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Dynamical decoupling of interacting spins through group factorization
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Dynamical decoupling (DD) is a well-known open-loop protocol for suppressing unwanted interactions in
a quantum system, thereby drastically extending the coherence time of useful quantum states. In the original
framework of evolution symmetrization, a DD sequence was shown to enforce a symmetry on the unwanted
Hamiltonian, thereby suppressing it if the symmetry was inaccessible. In this work, we show how symmetries
already present in the undesired Hamiltonian can be harnessed to reduce the complexity of decoupling sequences
and to construct nested protocols that correct dominant errors at shorter timescales using the factorization of
DD symmetry groups into a product of its subgroups. We provide many relevant examples in various spin
systems, using the Majorana constellation and point-group factorization to identify and exploit symmetries
in the interaction Hamiltonian. Our framework recovers tailored pulse sequences developed in the context of
NMR, including the classical Lee-Goldburg protocol, and further produces novel short and robust sequences
capable of suppressing on-site disorder, dipole-dipole interactions, and more exotic many-body interactions in

spin ensembles.
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I. INTRODUCTION

Quantum hardware platforms often face limitations im-
posed by the short coherence times of their noisy constituents,
which arise from unwanted interactions either among the
constituents themselves or with their surrounding environ-
ment. These interactions result in decoherence and energy
dissipation, which ultimately degrades the quantum state that
encodes valuable information. Protecting quantum systems
from these detrimental dynamics is essential for advancing
various areas of quantum technology, including quantum com-
putation [1,2] and quantum metrology [3-5].

A prominent tool for mitigating these effects in many ex-
perimental systems is dynamical decoupling (DD) [6-8], a
specific kind of Hamiltonian engineering technique, closely
related to NMR decoupling [9-19], in which a carefully
tailored sequence of pulses is applied to the system to peri-
odically suppress unwanted interactions between constituents
of the system and with the external environment. Dynam-
ical decoupling was first introduced with the concept of
symmetrization of a Hamiltonian [7,20], since the first DD
sequences were shown to project the unwanted Hamiltonian
onto a specific symmetry sector of the space of operators
acting on the system; a symmetry group associated with this
symmetrization process is called a decoupling group. Al-
though this approach has enabled the construction of highly
robust sequences [21-23] and quantum gates protected from
finite-duration errors [24-26], the search for more efficient
high-order DD sequences now mainly involves numerical
methods [27-32] where the robustness requirement comes up
as a constraint during optimization [29,31] or as conditions
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to be satisfied during a numerical search [28]. The pulse
sequences obtained are generally no longer associated with
a symmetry group.

In this work, we consider the original framework of evo-
Iution symmetrization [7,20] and show how factorization of a
decoupling group as a product of its subgroups can be used
to harness the symmetries of a Hamiltonian to reduce the
complexity of a decoupling sequence. Moreover, we show
that the same framework can be used to construct nested
sequences that correct dominant errors at shorter timescales.
We apply this idea to various spin systems, where the rele-
vant decoupling groups are rotational symmetry groups (point
groups) and where the symmetries of a Hamiltonian are
identified in its Majorana constellations [33,34], in order to
design novel short and robust group-based DD sequences.
We show that the well-known Lee-Goldburg (LG) decoupling
sequence [9], which suppresses dipole-dipole interactions be-
tween pairs of spins [11,17,19], naturally emerges as a simple
example of our framework. The new sequences derived in
this work include a four-pulse (or eight-pulse Eulerian) se-
quence that suppresses on-site disorder and dipole-dipole
interactions, with potential application in NMR spectroscopy
[10,14-16,29] and for coherence protection in interacting spin
ensembles [28,30,35] and spin qudits [36-39]. These proto-
cols are shown to outperform state-of-the-art sequences in
relevant regimes of parameters for the decoupling of a dis-
ordered interacting spin ensemble. We also construct several
short decoupling sequences capable of suppressing K-body
interactions (with K < 5) in spin systems where the rotating-
wave approximation (RWA) is valid, as well as dephasing in
“small” dimension qudits (d < 6). We believe that this intu-
itive framework opens a promising avenue for the design of
pulse sequences that selectively decouple specific Hamiltoni-
ans, guided by the symmetries of the corresponding Majorana
constellations [18,19].
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II. BASIC CONCEPTS

In this section, we review the necessary notions of dynam-
ical decoupling. We start with a reminder of the dynamical
decoupling framework as introduced in Ref. [7]. In Sec. II B,
we explain how decoupling sequences can be constructed by
looking for inaccessible symmetries. Finally, Sec. II C serves
as a condensed pedagogical summary of our previous work
and presents the knowledge necessary to fully understand
the geometric concepts underlying each example presented in
Sec. V. We show how applying the Majorana representation
to operators provides an elegant geometric picture that can be
used to uncover the inaccessible SU(2) symmetries of a given
Hamiltonian. A more technical introduction to the Majorana
representation of operators can be found in Ref. [33], and the
rigorous framework for the design of dynamical decoupling
sequences consisting solely of global rotations using the Ma-
jorana constellations is presented in Ref. [34].

A. A reminder of dynamical decoupling

We consider a quantum system S coupled to an environ-
ment or bath B. The system-bath Hamiltonian can be written
in Schmidt decomposition form,

Hgg =) Sy ® B, )

where S, and B, are operators acting on the Hilbert spaces of
the system and bath, respectively. From this decomposition,
we define the interaction subspace as the vector space spanned
by the system operators Sy, Zs = span({S,}) € B(Hs). This
subspace contains all system operators that couple to the
environment, but it may also include terms acting solely on
the system. Specifically, Hgg can contain terms of the form
Se ® 1 (with B, = 1p). In the case where S consists of
several subsystems, for example spins in an ensemble, such
terms can also describe unwanted interactions between the
subsystems themselves.

The Hamiltonian (1) entangles the system with the bath,
resulting in the scrambling of quantum information initially
stored in S. To reduce the resulting loss of coherence in S,
we can apply a dynamical decoupling sequence of the form
—P,—P; ...—Py to the system. This sequence consists of N
idealized pulses that are infinitely short and strong, where
each P, represents the unitary operator corresponding to the
kth pulse. The dashes (-) denote free evolution intervals of du-
ration 7y between successive pulses. In the interaction picture
with respect to the Hamiltonian implementing the DD pulses
(toggling frame), the interaction Hamiltonian undergoes a se-
ries of unitary transformations

HSB — PfHSBPl — PfP;HSszpl —> . (2)
P P, -P;
An average Hamiltonian Hgy can be calculated by performing
a Magnus expansion in the toggling frame [7], and yields a
series [40] HZ = 3°°° | HI. If decoherence is small enough
(T||Hspl| < 1 where T = N1yp), then the series converges and
can be approximated by the first-order term, given by

N
1 .
Hgl = N Z(&L ® 1p)Hsp(gk ® 15p), (3)
k=1

where we defined the propagator acting on S at each step k
(1 < k < N) of the sequence as

a=1s, gg=bP_1FP>...P. 4

We now turn to the case where the set of operators G =
{ge}?_, forms a group of unitary transformations. Under
this condition, the DD sequence effectively performs a sym-
metrization operation I1g [7,20] on each system operator S,

1 N
Mg: B(Ms) > BHs): S = Mg(§) = + 3 _giSgk. (5)
k=1

The trace-preserving map I1g is a projector on a G-invariant
subspace of B(Hs), the space of linear operators. Indeed,
any element of G commutes with ITg(S) for any S € B(Hs).
By linearity of (5), the image under Ilg of Zg, [1g(Zs), is
a vector subspace consisting of operators invariant under G.
If the group G is chosen such that the symmetrization map
[1g(Zs) reduces the interaction subspace Zg to span({1s}),
then G is referred to as a decoupling group for Zg. In this case,
the first-order effective interaction Hamiltonian takes the form

Hi o« 15 ® B, (6)

where B is an operator that acts only on the bath Hilbert
space. In summary, if G is a decoupling group for Zg, then
the symmetrization map (5) eliminates all components of each
system operator S, in the interaction Hamiltonian (1) that are
not invariant under G (those with Tr[S,] = 0 going to 0, the
others to 1g). The only surviving contribution is proportional
to the identity operator 1g, so the first-order effective interac-
tion Hamiltonian reduces to a tensor product of the identity on
the system with an operator acting only on the bath.

