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ABSTRACT

Deductive reasoning is essential to most of our scientific and technological achievements
and is a crucial component to scientific education. In Western culture, deductive reasoning
first emerged as a dedicated mode of thinking in the field of geometry, but the cognitive
mechanisms behind this major intellectual achievement remain largely understudied. Here,
we report an unexpected cognitive bias in geometric reasoning that challenges existing
theories of human deductive reasoning. Over two experiments involving almost
250 participants, we show that educated adults systematically mistook as valid a set of
elementary invalid inferences with points and circles in the Euclidean plane. Our results
suggest that people got “locked” on unwarranted conclusions because they tended to
represent geometric premisses in specific ways and they mainly relied on translating, but not
scaling, the circles when searching for possible conclusions. We conducted two further
experiments to test these hypotheses and found confirmation for them. Although
mathematical reasoning is considered as the hallmark of rational thinking, our findings
indicate that it is not exempt from cognitive biases and is subject to fundamental
counter-intuitions. Our empirical investigations into the source of this bias provide some
insights into the cognitive mechanisms underlying geometric deduction, and thus shed light
on the cognitive roots of intuitive mathematical reasoning.

INTRODUCTION

Deductive reasoning is essential to the production of scientific and mathematical knowledge.
In Western culture, deduction first emerged as a mode of scientific and mathematical thinking
in the field of geometry (Kline, 1972; Netz, 1999). Plato (1961) and Kant (1787) claimed that
all humans are equipped with a cognitive faculty—often called geometric intuition—allowing
them to reach general geometric truths through a pure exercise of the deductive mind. Euclid
himself relied on his geometric intuition to make numerous deductions essential to the geo-
metric proofs of his foundational treatise (Euclid, 1959; Hartshorne, 2000). The most famous
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example occurs in the very first proposition of the Elements where Euclid drew the following
inference (I1):

1

We can all see that if each point is inside one of the circles and lies on the other one, then the
two circlesmust intersect, and this conclusion is as certain for us as it was for the ancient Greeks.
Developmental and cross-cultural studies have shown that humans can spontaneously reason
about spatial locations (Amalric et al., 2017), shape intruders (Dehaene et al., 2006; Dillon et al.,
2013), and metric or spatial relations, for instance in a triangle or between lines in a plane (Izard
et al., 2011). But the cognitive mechanisms allowing us to make geometric deductions remain
unclear. Here, we report and analyze a cognitive bias in elementary deductive reasoning with
points and circles in the Euclidean plane that provides some insights on this issue.

Reasoning deductively means being able to discriminate between valid and invalid infer-
ences. Invalid inferences are those leading to unwarranted conclusions, and so detecting and
preventing them is a crucial matter, especially in scientific and mathematical contexts. Here is
a typical example of an invalid geometric inference (I2):

This inference is invalid because the conclusion that “circle α intersects circle β” is not the
only one compatible with the premisses. The premisses can also be met by translating circle
β (for instance to the right) to produce an alternative configuration where the circles are
completely separated. Now consider the following inference (I3):

1 Note that throughout, inferences are presented using the premisses-line-conclusion format with premisses
and conclusion respectively written above and below the conclusion line.
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Can you tell whether this inference is valid or invalid? Here, no matter how one would trans-
late the circles, they will always intersect in the above diagram. Does this mean that the con-
clusion follows from the premisses? If you are like most participants in a previous study
(Hamami et al., 2021), you will answer affirmatively and judge this inference as valid. How-
ever, if you imagine shrinking circle α or enlarging circle β, you will realize that circle α can be
inside circle β, and so that the two circles do not have to intersect. This inference is therefore
invalid, and yet was almost systematically misjudged as valid by participants who were other-
wise able to reliably detect many other invalid geometric inferences. Thus, although mathemat-
ical reasoning is often considered as the hallmark of rational thinking, the existence of such
systematic errors would indicate that intuitive mathematical reasoning, like many other
domains of reasoning (Evans, 1989) and decision-making (Tversky & Kahneman, 1974),
may not be exempt from cognitive biases.

