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Abstract

In the context of increasing interest in space exploration, having a reliable means of
predicting the behaviour of thermal protection material during atmospheric re-entry is
of capital importance. Inductively coupled plasma facilities have been designed to fulfill
this demand, producing a high quality plasma and simulating accurately the re-entry
conditions. In parallel, they motivated the development of dedicated efficient numeri-
cal solvers in order to better understand the experiments. However, these solvers have
several drawbacks, such as slow convergence due to a staggered solution approach be-
tween the Maxwell and Navier-Stokes equations, and their use of multi-block high-quality
structured mesh. In this work, we develop a novel multi-domain monolithic high-order hy-
bridized discontinuous Galerkin (HDG) solver for inductively coupled plasma. We show
that HDG method alleviates the mesh restrictions considerably, except in the boundary
layer, where the mesh still needs to be structured. Moreover, we prove that the mono-
lithic aspect of the solver allows for a fast convergence to the steady-state starting from
initial data far from the solution. Using a manufactured solution, it is shown that the
order of convergence of the monolithic HDG method is p + 1 in the L2 norm, with p
the degree of the approximation space. Finally, a comparison of the HDG code with a
finite volume code (COOLFluiD) and experimental data are performed, showing a good
agreement.

1. Introduction

The inductively coupled plasma (ICP) experimental facilities are very useful for space
exploration. They are able to reproduce the thermodynamic conditions occurring during
atmospheric reentry, allowing for the study of the thermal and chemical interaction be-
tween plasma and material (e.g. space debris samples, thermal protection material) with
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a high plasma purity and an excellent reproducibility of regimes. Pioneering work in ICP
was done in Russia, at the Institute for Problems in Mechanics (IPM) with the series of
Inductive Plasma Generators (IPG) [1, 2, 3, 4]. The IRS (Institut für Raumfahrtsysteme
of Stuttgart University) also developed its IPG facilities around the end of the eighties
[5], until the development of the IPG-6 in 2012 [6]. In France, the CORIA ICP torch is
operational since 1995 [7, 8]. In 1997, the most powerful ICP device in the world, the
Plasmatron, was commissioned at the von Karman Institute for Fluid Dynamics (VKI)
in Belgium [9]. More recent plasma torches have been built in the US (e.g. Vermont [10],
Austin [11] and the very recent Plasmatron X in Illinois [12]).

The difficulty of running an ICP facility and performing measurements in several
locations led to the development of dedicated numerical solvers to better prepare the
experiments. The first numerical model of an ICP was developed by Boulos [13] in 1976
using a finite difference (FD) method. Further simulations were performed by the group of
Proulx for monoatomic and molecular gases [14]. Various numerical solvers of increasing
complexity based upon the finite volume (FV) method have also been proposed. Vanden
Abeele [15] studied the physics of ICP using a two-temperature model of the plasma torch
in non-equilibrium. Then, Magin [16] developed an axisymmetric code for equilibrium
cases for the complete problem (torch and test chamber). Finally, Lani [17, 18] developed
the COOLFluiD solver. More recently, the Center for Hypersonics and Entry Systems
Studies (CHESS) at the University of Illinois at Urbana-Champaign developed a 3D,
unsteady code for ICP [19], opening the path to capture 3D ICP modes and instabilities.

The previously mentioned solvers present several drawbacks. First, they are based
on FV or FD second order total variation diminishing schemes on structured grids, de-
manding a high-quality mesh and numerous elements in high gradient regions. Moreover,
low-order FV methods are not well suited for capturing unsteady phenomena such as in-
stabilities or turbulence. For this reason, a higher-order accurate discretization is devel-
oped based upon the family of discontinuous Galerkin (DG) methods. DG methods were
first introduced in 1973 by Reed and Hill [20] in the framework of hyperbolic problems.
During the 1990s, there was an intensive development of DG methods for convection-
diffusion problems (see e.g. the work of Cockburn and Shu [21]). In 2002, Arnold and
Brezzi [22] analyzed the DG methods applied to purely elliptic problems and showed how
to improve the stability, adjoint consistency and the convergence rate of the method. Al-
though they were never used for ICP, DG codes were used in the case of high-enthalpy
flows (e.g. Shrooyen et al. [23]). DG method present several advantages. They result in
stable and accurate high-order discretization of the convective and diffusive operators on
unstructured meshes of almost arbitrary quality. They allow for straightforward impo-
sition of the boundary conditions and are very flexible to parallelization and adaptivity.
The computational complexity of the methods is higher than standard methods, but this
is offset by the computational efficiency and the gain in required degrees of freedom.
This is further improved in combination with mesh and order (h and p) adaptation for
which the methods are particularly well suited.

In this work, we use a variant of the classic DG method, called the hybridized dis-
continuous Galerkin (HDG) method. HDG was introduced to reduce computational
complexity, improving the efficiency. Initially developed by Cockburn [24] for elliptic
problems, the main advantage of the method is its reduced number of globally coupled
degrees of freedom (DOFs), obtained via static condensation using hybrid variables, lead-
ing to non-negligible reduction of the computational costs and memory storage compared
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to DG as pointed out by Woopen [25]. The method was further developed for linear and
nonlinear convection-diffusion problems by Nguyen et al. [26, 27, 28]. It was later applied
to several flow configuration (e.g. see Fernandez [29] for turbulent applications or the
more recent work of Modave [30] for Helmholtz equation). In this work, we use a HDG
framework developed by Woopen, Balan and May [31].

A second drawback of the legacy ICP codes is their solution strategy. They solve the
electric field and the Navier-Stokes equations separately in a staggered fashion, slowing
down the convergence or leading to instabilities [32, 33]. We propose to solve the system
in a monolithic manner. This implementation requires to develop a multi-domain solver
for the electric field equations outside the torch and the complete ICP equations (electric
field and Navier-Stokes equations inside the torch). Although multi-domain solvers have
been developed for classic DG methods (see for instance [34, 35]), to our best knowledge,
this is the first multi-domain monolithic solver developed using HDG.

This work is presented as follows. First, a description of the plasma model is given.
Then the multi-domain HDG method is presented. Finally, the results are discussed:
first, a convergence study of the ICP model is presented using a manufactured solution,
then, a comparison with the COOLFluiD (FV) code is shown [18]. Finally a comparison
with experimental data is presented.

2. Model for inductively coupled plasma

This section aims at describing the physics underlying an inductively coupled plasma
flow. First, a brief review of the working principles of the facility is given. Then, the
basic assumptions are listed. Finally, the set of equations to be solved numerically is
exposed.

2.1. Basic operating principles of an ICP facility
An inductively coupled plasma facility can be schematically represented in Fig. 1. It

consists of a torch surrounded by coils. A gas (such as air for earth or argon for basic
research study), enters the torch via an annular injector, creating a stabilizing recircula-
tion. A partially ionized plasma is created by the electromagnetic coupling between the
fluid and the high-frequency current in the surrounding coil via Joule effect. In order
to further stabilize the flow, a swirl component is sometimes added to the injector. The
plasma is then ejected in the test chamber, where pressure probes, calorimeters, Pitot
tubes and a sample holder of ablation material are placed.

