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Abstract

We investigate the existence of densities for finite-dimensional distributions of Hermite pro-
cesses of order ¢ > 1 and self-similarity parameter H € (%, 1). Whereas the Gaussian case ¢ = 1
(fractional Brownian motion) is well understood, the non-Gaussian situation has not yet been set-
tled. In this work, we extend the classical three-step approach used in the Gaussian case: factoriza-
tion of the determinant into conditional terms, strong local nondeterminism, and non-degeneracy.
We transport this strategy to the Hermite setting using Malliavin calculus. Specifically, we estab-
lish a determinant identity for the Malliavin matrix, prove strong local nondeterminism at the level
of Malliavin derivatives, and apply the Bouleau-Hirsch criterion. Consequently, for any distinct
times t1, ..., tn, the vector (Zg’q, A Ztli’q) of a Hermite process admits a density with respect to
the Lebesgue measure. Beyond the result itself, the main contribution is the methodology, which

could extend to other non-Gaussian models.
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1 Introduction

A cornerstone of Malliavin calculus is the Bouleau—Hirsch criterion [2], which asserts that a random
vector (Z1, ..., Z,) with Malliavin differentiable components has an absolutely continuous distribution
with respect to the Lebesgue measure on R™ as soon as its Malliavin matriz

( (DZ;, DZ;) )

1<ij<n

is almost surely non-singular. This extends the Gaussian situation, where absolute continuity is
equivalent to the non-degeneracy of the covariance matrix, which in that case coincides with the

Malliavin matrix.

The case of vectors of multiple Wiener—Itd integrals has been recently investigated. For n = 1,

the situation is fully understood: a classical theorem of Shigekawa [15] ensures that any nontrivial
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multiple integral has a density with respect to Lebesgue measure. For higher-dimensional vectors,
the problem becomes subtler. Nourdin, Nualart and Poly [7] established a general dichotomy: if the
components of a vector belong to a finite sum of Wiener chaoses, then either its law is absolutely
continuous, or there exists a nontrivial polynomial relation annihilating the vector; in particular, the
existence of a density can often be decided from structural properties of the chaos expansions. In a
complementary direction, Nualart and Tudor [10] analyzed the case of a pair (I;(f), I,(g)) of multiple
integrals of the same order. They proved that such a pair fails to have a density if and only if the two
integrals are proportional. They also noticed that this criterion does not hold in dimension bigger or
equal than three. Their result provides a sharp criterion in dimension two, while the present paper

focuses on vectors of arbitrary size with a specific stochastic process structure.

Our object of study is the class of Hermite processes of order ¢ > 1 and self-similarity parameter
H € (4,1). They are non-Gaussian (except for ¢ = 1), self-similar, have stationary increments, live in
the g-th Wiener chaos, and arise naturally as limits in the non-central limit theorems of Dobrushin—
Major [4] and Taqqu [17]. For ¢ = 1, one recovers fractional Brownian motion, the unique Gaussian
self-similar process with stationary increments. The case ¢ = 2 corresponds to the Rosenblatt process,
first identified by Taqqu [16] in the study of quadratic functionals of long-range dependent Gaussian
sequences, and also appearing in Rosenblatt’s work [13] on non-Gaussian limit laws. The Rosenblatt
process has since become the canonical example of a non-Gaussian, long-memory, self-similar process,
often regarded as the natural analogue of fractional Brownian motion in the non-Gaussian world (see
also Tudor [19]). For higher orders ¢ > 3, Hermite processes provide further canonical models of

long-range dependence beyond Gaussianity.

From a probabilistic perspective, Hermite processes occupy a central place in the limit theory of
dependent time series. Whenever one considers normalized partial sums of a Gaussian sequence with
long memory, transformed by a non-linear function of Hermite rank ¢, the limit in distribution is
a Hermite process of order ¢q. This universality explains their fundamental role in non-central limit
theorems, time series analysis, and statistical inference for long-memory models. We refer to the
surveys of Taqqu [18], the monograph of Tudor [20], and the book by Pipiras and Taqqu [11] for a

detailed account of their properties and applications.

