

The average CPU time to obtain the feasible spot strategy and the feasible
unpredictable allocation schedule are decreasing and increasing, respectively,
with the number of inspection teams. Furthermore, the average CPU time to
obtain the feasible spot strategy is higher when the fare inspection is done on
network edges (z = e). On the contrary, the average CPU time to obtain the
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feasible unpredictable allocation schedule is higher when the fare inspection is
done in districts (x = d).

The z-R(SSP) and z-R(UAS) models are two equivalent optimiza-
tion problems because z-R(UAS) is a reformulation of x-R(SSP). Thus,
Z;_R(SSP) = Z;_R(UAS) = Zjup- To measure the quality of the feasible spot
strategy and the feasible unpredictable allocation schedule resulting from algo-
rithms 1 and 2, respectively, we compute the relative optimality gap between
the upper bound given by Z;_R(SSP) and the lower bound given by Z, accord-
ing to (16) when z = e and x = d. The relative optimality gap of the feasible
spot strategy and the feasible unpredictable allocation schedule resulting from
algorithms 1 and 2, respectively, are shown in Figure 9 for all instances and
fare inspection teams.

e Edge inspection

18 = A District inspection

Gapx10~*

1 2 3 4 5

8 9 10

Fig. 9: Average optimality gap

Algorithms 1 and 2 provide good-quality spot strategies and unpredictable
allocation schedules, respectively, because the maximum optimality gaps are
0.14% and 0.23% when x = e and x = d, respectively. Furthermore, the average
optimality gap is monotonically decreasing with the number of fare inspection
teams. Indeed, the average optimality gap is less than or equal to 1.0 x 10~%
for £ = e and z = d when the number of fare inspection teams is greater than
or equal to eight and ten, respectively.

The unpredictable allocation schedule resulting from algorithm 2 takes
advantage of the set of non-controlled sites, i.e., Xy = {x € X : P, = 0} where
P, is the optimal variable of z-R(SSP). Figure 10 shows the average percent-
age of sites that do not need to be controlled under inspection in edges and
districts, respectively, for all instances and fare inspection teams.
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Fig. 10: Percentage of sites with zero inspection probability

As expected, only a few edges and districts need to be inspected to reach a
good unpredictable allocation schedule because on average only 23% and 20%
of edges and districts need to be inspected, respectively.

For all instances, the algorithm 2 efficiency is defined as the ratio between
the number of useful allocation schedules and the number of allocation sched-
ules generated by the column generation procedure using RMP-RSP, i.e.,
n(%) = 100 x |S,.|/|S,|, where |S,| is the number of team allocation schedules,
and |S,| is the number of useful team allocation schedules.
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Fig. 11: Efficiency of Algorithm 2

As shown in Figure 11, the algorithm 2 efficiency is decreasing with the
number of inspection teams. For instance, under edge inspection (z = e) and
the deployment of one inspection team (n = 1), an average of 40 allocation
schedules were generated (|S,| = 40), from which 39 were useful (|S,.| = 39),
defining an efficiency value of 98% (n = 0.98). On the contrary, under edge
inspection (x = e) and the deployment of ten inspection team (n = 10) an
average of 218 allocation schedules were generated (|S,.| = 218) but only 155
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were useful (|S,| = 155), an efficiency value of 71% (n = 0.71). The efficiency
of algorithm 2 when the fare inspections are performed in districts (z = d)
is lower than when it is performed in the network edges (x = e). Table 2
shows the average, maximum, and minimum generated and useful allocation
schedules resulting from the Algorithm 2 when z = e and x = d.