The physics underlying ICP flows is complex, as it is governed by the coupling between
the fluid and an electromagnetic field. High density plasma involves complex chemical
interactions that must be treated to capture flow features accurately. The walls of the
facility are cooled down to a few hundred Kelvins through a water-cooled cold-cage system
while the temperature at the torch center reaches 11 000K, creating steep temperature
gradients. The wide range of temperatures gives rise to strong variations in the fluid
transport properties, such as viscosity or thermal conductivity. The pressure in the
torch is almost constant everywhere, and the flow is near incompressible (Ma ≃ 0.01)
and laminar (Re ≃ 100). In the chamber, the flow remains laminar and subsonic. Kelvin-
Helmholtz instabilities occur in the jet shear layer, and the pressure field can be slightly
affected by the presence of a sample material or probe. Large temperature gradients
appear in the vicinity of cold samples placed in the jet.
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Figure 1: Schematic representation of an ICP. The torch is surrounded by coils (the grey disks) where
an induction current flows. The injection system is annular in order to produce a recirculation close
to the inlet, stabilizing the flow. The test material is placed in the chamber, after the torch exit.
Conceptually, the Maxwell and Navier-Stokes equations are solved inside the torch (blue region), while
only the Maxwell equations are solved outside (red region), making the ICP simulation a multi-domain
problem. The boundary conditions have already been marked.

2.2. Thermodynamics
The plasma under consideration is a mixture at relatively high pressure (p ≃ 5000−

10 000Pa), and at high induction current frequency (f = 400 kHz). It is assumed to be
in local thermodynamic equilibrium (LTE) and elemental demixing is ignored. The LTE
assumption is reasonable for the jet exhausting the torch but questionable for the plasma
in the torch. Demixing effects remain significant even at high pressures [36] and should
be considered in the future.

2.3. Plasma equations
The system of governing equations describing the flow of an inductively coupled

plasma is composed of the Navier-Stokes and Maxwell equations. They are presented
here, with the basic assumptions leading to the simplified ICP axisymmetric model. The
interested reader can find a thorough derivation in [16].

Collision-dominated and thermal plasma The density of the plasma is relatively
high. Consequently, the mean free path of the molecules is low and the plasma is
dominated by molecular collision. The collisions are assumed to be sufficiently effi-
cient so that all species have the same temperature. Also, the continuity hypothesis
applies.

Quasi-neutrality The plasma characteristic length is assumed to be much larger than
the Debye length, leading to a quasi-neutral plasma, where the electrostatic force
produced by charged particles is driven by the collective behavior of the plasma
and is responsible for diffusion phenomena.
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No displacement current This assumption is valid if the oscillation frequency of the
induction current is smaller than the plasma frequency, which represents the oscil-
lation frequency of the free electrons about their equilibrium position. If the plasma
frequency is very large, the electrons return rapidly to their equilibrium state and
the electromagnetic waves produced by the excitation current are damped. On the
other hand, it is assumed that the oscillation frequency is much larger than the
plasma frequency. The electromagnetic and plasma waves always propagate in the
torch and the displacement current can be neglected.

Ambipolar assumption It is commonly assumed that there is no diffusion current in
the axisymmetric plane.

Splitting of the electric field The total electric (E) field is split into an electrostatic
(ES) and an induced (EI) parts

E = ES +EI (1)

Following the developments in [16], ES is in the axisymmetric plane while EI =
EIeθ is assumed to be purely azimuthal. EI is itself split into two contributions,
one due to the coil EC and one due to the plasma EP electric field,

EI = EC +EP . (2)

Axisymmetry Assuming axisymmetry excludes 3D plasma modes and coil-induced
torch asymmetry [37]. Moreover, the coil is modeled as a series of infinitely thin
parallel wires. The electric field from these loops is determined analytically [38, 39].

Weakly magnetized plasma The external magnetic field is too weak to affect plasma
transport properties.

Non-radiative plasma No radiation is considered here, although radiation can have
a huge impact on heat transfer caused by the medium itself at sufficiently high
pressure [19]. Karl et. al. [40] have shown that a temperature difference of 1000K
is observed between radiative and non-radiative argon ICP simulations. These
results are far from general, as the gas mixture and pressure in the facility play
an important role. This should be investigated in future work, but requires a
significant effort at both modelling and numerical levels.

No elemental demixing Elemental demixing is the separation of chemical elements
by diffusion. This phenomenon is both present for equilibrium and non equilibrium
flows [41]. It is ignored here.

Local thermodynamic equilibrium The ICP computations are assumed to be at lo-
cal thermodynamic equilibrium (LTE). The thermodynamic properties of the gas
are computed using a linear interpolation in a thermodynamic table of states built
using the Mutation++ library [42]. This table primary serves to retrieve the fluid
density, internal energy, viscosity, thermal conductivity and electric conductivity.

Steady-state We assume the flow to be at steady-state. In practice, ICP flows are
unsteady due to the Kelvin-Helmholtz instabilities in the shear layer of the jet and
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the fast temporal variation of the different fields introduced by the high oscillation
frequency of the induction current. However, we disregard these effects, and average
all variables over one oscillation period of the induction current. Then, in these
time average equations, we find a steady solution (∂t = 0). However, we show the
temporal derivative in our developments to keep the argument general.

Considering the previous hypotheses, the set of axisymmetric Navier-Stokes equations
averaged over one oscillation period of the frequency is

∂t(rw) + ∂z (rF
z
c − rFz

v) + ∂r (rF
r
c − rFr

v) = rS (3)

where the vector of conservative variables is w =
(
ρ ρvz ρvr ρvθ ρe+ ρ ||v||2

2

)T
,

the total flux is split in a convective and diffusive parts F = Fc −Fd, the convective flux
vector is given by

F z
c =

(
ρvz ρv2z + p ρvzvr ρvzvθ ρvzH

)T
,

F r
c =

(
ρvr ρvrvz ρv2r + p ρvrvθ ρvrH

)T
,

(4)

the diffusive flux vector is given by

F z
d =

(
0 τzz τzr τzθ

∑
j τzjvj − qz

)T
,

F r
d =

(
0 τrz τrr τrθ

∑
j τrjvj − qr

)T
,

(5)

and the source terms are given by

S =
(
0 FL

z
p+ρv2

θ−τθθ
r + FL

r
−ρvrvθ+τrθ

r PJ

)T
. (6)

with ρ the density, v = (vz vr vθ) the velocity vector, p the static pressure, H =

ρe + ρ ||v||2
2 + p the specific total enthalpy and q = −k∇T the heat flux, with T the

temperature of the fluid. The components of the symmetric viscous stress tensor in
cylindrical coordinates are given by

τzz = 2η

(
∂zvz −

1

3
∇ · v

)
τrr = 2η

(
∂rvr −

1

3
∇ · v

)
τzr = τrz = η (∂rvz + ∂zvr) τrθ = η

(
∂rvθ −

vθ
r

)
τzθ = η∂zvθ τθθ = 2η

(
vr
r

− 1

3
∇ · v

) (7)

where η is the fluid dynamic viscosity and ∇ · v = ∂zvz + ∂rvr +
vr
r is the divergence

of the velocity field. Finally, the effective Lorentz force FL and the power dissipated by
joule heating P J are linked to the real and imaginary parts (resp. EIm

I , ERe
I ) of the

induced electric field EI (see Eq. (2))

FL
z =

σe

4πf

[
EIm

I ∂zE
Re
I − ERe

I ∂zE
Im
I

]
,

FL
r =

σe

4πf

[
EIm

I

1

r
∂r(rE

Re
I )− ERe

I

1

r
∂r(rE

Im
I )

]
,

P J =
σe

2

[
(EIm

I )2 + (ERe
I )2

] (8)
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where σe is the electronic electric conductivity of the plasma and f is the frequency of
the induction current. The electron electric conductivity σe is assumed to dominate the
ionic electric conductivity and therefore is the only electric conductivity appearing in
the equations. The transport properties at equilibrium are computed using Mutation++
[42].

