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In this paper, we present a Robust Model Predictive Control (MPC) based on the Singular Value De-
composition (SVD) analysis to handle long prediction and control horizons where numerical instability
might appear. The proposed method is developed following the Extended Prediction Self-Adaptive Con-
trol (EPSAC) algorithm. The performance of the controller is evaluated in simulation using a 4th order
mass-spring-damper system, and the dynamic walking of the humanoid COMAN. The stability of the

closed-loop system is analysed using root-locus and Bode plots whilst robustness tests are performed
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by introducing modelling errors in the prediction model. The results show that the proposed extension
increases the robustness of the feedback control, and therefore the operational range of the system.

© 2015 Published by Elsevier B.V.

1. Introduction

Model Predictive Control (MPC) is one of the control method-
ologies that have been well applied in both academia and
industry. Its success is due to the ability of handling nonlinear,
multi-variable systems with the consideration of constraints in an
efficient manner [1,2]. A number of applications of MPC have been
reported in industry [3,4] as well as in research areas including fast
dynamic systems such as those found in robotics [5,6].

For the MPC method, a model is needed to estimate the future
behaviour of the system, where an optimization problem is solved

* This work is supported by the FP7 European project WALK-MAN ICT-2013-10.
* This work is supported by the institute for the Promotion and Innovation by
Science and Technology in Flanders IWT SBO-110006.

* Corresponding authors.

E-mail addresses: Juan.Castano@iit.it (J.A. Castano),
Andres.Hernandez@UGent.be (A. Hernandez).

http://dx.doi.org/10.1016/j.robot.2015.09.001
0921-8890/© 2015 Published by Elsevier B.V.

on-line, in order to find the optimal control inputs which satisfy the
constraints and minimize an objective function. As demonstrated
by previous researchers, the MPC performance strongly depends
on the quality of the model and the prediction of noise [7,6,8-10].
In practice, modelling errors cannot be avoided, therefore, in MPC
there is a need to develop tools that ensure the closed loop stabil-
ity of the system, and to define the degree of uncertainty allowed
by the controller. This is important given the modelling limitations
and the approximations made in the model design phase. In or-
der to analyse the closed loop stability, three methods have been
proposed in literature: root-locus analysis [2], Lyapunov analysis
[11,12], and long prediction horizons based stability for MPC
[13,14].

From the stability point of view, it is known that long prediction
horizons can provide stability [2]. Nevertheless, this can turn into
ill-defined prediction matrices [11,15]. This problem can be solved
as in [2], where the optimization function is modified to provide
more relevance to the short-term response, even when a long
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prediction horizon is used. This approach provides stability for long
prediction horizons but considering only the well-conditioned
problem during the optimization stage. Another way to handle
this problem is to reduce the solution space by removing, from
the prediction matrix, the ill-defined states of the system, with
the drawback that the performance might be reduced as some
dynamics are neglected.

The robustness can be enhanced in the controller by taking into
account the parametric variation of the system to be controlled as
in [16,17]. Another approach is to analyse how the Singular Value
Decomposition (SVD) affects the system behaviour as investigated
in [18], where an optimization was proposed to provide a feasible
response of the system.

Following a similar trend, in our work we use the analysis and
manipulation of the singular values of the optimization matrix
to enhance the robustness of the MPC. In particular we use the
Extended Predictive Self-Adaptive Control (EPSAC) approach to
MPC [7]. The EPSAC algorithm has been chosen here because it
allows the use of input/output models (e.g. transfer functions)
which avoids the need of state estimators. In addition, the EPSAC
algorithm is able to adapt the disturbance model, using a filter as a
disturbance observer. The proposed methodology is important for
the cases in which long prediction and control horizons are used.
The stability of the method is analysed using the root-locus, and
the robustness is validated by introducing modelling errors and
parameter variations in the prediction model.

To study the properties of our improved EPSAC controller, two
systems are investigated. The first example is a mass-spring—
damper, which is widely used to model mechatronic systems. Its
fourth order dynamics and low-damping impose a challenge for
the controller. In the second example, the robust EPSAC is used to
generate a smooth walking pattern of a humanoid robot by con-
trolling the Zero Moment Point (ZMP) [19]. The implementation
of the MPC controller for the latter study requires large prediction
and control horizons, resulting in numerical instability of the con-
trol. The model of the humanoid COMAN! was simulated in the
Open Dynamics Engine (ODE). In both cases, stability analysis and
robustness tests are performed.

The paper is organized as follows. A brief introduction of
the EPSAC algorithm is presented in Section 2. In Section 3, we
motivated the use of long control and prediction horizons in MPC.
In Section 4, the extension to Robust EPSAC is explained and
its properties are studied. The stability is analysed by root-locus
criterion in Section 5. Two case studies are presented and discussed
indepthin Section 6. Finally, the main outcome of this contribution
is summarized in Section 7.

2. EPSAC algorithm

MPC controllers are those that use a plant model to get the
control effort that minimizes an objective function over a time
horizon. The Extended Prediction Self-Adaptive (EPSAC) algorithm
proposed in [7] is the MPC controller selected in this work. This
controller can use different formats to represent the input/output
response of the model e.g. state-space, neural networks, transfer
functions, etc. In this work, the transfer function representation is
used, which avoids the need to design a state estimator.