From a decoupling group G, a sequence of pulses can
be found that implements the operation (5) by constructing
a cyclic path on the Cayley graph C(G, I') of the group G
with respect to some generating set I' = {y;}, [8,21]; in these
graphs, each vertex corresponds to an element of the group
and each edge to an element of I", which includes the different
pulses used in the sequence, i.e., Vk, P, = y, for some A. A
cyclic path corresponds to a DD sequence in that each edge
visited by the path corresponds to a pulse of the sequence
and its location in the path corresponds to its location in the
sequence. The only constraint imposed on the cyclic path is
that it must visit each vertex the same number of times, so that
many different DD sequences can be constructed that way. In
particular, Eulerian paths, i.e., the ones that visit each edge
exactly once, always exist [41] and it has been found that such
paths correspond to particularly robust DD sequences [21].

B. Inaccessible symmetry and decoupling group

Consider a potential decoupling group G for a quantum
system with interaction subspace Zs. To verify whether G
decouples the system-bath interaction, one approach is to find
a vector space V containing Zg that is closed under unitary
transformation by the elements of G. Since V is closed un-
der unitary transformations of G, it holds that I1g(Zs) C V.
Moreover, because I1g(Zs) consists solely of G-invariant el-
ements of V, it belongs to its G-invariant subspace. When
there is a group G for which the G-invariant subspace of V
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consists only of operators proportional to the identity, i.e.,
[Tg(V) = span({1s}), we have, for any system operator S be-
longing to the interaction subspace Zy C V, that I[1g(S) o L.
This implies that G acts as a decoupling group for Zg. When
this condition is satisfied, we say that G is an inaccessible
symmetry of V. In conclusion, an inaccessible symmetry of a
vector space containing the interaction subspace is associated
with a decoupling group.

C. SU(2) symmetries

For an ensemble of interacting spins, the most common dy-
namical decoupling protocols are composed of global SU(2)
transformations, where each spin undergoes the same unitary
evolution U = e~ " Here J = (Jy, Jy, J;) are the angular
momentum operators of a single spin j. The action of any U €
SU(2) over linear operators by conjugation can be thought as
a physical rotation R(71, 8) € SO(3), where R(i1, 0) represents
a rotation of angle 6 around a certain axis 7.

For a given interaction subspace Zg, we now consider
a vector space V closed under SU(2) transformations such
that Zg C V. Then V can be written in terms of irreducible
representations [vector subspaces closed under SU(2) trans-
formations] as [42]

v=@pz. (7)

(L.)

Each subspace %% of dimension 2L + 1 is called an L-
irrep. The extra index o may be used to distinguish between
different irreps of the same dimension.

As shown in Ref. [33], any Hermitian operator in the sub-
space L% can be represented geometrically as a two-color
constellation of 2L points on the sphere,” which we call its
Majorana constellation [33,43]. The constellation consists of
exactly L pairs of antipodal points (referred to as stars) on
a sphere of a fixed radius, with each pair comprising one
black and one red star. The specific arrangement of these
bicolored pairs, along with the radius, uniquely determines
the corresponding operator. A general operator in V can be
represented by a collection of such constellations, one for each
irreducible component %% in the decomposition (7).

One of the main appeals of the Majorana representation lies
in the fact that applying a global SU(2) transformation on an
operator H € V is equivalent to applying the corresponding
SO(3) rotation on each Majorana constellation of H (see
Fig. 1). Consequently, the symmetries of an operator under
SU(2) transformations can be studied by investigating the
rotational symmetries of the corresponding set of constella-
tions. More precisely, an operator S is invariant under a SU(2)
unitary transformation g (i.e., g'Sg = ) if the corresponding
SO(3) rotation leaves each Majorana constellation unchanged,

ISU(2) is the double cover of SO(3), where both transformations
+U = 4e~"J can be associated to the same rotation R(#, 0). Note
that the action of £U by conjugation on an operator A gives the same
result because (FU)A(XU)" = UAU.

2If the operator is not Hermitian, then two distinct Majorana con-
stellations are needed, one representing the Hermitian part and the
other the anti-Hermitian component. See Ref. [34] for more details.

SU(2)

H
Majorana
representation

g'Hyg

FIG. 1. Majorana constellation of an operator H. The diagram
also illustrates the effect of an SU(2) transformation g’ on the op-
erator and its corresponding SO(3) rotation R(#, 6) acting on the
constellations associated with H. In this illustrative example, the
constellation is rotated by an angle § = —m /4 about the z axis.
Figure reproduced from Ref. [34].

except possibly for an even number of color swaps between
antipodal star pairs. This is because for any operator S € %0,
swapping the colors of a pair of antipodal stars changes the
sign of the operator, such that swapping the colors of N pairs
of stars adds a factor (—1)" to the operator [33,34].

Because the accessible rotational symmetries of a given
constellation are limited by its number of points, it is pos-
sible to identify inaccessible SU(2) symmetries of operators
using this representation. For more details on the Majorana
representation of operators and its use to detect inaccessible
point group symmetries, and thus DD sequences for different
physical systems; see Ref. [34]. For the first few irreps A%
(for L < 7), we specify in Table I the sets of largest accessible
symmetries Fiax (%)), meaning that any rotational symme-
try contained as a subgroup of at least one element of this
set is accessible to the irrep. We also specify several smallest
inaccessible symmetries. Note that if a point group G is an
inaccessible symmetry, then any point group containing G as
a subgroup is also inaccessible.

To illustrate our approach, let us consider the simple case
of a disordered and interacting spin ensemble, where the un-
wanted Hamiltonian is given by H = Hys + Hgq, with

Hys =Y 8im; - S',
i

Hu=Y  Ayl3@; - S)@;-8) -8 -8, (8

ij

where S' = (S, 8!, S!) is the angular momentum vector of
the ith spin. In (8), Hg describes disorder in the en-
semble (i.e., each spin rotating at different frequencies §;
around different axes 77;) while Hyq describes dipole-dipole
interactions between pairs of spins (i, j) with relative orienta-
tion &;; and coupling factor A;;. In the interaction-dominated
regime (||Hgq|l > ||Hagisll), this model describes the main
sources of decoherence in nuclear spin ensemble and has
been widely used to construct decoupling sequences for
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TABLE 1. First row: Sets of largest point groups for irreps of SU(2), Frax (BL), of different dimensions 2L + 1. Second row: Set of the
smallest symmetries inaccessible to these irreps. Any group that contains one of these groups as a subgroup is itself an inaccessible symmetry.
A similar analysis can be done for higher L by searching for the accessible and inaccessible point groups.

L 0 1 2 4 5 6 7
]:max(gg(L)) SO(3) Coc Doo {Com D37 T} {Dooa O} {Coo, DS} {Dcxn 07 I} {C007 D7, T}
Smallest inaccessible G None D, {T, 1} {Dy4, O, 1} | {Dg, T, 1} None {Dg, O, I}

high-resolution NMR spectroscopy [10,13—-16] and Hamil-
tonian engineering [29]. In the disorder-dominated regime
(IHgisll > I|Haall), the model is relevant for electronic spin
ensembles [28,44-46].

Each term in the sum defining Hg;s (respectively, Hyq) be-
longs to a L = 1-irrep (respectively, L = 2-irrep), such that its
associated set of constellations contains exactly one constel-
lation with one pair (respectively, two pairs) of antipodal stars
(see Fig. 2). Referring to Table I, we observe that the tetrahe-
dral point group T is inaccessible to the L = 2 irrep. Because
T contains D, as a subgroup, and D; is inaccessible to the
L = 1 irrep, it follows that T is also inaccessible to the L = 1
irrep. This allows us to construct an Eulerian DD sequence
on the Cayley graph of the tetrahedral group, resulting in the
sequence known as TEDD, first introduced in Ref. [34]. A
similar reasoning can be used for more exotic Hamiltonians
whose decomposition involves L > 3-irreps, and one finds
that relevant DD sequences can be constructed from the Cay-
ley graphs of the different Platonic symmetry groups; they are
thus referred to as Platonic dynamical decoupling sequences
and denoted by xEDD, where x € {T, O, I} indicates the sym-
metry group.

