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Abstract

Out-of-time-ordered correlators (OTOCs), defined via the squared commut-
ator of a time-evolving and a stationary operator, represent observables that
provide useful indicators for chaos and the scrambling of information in com-
plex quantum systems. Here we present a quasiclassical formalism of OTOCs,
which is obtained from the semiclassical van Vleck—Gutzwiller propagator
through the application of the diagonal approximation. For short evolution
times, this quasiclassical approach yields the same result as the Wigner—Moyal
formalism, i.e. OTOCs are classically described via the square of the Poisson
bracket between the two involved observables, thus giving rise to an exponen-
tial growth in a chaotic regime. For long times, for which the semiclassical
framework is, in principle, still valid, the diagonal approximation yields an
asymptotic saturation value for the quasiclassical OTOC under the assumption
of fully developed classical chaos. However, numerical simulations, carried out
within chaotic few-site Bose—Hubbard systems in the absence and presence of
periodic driving, demonstrate that this saturation value strongly underestimates
the actual threshold value of the quantum OTOC, which is normally attained
after the Ehrenfest time. This indicates that nondiagonal and hence genuinely
quantum contributions, thus exceeding the framework of the quasiclassical
description, are primarily responsible for describing OTOCs beyond the short-
time regime.
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1. Introduction

Quantum chaos, referring to the characteristic quantum signatures that are generally exhibited
by systems having a chaotic classical counterpart [ 1], has gained a lot of traction in recent years
[2]. Originally rooted in nuclear and atomic physics [3], the subject is now related to many
other fields such as mesoscopic physics [4], optics and microwave physics [5], many-body
physics [6, 7], as well as black-hole physics [8§—11] and quantum information [11]. Classical
chaos being characterised by the exponential spreading of trajectories that are started nearby
in phase space, the corresponding quantum counterpart is the spreading of information, also
called information scrambling, leading eventually to thermalisation.

Useful indicators of these phenomena are out-of-time-ordered correlators (OTOCs)
[12—14], which can be applied to a wide range of systems, including simple models as well as
complex many-body systems. Similarly as for the Loschmidt echo [15], the concept of OTOCs
allows, in a semiclassical context, for the appearance of the classical Lyapunov exponent in the
framework of a quantum observable. More specifically, for systems with a chaotic classical
counterpart OTOCs can be shown to grow exponentially for short times, with the exponential
growth rate being determined by the maximum Lyapunov exponent of the system [16-18].
This exponential growth is not unlimited but turns into a saturation of the OTOC observable
beyond the Ehrenfest time 7z of the chaotic system. It can be reproduced, but without satura-
tion, by means of a quasiclassical approach based on the Wigner—Moyal formalism, which is
strictly perturbative in /2 and not suited for being applied for time scales larger than #5.

Proper semiclassical reasoning, applied to generic systems with chaotic behaviour, allows
one to quantitatively explain the occurrence of saturation in terms of trajectory pairs that
exhibit low-angle crossing [18, 19]. In a very similar manner as for loop corrections to the
spectral form factor [20], those trajectory pairs give rise to contributions to the OTOC that are
intrinsically nonclassical, in the sense that they do not arise in the framework of a diagonal
approximation [21] and thus cannot be incorporated into a quasiclassical numerical simulation
scheme based on the truncated Wigner approximation [22, 23]. A gap occurs thus between
this perfectly coherent semiclassical approach [18, 19] on the one hand and the incoherent
Wigner-Moyal approach on the other hand. The former is, in principle, of general validity for
fully chaotic systems but cannot be exploited in practice for the development of a numerical
tool to study OTOCs beyond the Ehrenfest time. An important reason is that it relies on the
explicit knowledge of the system’s Lyapunov exponent whose precise determination is a for-
midable problem in the generic case of mixed regular-chaotic phase space. The latter is limited
to short time but does not require fully developed chaos and yields the truncated Wigner as
a practical tool to calculate OTOCs under various circumstances. Due to the presence of this
gap, it is, in particular, not obvious to which extent the OTOC growth near the Ehrenfest time
is of classical, i.e. incoherent, nature or does imply quantum coherence to hold.

This latter question is most properly addressed by invoking Berry’s diagonal approximation
[21], which provides the standard method to extract the classical contribution to quantum
mechanical observables. This is precisely the method that we use in the first part of the present
paper in order to yield this missing information that is related to the presence of the above-
mentioned gap. To this end, we start from a full-fledged semiclassical theory of OTOCs based
on the van Vleck—Gutzwiller propagator [24, 25], which is then used to derive a quasiclas-
sical description via a diagonal approximation. The approach presented here can be seen as an
extension (and, in some key aspects, a correction) of two previous attempts towards this aim
[26, 27]. In [26] both short- and long-time behaviour of the OTOC are calculated in the frame-
work of the van Vleck—Gutzwiller propagator, using extra assumptions that extend beyond the
bare semiclassical propagator. For the short time regime, the propagation is approximated by
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free evolution (a step justified only for billiard systems) while ergodic arguments are invoked
to explain the saturation at long times. Similarly, the calculation presented in [27] bypasses
these restriction for the short time dynamics by addressing only the dynamics of a particle
on a Riemannian manifold of constant negative curvature, which is again a particular type of
chaotic system. Avoiding any additional assumption, our calculation yields a quasiclassical
description of OTOC:s that is valid for general Hamiltonian systems in the short-time regime
where the exponential increase of the OTOC is recovered, exactly as predicted by the Wigner—
Moyal approach.

Once the incoherent nature of the short-time dynamics is fully established by means of the
diagonal approximation, we turn our arguments into the opposite direction and ask whether
quantum interference is indeed the sole mechanism responsible for the saturation of the OTOCs
for late times. The hope here is that a (possibly improved) version of the diagonal approxima-
tion could explain the saturation, thus providing a useful tool to efficiently access numerically
the late-time regime, that otherwise is essentially inaccessible to even state-of-the-art semi-
classical simulations. We will show that, indeed, our quasiclassical framework based on the
combination of diagonal approximation and classical ergodicity ideas allows us also to obtain a
prediction for an asymptotic long-time value of the OTOC. However, comparisons with numer-
ical simulations, which are carried out in the framework of periodically driven Bose—Hubbard
dimers and undriven Bose—Hubbard trimers, reveal that this particular long-time value strongly
underestimates the true threshold value of the OTOC. We conclude from this finding that the
genuinely nonclassical contributions stemming from trajectory pairs with low-angle crossing
play a dominant role for times beyond the Ehrenfest time, as was also conjectured in [18].

The paper is structured as follows. Section 2 presents the state of the art of OTOCs in
chaotic systems. We give here a brief account on the Wigner—-Moyal approach and explain
the general ideas behind the reasoning developed in [18]. In section 3 we present the general
quasiclassical expression for the OTOC as it is derived from the semiclassical van Vleck—
Gutzwiller propagator through the application of the diagonal approximation. Details of these
calculations are provided in the appendices. In sections 4 and 5 we respectively discuss the
short-time and the long-time limit of the quasiclassical OTOC. Comparisons with numerical
simulations carried out within Bose—Hubbard systems are presented and discussed in section 6.

2. OTOC in chaotic systems

OTOC:s can be defined as the expectation value of the square modulus of a commutator where
one of the operator is time-evolved:

¢ = | [40).BO)][ 10 1)

Here A, B are local operators, A(t) is the time-evolved operator A in the Heisenberg represent-
ation, given by

A()=U"()AU(r), 2

with U(r) the evolution operator, and |1)) is the initial state of the system [18]. The operators
are assumed hermitian to simplify the derivations.