The generic process model of the EPSAC is given by

y(t) = x(t) +n(t), (1)

where y(t) is the measured output of the process. x(t) is the
modelled output, and n(t) represents all the effects that are not
modelled by x(t) respect to y(t), in a discrete time t.

1 COmpliant huMANoid (COMAN) is developed by the Italian Institute of
Technology.

x(t) can be modelled with the transfer function

B(g™")

x(t) = u(t), (2)
A(@")

and the disturbance n(t) is filtered with transfer function
C@™"

n(t) = e(t). (3)
D(g™")

To describe the non-modelled dynamics and noise, we use the filter
(3) to have a coloured noise representation in a desired frequency
band. e(t) is uncorrelated (white) noise and A, B, C, D are monic
polynomials in the backward shift operator g~!. To have a better
performance of the controller, the choice of (3) is designed to
suit the type of disturbance [10]. However, a ‘default’ choice, that
removes the steady-state offset is n(t) = ﬁe(t) [8].

With the generic process model (1), the modelled output (2),
the process disturbance model (3), and based on the superposition
principle for linear systems, the predicted values of the output are

y(t + k|t) = Ybase(t + k|t) +yopt(t + k|t)7 (4)
where

® Vhase (E+k|t) is the effect of the pastinputsu(t —1), u(t—2) ...,
the effect of a known future control sequence upq.(t + k|t),
which can be the last used input, and the effect of disturbance
n(t + k|t) in the prediction horizon N;.

o Yot (t + k|t) is the output due to the optimized control actions
su(t|t), ..., du(t + N, — 1|t), with Su(t + k|t) = u(t + k|t) —
Upgse (t + k|t) in a control horizon N,,.

Using the discrete time convolution of the unit impulse and

step responses of the system with coefficients hq, ..., hy, and
g1, - - -, &, respectively, the optimized output y,, (k) is expressed
as
Yopt (¢ + K|t) = hpdu(t|t) + hy—qSult + 1j¢) + -

+ 8k, +16u(t + Ny — 1]¢). (5)

Combining (4) and (5), and using vector notation, we have
Y=Y+GU, (6)
where

Y=[yt+Nifo)...yt +No|O]",

? = [ybase(t + N1|t) .. ~ybase(t + N2|t)]T s
U = [Su(t|t)...8u(t + N, — 1]O]",

hn, hn, -1 8Ni—Ny+1
C— hny 1 hN] s ’ ™)
th th -1 &Ny —Ny+1

where temporal horizons Ny, N; and N, are design parameters and
G is the prediction matrix.

We find the optimal control effort U by minimizing the cost
function below,

N
J=Y _Irt+kt) =yt +kIOP. (8)

k=N

Notice that, as described in [7], we can use alternative cost
functions other than (8). In addition, it is possible to represent the
reference trajectory using a first-order function with initialization

r(t|t) = y(t) as:
r(t +k|t) = ar(t +k—1]t) + (1 — a)w(t + k[t),
Vke[1,...,Ns]. (9)
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The signal w(t) represents the desired set-point and « is a design
parameter to tune the MPC performance [3].
The compact matrix representation for the cost function (8) is

R-—Y)'R-Y)=[R-Y) —GUI'[(R-Y) — GU], (10)
where R € %Nz,

Defining
H=G'G, f=-G'R-Y),

— _ (11)
c=R-Y) R-Y),
the expression in (10) can be transformed into the standard
quadratic cost index

J(U) = UTHU + 2fU + c. (12)

The constraints of a system should always be considered, since
all processes are subject to them. Like input constraints for the case
of limits in the actuator range, or output constraints for maximum
output range. There are two available approaches: Clipping and
Constrained Control.

Clipping approach is formulated assuming that the control
effort has an unlimited range. First the control action is calculated,
then it is hard-limited to keep the resulting values within the
specified range. Minimizing the cost function (12) with respect to
U, leads to the optimal (unconstrained) solution U* = —H™f:

U* = [G"G]'[GTR-Y)]. (13)

In this approach the solution obtained by (13) is limited into a
minimum and maximum value, e.g. (min < U* < max).

Constrained control approach takes the constraints into
account a priori, which result in an optimal solution within the
specified limits, finding the solution as a constrained optimization
problem, which is formulated as:

mUin J(U) = U'HU + 2f'U +c,

. (14)
subjectto AU < b,

where A € RN NutiN) and b € RMHN2 given i input constraints
andj output constraints. The above problem is a standard quadratic
programming problem.

Finally, the MPC feedback control applies only the first optimal
control input u*(t) = uUpgse (t[t) + Su(t|t) = upgee(t|t) + U*(1) to
the plant and then the whole procedure is repeated again at the
next control sample (t + 1).

3. Motivation for the use of long control horizons in MPC

Literature of MPC shows that in general a control horizon N, =
1 is enough to address most of the control problems [7,20], since
it allows the system to follow set-point changes at its “natural”
rate, while being able to react to disturbances at a rate determined
by the monic polynomials C and D in (3). However, there are par-
ticular systems where a control horizon of N, = 1 may result in
a mean-level control that does not have an optimal performance
such as the high order systems with multiple modes [21]. The use
of a long control horizon provides further properties and may be
required for some applications, as mentioned in [21]. Some of the
properties are: a faster settling time, better tracking of a desired
trajectory, and stronger noise rejection. However the system de-
creases its robustness and becomes more aggressive and sensitive
to disturbances, this behaviour is due to the control effort, which
is increased to produce a faster response.

