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Abstract

We investigate the existence of densities for finite-dimensional distri-
butions of Hermite processes of order q ≥ 1 and self-similarity parameter
H ∈ ( 1

2
, 1). Whereas the Gaussian case q = 1 (fractional Brownian mo-

tion) is well understood, the non-Gaussian situation has not yet been
settled. In this work, we extend the classical three-step approach used
in the Gaussian case: factorization of the determinant into conditional
terms, strong local nondeterminism, and non-degeneracy. We transport
this strategy to the Hermite setting using Malliavin calculus. Specifically,
we establish a determinant identity for the Malliavin matrix, prove strong
local nondeterminism at the level of Malliavin derivatives, and apply the
Bouleau-Hirsch criterion. Consequently, for any distinct times t1, . . . , tn,
the vector (ZH,q

t1
, . . . , ZH,q

tn
) of a Hermite process admits a density with

respect to the Lebesgue measure. Beyond the result itself, the main con-
tribution is the methodology, which could extend to other non-Gaussian
models.
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1 Introduction
A cornerstone of Malliavin calculus is the Bouleau–Hirsch criterion [2], which
asserts that a random vector (Z1, . . . , Zn) with Malliavin differentiable compo-
nents has an absolutely continuous distribution with respect to the Lebesgue
measure on Rn as soon as its Malliavin matrix(

〈DZi, DZj〉
)
1≤i,j≤n
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is almost surely non-singular. This extends the Gaussian situation, where ab-
solute continuity is equivalent to the non-degeneracy of the covariance matrix,
which in that case coincides with the Malliavin matrix.

The case of vectors of multiple Wiener–Itô integrals has been recently in-
vestigated. For n = 1, the situation is fully understood: a classical theorem of
Shigekawa [13] ensures that any nontrivial multiple integral has a density with
respect to Lebesgue measure. For higher-dimensional vectors, the problem be-
comes subtler. Nourdin, Nualart and Poly [5] established a general dichotomy:
if the components of a vector belong to a finite sum of Wiener chaoses, then
either its law is absolutely continuous, or there exists a nontrivial polynomial re-
lation annihilating the vector; in particular, the existence of a density can often
be decided from structural properties of the chaos expansions. In a complemen-
tary direction, Nualart and Tudor [8] analyzed the case of a pair (Iq(f), Iq(g))
of multiple integrals of the same order. They proved that such a pair fails to
have a density if and only if the two integrals are proportional. They also no-
ticed that this criterion does not hold in dimension bigger or equal than three.
Their result provides a sharp criterion in dimension two, while the present paper
focuses on vectors of arbitrary size with a specific stochastic process structure.

Our object of study is the class of Hermite processes of order q ≥ 1 and
self-similarity parameter H ∈ ( 1

2 , 1). They are non-Gaussian (except for q = 1),
self-similar, have stationary increments, live in the q-th Wiener chaos, and arise
naturally as limits in the non-central limit theorems of Dobrushin–Major [3]
and Taqqu [15]. For q = 1, one recovers fractional Brownian motion, the unique
Gaussian self-similar process with stationary increments. The case q = 2 cor-
responds to the Rosenblatt process, first identified by Taqqu [14] in the study
of quadratic functionals of long-range dependent Gaussian sequences, and also
appearing in Rosenblatt’s work [11] on non-Gaussian limit laws. The Rosen-
blatt process has since become the canonical example of a non-Gaussian, long-
memory, self-similar process, often regarded as the natural analogue of fractional
Brownian motion in the non-Gaussian world (see also Tudor [17]). For higher
orders q ≥ 3, Hermite processes provide further canonical models of long-range
dependence beyond Gaussianity.

From a probabilistic perspective, Hermite processes occupy a central place in
the limit theory of dependent time series. Whenever one considers normalized
partial sums of a Gaussian sequence with long memory, transformed by a non-
linear function of Hermite rank q, the limit in distribution is a Hermite process
of order q. This universality explains their fundamental role in non-central limit
theorems, time series analysis, and statistical inference for long-memory models.
We refer to the surveys of Taqqu [16], the monograph of Tudor [18], and the
book by Pipiras and Taqqu [9] for a detailed account of their properties and
applications.