The formalism that we developed is applicable to generic one- or multi-dimensional
quantum systems that possess a classical limit. Since our goal is to look at the classical limit,
a naturally-arising tool is the Wigner—Weyl formalism. It is a phase-space formulation of
quantum mechanics which allows us to work with smooth phase-space functions instead of
operators. Those, as well as states, are replaced by objects called respectively Weyl symbols
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and Wigner functions. For any operator A, one defines its Weyl symbol as

aan=(4), @) = [oc (a4 §|ala-§)erer G

2
withg = (q1,...,q1), & = (&1,...,&) position vectors andp = (py, . ..,pr) a momentum vector,
with L the number of degrees of freedom. Additionally, the symbol of a product of operators
is given by the Moyal product

(AB')W(%P) (g.p)exp <1h2( )/2> (4.p) “

where the arrows indicate the side on which the derivative operators are applied [28]. It follows
that the symbol of a commutator is

L B
[ ,B}W(q,p) =2A(q,p)sin (221:5;57 37) (q.p)- (5)

where [-, ], is called the Moyal bracket. The Wigner function is, up to a global prefactor, given
by the Weyl symbol associated with the density operator of the system. In the case of a pure
state, it is written as

W(q.p) = (27:}1)L/d5 (Ch <¢1+ g) (0 (q - g) el €/h ©6)

This Wigner—Moyal formalism can be used to obtain the short-time approximation of the
OTOC, which consists in a direct i — 0 limit. Mathematically, this amounts to replacing the
commutator of the quantum operators of the OTOC definition by a Poisson bracket of the cor-
responding Weyl symbols, multiplied by i%. Using for instance A = §;, B = Dpj, this becomes

Wlla @510 = [ datp (1.5, (a.0) Wiap)
1 [ dadp (a0}’ Wiap)

= R / dqdp (a"’ ( )) W(q.p) < h?e* 7

i

where A is the classical Lyapunov exponent of the system [2]. The exponential growth holds
provided that the system is chaotic. This approximation is valid until the Ehrenfest time, where
the OTOC saturates due to interferences. Wigner—Moyal does not account for this effect but
results in a never-ending exponential growth.

In order to obtain an expression that is not necessarily time-restricted, we use the semiclas-
sical approximation known as the van Vieck—Gutzwiller propagator, which consists in per-
forming a stationary-phase approximation of the Feynman path integral [2]. Itis then expressed
as a coherent sum over all classical paths linking the departure ¢' and arrival points ¢' in a given
time ¢, according to

K1) =@100ld) = > A, (d'.q.1) B a0/ @®)

v:q —qt
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Figure 1. The four semiclassical contributions to the OTOC: (a) V pairing, (b) A pair-
ing, (c) I pairing and (d) X pairing. Time axis is assumed horizontal, with the future
on the right. The black trajectories («, y) are forward-propagating, whereas the blue
trajectories (3, §) are backward-propagating.

with
o O*R o 2
f i _ 2 i —ipy /4
A’Y (q,q,f) (27rh)1‘/2 det@qfﬁqi (q 7q7t) €
t
R, (q'.q'1) = /0 dt’ (p, (1) -4, (1) —Ha (¢, (1) .p, (1)) ©)

respectively the amplitude of the propagator and the action of the trajectory. 1, is the Maslov
index related to the trajectory ~, and H.(g,p) = (H)w(g,p). This approximation preserves the
coherent aspect of quantum mechanics [2, 18, 29]. In the following, as the amplitude appears
inside a modulus, Maslov’s indices will not be present anymore.

Our work follows what has been done in [18], although in a slightly different fashion. In
Rammensee et al’s paper, the path-integral is expressed as a coherent sum over mean-field solu-
tions of the time evolution. Then, the dominant many-body interference terms are computed,
which results in contributions that can be represented by 4 diagrams, as in shown in figure 1.
Quantum interference is thus considered to some degree in so-called encounter regions, which
are regions where the four trajectories are in the vicinity of each other such as in the leftmost
part of figure 1(a).

In our work, we start from the same path integral but restrict ourselves to strict quasiclassical
contributions which do not involve any interference term. Both formalisms predict a finite and
non-trivial long-time value. [18] identifies two contributions, figures 1(b) and (d), whereas our
formalism does not enable us to capture the latter. This allows to identify quantitatively the
importance of interference, as our long-time value is purely quasiclassical.
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3. Diagonal approximation of OTOCs
All the terms from the OTOC definition (1) can be explicitly written:
C(t) = (Y|BA(t)A(t)B—BA (t)BA(t) — A (1) BA (1) B+ A (1) BBA (1) |)). (10)

Our goal is to evaluate the classical limit of this OTOC, and our first step is the semiclassical
propagator. Inserting A(¢) = U' (1) AU(z) in the above equation, two forward and two back-
ward propagators, given by U(r) and U'(r) respectively, naturally appear. We then use the
semiclassical approximation (8) and as a result, the phase contains actions related to four dif-
ferent trajectories. More details can be found in appendix A. One can make the reasonable
assumption that uncorrelated paths, with uncorrelated actions, translate into highly oscillatory
terms that average out. In other words, the only non-vanishing contributions to the integral are
paths that have correlated actions. A particular case of such an approximation is the diagonal
approximation. Inside the phase, the action of a forward-propagating (respectively a backward-
propagating) trajectory appears with a plus (respectively a minus) sign. The diagonal approx-
imation consists in identifying pairs of forward- and backward-propagating trajectories that
result in a vanishing action difference at the 0™ order? for a given pair. Contrarily to the semi-
classical approximation, doing so gets rid of all considerations of interference and renders the
theory classical. Nonetheless, as no hypothesis on & has been made thus far, we will refer to
this framework as quasiclassical. It also means that this approximation can in principle be
valid beyond the Ehrenfest time. The three resulting pairings of the diagonal approximation
are shown in figures 1(a)—(c) and are named according to their respective shape. We will be
calling them the V, A, I pairings. In the framework of the V pairing, we consider that the tra-
jectories o and 3, respectively ~ and &, belong to the same family* The A pairing pairs the
trajectories o with §, and B with ~y. Finally, the pairing I pairs all the trajectories together.
In order to go further and account for quantum effects, the first correction is the X pairing,
represented by 1(d) [18].
The quasiclassical OTOC is written as a sum of three contributions:

chl(z) = CV(I>+CA (t) - (t) (1)

As the [ pairing is already contained within the V and A pairing, we must remove the over-
counting, hence the minus. Calculations are done in appendices A-C.

Let us first introduce a more compact way of writing expressions: the symplectic formal-
ism. It exploits the symmetry between the position and momentum arguments and consists in
writing the math in terms of phase-space vectors, which we will call symplectic vectors, using
the symplectic (or wedge) product A defined as follows: if X = (¢,,p,) and Y = (q,,p,), then

XNY=XJY=q,-p, —q, Py, (12

with J the symplectic matrix [30].
The V pairing considers that the families of trajectories o and 3 (respectively v and §) are
one and the same. This is written a ~ /3 (respectively v ~ ¢). Using this symplectic notation,

3 The development is in the deviation in phase-space between the forward- and backward-propagating trajectories
when those are developed around a central one. As will be seen later, this deviation parameter will always be pro-
portional to £, thus the development can be considered as an % expansion, and will be referred to as such later in the
text.

4 Two trajectories are said to belong to the same family if upon continuous and smooth transformation of the initial
and final coordinates of one trajectory to match those of the other, both trajectories become identical.
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we obtain the quasiclassical expression for the V pairing of the OTOC:

CV (t) _ (2 1)4L /XmdXZdX3dA]dA2 eiA]/\(Xg*X})eiAz/\(Xl72X2+X3)
s

KA KA KA KA
% A, (X1+42)Ar <X1—42> [B(X2+4‘) B(X2—41)
—B(2X; —2X, + X3) <B (X2—|- h?) +B (Xz— hfl))

= (#), @0 -20+x) | won) (13)

where the various integration variables come from introduction of the Wigner-Weyl formalism.
This specific set of variables comes from the fact that when two trajectories belong to the
same family, they can be linearised around a central one. We thus switch to some centre-of-
mass and relative coordinates. The X; = (X; 1,...,X; o) are the centre-of-mass coordinates, the
Aj=(Aj1,...,Ajar) the relative ones, and A,(X) = A(X,(X)) is the symbol of A evaluated at
the time-evolved coordinate X;(X), often (abusively) denominated the time-evolved symbol.
The OTOC has thus been rewritten as an initial value problem in the form of a phase space
integral weighed by the Wigner function.