III. MULTISYMMETRIZATION

A. Nested sequences

Consider now two groups of unitary operators, G; and G,,
and their corresponding sequence of pulses that implement
their respective symmetrization operations (5). A new pulse
sequence can be constructed by nesting one sequence into
the other [22,47]. This is done by taking one of the pulse
sequences (called the outer-layer sequence) and replacing
the waiting time between the pulses by an iteration of the

3(éi8) (¢ 87) - 8" &

FIG. 2. Majorana constellations of Hamiltonians H o i; - §'
(left) and H o< 3(8;; - S')(&;; - S7) — S - S/ (right). The label 2 next
to the black star in the right-hand constellation indicates a degeneracy
where two pairs of antipodal stars occupy the same position on the
sphere.

second pulse sequence (the inner-layer sequence). We show
a graphical representation of the nesting process in Fig. 3,
where the sequence corresponding to the group G, is the outer-
layer sequence, and the sequence corresponding to G; is the
inner-layer sequence. By applying this sequence, any system
operator S is first symmetrized by the inner-layer group and
then symmetrized again by the outer-layer group as follows:

St 8§ =Tlg,(S), S 8 =Tg(S). 9)

In total, the operator S undergoes two successive (potentially
noncommuting) quantum operations.

In some cases, the two groups form a factorization of an-
other group, G,G| = G’ .3 When the groups are complementary
to each other (i.e., G; and G, only intersect in the identity and
therefore |G; N G,| = 1), the product formula [48] states that
|G| = 1G111G21/1G1 N G2| = |G1]|G2]. This implies that each
element g € G’ has a unique decomposition g = g’g' with
g" € G, fora = 1, 2. Due to these properties, successive sym-
metrization operations of an operator S with respect to these
two groups are reduced to a single effective symmetrization
operation with respect to G’,

[Gi] 1G]
1 ~1
Ig, [Tg, (S)] = —— ol S (0% 0!
6.[Tg, ($)] |gl||gz|;j;g§g' ($3¢1)
1 19|
= — Y gSg) ™ =Mg(S).  (10)
=1

9] &

The operator S is thus projected onto a G’-invariant subspace
through what we refer to as a multisymmetrization operation.
Although this result is general for any abstract group, we focus
on point groups in this work.

In the case where G| N G, is not trivial, then again, by the
product formula and because G’ is a group, each element of
G’ will appear |G, N G| times in the symmetrization process
[49]. Thus, we have

1G'|
> &S =Mg(S). (1)

i=1

|G1 NG|
1G111G|

which does not compromise the multisymmetrization and
leaves more freedom in the choice of subgroups used in the
nesting process. However, the choice of two subgroups that
only intersect in the identity minimizes the number of pulses

Mg, [Mg, (5)] =

3The (Frobenius) product of two groups G; = {g'}/!! and G, =
{g%}lizll is defined as the set of elements obtained by multiplying
all pairs of group elements together, GG, = {g|lg = gfg} with g} €
gl andgi. € gz} [48]
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FIG. 3. Visual representation of the nesting process for multi-
symmetrization. Each stick represents a pulse (P;) and the different
colours represent the different generators (y;). The waiting time
between successive pulses is set to 7y and the duration of each pulse
to 7, so that the total pulse interval is T = 7o + 7,,.

used in the sequence, which is generally favorable. For this
reason, we focus on factorizations where the subgroups are
complementary. These are listed in Table II for exceptional
point groups. To search exhaustively for such factorizations,
we examine the subgroup structure of a group [50]. We
describe the method of identifying factorizations with comple-
mentary subgroups in Appendix A. The same method can be
applied to more general groups. Finally, note that the product
of G, and G, is itself a group if and only if GG, = G,G,;
[51,52], which means that the inner and outer layers can be
safely interchanged without compromising multisymmetriza-
tion.

Two possible applications of this operation are described
in the next section.

B. Applications of sequence nesting
1. Reducing a decoupling group using existing symmetries

Consider a quantum system with a Hilbert space Hg and
an interaction subspace Zy C B(Hs) that is invariant under a
nontrivial group of unitary operators G;. Now suppose that
we apply a symmetrization operation associated with a second
group G, to the system. Since Zy is already invariant under G,
any operator S € Zg will transform as

S > g, (S) = g, [TIg, (S)]. (12)

As noted above, if the product G, G, forms a group G, then this
single symmetrization procedure effectively projects S onto a
G’-invariant subspace of B(Hs). If G’ is an inaccessible sym-
metry, then the sequence implementing the G, symmetrization
procedure will average the operator S to zero or to a multiple
of the identity (see Sec. Il A). From this brief analysis, we
conclude that it is possible to reduce the complexity of a
DD sequence by exploiting the symmetries already present

TABLE II. Complementary subgroup factorizations of the tetra-
hedral, octahedral, and icosahedral groups. Each factorization
G = GG, is also valid in reverse order: G = G,G;.

Group Order Factorization

T (tetrahedral) 12 D,Cs

(0] (octahedral) 24 TCz, D4C3, D;Ds,, D3C4
I (icosahedral) 60 TC;s

in the interaction subspace. If a decoupling group can be
factorized into a product of two of its subgroups, one of which
corresponds to a symmetry of the interaction subspace, then
the remaining subgroup is a decoupling group. This idea of
exploiting existing symmetries to reduce the size of a decou-
pling group was already presented in Ref. [21] in the context
of reducing the length of an Eulerian DD sequence, where
it was noted that if the interaction subspace is Gy invariant,
where G is a normal subgroup of a decoupling group G, then
the DD sequence can be constructed on the Cayley graph of
the quotient group G /Gy, of order |G|/|Go|. In fact, the CPMG
sequence [6,7] for a dephasing qubit and the dX,; sequence
family [22] for dephasing qudits can be seen as two simple
examples of this.

2. Hierarchical decoupling

Let the group G’ serve as a decoupling group for all
unwanted interactions that lead to decoherence. Because
different interactions can induce decoherence on different
timescales, those associated with faster dynamics should be
suppressed with greater priority [30]. This can be achieved
by carefully choosing the group factorization so that the
subgroup G; targets and suppresses the dominant, fast-
acting interaction terms. In this way, we can implement the
symmetrization with respect to G’ while ensuring that the
most critical decoherence channels are addressed in priority
through the structure of the subgroup hierarchy.

IV. FINITE-DURATION PULSES
A. Generalized symmetrization operation

When the approximation of the infinitely fast and strong
pulses is not applicable, the derivation of the first-order aver-
age Hamiltonian presented in Sec. II A no longer holds, and
the effect of the DD sequence on the Hamiltonian can no
longer be reduced to the symmetrization operation (5).

In the most general case, where each pulse P, is smoothly
implemented in the time interval [(k — 1)t, k7] by a unitary
propagator py(t), with py(t) = P, the first-order Hamilto-
nian can be calculated explicitly [8,21]. The pulse interval
T = 1, + 79 thus includes both the waiting time between suc-
cessive pulses (denoted 7y in Fig. 3) and the duration of the
pulse 7,. In this scenario, each system operator S, undergoes
the quantum operation Qg: B(Hs) — B(Hs) which acts as
follows:

1 & 17
SHng):ﬁzg;[;/o p,i(r)Spka)dr}gk. (13)
k=1

More specifically, consider a DD sequence that traces an
Eulerian path on the Cayley graph of a group G, constructed
with respect to a generating set I' = {yx}‘)\lll. Each pulse P
in the sequence is an element of I" and is associated with a
time-dependent propagator py(t), which belongs to the set of
propagators

U={uw@): () =pnl", (14)

where each u, () € U represents a fixed physically realizable
control operation that implements the generator y, over a time
interval t. These propagators are dependent on experimentally
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accessible pulse profiles, including details such as their shape,
amplitude, and duration. In this case, the map Qg can be
written as [8,21]

S Qg(S) =

where Ilg is the symmetrization operation as defined in
Eq. (5) and F""B(Hs) — B(Hs) acts as follows:

Mg[F(S)], (15)

St FO(S) = |F|Z / W () Su@)di,  (16)

uelU

where the sum runs over the set of pulses U that implement the
elements of the generating set I'. Equivalently, we can write

IT|

1
Q(8) = 1 2 Mo [F7s)], a7
r=1

where F/\(r’r)(S )= (r) ) (S) denotes the implementation of F

over a singleton {yk} € I'. Physically, the operator F;F (S)
represents the finite-duration error generated by the presence
of the system operator S during the generating pulse u; (¢). As
can be understood from Eq. (17), the finite-duration errors of
each generator will be symmetrized independently (5). Note
that if u, () has support on the time interval [t — 7,,, T] (where
T — T, is the waiting time ‘C()), then one can also write

F"0(8) = S+ LATT(S), (18)

where

008y = / ul (6) S wy (t)dt. (19)
Tp Jo—1,
For some group G, we can now define a correctable sub-
space Cg spanned by all the system operators S, satisfying
[Tg(Sy) o 1s. In the ideal pulse regime, the decoupling group
G should be chosen such that Zg € Cg. In the finite-pulse
regime, on the other hand, we must make sure that F;F’” (Zs)
also belongs to that correctable subspace for all generating
pulses u, (¢). This requirement has several implications in the
context of the two applications discussed in Secs. III B 1 and
III B 2, as described below.