The identification of a cognitive bias in deductive mathematical reasoning provides an
important opportunity to progress in our understanding of human deductive reasoning. More
specifically, it makes it possible to ask whether, and to what extent, contemporary psycholog-
ical theories of human deduction ( Johnson-Laird, 2010; Oaksford & Chater, 2020; Ragni &
Knauff, 2013; Rips, 1994) can account for intuitive deductive reasoning with mathematical
content—a question all the more relevant given that mathematics is one of the most archetyp-
ical contexts in which we reason deductively. These theories make different predictions about
the intrinsic difficulty of deductive inferences, and are commonly evaluated in terms of their
capacity to predict systematic errors in reasoning. In the mental model theory ( Johnson-Laird,
2010), the difficulty of an inference is predicted by the number of mental models compatible
with the premisses. This theory would predict that judging validity is more difficult for infer-
ence I3 than for inference I2 since I2 admits three mental models compatible with the premisses
while inference I3 only admits two. The preferred model theory (Ragni & Knauff, 2013) makes
an alternative proposal, namely that the difficulty of an inference depends on the distance
between the preferred model and the closest countermodel(s). This theory would predict that
inferences I2 and I3 are equally difficult since any alternative to the only model compatible
with the premisses is already a countermodel. Rule-based theories of reasoning (Rips, 1994)
consider that human reasoning proceeds by the application of mental rules operating on prop-
ositions in a mental language akin to a formal language. These theories explain reasoning dif-
ficulties by appealing to various factors such as the difficulty of retrieving mental rules from
memory, of finding sequences of mental rules allowing to reach a conclusion from a set of
premisses, or of judging the absence of such sequences. To make predictions on the difficulty
of geometric inferences, rule-based theories of reasoning will require to be further specified by
choosing a mental language to encode geometric propositions and a set of mental rules to
reason about them. Finally, it seems perfectly possible to develop probabilistic models of geo-
metric reasoning, for instance in the spirit of the new paradigm (Oaksford & Chater, 2020) or in
terms of simulation-based statistical models (Hart et al., 2018). The predictions of these theo-
ries will, however, depend on how geometric information is represented and operated upon
within such frameworks. Thus, existing psychological theories of human deductive reasoning
either make different predictions as to the difficulty of elementary geometric inferences such as
I2 and I3, or would require further theoretical specifications to be able to do so. Deductive
geometric reasoning thus constitutes an important test case for psychological theories of
human deduction and a privileged context to investigate intuitive deductive reasoning with
mathematical content.

The aim of the present study is to identify and characterize the present bias in geometric
reasoning, to pinpoint its cognitive origin, and to evaluate its implications for the psychology
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of mathematical thinking and deductive reasoning. We first asked whether the poor perfor-
mance previously observed on I3 is an isolated phenomenon or the symptom of a larger bias.
Our first experiment aimed at identifying biased inferences among a large set of geometric
inferences with four premisses specifying relations between two points and two circles. This
revealed a family of biased inferences but also showed that other geometric inferences with
very similar properties were not affected. By comparing the geometric properties of the biased
inferences with the non-biased ones, we observed that counterexamples to non-biased infer-
ences can always be found by translating the circles in any possible representation of the pre-
misses, while finding counterexamples to biased inferences may require scaling the circles. In
a second experiment, we tested the hypothesis that inferences of the latter kind induce more
deduction errors than those of the former kind. We reasoned further that biased inferences
could be explained by the combination of systematic biases in both participants’ representa-
tions of the premisses and the kind of geometric transformations participants rely on when
searching for counterexamples. Our third and fourth experiments addressed these two aspects
directly. In our third experiment, we investigated in a drawing task how participants tend to
represent the premisses of these geometric inferences. In our fourth experiment, we tested
whether participants were more prone to rely on translation rather than scaling in searching
for counterexamples.

EXPERIMENT 1: IDENTIFYING THE BIASED INFERENCES

The geometric inferences I2 and I3 discussed above are very similar, and yet our previous work
revealed that performance on I3 was much lower than on I2. To understand the reason behind
this reasoning bias, our first step in this study was to obtain a more exhaustive picture of the
geometric inferences that were affected by it. To this end, we generated algorithmically a large
set of geometric inferences similar to I2 and I3 in the precise sense specified below. We then
measure reasoning performance on all these inferences over 6 different groups of participants.

Methods

Participants. 160 adults were recruited on the Amazon Mechanical Turk platform with the two
following worker qualifications: “HIT Approval Rate (%) for all Requesters’ HITs greater than
95” and “Location is United States”.

Geometric Inferences. We programmed an algorithm to systematically generate all possible
geometric inferences involving two points and two circles, and where all relations but one
between the four geometric objects were fixed in the premisses. We focused on the following
set of topological relations: a point can be inside, on, or outside a circle; a circle can be inside,
outside, or intersect another circle. The considered relations between the two circles corre-
spond to all the possible relations between two distinct circles which do not involve tangency
(we followed the characterization of intuitive deductive reasoning in Euclidean geometry
advanced in Avigad et al., 2009; Manders, 2008). Thus, for the two circles α and β, the four
possible relations were: “circle α is inside circle β”; “circle β is inside circle α”; “circle α inter-
sects circle β”; and “circle α is outside circle β”. The algorithm proceeded by generating in a
syntactic way all possible sets of four premisses where the relations between the objects
ranged over the options just specified. Whenever an inference was generated, the algorithm
checked whether or not it was already equivalent to an inference in the list of (non-equivalent)
inferences to be kept. If the inference was equivalent to an inference in the list it was disre-
garded, otherwise it was added to the list. Two inferences were considered equivalent if one
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could be obtained from the other by reordering the premisses and/or renaming some of the
objects in a different way (e.g., switching the names α and β for the two circles).