Biped walking control is an example where long control and
prediction horizons are particularly required given the necessity
of an anticipated control action which takes into account the

Xcom

Fig. 1. The cart-table model.

future steps of the robot in order to guarantee a good tracking
performance. In our study the control target is the zero moment
point (ZMP), which is the point where the ground forces acting
on the body can be replaced by a single force [22]. While the ZMP
remains inside the support polygon, the robot will not tip around
the support polygon. The control goal is to produce a feasible
COM motion that requires the ground reaction forces always from
the support polygon. In other words, the ZMP is always inside
the support polygon, which prevents the robot from tipping over.
Given a ZMP trajectory represented by W as

o Wi, 1, (15)
”szp — wq|| <SPy, (16)

where SP; is the support polygon at time t.

In order to model the dynamics of biped walking, the cart-table
model Fig. 1 proposed by [23] is used to represent the behaviour
of the centre of mass (COM) of the robot. The robot is simplified
as a running cart on top of a mass-less table, the cart represents
the centre of mass of the robot and the table represents the
supporting foot. Given the cart’s acceleration, the ZMP position can
be computed by

Wz = [wq, wy, ..

Z:X
Xamp =X — —, (17)
g
where g is the gravity constant and z is the constant height of the
COM. We regard ZMP as the control target, and the jerk (the rate of
change of acceleration) as the control effort.

The control of ZMP requires an anticipated control action to
guarantee a precise tracking, so the COM motion does not diverge.
To realize this, the real ZMP should track the ZMP reference within
the support polygon to provide a physically realizable response
of the biped walking. In this case, a long prediction horizon is
needed because an accurate ZMP tracking must consider future
information for more than one step. By applying our proposed
control strategy, we can obtain a COM trajectory that is coherent
with the ZMP trajectory and with the walking strategy.

Fig. 2 shows the behaviour of the ZMP and the COM of the
cart-table model when the same ZMP reference is used. The time
window was 2 s and the sampling time was 5 ms corresponding to a
prediction horizon of N, = 400. As it is shown, a good ZMP tracking
that keeps the ZMP response close to the reference is generated
when a bigger prediction horizon N, is used. When N, = 1, the
system has a slower response to the changes in the reference and
the settle time is longer. Each steady ZMP reference corresponds to
a stationary foothold during walking, which implies that the COM
should ideally transit between two successive steps.

Therefore, for the particular control requirements of the
walking pattern generator, short prediction horizon does not
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Fig. 2. Control response for short and long control horizons.

provide future information of the change of ZMP due to the discrete
change of foothold, which fails to generate a dynamically stable
gait. This motivates us to develop a control technique that warrants
a robust response of the EPSAC controller when long prediction
and control horizons are implemented, and meanwhile keep the
advantages provided by the long control horizons.

4. Extension to robust EPSAC based on SVD

The EPSAC solution uses the inversion of the prediction matrix
G (13). Consequently, the numerical stability depends on whether
this matrix is well defined. The stability of the system can be
extracted from the Singular Value Decomposition (SVD) [15,18],
which provides also the frequency response of the system due
to the control horizon and a mathematical representation of the
solution space. In our work, we generate a well-defined prediction
matrix for the long prediction (N,) and control horizons (N,). The
method takes advantage of the SVD properties in order to provide
robustness of the closed loop system.

Given the matrix G defined in (7), for Ny = 1and hy =0, g, =
0, Vk < 0|k € Z, thus matrix G is bottom triangular with the
following economy-sized SVD representation:

G=UxV, (18)

which considers, for the computation, only the first N, columns of
U and first N, rows of X.

U=[Uy, Uy, ..., Uy] € iN2M (19)
represents the left singular vectors, and
., vy, ] € RN (20)

is the right singular vectors, and

V=[vq,v,..

.., o, ] € RN (21)

is the singular values of the prediction matrix G. Geometrically,
the SVD describes a rotated hypersphere in %™, Fig. 3, where o;,
fori € [1,2,...,Ny], defines the magnitudes of the space in the
directions of the principal axes defined by the singular vectors [24].
If X is ill-defined, the nominal system diverges, because small
changes on the singular values generate an unbounded response of
the system. Conventionally, a method used to avoid this situation
is to eliminate the ill-defined singular values in the representation,
thus, resulting in the dimensional reduction of matrix G, hence, the
control horizon. However, this may cause a non-desirable response
because some of the inherited properties of the controller are not
preserved in the new representation.

In this paper, we propose a modification of the hyperspace that
keeps its dimensionality. Our method changes the magnitude of
the singular values o; Vi € klk < N, while the directional and
rotational singular vectors remain the same. This results in a bigger
hypersphere that contains the nominal solution space. The new

Y= diag[al, 07, .

Fig. 3. Geometrical representation of the SVD.

sphere has smoother transition and higher correlation between
the N, spaces. The obtained response is more robust against the
uncertainties in the model, while the complete control horizon N,
and its inherited properties are preserved during the optimization
phase.