By the Bouleau–Hirsch criterion [2], to prove that the finite-dimensional
vector (Z1, . . . , Zn) has a density it is enough to show that its Malliavin matrix
is almost surely non-singular. In the case of Hermite processes, our strategy
is to control the determinant of this matrix by combining two ingredients: a
factorization identity for the Malliavin matrix, and a strong local nondetermin-
ism estimate formulated at the level of Malliavin derivatives. This leads to the
following theorem.
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Theorem 1.1. Let n ≥ 2 and let 0 < t1 < · · · < tn. Let ZH,q be a Hermite
process of order q ≥ 1 and self-similarity index H ∈ ( 1

2 , 1). Then, the random
vector (ZH,qt1 , . . . , ZH,qtn ), admits a density with respect to Lebesgue measure on
Rn.

In order to motivate our approach for proving Theorem 1.1, let us first recall
the classical Gaussian case q = 1 (fractional Brownian motion). In that case,
a simple yet elegant three-step argument establishes that the finite-dimensional
distributions possess a density; in other words, Theorem 1.1 holds when q = 1.
This classical scheme will serve as a blueprint for our generalization to the
Hermite setting.

Sketch of the proof of Theorem 1.1 when q = 1. Let BH = (BHt )t≥0
denote a fractional Brownian motion with Hurst parameter H ∈ (0, 1). Fix
0 < t1 < · · · < tn and set Zk := BHtk .

Step 1 (determinant and conditional variances). For any Gaussian vector,
the determinant of its covariance matrix is equal to the product of conditional
variances (see, e.g., [1, Eq. (2.8) p. 71]):

det Cov(Z1, . . . , Zn) = Var(Z1)

n∏
k=2

Var(Zk | Z1, . . . , Zk−1). (1)

Step 2 (SLND). By using the self-similarity and the stationarity of the incre-
ments, Pitt [10, Lemma 7.1] showed that the fractional Brownian motion enjoys
the strong local nondeterminism property: there exists cH > 0 such that

Var
(
Zk

∣∣∣Z1, . . . , Zk−1

)
≥ cH (tk − tk−1)2H , k = 2, . . . , n. (2)

Step 3 (conclusion). Since (Z1, . . . , Zn) is Gaussian, non-degeneracy of its
covariance matrix implies absolute continuity. Combining Steps 1 and 2, we
obtain

det Cov(Z1, . . . , Zn) ≥ cnH

n∏
k=1

(tk − tk−1)2H > 0,

so the law of (Z1, . . . , Zn) has a density.

In the non-Gaussian case q ≥ 2, we adopt the same guiding philosophy, but
the passage from the Gaussian to the non-Gaussian setting requires substantial
innovations: the covariance matrix is replaced by the Malliavin matrix, and the
determinant identity (1) for the covariance matrix by the corresponding identity
for the Malliavin matrix, see Lemma 4.1 below. Likewise, SLND is replaced by
a new analogue at the level of Malliavin derivatives. To establish this extension
of SLND, we prove a self-similarity and stationarity of increments property for
the Malliavin derivative.

This new framework not only yields absolute continuity of Hermite finite-
dimensional distributions but, more importantly, it provides a robust method-
ological advance: we design a systematic way to transport the classical Gaussian
scheme into the non-Gaussian Malliavin setting. Beyond the scope of Hermite
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processes, we believe this methodology opens the door to treating absolute con-
tinuity questions for a wide range of non-Gaussian processes representable as
multiple Wiener–Itô integrals.