The program produced 60 invalid inferences, 39 valid inferences, and 36 inferences with a
set of inconsistent premisses (i.e., where no geometric configuration in the Euclidean plane
satisfies the premisses). We note that the invalid inferences can be divided into two categories
depending on whether the conclusion consists of a relation between a point and a circle or
between the two circles. The first category is composed of 42 inferences with 4 possible
answers (see Table S1), where noticeably only 2 premisses out of 4 constrain the conclusion.
The second category of invalid inferences is composed of 18 inferences with 5 possible
answers.

Procedure. All 60 invalid inferences were tested online, by presenting 160 adults randomly
divided into 6 groups with 10 invalid inferences each. All groups were also presented with a
common set of 10 valid inferences (Table S1). For each inference, after reading the premisses,
participants were asked to choose, among a set of proposed conclusions, the one that neces-
sarily followed, or to indicate that none of them followed (see Figure S1). For instance, partic-
ipants may be told to consider a situation involving two points A and B and two circles α and β
such that:

point A is inside circle α

point A is on circle β

point B is on circle α

point B is inside circle β

They were then asked to select from the proposed conclusions the one that necessarily fol-
lows, or to indicate that none of them follows:

circle α is inside circle β

circle β is inside circle α

circle α intersects circle β

circle α is outside circle β

none of the above follows

No diagrams were provided to participants in the reasoning task. Yet, given the difficulty of the
task, they were allowed to use paper and pencil if they found it useful, and to spend as much
time as they wanted on each inference. They were asked to always provide a response even if
they were uncertain about the answer.

To ensure that all participants in the four experiments understood the definition of a circle
and the meaning of the relations involved in the reasoning and drawing tasks, they had to
successfully pass a geometry vocabulary test at the beginning of the session. The test consisted
of seven questions covering all the relations involved in the tasks. In each question, a diagram
was presented, and participants were asked to choose the correct statement describing the
diagram. Three questions concerned the three possible relations between a point and a circle,
the proposed answers were: “point A is inside circle α”, “point A is on circle α”, and “point A is
outside circle α”. Four questions concerned the four possible relations between two circles,
the proposed answers were: “circle α is inside circle β”, “circle β is inside circle α”, “circle α
intersects circle β”, and “circle α is outside circle β” (see Figure S2). The order of the questions
was randomized for each participant.
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Determination of Sample Size. In the absence, to our knowledge, of previous studies investigat-
ing similar questions, we arbitrarily set a sample size of 120 (20 participants per group). We
thus first collected data in 120 participants, and then added participants by batches of 20 until
we met the pre-determined sample size of usable data (see inclusion criteria below).

Inclusion Criteria. To be allowed to participate in the online experiment, participants first had
to pass the pre-study geometry vocabulary test just described (by answering correctly to at
least six out of the seven questions). The whole task was challenging and required sustained
concentration for about 30 minutes. As a consequence, a significant portion of participants
indiscriminately answered as fast as possible without taking the time to examine each geomet-
ric situation. Those participants were eliminated from further analyses.

We excluded participants with a correct rate on valid inferences below 40% which corre-
sponds to one standard deviation above chance level (at 25%) if participants’ answers
followed a normal distribution. This criterion was applied only on valid inferences for two
reasons. First, because only valid inferences were commonly presented to all participants. Sec-
ond, because this inclusion criterion was determined on a subset of inferences that were inde-
pendent of the inferences of interest.

Though we note that, by doing so, we arguably excluded participants exhibiting a response
bias towards the answer “none of the above”, i.e., participants who were unsure of their
response and performed poorly on valid inferences, but well on invalid inferences. To include
those participants, they had to be distinguished from speeders who did not complete the task.
We thus excluded participants who on average spent less than 15 seconds to answer. This was
determined to be the minimum amount of time necessary to provide an answer to valid infer-
ences with a correct rate of at least 60%. Only 12 participants whose responses were biased
towards “none of the above” were found. We performed statistical analyses both after includ-
ing or excluding those participants and found that the results remained virtually unchanged.
The results reported here exclude those participants. Figure S3 reports the results obtained
when including those participants.

Data Analysis. Data from 123 participants (20 in groups 1 and 3, 17 in group 2, 21 in group 4
and 5, and 24 in group 6) were finally included in subsequent analyses, which were performed
using R and the software RStudio. We used the tidyverse library to prepare the data, and Wil-
coxon tests to analyze performance on each inference.

Results and Discussion

On valid inferences, participants from all 6 groups performed similarly (group 1: 80.2 ±
4.99%; group 2: 79.7 ± 4.44%; group 3: 78.0 ± 4.14%; group 4: 78.1 ± 4.40%; group 5:
80.8 ± 3.58%; group 6: 72.7 ± 4.35%; F(1, 121) = 1.04, p = 0.311). This justified to pool
all the groups together in subsequent analyses (accuracy range on 10 valid inferences:
68.3% to 86.2%; global % correct: 78.1 ± 1.76).