Table 2: Generated and useful allocation schedules

r=e r=d
IS0l 101 1Sl 10|
n Ave Max.  Min. Ave. Max. Min. Ave. Max. Min. Ave. Max. Min.
1 40 42 38 39 40 37 27 39 24 23 26 22
2 75 85 67 66 73 58 70 74 65 62 65 59
3 97 112 88 83 90 79 91 108 82 66 69 63
4 104 115 84 85 91 80 105 116 99 80 85 75
5 118 137 107 94 99 88 124 145 106 82 89 78
6 136 162 120 111 115 107 137 153 116 88 93 84
7 151 204 125 121 126 114 163 202 131 90 95 86
8 166 192 147 132 140 127 172 197 145 92 94 90
9 194 223 161 142 146 136 222 288 174 91 98 84
10 218 260 185 155 160 151 231 288 171 93 99 86

7.2 Managerial insights for the transit authority

In this section, we derive managerial insights for the transit authority related
to the evasion rate, inspection rate, and the systematic day-to-day application
of the unpredictable allocation schedule of inspection teams during II.

For each instance, we compute the evasion rate and inspection rate accord-
ing to (17) and (18), respectively. Figure 12 shows the evasion and inspection
rates induced by the spot-fare inspection strategy under inspection at edges
(x = e) and districts (z = d) for all fare inspection teams.
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Fig. 12: Evasion and inspection rates
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Figure 12a shows how the opportunistic passenger’s decision to evade fare
payment, and the path they take to reach their destination, changes as the
number of inspection teams increases. As expected, the evasion rate is decreas-
ing with the number of fare inspection teams. On the other hand, the inspection
rate (Figure 12b) is monotonically increasing with the number of inspection
teams. Under edge inspection (z = e) and one inspection team deployed
(n = 1), the average inspection rate is equal to 2.0% and the average eva-
sion rate is equal to 15.3%. On the contrary, when ten inspection teams are
deployed (n = 10), the average inspection rate equals 8.6% and the average
evasion rate equals 0.5%. Under district inspection (x = d) and one inspection
team deployed (n = 1), the average inspection rate is equal to 1.4% and the
average evasion rate is equal to 17.4%. On the contrary, when ten inspection
teams are deployed (n = 10), the average inspection rate equals 6.4% and the
average evasion rate equals 0.7%.

As a practical result for the transit authority, we observe the smallest
number of fare inspection teams inducing an evasion rate less than or equal
to 1%, which represents passengers who do not pay the fine or who do not
react to the fare inspection as a mechanism to inhibit evasion, i.e., chronic fare
evaders or recidivist evaders. Under edge inspection and district inspection
(Figure 12a), the smallest number of inspection teams that induce an evasion
rate less than or equal to 1% is achieved with the deployment of eight and ten
inspection teams, respectively.

Under edge inspection, the systematic day-to-day application of the unpre-
dictable allocation schedule when eight inspection teams are deployed induce at
steady state an average evasion rate equal to 0.99% and an average inspection
rate equal to 7.1%, all with average optimality gap equal to 0.006%. Similarly,
under district inspection, the systematic day-to-day application of the unpre-
dictable allocation schedule when ten inspection teams are deployed induce at
steady state an average evasion rate equal to 0.7% and an average inspection
rate equal to 6.4%, all with average optimality gap equal to 0.007%. Using
Monte Carlo simulation to reproduce the transit authority’s daily choice of an
inspection team allocation s € S, with probability 75, we compute the evasion
rate after 7 days according to (27). Figure 13 shows the daily simulation of
the unpredictable allocation schedule over a 150-day horizon when n = 8 and
n = 10 under edge and district inspection, respectively.
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Fig. 13: Unpredictable allocation schedule simulation under edge and district
inspection

The daily evasion rate decreases as the unpredictable allocation schedule is
systematically applied day after day. From Figure 13, we observe that after 80
and 40 days an average evasion rate of 1% is reached under edge and district
inspection, respectively. Consequently, we conclude that the unpredictable allo-
cation schedule can be operationally implemented in the medium term under
edge and district inspection.

The Monte Carlo simulation chooses a daily allocation schedule based on
the selection probability 7 with s € S,. We compute the empirical probability
distribution function of the allocation schedule selection, i.e., > §, Ts, result-
ing from z-R(UAS) when & = e and x = d. In particular, the average number
of useful allocation schedules are |S,| = 132 and |S,.| = 93 when eight and ten
inspection teams are deployed under edge and district inspection, respectively
(see Table 2).
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Fig. 14: Probability distribution function of the allocation schedule selection
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From Figure 14, we observe that 43% and 39% of the useful allocation
schedules accumulate 80% of the selection under edge and district inspection,
respectively. Thus, we infer that few allocation schedules accumulate a high
probability of selection.