4.1. Hypersphere construction

In order to better understand the method, consider a sys-
tem representation given by the parameters L = [l; + 81,1, +
82, ..., ln+8n] and impulse response H;, where §; is the variation
of the ith parameter, and let G be as in (7), then a SVD representa-
tion of the system is obtained with Xy = [07,, 03, . .., ony |. This
representation maps the effect of the parameter [; + §; into the SVD
of the system providing the solution space to be controlled. In or-
der to build a robust representation of the G matrix based on the
SVD, it is possible to take the maximum o, given a known varia-
tion range §;. This approximation covers the solution space of the
system considering the worse scenario for each o; € X;. Neverthe-
less, we propose a fitting function based on the impulse response
of the nominal system that provides a smooth transition through
the hyper spaces of X, increasing the relation between the optimal
control inputs U} in the control horizon and the impulse response
of the system.

We evaluate the contribution of the impulse response at the
sample time k; > ko where kg is the present time. The ith row
of G contains the impulse response for 1 < j < N, — 1, where
G(@i,j) = 0, Vj > i. Then, the relative contribution C,(k) of the
impulse response hy, applied at future time k; = [1,2,..., Ny]
can be expressed as

|hN1ﬁ|

Cp(k) = B
(Z IG(k,J')|>

7 X 100%, Vk < Ny, (22)

j=1

where the parameter 8 € )t > 0is a factor that allows the method
to modulate the shape of the fitting curve to guarantee that the
modified singular values contain the original ones. Eq. (22) repre-
sents the percentage contribution of the impulse applied at time
k; with respect to the total contribution of impulses applied up to
time ky,.

To find the k singular values of the Xc where k € [1, 2, ..., Nu]
we proceed as follows.

e Fork =1, ¥, = oy and G,(1) = 100%.

e Fork = 2,3,...,Nu — 1, Nu the singular values X, are cal-
culated assigning proportional weights in G, (k). These propor-
tional weights correspond to the relative contribution of the hy,
value with respect to the accumulative contribution of the im-
pulse response.

e Reconstruct Gc¢ as the new prediction matrix using (18), which
is the mathematical representation of the solution space of the
system dynamics.
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Notice that the dimensional space is conserved since the nominal
left and right singular vectors are constant. This implies that the
growing direction and the rotational space of the original solution
are consistent with the new representation.

4.2. Robustness analysis

Consider G € %iN2>Mu | the optimization that provides the con-
trol effort at present time t is obtained by a minimization process
influenced by the future inputs up to time t 4+ N,. From the SVD,
the effect of the input at time t +1i, fori =1, 2, ..., Ny, is directly
related to the corresponding value o; € X. To guarantee a robust
response of the closed loop system, the hyperspace described by
¥ must contain the nominal space solution. The proposed method
constructs the hyperspace that contains the nominal one using (22)
and the maximum singular value of the nominal system. If the sin-
gular values of the modified G matrix are smaller than those in the
nominal representation. Then, the nominal solution space will not
be contained in the new space, which reduces the system perfor-
mance and its robustness. For such scenarios, a smaller 8 can be
used, providing smoother transitions of the singular values.

The control effort will be optimized using the modified matrix
Gc, however, the prediction depends on the nominal model.
Hence, a mismatch between G¢ and the model of the system may
cause a violation of the constraints. Therefore, soft constraints
should be implemented to guarantee a feasible solution during
the optimization. Other solution to this problem is given in [2],
where the cost function was modified using weights during the
optimization for each of the components in the control horizon.
Their method reduces the contribution of the further components
of the resulting vector, thus also reducing the effect introduced by
the long control horizon. For well-defined matrices, our proposed
method slightly affects the original SVD representation, i.e., the
original space and the approximated solution are consistent as
shown in [25].

5. Stability analysis

In the state of the art of MPC, there are different methods
to prove the stability of the closed loop system. A recent
stability approach for MPC controllers has been introduced. The
methodology uses the intrinsic stability of long prediction horizon
MPC controllers [2,13,26]. However, in this work, we focus on the
root-locus representation as reported in [2], which is a classical
scheme to verify the stability given the poles distribution.

As presented in [2], for the unconstrained control problems, we
can obtain a root locus representation of the closed loop system as
follows:

U* = [®T®] '[®T(R — Fx(K))], (23)

where x(k) are the states of the system at time k and F =
[CA CA%...CAM]". The solution (23) is consistent with (13), thus
we conclude that ® = Gand Fx(k) =Y.

From the analytical solution (23) and (13), we observe that the
term

[GTG]"'G'R (24)
corresponds to the set point change, while the term
— [GTG]"'G'F (25)

corresponds to the state feedback control within the framework of
predictive control. Both terms depend on the system parameters,
and are constant matrices for a time-invariant system. Based on the
receding horizon, only the first value of U* is applied, yields:

U* = K,R(k) — Kypex(K), (26)

ky k3
+—MW— e - A—h
1 FMN—] m, _D_E

=] motor =
u(t)
F(®)

Fig. 4. Schematic representation of the mass-spring-damper system.

where K, is the first element of the matrix [G'G]~'G’R and Kypc
corresponds to the first row of [G'G]~'G’F. The standard state
feedback law can be represented as

x(k + 1) = Ax(k) — BKypcx(k) + BK,R(k)
= (A — BKypc)X(k) -+ BK,R(K). (27)

Thus, the closed loop eigenvalues can be evaluated through the
characteristic equation:

6. Simulation results

In order to evaluate the performance of the proposed strategy,
two systems are studied: a mass-spring-damper system and
the dynamic walk of a humanoid robot. The description of the
two systems and the main results obtained are discussed in the
following subsections.