For the invalid inferences, we found an overall performance of 59.7 ± 2.69% correct. Par-
ticipants’ accuracy in determining that “none of the proposed conclusions followed” varied
widely from 9.52% to 85.7%. Participants performed above chance on virtually all 42 invalid
inferences whose conclusion established a relation between a point and a circle. For these
inferences, the mean accuracy reached at least 42.9% and went up to 85.7% (all significantly
above chance level of 25%: Wilcoxon ps < 0.05, except for the two inferences of lowest accu-
racy; global accuracy: 69.8 ± 2.98%). Participants’ overall accuracy on the 18 inferences
whose conclusion concerned the relation between two circles only reached 35.4 ± 3.33%
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Figure 1. Main results of the four experiments. (A) shows the percent success averaged across participants for each invalid inference whose
proposed conclusions concerned relations between the two circles, sorted in ascending order, observed in Experiment 1. The dotted line
represents the chance level (here at 20%). (B) is the same as (A) for Experiment 2. (C) shows the correlation of performance level across
inferences 1 to 18 between Experiments 1 and 2. (D) compares the distribution of percent success averaged across inferences with the locking
property versus without the locking property, for all participants in Experiment 2. (E) shows the distribution of wrong conclusions for each
inference with the locking property averaged across all participants from both experiments. (F) shows the distribution of topological config-
urations in the drawings produced in Experiment 3, i.e., in the representations of the premisses of each inference with the locking property
produced by the participants. (G) compares the distribution of percent success averaged across inferences with the locking property versus
without the locking property, and across the two diagram conditions locked configuration versus non-locked configuration.
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on average. Performance ranged from 9.52 ± 6.56% to 60.0 ± 11.2% and was significantly
above chance (here at 20%; One-sided Wilcoxon ps < 0.05) for only six inferences (Figures 1A
and S3A).

The results of Experiment 1 revealed that a whole set of geometric inferences are affected by
the bias exhibited by inference I3, while many other similar inferences are not affected by it
and in this respect are similar to I2. They also confirmed that adult participants from the general
population are able to perform this geometric reasoning task as witnessed by their perfor-
mances on valid inferences and non-biased invalid inferences. As we will now see, by exam-
ining the potential relations between the mathematical properties of these inferences and their
associated reasoning performances one can generate cognitive hypotheses as to the origins of
this reasoning bias.

Interim Discussion: The Locking Property

What may explain the striking pattern of disparate performance observed on this set of invalid
geometric inferences? Our previous work (Hamami et al., 2021) proposed that people judge a
geometric inference as invalid when they have identified at least two different conclusions
compatible with the premisses. To search for alternative conclusions, people would first gen-
erate a mental representation of a geometric configuration satisfying the premisses, and then
apply geometric transformations on the objects present in the proposed conclusions. Now,
only two kinds of elementary geometric transformations can be applied to circles: translation
and scaling. For inferences 11 to 18 (Figures 1A and S4), we observed that an alternative con-
figuration can always be found by only translating the circles in the initial configuration. How-
ever, that is not true for inferences 1 to 10 where some representations of the premisses are
such that scaling the circles is necessary to find an alternative configuration. We say that an
inference has the locking property whenever it admits locked configurations, i.e., geometric
configurations where the relation between the two circles is preserved or stable under any
possible translation of the circles (Figure 2)—locked configurations can be such that the
two circles intersect (Figure 2A) or the two circles are disjoint (Figure 2B). For inferences with
the locking property, if people start with a locked configuration and only rely on translating the
circles when searching for alternative configurations, then their search procedure is doomed to
fail—they will remain locked into the initial topological configuration (Figures 2A and 2B). In
this case, the only way to find an alternative configuration is to scale the circles. By contrast,
for inferences without the locking property, an alternative configuration can always be found
by only translating the circles (Figure 2C). The locking property is then a geometric property,
induced by the procedure just described, which divides the set of invalid inferences in two
categories, and constitutes a good candidate for explaining why some of the reasoning prob-
lems appeared more difficult than others.

EXPERIMENT 2: EFFECT OF THE LOCKING PROPERTY

We conducted a second experiment to specifically test the hypothesis that inferences with the
locking property are more difficult than inferences without the locking property.

Methods

Sample Size, Participants, and Inclusion Criteria. Based on results from Experiment 1, we deter-
mined a sample size of at least 28 participants. Participants were, as in Experiment 1, adults
recruited on the Amazon Mechanical Turk (AMT) platform with the two following worker
qualifications: “HIT Approval Rate (%) for all Requesters’ HITs greater than 95” and “Location
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is United States”. Because of the presence of many speeders on the AMT platform, we decided
to exceed our pre-determined sample size and recruited 88 participants. The inclusion criteria
were exactly the same as for Experiment 1, leaving 46 participants.

Materials and Procedure. Participants were presented with the same reasoning task as in Exper-
iment 1, but this time focusing on the 18 invalid inferences of the second category (see
Figure 1B, Figure S4, and Table S1), 10 with the locking property and 8 without. All 18 invalid
inferences were presented together with 18 valid inferences over two online sessions
(Table S1). The second session took place 5 days after the first one.