B. Applications
1. Leveraging existing symmetries

Consider an interaction subspace Zg invariant under the
action of the group G; and contained in the correctable sub-
space Cg of a certain group G’. As explained previously,
in the case of ideal pulses, if there exists a group G, that
satisfies G’ = G,G, then this is a decoupling group for Zg,
ie., g C ng.

In the finite-pulse regime, when one chooses an Eulerian
path on the Cayley graph C(G,, I'2), every operator S in Zg
undergoes the operation (17)

S+ 06,(8) = Z Mg, [F™7(9)],  (20)

IFI

where I'y = {y,.,},. are the chosen generators and are im-
plemented by the generating pulses {1, (t) : uz,(t) = 2.}
and 7 is the pulse interval. Although S = Ilg,(S) VS € T,

the symmetrization I1g, () generally does not commute with
F}frz’r)(~), which means that F;FZ’T)(IS) is generally not G
invariant. Furthermore, FA(r 27)(Zs) might leak out of the cor-
rectable subspace of G’. The robustness of these designs
to finite-duration pulses must then be addressed on a case-
by-case basis, and specific requirements on the shape and
implementation of the generating pulses might be required to
ensure robustness.

2. Hierarchical decoupling

Consider a G’ = G,G,-symmetrization procedure imple-
mented through two nested layers of symmetrization: an inner
layer with respect to the group G; and an outer layer with re-
spect to the group G,. The nested DD sequence is constructed
using Eulerian sequences on the Cayley graphs C(G;, I'1) and
C(Gy, I'y), where each T'; = {y; ], is a generating set for the
group G; and U; = {u;;(¢)}, are the generating pulses.

We first apply the Eulerian sequence associated with Gy,
with a total duration T = |Gy ||T"y|7;, where 7; = 7" + %
is the interval between two pulses that includes the duration
of a pulse 75" and the possible waiting time between two

pulses 1, (1) ThlS DD sequence will effectively implement the
operation S > ' = Qg, (S) defined in Eq. (17) with

1 =
F)frl»fl)(S) o r_/ MI’A(I)SL{L)L(I)dt (21)
1Jo

This sequence is now nested into the Eulerian sequence asso-
ciated with G,, with a total duration T’ = |G,||G>|(T + tl(,z)),
where each pulse interval of duration T is replaced by the
G\ Eulerian sequence (see Fig. 3) and where 7/? is the pulse
duration for the second sequence.

In the ideal pulse regime (z\* = 0), the outer-layer se-
quence effectively symmetrizes the operator S’, and the total
effect of the nested sequence is to induce the quantum opera-
tion

T

$1 8= To$) = 1) 2 > Mg, [Mg [ (9)]].
=1

(22)

Therefore, as long as the finite-duration errors of the pulses of
the inner-layer sequence belong to the correctable subspace
of G =GyG, ie., FA(F“T‘)(IS) C Cg, the nested sequence
decouples the interaction subspace.

In the case where rf) > 0, it must be taken into account
that the error Hamiltonian during the implementation of the
pulses of the outer-layer sequence is not symmetrized by the
inner layer, so that the nested sequence effectively implements
[47,53]

I, (2)
1 T (T2.7)
"__ /
S SE ng[TJrr;,Z)S " T +1p k)

(23)
where

(Ty,7@) 1 T+f;2) .
OV ES o) / Uy, () Sup 3 (2)dt (24)
T, Jr
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(a)

FIG. 4. (a) Majorana constellation of the dipole-dipole Hamilto-
nian HXYA in Eq. (25). (b) Tetrahedron whose D, symmetry axes
coincide with those of the Majorana constellation. (c) Cayley graph
of the C; symmetry group.

and S’ = Qg, (S). As a consequence, the finite-duration errors
of the outer-layer pulses do not undergo the multisymmetriza-
tion, which reduces the robustness of our schemes.

V. APPLICATIONS TO SPIN SYSTEMS
AND DECOHERENCE MODELS

In this section, we apply the framework presented in
Secs. III and IV to several spin systems, using the Majorana
representation of operators to identify existing symmetries
and factorisation of point groups into smaller subgroups to
construct more efficient DD sequences. We first address the
decoupling of dipole-dipole interactions in a spin ensemble,
followed by the case including disorder. Next, we consider K-
body multilinear interactions in a spin ensemble. Finally, we
address qudit decoupling from a dephasing bosonic bath and
explore hierarchical decoupling in spin qudits. A summary
of the most relevant DD sequences that we develop in the
following is given in Appendix C.

A. Dipole-dipole interaction

As a first example, consider the Hamiltonian Hyg in Eq. (8)
under the rotating-wave approximation (RWA), where we as-
sume that all dipole-dipole interactions are aligned along the
same direction, say, é;; = Z. This Hamiltonian reads

Hg™ =% " A;(35i8] — S - §7). (25)
i<j

As explained in Sec. IIC, the tetrahedral point group T is a
decoupling group for this term. From Table II, we observe that
it can be factorized as a product of two subgroups, T = C3D5,
where D, is a four-element group that describes the symmetry
of a rectangle, i.e., rotational symmetries of angle 7 around
three orthogonal axes, and Cj is a three-element group that
describes a rotational symmetry of angle 27 /3 around an axis.
In order to identify the rotational symmetries in the Hamil-
tonian H3\"A, we can determine its Majorana constellation
[33,34] and find that the operator has a Dy, symmetry (and
thus D,) about the z axis [see Fig. 4(a)]. Consequently, a Cs
symmetrization along 7 is sufficient to suppress HX\"*, which
can be implemented via the following three-pulse decoupling

sequence:
2 2 2 2 x3
70 70 T0 T
o(Z) e (Z) e (Z w (1 2
(3)ﬁ (3)ﬁ (3>ﬁ ( (3)) 20

where (ZTn)ﬁ denotes a rotation of angle 27 /3 around the axis
n= %(—1, 1, 1) of duration 7,, x3 indicates that the pulse
sequence in brackets must be applied three consecutive times,
and T = 19 + 7, is the pulse interval that includes the waiting
time and the duration of the pulse (see Fig. 3). We emphasize
that in this work, we use R(#, 8) € SO(3) to denote the ro-
tation of a spin system by an angle 6 around the axis 77 and
(0)7 = e~ to denote the corresponding SU(2) operator
acting on the system Hilbert space.

The Hamiltonian actually possesses a Dy, symmetry, so
that the C3 symmetrization can be implemented around any
axis R(Z, ¢)n for an arbitrary angle ¢. This rotated axis alters
the orientation of the tetrahedral point group [see Fig. 4(b)].
These are the only rotation axes for which the inherent sym-
metry of HXYA can be exploited to effectively perform the
T-symmetrization operation.

Since this sequence naturally forms an Eulerian path in
the Cayley graph of the C; group [see Fig. 4(c)], the sym-
metrization in the finite-pulse regime implements the quantum
operation

S > T, [FF(;)(S)], (27)

where Tlc, is the relevant C3-symmetrization operation and
Tc, = {e~5™J} contains only one generator, with J = 3, §'
the collective spin operator. In the case where U = {u(t) =
e~ Jod' [Ty the generator of u(t) is 7 -J and, conse-
quently, FI-(;) commutes with the symmetrization Ilc,. Thus,
the decoupling sequence is robust to finite-duration pulses.
Additional robustness to control errors might be achieved by
appropriately shaping the control pulse profile [54-57], but
the use of more complex composite pulses [58] is generally
prohibited, as the robustness to finite duration errors is only
satisfied when the generating pulse commutes with the group
elements at all times.

In the limiting case where each pulse occupies the full
cycle time (tp =0, i.e., no free-evolution interval), this
scheme reduces to the well-known LG sequence [9], widely
used for homonuclear dipolar decoupling in solid-state NMR
spectroscopy [11,12,17,19]. In this regime, the sequence ef-
fectively rotates the spin by an angle 2w around an axis
tilted relative to the z axis by the so-called magic angle
acos(1/+/3) ~ 54.7°, which geometrically corresponds to the
angle between the C; and D, symmetry axes of a regular
tetrahedron. This classic decoupling protocol thus naturally
appears as a special case of our general framework. Inter-
estingly, the continuous irradiation of the sample by the LG
sequence can be understood as a continuous DD sequence
enforcing a C,, symmetry, which decouples the Hamiltonian
(25) because Cs is a subgroup of C,. An advantage of the
three-pulse variant (26) of the LG sequence in solid-state
NMR is that the waiting time between the pulses can be
used to observe the magnetization of the sample, as shown
in Refs. [11,12]. From the discussion above, it is clear that the
3n-pulse sequence (n = 1,2,...)