The equation for the electric field generated by the plasma EP in the azimuthal
direction is given by [16]

∂z (r∂zEP ) + ∂r (r∂rEP )−
EP

r
= 2iπfµ0σer(EC + EP ) (9)

where EC is the electric field produced by the coil, i is the imaginary unit, f is the
coil induction frequency and µ0 is the vacuum magnetic permeability. In the following,
Eq. (3) and (9) are solved using the HDG method. They are coupled through σe, which
appears in the source term of both equations, and depends on temperature and pressure.
The electric field produced by the coil can be computed analytically from the following
equation

∂z(r∂zEC) + ∂r(r∂rEC)−
EC

r
= 2iπfµ0IC

nr∑
j=1

δ(x− xj) (10)

where IC is the magnitude of the current flowing through the coil, and xj is the position
of coil j. The interested reader may refer to [38] for a complete derivation of EC using
Maxwell equations. The coil electric field EC is given by

EC =

nr∑
j=1

ifµ0IC

√
r0
r

[
2
E2(kj)

kj
− E1(kj)

(
2

kj
− kj

)]
(11)

where E1(k) and E2(k) are respectively the complete elliptic integrals of the first and
second kind

E1(k) =

∫ π
2

0

1√
1− k2 sin2(θ)

dθ, E2(k) =

∫ π
2

0

√
1− k2 sin2(θ) dθ, (12)

with kj defined as

kj =
4rr0

(z − zj)2 + (r + r0)2
. (13)

r0 is the coil radius and zj is the axial position of turn j. In practice, the coil electric
field is computed once and for all at the beginning of the ICP simulation, then stored
and reused as much as needed. The complete elliptic integrals are computed using the
corresponding C++ standard library functions.

2.4. Computational domain, boundary and initial conditions
The ICP configuration is a multi-domain problem as shown in Fig. 1. It contains two

subdomains: the torch, filled with conductive plasma, where Maxwell and Navier-Stokes
equations are solved, and the outer region, governed by Maxwell equations and filled with
non-conducting air at room temperature. The computational domain is accompanied by
a set of boundary and initial conditions listed below.
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2.4.1. Boundary conditions
The boundary conditions displayed in Fig. 1 are listed here.

Vanishing far electric field At the boundary of the Maxwell subdomain, the electric
field vanishes: EP = 0.

Symmetry axis The centerline is an axis of symmetry. ∂rp = 0, ∂ruz = 0, ur = 0,
∂rT = 0 and EP = 0.

Openings The chamber is cut to reduce the computational costs. Openings are placed
at the cut location (top and right end of the chamber domain). p = p0

No-slip wall isothermal The wall below the annular injector and the torch upper wall
are isothermal. T = Twall and u = 0.

Inflow The inflow is annular, uz = Uin, ur = 0 and T = Tinlet

Stabilizing coflow A stabilizing coflow is blown from the chamber upper left wall. The
purpose of this coflow is to remove the Kelvin-Helmholtz instabilities occurring in
the shear layer of the jet in order to reach steady-state. This technique has been
used in legacy codes [43, 16, 44]. Since the coflow is injected outside of the torch
radius, we can expect it to have no significant impact inside the jet for steady-state
computations. Nevertheless, when the coflow is sufficiently low, Kelvin-Helmholtz
instabilities appear in the shear layer, requiring a time-accurate solver. We do
not investigate the effect of the coflow, and leave it for future work. T = Twall,
u = ucoflowez

Maxwell + N-S and Maxwell interface At the interface between Maxwell and ICP
subdomains, boundary conditions are applied on the hydrodynamic fields. However,
the normal electric field diffusive flux is conserved across the interface.

∇ERe,NS
P · nNS = ∇ERe,MAX

P · nMAX

∇EIm,NS
P · nNS = ∇EIm,MAX

P · nMAX
(14)

where ERe
p and EIm

p represent the real and imaginary parts of the electric field, the
superscripts NS and MAX label the N-S + Maxwell and Maxwell domains respec-
tively, and n is the outward pointing normal with respect to a given subdomain.

2.4.2. Initial conditions
The flow is initialized as follows:

Velocity field Uniform initial velocity v = Uinez.

Temperature field Considering z and r the radial and axial position respectively:

• If z > z3, or r > Rout, T (z, r) = Twall.

• Else if z ∈ [z1; z2], T (z, r) = T12(r) = Tinitial +
r2

R2
in

(Twall − Tinitial)

• Else if z < z1, T (z, r) =
Twall−T12(r)

z2
1

z2 − 2Twall−T12(r)
z1

z + Twall
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• Else if z ∈ [z2, z3]: T (z, r) = T12(r) +
(z−z2)

2

(z3−z2)2
(Twall − T12(r))

The choice of z1, z2 and z3 should be such that the initial data match the boundary
conditions.

Pressure and electric field The pressure and electric fields are initialized as EP =
0 and p = p0. Note that the electric field is initialized the same way in both
subdomains.

3. Numerical solution of inductively coupled plasma

We now describe the numerical solution of the steady ICP problem using a hybridized
discontinuous Galerkin (HDG) method extended to multi-domain configurations. The
numerical solver employed and the solution strategies are also discussed.

3.1. Problem statement
Multi-domain problems can be modeled as a collection of non-overlapping subdomains

governed by their own physics. Consider a given subdomain Ωl ⊂ RD of dimension D
with boundary ∂Ωl. A set of conservation equations, boundary and initial conditions are
defined over Ωl as

∂tw
l(u) +∇ ·

(
Fl

c(u)− Fl
v(u,∇u)

)
= Sl(u,∇u), x ∈ Ωl, t > 0

ul = ul
bc, x ∈ ∂Ωl

d, t > 0

Fl
v · n = Fl

v,n,bc, x ∈ ∂Ωl
n, t > 0

F l,l′(ul,∇ul,ul′ ,∇ul′) = 0, x ∈ γl,l′ , t > 0, l ̸= l′

ul(t = 0) = Ul, x ∈ Ωl

(15)

where ul is the vector of unknowns and wl is the set of conservative variables. Fc and
Fv are the convective and diffusive physical flux functions respectively and S represents
the source terms. ∂Ωd ⊂ ∂Ω and ∂Ωn ⊂ ∂Ω are the part of the frontier where Dirichlet
and Neumann boundary conditions apply respectively. ubc and Fv,n,bc are boundary
conditions on the solution and on the diffusive flux normal to the boundary respectively.
U represents an initial field function. γl,l′ = ∂Ωl ∩ ∂Ωl′ is the common frontier to the
subdomains l and l′. Finally, compatibility and conservation conditions are applied at
the interface between domain Ωl and Ωl′ . They are represented by the function F .