6.1. Mechatronic system: mass-spring—damper

In this example, we apply the proposed technique to a
mass-spring—damper system as in Fig. 4. The input of the system
is the voltage applied on the motor u(t) and the outputs are the
mass displacements y;(t) and y,(t). Therefore, a complete model
of the electromechanical plant should represent the dynamics from
u(t) to y(t) and from u(t) to y,(t). The electrical dynamics of the
motor is much faster than the mechanical dynamics thus can be
neglected, and the motor can be represented by a pure static gain
F(t) = Ku(t), with F(t) the force on the 1st mass. The parameters
of the set-up are: my = 1.85 kg, my, = 1.35kg, k1 = k; =
800 N/m, k3 = 450 N/m, and ¢c; = 9 N/(m/s).

The transfer function of the control response from the motor to
the second mass m; is

Y. k
re =29 _k (29)

U(s) v
where
U = mimayst + micis® + mys?(ky + k3)

+ mzsz(kz + k]) + C]S(kz + k]) + k2k3 + k1k2 + k1k3.
Applying the numerical values to (29), we obtain:
800

r(s) = (30)

2.498s% + 16.65s3 + 4473s2 + 14400s + 1360000

Then, we proceed with the implementation of the nominal and
Robust EPSAC controller with parameters Ny = 1,N, = 30,N, = 4
and different 8 valuesas 8 = 0.2, 8 = 0.4 and B8 = 0.6 for the
case study.

Fig. 5 shows that the response of the system does not have any
overshoot and the required control effort is high when the EPSAC
implementation is used. Additionally, it is analysed the response of
the system for the robust implementation when different values of
B are used. For 8 = 0.2, the system produces a smooth response
with a small control effort. However, it presents steady-state error.
For the case of B = 0.4 the response is similar to the nominal
controller in terms of overshoot and settling time, but requiring
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Fig.6. Singular values for the robust EPSAC for different values of 8, Solution space.

a lower control effort. Finally, the case of 8 = 0.6 presents the
lowest performance, presenting steady-state error and a control
effort comparable to the nominal controller.

Given the response of the different controllers, the robust
implementation when 8 = 0.4 is the one that reaches the best
performance. This implementation leads to a response without
steady state error and the overshoot of the output has comparable
magnitude compared with the ones obtained from § = 0.2
and B = 0.6. Additionally, the generated control effort is lower
compared to the nominal and 8 = 0.6 cases, but slightly higher
compared to the one when 8 = 0.2. Finally the settling time is
the same as the ones from the nominal case and the other robust
implementation.

As preliminary conclusion we observe that the 8 parameter
strongly influences the closed loop response, producing a stable
response but with steady state error. This characteristic is due
to the differences associated with the solution space. When 8 is
bigger, the singular values are smaller than the nominal ones and
the response is more aggressive. On the contrary, when a lower 8
is used, the response becomes smoother.

The magnitude of the solution space related to the SVD for
different 8 values is depicted in Fig. 6. When the SVD is applied to
the system using § = 0.4, the resulting representation is almost
equal in the first two singular values compared to the nominal SVD.
The further singular values, associated to the additional states of
the control horizon N, are bigger than those in the nominal SVD,
providing a more robust response of the system.

We also study the closed-loop frequency response through
Bode analysis. For this aim, we apply a reference signal such that
it makes a swap from t = 0 s with frequency w = 0 rad/s to
t = 100 s with frequency w = 78.5 rad/s (12.5 Hz) with a
spectrum as present in Fig. 7(a). The time responses for the nominal
controller and the robust controller when using 8 = 0.4 are shown
in Fig. 7(b). It is seen that the nominal time response has a low cut-
off frequency, while the robust controller has a flat response up to
the cut-off frequency at t = 50 s that corresponds to a frequency
of w ~ 40 rad/s if we compare to Fig. 7(a). Using these data, we
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(a) Frequency spectrum of the chirp signal used for closed-loop
identification.
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(b) Time response of the identification signal.

Fig. 7. Frequency spectrum and Time response of signal used for closed-loop
identification.

reconstruct the closed-loop transfer function of the system and
analyse the frequency response using Bode plots.

As shown in Fig. 8, the nominal frequency response does not
have overshoot, the magnitude stability margin is in a higher
frequency compared with the other controllers being at @ =
51 rad/s. However, the phase margin is in @ = 4.9 rad/s being
located in a smaller frequency than the robust implementations.
The frequency response of the robust controller when 8 = 0.2 has
negative steady state error in low frequencies and two overshoots
inw = 23 rad/s and w = 39 rad/s. A similar response is obtained
from the robust controller when § = 0.4 which presents a low
steady state error and an overshoot located in @ = 23 rad/s.
This overshoot is similar in magnitude to the one when g = 0.2.
The closed-loop response when 8 = 0.6 has positive steady state
error but no overshoot. These qualitative analyses are better seen
in Fig. 9 where we present a zoomed view of the magnitude Bode
plot.