The rest of the paper is organized as follows. Section 2 recalls the necessary
background on Malliavin calculus. In Section 3 we present the definition and
main properties of Hermite processes. Section 4 contains a determinant identity
for the Malliavin matrix. In Section 5 we establish self-similarity and stationar-
ity of increments for the Malliavin derivative. Section 6 develops the analogue
of the strong local nondeterminism property in this framework. Finally, Sec-
tion 7 combines these ingredients with the Bouleau–Hirsch criterion to prove
Theorem 1.1.

2 Preliminaries on Malliavin calculus
This section recalls the basic tools of Malliavin calculus that will be used
throughout the paper. We refer to the standard references [6, 7, 12] for a
complete account.

Isonormal Gaussian process. Let B = {B(t), t ∈ R} be a two-sided Brown-
ian motion on a complete probability space (Ω,F ,P), equipped with its natural
filtration and such that B(0) = 0. We denote by H = L2(R) the canonical
Hilbert space associated with B. For each h ∈ H, the Wiener integral

B(h) =

∫
R
h(t) dB(t)

is defined first for step functions and then extended by density. The family
{B(h) : h ∈ H} forms an isonormal Gaussian process over H, that is, a centred
Gaussian family satisfying

E[B(h)B(g)] = 〈h, g〉H, h, g ∈ H.

Hermite polynomials and Wiener chaoses. Let (Hq)q≥0 be the Hermite
polynomials, defined by the recursion

H0(x) = 1, H1(x) = x, Hq+1(x) = xHq(x)− qHq−1(x).

For q ≥ 1, the qth Wiener chaos Hq is defined as the closed linear span in L2(Ω)
of the random variables

{Hq(B(h)) : h ∈ H, ‖h‖H = 1}.

In particular, H1 is the Gaussian chaos generated by B(h), while Hq is non-
Gaussian as soon as q ≥ 2. The family (Hq)q≥0 forms an orthogonal decompo-
sition

L2(Ω) =

∞⊕
q=0

Hq,

known as the Wiener–Itô chaos expansion.

Multiple Wiener–Itô integrals. For q ≥ 1 and h ∈ H with ‖h‖H = 1, we
define

Iq(h
⊗q) := Hq(B(h)).
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If ‖h‖H 6= 1, one sets Iq(h⊗q) := ‖h‖qHHq(B(h/‖h‖H)). For a general elementary
tensor h1 ⊗ · · · ⊗ hq ∈ H⊗q (the symmetric tensor product), one defines Iq(h1 ⊗
· · · ⊗ hq) by polarization, and for a general symmetric function f ∈ H�q, one
extends linearly and by density. This yields a well-defined linear operator

Iq : H�q → L2(Ω).

satisfying the isometry

E[Ip(f)Iq(g)] =

{
p! 〈f, g〉H⊗p , p = q,

0, p 6= q,

for all f ∈ H�p, g ∈ H�q.
One has the fundamental equivalence

Hq = {Iq(f) : f ∈ H�q}, q ≥ 1,

which shows that the two constructions of Wiener chaos (via Hermite polyno-
mials or via multiple integrals) are identical.

Product formula for multiple integrals. A key tool is the product formula:
for f ∈ H�p and g ∈ H�q,

Ip(f)Iq(g) =

p∧q∑
r=0

r!

(
p

r

)(
q

r

)
Ip+q−2r

(
f⊗̃rg

)
, (3)

where f ⊗r g denotes the r-contraction of f and g, defined by

(f ⊗r g)(t1, . . . , tp+q−2r) =

∫
Rr

f(u1, . . . , ur, t1, . . . , tp−r)

× g(u1, . . . , ur, tp−r+1, . . . , tp+q−2r) du1 · · · dur, (4)

for 1 ≤ r ≤ p∧ q, and f ⊗0 g = f ⊗ g is the tensor product. In general, f ⊗r g ∈
H⊗(p+q−2r) is not symmetric, and we denote by f⊗̃rg its symmetrization. For
more details, see e.g. Section 1.1.2 in [7].