By the Bouleau—Hirsch criterion [2], to prove that the finite-dimensional vector (Z1,...,Z,) has
a density it is enough to show that its Malliavin matrix is almost surely non-singular. In the case
of Hermite processes, our strategy is to control the determinant of this matrix by combining two
ingredients: a factorization identity for the Malliavin matrix, and a strong local nondeterminism

estimate formulated at the level of Malliavin derivatives. This leads to the following theorem.

Theorem 1.1. Letn > 2 and letty,--- ,t, be distinct times in (0,00). Let Z19 be a Hermite process
of order ¢ > 1 and self-similarity index H € (%, 1). Then, the random vector (Zg’q, ey Zﬁ’q)7 admits

a density with respect to Lebesgue measure on R™.

In order to motivate our approach for proving Theorem 1.1, let us first recall the classical Gaussian
case ¢ = 1 (fractional Brownian motion). In that case, a simple yet elegant three-step argument

establishes that the finite-dimensional distributions possess a density; in other words, Theorem 1.1



holds when ¢ = 1. This classical scheme will serve as a blueprint for our generalization to the Hermite
setting.

Sketch of the proof of Theorem 1.1 when ¢ = 1. Let B = (Bff);>o denote a fractional
Brownian motion with Hurst parameter H € (0,1). Fix 0 < t; < --- < t,, and set Zj := Bg.

Step 1 (determinant and conditional variances). For any Gaussian vector, the determinant of its

covariance matrix is equal to the product of conditional variances (see, e.g., [1, Eq. (2.8) p. 71]):

det Cov(Zy,...,Z,) = Var(Zy) [[ Var(Zk | Z1, ..., Zu-a). (1)
k=2

Step 2 (SLND). By using the self-similarity and the stationarity of the increments, Pitt [12, Lemma
7.1] showed that the fractional Brownian motion enjoys the strong local nondeterminism property:

there exists ¢y > 0 such that

Var(Zk‘Zl,...,Zk_1> > en(te — )2, k=2,....n. 2)

Step 8 (conclusion). Since (Zy,...,Z,) is Gaussian, non-degeneracy of its covariance matrix

implies absolute continuity. Combining Steps 1 and 2, we obtain

n
det Cov(Z1,...,2Z,) > c§ 1_[(151€ — 1) >0,
k=1

so the law of (Z1,...,Z,) has a density.

In the non-Gaussian case ¢ > 2, we adopt the same guiding philosophy, but the passage from
the Gaussian to the non-Gaussian setting requires substantial innovations: the covariance matrix is
replaced by the Malliavin matrix, and the determinant identity (1) for the covariance matrix by the
corresponding identity for the Malliavin matrix, see Lemma 4.1 below. Likewise, SLND is replaced by
a new analogue at the level of Malliavin derivatives. To establish this extension of SLND, we prove a

self-similarity and stationarity of increments property for the Malliavin derivative.

This new framework not only yields absolute continuity of Hermite finite-dimensional distributions
but, more importantly, it provides a robust methodological advance: we design a systematic way to
transport the classical Gaussian scheme into the non-Gaussian Malliavin setting. Beyond the scope
of Hermite processes, we believe this methodology opens the door to treating absolute continuity

questions for a wide range of non-Gaussian processes representable as multiple Wiener—It6 integrals.

The rest of the paper is organized as follows. Section 2 recalls the necessary background on
Malliavin calculus. In Section 3 we present the definition and main properties of Hermite processes.
Section 4 contains a determinant identity for the Malliavin matrix. In Section 5 we establish self-
similarity and stationarity of increments for the Malliavin derivative. Section 6 develops the analogue
of the strong local nondeterminism property in this framework. Finally, Section 7 combines these

ingredients with the Bouleau—Hirsch criterion to prove Theorem 1.1.