Concerning the A term, the main difference with the V term lies in the fact the different
pairing of trajectories leads to different centre-of-mass and relative coordinates. Nonetheless,
the steps remain the same and we obtain

1 . .
OIS P / dXdS>dS3dA [dA, g4 X (25:753) ~X) gi A2 (5352)

o e 2 2)
— B(X_,(S3)) <B <X+h4Al) +B< _hle

+(8), (e (Sﬁ)} WX —X_,(25 - 53)). (14)

where X; = (S 1,...,S;2.) and where X_,(S) means the point time-evolved backward® from
final conditions S.

In the / term, the four trajectories are assumed to remain within the vicinity of each other
at all time. One would then be tempted to change to some global centre-of-mass and relative
coordinates. It is however more advisable to keep the same variables as for the A term. Since
there is only one family of trajectories, there is not a double sum 3, _ [Aq ? |A | as prefactor,

butrather ) |Aq *lAq
expression to (14):

?, which requires extra steps to be dealt with. We obtain a very similar

5 The evolution starts at time ¢ and ends at time 0.
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Cl(t)_ 27T 4L/dXd52dS’§dA1A2 6012 € 1A|/\(X ((285,—S3)— X)elAz/\(Sz S2)

(st ) (s ) o (e 2 (-5
“B(X_,(S3)) (B <X+ hfl) +B < - hf)) + (E2>W(X,, (33))}
X W(2X —X_,(25,—S3)) (15)

where the only difference is the Kronecker delta d,, o, Which accounts for the fact that the
trajectories that end at S, and S3 must belong to the same family, and thus remain in the vicinity
of each other during the whole evolution. This additional Kronecker will be 1 for fixed time as
h — 0. Nonetheless, as time gets larger, the initial conditions must be closer to each other in
order to contribute, meaning that the contribution to (15) will get smaller, down the point where
it vanishes. Physically, this should be understood as the fact that all trajectories remaining in
the vicinity of each other during the whole time evolution becomes increasingly unlikely.

4. Classical limit for short time

Let us now discuss the classical limit # — 0 of the OTOC expression (11). We first focus on
the V pairing, where more details can be found in appendix C.1. We start from (13). The Oth
order in / consists in neglecting any & dependence. By doing so, we end up with A and A,
appearing only inside the complex exponential. Performing the corresponding integrals yields
two Dirac delta’s, resulting in X; = X, = X3, which make the parenthesis with the B symbols
vanish: C¥(t) = 0+ O(h'). We then easily show that the 1st order in % is zero due to the sym-
metry /i <+ —F and to the fact that the 1st order of the symbol of a square operator vanishes®:
CV(t) =0+ O(R?).

The first non-vanishing contribution to the OTOC, which we call the classical OTOC of the
V pairing CY, is the 2nd order in h. We obtain

cl’

=r [ ax 3 o 22 () 2 ) 0B OB ) vy

fi=1 8Xk 3X7 8Xk 8X]
2L 2
0A 0B
—p2 !
2 [ dx< no 0 o <x>> WY 16)

witho; =1landi=i+Lifi€{l,....L},ando; =—1landi=i—Lifi € {L+1,...,2L}.
This o; variable was introduced purely to be able to write everything under the same summation
sign. One has to use different integrations by parts to obtain only first-order derivatives.

When switching from the symplectic notation back to the regular one, i.e. with indices
running from 1 to L, we obtain a Poisson bracket:

6 See appendix B.
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2
= / dgdp (Z oy (q p)— g/;i (g.p) % (q,p)> W(g.p)
= 2 / dgdp {4, <q7p>,B<q,p>}2W<q,p> (17)

which is exactly what is obtained using the Wigner—Moyal formalism. The main but crucial
difference is the way we obtained this expression: we used the semiclassical propagator fol-
lowed by the diagonal approximation, and only then did we make an /& expansion to obtain the
squared Poisson bracket. Doing so offers more control in the path towards the classical limit
and can in principle, if one either restrains from doing expansions or only do them outside
evolution operators, yield a quasiclassical formulation of the OTOC valid for all time [31].

The same process can be done for the A and [ pairings and the same result is obtained in
both cases for short times:

Cli (1) =Cy (1)

— / aX {A(S(X)),B(X)}2 W (X)

dSZ 0i10jA (S) A (S )gg (X-:(5)) gﬁ (X_(S)) W(X_(S))
ij=1
/dXZU,Jj angx (X) ;B (X) 9B (X) W(X). (18)

iy=1

The details and are presented in appendices C.2 and C.3. The first non-vanishing contribution
is again of order /% and we can recover the Poisson bracket (the first line of the right-hand side
of (18)) plus two additional terms (the other two lines). As the same result is obtained for short
times, the two pairings cancel each other and only the V pairing contributes to the short-time
classical OTOC.

5. No /i expansion: a long-time limit

In this section, we derive a finite long-time limit of the quasiclassical OTOC. In chaotic sys-
tems, any small perturbation grows exponentially with time and becomes large. Here, we
refrained from doing 7 expansion involved inside an evolution operator as it is incompatible
with considering the system at time larger than the Ehrenfest time. Only the V pairing is con-
sidered here. Indeed, due to the strong mathematical similarities between CY and CA (which
is related to the geometrical similarity between the corresponding diagrams, see figures 1(a)
and (b)), we expect that they both yield comparable contributions to the OTOC for long time.
Additionally, the I pairing, for which one considers that the four trajectories remain in the vicin-
ity of each other at all time, is expected to give a negligible contribution in chaotic systems.

We make the hypothesis that our system is ergodic and mixing. In the case of a fully-chaotic
phase space, this is not a restrictive statement. We will see later how this can be generalised to
mixed phase space. One consequence is that the expression that replaces A; will depend only
on the constants of motions. Assuming K constants of motion:

A(X) A@KX /dX’ H5 (X)) = e (X)) (19)
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where A means the phase-space average of A, and ¢, (X) is the kth constant of motion evaluated
at X.

To explain the average, let us consider an integral of the form /(r) = [ dx f;(x)g(x), where
f; involves some time evolution and varies much more qulckly than g W1th x. One can
divide the x space in cells and compute the integral cell by cell. This would translate to
I3 o 8(celly) [ filx)dx = 3= oy g(cell;)f(cell;), where g could be taken out of the integ-
ral on a given cell as it varies slowly, and where f is the average of f; on the whole space
because of the mixing. One can then take the limit of infinitely small cells, which gives back
the integration over the whole space: I = [ dx f(x)g(x). Moreover, because of ergodicity, it is
also equal to the time average.

Using this in (13) translates to

A,(X+hf2>—>A< <X+hf2>>
B K 2L 86‘
—A@(X ZZAZ, o (CX) 75 X)

m 1i=1

I A2,A2J aA 8¢y
- (E(X)) s
6 mzuzl 2 ey CX) 5x0x,;

Doy Oen (1 Den o PAE(X)) .
X X >
+i71n211; 2 6X1, ) ale ( ) acmacn + o (h ) ( O)

where here, as opposed to (16), the O(/") corrections are real O(R") corrections, and not ini-
tially small errors that blow up to infinity after evolution. The same development from section 4
is carried out and we obtain again a Poisson bracket between 2 symbols, this time one of them
being a phase-space average:

Coo = hz/dX{A E(X),BX)Y W(X). Q1)

This development is also valid for mixed phase space, with some slight limitations. The phase-
space average is reduced to an average over the accessible region of phase space, which again
is equal to the time average provided that the wavepacket is initially completely within the
chaotic sea.

6. Numerical simulations in Bose—Hubbard systems

In this section, we apply our formalism Bose—Hubbard systems, which describe ultra-cold gas
of bosons [32] as well as superconducting qubits [33]. It is described by the Hamiltonian

L

L—1
=Y :(Ez(t)n1—|—2 iy (A — 1)) -7 (b}bl+1 +bZT+lb1) 22)
=1 =1

with L the number of sites, E; is the on-site energy that can in general depend on time, U the
two-body interaction strength, J the hopplng between adjacent site, b, and b the annihilation

and creation operators, and 7; = b b, the population operator on site / [18]. We distinguish 2
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cases for the on-site energy:

L=2:FE(t)=—E;(t) = §cos (wi) 23)
L=3:E/(1)=0VI

where  and w are the amplitude and the frequency of the driving in the case of the dimer. We

first focus on the trimer without driving, and then on the driven dimer. The simulations use

operators that are quadratic in terms of position and momentum operators, which means our

previous derivations can be applied.