7.3 Illustrative example

We use the first instance of the test set as an illustrative example to show, on
G, the spot strategy and the unpredictable allocation schedule resulting from
2-R(SSP) and 2-R(UAS) under inspection in edges and districts, respectively.
Both with eight and ten inspection teams deployed during I7, the evasion rate
is maintained at less than or equal to 1%.

Under edge inspection (z = e) and eight inspection team deployed (n = 8),
the evasion rate is equal to 0.84% and the inspection rate is equal to 7.1%, all
with an optimality gap equal to 0.004%. Figure 15 shows the spot strategy on
the Berlin bus system when inspections are performed on the edges and eight
inspection teams are deployed, i.e., {PP.}ccp where P, is the optimal variable
of e-R(SSP).

°
o
°
o
o
o
n[,/
5
nq
°
°
o
°
o
oo
o o oo

I o
i oo Q. Q
o s o Y o
&
o oo ! 0 o v 060 oo
b oo o0 | o o000 oo JNavas o o
o o oo/"
¥ s o R
9 o 3 o/\
o 3 o
o
o o ! ! .
o o o
60 0 0 0 O—000—0 0 0 O
o oo oo o o
o s
o b
d d
° °
s o0 p
p S
o Py a
o
L 7 0—0—0-0-0
o o 6 o
< ) o
[
_ — 015
P, = 0.00 P, =0.15

Fig. 15: Spot-fare inspection strategy on Berlin urban bus system under edge
inspection with n =8

Figure 15 shows that 71% of the edges of G are not inspected, i.e.,
|Xp| = 348. The spot-fare inspection strategy is concentrated on red edges
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around bus lines interconnecting stations. Thus, the spot strategy, illustrated
in Figure 15, shows the edges where the transit authority should frequently
perform fare inspections during I1. However, the practical implementation of
this spot strategy under edge inspection is done using the allocation schedules
resulting from e-R(UAS) solved using algorithm 2. The algorithm generated
164 allocation schedules (|S.| = 159) of which 128 are useful (|S,| = 130).
Figure 16 shows the four allocation schedules most likely to be selected under
edge inspection and deployment of eight fare inspection teams.

(c) s = 0.029 (d) m4 = 0.027

Fig. 16: Allocation schedules under edge inspection with n = 8

Figures 16a, 16b, 16¢, and 16d are the four allocation schedules most likely
to be selected in the day-by-day implementation of the unpredictable alloca-
tion schedule under edge inspection. The probabilities of selecting allocation
schedules s = 1,2, 3,4 are m; = 4.2%, my = 3.4%, 73 = 2.9%, and 7y = 2.7%,
respectively, i.e., out of 1000 days of implementation of the unpredictable allo-
cation schedule, schedules s = 1,2,3,4 are expected to be implemented 42,
34, 29, and 27 days, respectively. It should be noted that the allocation sched-
ules are consistent with the spot strategy because the edges inspected in 16a,
16b, 16¢, and 16d have high probability of being inspected in the spot strategy
(Figure 15). Furthermore, the four allocation schedules are different in terms
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of the inspected edges which ensures unpredictability from the passengers’
perspective.

Under district inspection (z = d) and ten inspection teams deployed (n =
10), the evasion rate is equal to 0.31% and the inspection rate is equal to 6.3%,
all with optimality gap equal to 0.002%. Figure 17 shows the spot strategy
on the Berlin bus system when inspections are performed on districts and ten
inspection teams are deployed.