2 Preliminaries on Malliavin calculus

This section recalls the basic tools of Malliavin calculus that will be used throughout the paper. We

refer to the standard references [8, 9, 14] for a complete account.

Isonormal Gaussian process. Let B = {B(t),t € R} be a two-sided Brownian motion on a
complete probability space (Q, F,P), such that B(0) = 0. We denote by $ = L?(R) the canonical
Hilbert space associated with B. For each h € §, the Wiener integral

B(h) = /R h(t) dB(1)

is defined first for step functions and then extended by density. The family {B(h) : h € } forms an

isonormal Gaussian process over ), that is, a centred Gaussian family satisfying

E[B(h)B(g)] = (h,9)5, h,g € 9.

Hermite polynomials and Wiener chaoses. Let (H,),>0 be the Hermite polynomials, defined by
the recursion
Ho(x) =1, Hi(z)=2, Hgpi(z)=cHy(zr)—qHs1(x).

For ¢ > 1, the qth Wiener chaos H, is defined as the closed linear span in L?*(Q) of the random
variables
{Hy(B(h)) : h€®, |hllg =1}

In particular, H; is the Gaussian chaos generated by B(h), while H,, is non-Gaussian as soon as ¢ > 2.

The family (H4),>0 forms an orthogonal decomposition
L? Q) = @ Hy,
q=0
known as the Wiener—It6 chaos expansion.

Multiple Wiener—It6 integrals. For ¢ > 1 and h € ) with ||h|ls = 1, we define
1,(h%9) = H,(B(R).

If ||hl|s # 1, one sets I,(h®9) := ||h||{ Hy(B(h/||h]|5)). For a general elementary tensor hy ®---®hq €
H®? (the symmetric tensor product), one defines I,(h; ® - -- ® hy) by polarization, and for a general
symmetric function f € $®9, one extends linearly and by density. This yields a well-defined linear
operator

I, : 9% — L*(Q).
satisfying the isometry
P, 9 ger, D=4,
0, p#4q

for all f € HOP, g € HO4.



One has the fundamental equivalence
Ho={L,(f): f € 5@(1}7 q=>1,
which shows that the two constructions of Wiener chaos (via Hermite polynomials or via multiple
integrals) are identical.

Product formula for multiple integrals. A key tool is the product formula: for f € $®P and
g €H,

B0 = 31 (1) (1) raan(500), ®

r
r=0
where f ®,. g denotes the r-contraction of f and g, defined by

(f @r g)(t1, - s tprg2r) = Flut, ooyt tr, o tpey)
RT
X g(U17 s auT,tpf’luFl) s atp+q72’r) duy - - 'du'ra (4)

for 1 <r<pAgq, and f ® g = f ® g is the tensor product. In general, f ®, g € H2PP+1=27) js not

symmetric, and we denote by f®,.g its symmetrization. For more details, see e.g. Section 1.1.2 in [9].

Malliavin derivative. Let S be the class of smooth cylindrical random variables of the form

F=f(B(g1),...,B(gn)),

withn >1, g1,...,9, € 9, and f € CF(R") (i.e., smooth with all derivatives of polynomial growth).

The Malliavin derivative of F is the stochastic process
D.F=Y" . (B(g1),---,B(gn)) g;(r),  reER.
j=1 "

By iteration, one defines higher-order derivatives D*F. For k,p > 1, the Sobolev-type space D*? is

the closure of S with respect to the norm

k
IFI%, = EIFP]+ D E[ID/F|}s,]

Jj=1

and we set D> =, DFP. When F,G € D%2, the inner product of their derivatives reads

(DF,DG)g = / D,F D,G dr.
R

Bouleau—Hirsch criterion. A central application of Malliavin calculus is the analysis of regularity

of distributions. As already mentioned, the following classical result will play a key role.

