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In cooperative game theory, the social configurations of players are modeled by balanced collec-
tions [2 13]. A balanced collection is a set system defined on the set N of players in the game, together
with a system of weights such that each player belongs to coalitions whose weights sum to 1. The
Bondareva—Shapley theorem, perhaps the most fundamental theorem in cooperative game theory, char-
acterizes the existence of solutions to the game that benefit everyone using balanced collections. Roughly
speaking, if the trivial set system {N} is one of the most efficient balanced collections for the game, then
the set of solutions from which each coalition benefits, the so-called core, is non-empty.

In the following, we discuss some interactions between combinatorics and cooperative game theory
that are still relatively unexplored. First, we study the similarities between balanced collections on the
one hand and regular or uniform hypergraphs on the other. Second, we present some results leading to
the construction of the combinatorial species of structures of uniform hypergraphs, from which we aim to
construct the species of regular hypergraphs by duality. Finally, we investigate the possibility of express-
ing some “minimality” properties of regular or uniform hypergraphs in the language of combinatorial
species, hoping to obtain new properties of minimal balanced collections.

1 Cooperative Game Theory

Cooperative game theory aims to study the emergence of cooperative behavior between rational players
whose actions affect each other’s well-being. It was introduced in the seminal book Theory of Games
and Economic Behavior by von Neumann and Morgenstern [6], written during the Second World War,
motivated by von Neumann'’s desire to study the stability of social organizations.

Definition 1 (von Neumann and Morgenstern [6]). A cooperative game with transferable utility, here-
after called game, is an ordered pair (N,v) where

* N is a non-empty finite set of players, called the grand coalition,
e vis a set function v : 2V — R such that v() = 0.

The non-empty subsets of N are called coalitions, and their set is denoted by .#". For each coalition
S € A, the number v(S), called the worth of S, can be interpreted as the amount of utility or satisfaction
that the players forming § can obtain through full cooperation. When a coalition is formed, a non-trivial
task is to allocate among its players the utility acquired by the coalition among its players. To prevent
the coalition from splitting, the allocation of each of its subcoalitions must at least pay off its value,
otherwise the coalitions would defect to obtain more utility. A necessary condition for the formation of
the grand coalition is therefore that the following set

Clv)= {xe RY Y xi=v(N), and ) x; > v(S),VS € ,/V}
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is not empty. The set C(v) is called the core of the game and is one of the essential objects studied in
cooperative game theory. Each vector x € R" represents a payment to the players when player i € N
receives a payment from x;. The payment of a coalition is the sum of the payments of its players. Thus,
the vectors in the core are exactly the payments that allocate the utility acquired by the large coalition in
such a way that each coalition is satisfied with its payment.

A closely related object is the balanced collection. Formally, a balanced collection 4 is a set of
coalitions such that there exists a map A : 8 — R satisfying Y sc 5 55, A(S) = 1 for each player i € N.
For example, the set partitions of N are balanced collections with unit weights. We measure the efficiency
of a balanced collection Z by taking the weighted sum of the worths of the coalitions in %, that is

Ysez A(S)v(S).
Theorem 1 (Bondareva [2], Shapley [3]]). The core of a game is nonempty if and only if {N} belongs to
the set of maximally efficient balanced collections.

The Bondareva-Shapley theorem provides a useful characterization of the core nonemptiness, from
which the first author, Grabisch and Sudholter [S]] developed an algorithm. This algorithm is based on
an improved characterization of core nonemptiness, often called the sharp Bondareva-Shapley theorem,
which differs from the previously mentioned theorem only in that the balanced collections are replaced
by the minimal balanced collections. The minimal balanced collections are the balanced collections
for which no proper subcoalitions are balanced. Moreover, the set of minimal balanced collections
is the minimal, with respect to inclusion, set of balanced collections for which the Bondareva-Shapley
theorem holds. In the same paper, the first author, Grabisch and Sudhdélter [S]] have generated the minimal
balanced collections up to 7 players. The sequence of the numbers of the minimal balanced collections
is stored as |A355042 in the Online Encyclopedia of Integer Sequences [[I]. The method used in the
aforementioned paper is inefficient when the number of players is greater than 7, and this work aims to
find another way to generate it.

n 2 4 5 6 7
k 2 6 42 1,292 200,214 132,422,036

w

Table 1: Number k of minimal balanced collections according to the number 7 of players.
2 Hypergraphs

The cornerstone of this work is the striking similarity between the balanced collections and the regular
hypergraphs. An (undirected) hypergraph ¢ is a pair & = (N,E), where N is a set of nodes and E is a
spanning collection of non-empty subsets of N, called hyperedges or simply edges.