Data Analysis. As in Experiment 1, we used the tidyverse library to prepare the data, and
Wilcoxon tests to analyze performance on individual inferences. We also used standard t-tests
when aggregating performance over multiple inferences, Chi-square tests to evaluate the dis-
tribution of wrong answers, and Pearson correlations to evaluate the replicability of results
across experiments.

Figure 2. Locking property. (A, B) Examples of invalid inferences with the locking property. For
locked configurations, it is not possible to reach an alternative topological configuration by merely
translating the circles. A search procedure for alternative conclusions which starts from a locked
configuration and only relies on translating the circles is thus going to miss alternative topological
configurations; to find such alternatives, it is necessary to rely on scaling the circles. For non-locked
configurations, it is always possible to reach an alternative configuration by translating the circles.
(C) Example of an invalid inference without the locking property. Inferences without the locking
property do not admit locked configuration. For any possible geometric representation of the pre-
misses, it is always possible to find an alternative topological configuration by translating one of the
circles.
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Results and Discussion

Participants overall chose the correct option for valid inferences in 78.0 ± 2.41% of the
cases, thus ensuring proper task completion. For invalid inferences, the profile of difficulty
observed in Experiment 1 was strongly replicated (test of correlation between the correct
rates observed in both experiments: Pearson r = 0.838, R2 = 0.702, t(16) = 6.15, p < 10−4,
95% CI = [0.61, 0.94]; see Figure 1C). We again observed very disparate performances, the
accuracy for each inference ranging from 4.35 ± 3.04% to 60.9 ± 7.28% (Figure 1B). Par-
ticipants’ overall accuracy on invalid inferences was 25.2 ± 3.50%. Within those invalid
inferences, we found that inferences with the locking property were more difficult than
inferences without the locking property. Participants’ mean accuracy on inferences with
the locking property only equaled 14.8 ± 2.67%, while they reached 38.3 ± 5.09% of cor-
rect responses on inferences without the locking property (paired t-test: t(45) = 6.59, p <
10−7, 95% CI = [16.3, 30.7], Cohen’s d = 0.97, see Figure 1D). We note that within infer-
ences with the locking property, performance on inferences 1, 2, 3, 4, 5, 7, and 8 which
were systematically mistaken as valid (the accuracy in the reasoning task is significantly
below chance level: all Wilcoxon ps < 0.001) was lower than performance on inferences 6,
9, and 10.

We reasoned further that the wrong answer participants selected was not only indicating
their failure to detect invalid inferences but was also likely reflecting their initial mental rep-
resentation of the geometric situation, i.e., the topological configuration they were locked into.
For inferences with the locking property, we thus expected to find that the dominant wrong
answer corresponded to the locked configurations, and that is exactly what we observed
(Figure 1E). Pooling all participants from both experiments together, we indeed found that
the dominant wrong answer for inferences 1, 2, 3, 4, 5, 7, and 8 was “circle α intersects
circle β” (Chi-Square test: 10−10 < ps < 0.008, effect sizes: 0.34 < ws < 0.86; except for
inferences 1, 3, and 8), which corresponds to the locked configurations. And for inferences
6, 9, and 10, the locked configurations are such that circle α is outside circle β, which also
corresponds to the dominant wrong answer in these cases (Chi-Square test: all ps < 10−7,
effect sizes: 0.86 < ws < 0.88).

The results of Experiment 2 confirmed that inferences with the locking property are more
difficult than inferences without the locking property, thereby replicating the results of Exper-
iment 1 in a different group of adults. They also revealed that participants’ dominant wrong
answers turn out to be of the same type as locked configurations. Poor performance on infer-
ences with the locking property may then be explained by the combination of two cognitive
biases, namely (1) a tendency to produce locked configurations when representing the pre-
misses, and (2) a tendency to rely on translating but not scaling the circles when searching
for alternative configurations. We tested the two parts of this explanation in two dedicated
experiments.

EXPERIMENT 3: PREFERRED CONFIGURATIONS IN REPRESENTING THE PREMISSES
OF INFERENCES WITH THE LOCKING PROPERTY

The first part of the above explanation proposes that people got locked on unwarranted con-
clusions because they tend to produce locked configurations when representing the premisses
of inferences with the locking property. To test this hypothesis, we asked another group of
participants to draw a representation of the geometric situation described by the premisses
of inferences 1 to 18.
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Methods

Participants. Participants were 28 undergraduate students at Harvard University who took part
in the study in person and obtained course credits at the Department of Psychology for their
participation.

Materials and Procedure. Participants were provided with a test booklet and a pencil. On each
page of the booklet, they were asked to represent the situation described by the set of four
premisses composing each of the 18 invalid inferences tested in Experiment 2. Participants
were simply instructed to draw each situation freehand as carefully as possible and to report
the names of the objects on the drawing.