Theorem 2.1 (Bouleau-Hirsch [2]). Let Z = (Zy, ..., Z,) be a random vector such that each Z; € D*P

for some p > 1. If its Malliavin matriz

Iz = ((DZ;,DZ))s)

1<ij<n

is a.s. non-degenerate, i.e. det(I'z) > 0 a.s., then the law of Z is absolutely continuous with respect

to the Lebesque measure on R™.



3 Background on Hermite processes

We now introduce Hermite processes and recall some of their fundamental properties. For a detailed

account, we refer to Tudor’s monograph [20].

Definition 3.1. Let ¢ > 1 and H € (4,1). The Hermite process (Z"9)1er of order ¢ and self-
similarity parameter H is defined by

t a 3
Ho_3
Z{M = I,(LM), L) = c(H, q) / [IG-¢)}" 2ds, tek, (5)
0 55
WhereH():l—l—%e(l—i,l) and

2q
H(2H — 1)
c(H,q) = .
(H,9) \/q! B4(Hy — 3, 2 — 2Hy)

Here 3(-,-) denotes the Beta function, and I, is the multiple Wiener-Ito integral of order g.

Remark 3.2.
e The constant ¢(H, q) has been chosen so that E[(Z{7)2] = 1.

e We use the convention ¢ = 6 if § > 0, and 0 otherwise. Integrals on negative intervals are
defined by fot =— fto when ¢ < 0. More generally, for any t < s, we take f; =— /.

e In the literature, Hermite processes are usually defined only for ¢ > 0. In analogy with the
moving-average representation of fractional Brownian motion (see, e.g., [5], pp. 9-10), we have

extended their definition here to the whole real line.
e For each fixed t € R, the random variable ZtH "% is a multiple Wiener—It6 integral.
e The class of Hermite processes contains important examples:

— for ¢ = 1, one recovers fractional Brownian motion,
— for ¢ = 2, one obtains the Rosenblatt process,

— for ¢ > 3, one obtains higher-order non-Gaussian processes.
Fractional Brownian motion is the only Gaussian Hermite process; all others are non-Gaussian.

We state the key properties of Hermite processes (see [20] for proofs in the case ¢ > 0; the extension
to t € R being immediate). To this aim, all along this paper, 2% stands for the equality in finite-

dimensional distributions for stochastic processes.
o Self-similarity. For every a > 0,

1
(ZE N er E (0 ZI)er.

e Stationary increments. For every h € R,

H, H, 1 H,
(Zt+Z_Zh q)tG]R = (Zt q)t€R~



e Covariance function. For all s,t € R,
BIZM 200 = S(iPY 4 [P |t - sP),
which coincides with the covariance of fractional Brownian motion with Hurst index H.
e Adaptedness. The process (ZtH’q)teR is adapted to the following filtration: for ¢ € R,
Fi: =0c{B(14) : Ais a Borel M\finite subset of (—oo,t|} VN,

where A/ denotes the P-null subsets of £ and \ is the Lebesgue measure on R. Hence, according

to [9, Corollary 1.2.1], we have, for every ¢t € R,
D,z =0 for P® Aa.e. (w,r) € Q x (t,00). (6)

q lew

Remark 3.3. From stationarity of increments, one readily checks that ZtH —Zi’q for every

teR.
Finally, the following lemma will be useful.

Lemma 3.4. Let ZH9 = (Zf’q> be the Hermite process of order ¢ > 1 and self-similarity param-
teR
eter H € (%7 1). We have

IDZ{M2 >0  P-as. (7)
where 1 = L2((0,1]) and || f[3, = [y |f(x)dz.
In order to prove this lemma, we will need the following result.

Lemma 3.5. Let F' be a nonnegative random variable belonging to a finite sum of Wiener chaoses.

Then, the following are equivalent:
(i) E[F] > 0;
(ii) F >0 P-a.s.

Proof of Lemma 8.5. We just need to prove (i) = (ii). Let N be a positive integer such that F' €
@gzo Hyi. In the proof of [7, Theorem 3.1| (implication (a) = (¢)), it is shown that, for all such
nonnegative F', there exists an universal constant ¢ > 0 such that, for any A > 0, one has the small

ball probability estimate
P(F <)) < eNAYN(E[F])~YN.