A hypergraph 7 is called k-regular if for each node x, € N the degree of x is k, i.e. 8(x) == |{e € E |
e 5 x}| = k. The underlying set of the multiset of edges of a regular hypergraph is a balanced collection.
Indeed, the weight of a given coalition is the multiplicity of the edge in the collection E divided by the
regularity of the hypergraph. If each edge has cardinality d, the hypergraph is said to be d-uniform.
Therefore, the dual of a d-regular hypergraph is d-uniform and vice versa.

One of the main interests of uniform hypergraphs lies in the fact that writing a program that generates
uniform hypergraphs of a certain size, i.e. with a certain number of edges, is extremely simple. It is
sufficient to take arbitrary sets of equal cardinality and relabel their elements so that they fit into the
notation N = {1,...,n}. If an edge needs to be added to the hypergraph, any set of nodes with the
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appropriate cardinality can be used. However, if we want to add a node in a regular hypergraph, it is not
easy to add it while maintaining regularity. Note that adding an edge to a uniform hypergraph is the same
operation as adding a node to its dual regular hypergraph.

We believe that this approach is a possible route to a more efficient method for generating minimal
balanced collections. Let 5# = (N, E) be a hypergraph, let A C N and X C E. The hypergraph denoted by
7 and defined by 73 = (A, {SNA | S € E}) is the subhypergraph of 7 induced by A. The hypergraph
X = (N,X) is the partial hypergraph of 5 induced by X. Note that the subhypergraph of a hypergraph
corresponds to a partial hypergraph of its dual.

Similarly to minimal balanced collections, we say that a hypergraph is minimally uniform if it is
uniform and no proper subhypergraph is uniform, and we say that a hypergraph is minimally regular if it
is regular and no proper partial hypergraph is regular.

Proposition 1. The dual of a minimally uniform hypergraph is minimally regular and vice versa.

Note that our definition of a subhypergraph does not eliminate the edges that become empty when
taking the intersection with the subset of nodes. This definition is not common in the literature, but it is
a natural one in our context, and the proposition above illustrates this fact.

3 Species of structures

Our goal now is to generate the objects we mentioned. To do this, we use the theory of species of
structures and the corresponding operations on formal power series developed by Joyal [4]].

A species of structures is a rule F that assigns to each finite set U a finite set F[U] that is “independent
of the nature” of the elements of U. The members of F[U], called F-structures, are interpreted as com-
binatorial structures on the set U given by the rule F. The fact that the rule is independent of the nature
of the elements of U is expressed by the invariance under relabeling. More precisely, to any bijection
0 : U — V the rule F associates a bijection F[o| : F[U] — F[V] that transforms each F-structures on U
into an (isomorphic) F structure on V.

Each species is associated with a formal power series, which refers to the enumeration of F structures

and is denoted by F(x). There are a myriad of operations on species of structures such as addition,
multiplication, functorial and partitional composite, see [1] for more details and further operations. The
main interest of these operations is to provide a new description of a species of structures and to extract
formulas over the generating series.
Example 1. Let g denote the species of subsets associating to each finite set U the set of subsets of U,
and o the species of the 2-subsets, or unordered pairs, defined similarly. Their generating series are,
respectively, o (x) = Y0 (’21)“% and @(x) = ¥,>0 2";;—"! = ¢*. Thanks to these two species and the
composition of species, we have the following combinatorial identity

GR = o0 o (1)

where GR is the species of simple graphs. From this formula, we obtain the generating series of simple
graph, namely GR(x) = ¥,~¢ 2(2) % An illustration of this identity is pictured in Figure

Let us denote E the species of sets and ¢[”) the species of k-subsets. Similarly to the combinatorial
identity (I), we have proved the following formula.