" 277 x3n
) e
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(a)

—— R(7q,m)

—— R(fig2,T)

FIG. 5. (a) Majorana constellations of the Hamiltonian (29).
(b) Tetrahedron whose C; symmetry axis (z axis) coincides with that
of the Majorana constellation. The axes shown in blue are associated
with the D, symmetry. (c) Cayley graph of the D, group. An undi-
rected edge on a Cayley graph should be understood as two directed
edges with opposite directions.

which implements a Cs, symmetrization, is an adequate de-
coupling sequence which offers more free-evolution intervals
during which the magnetization can be measured.

B. Dipole-dipole interaction and disorder

We now consider a quantum system with dipole-dipole
interactions (25) and disorder under the RWA, described by

HRWA = Za,-s;’ + Z Ai;(38is7 — S 8). (29)

i<j

While the shortest decoupling sequence for this Hamiltonian
is given by the 6-pulse echo+WAHUHA sequence [28], state-
of-the-art sequences include the 24-pulse yxx24 [29] and
60-pulse DROID-60 [28], among others [13—16]. These se-
quences are robust to both finite-duration and flip-angle (i.e.,
systematic over- and under-rotations) errors, and typically
provide high-order decoupling in the Magnus expansion.

The addition of the disorder term in (29) breaks the D,
symmetry of Hyq. However, the interaction Hamiltonian still
has a C,, symmetry about the z axis that we can leverage.
Through the factorization T = C3D,, we only have to apply
the remaining D, symmetrization about the corresponding
axes shown in Fig. 5. This leads to a four-pulse sequence that
cancels (29) and is constructed from an Hamiltonian path on
the Cayley graph of the D, group,

(2 () 2 ()as,) ™ (30)

where 71} = %(\/Z 0, 1) and the second axis is chosen from
one of the two options 7y = (—\/Lg, :I:%, \/%). Once the
second axis has been selected, it must be used for the entire
Eulerian sequence. In fact, note that the C., symmetry means
that any other pair of axes {R(Z, ¢)ii1, R(Z, )12} (Vo) can
be chosen. Note that for this sequence the m rotations can
be implemented clockwise or counterclockwise as this does
not change the Cayley graph, which leaves more degrees of
freedom. In the ideal pulse regime, i.e., when the pulses can
be considered infinitely short and strong, the sense of rotation
does not change the sequence properties.

The pulse sequence (30) is the shortest known DD se-
quence which decouples the Hamiltonian (29), with only four
pulses. Moreover, since D is an inaccessible symmetry for the

entire 21 irrep (see Table I), the sequence actually corrects
for arbitrary disorder Hgis = Y, 8; /i + S'.

For additional robustness properties, one can design an
eight-pulse Eulerian sequence on the same Cayley graph,
given by

(2 2 (1)) P (2 () 2 0R) S G

We refer to this sequence as TEDDY, as it is a promising
shorter alternative to the TEDD sequence (with 24 pulses)
in systems where the RWA is valid, using three times fewer
pulses. For this sequence, we choose the pulses such that it
implements a counterclockwise rotation around one of the
axes i, (or, equivalently, a clockwise rotation around —i,),
as we find that the corresponding sequence offers better de-
coupling properties on the disorder term. Due to its Eulerian
design, the sequence implements the following quantum op-
eration:

1 (I'p,.7)
Sk 5 > M, (F, ™7(s)). (32)
A=1,2
where
r 1 [°
F0s) = - / ! () S uy (t)dt (33)
T Jo

with U = {u(1), (1)} such that u(r) = e~ T and
ur (1) = ™™ In the case where

Uy (t) = e~ o H@Hd'n-)
Uy (1) = et Jo P20t 2] 34)

and if the control profiles are time-symmetric, i.e., fi(t) =
fit —t)for A =1,2 and V ¢ € [0, 7], then it is possible to
prove that robustness to errors caused by finite-duration pulses
is guaranteed (see Appendix B for the proof). Due to the
restriction imposed on the shape of the control profile, there is
little freedom left to exploit to increase robustness to control
errors through pulse shaping or composite pulse techniques.
However, thanks to the Eulerian design, the sequence (31)
is robust to any systematic control error for which D, is a
decoupling group, in that these errors are suppressed to first
order in the Magnus expansion. This includes many relevant
pulse errors such as systematic over- and under-rotation, axis
misspecification, or errors in the shape of the control profile.
More details on the robustness analysis can be found in the
Appendix B.

The decoupling performance of our sequence can be read-
ily enhanced by imposing reflection symmetry [18,28,29,59].
This is achieved by appending the original pulse sequence
(31) with its time-reversed, sign-inverted counterpart—
constructed by reversing the order of the pulses in (31) and
flipping the sign of the control profiles. This simple construc-
tion yields a 16-pulse sequence that cancels the Hamiltonian
(29) up to second order in the Magnus expansion, even within
the finite-pulse regime.

In order to compare performance with that of state-of-the-
art sequences, we compute the distance

1
D1, U) =/1 - 2—N|tr[U]| (35)
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74TA ,
10 10 1

5107 R i = 1/A

(A/x)?

10-*
RS

=] NobD [7] TEDDY =] TEDDY(TEDDY)!

DROID60 yxx24

FIG. 6. Left: Average distance between the identity and the noisy
propagator of an ensemble of interacting qubits described by the
Hamiltonian (29) under the application of different DD sequences,
in the ideal (top, 7, = 0) and finite (bottom, 7y = 0) pulse regimes.
NoDD corresponds to a free evolution of a duration equal to that of
the shortest sequence. Right: Map showing the best protocol for each
point in parameter space. The sequence (TEDDY)(TEDDY)' is not
shown in the ideal pulse regime, as its performance is not superior to
that of TEDDY.

between the identity operator and the noisy evolution operator
U of a system of N interacting qubits with the Hamiltonian
(29) on which we apply a DD sequence. We consider two
limiting regimes: the ideal pulse regime (pulses are instan-
taneous and separated by a pulse interval t) and the finite
pulse regime (where there is no waiting time and the du-
ration of the pulses are set by the pulse amplitude y, so
that the pulse interval is 7 = 6/x where 6 is the rotation
angle of the DD pulse). Figure 6 shows the average distance
D in the parameter space (18, TA) and (8/x, A/x), where
6 = ||Hgis|| and A = ||Hgqll- The average is made from a sam-
ple of 20 Hamiltonians characterized by a set of randomly
generated frequencies {4;, A;}, according to a uniform distri-
bution. We compare our sequences with DROID-60 [28] and
yxx24 [29], which perform best in the disorder-dominated and
interaction-dominated regime, respectively. In the ideal pulse
regime, we can see that TEDDY slightly outperforms both
sequences in the interaction-dominated region of the param-
eter space, where the data indicate that our 8-pulse sequence
achieves second order of decoupling. In the finite-pulse
regime, numerical evidence shows that TEDDY outperforms
all sequences in the regime of parameters (A/x)> > 8/x =
3+/A7X, i.e., when the dipole-dipole interaction strength far
exceeds the amplitude of the disorder. In a vast region of
the parameter space, the 16-pulse sequence (referred to as
(TEDDY)(TEDDY)") drastically outperforms all sequences
as it is the only one which cancels all second-order terms when
pulses are not instantaneous.

FIG. 7. Representation of T symmetry in (a) an octahedron and
(b) an icosahedron, with C, symmetry about the z axis in (a) and Cs
symmetry about the same axis in (b).

C. K-body multilinear interactions

More exotic anisotropic K-body multilinear interactions*
[60,61] can also be suppressed by the Platonic decoupling
groups, as long as K < 5. For example, the 24-element oc-
tahedral point group is a decoupling group for three-body
multilinear interactions, while the 60-element icosahedral
point group decouples both four- and five-body multilinear
interactions [34]. When the RWA is valid, these interactions
are invariant under rotation around the z axis and this Cy
symmetry can be leveraged by the point group factorizations
O = G,T and I = CsT (see Table II). Therefore, the T sym-
metrization in the orientation shown in Fig. 7 is sufficient to
enforce an octahedral or icosahedral symmetry, thus suppress-
ing anisotropic K-body multilinear interactions with K < 3 or
K < 5, respectively.