The numerical results of the closed-loop response are presented
in Table 1, where we summarize the Steady State Error (SSE),
the Gain Margin (GM), Phase Margin (PM) and overshoot percent
(0S%). The nominal controller has the lowest frequency for the
phase stability margin. The robust implementation with 8 =
0.4 presents the lowest SSE of the robust implementations. The
stability margins for the different robust controllers are close to
each other and have higher frequency than the phase margin of
the nominal case. Near to the cut-off frequency, the controller
produces an overshoot of magnitude 1.52 db [23.9 rad/s] that
is smaller to the SSE when 8 = 0.6 and almost equal to the
second overshoot when § = 0.2 (1.54 db [38.9 rad/s]). From
the frequency analysis, we can conclude that the best performance
is achieved by the robust implementation when 8 = 0.4.
This implementation has stability margins in higher frequencies
compared to the phase margin of the nominal case, and are
close to the stability margins in other robust implementations.
Additionally, 8 = 0.4 control has the smallest steady state error of
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Table 1
Close loop frequency response comparison.

Controller Parameter Value

Nominal SSE 0.39 db [4.5%]
GM 11db[51rad/s]
PM 155° [4.9 rad/s]
0S NA,

B =02 SSE —2.26 db [—22.9%]
GM 1db[35.5rad/s]
PM —11.4° [37 rad/s]
0S 10% [23.1rad/s],

19.4% [38.9 rad/s]

B=04 SSE 0.79 db [9.5%]
GM 0.186 db [37.2 rad/s]
PM 21.2°[33.5rad/s]
0S 19.1% [23.1rad/s],

B =06 SSE 2.25 db [29.5%]
GM 0.755 db [37.9rad/s]
PM 15.3° [35.5 rad/s]
0S NA

the robust implementations, and the overshoots in the frequency
spectrum have similar magnitudes compared to those when § =
0.2.

Considering the previous analysis, from now on, we compare
the performance of the method using the nominal controller and
the robust representation with 8 = 0.4. Fig. 10 shows the pole
distribution of the closed loop system. It can be seen that the pole
distribution for the robust representation (%) indicates a damped
behaviour and the poles are located on the right hand side, which
minimizes the control effort oscillation known as ringing effect.
For the EPSAC controller, the poles are located in the real axis
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Fig. 10. Root locus representation for EPSAC and robust EPSAC controllers.

Table 2

Parametric variation for the parameter k.
Controller k3in N/m k39X N/m
EPSAC 650 850
Robust EPSAC 700 950

Table 3

Parametric variation for the parameter m.
Controller min (kg) mP* (kg)
EPSAC 1.73 2.25
Robust EPSAC 1.55 2.1

which means that the system is not damped as the one in Fig. 5.
However, some of the poles are located on the left hand side, which
generates high frequency behaviours in the control effort, which is
not desired even if the stability of the system is not compromised.

To study the robustness of the controllers, we compare the
responses of the system for different variations of the parameters
my and k; in (29). The parameter k, directly affects the gain of
the system while m, increases the damping behaviour due to
the pole distribution. For each controller, the parameters of the
plant are changed from the minimum to the maximum values.
This procedure is carried out until an acceptable closed loop
performance is obtained. The ranges are presented in Tables 2 and
3.

First, the results obtained after introducing variations in k, are
analysed, i.e. we consider modelling errors in the parameter k;. As
shownin Fig. 11, when the minimum value for the EPSAC controller
(ky = 650) is used, the robust EPSAC performance decreases the
system’s performance. The settling time of the system is longer,
and the response has oscillations but is still stable. For other
variations of k,, the system converges to the desired reference with
a similar behaviour compared to the nominal case in Fig. 5. On the
other hand, if we perform the same simulation using the nominal
EPSAC controller, Fig. 12, the response is similar to the previously
described one in the robust case for k, = 650. However, once the
maximum k;, is used, defined as limit for the Robust EPSAC, the
system oscillates.

A similar procedure, with variations on the parameter m; as
listed in Table 3 was implemented. Results show that the proposed
robust controller outperforms the nominal EPSAC controller in
terms of robustness, as the controller is stable for wider variations
of my.

Fig. 13 shows that the robust controller performs in a wider
error uncertainty in the model parameter m; Table 3. The nominal
EPSAC has a more stable response within the selected range for
the nominal case. However, if we apply m; = 1.55 kg that
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Fig. 12. System responses for the nominal EPSAC with model errors in the
parameter k.
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Fig.13. System responses for the Robust EPSAC with model errors in the parameter
mq.

is the minimum value selected for the robust controller, the
closed loop system with the nominal EPSAC controller oscillates
as shown in Fig. 14. According to the simulated results, the
robust implementation of the EPSAC controller provides a stable
controller for a wider range of parameter errors while the control
effort is lower as previously shown in Fig. 5, providing significant
advantages.

An additional and interesting evaluation is the behaviour of
the system against external disturbances applied at the input
and the output of the process. In this example, we evaluate the
performance of the system at a frequency of 20 rad/s, which was
selected according to the frequency response of the system.