Theorem 2. The species of k-uniform hypergraphs of size p, which we denote by UNIy , satisfies the
following combinatorial equation:
E- UNIlqp — g[!’] O Jg[k]
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(a) A typical element of [0[2]. (b) A typical element of £O p[z].

Figure 1: Construction of the species GR of simple graphs.

Let us denote n” =n(n+1)--- (n+ p). Using the formalism of virtual species, see [1]] again for more
details, we have the following corollary.

Corollary 1. The generating series of the species UNIy , is

UNIg p(x) = ) (i(—l)”‘i<?> (k)p) g

]
n>0 \i=0 p:

Example 2. Let us count the 2-uniform hypergraphs of size 3, with no more than three nodes. Since the
hypergraphs are 2-uniform, n only goes from 2 to 3. Note that the number of hypergraphs is not counted
up to an isomorphism. The number we are looking for is therefore

£ (£ () ) Q) e (8w ()G
=1-34+10=28.

We represent them in the following. Notice that among these 8 uniform hypergraphs, only one is
minimal, that is the triangle.

=0 Lo o % o
N a0 N PN

Figure 2: All 2-uniform hypergraphs of size 3 with no more than 3 nodes.

One can define the species of minimal balanced collections which are the underlying sets of the
multisets of edges of minimally regular hypergraphs, which we construct from the minimally uniform
hypergraphs, thanks to Proposition For now, we simply have constructed the species of uniform
hypergraphs.

Problem 1. Express minimality in terms of species of structures.
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4 Decompositions in minimally uniform hypergraphs

Our first approach to study Problem [1| was based on the idea that minimally uniform hypergraphs (resp.
minimally regular hypergraphs) are the building blocks of uniform hypergraphs (resp. regular hyper-
graphs). In this work, we also assume that the number of edges remains the same since the goal is that
they represent the number of players, and this should be fixed. The following proposition states that a
uniform hypergraph can be partitioned into smaller minimally uniform hypergraph.

Proposition 2. Let 5 = (N,E) be a uniform hypergraph of size p. Then there exists a partition T of N
such that for each element B € &t the subhypergraph F¢g is minimally uniform of size p.

One can expect that the aforementioned partition is unique, up to a permutation, and therefore leads to
a combinatorial identity via structures of species. However, the next example shows that such a partition
is not unique.

Example 3. Let us consider .# the 4-uniform hypergraph of order 7 and size 4 defined by

A= ({vi,....vit, {{vi,v2,v3,va}, {v1,vs,v6,v7}, {v3,v4,V5,v6 }, {3, V4, V6,7 } } ) -

The hypergraph .77 can be partitioned in the two following ways

Vi V2 V3 V4
-
[ ] [ ] [ ] [ ]
o [ ) [ ]
Vs V6 V7
1
14 V3 V2 V4 . 14 V3 V4
° 3 ! ¢ V2 ° . °
| 4
1
L] ! — > o o
1
Ve Vs V7 1 Ve Vs V7

Figure 3: Example of a non-unique partition.

We can easily verify that

* The two hypergraphs on the left side 4 = ({vl,V3,v6},{{vl,V3},{vl,v6},{V3,v6},{V3,v6}})
and J% = ({vz,V4,vs,V7}, {{vz,m}, {va,vs},{va,v7}, {V5,V7}}) are minimally 2-uniform hyper-
graphs that will merge to /7.

* The hypergraphs on the right side 7 = ({v2,ve}, {{v2},{ve}, {ve},{ve}}) and 4 =
({vl,V3,V4,V5,V7}, {{v1 V3,4 b {vi,vs,v1}, {vs,va, vs }, {V3,V4,V7}}) are respectively minimally
1-uniform and minimally 3-uniform hypergraphs that will merge to 7.

Therefore, such a decomposition in the state cannot lead to a combinatorial identity such as Theo-
rem 2] which contains the species of minimally uniform hypergraph.
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