Thus, letting A — 0, we obtain P(F = 0) = 0. This completes the proof. O
Now, we are able to give the proof of Lemma 3.4.

Proof of Lemma 3.4. Let us notice that ||DZ1H’q||~261 € @i(:qal) Hj. and

E[IDZ{"3,

2
1 q 1 q .
=c(H,9)* ¢* (¢ — 1)! / d9€1/ del {/ ds H (s — a:k)foz} > 0.
0 Ra—1 1—9 0 Pt

Therefore, by Lemma 3.5, we conclude that ||DZ{{’q||%1 > 0 P-as. O



4 A determinant identity for the Malliavin matrix

We now state our determinant identity for the Malliavin matrix, which should be seen as the analogue
of identity (1) in the Gaussian case for the covariance matrix. Our proof is nothing but an adaptation

of the classical argument used to establish the determinant of a Gram matrix.

Lemma 4.1. Let Z = (Zy,...,7Z,) € (DY2)", and let T'z denote its Malliavin matriz. Then, almost

surely,
- . 2
det(I'z) = | DZ15 [T 102 = projg, , (DZ))]5, (8)
j=2
where E;_1 is the linear span in $ of {DZy,...,DZ;_1}, and Projp, denotes the orthogonal pro-

Jjection onto E;_y.

Remark 4.2. Before digging into the proof of Lemma 4.1, let us mention that for almost every w € €2,
DZ,(w),...,DZ;_1(w) € $ and thus the subspace E;_1(w) is spanned by finitely many vectors and is
therefore finite-dimensional. Hence, for any such w, Ej_1(w) is automatically closed in $). It means

that, the orthogonal projection Projp, (w) s almost surely well-defined.

Proof of Lemma 4.1. Recall that the Malliavin matrix of Z has entries
Is; =(DZi,DZj)s,  1<i,j<n.
Fix i = n. We decompose
(DZ;,DZn)s = (DZj,projp, (DZy,))s +(DZj,DZ, —projg, _ (DZ,))s
= Ajn+Bjn.
Since DZ,, — projg, _, (DZ,,) is orthogonal to F,,_1, we immediately obtain
B;, =0, j=1,...,n—1.
By multilinearity of the determinant, we may split
det(T'z) = det(Az) + det(Bz),

where det(Az) is obtained by replacing the last column of I'z with (A1, ..., A,.n) |, and det(Bz) with
(Biny---yBny)". But by definition of the projection, the last column of Az is a linear combination
of the first n — 1, hence det(Az) = 0.

On the other hand, det(Bgz) has the block form

DZ;,,DZ; . 0
det(Bz) = det<<< J>5)1§1,J§n—1 )
* Bn,n
= By, det ((DZ;,DZ;)s)

1<i,j<n—1"

Since B, = |DZ, — projg, ,(DZy,)|%, this yields
det(I'z) = || DZ,, — projg_ (DZ,)|3 det ((DZ;, DZ;)s)

1<i,j<n—1"

The desired factorization (8) then follows by induction on n. O



5 Malliavin self-similarity and Malliavin

stationarity of increments of Hermite processes

To establish the analogue of the strong local nondeterminism estimate (2) for Hermite processes, we
first need to strengthen the classical properties of self-similarity and stationarity of increments, now

at the level of their Malliavin derivative. This is the content of the following proposition.