As we expressed the quasiclassical OTOC as a phase-space integral, a natural way to eval-
uate such an expression is by using the truncated Wigner method. It consists in sampling the
wavepacket according to the Wigner distribution, make each sampled point evolve according
to the Gross-Pitaevskii equation, and sum the contributions to evaluate the integral [34]. Ideal
states for investigating the quantum—classical correspondence are coherent states, since they
minimise the Heisenberg uncertainty relation and have already proven to be experimentally rel-
evant since they describe perfectly a Bose—Einstein condensate [35]. Moreover, their Wigner
function Wcs is a Gaussian [36], which is positive everywhere, and thus can be considered to
be a probability distribution. Its expression is

L
— L —2(g1—eqor1)’/es o —2(Pi—gpam)’/e;

WCS("”’)_EWHC v /o e 5 (24)
where the coherent state is defined by complex numbers (ag; +iaqy,...,arL +icrL), and
€q,€p depends on experimental parameters [36]. However, these states are not the ones that
naturally emerge when working within the framework of second quantisation. Those are Fock
states, or number states. Additionally, they correspond to the state obtained when preparing
particles in uncoupled wells, also called Mott insulators and which correspond to the low-
hopping limit of Bose-Hubbard models [37]. Their Wigner function contains negativities,
which bear no classical meaning, but these can be considered to be strictly quantum as they
disappear when looking at the classical limit [38, 39]. The Wigner quasidistribution of a Fock
state Wrgock 1S given by [36]

L

Wrock (4,P) = H

=1

4 P
= (=1)"e L, (2]g} +p)) (25)

with n; the occupation of site / and L, the nth Laguerre polynomial. It can be approximated by
a Dirac delta on the occupation level in the classical limit:

L
1 2+ 2_1
Wrockal (4,P) — H %5 (ql‘;l — n1> .
=1

In the trimer, we consider A and B to be population operators acting on two sites i and j.
The corresponding classical OTOC is [2]:

(26)

2
Ca (1) = 1? / dnd@ @’Z” (n,e)) W (n,6). (27)
J
and the quasiclassical long-time limit is
2 afll t 2
Coo =h" | dnd@ 897 (E(n,0),N(n,0)) | W(n,0). (28)
J

where W will either be Wcs or Weock c1-

1
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Figure 2. Left column: Poincaré surface of section of the Bose—Hubbard trimer for
the sets of parameters (top) U = 0.02J, N =300, at energy E = 1.433NJ and (bottom)
U =0.06J, N =300, E = 0.6NJ. The vertical axis represents the population of the first
site n; and the horizontal one the difference between the phase of the first site 6; and the
third one 63. In both Poincaré surfaces of section, the Wigner function of the initial state
is represented in arbitrary unit. Right column: quantum and classical OTOC (Poisson
bracket) in respectively the solid red and the dashed blue curve as well as the quasiclas-
sical saturation value C in dotted blue for (top) the coherent state centred around the
occupancy levels of the Fock state |114,140,46) with phases (—3.07,0,0), U = 0.02J,
Cs = 1.18 and (bottom) the Fock state |52,34,14), U = 0.06J, C = 10.

In the top left part of figure 2, we show a Poincaré surface of section of the phase space of
the trimer with the system parameters U = 0.02J, a total of N =300 particles at an energy of
E = 1.433J. We represent the population of the first site n; on the vertical axis, and the phase
difference between the first and last site, 6; and 05 modulo 27 on the horizontal axis. These
sections are obtained by fixing the phase of the second site to 0 modulo 27 and the population
on the other site is fixed using the constant of motions. There are actually two solutions that
fulfil these constraints, so we choose consistently the same solution. More details on how to
obtain such a section are available in [40]. It can clearly be seen that the dynamics is strongly
chaotic. We also show in arbitrary units the Wigner function of the initial states used for the
plots in the right part of the figure.

In the top right part we show the exact quantum OTOC (solid red curve) as well as the
Poisson bracket (dashed blue curve) for the coherent state centred around the occupancy levels
of the Fock state |114, 140, 46), with phases (—3.07,0,0), and with the same system para-
meters as the Poincaré section. In practice, we work with number-projected coherent states for

12
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the quantum simulations. Since the experimental realisation is the framework of ultracold gas,
it would correspond to Bose—Einstein condensates with a fixed number of particles, and thus
those number-projected coherent states are closer to reality than regular ones. In the quantum
curve, after a brief power-law increase one can see a short exponential growth once the hyper-
bolic dynamics kick in, followed by a saturation after the Ehrenfest time. The classical curve
matches almost perfectly the quantum one for short time. However, as it was explained in
section 5, obtaining the Poisson bracket was at the cost of an 7 expansion inside an evolution
operator which limits the time validity. The result is an exponential growth, exhibiting the
chaotic dynamics of the system, that never stops because of the absence of quantum interfer-
ences. In addition, we plotted the long-time value as a blue horizontal dotted line. It is finite,
as opposed to the Poisson bracket that growth indefinitely, but quasiclassical, i.e. without any
interferences considered. The value is however several orders of magnitude smaller than the
quantum saturation one. This shows the importance of effects beyond quasiclassical physics,
such as the X pairing, as was stated in [18] and [2].

Next, we consider a Fock state. We first represent a Poincaré section of the phase space for
the system parameters U = 0.06J with a total population of N =100 at an energy E = 0.6NJ
in the bottom left part of figure 2. Again, the dynamics is strongly chaotic. We also show
the quantum OTOC and the Poisson bracket for the Fock state |105,100,100) with the same
system parameters on the right. The same observations as above can be made, i.e. an initial
perfect agreement between the two curves during the power-law and the start of the exponential
regime, followed by a saturation of the quantum curve whereas the classical one continues to
grow. Again, the long-time value is shown as a dotted horizontal line and the conclusion is the
same as with coherent states.

We then focused on the driven dimer. This system has the advantage of having a phase
space that can be represented in two dimensions only. The dynamics can thus be entirely
visualised using a stroboscopic section, as shown in the left part of figure 3, with again the
Wigner function of the initial state represented in arbitrary units. The vertical axis is the pop-
ulation imbalance, and the horizontal axis is the phase difference between the two sites. For
this system we used different operators. Because of the driving, the Hamiltonian is now time-
dependent and the energy is not conserved anymore. Only the number of particles is a constant
of motion, which will have consequences regarding the operators we are working with. In addi-
tion, the long-time quasiclassical OTOC can be entirely computed analytically. In (21), one
can apply the chain rule in the derivative of the Poisson bracket and show that in general the
expression is

.oy =Y A e 00,8 x) 9)
k=1

where here the sum contains only one contribution since there is only one constant of motion:
the total number of particles. In order to obtain non-trivial result, one has to work with operators
that do not commute with the total population N. We worked with momentum operators in the
driven dimer, A = p? and B = p;. We computed the OTOC and its classical limit,

2
dp it
8q /j

C(1) = (¢

2
0.5, 0] 1) Caln ﬁz/dmw( (n79)> W(n,0) (30)

with i =1 and j = 2. The long-time value of the driven dimer for this OTOC is given by

- 2
2
Coo = hz/dnde <8g’” (N(n,0))> W(n,0). @31

q;
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Figure 3. Left column: stroboscopic map of the Bose-Hubbard driven dimer for the sets
of parameters (top) U = 3J, N =30, 6 = 20J, w = 10J and (bottom) U = 1J, N =100,
6 =20J, w = 10J. The vertical axis represents difference of the population of the first
site n; and the second one 7,, and the horizontal axis shows the difference between the
phase of the first site #; and the second one 6,. In both stroboscopic maps, the Wigner
function of the initial state is represented in arbitrary unit. Right column: quantum and
classical OTOC (Poisson bracket) in respectively the solid red and the dashed blue curve
as well as the quasiclassical saturation value Co, in dotted blue for (top) the coherent
state centred around the occupancy levels of the Fock state |16, 14) with phases (0, 0),
U=3J,6=20J, w=10J, Coo =7.375 and (bottom) the Fock state |55,45), U= 1J,
6=20J,w=10/Cs =0.2.