P, = 0.00 P, = 0.532
Fig. 17: Spot-fare inspection strategy on the Berlin urban bus system under
district inspection with n = 10

Figure 17 shows that 79% of the districts of G are not inspected, i.e.,
|Xo| = 329. The spot-fare inspection strategy concentrates on districts G(v)
where v are interconnection nodes through which several bus lines pass. Thus,
the spot strategy, illustrated in Figure 17, shows the districts where the transit
authority should frequently perform fare inspections during I7. However, the
practical implementation of this spot strategy under district inspection is done
using the allocation schedules resulting from d-R(UAS) solved using algorithm
2. The algorithm generated 257 allocation schedules (|S,| = 257) of which 91
are useful (|S,| = 91). Figure 18 shows the four allocation schedules most likely
to be selected under district inspection and deployment of ten fare inspection
teams.
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(c) m3 = 0.046 (d) m4 = 0.045
Fig. 18: Allocation schedules under district inspection with n = 10

Figures 18a, 18b, 18c, and 18d are the four allocation schedules most likely
to be selected in the day-by-day implementation of the unpredictable allocation
schedule under district inspection. The probabilities of selecting allocation
schedules s = 1,2,3,4 are m; = 6.0%, m = 5.6%, 73 = 4.6%, and my =
4.5%, respectively, i.e., out of 1000 days of implementation of the unpredictable
allocation schedule, schedules s = 1,2, 3,4 are expected to be implemented 60,
56, 46, and 45 days, respectively. It should be noted that the solution structure
of the allocation schedules are consistent with the spot strategy because the
inspected districts in 18a, 18b, 18c, and 18d have high probability of being
inspected in the spot strategy (Figure 17).

8 Conclusion

This study addresses the design of a spot-fare inspection strategy and its
operational implementation in a proof-of-payment public bus transporta-
tion network using an unpredictable allocation schedule of inspection teams.
Opportunistic passengers are free to choose the most convenient path within
a finite set of alternatives. The transit authority is committed to a selective
inspection policy of buses and mass inspection of passengers on board the
bus. Two realistic approaches to a spot inspection system are explored. The
first one, denoted as edge inspection, considers the inspection of passengers on
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board while the bus is stopped. The second one, denoted as district inspection,
considers inspecting passengers on board while the bus is in motion.

We model the spot-fare inspection strategy as a Leader-Follower Stack-
elberg game, where the transit authority determines the spatial inspection
probability distribution on the transportation network, and opportunistic pas-
sengers respond by optimizing their decision whether or not to purchase a
ticket and the path to follow by evaluating a finite set of paths. This path-based
approach to define the spot-fare inspection strategy leads to a NLP for which
a relaxation-based heuristic is proposed to compute a feasible spot strategy.
On the other hand, defining the inspection probabilities as a convex combi-
nation over the set of all allocation schedules, we formulate the unpredictable
allocation schedule as a NLP for which an LP relaxation is derived. This LP
relaxation is solved using a column generation approach. The pricing problem
generates allocation schedules, and the master problem defines the probability
with which these allocation schedules should be selected. Thus, the resulting
set of allocation schedules, where each of them has an associated probability
of being selected, defines a feasible unpredictable allocation schedule for the
transit authority.

Numerical experiments were conducted on a large-scale interconnected bus
transportation network. The relaxation-based heuristic to compute a feasi-
ble spot inspection strategy, and the column generation approach to compute
the feasible unpredictable allocation schedule, provide good-quality solutions.
Indeed, the smaller number of inspection teams that induces an evasion rate
less than or equal to 1% leads to a maximum optimality gap of less than 0.01%.
In terms of managerial insights, numerical experiments show that a spot strat-
egy based on edge inspection requires less inspection teams than one based
on district inspection. We simulate the daily application of the unpredictable
allocation schedule under inspection on edges and districts using Monte Carlo
simulation and observe that the evasion rate of 1% is achieved after 80 and 40
days, respectively. Thus, we conclude that the unpredictable allocation sched-
ule under edge or district inspection leads to solutions that can be applied in
the medium term.