Malliavin derivative. Let S be the class of smooth cylindrical random vari-
ables of the form

F = f(B(g1), . . . , B(gn)),

with n ≥ 1, g1, . . . , gn ∈ H, and f ∈ C∞P (Rn) (i.e., smooth with all derivatives
of polynomial growth). The Malliavin derivative of F is the stochastic process

DrF =

n∑
j=1

∂f

∂xj
(B(g1), . . . , B(gn)) gj(r), r ∈ R.

By iteration, one defines higher-order derivatives DkF . For k, p ≥ 1, the
Sobolev-type space Dk,p is the closure of S with respect to the norm

‖F‖pk,p = E[|F |p] +

k∑
j=1

E
[
‖DjF‖pH⊗j

]
,
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and we set D∞ =
⋂
k,p≥1 Dk,p. When F,G ∈ D1,2, the inner product of their

derivatives reads
〈DF,DG〉H =

∫
R
DrF DrGdr.

Bouleau–Hirsch criterion. A central application of Malliavin calculus is
the analysis of regularity of distributions. As already mentioned, the following
classical result will play a key role.

Theorem 2.1 (Bouleau–Hirsch [2]). Let Z = (Z1, . . . , Zn) be a random vector
such that each Zi ∈ D1,p for some p > 1. If its Malliavin matrix

ΓZ =
(
〈DZi, DZj〉H

)
1≤i,j≤n

is a.s. non-degenerate, i.e. det(ΓZ) > 0 a.s., then the law of Z is absolutely
continuous with respect to the Lebesgue measure on Rn.

3 Background on Hermite processes
We now introduce Hermite processes and recall some of their fundamental prop-
erties. For a detailed account, we refer to Tudor’s monograph [18].

Definition 3.1. Let q ≥ 1 and H ∈ ( 1
2 , 1). The Hermite process (ZH,qt )t∈R of

order q and self-similarity parameter H is defined by

ZH,qt = Iq(L
H,q
t ), LH,qt = c(H, q)

∫ t

0

q∏
j=1

(s− ξj)
H0−

3
2

+ ds, t ∈ R, (5)

where H0 = 1 + H−1
q ∈ (1− 1

2q , 1) and

c(H, q) =

√
H(2H − 1)

q!βq(H0 − 1
2 , 2− 2H0)

.

Here β(·, ·) denotes the Beta function, and Iq is the multiple Wiener–Itô integral
of order q.

Remark 3.2. • The constant c(H, q) has been chosen so that E[(ZH,q1 )2] =
1.

• We use the convention θα+ = θα if θ > 0, and 0 otherwise. Integrals on
negative intervals are defined by

∫ t
0

= −
∫ 0

t
when t < 0.

• In the literature, Hermite processes are usually defined only for t ≥ 0.
In analogy with the moving-average representation of fractional Brownian
motion (see, e.g., [4], pp. 9–10), we have extended their definition here to
the whole real line.

• For each fixed t ∈ R, the random variable ZH,qt is a multiple Wiener–Itô
integral.

• The class of Hermite processes contains important examples:
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– for q = 1, one recovers fractional Brownian motion,

– for q = 2, one obtains the Rosenblatt process,

– for q ≥ 3, one obtains higher-order non-Gaussian processes.

Fractional Brownian motion is the only Gaussian Hermite process; all
others are non-Gaussian.

Hermite processes enjoy the following key properties (see [18] for proofs in
the case t ≥ 0; the extension to t ∈ R being immediate):

• Self-similarity. For every a > 0,

(ZH,qat )t∈R
law
= (aHZH,qt )t∈R.

• Stationary increments. For every h ∈ R,

(ZH,qt+h − Z
H,q
h )t∈R

law
= (ZH,qt )t∈R.

• Covariance function. For all s, t ∈ R,

E[ZH,qt ZH,qs ] = 1
2

(
|t|2H + |s|2H − |t− s|2H

)
,

which coincides with the covariance of fractional Brownian motion with
Hurst index H.