We have illustrated Eq. (15) particularized to the ICP model in Fig. 2. We show
the conservative w and unknown u vectors for each subdomain, and the conservativity
condition F across their boundary. We also have listed in Table 1 the mapping of the
symbols found in Eq. (15) and in the ICP problem. The boundary and initial conditions
can be retrieved from Section 2.4. Note that, for the Navier-Stokes equations, we use
the set of unknowns u = (p vz vr vθ T ). This choice is mainly motivated by the use of
an LTE table of state constructed using p and T . It is then easy to retrieve the usual
conservative quantities w = (ρ ρvz ρvr ρvθ e + ρ ||v||2

2 ) using the LTE table. Note also
that, outside of the torch, the air is considered to be insulating, meaning that the right
hand side of Eq. (9) vanishes in this region. Finally, EC and EP are split into a real and
imaginary parts, and so is Eq. (9).
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Maxwell + N-S (Ω1)

Maxwell (Ω2)

u1 =
(
p vz vr vθ T ERe

p EIm
p

)
w1 =

(
ρ ρvz ρvr ρe+ ρ

2 ||v||
2 ρvθ ERe

p EIm
p

)

u2 = w2 =
(
ERe

p EIm
p

)
F l,l′ =

(
r∇E1

P · n1 + r∇E2
P · n2

)
= 0n1

n2

Figure 2: Schematic representation of an ICP as a multi-domain problem. Only half of the facility is
represented. The two domains are Ω1, the Navier-Stokes + Maxwell subdomain, and Ω2 the Maxwell
subdomain. The conservative variables wl and ul have been shown for each domain, with ρ the density
of the fluid, vz and vr the radial and axial velocity components, T the temperature, e the internal energy,
p the pressure, EP = ERe

P + iEIm
P the plasma electric field, with ERe

P and EIm
P its real and imaginary

parts. The operator F has also been displayed, representing the conservation of the electric field diffusive
flux across subdomains.
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Eq. (15) NS + Maxwell (Eq. (3) + Eq. (9)) Maxwell (Eq. (9))

ul
(
p vz vr vθ T ERe

P EIm
P

)T (
ERe

P EIm
P

)T
wl

(
ρ ρvz ρvr ρvθ ρe+ ρ ||v||2

2 ERe
P EIm

P

)T (
ERe

P EIm
P

)T
Fl

c (rFc 0 0)
T , Fc is given in Eq. (4) /

Fl
v r

(
Fv ∇ERe

P ∇EIm
P

)T , Fv is given in Eq. (5) r
(
∇ERe

P ∇EIm
P

)T
Sl

 rS

2πfµ0σer(E
Im
C + EIm

P )− ERe
P

r

−2πfµ0σer(E
Re
C + ERe

P )− EIm
P

r

, S is given in Eq. (6)

(
−ERe

P

r

−EIm
P

r

)

F l,l′ r

(
∇ERe,NS

P · nNS +∇ERe,MAX
P · nMAX

∇EIm,NS
P · nNS +∇EIm,MAX

P · nMAX

)
ul
bc u evaluated using the boundary values in Section 2.4.1

Fl
v,n,bc Fv · n, evaluated using ubc and the gradient boundary values in Section 2.4.1

Ul u, evaluated using the initial values as described in Section 2.4.2

Table 1: Mapping table between the notations of Eq. (15) and the notations of the ICP problem composed
of the N-S + Maxwell subdomain (Eq. (3) + Eq. (9)) and the Maxwell subdomain (Eq. (9)). ρ is the
density of the fluid, vz , vr and vθ are the axial, radial and azimuthal velocity components respectively, T
is the temperature, e is the internal energy, p is the pressure, ERe

P and EIm
P are the real and imaginary

parts of the electric field respectively and r is the radial position. n represents the outward pointing
normal to the boundary of a specific subdomain. The superscripts NS and MAX label the Maxwell +
Navier-Stokes and the Maxwell domain respectively.
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3.2. Hybridized Discontinuous Galerkin method
We describe the hybridized discontinuous Galerkin (HDG) method. The develop-

ments follow closely [26, 28, 45, 31]. We first give the HDG spatial discretization and
functional spaces. Then, we discuss the discrete problem. We also present the numerical
fluxes and the compatibility and conservativity conditions between subdomains for the
case of ICP simulations.

3.2.1. Spatial discretization
Let us consider a domain Ω composed of Nd non-overlapping subdomains Ωl:

Ω =

Nd⋃
l=1

Ωl. (16)

Each subdomain Ωl is divided in a collection T l of N l
e non-overlapping elements labeled

by Ki. The tesselation T of the complete domain Ω is defined as T =
⋃Nd

l=1 T l, with
boundary ∂T . The subdomain mesh skeleton Γl is defined as

Γl = {e : e = Ki ∩Kj ;∀Ki,Kj ∈ T l, Ki ̸= Kj}. (17)

We also define the set of traces on the interface between subdomains Γl,l′ as

Γl,l′ = {e : e = K ∩K ′;K ∈ T l,K ′ ∈ T l′ , l ̸= l′} (18)

In the following, we define Γ as the set containing all traces Γl and Γl,l′ , and by Γ̄ the
set containing all the traces located at the interface between subdomains.

3.2.2. Functional spaces
The purpose of HDG is to find an approximation to the solution u of Eq. (15) and its

gradient q = ∇u on finite dimensional functional spaces. To do so, it also uses a set of
hybrid degrees of freedom on the mesh skeleton, noted λ in the following. They represent
the solution on the element interface. Considering the sets Pp(K) of polynomial of degree
at most p over the set K, we define those sets Wh, Vh and Mh as:

Wh =
{
w ∈ L2(Ω) : w|K ∈ Pp(K),∀K ∈ T

}
(19)

Vh =
{
v ∈ L2(Ω) : v|K ∈ (Pp(K))

d
,∀K ∈ T

}
(20)

Mh =
{
µ ∈ L2(Γ) : µ|e ∈ Pp(e),∀e ∈ Γ

}
(21)
(22)

with d the spatial dimensions of the problem. In this work, Dubiner’s polynomial basis
with compact support on the element is used for all spaces [46]. Consequently, the
solution uh, solution gradient qh and the hybrid variables λh on facet e are given by

uh =
∑
K∈T

p∑
i=1

uK,iφK,i qh =
∑
K∈T

p∑
i=1

qK,iτK,i λh =
∑
e∈Γ

p∑
i=1

λe,iµe,i. (23)

with (φK,i, τK,i, µe,i) ∈ Wh×Vh×Mh the Dubiner’s basis functions with compact support
on element K ∈ T and e ∈ Γ, i ∈ {1, 2, ..., p}.
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3.2.3. Notations
We present here some of the operators and symbols. The jump operator is defined at

the interface between elements as

[[u]] = u+ · n+ + u− · n−, (24)

where the + and− label the two elements sharing the edge over which the jump is com-
puted, n represents the outward pointing normal to an element. We also define the
following integration operators:

(a, b)K =

∫
K

ab dV ⟨a, b⟩∂K =

∫
∂K

ab dS (25)

3.2.4. Discrete problem
The HDG method adapted to a multi-domain problem consists in, for each subdomain

Ωl ∈ Ω tesselated using the set T l ∈ T , finding an approximation of the solution of the
model problem Eq. (15) by solving the following problem for (uh,qh,λh) ∈ Wh×Vh×Mh

and for any test function (v, τ , π) ∈ Wh × Vh ×Mh:(
∂tw

l
h − Sl

h, v
)
T l −

(
Fl

h,c − Fl
h,v,∇v

)
T l +

∑
K∈T

〈
Hl, v

〉
∂K

= 0

(
ql
h, τ

)
T l −

(
ul
h,∇τ

)
T +

∑
K∈T l

〈
λl
h, τ · n

〉
∂K\∂Ωl

+
〈
ul
bc, τ · n

〉
∂Ωl = 0

〈
[[Hl]], π

〉
Γl

+

Nd∑
l′=1
l′ ̸=l

⟨F̃ l,l′ , π⟩Γl,l′ = 0

(26)

where the subscript h means that a quantity is evaluated using uh, qh and λh, the
superscript l denotes the domain and Nd is the number of subdomains inside Ω. H is
the numerical flux function, i.e. an approximate consistent evaluation of the convective
and diffusive physical fluxes at the interface used to stabilize the method. Eq. (26) is
very similar to classic HDG. However, the third equation contains an additional term,
which is the core of the multi-domain method presented in this work

Nd∑
l′=1
l′ ̸=l

⟨F̃ l,l′ , µ⟩Γl,l′ . (27)

The operator F̃ is responsible for the exchange of information between subdomains Ωl and
Ωl′ . In general, F̃ is an approximation to F , the actual compatibility or conservativity
condition existing between the subdomains. Both the numerical flux functions H and F̃
are discussed more thoroughly in the following.

Because the sets Wh, Vh and Mh are finite dimensional, as long as Eq. (26) is verified
for the basis functions, it is verified for all functions (v, τ , π) ∈ Vh ×Wh ×Mh. In DG
methods, we use basis functions with compact support on the elements. Due to their
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compact domain, Eq. (26) becomes, for all K ∈ T , e ∈ Γ and i ∈ {1, 2, ..., p}(
∂tw

K
h − SK

h , φK,i

)
K
−
(
FK

h,c − FK
h,v,∇φK,i

)
K
+
〈
HK , φK,i

〉
∂K

= 0(
qK
h , τK,i

)
K
−
(
uK
h ,∇τK′,i

)
K
+
〈
λ∂K
h , τK,i · n

〉
∂K0

+ ⟨ubc, τK,i · n⟩∂Kbc
= 0

⟨[[H]], µe,i⟩e\Γ̄ + ⟨F̃e, µe,i⟩e∩Γ̄ = 0

(28)

where the index K and e denote the restriction to element K ∈ T and e ∈ Γ respectively.
Note that the mapping given in Table 1 apply to Eq. (28). The frontier of each element
is ∂K = ∂K0

⋃
∂Kbc, where the boundary condition apply on ∂Kbc and the part of the

element frontier connected to another element is ∂K0.

3.2.5. Numerical fluxes
The HDG method depends on the numerical flux H. This flux can be written as

H = Hc − Hv, where Hc and Hv are the convective and diffusive contributions. It
plays an important role in the stability, convergence and in the imposition of boundary
conditions of the method. We present here numerical fluxes specifically applied to the
problem of ICP flows.

Convective numerical flux. ICP flows are incompressible, since Ma ≃ 0.01. In these
regimes, pressure cannot be updated easily [47], leading to a loss of accuracy and unstable
solvers. We use here a convective numerical flux specifically designed for low-Mach
regimes, belonging to the the Advection Upstream Splitting Method (AUSM) family. The
AUSM scheme was first presented in the seminal work of Liou [48, 49, 50]. It is based
on the splitting of the convective flux into a pressure part and an upwind convective
part. The resulting flux is designed to be central in the low-mach number limit and
upwind in the supersonic case. A simplified version of AUSM for Ma → 0 has already
been employed by Magin [16] in FV, where a pressure diffusion term is added to the
momentum transport flux. We adapted this simplified version to the HDG method for
the axisymmetric version of Navier-Stokes equation:

Hn
c (λ, u) =

r

2
(ṁ+ ṁp)(Ψλ +ΨU )−

r

2
|ṁ|(Ψλ −ΨU ) + rP, (29)

where
Ψ =

(
1 v⊥ v∥ vθ e+ 1

2 ||v||
2 + p

ρ

)T
, (30)

with the ∥ and ⊥ superscript respectively denoting the perpendicular and parallel compo-
nents of a vector with respect to the normal direction to the facet, p is the pressure, ρ is the
density, e is the internal energy and v is the velocity vector. The subscripts U and λ rep-
resent respectively the values in the element and on the facet, ṁ = 1

4 (ρλ + ρU ) (v
⊥
λ +v⊥U )

is the average mass flow rate, while mp = pU−pλ

Vp
is the pressure diffusion factor, with

Vp a preconditioning velocity, chosen as a characteristic velocity of the flow (in our case,
the inlet velocity). Finally, the pressure flux is defined as P =

(
0 pλ+pU

2 0 0
)T . In

order to express the convective numerical flux in the axisymmetric frame of reference,
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one must multiply it by a rotation matrix:

Hc =


1 0 0 0 0
0 nz −nr 0 0
0 nr nz 0 0
0 0 0 1 0
0 0 0 0 1

Hn
c , (31)

with nz and nr the components of the normal vector to the facet.

Diffusive numerical flux. The diffusive numerical flux is discretized as follows

Hl
v(u, λ, q) =

1

2

(
Fl

v(λ,q) + Fl
v(u,q)

)
· n+ γ(h)(λ− u) (32)

where the definition of Fl
v for both subdomains can be retrieved from Table 1. The

penalization parameter γ depends on a local characteristic mesh size. γ has been widely
studied for DG methods (see for instance [51, 52, 53]). Based on these results, we suggest
a form of γ very close to the one proposed by Hillewaert [51]:

γ = Cmax
K∋f

 1

2V
∑
f∈K

A

 (33)

with f denoting the facet under consideration, K being an element sharing the facet,
C a multiplicative constant proportional to the physical diffusion processes (such as
viscosity, heat conductivity), A is the area of the facet (length in 2D), V is the volume
of the element (surface in 2D).

Imposing boundary conditions. The boundary conditions are weakly imposed through
the numerical flux H(u,q,ubc,qbc), where ubc and qbc are respectively the boundary
condition and boundary condition gradient given in Section 2.4.1. If no BC is applied,
the value is copied from inside the domain (ubc = u and/or qbc = q).

3.2.6. Compatibility and conservativity conditions between subdomains
The compatibility and conservativity conditions between neighbouring subdomains

are treated in the third equation of Eq. (28). This equation contains an additional
term compared to single domain HDG. It takes into account the discretization of the F
operator, labelled here F̃ .