Proposition 5.1. Let Z74 = {ZtH’q, t € R} be the Hermite process of order ¢ > 1 and self-similarity
parameter H € (%7 1) given by (5). Then the Malliavin derivative of ZH-4 inherits both stationarity

of increments and self-similarity: for alla € R and ¢ > 0,
Hq _ H,q Hq _ H,q ) law ( H,q H,q )
<<DZs+a DZa ) DZt+a DZa >5’J stER <DZS ) DZt >~6 s7t€]R7
and

cs

((pzita, pzling) = @ ((Dzla, Dz )
s,teR s, teR

In order to prove this proposition, we will need the following lemma.
Lemma 5.2. Let Lf’q be given by (5). Hence, we have the following identities:

(a) Foranyc>0,t;,t €R, r=0,...,q—1, and y',y?> € RI7177,

H H
(L @41 LD (Y y?) = A1 a(H, g, 7)
(r+1)

q— .
2(H—-1)(r+1) 1)(7‘+1 —=
/ d’Ul / dUQlUl — UQ‘ H q 2, (9)

j=1 ‘=1

r+1
where a(H, q,7) := c¢(H, q)*B (27(12[1,% - %) and 3 is the beta function.

(b) Foranya €R, t;,ts €R, r=0,...,q—1, and y',y*> € RI~177,
(L, — LI @ (Ll — L (" %)

-r

ti+a to+a 2H=1)(r+1) 1)(r+1> q- H 1_%
=a(H,q,r) duy dug|uq — us H H .
a a

j=1 ¢=1

Proof. Let us first consider the point (a). Let ¢ > 0, t1,t, € R, r =0,...,¢— 1, and y',y% € RI~1~",
Hence, we have

H, H,
(Lcth Or41 Lcth)( 13 y2)

r+1 r+1 Ho1 197 1—r H !
c(H,q) / Hd%H/ d“JH SRV | ICTE Ve
Rr+lz 1 £:1
o otz 200D+ 1 mo1 1
_a(H’q’r)/ dul/ duslur —uo| = I IT (w =)™ %, (10)
0 0 .
j=1 (=1



where a(H,q,7) := c¢(H,q)*p (2_2H —1=4

1
¢ 2 q
we used the following formula: for —1 < a < —%,

r+1
) , B is the beta function and, in the last equality,

/ (u— )% (0 — )% dy = B(—1 — 24,0+ u — v+,
R

Now, By using the changes of variables v; = %] of Jacobian ¢, for j = 1,2, we obtain that the
right-hand side of (10) is equal to

H*l

2 h b2 s 5 T -1
a(H,q,r) dvy dva|cvy — cvg| a H H (cv; — yé .
0 0 el

2(H— 1)(7+1)

We reach the equality (9) by factoring out ¢ in the term |cv; — cva| and the 2x (¢—1—7)
u_l
terms of the forms (cv; — yé) +* 2 in this last expression.

Concerning the point (b), recalling the convention in the second point of Remark 3.2, we check

that, for any a,t € R and y € R?, one has

" t+a q H—1_1
@l - L@ =clttg) [ du][w-u).T
a j=1
The proof of point (b) follows then the same spirit as the one of point (a). O

Proof of Proposition 5.1. Let us start by establishing that the Malliavin derivative of ZH:4 is self-
similar. Let ¢ > 0 and s,t € R. According to the product formula (3) and the definition of the

contraction (4), we have

(DzMa pzHay, = ¢? / dzg Iy—1 (LHEA(, xq))Iq_l(Lg’q(*, zq))

2
-1 ~
= ¢ Zr'( ) In(g—1-r) (Lg7q®r+1Lqu) , (11)

where L4 is given by (5) and, in the notation LZ9(x, x,), the symbol x denotes the remaining (q—1)
free variables (i.e. the unfixed arguments of the kernel). The point (a) in Lemma 5.2 yields