We next suggest future research prospects. The first one is to address the
spot-fare inspection strategy and the unpredictable inspection teams alloca-
tion schedule under adaptive passengers, i.e., when opportunistic passengers
obtain information to adapt their path as they travel in the transportation
network. The second one is to address the spot strategy and the unpredictable
allocation schedule under a different policy (e.g., selective in-station inspec-
tion) and considering heterogeneous opportunistic passengers in terms of their
risk-prone to be captured. The third is to address the optimal design of bal-
anced, contiguous, and compact fare inspection districts. The fourth one is
to explore the relationship between inspection costs and expected revenues or
reductions in subsidies, particularly in contexts where public entities manage
inspections and private operators benefit indirectly. The fifth one is to validate
the models in a real bus transportation network.
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Appendix A Glossary of terms

Table A1: Sets, parameters, and variables

Sets
14 Set of nodes representing bus stops, indexed by v =1, ..., |V
E Set of edges representing the connection between bus stops, indexed by e = 1, ..., | E|
L Set of bus lines, indexed by [ =1,...,|L|
X Set of sites in the bus network, indexed by z =1, ...,|X]|
P Set of type of passengers, indexed by p =1, ..., |P|
S Set of all allocation schedules
& Indexed set of edges followed by bus line [
Np Indexed set of k-shortest paths from v to v,
Xl’; Indexed set of sites and bus line pairs that an opportunistic passenger of type p follows
if he takes the path i € A
Ly Indexed set of bus lines passing through z during IT
Xo Set of not controlled sites
Parameters
I Time interval
B Ticket price
F Fine with F >> B
dp Expected number of passengers of type p during IT
dy Number of opportunistic passengers of type p during IT
n Number of fare inspection teams
Qi Number of buses of line [ running on z during IT
Tz Number of buses that an inspection team controls in x during IT
Variables
wy 1 if an opportunistic passenger of type p purchases a ticket, and 0 otherwise
H;; 1 if an opportunistic passenger of type p takes the path i € N}, and 0 otherwise
Ug Expected value of the amount paid by an opportunistic passenger of type p
Py Probability that the transit authority controls z € X during IT
Ts Probability of selecting the allocation schedule s € S
Yais 1 if the transit authority controls « during IT given the allocation schedule s, and 0 otherwise
References

Bahamondes B, Correa J, Matuschke J, et al (2017) Adaptivity in network
interdiction. In: International Conference on Decision and Game Theory for



36 Spot-fare inspection in urban bus transportation systems

Security, Springer, pp 40-52, https://doi.org/10.1007/978-3-319-68711-7_3

Barabino B, Salis S (2019) Moving towards a more accurate level of inspec-
tion against fare evasion in proof-of-payment transit systems. Networks and
Spatial Economics pp 1-28. https://doi.org/10.1007/s11067-019-09468-3

Barabino B, Salis S (2023) Segmenting fare-evaders by tandem clustering and
logistic regression models. Public Transport 15(1):61-96. https://doi.org/
10.1007/s12469-022-00297-1

Barabino B, Salis S, Useli B (2013) A modified model to curb fare evasion and
enforce compliance: Empirical evidence and implications. Transportation
Research Part A: Policy and Practice 58:29-39. https://doi.org/10.1016/j.
tra.2013.10.007

Barabino B, Salis S, Useli B (2014) Fare evasion in proof-of-payment transit
systems: Deriving the optimum inspection level. Transportation Research
Part B: Methodological 70:1-17. https://doi.org/10.1016/j.trb.2014.08.001

Barabino B, Lai C, Olivo A (2020) Fare evasion in public transport systems: a
review of the literature. Public Transport 12(1):27-88. https://doi.org/10.
1007/s12469-019-00225-w

Barabino B, Di Francesco M, Ventura R (2023) Evaluating fare evasion risk in
bus transit networks. Transportation Research Interdisciplinary Perspectives
20:100,854. https://doi.org/10.1016/j.trip.2023.100854

Barabino B, Carra M, Currie G (2024) Fare inspection in proof-of-payment
transit networks: A review. Journal of Public Transportation 26:100,101.
https://doi.org/10.1016/j.jpubtr.2024.100101

Bellman R (1966) Dynamic programming. Science 153(3731):34-37. https://
doi.org/10.1126/science.153.3731.34

Board TR, National Academies of Sciences E, Medicine (2022) Measuring
and Managing Fare Evasion. The National Academies Press, Washington,
DC, https://doi.org/10.17226 /26514, URL https://nap.nationalacademies.
org/catalog/26514 /measuring-and-managing-fare-evasion