The results are shown in the right part of figure 3 in the top half for coherent state, and in the
bottom half for Fock states. Again, the dynamics is strongly chaotic, apart from some regular
trajectories at high population imbalance. We draw the same conclusions as previously.

7. Conclusion

In summary, we developed in this paper a full-fledged semiclassical framework for the calcu-
lation of OTOCs in chaotic systems via the van Vleck—Gutzwiller propagator. By means of
a diagonal approximation, this framework allowed us to yield a proper quasiclassical expres-
sion (11) for the OTOC, employing three different ways of trajectory pairings whose respective
contributions (13)—(15) have to be properly added and subtracted to avoid double countings.
In the strict classical limit 2 — O the result of the Wigner—Moyal approach is recovered, cor-
responding effectively to a replacement of the quantum commutator by the classical Poisson

14
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bracket multiplied by i%, and consequently amounting to an exponential increase o e of the
OTOC governed by the system’s Lyapunov exponent \.

The quasiclassical expression (11) allowed us also to obtain a prediction for an asymp-
totic long-time threshold value of the OTOC. This prediction was explicitly derived from the
V pairing contribution, and we expect that the A pairing contribution yields a very similar
threshold value owing its mathematical similarity with the V pairing, whereas the / pairing is
not expected to contribute at all in the long-time limit. However, comparisons with numerical
results that were obtained within unperturbed and periodically driven low-dimensional Bose—
Hubbard systems reveal that this threshold value grossly underestimates the actual saturation
value of the quantum OTOC. This strongly supports the conjecture that nondiagonal contribu-
tions stemming from trajectory quadruplets that exhibit low-angle crossings (i.e. those repres-
ented by the X pairing in figure 1) dominantly determine the OTOC value for long evolution
times.

Though exemplified only within low-dimensional Bose—Hubbard systems, the semiclas-
sical van Vleck—Gutzwiller theory of OTOCs that we developed here is universally valid for
all types of quantum single-, few- and many-body systems that exhibit a well-defined clas-
sical counterpart. Moreover, we expect that it will also provide a valuable starting point for
spin chains [41-43] or fermionic systems [44, 45] for which the validity of the semiclassical
approximation cannot be straightforwardly justified. This will open perspectives to properly
refine the notion of chaos in such systems.

Data availability statement

All data that support the findings of this study are included within the article (and any supple-
mentary files).

Appendix A. Generic quasiclassical terms

The out-of-time-ordered correlator (OTOC) is defined by

c=wl|[A0.50) 1) (A1)

When expanding the square modulus, one obtains four terms. To avoid working with long
expressions from the start, let us first focus on an object of the form

Ocpera () = (Y|CD (1) EF (1) G|), (A2)

which we will call the generic quasiclassical term, and then use it to construct the OTOC by
replacing D, F by A and C, E, G by either 1, B or B> depending on the term of the OTOC:

C(t) = Oga1ag (t) — Opaga1 (t) — O1apag (1) + Opapea1 (7). (A.3)

A.1. Full semiclassical expression

By introducing completeness relations of position eigenstates 1 = J dx|x) (x| between each
operators, one can reexpress the expectation value (A.2) as a phase-space integral of matrix
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elements and propagators:

6 5
OCDEFG (t) = /det dej K* (yZaxZat)K(yS,x3at) K* (y47x47t)K(ySax57t)
i=1  j=2

% (x1|Clea) (9[Dlys) (xe3|Elxa) (4l Flys) (xs|Glxs)

with K(¢/,q',1) = (¢/|U(1)|q’) the propagator from ¢' to ¢ in time 7 [5, 19].
We then recall here the expression of the Weyl symbol of an operator O:

O(qvl’)z/d£<q+§’é q_§>e—ip~€/h

of the Wigner function of a pure state |1)):

_ 1 i(,. € _ &) pesn
Wiap= ot g (a5 )u(a-5)ere

and of the semiclassical van Vleck—Gutzwiller propagator:

K(g'an) = Y A, (dq.) 00

v:q'—q"

with
172

2
9 R’Y (qf,qi,t) e*iﬂ'ﬂr/“’

det ———
¢ O¢/0q'

A, (q'.q't) =

(217rh)L/2
R,(qd'.q',1) = /0 de’ (p, (t') -4, (t) — Ha (g, (1) ,p, (1))

(A.4)

(A.5)

(A.6)

(A7)

(A.8)

(A.9)

respectively the amplitude and the action of the trajectory, with y the family of trajectories, u.
Maslov’s index and ¢., and p.,, the position and momentum related to the trajectory -y [18, 29].

Injecting these in (A.4), we obtain:

6 5
1 X1 +Xg
Ocperc (l) = 75/1_‘[(1’&‘1 /dedp W< 7P)
@rn)™ ) j=2 ! 2
CY Y A

QXY VXY,
Bix3—rys 6:X5—ys

i
enp (G [Rs 05,0 — R 02082,) = Ry (4,0 4 Rs 05,0 )

> xX;+x Yo +y
1 2
< [Twce (2520 )0 (25%00.)
k=1

X3+ X4 Yy Yy X5 +X¢
XE( 2 7p3>F(42 55P4)G( 2 aPS)

x expli(py - (x1 —x2) +py- (v, —y3) +p3- (x3 —x4)) /1]
x expli(py- (y4 —ys) +ps- (xs —x6) — P (x1 —x5)) /7]

(A.10)

using the shorthand notation Ao =3, yAa(y,x,1). This expression is the starting

X B i ax—y T
point of the derivations that follow.
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The next step is to use the diagonal approximation. This results in four contributions and
are shown in 1. In practice, the last one is related to phenomena beyond quasiclassics and thus
does not contribute. We can then write

G()=G" (1) +G" (1) -G (1) (A.11)

where the minus is there to avoid overcounting the [ pairing.

A.2. V pairing

The first pairing corresponds to the situation where o ~ 3 and v ~ §, meaning that o and 3
are actually the same family, likewise for v and §. The first step is to exploit the fact that when
two trajectories belong to the same family, they can be linearised around a central one. We
thus switch to some centre-of-mass and relative coordinates:

hr hr.
x =X+ — X2 —R2+7 X4:R4—|—74
hr hr.
Xo=X—— X3 =Ry——= x5:R4—74
hs
e
hs» hs4
-9, 22 =8, — —2. A.12
y3=5 ) Ys =154 2 ( )
The amplitudes of the propagator are considered at the Oth order only. More specifically
hs hr hs hr
A% <S+27R+2>Aa <S—2,R—2> ~|Aq (S,R)|? (A.13)

up to correction that scale as /2. The first non-vanishing terms when expanding the actions in
the phase are of the 1st order:

hsy hiry fisy hry
Rq <52+ 77R2 + 2,l‘> —Rq (Sz - 7,R2 - 2J>
~ fisy -p* (S2,Ra,1) — Tiry - p, (S2, Ry, 1) (A.14)

where we have used OR./0q'(q,q',1) = fpiv(qf,qi,t) and OR. /94" (q",q',1) :pg(qf,qi,t).
This yields

1
O pir (1) = P / dR,R4drorydS,SadsyssdXde > [Aq*|A,|* W(X,P)

a:R,—S;
’y:R4*>S4

5
X+Ry, hA(x+r
X/Hdpzc< 2 2+ (4 2)apl>D(S21p2>
i=l1

R, +Ry A(rs—
(Rt M) s

y G(X—;R4 _ h(x:r“)’ps) exp [i (Sz' (Pz _pgc)ﬂ




J. Phys. A: Math. Theor. 58 (2025) 275303 T R Michel et al

ol 5~ 22) ) o -2)
X exp [i (X “(py —ps) —&—x-‘% +Ry- (p3 —py) +Ra- (ps —I’3))}
x exp[—iP - x]. (A.15)