(Dz!a pzHay,

cs )

q—1 g—1 2 2
_ 2H—(q—1-r) 2 H ! -
c q Za( a%?‘)?‘( , ) /R2<'1 . 1_:[1

r=0

qg—1—r
dB(y;")
k=1

—(r+ J om—1 1

2 q
2(H-1)(r+1) 1)(7+1 y _ =
/ dvl/ dvalvy — vl H H ?Z)+q 2

Now, by the change of variables zg = %, for j =1,2,and ¢ = 1,...,g — 1 — r, we obtain that the

right-hand side of the previous equality is equal to

(1,2 5 ¢-1°
2H—(g—1—7r) 2 H !
c 7Y al ,qﬂ")r< . ) /Rz(q_l_”

r=0

T

2 g-1-
H H dB(cz")

m=1 k=1

s t 2 q—(r+1)
2(H—1)(r+1) j Ho—
X dvy | dvs|vy — vl a | | I | (vj —2)p 2,
0 0 j=1 (=1

q—

Nl

10



Using the scaling property of the Wiener process, let us observe that the finite-dimensional distribu-

tions of the two-parameter process on the right-hand side of the previous equality coincide in law with

those of the two-parameter process given by:
q—1—r
dB(z;")

q-1 2 2
-1
2H—(q—1-r) g—r—1,2 H | q ) /
c c a(H,q,r)r!
¢ alH,qr) ( o) o, I
3

r=0 m=1 k

s t 2
2(H—1)(r41)
X d’U1 d’Ug‘Ul — ’U2| 4 | |
0 0 j=1

=MDzl Dz,

1
q

—(r+1) "

 Ho—
H (vj—2); °
/=1

We now prove the stationarity of increments property for the Malliavin derivative of ZH:4. By

using the point (b) in Lemma 5.2, we have

(D(z54 — z19) D(z[he — zHa))

a a

g—1 2
q—1 . =
=q ZT!< . ) Iyg-1)-2r ((Lg’fl — L@ (L2 - LaH’q))
r=0

q—1 q— 1 2 2 qg—1-—r
= qQZr!a(H,q,r)( > / H dB(yg")
r=0 " R2(a=D=2r 2y k=1
st+a t+a 2(H-1)(r+1) 2 g—-1-r H 3
></ dul/ dugluy —ug| ™ @ H (wj—yl)y 2.
a a j=1 =1

Using the change of variable v; = u; — a, for j = 1,2, and the stationarity of increments for the

Wiener process B, we deduce:

((pzls - pzite, DZlYi - DZf)s ) " ((Dzi, Dz )

)
s,tER s,tER

which completes the proof of Proposition 5.1. O

6 Strong local nondeterminism for Hermite processes

In this section we establish the analogue of the strong local nondeterminism property for Hermite

processes. The following theorem provides its precise formulation in the Malliavin framework.

Theorem 6.1. Let Z71 = {ZtH’q, t € R} be the Hermite process of order ¢ > 1 with self-similarity
parameter H € (%, 1). For any j € N* and any time grid 0 =ty < t; < --- <t;_1 <t;, one has

H, . H, 9 law H,
|DZ,;* — projg, ,(DZ,; My = @ —t;_1)*"IDZ7Y R (12)
law
where $1 = L*([0,1]), E;—1 = span{DZtIf’q, e DZgiql}, and the notation X > Y means that

E[f(X)] = E[f(Y)] (13)

for all non-decreasing bounded functions f : Ry — R.
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Proof. Fix j € N* and a time grid 0 =ty < t; < --- <t;_1 <t;. Consider the random vector space

Ej,l = span{D(Zf:’q - Zg’q) tk0=0,...,5—1}.

Let (a1,...,aj—1) be the random variables such that
j—1
D25 — proj, ,(DZ)|; = | D2 =Y anD 2z},
k=1
We claim that, almost surely
D25 — proj, ,(DZ)];
Dz -z - projz (D(z{ - z{1)) ||j3 (14)

Indeed, one can rewrite

2

)

Jj—1 2
- HD(ngq — 25 = N b D(Z - fo’q)\

j—1

H, H,
HDth 7 _ E axDZ;, a
k=1 P k=0

with coefficients by o = ay for k=1,...,5 =2, bj_10 =a;—1 — 1, and by = 0 otherwise. Taking the
infimum over (by () yields (14).
Now, for any (b ¢),

Jj—1 9
HD(Z;’"I —ziay N7 by D(zH -zl
K3)
k,6=0
H,q
- HD tj— 1+(tj_tj 1) tJ 1 Z ble 1+(tk tj—1) th—l)
k,£4=0
bre D(Z Nk
+ Z k.t +(te—tj—1) tj—l)
k,£=0 5

= X(bk’g).