Sample Size Determination and Inclusion Criteria. Given the difficulty to test participants in per-
son directly after COVID-19 restrictions were lifted at the University, given temporal con-
straints implied by the obtention of course credits, and in the absence of preliminary data
testing such drawing preferences, we aimed at collecting data in at least 22 participants
(which would be enough to detect large effects in a Chi-square test with 1 degree of freedom,
a significance level of 0.05, and a standard power of 0.8). 28 students volunteered to partic-
ipate in this study. 3 participants misinterpreted the instructions and drew a representation of
each premise instead of one representation of the situation described by all four premisses
together. Data from these 3 participants were thus excluded, leaving data from 25 participants
finally included in the subsequent analysis.

Results and Discussion

Figure 1F displays the preferred configurations drawn by participants for all 10 inferences
with the locking property. We found that for inferences 1, 2, 3, 4, 5, 7, and 8, participants
preferentially drew a configuration in which circle α intersects circle β (in at least 60% of the
cases, Chi-Square test: 10−5 < ps < 0.05, effect sizes: 0.40 < ws < 0.88, except for inference
1: p = 0.096, w = 0.33). For inferences 6, 9, and 10, participants preferentially drew a con-
figuration in which circle α is outside circle β (in at least 72% of the cases, Chi-Square test:
10−9 < ps < 10−4, effect sizes: 0.88 < ws < 1.20). These results are strikingly similar to the
analysis of wrong answers reported in Experiments 1 and 2 (see Figures 1E and 1F). For infer-
ences 1, 2, 3, 4, 5, 7, and 8, the preferential configurations were overwhelmingly locked
(90.1% of the cases), thus suggesting that people tend to produce locked configurations
when representing the premisses of inferences with the locking property that are systemically
misjudged as valid. For inferences 6, 9, and 10, participants’ preferential configurations were
locked in 15.8% of the cases. If this latter result seems at first sight to contrast sharply with
the former one, it is in fact fully coherent with participants’ higher performance for infer-
ences 6, 9, and 10 than for inferences 1, 2, 3, 4, 5, 7 and 8 in Experiments 1 and 2. These
results altogether suggest that people’s reasoning performance can be related to their ten-
dency to produce locked configurations.

EXPERIMENT 4: REASONING FROM LOCKED VS NON-LOCKED CONFIGURATIONS—
SCALING VS TRANSLATING IN SEARCHING FOR ALTERNATIVE CONCLUSIONS

The second part of the explanation proposes that people got locked on unwarranted conclu-
sions for inferences with the locking property because they are more likely to rely on trans-
lating rather than scaling the circles when searching for alternative configurations. This can
be tested by exploiting the fact that inferences with the locking property admit both locked
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and non-locked configurations. If people are more likely to rely on translating than scaling
the circles, then they will be more likely to find an alternative configuration if they start with
a non-locked configuration as opposed to a locked configuration. In this fourth experiment,
we tested this hypothesis by asking participants to evaluate inferences, as in Experiments 1
and 2, but this time we also provided them with a diagram consisting of one possible rep-
resentation of the premisses (see Figure S5). Inferences with the locking property were pre-
sented with locked configurations in one condition and with non-locked configurations in
the other.

Methods

Participants. 81 undergraduate students at Harvard University participated in this online
experiment. They were awarded course credits at the Department of Psychology for their
participation.

Materials and Procedure. In this experiment, we used a subset of the inferences tested in Exper-
iment 2. We picked 4 invalid inferences with the locking property (invalid inferences 1, 2, 4,
and 5 in Figure S4 and Table S1) and 4 inferences without the locking property (invalid infer-
ences 12, 13, 14, and 17 in Figure S4 and Table S1), together with 8 valid inferences (valid
inferences 1, 2, 3, 4, 5, 6, 7, and 8 in Table S1).

Participants were presented with a similar reasoning task as in Experiments 1 and 2, but
this time, each inference was accompanied with a diagram depicting one possible repre-
sentation of its premisses (see Figure S5 for a screenshot of the task). Participants were ran-
domly assigned to two possible conditions. In one condition, the diagrams provided for
inferences with the locking property consisted of locked configurations, and in the other
condition they consisted of non-locked configurations (see Figure 3). For the locked con-
figurations, circle β was bigger than circle α with a ratio of 1.6:1; for the non-locked con-
figurations, it was the other way around. As can be seen in Figure 3, it is not possible to
reach a counterexample by only translating the circles for the locked configurations, while
it is possible to do so for the non-locked configurations. The diagrams for valid inferences
and for invalid inferences without the locking property were designed to be as similar as pos-
sible to the diagrams for inferences with the locking property (see Figure S6 for all the dia-
grams used in the two conditions). In particular, the two circles were always positioned in
the exact same way, only the positions of points A and B differ in each diagram according
to the premisses.