In order to make the last step towards the symplectic formalism, we will introduce a sym-
metry between the position and momentum arguments of a given symbol, and between two
pairs of symbols as well. To this end, we will perform several changes of variables to some new
centre-of-mass and relative coordinates. First, we do it for the position argument of symbols
C and G:

. 1/ X+R, h(x+r2) X +Ry h(x+r4) . hw
Y‘z( 2 i T2 T g pr=Tht ==
1/X+R, h X
1 +Ry  h(x+r) X+Ry N(x+r) PSZHI_@~ (A.16)
2 2 4 2 4 2

We then use the amplitudes of the propagator as a Jacobian of a change of variables to change
the integration with respect to the final positions S5, S4 to initial momenta py,,pjs:

) B 1
S S

1 opl,

08,

2
det IR (S2,R>) (A.17)

0S,0R,

where we have used this time OR,/9¢/(¢/,4',1) = p., (¢, q',1). We then go to centre-of-mass
and relative coordinate for the symbols D and F:

hr . Fuws
R,=R+ — =11 —
2 + ) P 2+ )
hr . Fuws
R.=R— L =TI, — —=. A.18
4 > Ps 17 (A.18)

We perform the integral with respect to x and obtain

1
Olpirc (1) = i /ddedeyderdeHldHZdw]dwz exp(i(wy- (2Y— X —R)))

(2m)
xexp(i(wi - (X —R)+y- (II; =P) +r- (P+II, - 2I1,)))

hy hLU] hr h(.t)2
X C(Y+ Z,Hl + 4) D <(R17Pt) <R+ Z,Hz—l- 4>)

hr h
X E(X —2Y +2R,P — 211, +2H2)F<(R,,P,) <R - ‘:2>)

xG(Y—ZyJL —h:”> W(X,P) (A.19)

where we used the notation (R, P;)(R,II) = (R,(R,II),P,(R,II)) to shorten the expression,
and where R, (R,II) and P, (R,II) means respectively the position and momentum after an
evolution for ¢ time, having started from (R, IT).

In the expression for all the pairings there is eventually a symmetry between the position and
momentum argument which allows us to regroup them in a single vector, called a symplectic
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vector. In the case of the V pairing, we can write

1 . )
Olperc (1) = (27T)4L/dX1dX2dX3dA1dA2 AN K= X6) gl AN (X1 =2X2H5)

A A
x C(X2+ h4l>D(X, (}(1+h42))E(2X1 —2X, +X3)

where X; = (Y,II;), X, = (R, I1,), X5 = (X,P), A; = (y,w1), Ay = (r,w;), and X, indicates
the evolution to time .

A.83. A pairing

The second pairing follows the same steps as the first one, although with some changes when
it comes to the integration variables. The main difference is that one naturally ends up with
integrals with respect to final conditions instead of initial ones.

Starting from (A.10), this time the pair of trajectories are o ~ ¢ and 8 ~ ~y. Similarly to the
V pairing, we go to some new centre-of-mass and relative coordinates:

hx hry hrs
X +2 X2 2+ > X3 3+ >
hx hr, hrs
xé—X_7 x5 —RQ_T x4—R3_7
hs» his3
=5t =St
hs hs
ys=S-75  w=S- (A21)

We can then linearise the action around these new centre-of-mass coordinates, which calls for
some other changes of variables, this time related to the momenta:

hw hw
171:1_11“!‘71 P2:H2+72
2 2
hw hw
ps=Th——=  p,=Th-—= (A22)

By performing the integration with respect to r3 one can rewrite (A.10) as

OéDEFG (t) = /dXdAXddeRg,szdSzng,dSzng,dH]dedwldWQ W(X,P)

|A<X|2|AB‘2 . f i
o,

XeXp[i(S3'(pr—Hz)—F(X—RQ)'w]-|—(SQ—S3)-LU2—P'X)]
XC(X+R2+h(Ax+r2) I +hw1>

2 4 T
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Sy+8;  h(sa+ h 4
wp (S8 M tss) g Jon) g iy
2 4 2
S>+ 83 h(S2+S3) hwo
XF( 2 T
X +R AX
><G< “;2—h( 4”2) Hl—h‘;l>. (A.23)

In order to obtain an expression that is writeable in symplectic formalism, one must perform
additional change of variables that consists of shifts to symmetrise the position and momentum
arguments of a given symbol. Again, one uses the amplitudes of the propagator as a Jacobian
of a change of variables, this time from initial position R,,R; to final momenta p’,, pfﬁ:

S =Y

where we have used 9R., /9¢/( qf 1) = p/;(qf ,q',1) this time. The final expression is then

apl,

B (A.24)

1 o
02 pirc(t) = Gy / dX dr,dS,dS3ds,dp!,dpj;dIT; dITdw; dws

xexp[i(s2- (P —pL)) +r2- (P—i(252 — 83,205, — p}3) — 1)
x exp [i (X —R—_,(282— 83,2p, —pl3) - w1+ (S2 = 83) - w2) |

hr h hs, h
><C<X+ 2 H1+w1> (Sz+,pa+w2>

4 4 4
hs hw
X E(th(s,%,Pfg)’Pfr(S&P%)) F <52 - TZ,P; - 42>
h]‘z hw1
Glx——=10,- —
<o(x-Tpm-)
X W(2X — R_,(2S; — S3,2p}, —pj3), 211, — P_,(28, — S3,2p!, —p;))

(A.25)

where R_,(S,P) and P_,(S,P) are the position and momentum obtained from the backward
evolution of (S, P) for time .
The symplectic notation reads

1 . )
OéDEFG (1) = 7(27()“ /dXdSzdS3dA2dA3 S AINX=X_((25:=53)) @i A2 A(S3—52)

xC (X+ h?) <Sz + hfz) E(X_(S3))F (sz - hfz)

><G<X—hf) W(2X —X_, (25, —S3)) (A.26)

where X = (X ,I1;), S, = (S2,p%,), S5 = (S37p5) Ay = (r,wy), Ay = (s3,wr),and X_,(S) is
the backward evolution from S for time ¢.
A.4. | pairing

When summing the contributions from both the V and A pairing, we are overcounting the
subcase where all four trajectories are near one another, i.e. & ~ 8 ~  ~ §. Therefore, we
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actually have to subtract this contribution to account for it only once. Intuitively, one would
try to linearise all four trajectories around a global central one. However, using the same set of
variables as for the A pairing seems far more suitable for the derivation. One can thus follow
the same step as for the last pairing and obtain

1 9’Ro (S2,R>)
ol t)= —— [ dXdR,R3dr,dS,dS3ds,dII;dII,dw;d det —— =2
cperc (1) (27r)4L22L/ 2R3dr,dS,dS3ds,dII dITdw, wzg‘ 5,0R,
R R
X deti8 8(;52;{’3 ) exp (i(s2+ (TI, — p, (S2,R2))))

X exp [<r2~ (P, (S2,R2) —II) + (X —Ry) w1 + 52;S3 ~w2>]

hr hw
(X—i— 2 H1+1)

4 4
S2+S83  hsy pl(S2,Ro) +pl,(S3,R3)  hw
XD( 2 4 2 T
S,+S;  hsy pt(Sy,Ry) +p' (S3,R;)  hw
£ 2+33  hsy p,(52,K2) +p, (33,K3)  hws
XE(R3apa(S3aR3>)F< 2 4 ) ) 4
hr h .
x G(X— 72 o, — T) W (2X —Ry,2T1, —p', (S1,R2)) . (A.27)

To introduce the symplectic notation, we add integration over Dirac delta’s for the two
initial and the two final momenta, resulting in