The octahedral point group has an additional factorization
O = C4D3, where D3 describes the symmetry group of a tri-
angular antiprism. We can thus take advantage of the existing
Cs symmetry (and thus C4) and construct a sequence on the
D; Cayley graph. There are two distinct Cayley graph for
this point group, depending on the generators chosen. For a
generator set consisting of two C, elements (two rotations
of angle m about nonorthogonal axes), the Cayley graph has
a ring shape, as shown in Fig. 8(b), and the corresponding
six-pulse DD sequence is given by

(2 ()2 (o) (36)

where 7] = \/%(1, —1,0)and 1, = JLE(O’ —1, 1). Choosing a
C, and C; element instead (rotations of angle 7 and 27 /3
respectively about orthogonal axes), we find the Cayley graph
depicted in Fig. 8(c) and the pulse sequence

w (27 W (27 0 x2 37
(‘ (7)%—(7)%-(’%) 9

where fi3 = %(1, 1, 1).

4By K-body multilinear, we mean that the interaction Hamiltonian
can be expressed as a sum of K-fold tensor products of operators
linear in the spin operators (S, Sy, S;). A multilinear interaction is
anisotropic if it does not have an isotropic component, which is
invariant under global SU(2). For example, an isotropic trilinear
interaction between spins (51, 55, 53) is S' - (§? x S3).
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(c)

N

5

—— R(fs, &
——— R(fa,7)

FIG. 8. (a) Representation of the D3 symmetry in an octahedron
with C4 symmetry about the z axis. [(b) and (c)] Cayley graph of
the D3 symmetry group with respect to the generating sets {2C,} and
{C,, G5}, respectively.

D. Decoupling of a dephasing qudit

Let us consider a single qudit, with d-level Hamiltonian

d—1
Hs =Y E,In) (nl, (38)
n=0

interacting with a bosonic bath with Hamiltonian Hp and
system-bath coupling Hamiltonian Hgp given by

HB = Z a)kabk,
k

Hgs =S ® Y (1] + gibe). (39)
k

for some system operator S, where g; describes the coupling
strength between the qudit and the kth mode of the bosonic
field of frequency wy. In the rotating frame with respect to
Hs + Hp, the time-dependent coupling Hamiltonian is given
by

Hgp(t) = e™'Se™ ™' @ Y " (gible ™ + gibre™'). (40)
k

In the case of a dephasing dynamics for the qudit, the system
operator S commutes with Hg and is diagonal in the eigen-
states basis {|n)}, so that the coupling Hamiltonian reduces to

Hsp(t) =S ® Y (skbfe™™ + gibre™’).  (41)
k

To suppress this coupling, we can send a DD sequence com-
posed of SU(2) pulses in the rotating frame, provided that the
control Hamiltonian

Hpp(t) = x(@®)a(t) - J (42)

can be implemented in the rotating frame. Here J=(J, J;, J;)
denotes the angular momentum operators of a fictitious spin-
j, with j = dz;l. The most general diagonal operator S for a
d-level system belongs to the irreps decomposition

d—1
Se @@W (43)
L=0

so that we look for SU(2) symmetries that are inaccessible to
all L-irreps with L < d — 1. As shown in Table I, this condi-
tion can only be satisfied for qudits with d < 7, since there are
no inaccessible point groups to the irrep % . Even for qudits

TABLE III. Decoupling groups for both universal decoupling
and dephasing-only decoupling for all qudits up to d = 6 levels. For
the dephasing qubit (d = 2), the C, decoupling group leads to the
CPMG (spin-echo) sequence [7]. The orientations of the relevant D,,
D3, and T symmetry groups for dephasing-only decoupling corre-
spond to those shown in Figs. 5(b), 8(a), and 7(b), respectively.

Universal decoupling Dephasing only
d Point group Order Point group Order
2 D, 4 C, 2
3 T 12 D, 4
4 (0] 24 D; 6
S5and 6 I 60 T 12

with these numbers of levels, the order of the inaccessible
point groups can be very large, which limits the practical use
of the decoupling scheme. However, because S is diagonal, it
is invariant under rotations about the z axis and this symmetry
can be leveraged to more effectively suppress dephasing; this
leaves us with smaller decoupling groups which are listed in
Table III. Although the numbers of pulses have been signifi-
cantly reduced, it is worth pointing out that shorter decoupling
sequences have been constructed, which suppress dephasing
in a single qudit [22,62]. Note that if S has support on a
subset of the irreps in the decomposition (43), then it may be
possible to further reduce the decoupling group. For example,
if the dephasing operator S of a qudit with d = 6 levels of
energy has no support on the L = 4-irrep, then an octahedral
symmetrization is sufficient to achieve decoupling and the D;
sequence can be used instead of a tetrahedral sequence, which
further reduces the number of pulses by a factor of two.

Although Eulerian sequences can be constructed for each
of these decoupling groups, it should be emphasized that
robustness to all finite durations is not guaranteed because
the finite-duration errors do not necessarily have the same
symmetry as the dephasing Hamiltonian, as mentioned in
Sec. IVB 1. However, using pulse shaping or composite
pulse techniques, it may be possible to engineer the finite-
duration error Hamiltonian such that the necessary rotational
invariance about the z axis appears, which should guaran-
tee robustness to finite-duration errors at the cost of more
complex generating pulses. The robustness to control errors
provided by the Eulerian design would then ensure good se-
quence performances in the case where these pulses are more
prone to errors.

As a brief illustration of the formalism, we consider the
dephasing of a spin-2 tetrahedron state, a fragile anticoherent
state to order 2 useful in rotation metrology [63-65]. For a
certain orientation of the axes, this state is given by

V) =c112,2) +¢212,0) +c1 |2, =2) (44)
with

=1+ 2i

2\/5 C2 (45)

Cl
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—— R(ng, )

—— R(h2, &)

FIG. 9. (a) Representation of a T symmetry inside an icosahe-
dron with a Cs symmetry on the z axis. (b) [respectively, (c)] Cayley
graph of the tetrahedral point group with respect to a generating set
{2Cs5} (respectively, {C3, C>}). Note that the two C; axes have been
chosen to satisfy the defining relation [R(7;, Z)R (A, Z))* = E,
where E is the identity.

The operator S in the coupling Hamiltonian can, in all gener-
ality, be written as

§= Z Z wrmTim, (46)

where {Tyy: M = —L, —L + 1, ..., L} are the multipolar op-
erators [42]. The linear combination of Ty,’s with a fixed
L is associated to a bicolored Majorana constellation with
2L points [33,34]. It was shown in Ref. [34] that the con-
stellations with C,, symmetry about the z axis are those of
operators proportional to 7;o. Therefore, an operator S that is
diagonal (invariant under rotation about the quantization axis
z) can be written as S = 22:1 wroTro. According to Table I1I,
an operational DD sequence to decouple dephasing in this
case corresponds to an oriented tetrahedral symmetry as in
Fig. 9(a). There are again two distinct Cayley graphs for the
tetrahedral point group depending on the choice of genera-
tors. For a set of generators consisting of two C; elements
(respectively, one C3 element and one C, element), the Cayley
graph is shown in Fig. 9(b) [respectively, Fig. 9(c)]. Note that
Cayley graphs are represented in three dimensions, but there is
an equivalent two-dimensional representation that can be used
to design DD sequences more easily. A valid choice (among
many others) for the rotation axes is

l—¢
4 ©
A1 = R| -2, — | R| —%, arccos —— 0 V3
1 < 5) ( V¢+2> 0 /

i3 = R<—fc, arccos z 47)

@
V¢+2>
where R(¢é, 0) is the SO(3) matrix representing a rotation of

angle 6 about an axis é and ¢ = ”Tﬁ is the golden ratio.