If F represents the conservativity of a flux across the interface, then the discretization
F̃ is the conservation of the associated numerical flux across that interface. In the case
of ICP, the conservation of the normal diffusive electric flux gives:

F̃ =

HNS
v,ERe

p
+HMAX

v,ERe
p

HNS
v,EIm

p
+HMAX

v,EIm
p

 (34)

where Hv,ERe
p

and Hv,EIm
p

represents the diffusive numerical flux of the real and imaginary
electric field respectively and the superscripts MAX and NS represent the Maxwell
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and the Maxwell + Navier-Stokes subdomains respectively. The complete expression of
Hv,ERe

p
and Hv,EIm

p
can be found in Eq. (32).

In other physical problem, F may represent a compatibility condition, such as a jump
or continuity of a variable across the interface. Since this is not the case here, we do
not develop this topic further. The interested reader may refer to [54] for an example of
application of a compatibility condition.

3.3. Solution strategy
Eq. (28) is solved using Newton’s method and eliminating the local variables in order

to obtain a global system for the hybrid unknowns. The resulting hybrid solution λ is
used to reconstruct the element-wise solutions (u,q) using direct inversion of small local
matrices. We describe here the strategy for reaching steady-state. Unsteady computa-
tions are left for future work.

3.3.1. Damped inexact Newton-Raphson method
Since we are interested in steady-state computations, a damped inexact Newton it-

eration is used in this work. It consists in adding a fictitious temporal term to the
steady-state form of the equations (∂t = 0). The role of this pseudo-temporal term is to
ease the convergence towards the steady-state, especially when the initial data are far
from the steady solution. When the CFL is sufficiently large, this term becomes negligi-
ble, and the steady-state solution is retrieved. This is translated in Eq. (28) by replacing
the time derivative of the conservative variables wl associated to the subdomain l by a
finite difference approximation:

∂tw
K(uK) ≃

wK(uk
K)−wK(uk−1

K )

τK
(35)

where k denotes the current Newton iteration. τK = CFL× hK/vK is a local time step
associated to element K. It is defined via a global Courant-Friederichs-Lewy number,
the characteristic size hK and speed vK of each element. In this work, hK

vK
= VK∫

∂K
λmaxdS

,
where λmax is the maximal eigenvalue of the hyperbolic operator and VK is the volume
(or area in 2D) of the element K. The choice of the CFL is based on the evolution of
L2 norm of the residual R of the system. It is given by

CFLn = min

(
CFL0

(
||R||02
||R||n2

)α

, CFLmax

)
(36)

where the index 0 denotes the initial value of a quantity, and CFLmax is a CFL upper
bound. α is an exponent factor governing the evolution of the CFL.

3.3.2. Global and local problems
Eq. (28) can be cast in a generic form using a nonlinear operator N

Nh(xh;yi) = 0 (37)

where xh = (λn
h,u

n
h,q

n
h) is the vector of unknowns and yi = (µi, φi, τ i) is the vector

containing the basis functions of the approximate functional spaces. Eq. (37) can be
linearized and solved using the Newton-Raphson method

N ′
h(x

k
h;yi)δx

k
h = −Nh(x

k
h;yi). (38)
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The iterative procedure is started from an initial guess x0
h. From there, the solutions

xk+1 are computed by solving successively Eq. (38) using xk as an initial guess: xk+1 =
xk + δxk. The algorithm is stopped when the norm of the residual is sufficiently low.

Following this procedure, Eq. (38) is written for HDG as:

A B R
C D S
L M N


︸ ︷︷ ︸

N ′
h(x

k
h;yi)

δxk
h︷ ︸︸ ︷δQ

δU
δΛ

 =

F
G
H


︸ ︷︷ ︸

−Nh(xk
h;yi)

, (39)

Eq. (39) can be rewritten in two sets of equations:

Σ

(
δQ
δU

)
=

(
F
G

)
−
(
R
S

)
δΛ, with Σ =

(
A B
C D

)
(40)

and (
L M

)(δQ
δU

)
+NδΛ = H (41)

Eq. (40) is called the local system, because Σ is block diagonal, with each block associated
to an element. Therefore, it is possible to eliminate the local variables from Eq. (41) by
directly inverting Σ, leading to a global system for the hybrid unknowns:(

N −
(
L M

)
Σ−1

(
R
S

))
δΛ = H −

(
L M

)
Σ−1

(
F
G

)
(42)

Then, the linear system given in Eq. (42) is solved with the PETSc library [55]. A
GMRES method is employed with at most 50 basis vectors. An ILU preconditioner with
4 levels of filling is used.

3.3.3. Newton-Raphson method and constant power
In ICP facilities, part of the power supplied to the generator is dissipated in the form

of Joule heating in the plasma. Let us call this part Ptarget. There is no straightforward
relation linking the current IC to be imposed in the coil and Ptarget. This is also true
for ICP simulations. Additionally, if IC does not maintain the desired power during the
computations, the torch is quenched [13]. To avoid this, the current is updated at each
Newton iteration, allowing the power to converge towards Ptarget. This method, inspired
from legacy ICP solvers [43, 15], is described in the following.

Let us define γ, the ratio of the desired power Ptarget and the power actually dissipated
in the facility Ptot:

γ =
Ptarget

Ptot
, Ptot =

∫
NS

σ

2
||EC + EP ||2dV (43)

Consequently, the target power is given by

Ptarget = γPtot =

∫
NS

γ
σ

2
||EC + EP ||2dV (44)
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Reaching the target power is thus equivalent to multiply EP and IC (or equivalently
EC , see Eq. (11)) by √

γ. If we neglect the coupling between Maxwell and Navier-Stokes
equations, Eq. (9) is linear and √

γEP and √
γEC is also a solution. Then, each Newton

iteration occurs as follows:

1. The ICP problem is solved for a given value of IC for one Newton iteration.
2. At the end of the Newton iteration, γ is computed using Eq. (43).
3. IC and EP are multiplied by √

γ, and used in the next Newton iteration. Note
that, by linearity, the new EP associated with the new source term EC is also a
solution of Eq. (9).

In practice, we use an equivalent method to avoid updating the electric field and
current at each iteration. We solve Eq. (9) with IC = 1A for each Newton iteration.
The power factor γ is used as a multiplicative constant in the effective Lorentz force and
Joule heating source terms (Eq. (3)), and is the only parameter to be updated. The
actual electric fields and current can be retrieved by multiplying EC , EP and IC by √

γ
at the end of the simulation. The computation of Ptot and γ occurs after setting the
initial data and at the end of each Newton iteration (see Algorithm 1).

3.3.4. Solution procedure
The solution procedure employed with the HDG code (Fig. 3) is quite different from

the previous solvers such as COOLFluiD (Fig. 4). In the HDG code, the system of
equation (ICP + Maxwell) is solved in a fully coupled manner. On the other hand, the
FV solver decouples the solutions of Maxwell and Navier-Stokes equations, solving them
separately by assuming that all hydrodynamic quantities are frozen while solving the
electric field, and vice-versa. While the latter procedure is easier to implement, it takes
more Newton iterations to converge (on the order of thousand of iterations) than the
monolithic solver (on the order of 10-100 iterations). The monolithic solution procedure
is presented in Algorithm. 1.