Vi (I(SZaRZ)
O per (t) = m / dXdR,dR3dS,dS3dA | A, Z ‘d v
ORe (S3,R3) | ia AR i _
det «a 5 iIAIA(R2—R) JiAA(S3—52) /2
% T 8850k, ¢
X+R A
><C( + 2+h 1)D<52+S3 )E
2 4
< F Sz+S3_hA1 G X+R2
2 4 4
x & (TI, — pl, (S2,R2)) 6 (T3 — pL, (S3,R3))
x & (P2 —p', (S2,R>)) 6 (Ps —pL, (S3,R3)) W(2X — R) (A.28)

where part of the expression cannot be put in symplectic formalism. The symplectic vectors
are X = (X,II)), R, = (Ry,IL,), Ry = (R3,1I13), S> = (S2,P2), S3 = (S3,P3), A = (r,wy),
A, = (s2,w>), and the four §’s at the end are introduced to write the expression as phase-space
integrals.
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Appendix B. Weyl symbol of a squared operator

In the following, we will need the expression of the symbol of a squared operator. We will here
detail it, as well as its expansion in /. Applying definition (A.5) for a squared operator reads

(AZ)W(q,p) - /dé <q+§ Alg— §>e‘i”'5/”
N
ZL/ d€dxdp1dp2 A g >A<—;X—§J’2>

YA ST T

We then perform a change of variables to go to centre-of-mass and relative coordinates, and
we obtain

(AZ)W(‘I,P)—(%Tl)n/dydzdﬂde(erhz,HJrhw)A(yﬁz Hh“’>

A

4 4 4 4
xexpli((g—y) w+z- (IT—p))]. (B.2)

This expression can easily be rewritten in symplectic formalism, using ¥ = (y,II), X = (¢,p)
and A = (z,w):

A2 _ IAA(Y-X) hA _hA
(A )W(X)_ (2W)2L/deAe A(Y+ = alr-=) (B.3)

Then, we consider the operators to be at most quadratic. Doing so leads us to

(AZ)W(X):/?;;d?LeiAA(YX)

B2 2L
x |A%(Y ZAkA, Y)ORA(Y) — A (Y) DA (Y)) | + O (B)
kl 1
_ a2 W[ dydA SAA(Y=X)
=A"(X)+ 16/(27T)2L
2L
XY [AA(A(Y) A (Y) — DA (Y)DA(Y))] + O (1) (B.4)

k=1

s

using [ dYdAe=X) = (27)*"5(Y - X), where QA(Y)=8A(Y)/Y, and JRA(Y) =
0?A(Y)/0Y;dY,. The next step consists in turning the A’s of the second term into derivat-
ive operators acting on the exponential:

Agexp[iA A (Y — X))] = —%gexp AN (Y —X)]. (B.5)
k
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As neither the rest of the integrand or the integration bounds depend on X, the derivation
operators can be taken outside of the integral entirely, which eventually gives

2 2L

) K

(A )W(x) =42 (0) = 2 > oA (X) RA (X). (B.6)

ki=1

Here we use the property:

2L L

of of of
Y) = ) — )| = B.
> o1y (=3 g 0T G | =0 @)

for an arbitrary twice-differentiable function f of a symplectic vector ¥ = (y,II), where
we have switched from the symplectic to the regular formalism at the first equality. This
can also straightforwardly be shown in the symplectic formalism using Ziil ok OA(Y) =
- iil 070;A(Y) since oy = —o7.

In this development, we assumed that the observable A vanishes at the integration bound-
aries so that all the expressions that appear are integrable. While this is technically not the
case for the standard population operator A(Y) = (Y7 + Y%) /2, we consider this operator to be

amended, e.g. A(Y) = exp (—5 S Y%) (Y7 + Y2)/2 for sufficiently small e. This reflects the
experimental limitations for the detection of such an observable.
Appendix C. Quasiclassical contributions to the OTOC

As explained shown by (A.3), we can use the expressions of the generic term to build the
OTOC, and this for each pairing. This section goes as follows: the contribution of each pairing
to the OTOC will be written and the Oth, 1st and 2nd order in 7 will be developed.

C.1. Vterm

For the V pairing, we get:

Cy (1) = Oaap (1) — Opapay (1) — OY apap (1) + O ypoaq (1)

— 1 dX,dX,dX dA dA eiA]/\(Xz*X})eiAz/\(Xl72X2+X3)
(27‘[')41‘ 1 2UA3 1 2

hA hA BA KA
X A, <X1 +42> A, <X1 - 42> [B (X2+41> B(Xz— 41)
—B(2X; - 2X> + X3) (B (x2+ hi“) +B (Xz _ hf‘))

+ (Bz)w(le —2X2+X3)] W(X3) (C.1)

where A,(X) = A(X,(X)) is the symbol of A evaluated at the time-evolved coordinate X,(X). It
will abusively be referred to as the time-evolved symbol. The Oth order in & corresponds to
neglecting any & dependencies. (C.1) becomes
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CV(I) _ 27_[_ — /XmddeX3dA1dA2 elA]/\ X5 — X;)elAz/\(Xl—2X2+X;)

<4300 [BO) ~BX - 26030 | Wk + o). (€2

We then perform the integral with respect to Ay and A,, which yields Dirac deltas:

;4[‘ /dAldAz eiAlA(X27X3)CiA2A(X172X2+X3) =4 (X2 - X3) ) (Xl —Xz) . (C.3)
(2m)
This will make the square bracket vanish and thus so will the OTOC at the Oth order.

The 1st order term in A vanishes as well owing to the A «— —h symmetry of the expres-
sion (C.1). To evaluate the 2nd order in /, one can consider only the expansion up to /? in the
symbol of A, and in the analogous expansion of the symbol of B. The two contributions to the
OTOC will be labelled C} and C}, respectively.

For the first term, one can write

CX (t) = /dX[ddengAz ClAz/\ Xi—X2) ZAz kA2l
k,l

X [At (Xl) aklAt (Xl) - akAt (X1> 8IAt (Xl)]
x [B(X2) — B(2X) — X,)]’ W(Xa) (C.4)

where we have already performed the integration with respect to A;. The procedure is then
similar to the one of the symbol of a squared operator, see (B.5). The A;’s will be transformed
into derivative operators with respect to components of X acting in the exponential, followed
this time by an integration by parts that will move said operators to the rest of the integrand. For
some generic function f of symplectic vectors X and Y such that f vanishes at the integration
boundaries, this translates to

IAAN(X-Y)
/ dXdYdA AN XN F(X,Y) = / dxdyda Z¢ (%Tf(X, Y)
k
/ dXdydA —5(}( Y) a(?]; (X,) (C.5)

where we integrated by parts to obtain the last line. Applying this to (C.4) leads to

CA /dXZUkGI&B &B( )

x [Ar (X) OgA: (X) — kA (X) DA, (X)| W(X). (C.6)

where the already integrated term from the integration by parts vanishes thanks to the Wigner
distribution. A similar approach for C} yields

V hz/dXZ 0'k0'1 X) 9B (X)

k=1
X [—Ai (X) OgA; (X) — DA, (X) DA (X)] W(X). (C.7)

The classical OTOC of the V pairing CY,, i.e. the first non-vanishing contribution to the OTOC,
is written
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CZ()=CX()+CX()

— 2 / 0XS oven 00k (X) A, (X) 0B X) 048 (X) W 1)
k=1

G / dX{A,(X),B(X)}* W(X). (C.8)

C.2. Aterm

Once again, we can then construct the OTOC on the basis of the generic term:

C (1) (1) = Oayap (1) — Opagar (1) — Oapap (1) + OJI?ABZAIL (1)

— (2 h4L/dXdS2dS3dA1dA2 elAl/\(X 1(28,—S3)—X) IAQ/\(Sq S2)
™

(50222 (1122 [o (s 220 - 2)
-0 ) [ (x 23 ) m (x- 1)

+(87), (e (53))] WRX—X_,(285 —5)). (C9)

We’ll follow the same procedure as before, i.e. we will look at the Oth, 1st and 2nd order in .
The Oth and 1st order vanish for the same reason as in the V pairing. The first non-vanishing
contribution to the OTOC is again the 2nd. As the lower orders are shown to be zero, one can
once again look separately at the expansion of the A and B symbols.