Fig. 15 shows the Bode diagram of the open loop system where
the location of the resonance frequencies is located at 20 rad/s
and 37 rad/s. The first frequency is studied in this work. For the
noise rejection study at the input of the plant, a white noise signal
with amplitude of 1 V peak-to-peak was generated. This signal

Nominal controller response with mass variation
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Fig. 14. System responses for the EPSAC with model errors in the parameter m;.
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was filtered using a second order Butterworth filter with cut-off
frequency at 20 rad/s. The reference was constantly at zero.

As shown in Fig. 16, both controllers are able to compensate
for the noise input with a similar control effort. The proposed
controller has a bigger output error than the nominal controller.
However given the error ranges, it can be seen that both controllers
are feasible from the implementation and performance point of
view.

Next, the output disturbance rejection analysis of the closed
loop system is studied. In this case, the noise signal has amplitude
of 5 mm and two frequencies are studied: 5 rad/s and 20 rad/s.
This noise signal is added to the position feedback measurement.

For the measurement noise at 5 rad/s is shown in Fig. 17, both
controllers reject the disturbance. The nominal EPSAC controller
produces some peaks at time 3 s and has higher control effort
compared to our proposed robust implementation. It shall be noted
that the proposed robust EPSAC requires a lower control effort
while warranting a consistent noise rejection.
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It is shown in Fig. 18 that the nominal controller is not able
to reject the feedback noise thus the system oscillates. Instead,
our robust EPSAC controller is able to deal with the disturbance
with an amplitude error of 5 mm which is coherent with the
noise magnitude. Notice that in this case only the robust controller
provides a stable response.

As it was shown in the un-biased simulation study, the Robust
implementation of the EPSAC controller provides significant ad-
vantages to the system’s response including the robustness against
modelling errors while a good control performance is obtained
at the same time. Simulation studies show that the control effort
is reduced while a more damped and less aggressive response is
produced. Additionally, good rejection for input and output noise
disturbances in a wider range is achieved by using our proposed
technique.

6.2. Dynamic walking of humanoid robot COMAN

As introduced before, bipedal walking imposes the control chal-
lenge where long prediction and control horizons are required,
particularly for online modulated reactive walking gaits. In this
example, we show the implementation of the Robust EPSAC con-
troller on a reactive walking gait on the humanoid COMAN. Dif-
ferent works have used predictive control techniques in order to
produce a stable walk [27-29], among others. However, as pre-
sented in [25] for our reactive walking gait, the nominal controller
EPSAC is not feasible for implementation once the reactive ZMP
trajectory is used. The proposed walking strategy has an online

Prediction Horizon N, /

1
! : Nominal
—————————— I Step time
Adaptive :
Step Length 1
e——

1 Adaptive

\ )
. Step time + Nominal period

— — Adaptive Gait DS= Double support phase

SS= Single support phase

Nominal Gait

Fig. 19. Reactive ZMP gait.

ZMP trajectory generator that updates the ZMP robot’s trajectory
at every control loop using the feedback from the robot.

In our framework, the ZMP reference is regenerated online as
in Fig. 19. The nominal gait represents a fixed and predefined ZMP
trajectory, where the double support and single support phases are
already known. However, the reactive gait modulates the foothold
given by the foot placement and landing time predictions [25].
The new ZMP trajectory is modified based on the duration of
the current single support phase and the future double support
phase, depending on the current COM states and the predicted final
COM states. The feet trajectories are designed coherently with the
reactive gait. More details can be found in [25], and we keep the
description of the reactive gait generation out of the scope in this
paper.

To generate a feasible gait, the required ZMP must be restricted
within the support polygon formed by the physical contacts [30]
so the robot keeps the stability during the gait. Given that the
system is non minimum phase, instantaneous updates of the ZMP
reference in the prediction horizon produces an undershoot on
the system’s response. To overcome this problem, acceleration
constraints must be considered [25,31].

Since the real ZMP response should track the ZMP reference
within the support polygon, the ZMP x, should match a constraint
such that

Xfoot — A; =< )_(p =< Xfoot + A;Ls (31)

where A, A7 is defined according to the size of the support
polygon. The operator () indicates the saturated state of the
variable. These ZMP constraints, due to the support polygon, can
be rewritten as acceleration constraints

. X — (Xfoot + A)—:—)

Xmin = ——— &,

Zc
X — (Xfoo[ - A;)g

Zc

In Fig. 20, the ZMP reference and the COM feedback coming
from the biped, are used in the Robust EPSAC controller to generate
the jerk (rate change of the acceleration) as the control effort
to minimize the error. The generated control effort u is then
constrained to generate u so that the ZMP remains within the
stability region. The saturated control effort is then evaluated in
the cart-table model, generating the centre of mass reference to
be followed during the next control loop. This reference is mapped
to the joints level by the inverse kinematics of the robot.

To implement the EPSAC control in the cart table model
(Fig. 1), we use a constant height zz. = 0.41 m. The space state
representation of the system is,

X =Ax+BU

(32)

X
Il

Xmax =
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for the prediction model in the Robust EPSAC controller (2), we
used the transfer function representation, substituting z. = 0.41,
the transfer function is:

0.041794(s — 4.892)(s + 4.892)
= 53 .
The step response is shown in Fig. 21 where the non-minimum
phase duration of 0.475 s is observed.