Several DD sequences can be constructed as there are many
valid Hamiltonian paths on the different Cayley graphs. Two
such paths are given by

TDD| =2 g 2p gl glpl

LDgppggRp (48)

Q

TDD, TDD,
1.0 4 1
0.9 g >
0.8 B F wcT
P o7+ 8 < 0.075
0.6 N > 0.15
0.5 . ) ©03
0.4 8
o 1 2 3 4 0 1 2 3 4
w,t w,t

FIG. 10. Purity as a function of time for the dephasing spin-2
tetrahedron state under no DD (blue lines), the TDD; (red lines)
and the TDD, sequences (gray lines) for several values of the pulse
interval w.t € {0.075, 0.15, 0.3}. The purity at the refocusing time,
i.e., after a complete iteration of the DD sequence, is indicated each
time by a marker. Simulations were performed using the HOPS
method and averaged over 500 quantum trajectories.

and

™D, =(2c®b2b2c™b 257 (49

b 2r _
=(5), =

_ 2 — 21
=(5), = (5), S

We model the coupling of the spin with the bosonic bath by a
Lorentzian spectral density

where

J gk K

(w) = W p——
In our simulations, we set x = w./10 and g = w.. We com-
pute the purity of the evolved state, P = Tr[p?], as a function
of w.t without DD and with the application of TDD, or TDD,,
using the hierarchy of pure states (HOPS) method [66]. The
dephasing operator (46) is chosen with frequencies w; g = @
V L, where w is chosen such that ||S|| = g, to ensure that the
different multipolar operators contribute equally. It should be
noted that this decoherence model is a simplified and illustra-
tive model specifically designed to ensure that constellations
with 1 to 4 pairs of antipodal stars are represented. We fix the
waiting time between two pulses to 7y = 0.87, and the dura-
tion of the w and 277 /3 pulses to 7, = 0.27 and Ty, /3 = %0.21
for various values of the parameter w.t € {0.075, 0.15, 0.3},
so that the duration of each pulse takes at most 20% of the total
pulse interval.’ The results are plotted in Fig. 10 and show
that a significant increase in coherence time can be achieved
by repeatedly applying the pulse sequence, particularly when
the time interval  is short.

(S

E. Hierarchical decoupling in spin qudits

Relevant quantum platforms proposed for quantum com-
puting make use of qudits encoded into atomic [36,67,68]

>Note that in this case, the pulse interval varies for 7 and 27 /3
pulses, but the waiting time between pulses does not.
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or solid-state [69,70] spin qudits. In such (potentially large)
spins, noise typically occurs due to interactions with a fluc-
tuating microscopic magnetic field, leading to depolarization
and dephasing [64]. These errors are linear in the spin
operators and belong to the 1-irrep %", However, higher-
order errors can also occur due, for example, to quadrupole
interactions with an electric field [30,36,69] or strain inhomo-
geneities [30,71-73]. These particular errors are quadratic in
the spin operators and thus have support on the 2-irrep %?.
In recent years, the possibility of encoding a qubit in a spin
qudit was investigated, and quantum error correction codes
were constructed to protect the logical qubit from such errors
[36-39,74].

Both linear and quadratic errors can be suppressed by a
tetrahedral symmetrization, as the tetrahedral point group is
inaccessible to both ) and Z®. However, magnetic field
noise can already be suppressed by a D, symmetrization
(see Table I). In the case where linear errors in the spin
operators (e.g., depolarization) are dominant with respect to
quadratic errors (e.g., strain noise), a D, symmetrization on
a shorter timescale might be advantageous over the imple-
mentation of the full T sequence. This can be performed
by nesting the relevant four-pulses sequence into a C3 outer
layer, exploiting the factorization T = C3;D,. A sequence that
performs C3[D;] is given by

T T T T 27-[
(—U ()i, = (s, 2 (), = ()4, <—>

x3
3 A%) (52)

withi; =X, 7, = 9, and i3 = %(1, 1, 1). We emphasize that
the last two pulses in the bracket should be applied without
any waiting time in between. Alternatively, one could also re-
place them by a single pulse implementing the same operation
as these two successive rotations; this pulse will also represent
a rotation of the tetrahedral group for which the angle 6,3 and
axis 7ip3 can be easily determined [58,75]. In the case of a
m-pulse followed by a 27 /3 pulse and for any 71, and 713, they
are found by solving the set of equations

023 NEI
OS\ — | =———ny-n3
2 2

0, 1 3
SlIl( 2?)7123 = Eﬁl — %ﬁlelz (53)
For the 7, and 713 specified above, we find 6,3 = 2?” and

iy = (1, =1, =1).

Additional cubic errors in the spin operators can be cor-
rected on a longer timescale by concatenating the above
sequence with the relevant two-pulse sequence to implement
the octahedral symmetrization,

C1[C3[Ds]] = (C3[D2] (7)5,) %, (54)

where 71y = Lz(l, 1, 0). This sequence therefore suppresses
different noise sources hierarchically, correcting the dominant
linear noise at the smallest timescale and the smaller cubic
noise at a longer timescale.

FIG. 11. Distance between the identity and the noisy propagator
of a single spin-3 with Hamiltonian H = y 7 - J. The average dis-
tance without DD and with tetrahedral sequences TDD, (48), TDD,
(49), and C3[D;] (52) are compared. The average is calculated on a
sample of 10 000 randomly generated unit vectors 7.

Another relevant choice for the axes of rotation is

(fo5)

for which quadratic terms proportional to S2 are also corrected
on a smaller timescale; the inner D, sequence in this case is
none other than the four-pulse sequence (30).

As a proof of concept of this hierarchical decoupling struc-
ture, we apply the pulse sequence (52) to a single spin-j
undergoing the coherent noise H = y it - J and calculate the
distance D(U) = vV'1 |tr | between the evolution U
and the identity. The results for ] = 3 are plotted in Fig. 11
where we compare the tetrahedral sequences TDD; (48),
TDD; (49), and C;[D,] (52). The black curve corresponding
to the distance for the sequence C;3[D,] is consistently lower
than all the others, while maintaining the same scaling with T
as the other tetrahedral sequences, thus demonstrating that the
hierarchical structure provides an overall improvement in the
decoupling of arbitrary linear errors.

= (O’ 07 1)7

=

>

VI. CONCLUSIONS

In this work, we introduced a symmetry-based approach
to designing dynamical decoupling sequences that are both
efficient and tailored to the specific structure of the unwanted
interaction Hamiltonian to be mitigated. By systematically
building on the symmetries already present in the Hamilto-
nian, we developed a nested multisymmetrization procedure
that projects the dynamics of the system onto a subspace in-
variant under a chosen symmetry group. This strategy reduces
the complexity of decoupling protocols and enables more
targeted suppression of interactions. As a notable example,
our method naturally recovers the well-known Lee-Goldburg
DD sequence [9], associated to the magic angle, widely used
to cancel dipole-dipole interactions in solid-state NMR. This
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suggests that the additional sequences we derive may likewise
prove useful in NMR spectroscopy. In particular, the combi-
nation of our framework with the geometric insight offered
by Majorana constellations provides an intuitive and flexible
tool for constructing pulse sequences that selectively cancel
interaction terms based on their symmetry properties [18,19].

A central result of our work is the four-pulse sequence
(30) that simultaneously cancels dipole-dipole interactions
and on-site disorder. The eight-pulse Eulerian variant (31) of
this sequence, which we call TEDDY, was shown to be robust
to finite-duration pulses as well as to many relevant control
errors, including systematic over- and under-rotation as well
as deviations from the desired axis of rotation and pulse shape.
Furthermore, it cancels several high-order terms of the Mag-
nus expansion in both the ideal and finite pulse regime, and we
find that it outperforms state-of-the-art sequences in relevant
regimes of parameters (see Fig. 6).

We have also discovered small decoupling sequences that
suppress anisotropic K-body interactions (with K < 5) un-
der the rotating-wave approximation. These sequences have
potential applications for preserving coherence in nuclear or
electronic spin ensembles, as well as for probing exotic in-
teractions between spins. Their short length, versatility, and
intuitive decoupling properties make them good candidates
for use as building blocks in the construction of more ad-
vanced protocols based on nesting [28]. We have shown that
these sequences can be used as decoupling sequences for
small dephasing qudits (d < 6). Finally, we have demon-
strated how the multisymmetrization approach enables the
construction of nested sequences that suppress dominant er-
rors at shorter timescales. This is achieved by factorizing
high-symmetry groups, which decouple all relevant error
sources, into products of lower-symmetry subgroups, each
tailored to suppress specific dominant error mechanisms. An
overview of these novel DD sequences, including their de-
scription and potential use, is given in Appendix C.

The same procedure of nesting and exploiting symmetry
as implemented in this work could be used to achieve more
efficient higher-order decoupling. In the traditional concate-
nation scheme for high-order decoupling [47,53], a sequence
is nested within another such that the outer-layer sequence
essentially decouples the dominant term of the Magnus ex-
pansion left out by the inner-layer sequence. Using this
framework, the outer-layer sequence can be judiciously se-
lected to take advantage of the symmetries of the leading
term of the Magnus expansion, essentially reducing the length
of the high-order nested protocol. Even in the case where
no apparent symmetries appear in the leading order term,
knowledge of the Majorana constellation can help us iden-
tify inaccessible symmetries, providing useful information for
making an informed choice about the outer-layer sequence.