By Malliavin stationarity of increments (Proposition 5.1), X has the same law as

~ 2
X(bk,Z) = HDngtj Z bkED tk t Ztljfltj,l) 5
k,£=0

By Malliavin self-similarity (Proposition 5.1), the law of X is the same as that of

N 2
K(bra) = (1~ t;-1)*" | D2 — Z b D( 2132, —Z{j’_q,,jfl)H .
ke 0=0 [ —f Tt 1 9

Therefore,
H, H, . H, H, 2
H‘D(Zt] 7 — thjzl) - pro.]E‘jil(D(th ! — thfql))HfJ
law H, . H, 2
= (ty—t-0)*[|[DZ7 —proj (DZ")||,

12



where

Ej;_ = span {D(ZZ’&FI - Zg’_qt].fl) tk,0=0,...,5— 1}.

ti—t;_1 ti—t;_1

Finally, almost surely, for any (by ),

j—1

2
H,q } : H,q H,q H,q2
HDZl - bkl D<Ztk*tjfl - Zte—tj,l % 2 ||D21 an’
k,0=0 tj=ti-1 tj=ti—1

since, according to (6), D,«Zi’ftjfl (wy=0forall k=1,...,5—1 and almost every (w,r) €  x [0, 1].
Thus, almost surely,

H, H, . H, H, 2 H,
|D(Z;% = Z%) = projg, (D(Z,7 = Z; )|l = I1IDZ15,,

tj,1

which completes the proof. O

7 Proof of Theorem 1.1

We are now in position to prove our main result. Combining the determinant identity for the Malliavin
matrix (Lemma 4.1) with the strong local nondeterminism property for Hermite processes (Theorem

6.1), we can apply the Bouleau—Hirsch criterion to conclude.

Proof of Theorem 1.1. Up to a permutation of the indices, one may assume t; < --- < t,. Let
Z = (Zf’q,...,Zg’q), and denote by I'z its Malliavin matrix. By the Bouleau—Hirsch criterion

(Theorem 2.1), it is enough to prove that
P(det(I'z) > 0) = 1.

By Lemma 4.1, we can factorize the determinant as
H, - H, . H,qy (|2
det(Tz) = |DZ/3 [ IPZ5 — projm, , (DZi )|, (15)
j=2

where E;_; = span{DZ;",...,Dz""}.

t]'71

Now, by the self-similarity of the Malliavin derivative of Z#+¢ (Proposition 5.1) and Lemma 3.4,
the first factor is almost surely positive. For each j = 2,...,n, Theorem 6.1 yields

H, : Hygy2 12 H,
7 Ej_1 t; 5 = J— bi-1 n 1 %1’
|DZ,; " = projg, (DZJQ)HJ > (t; —t;1)* | Dz

with $; = L3([0,1]). Since ||DZ{T{’q||5251 > 0 almost surely (again by Lemma 3.4), and by taking
J = 1(0,00) in (13), it follows that each factor in (15) is almost surely positive.
Therefore det(I'z) > 0 almost surely, and by Theorem 2.1 the law of

(zhe, ..z

admits a density with respect to Lebesgue measure. This completes the proof of Theorem 1.1. O
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Remark 7.1. Let us keep the notation of the previous proof. In this work, we established the almost
sure positivity of det(T'z), which ensures the existence of a density for Z. However, this property
alone is not sufficient to guarantee the smoothness of this density. It is well known that smoothness
requires the finiteness of negative moments of det(T'z), the so-called non-degeneracy condition (see,
for instance, [9, Section 2.1.4]). A natural question arising from the present work is therefore whether
our strateqy can be extended to address this stronger requirement. In the case of the second Wiener

chaos, partial answers in this direction are given in [6].
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