• Adaptedness. The process (ZH,qt )t∈R is adapted to the Brownian filtration,
and

DrZ
H,q
t = 0 for all r > t. (6)

Remark 3.3. From stationarity of increments, one readily checks that ZH,qt
law
=

−ZH,q−t for every t ∈ R.

Finally, the following lemma will be useful.

Lemma 3.4. Let ZH,q =
(
ZH,qt

)
t∈R

be the Hermite process of order q > 1 and

self-similarity parameter H ∈
(
1
2 , 1
)
. We have

‖DZH,q1 ‖2H1
> 0 P-a.s. (7)

where H1 = L2([0, 1]) and ‖f‖2H1
=
∫ 1

0
|f(x)|2dx.

Proof. The proof follows the same lines as the proof of (a)⇒ (c) in [5, Theorem
3.1], plus the fact that

E
[
‖DZH,q1 ‖2H1

]
= c(H, q)2 q2(q − 1)!

∫ 1

0

dx1

∫
Rq−1

q∏
l=2

dxl

{∫ 1

0

ds

q∏
k=1

(s− xk)
H0− 3

2
+

}2

> 0.
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4 A determinant identity for the Malliavin ma-
trix

We now state our determinant identity for the Malliavin matrix, which should
be seen as the analogue of identity (1) in the Gaussian case for the covariance
matrix. Our proof is nothing but an adaptation of the classical argument used
to establish the determinant of a Gram matrix.

Lemma 4.1. Let Z = (Z1, . . . , Zn) ∈ (D1,1)n, and let ΓZ denote its Malliavin
matrix. Then, almost surely,

det(ΓZ) = ‖DZ1‖2H
n∏
j=2

∥∥DZj − projEj−1
(DZj)

∥∥2
H
, (8)

where Ej−1 is the linear span in H of {DZ1, . . . , DZj−1}, and projEj−1
denotes

the orthogonal projection onto Ej−1.

Proof. Recall that the Malliavin matrix of Z has entries

Γi,j = 〈DZi, DZj〉H, 1 ≤ i, j ≤ n.

Fix i = n. We decompose

〈DZj , DZn〉H = 〈DZj ,projEn−1
(DZn)〉H + 〈DZj , DZn − projEn−1

(DZn)〉H
=: Aj,n +Bj,n.

Since DZn − projEn−1
(DZn) is orthogonal to En−1, we immediately obtain

Bj,n = 0, j = 1, . . . , n− 1.

By multilinearity of the determinant, we may split

det(ΓZ) = det(AZ) + det(BZ),

where det(AZ) is obtained by replacing the last column of ΓZ with (A1,n, . . . , An,n)>,
and det(BZ) with (B1,n, . . . , Bn,n)>. But by definition of the projection, the
last column of AZ is a linear combination of the first n− 1, hence det(AZ) = 0.

On the other hand, det(BZ) has the block form

det(BZ) = det

((
〈DZi, DZj〉H

)
1≤i,j≤n−1 0

∗ Bn,n

)
= Bn,n det

(
〈DZi, DZj〉H

)
1≤i,j≤n−1.

Since Bn,n = ‖DZn − projEn−1
(DZn)‖2H, this yields

det(ΓZ) = ‖DZn − projEn−1
(DZn)‖2H det

(
〈DZi, DZj〉H

)
1≤i,j≤n−1.

The desired factorization (8) then follows by induction on n.
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5 Malliavin self-similarity and Malliavin
stationarity of increments of Hermite processes

To establish the analogue of the strong local nondeterminism estimate (2) for
Hermite processes, we first need to strengthen the classical properties of self-
similarity and stationarity of increments, now at the level of their Malliavin
derivative. This is the content of the following proposition.