Sample Size Determination and Inclusion Criteria. The sample size corresponding to detecting
large effects in a two-sample Wilcoxon test with a significance level of 0.05 and a standard
power of 0.8, is at least 50. We thus opened 100 online testing slots on the Harvard Study Pool.
81 students signed up to participate in our study. Two of the easiest inferences—invalid infer-
ence 16 (Figure S4) and valid inference 9 (Table S1) were presented without diagrams as part of
the instructions. To ensure that all participants included in our analysis understood the task, data
from participants who did not provide the correct answer to either of these inferences were
excluded. A total of 56 participants were finally included, 31 in the locked condition (group
1), and 25 in the non-locked condition (group 2).

Results and Discussion

We first verified that both groups of participants’ performed similarly on valid inferences (group
1: 91.1 ± 2.73%, group 2: 90.0 ± 3.15%; t(54) = 0.27, p = 0.787), thus justifying comparing

OPEN MIND: Discoveries in Cognitive Science 1323

A Cognitive Bias in Geometric Reasoning Hamami and Amalric

D
ow

nloaded from
 http://direct.m

it.edu/opm
i/article-pdf/doi/10.1162/opm

i_a_00169/2482851/opm
i_a_00169.pdf by guest on 15 August 2025

https://doi.org/10.1162/opmi_a_00169
https://doi.org/10.1162/opmi_a_00169
https://doi.org/10.1162/opmi_a_00169
https://doi.org/10.1162/opmi_a_00169
https://doi.org/10.1162/opmi_a_00169
https://doi.org/10.1162/opmi_a_00169
https://doi.org/10.1162/opmi_a_00169
https://doi.org/10.1162/opmi_a_00169
https://doi.org/10.1162/opmi_a_00169
https://doi.org/10.1162/opmi_a_00169


both groups on invalid inferences in the following. For inferences without the locking prop-
erty, participants from the first group answered correctly in 59.7 ± 6.83% of the cases, and
participants from the second group answered correctly in 77.0 ± 5.19% of the cases—a dif-
ference that did not reach significance level (w = 292, p = 0.10, z = 1.65, EF = 0.22; average
on both groups: 67.4%; Figure 1G). For invalid inferences with the locking property, we
found that participants from group 2 who were presented with a non-locked configuration
performed significantly better than participants from group 1 who were presented with a
locked configuration (group 1: 29.0 ± 7.16%, group 2: 65.0 ± 7.36%, w = 206, p =
0.002, z = 3.12, EF = 0.42; Figure 1G). The type of configuration (locked/non-locked) also
marginally interacted with the type of invalid inference (w = 277, p = 0.06, z = 1.9, EF =
0.25; Figure 1G).

In sum, participants were less likely to find alternative configurations to an invalid inference
with the locking property when they were presented with a locked configuration of the pre-
misses than when they were presented with a non-locked configuration. This suggests that
people are more likely to rely on translating rather than scaling the circles when searching
for alternative configurations. Experiment 4 thus provides evidence for the second part of
our explanation, namely that the geometric reasoning bias reported here is in part due to a
bias with respect to the geometric transformations recruited in the counterexample search
process.

Figure 3. Invalid inferences with the locking property tested in Experiment 4 together with the
diagrams provided in the two conditions. Participants assigned to the locked condition (group 1)
saw the inferences together with the diagrams of the left column. Participants assigned to the non-
locked condition (group 2) saw the inferences together with the diagrams of the right column. In the
locked (resp. non-locked) condition, diagrams for invalid inferences with the locking property con-
sisted of locked (resp. non-locked) configurations.

OPEN MIND: Discoveries in Cognitive Science 1324

A Cognitive Bias in Geometric Reasoning Hamami and Amalric

D
ow

nloaded from
 http://direct.m

it.edu/opm
i/article-pdf/doi/10.1162/opm

i_a_00169/2482851/opm
i_a_00169.pdf by guest on 15 August 2025



GENERAL DISCUSSION

In this study, we have identified a robust cognitive bias in deductive geometric reasoning, an
area that has so far received little attention in mathematical cognition and the psychology of
reasoning. Our results show that people systematically misjudge as valid a particular set of
invalid geometric inferences while performing significantly better on another set of invalid
inferences with very similar characteristics. An examination of the geometric properties of
the two sets of inferences revealed that, for the inferences with the highest level of perfor-
mance, it is always possible to find a counterexample by simply translating the circles when
starting from any geometric representation of the premisses. This is not the case for the infer-
ences with the lowest level of performance which, depending on the geometric representation
one is starting with, may require to rely on scaling the circles to reach a counterexample. We
refer to this distinction as the locking property, a geometric property that divides our geometric
inferences in two categories. Our second experiment showed that the difference in reasoning
performance between inferences with and without the locking property was highly significant.
It also showed that the dominant wrong answers for inferences with the locking property cor-
responded to the geometric configurations that require scaling the circles to reach a
counterexample—what we called locked configurations. Experiments 3 and 4 further investi-
gated the origin of this bias by addressing separately the representation of the premisses and
the reasoning from a given geometric representation. Experiment 3 showed that people have
indeed a preference to produce locked configurations when asked to represent the premisses
of inferences with the locking property that are systemically misjudged as valid. Experiment 4
showed that people are more likely to judge an inference with the locking property as valid
when they are provided with a locked configuration as opposed to a non-locked configuration.
In fact, performance in this latter case turned out to be almost similar to performance on infer-
ences without the locking property. This means that it is possible to eliminate, or at least dras-
tically diminish, the bias by manipulating the representation of the premisses provided. Taken
together, the results of Experiments 3 and 4 provide evidence that the cognitive bias reported
here is due to the combination of two biases in the way people represent a situation described
in a set of geometric propositions and in the way counterexample search proceeds on a given
geometric representation of the premisses.