Initial
Conditions

Navier-Stokes
+

Maxwell

Power
Ratio

Converged? OUT

NO

YES

Figure 3: Diagram of the solution procedure of ICP simulations using the HDG method. The Navier-
Stokes and Maxwell equations are solved in a fully coupled manner.
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Initial
Conditions

Navier
Stokes

Electric
Conductivity Maxwell

Converged?Power
Ratio OUT

NO YES

Figure 4: Diagram of the solution procedure of ICP simulations using the COOLFluiD FV solver. The
system is solved in a decoupled manner: one system is frozen while the other is solved. The process is
repeated until convergence occurs. This diagram was inspired by [56]

Algorithm 1 Solution procedure for multi-domain HDG
Set all simulation parameters
Initialize λh, wh, qh;
Compute Ptot and γ using Eq. (43);
while ||Residual||2 > Tolerance do

for l = 1, ..., Nd do
for i = 1,..., Ne do

Assemble local system (Eq. (40)) of subdomain l;
- The Lorentz and Joule source terms of N-S (Eq. (3)) are multiplied by γ.
- The electric field equation (Eq. (9)) is always solved using Ic = 1.
Solve local system of subdomain l;
Store local solution of subdomain l;
Assemble global system (Eq. (42));

end for
end for
Solve global system;
Update λh, wh, qh;
Compute Ptot and γ using Eq. (43);

end while
Multiply IC (or EC) and EP by √

γ to obtain the actual value of the electric fields
and current;
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4. Results

We first present a convergence study of the multi-domain ICP solver using a manu-
factured solution. The goal is to prove that the order of convergence is retrieved. Then,
the results of the HDG code are compared to the results obtained from the COOLFluiD
simulations on an ICP case with a probe. COOLFluiD is a finite volume code [18] able
to perform ICP computations using a second order TVD flux reconstruction. It is cur-
rently used by VKI experimentalists in order to assist them during ICP experimental
campaigns. Finally, the results of the HDG code are validated using radial temperature
profiles measured experimentally in the Plasmatron facility.

4.1. Convergence study on a manufactured solution
While studying the convergence of DG-like methods towards a reference solution,

it is important to use solutions that cannot be exactly represented by the basis of the
functional space employed. Otherwise, the solution is going to be exactly captured,
irrespectively of the mesh. Due to the complexity of finding such reference solutions, they
are manufactured, meaning that the source terms of Eq. (3) and Eq. (9) are modified in
order to match a user defined solution.

4.1.1. Manufacturing a solution for ICP
The manufactured solution for ICP equation is tested on an axisymmetric domain

delimited by two concentric cylinders of radii R1 = 0.486m and R2 = 0.972m respectively
and length L = 0.486m. The region inside the first cylinder is governed by the full ICP
equations (Maxwell and Navier-Stokes), while the other region delimited by the radii is
ruled by Maxwell equations. The solutions chosen for the various fields are:

p = ∆p0f(z, r) + p0 T = Tmin + (Tmax − Tmin) f(z, r)

u = u0f(z, r) Ep = E0 sin

(
πr2z

LR1

)
(1− i)

v = v0f(z, r)

(45)

with p0 = 5000Pa, ∆p = −10Pa, u0 = 100m s−1, v0 = 10−4m s−1, Tmax = 11 000K,
Tmin = 350K, E0 = 1V m−1 and

f(z, r) =
( r

R

)2
exp

(
− z

L
− r

R1

)
(46)

We assumed a perfect gas law. The gas constant is R = 287 J kg−1 K−1, the heat
conductivity is k = 3.54W m−1 K−1, the dynamic viscosity is µ = 1.25×10−4Pa s and
the heat capacity ratio is γ = 1.46. The electric field produced by the coil has been
turned off. The electric conductivity of the air is supposed to be σ = 3804.7 S m−1 in the
ICP domain, but null in the Maxwell domain. The induction frequency is f = 0.37MHz.

4.1.2. Mesh convergence study
High-order methods using polynomial degree p converge in the L2 norm to the an-

alytical solution u∗ of the problem with order p + 1 with the mesh size h. The mesh
used here is unstructured and refined uniformly. The convergence graphs of the ICP
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Figure 5: Convergence of the L2 norm of the error on the static pressure ps, velocities u, v, temperature
T and real and imaginary electric Er, Ei fields respectively in the ICP domain as a function of the mesh
size h divided by p + 1, with p the order of the method. The quantities have been made dimensionless
using their characteristic values. The thick lines are of slope p + 1 and serve as comparison with the
expected order of convergence.
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Figure 6: Convergence of the L2 norm of the error on the real Er and imaginary Ei electric fields
respectively in the Maxwell domain as a function of the mesh size h. The quantities have been made
dimensionless using their characteristic values. The thick lines are of slope p+1 and serve as comparison
with the expected order of convergence.

part of the domain are given in Fig. 5, while the Maxwell part is given in Fig. 6. The
expected convergence order of p+1 are retrieved. The previous results indicate that the
implemented multi-domain HDG method for inductively coupled plasma converges with
the expected order to the solution. The next steps are the verification with COOLFluiD
and the validation with experimental data.

4.2. Comparison of HDG and FV codes for ICP simulations
We compare the ICP results obtained from the HDG and the COOLFluiD solvers for

the test case presented in Fig. 7, where the chamber contains a hemispherical probe.

127mm 50mm

486mm 385mm

75mm

5mm

25mm

Figure 7: Schematic representation of the Plasmatron ICP torch (not at scale). The geometry is axisym-
metric. The coils surrounding the facility are located at the center of the grey disks on the schematic.

The flow parameters are

• Coil induction frequency f = 0.37MHz,
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• Inlet mass flux Q = 16 g s−1,

• Background pressure p0 = 5000Pa,

• Power dissipated in the facility P = 100 kW,

• Wall temperature Twall = 350K.

The boundary conditions are located exactly as in Fig. 1. Their definitions can be found
in Section 2.4.1, with the following parameters

• The inlet velocity Uin is computed using the mass flow rate Q,

Uin =
Q

ρinπ(R2
2 −R2

1)
= 132.8m s−1, (47)

where ρin = 0.0496 kg m−3 is the density of the inlet, computed for the pressure p0
and the inlet temperature Tin = 350K using the LTE table of states. R2 = 8 cm
and R1 = 7.5 cm are the outer and inner radius of the annular injector.

• The stabilizing coflow is set to be ucoflow = 50m s−1,

• The opening outlet pressure is the same as the backgroud pressure pout = p0.

The remaining BC are explicitly defined in Section 2.4.1. On the other hand, the initial
data are presented in Section 2.4.2:

• The initial velocity profile is the same one as the inlet

vz,inital = Uin (48)

while the radial velocity is null.

• The temperature field has an analytical expression given in Section 2.4.2, with
parameters Tinitial = 10 000K, Twall = 350K and z1 = 0.127m, z2 = 0.486m and
z3 = 0.8m.

• The pressure is set to the background pressure pinitial = p0,

• The electric field is null in the two domains.

Finally, the conservativity condition between the Maxwell and Maxwell + Navier-
Stokes subdomains translates into the conservation of the electric field numerical diffusive
flux (see Eq. (34)).