In conclusion, we have demonstrated the importance
of symmetries and their abstract decompositions in the
framework of dynamical decoupling. This symmetry-based
approach enables the systematic construction of efficient, ro-
bust, and unconventional DD sequences whose decoupling
and robustness properties can be understood analytically, thus
facilitating physical intuition. Our examples are based on
point groups, where geometrical representations help elu-
cidate the underlying symmetries of interaction subspaces

and their factorizations. Although we focused on global
SU(2) transformations, the framework extends to all sym-
metry groups, opening a new avenue for the development of
robust protocols for dynamical decoupling and Hamiltonian
engineering.
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APPENDIX A: SUBGROUP STRUCTURE
OF THE PROPER POINT GROUPS

The tetrahedral T, octahedral O, and icosahedral I ex-
ceptional point groups are equivalent to the permutation
subgroups Ay, S4, and As, respectively [49]. Here S, is the
permutation group of n elements, and A, is the alternating
group of n elements, that consists of the subgroup of S, of
even permutations (i.e., which are decomposable into an even
product of cycles). We now write the maximal subgroups (i.e.,
a subgroup that is not contained in another proper subgroup)
of each exceptional point group and their corresponding chain
of subgroups [49,50]

T=A,L > D, 2G
G
>
A > 1270
3
~ D, 2 G
0=S842 Dy > C.>C,
G
D; > C,
T2A > 127
Cs
1= As > Ds> 1o (Al)
2
G
D3 > C,

Candidates for factorization with two complementary sub-
groups, G; and G,, of a point group G are those such that
|G| = 1G111G2| and G; NG, = {E}, where E is the identity
element. The order of the groups is |A,| = n!/2, |D,| =2n
and |C,| = n. For example, the icosahedral symmetry I is
of order |I| = |Ds||D3|. However, for all possible D5 and D3
subgroups of I, Ds N D3 # {E} and consequently, I # DsDs.

For finite groups, if GG, is also a group and |G,G,| =
|G111G2|, then GG, = G,G;. Thus, any factorization is valid
regardless the order.
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APPENDIX B: ROBUSTNESS ANALYSIS
OF THE TEDDY SEQUENCE

The eight-pulse sequence (31), written below for conve-
nience

(2 2 (1)) (2 (M) 2 (0) 5, B

implements the quantum operation

1 (I'p,,T)
S5 > Moy (7)), ®2
A=1,2
where
1 T
F0 =1 [ dosuon 63
T Jo

with u1(7) = e ™ and u(v) = ¢™+2'3. In this section, we
show the robustness of the sequence to finite-duration pulses
and relevant control errors.

1. Control errors

Let us consider that the control Hamiltonian H;(t) =
fi(®)a; - J implementing the pulse u;(#) comes with system-
atic errors which take the form of the Hamiltonian AH,(¢)
and which is considered small compared to the time-duration
of the pulse, i.e., T||AH;(?)|| < 1 Vt. A relevant control error
Hamiltonian would take the form

AH (1) = A@)S(t) - T (B4)

and would cause a deviation from the intended rotation. For
instance, in the case where S(t) = i1, this Hamiltonian gener-
ates an over- or under-rotation.

If the control error is systematic, which means that the
same error term AH, (¢) appears every time H| () is turned on,
the error is taken into account by changing the finite-duration
term to

(I'p,.7)
F

(S) > F (S + AH; (1))

(T, ) (', .7)

=F (S) +F, (AH (1)) (BS)

J

where

Dy, T l T +
Fe )(AHl(t)):;/ Wl (OAH, (D ()t (B6)
0

(I'p,,T

The finite-duration errors F, )(S ) and the control errors

FI(FDZ’I)(AHl (t)) can thus be considered individually. Cru-
cially, if AH,(t) has the form (B4), then the control error
Hamiltonian is corrected by the I1p, symmetrization, as D, is
a symmetry inaccessible to the irrep 2", Furthermore, when
the generating pulse u;(¢) has the form e~ at all times
t, for some axis 7, and angle 6,—that is, if the generating
pulse represents a rotation at all times r—the finite-duration
error Fl(FDTT)(AHl (¢)) also belongs to the irrep B, as it is
a closed subspace under SU(2) unitary transformation. Con-
sequently, it is suppressed by the symmetrization I1p,, which
proves robustness to such control errors to the first order of
the Magnus expansion.

Evidently, the same argument can be made for the second
generating pulse u(¢).

2. Finite-duration errors

Even when S belongs to the so-called correctable subspace
of the D, group, this does not guarantee that the finite duration
(Tn,.7)
error F)

where

(S) is corrected by D,. However, in the case

u(rt) = e_ifr)tfl(’)dffH-J7 (B7)

and if fi(¢) = fi(r —t), we can show that

Ip, [/’uf(t)Sm(t)dz} _ /f uy (t)p, [STul (t)dt. (B8)
0 0

This equality means that if S is corrected by IIp,, then

FI(FDZ’T)(S ) is also corrected. An analogous argument applies
to the second generating pulse, u, (7).

In what follows, we set S;(¢) = u}L (t)Suy(t). The proof of
the equality (B8) begins by writing

Mp, [ / ' S (t)dt] = f ' Si(t)dt + ™M ( / ' Sl(;)dt>e"”'”“'J
0 0 0

T T
+ eirrﬁ+2-.] (/ Sl (t)dt)e_i”ﬁ“'J 4 eirrrLz-J </ Svl (l )dl)e_iﬂﬁz"] (B9)
0 0

and realizing that since 711, are orthogonal to 7i;, we have

. T
elﬂﬂﬁ'-](/ S] (l‘)dl‘)emniz.‘] — / ul(t)emniz-JSefmniz-JuI(t)dt.
0 0

(B10)

Additionally, because of the symmetric control profile, we find that

Uy (t) = e~ i Jo Ut -

which can be used to prove that

/ Si(t)dt = / ur (£)e" NI SNy (1) d.
0 0

(B11)

(B12)
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TABLE IV. Summary of DD sequences that leverage existing symmetries in the interaction Hamiltonian. The H3'* (25) (H 4, (29))

Hamiltonian considers dipole-dipole (+ disorder) interactions under the RWA.

Description No. of pulses Pulse sequence Rotation axes
DD sequence (26) for HRVA cf. Lee-Goldburg 3 (2 (%)n)x% = %(—1, 1,1
sequence [9]
DD sequence (30) for H\va;, 4 (2 (), © (7{);&2)X2
TEDDY sequence (31) for HRYA, robust 8 (@ 2 ) (2 2 ) = £(V2,0,1)
to systematic control errors fan = (_L 4+ L L)
2= 6 V2 V3

(TEDDY )(TEDDY)" 16 (TEDDY )(TEDDY)"
second-order decoupling for Hivy;, robust
to systematic control errors
DD sequences (36) and (37) for three-body 6 (2 () @ (71);,2)X3 = %(1, —1,0)
multilinear int. under RWA |

. nder iy = 50,11
(dephasing Hamiltonians) -

6 (% (5, ()5, ® 0m) iy = 5L 1L 1D

DD sequences for four- and five-body 12 See Eq. (48) See Eqgs. (47) and (50)
multilinear interactions under RWA 12 See Eq. (49)

(dephasing Hamiltonians)

Putting everything together, (B9) becomes

T T T
nD2[ / S'l(t)dt]: / ur (£)e" NI S ™My (1) dr + / uy (t)Su] (t)dt
0 0 0

T

T
+ /0 u (t)emn_*_z-JSefmn_*_z-JuI(t)efmn_,_z-,]dt + L u (t)emn_z-JSefmn_z.JuI (I)dt

= f i (1), [STul (t)dt. (B13)
0

This demonstrates that the sequence is robust against finite-duration pulse errors under moderate conditions in terms of pulse
profile.

APPENDIX C: OVERVIEW OF DD SEQUENCES

Tables IV and V summarize the most relevant DD sequences developed in the work, which exploit existing symmetries in the
interaction Hamiltonian and hierarchical decoupling, respectively.

TABLE V. Summary of DD sequences that decouple several interactions hierarchically.

Description No. of pulses Pulse sequence Rotation axes

. . 7 T T T x3 N
T = C3[D,] sequence (52) primarily suppresses 12 (2 @i, 2 (a2 ()4, 2 (), (27”)”3) i = (1,0,0)
linear errors and secondarily quadratic errors ’ i, =(0,1,0)
O = C,[C3[D,]] sequence (54) primarily 24 (C3][D»] (7'[);14)X2 iz = %(1, 1,1)

suppresses linear errors, then quadratic
and minimally cubic errors
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