In Fig. 22, the singular values for the Nominal EPSAC and
different robust EPSAC implementations are presented. For the
desired control horizon, the modified dimensional space contains
the solution space of the original system when 8 = 1. If different
B are used, some of the dimensional spaces generate an ill-defined
representation. Using 8 = 1 provides us the properties of the long
prediction and control horizons as well as those of the proposed
method including the numerical stability and a better disturbance
rejection.

The proposed ZMP constraint (32) was used, and a modelled
error in the parameter z. introduced into the estimation model for

I(s) (34)
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Fig. 24. Robust ZMP error responses when z. = 0.38 m.

the performance analysis. The height, z., of the cart-table model
that represents the real system was fixed to zz. = 0.41 m while
in the prediction model for the Robust EPSAC the variable was set
as z. = 0.38 m. Therefore, the controller should guarantee stable
trajectories with a COM height modelling error. The desired gait
trajectories were built with an online generator as the introduced
one.

When we apply the Robust EPSAC, the response of the closed
loop system is stable as shown in Fig. 23. The ZMP trajectory is soft
and continuous because of the adaptive reference and the control
effort is soft. These results are consistent with those previously
presented.

In Fig. 24, the errors for the constrained case are presented.
The constrained response remains inside the desired bounds
(£0.05 m) throughout the motion. Notice that the foot size of the
humanoid COMAN is 20 cm so the ZMP trajectory can be performed
and the constrained error will not affect the feasibility in a further
implementation.

As a comparison, if we apply the robust control strategy with
B = 1.5, the response of the system is shown in Fig. 25, where
the generated ZMP response is also feasible and the output has
no oscillations. However, the simulated control effort has bigger
magnitude compared to the one presented in Fig. 23 and higher
frequency component.

6.2.1. Whole body humanoid simulation results

Finally, simulations on the 3D model of humanoid COMAN were
performed. The COMAN robot is a whole body humanoid with 25
Degrees Of Freedom (DOF): 13 in the upper body, including neck,
elbow, shoulders and waist and 6 DOF in each leg. The weight
distribution and dimensions for COMAN are detailed in [32].

To generate the reactive ZMP trajectory, the COM states are
used as feedback, and the control strategy described in Fig. 20 is
used. The feet trajectories are consistently re-planned according
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Fig. 25. ZMP responses whenz. = 0.38 mand 8 = 1.5.

to the ZMP reference, as presented in [25]. The process runs at a
sampling time of 5 ms.

The Robust EPSAC controller tracks the re-planned ZMP
reference considering the acceleration constraints and generates
an adaptive COM motion. The joint trajectories of the biped
are obtained by inverse kinematics given the COM and feet
trajectories. The selected gait parameters are: step length S; =
0.2 m, step time St = 0.8 s, constant COM height z. = 0.38 m and
sampling time T; = 5 ms. The desired COM trajectory is adapted to
the changes on the robot’s COM states while the ZMP is contained
into the stability region using (32).

Adisturbance was created by a flying ball that hit the back of the
robot at a horizontal speed of 6 m/s and a mass of 2 kg, the response
of the biped is presented in Fig. 27. The step length was adjusted
by 6 cm in order to counterbalance the disturbance and maintain
a stable gait by modifying the ZMP trajectory. As it is shown, the
COM trajectory generated by the Robust EPSAC allowed the robot
to perform such motion and compensate for the disturbance to
recover balance.

Fig. 26 shows snapshots of how the robot performs a reactive
walking gait when an external disturbance was applied, the
proposed strategy allows the humanoid COMAN to perform a
stable walking gait with a reactive ZMP generator. The closed
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Fig. 27. Simulation data of COM and feet trajectory responses of COMAN.

loop system’s response rejects external disturbances and keeps the
stability of the robot while walking on flat terrain. Additionally,
it generates a smooth COM trajectory even when fast changes
in the ZMP trajectory are applied within the prediction window,
providing a feasible solution for biped locomotion.

7. Conclusions

In our presented work, an extension to MPC has been proposed
to enhance the robustness of the closed loop response. The method
uses the Singular Values Decomposition representation of the
optimization matrix, for dealing with numerical instability when
long control horizons are needed.

Simulation studies on two challenging validations from the con-
trol point of view are presented: a 4th order mass-spring-damper
system and the dynamic walking of a humanoid. The results show
the feasibility of the proposed methodology and the improvement
on the controller robustness, where stability analysis was also per-
formed by means of root-locus and Bode plots analysis.

Promising results were obtained with the mass—spring-damper
system from which we concluded that even for a well-defined
system, the methodology allows to enhance the closed loop
robustness. Of particular interest are the results obtained for
dynamic walking of the biped robot, because in order to achieve
the desired closed loop performance, it is required to design

Fig. 26. Snapshots of reactive and dynamic walking in the ODE simulation.
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the controller with long prediction and control horizons, causing
numerical instability. The proposed robust EPSAC demonstrated
robustness and smoothly tracks a walking pattern even with
modelling errors.

We conclude that the proposed methodology based on SVD
is suited for systems that require large prediction and control
horizons to improve the robustness of the response. Future work
includes the validation of the simulation results on the real
platforms and the extension of the method for different systems.
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