The second-order expansion of the A symbols yield

h? ) )
Ca (1) = 716( & / dXdSrdS3dA [dA, g4 X (25 75) 7 X) B (§352)

X Z Doil\yi [A($2) O; A(Sz) DA (82) DA (S2)]

i,j=1
X [B(X) — B(X_,(S3))> W(2X — X_, (25, — S3)). (C.10)
One can perform the integration with respect to A; and transform the perturbation variables

A,’s into derivation operators acting on the exponential, remove them from said exponential
by integrating by part, and end up with

i (1) / dSZ T [A(S) A (S) — DA (S)BA(S)]

ij=1

X % (X—(5)) % (X_ (S))W(X_,(S)). (C.11)

i
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For the perturbation in the B symbols, one obtains at first

h? ) )
Cp (1) = Toan™ / dXdS,dS3dA dA, et X285 X gifan (57542 (s,

X Z A1y [B(X) 03B (X) — 0;B(X) 0B+ B (X, (S3)) 03B (X)]
xW2X—-X_, (252 S3))

1

- / dX A2 (X fj 2B (X) 92B (X) W (X) (C.12)
ij=

and when following the same guidelines as above, ends up with

() = Zz / dXZ T A2 (%) {8%3 (X) 92B (X) W (X)

ij=1

+20;B (X) 03B (X) OW; (X) + 9B (X) 9;B (X) O3 W (X)

hz 2L 2 82
=7 dX,JZI 10,47 (X) gz (BB (X) 9B O W (X). (C.13)

When integrating by parts this last term and putting everything together, we end up with
the classical OTOC of the A pairing

C (1) = C () + C (1
- / as hZZaiajaiM 9A(S) Gg (X-1(5) 55 (X () WO, (9)

2 [as3 - mon i34 2 x ) 55 () WOL(S)

iy=1

2
/dxza,a,A,af(;‘X< )0,B(X) 9B (X)W (X)

ij=1

— 1 / X (A (S (0). BOOY W(X)

15" (5 A $) 55 (X-A(5)) 55 (X-AWX(5)
i,j=1 J
2
dx Z oA ax 3){ (X)0; B(X)9;B(X)W(X) (C.14)

using the fact that the Poisson bracket is canonically invariant. In other words, the contribution
of the second pairing to the short time OTOC is again a Poisson bracket plus some other
contributions, but fortunately we will show that the latter vanishes.
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C.3. I term

When considering both the V and A pairing, we are actually overcounting one situation: when
all four trajectories are near one another, i.e. & ~ 8 ~ v ~ §. Therefore, we have to subtract
once this contribution from the other two. Using the same set of variables as for the A pairing
seems far more suitable for the derivation. One can thus follow the same step as for the last
pairing and obtain

()= OgAILAB (1) — Oapan (1) — Oapap (1) + Ofypoaq (1)

2R R
- / dXdR,dR;dS,dS;dA, Azz tw

(2 )22 0S,0R,
a R, (53 R3) iATA(R— i _ S»+ 83 hAz
d t ) 1A (Rz X) lAz/\(S} Sz)/ZA
| os0rs | ¢ > 2
S>+S83  hA, X+R, hA; X+R, hA;
A () ()

—B(R;) (B (XZRz + hf) +B (XJ;Rz - h?)) + (EZ)W(Rs)]

x & (TI, —pi, (S2,R2)) 0 (TIs — pL, (S3,R3)) (P, — pL(S2, R2))
X 6(Py —py,(S3,R3))W(X). (C.15)

There is however one caveat. Whereas in the previous pairings, a double sum on the classically
allowed trajectories remained, here there is only one as only one family of paths is considered.
Let us first transform the previous expression. The Dirac § in combination with a function fin
multiple dimensions is given by

0 (x—x;)

(C.16)
‘det% (x)

S —f) =3

where the sum is on all x; that satisfy y — f(x) = 0. To transpose it to our case that involves
several variables, we simply have to choose one of the variable as being the x in the above
expression, and the other remains constant. This can be done by choosing which integral to
perform first, as the Dirac § should be understood in this context. This yields:

I

Jj=2

O’R. (S;,R))

55,0, § (10 —pl, (S1,R))) & (P —pt, (Sj,R;))

6 (8 — R, (R, I1})) 5 (P; — P, (R}, IT})) 0 o,

A::]w

2

J

I
.z“’

3(S; = Xi (R;)) bac, (C.17)

j=2

where we switched to the symplectic formalism for the last equality. In this case the sum
in (C.16) contains only one element since there is only one zero to the argument of the Dirac
delta. The index o labels the family of trajectories R; — S; for which I1; lies in the image set
of piaj. Summing over « on the individual factors of expression (C.17) yields §(S; — X,(R))).
Here, however, the sum is performed over the whole product, according to equation (C.15),
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thus yielding 04, ;:2 d(S; — X:(R;)). This means that the two involved trajectory families,
labelled by «; and a3, must be identical in order for this sum to yield a nonzero value. One
therefore obtains

c! ([) = m /dXddeR3dS2dS3dA JAY) 6a2 a35 (Sz —X; (Rz)) 1) (S3 X, (R3))

o AR —X) (A A(S53-52) /24 (Sz + 83 N ﬁAz)A <Sz +8 hAz)

2 4 2 4

X+R, hA X+Ry, hA
() ()

_B(Rs) (B (XJ;RZ + hf) +B <XJ;R2 - h?)) + (EZ)W(Rs)]
X W(X)

— 4L /dXdR2 3dA]2 5(17 O“elA]/\(Rz ) 1A2/\(X,(R3) X,(Rz))/z
(2 )" 22k

A (Xr(Rz)—l-Xr(R,%) n hAz)A (X,(R2)+XI(R3) B hAz)

2 4 2 4

X+R, hA X+R, hA
() (1)

_B(R;) (B (XZRZ + h?) +B (XZRz - h?)) + (BZ)W(Rs)]
x W(X)

= 7(2 1)4L /dxldSZdS3dA1dA2 5a27a3eiA1/\(X—r(252*&)*X)eiAz/\(S}*Sz)
us

A B2 5o 12)
—B(X_(S3)) ( (x+ hf) +B <X— hf‘)) + (ﬁ)w(x,, (Ss))}

X W(2X — X_, (25, — S3)) (C.18)

where we did changes of variables to simplify the arguments of the symbols. Note that the
expression is now identical to (C.9), except for the additional Kronecker delta. This additional
Kronecker will be 1 for fixed time as 7 — 0. Nonetheless, as time gets larger, the initial condi-
tions must be closer to each other in order to contribute, meaning that the contribution to (C.18)
will get smaller, down the point where it vanishes. Physically, this should be understood as the
fact that all trajectories remaining in the vicinity of each other during the whole time evolution
becomes increasingly unlikely. This can be further explained using figure C1. In the short-
time situation, there is only one family of trajectories, i.e. only one set of initial conditions
that yields the desired final conditions. At later times, the system can start from the same ini-
tial position but different momenta, and end up to the desired final conditions. However, these
different momenta means that the trajectories belong to a different family, in other words have
a different index «, and thus do not contribute to the integral.
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Figure C1. Final position as a function of initial momentum, at a fixed initial position
qo =0, for the classical one-degree-of-freedom system governed by the Hamiltonian
H(q,p) = p*/2+ /1 + ¢*. The vertical dotted lines delimit the different families of
trajectories departing at go =0 and ending near g, = 0 again, after the evolution time
t=0.03 (resp. t =30) for the top (resp. bottom) panel. In the top panel, representing
the short-time situation, there is only one possible family of trajectories, i.e. meaning
that inside (C.18), dqa,,o; = 1. The bottom panel shows a situation at later time, where
there are multiple families fulfilling the aforementioned conditions. The consequence is
that in (C.18), the phase-space integrals cannot be performed independently. To obtain
a non-vanishing contribution to the integral, the trajectories must belong to the same
family during the whole evolution, i.e. the initial condition must be in the same region
delimited by the vertical dotted lines. As time increases, this region, and thus the integ-
ration domain, becomes smaller, leading to a smaller contribution to the OTOC.

This means that for short time, we can follow exactly the same derivations as for the A
pairing, and since (C.18) contributes with opposite sign to the OTOC, only the V pairing con-
tributes for short time. For later times, as it was stated above, only the first two pairings are
expected to contribute for a quasiclassical long-time value.
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