Borndérfer R, Omont B, Sagnol G, et al (2012) A Stackelberg game to optimize
the distribution of controls in transportation networks. In: International
Conference on Game Theory for Networks, Springer, pp 224-235, https:
//doi.org/10.1007/978-3-642-35582-0_17

Borndorfer R, Buwaya J, Sagnol G, et al (2013) Optimizing toll enforcement
in transportation networks: a game-theoretic approach. Electronic Notes in
Discrete Mathematics 41:253-260. https://doi.org/10.1016/j.endm.2013.05.


https://doi.org/10.1007/978-3-319-68711-7_3
https://doi.org/10.1007/s11067-019-09468-3
https://doi.org/10.1007/s12469-022-00297-1
https://doi.org/10.1007/s12469-022-00297-1
https://doi.org/10.1016/j.tra.2013.10.007
https://doi.org/10.1016/j.tra.2013.10.007
https://doi.org/10.1016/j.trb.2014.08.001
https://doi.org/10.1007/s12469-019-00225-w
https://doi.org/10.1007/s12469-019-00225-w
https://doi.org/10.1016/j.trip.2023.100854
https://doi.org/10.1016/j.jpubtr.2024.100101
https://doi.org/10.1126/science.153.3731.34
https://doi.org/10.1126/science.153.3731.34
https://doi.org/10.17226/26514
https://nap.nationalacademies.org/catalog/26514/measuring-and-managing-fare-evasion
https://nap.nationalacademies.org/catalog/26514/measuring-and-managing-fare-evasion
https://doi.org/10.1007/978-3-642-35582-0_17
https://doi.org/10.1007/978-3-642-35582-0_17
https://doi.org/10.1016/j.endm.2013.05.100
https://doi.org/10.1016/j.endm.2013.05.100

Spot-fare inspection in urban bus transportation systems 37

100

Borndorfer R, Buwaya J, Sagnol G, et al (2015) Network spot-checking
games: Theory and application to toll enforcing in transportation networks.
Networks 65(4):312-328. https://doi.org/10.1002/net.21596

Boyd C, Martini C, Rickard J, et al (1989) Fare evasion and non-compliance:
A simple model. Journal of Transport Economics and Policy pp 189-197

Brotcorne L, Escalona P, Fortz B, et al (2021) Fare inspection patrols schedul-
ing in transit systems using a Stackelberg game approach. Transportation
Research Part B: Methodological 154:1-20. https://doi.org/10.1016/j.trb.
2021.10.001

Cantillo A, Raveau S, Mutioz JC (2022) Fare evasion on public transport:
Who, when, where and how? Transportation Research Part A: Policy and
Practice 156:285-295. https://doi.org/10.1016/j.tra.2021.11.027

Casorran C, Fortz B, Labbé M, et al (2019) A study of general and security
Stackelberg game formulations. European Journal of Operational Research
278(3):855-868. https://doi.org/10.1016/j.ejor.2019.05.012

Clarke RV, Contre S, Petrossian G (2010) Deterrence and fare evasion: Results
of a natural experiment. Security Journal 23(1):5-17. https://doi.org/10.
1057/sj.2009.15

Correa J, Harks T, Kreuzen VJ, et al (2017) Fare evasion in transit net-
works. Operations Research 65(1):165-183. https://doi.org/10.1287/opre.
2016.1560

Currie G, Delbosc A (2021) The paradigm shift in revenue protection research
and practice. In: Handbook of Public Transport Research. Edward Elgar
Publishing, p 115-135, https://doi.org/10.4337/9781788978668.00013

Dauby L, Kovacs Z (2007) Fare evasion in light rail systems. Transportation
Research Circular (E-C112)

Delgado F, Géalvez T, Montero G, et al (2018) Evasién en Transantiago. Tech.
rep., SOCHITRAN, URL https://sochitran.cl/wp-content/uploads/2022/
06/Sochitran-NT-01-2018.pdf