Proposition 5.1. Let ZH,q = {ZH,qt , t ∈ R} be the Hermite process of order
q ≥ 1 and self-similarity parameter H ∈ ( 1

2 , 1) given by (5). Then the Malliavin
derivative of ZH,q inherits both stationarity of increments and self-similarity:
for all a ∈ R and c > 0,(
〈DZH,qs+a −DZH,qa , DZH,qt+a −DZH,qa 〉H

)
s,t∈R

law
=
(
〈DZH,qs , DZH,qt 〉H

)
s,t∈R

,

and (
〈DZH,qcs , DZH,qct 〉H

)
s,t∈R

law
= c2H

(
〈DZH,qs , DZH,qt 〉H

)
s,t∈R

.

Proof. Let us start by establishing that the Malliavin derivative of ZH,q is self-
similar. Let c > 0. According to the product formula (3) and the definition of
the contraction (4), we have, for all s, t ∈ R,

〈DZH,qcs , DZH,qct 〉H = q2
∫
R
dxq Iq−1

(
LH,qcs (?, xq)

)
Iq−1

(
LH,qct (?, xq)

)
= q2

q−1∑
r=0

r!

(
q − 1

r

)2

I2(q−1)−2r

(
LH,qcs ⊗̃r+1L

H,q
ct

)
, (9)

with LH,q is given by (5). For t1, t2 ∈ R, r = 0, . . . , q − 1, and y1, y2 ∈ Rq−1−r,

(LH,qt1 ⊗r+1 L
H,q
t2 )(y1, y2)

= c(H, q)2
∫
Rr+1

r+1∏
i=1

dxi

2∏
j=1

∫ tj

0

duj

r+1∏
k=1

(uj − xk)
H0−

3
2

+

q−1−r∏
`=1

(uj − yj` )
H0−

3
2

+

= a(H, q, r)

∫ t1

0

du1

∫ t2

0

du2|u1 − u2|
2(H−1)(r+1)

q

2∏
j=1

q−1−r∏
`=1

(uj − yj` )
H0−

3
2

+ , (10)

where a(H, q, r) := c(H, q)2β
(

2−2H
q , 12 −

1−H
q

)r+1

, β is the beta function, and

in the last equality we used the following formula: for −1 < a < − 1
2 ,∫

R
(u− y)a+(v − y)a+du = β(−1− 2a, a+ 1)|u− v|2a+1.

For c > 0, s, t ∈ R, combining (9) and (10) yields

〈DZH,qcs , DZH,qct 〉H = q2
q−1∑
r=0

a(H, q, r)r!

(
q − 1

r

)2 ∫
R2(q−1)−2r

2∏
m=1

q−1−r∏
k=1

dB(ymk )

×
∫ cs

0

du1

∫ ct

0

du2|u1 − u2|
2(H−1)(r+1)

q

2∏
j=1

q−1−r∏
`=1

(uj − yj` )
H0−

3
2

+ .
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By the change of variables vj =
uj

c and zj` =
yj`
c , for j = 1, 2, and ` = 1, ..., q −

1− r, we obtain

〈DZH,qcs , DZH,qct 〉H

= c2H−(q−1−r)q2
q−1∑
r=0

a(H, q, r)r!

(
q − 1

r

)2 ∫
R2(q−1)−2r

2∏
m=1

q−1−r∏
k=1

dB(czmk )

×
∫ s

0

dv1

∫ t

0

dv2|v1 − v2|
2(H−1)(r+1)

q

2∏
j=1

q−(r+1)∏
`=1

(vj − zj` )
H0−

3
2

+ ,

using the scaling property of the Wiener process. Let us observe that the finite-
dimensional distributions of the two-parameter process on the right-hand side
of the the previous equality coincide in law with those of the two-parameter
process given by:

c2H−(q−1−r)cq−r−1q2
q−1∑
r=0

a(H, q, r)r!

(
q − 1

r

)2 ∫
R2(q−1)−2r

2∏
m=1

q−1−r∏
k=1

dB(zmk )

×
∫ s

0

dv1

∫ t

0

dv2|v1 − v2|
2(H−1)(r+1)

q

2∏
j=1

q−(r+1)∏
`=1

(vj − zj` )
H0−

3
2

+

= c2H〈DZH,qs , DZH,qt 〉H.