The pressure, temperature, velocity and enthalpy profiles obtained using HDG (p = 4)
and COOLFluiD (FV) along the stagnation line in front of the probe are given in Fig. 8.
On the other hand, the radial profiles at distance ∆z = 71mm and ∆z = 271mm from
the probe end are presented in Fig. 9. These graphs show a strong similarity of the CF
and HDG results. The main differences occur in the velocity profile along the stagnation
line, and in the pressure and velocity profiles in the radial direction. For the pressure,
these differences do not exceed 0.1Pa, which is in practice negligible. We suspect that
these discrepancies come from either the difference in discretization of the FV and HDG
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Figure 8: Comparisons of the horizontal velocity profile u, the pressure difference ∆p, the temperature
profile T and the enthalpy profile H along the stagnation line in front of the probe in the Plasmatron for
the HDG and COOLFluiD codes. The COOLFluiD results are a private communication by E. Anfuso.

method, or in the stabilizing coflow employed. Indeed, FV being more dissipative than
HDG, it requires a lower stabilizing coflow (50m s−1 for HDG, 10m s−1 for FV). However,
these differences do not have a great impact on the enthalpy and temperature profiles.
The effect of the coflow on the flow field variables should be studied, but is left for future
work.

4.2.1. Mesh and L2 norm of convergence of nonlinear solver.
The HDG mesh used for these simulations is given in Fig. 10, and is fully unstruc-

tured. This feature allows refining the mesh solely in regions of high gradients and saves
DOFs elsewhere. Moreover, the high-order reconstruction permits to capture strong vari-
ations with less degrees of freedom than FV. This is particularly salient in the vicinity
of the probe (Fig. 11). However, the mesh still needs to be structured and quadran-
gular near the boundary layers with large gradients (such as isothermal walls). It was
found that triangular meshes lead to spurious oscillations in these regions [54]. This
issue might result from of the coupling between the wall tangential and normal gradients
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Figure 9: Comparisons of the radial velocity profile u, the pressure difference ∆p, the temperature profile
T and the enthalpy profile H at a position z = 71mm and z = 271mm from the probe front for the
COOLFluiD and HDG codes. The COOLFluiD results are a private communication with E. Anfuso.

Figure 10: Mesh used for the stagnation line computations for the HDG code (above, 1588 unstructured
elements in total). The electric part has been omitted.

introduced by the triangular finite element space. The problem is completely cured when
the boundary layer mesh is structured with quads.

The number of DOFs for HDG is 88 520, and the convergence history of the L2 norm
of the residual is given in Fig. 12. When run on a single process and thread, the HDG
code computes the solution in 25min at p = 4. The solution procedure is in two steps:
first, the various fields are set as described in Section 2.4 and the solver is run at order 2.
Then, once the solution is converged, it is used as initial data for an order 4 simulation.

25



Figure 11: Mesh in the vicinity of the probe used for the HDG code which his of the order of 0.1−1mm.
As a comparison, typical FV mesh in the boundary layer has to be much more refined in order to capture
the gradient properly (1µm).
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Figure 12: Convergence history of the L2 norm of the residual R for the ICP code. The red vertical line
represents the passage from an order 2 to an order 4 solution.

During the simulation, the CFL is monitored following Eq. (36). These procedures are
fully automated. Moreover, the HDG solver requires only to use a Newton solver and
does not need to use a Picard iteration to start the simulation, as required by legacy
codes [43, 16].

4.2.2. Fields in the torch
The temperature and velocity fields obtained with the HDG code are shown in Fig. 13.

The temperature is maximal close to the axis of symmetry of the torch. Large temper-
ature gradients occur close to the inlet, the probe and the walls of the facility. The
streamlines show a recirculation close to the annular injection. The role of this recircula-
tion is to stabilize the torch. It also recirculates the heat produced by induction towards
the inlet, creating the large temperature gradients observed close to the inlet wall. The
power dissipated in the facility is maximal where the coupling between the electric field
and the plasma is the highest, more or less at equidistance from the centerline and the
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Figure 13: From top to bottom: temperature field, streamlines, power dissipated in the facility and
enthalpy obtained with the HDG code in the torch and in the chamber.

torch radius. Finally, the norm of the total electric field Etot is presented in Fig. 14, with
Etot =

√
E2

I,Re + E2
I,Im, where EI = EC + Ep is the induced electric field, sum of the

coil and the plasma contributions. It is maximal close to the coil and decreases towards
the axis of symmetry.

Figure 14: Total electric field Etot in the facility. The electric field produced by the coil has been capped
near the coil as the analytical solution is infinite at the coil location. The field is represented in both
computational domains (ICP and Maxwell).
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4.3. Comparison of HDG with experimental data
The HDG code results are compared to experimental data obtained in the Plasma-

tron facility. The inflow rate is Q = 16 g s−1, the pressure is p0 = 200mbar and the
power dissipated in the facility is Pexp = 200 kW. The flow is in free-stream conditions,
meaning no probe is placed in the chamber of the facility. It is also at thermodynamic
equilibrium. The HDG code results agree very well with the experimental data (Fig. 15).
Note that the power dissipated in the facility numerically (Pnum = 78 kW) is very differ-
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Figure 15: Comparison of the experimental radial temperature profile obtained at 385mm from the torch
exit between the symmetry axis and 40mm. The pressure is 200mbar, the inflow rate is 16 g s−1. The
power actually dissipated in the facility is 200 kW, while the power injected in the numerical solver in
order to match the temperature profile is 78 kW.

ent from the experimental one (Pexp = 200 kW), leading to a numerical power efficiency
ηnum = Pnum/Pexp ≃ 39%, which is very close to the results computed in [44] with
COOLFluiD. This large difference between the power supplied to the generator and the
power dissipated in the facility is well known in the ICP community. In order to fully
estimate the loss, one must take into account the electrical circuit between the generator
and the power arriving at the coil, which is the power transmitted to the facility.

5. Conclusion

In this work, we presented a monolithic multi-domain hybridized discontinuous Galerkin
solver applied to inductively coupled plasma. We first showed, using a manufactured so-
lution, that the expected order of convergence is retrieved. Then, the results obtained
with the HDG code along a stagnation line in front of a probe in the Plasmatron fa-
cility were compared to results obtained using COOLFluiD. The results were in great
accordance. Finally, the radial experimental temperature profile in the free-stream con-
figuration for the Plasmatron at local thermodynamic equilibrium were compared to the
HDG code, displaying a very good agreement.
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In addition to reproducing results of finite volume codes, the monolithic HDG method
showed a fast and robust convergence towards steady-state. Moreover, the method al-
lowed the use of an unstructured coarse mesh. This is a strong advantage compared to
FV, which requires a highly structured mesh everywhere in the computational domain
and demands an extremely refined mesh in the boundary layer region. We also showed
that the iterative procedure for power, previously employed in staggered solvers, can be
easily and successfully adapted to monolithic strategies.

In summary, we proved that monolithic multi-domain HDG methods are better suited
for the simulation of inductively coupled plasma than staggered FV methods. Looking
a little further, the computational efficiency of this solver could ease the simulation of
instabilities, turbulence and 3D phenomena. The exploration of non-equilibrium ther-
modynamics could also be investigated. These topics are left for future work.
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