DTPM (2024) Indice de evasién en buses del sistema de Transporte Piblico
Metropolitano. Tech. rep., Metropolitan Public Transport Department, URL
https://www.dtpm.cl/archivos/Evasion%202023.pdf


https://doi.org/10.1016/j.endm.2013.05.100
https://doi.org/10.1016/j.endm.2013.05.100
https://doi.org/10.1002/net.21596
https://doi.org/10.1016/j.trb.2021.10.001
https://doi.org/10.1016/j.trb.2021.10.001
https://doi.org/10.1016/j.tra.2021.11.027
https://doi.org/10.1016/j.ejor.2019.05.012
https://doi.org/10.1057/sj.2009.15
https://doi.org/10.1057/sj.2009.15
https://doi.org/10.1287/opre.2016.1560
https://doi.org/10.1287/opre.2016.1560
https://doi.org/10.4337/9781788978668.00013
https://sochitran.cl/wp-content/uploads/2022/06/Sochitran-NT-01-2018.pdf
https://sochitran.cl/wp-content/uploads/2022/06/Sochitran-NT-01-2018.pdf
https://www.dtpm.cl/archivos/Evasion%202023.pdf

38 Spot-fare inspection in urban bus transportation systems

DTS (2024) Informe medicién de evasién componente Troncal
Transmilenio S.A. Tech. rep., Technical Safety Management Trans-
milenio  S.A., URL  https://www.transmilenio.gov.co/buscar/?tk=
18ad4c7360b4cecac848bch59d84d23a&q=evasin

Egu O, Bonnel P (2020) Can we estimate accurately fare evasion without a sur-
vey? Results from a data comparison approach in lyon using fare collection
data, fare inspection data and counting data. Public Transport 12(1):1-26.
https://doi.org/10.1007/s12469-019-00224-x

Escalona P, Brotcorne L, Fortz B, et al (2023) Fare inspection patrolling under
in-station selective inspection policy. Annals of Operations Research pp 1-
22. https://doi.org/10.1007/s10479-023-05670-2

Fang F, Nguyen TH, Pickles R, et al (2016) Deploying PAWS: Field optimiza-
tion of the protection assistant for wildlife security. In: AAAT, pp 3966-3973,
https://doi.org/10.1609/aaai.v30i2.19070

Guzman LA, Arellana J, Camargo JP (2021) A hybrid discrete choice model
to understand the effect of public policy on fare evasion discouragement
in Bogotd’s bus rapid transit. Transportation Research Part A: Policy and
Practice 151:140-153

Holzmann T, Smith JC (2021) The shortest path interdiction problem with
randomized interdiction strategies: Complexity and algorithms. Operations
Research 69(1):82-99. https://doi.org/10.1287 /opre.2020.2023

Jiang AX, Yin Z, Johnson MP, et al (2012) Towards optimal patrol strategies
for fare inspection in transit systems. In: AAAI spring symposium: game
theory for security, sustainability, and health

Jiang AX, Yin Z, Zhang C, et al (2013) Game-theoretic randomization for
security patrolling with dynamic execution uncertainty. In: Proceedings of
the 2013 international conference on Autonomous agents and multi-agent
systems, International Foundation for Autonomous Agents and Multiagent
Systems, pp 207214

Jie Y, Liu CZ, Li M, et al (2020) Game theoretic resource allocation model
for designing effective traffic safety solution against drunk driving. Applied
Mathematics and Computation 376:125,142. https://doi.org/10.1016/j.amc.
2020.125142

Jooken J, Leyman P, De Causmaecker P (2022) A new class of hard problem
instances for the 0—1 knapsack problem. European Journal of Operational
Research 301(3):841-854. https://doi.org/10.1016/j.ejor.2021.12.009


https://www.transmilenio.gov.co/buscar/?tk=18ad4c7360b4cecac848bc559d84d23a&q=evasión
https://www.transmilenio.gov.co/buscar/?tk=18ad4c7360b4cecac848bc559d84d23a&q=evasión
https://doi.org/10.1007/s12469-019-00224-x
https://doi.org/10.1007/s10479-023-05670-2
https://doi.org/10.1609/aaai.v30i2.19070
https://doi.org/10.1287/opre.2020.2023
https://doi.org/10.1016/j.amc.2020.125142
https://doi.org/10.1016/j.amc.2020.125142
https://doi.org/10.1016/j.ejor.2021.12.009