We now prove the stationarity of increments property for the Malliavin
derivative of ZH,q. We have

〈D(ZH,qs+a − ZH,qa ), D(ZH,qt+a − ZH,qa )〉H

= q2
q−1∑
r=0

r!

(
q − 1

r

)2

I2(q−1)−2r

(
(LH,qs+a − LH,qa )⊗̃r+1(LH,qt+a − LH,qa )

)
= q2

q−1∑
r=0

r!a(H, q, r)

(
q − 1

r

)2 ∫
R2(q−1)−2r

2∏
m=1

q−1−r∏
k=1

dB(ymk )

×
∫ s+a

a

du1

∫ t+a

a

du2|u1 − u2|
2(H−1)(r+1)

q

2∏
j=1

q−1−r∏
`=1

(uj − yj` )
H0−

3
2

+ .

Using the change of variable vj = uj − a, for j = 1, 2, and the stationarity of
increments for the Wiener process B, we deduce:(
〈DZH,qs+a −DZH,qa , DZH,qt+a −DZH,qa 〉H

)
s,t∈R

law
=
(
〈DZH,qs , DZH,qt 〉H

)
s,t∈R

,

which completes the proof of Proposition 5.1.

6 Strong local nondeterminism for Hermite pro-
cesses

In this section we establish the analogue of the strong local nondeterminism
property for Hermite processes. The following theorem provides its precise for-
mulation in the Malliavin framework.
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Theorem 6.1. Let ZH,q = {ZH,qt , t ∈ R} be the Hermite process of order q ≥ 1
with self-similarity parameter H ∈ ( 1

2 , 1). For any j ∈ N∗ and any time grid
0 = t0 < t1 < · · · < tj−1 < tj, one has∥∥DZH,qtj − projEj−1

(
DZH,qtj

)∥∥2
H

law
≥ (tj − tj−1)2H ‖DZH,q1 ‖2H1

, (11)

where H1 = L2([0, 1]), Ej−1 = span{DZH,qt1 , . . . , DZH,qtj−1
}, and the notation

X
law
≥ Y means that

E[f(X)] ≥ E[f(Y )]

for all non-decreasing bounded functions f : R+ → R.

Proof of Theorem 6.1. Fix j ∈ N∗ and a time grid 0 = t0 < t1 < · · · < tj−1 < tj .
Consider the random vector space

Ẽj−1 = span
{
D(ZH,qtk

− ZH,qt`
) : k, ` = 0, . . . , j − 1

}
.

Let (a1, . . . , aj−1) be the random variables such that

∥∥DZH,qtj − projEj−1
(DZH,qtj )

∥∥2
H

=
∥∥DZH,qtj −

j−1∑
k=1

akDZ
H,q
tk

∥∥2
H
.

We claim that, almost surely∥∥DZH,qtj − projEj−1
(DZH,qtj )

∥∥2
H

≥
∥∥D(ZH,qtj − ZH,qtj−1

)− projẼj−1

(
D(ZH,qtj − ZH,qtj−1

))
∥∥2
H
. (12)

Indeed, one can rewrite∥∥∥∥∥DZH,qtj −
j−1∑
k=1

akDZ
H,q
tk

∥∥∥∥∥
2

H

=
∥∥∥D(ZH,qtj − ZH,qtj−1

)−
j−1∑
k,`=0

bk,`D(ZH,qtk
− ZH,qt`

)
∥∥∥2
H
,

with coefficients bk,0 = ak for k = 1, . . . , j − 2, bj−1,0 = aj−1 − 1, and bk,` = 0
otherwise. Taking the infimum over (bk,`) yields (12).

Now, for any (bk,`),∥∥∥D(ZH,qtj − ZH,qtj−1
)−

j−1∑
k,`=0

bk,`D(ZH,qtk
− ZH,qt`

)
∥∥∥2
H

=
∥∥∥D(ZH,qtj−1+(tj−tj−1)

− ZH,qtj−1

)
−

j−1∑
k,`=0

bk,`D
(
ZH,qtj−1+(tk−tj−1)

− ZH,qtj−1

)
+

j−1∑
k,`=0

bk,`D
(
ZH,qtj−1+(t`−tj−1)

− ZH,qtj−1

)∥∥∥2
H

=: X(bk,`).