Spot-fare inspection in urban bus transportation systems 39

Kooreman P (1993) Fare evasion as a result of expected utility maximisation:
some empirical support. Journal of Transport Economics and Policy pp 69—
74

Lessin AM, Lunday BJ, Hill RR (2019) A multi-objective, bilevel sensor relo-
cation problem for border security. IISE Transactions 51(10):1091-1109.
https://doi.org/10.1080/24725854.2019.1576952

MTA (2023) Bus fare evasion. URL https://metrics.mta.info/?bus/fareevasion

Multisystems I, Associates M, Administration USFT, et al (2002) A Toolkit
for Self-service, Barrier-free Fare Collection. 80, Transportation Research
Board

Pita J, Jain M, Marecki J, et al (2008) Deployed armor protection: the
application of a game theoretic model for security at the Los Angeles inter-
national airport. In: Proceedings of the 7th international joint conference on

Autonomous agents and multiagent systems: industrial track, pp 125-132,
https://doi.org/10.1017/CB09780511973031.004

Ramos R, Silva HE (2023) Fare evasion in public transport: How does it
affect the optimal design and pricing? Transportation Research Part B:
Methodological 176:102,803. https://doi.org/10.2139/ssrn.4341260

Rashidi E, Medal HR, Hoskins A (2018) Mitigating a pyro-terror attack using
fuel treatment. IISE Transactions 50(6):499-511. https://doi.org/10.1080/
24725854.2017.1415490

Reddy AV, Kuhls J, Lu A (2011) Measuring and controlling subway fare eva-
sion: Improving safety and security at New York City transit authority.
Transportation Research Record 2216(1):85-99. https://doi.org/10.3141/
2216-10

Salis S, Barabino B, Useli B (2017) Segmenting fare evader groups by factor
and cluster analysis. WIT Transactions on The Built Environment 176:503—
515. https://doi.org/10.2495/UT170431

Shieh E, An B, Yang R, et al (2012) Protect: A deployed game theoretic system
to protect the ports of the United States. In: Proceedings of the 11th inter-
national conference on autonomous agents and multiagent systems-volume
1, pp 13-20

Tamnmig K, Aras N, Altinel IK, et al (2020) Minimizing the misinformation
spread in social networks. IISE Transactions 52(8):850-863

Washburn A, Wood K (1995) Two-person zero-sum games for network inter-
diction. Operations Research 43(2):243-251. https://doi.org/10.1287 /opre.


https://doi.org/10.1080/24725854.2019.1576952
https://metrics.mta.info/?bus/fareevasion
https://doi.org/10.1017/CBO9780511973031.004
https://doi.org/10.2139/ssrn.4341260
https://doi.org/10.1080/24725854.2017.1415490
https://doi.org/10.1080/24725854.2017.1415490
https://doi.org/10.3141/2216-10
https://doi.org/10.3141/2216-10
https://doi.org/10.2495/UT170431
https://doi.org/10.1287/opre.43.2.243
https://doi.org/10.1287/opre.43.2.243

40 Spot-fare inspection in urban bus transportation systems

43.2.243

Yin Z, Jiang AX, Tambe M, et al (2012) Trusts: Scheduling randomized
patrols for fare inspection in transit systems using game theory. Al Magazine
33(4):59. https://doi.org/10.1609/aimag.v33i4.2432


https://doi.org/10.1287/opre.43.2.243
https://doi.org/10.1287/opre.43.2.243
https://doi.org/10.1609/aimag.v33i4.2432

	Introduction
	Related works
	Spot-fare inspection strategy formulation
	The follower's problem
	The leader's problem

	A relaxation-based heuristic for x-SSP model
	An equivalent unpredictable allocation schedule formulation
	On the practical implementation of the spot-fare inspection strategy
	Numerical results
	Performance of feasible spot strategy and feasible unpredictable inspection teams allocation
	Managerial insights for the transit authority
	Illustrative example

	Conclusion
	Glossary of terms