By Malliavin stationarity of increments (Proposition 5.1), X has the same law
as

X̃(bk,`) =
∥∥∥DZH,qtj−tj−1

−
j−1∑
k,`=0

bk,`D(ZH,qtk−tj−1
− ZH,qt`−tj−1

)
∥∥∥2
H
.
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By Malliavin self-similarity (Proposition 5.1), the law of X̃ is the same as that
of

X̂(bk,`) = (tj − tj−1)2H
∥∥∥DZH,q1 −

j−1∑
k,`=0

bk,`D
(
ZH,qtk−tj−1

tj−tj−1

− ZH,qt`−tj−1
tj−tj−1

)∥∥∥2
H
.

Therefore, ∥∥D(ZH,qtj − ZH,qtj−1
)− projẼj−1

(D(ZH,qtj − ZH,qtj−1
))
∥∥2
H

law
= (tj − tj−1)2H

∥∥DZH,q1 − projÊj−1
(DZH,q1 )

∥∥2
H
,

where

Êj−1 = span
{
D
(
ZH,qtk−tj−1

tj−tj−1

− ZH,qt`−tj−1
tj−tj−1

)
: k, ` = 0, . . . , j − 1

}
.

Finally, for any (bk,`),∥∥∥DZH,q1 −
j−1∑
k,`=0

bk,`D
(
ZH,qtk−tj−1

tj−tj−1

− ZH,qt`−tj−1
tj−tj−1

)∥∥∥2
H
≥ ‖DZH,q1 ‖2H1

,

since DrZ
H,q
tk−tj−1
tj−tj−1

= 0 for r ∈ [0, 1] and k = 1, . . . , j − 1 by (6). Thus,

∥∥D(ZH,qtj − ZH,qtj−1
)− projÊj−1

(D(ZH,qtj − ZH,qtj−1
))
∥∥2
H
≥ ‖DZH,q1 ‖2H1

,

which completes the proof.

7 Proof of Theorem 1.1
We are now in position to prove our main result. Combining the determinant
identity for the Malliavin matrix (Lemma 4.1) with the strong local nonde-
terminism property for Hermite processes (Theorem 6.1), we can apply the
Bouleau–Hirsch criterion to conclude.

Proof. Let Z = (ZH,qt1 , . . . , ZH,qtn ), and denote by ΓZ its Malliavin matrix. By
the Bouleau–Hirsch criterion (Theorem 2.1), it is enough to prove that

P(det(ΓZ) > 0) = 1.

By Lemma 4.1, we can factorize the determinant as

det(ΓZ) = ‖DZH,qt1 ‖
2
H

n∏
j=2

∥∥DZH,qtj − projEj−1(DZH,q
tj )

∥∥2
H
, (13)

where Ej−1 = span{DZH,qt1 , . . . , DZH,qtj−1
}.

Now, by the self-similarity of the Malliavin derivative of ZH,q (Proposition
5.1) and Lemma 3.4, the first factor is almost surely positive. For each j =
2, . . . , n, Theorem 6.1 yields∥∥DZH,qtj − projEj−1

(DZH,qtj )
∥∥2
H

law
≥ (tj − tj−1)2H ‖DZH,q1 ‖2H1

,

12



with H1 = L2([0, 1]). Since ‖DZH,q1 ‖2H1
> 0 almost surely (again by Lemma

3.4), it follows that each factor in (13) is almost surely positive.
Therefore det(ΓZ) > 0 almost surely, and by Theorem 2.1 the law of

(ZH,qt1 , . . . , ZH,qtn )

admits a density with respect to Lebesgue measure. This completes the proof
of Theorem 1.1.
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