A simple explanation of this reasoning bias would be that participants impose the extra
constraint that the circles must be of the same size. This would straightforwardly explain
why participants would conclude that the two circles must intersect for inferences with the
locking property of type “intersects” (Figure 2A). For, in these cases, the only alternative con-
figuration always involves one circle being inside the other, which is impossible if the circles
are of the same size. However, by the same tenet, we should also have observed poor perfor-
mance on inferences 12 and 13 since the only alternative configurations to the two circles
intersecting in these cases are such that one circle must be inside the other. Experiment 4 pro-
vides further evidence against this explanation. In this experiment, we provided participants
with geometric representations where the circles were clearly not of the same size, thus ruling
out the possible interpretation that the circles have to be of the same size. And yet, we
observed again the same pattern of performance between inferences with and without the
locking property. Another simple explanation would be that people do not engage in counter-
example search at all and simply pick the conclusion depicted in their initial representation of
the premisses. This would readily explain the biased inferences, for if people only consider
one model of the premisses, then they would misjudge any of our invalid inferences as valid.
But this could not explain the overall difference in performance between locking and non-
locking inferences, for in the two cases participants should have misjudged them as valid.
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The current psychological theories of human deductive reasoning, even when concerned
with spatial reasoning, do not seem equipped to predict the difference in difficulty between
geometric inferences with and without the locking property. In the mental model theory
( Johnson-Laird, 2010), the difficulty of an inference is predicted by the number of mental
models compatible with the premisses. According to the most natural interpretation of what
a mental model is in the present geometric context (Figure S4), inferences 1 to 10 have 2 mental
models while inferences 11 to 18 have 3 mental models, with the exception of inference 16
which has 4 mental models (Figure S4). Contrary to what the mental model theory predicts, we
observed that inferences with 2 mental models (the inferences with the locking property) were
more difficult than inferences with 3 and 4 mental models (the inferences without the locking
property) (see Figures 1A, 1B, and 1D). The profile of difficulty cannot be explained either in
terms of distance to the closest countermodel(s) (Ragni & Knauff, 2013) since, for the 18 inva-
lid inferences we consider, any alternative model to the initial one is already a countermodel.
According to rule-based theories of reasoning (Rips, 1994), an invalid inference can be mis-
judged as valid if one has either applied an incorrect inference rule or has misapplied a correct
one. However, such an approach would only be ad-hoc unless an additional explanation is
provided as to why people are more likely to apply incorrect rules, or misapplied correct ones,
for some inferences but not others. Probabilistic models of geometric reasoning could be
developed in the spirit of the new paradigm (Oaksford & Chater, 2020) or in terms of
simulation-based statistical models (Hart et al., 2018). But it remains to be seen how much
geometry should be integrated into a probabilistic model in order to predict the cognitive
phenomena reported here. From the perspective of dual-process theories (Evans, 2008;
Kahneman, 2011), the poor performance on inferences with the locking property may be inter-
preted as a failure to overcome an initial intuitive incorrect answer by reflection. The situation here
would then be similar to what has been observed in the Cognitive Reflection Test (Frederick, 2005)
where an initial incorrect answer comes to mind readily which can then be overridden by
reflection. However, it is hard to see why participants would fail to engage in a reflection pro-
cess for inferences with the locking property while succeeding in doing so for inferences with-
out the locking property since both types of inferences have the exact same form.

The systematic reasoning errors reported in the present study can be explained by hypoth-
esizing a reasoning procedure which operates on geometric configurations and relies on geo-
metric transformations (Hamami et al., 2021). If people’s reasoning (1) starts with a mental
representation of the premisses which is a locked configuration, and (2) only appeal to pro-
cesses that consist in translating the circles and/or scaling them in a limited range, then they
will most likely miss alternative conclusions for invalid inferences with the locking property. In
addition, as observed in Experiments 1 and 2, they will likely conclude that “circle α intersects
circle β” (resp. that “circle α is outside circle β”) for the inferences where the locked config-
urations are such that circle α intersects circle β (resp. circle α is outside circle β). Experiments
3 and 4 provide direct evidence in support of (1) and (2). Similarly to previous findings on
preferences in representing spatial arrangements (see, e.g., Ragni & Knauff, 2013), participants
in our Experiment 3 exhibited clear preferences for certain representations of the premisses.
For inferences with the locking property inducing systematic reasoning errors, these preferen-
tial representations were overwhelmingly locked. In our Experiment 4, participants more likely
misjudged an inference with the locking property as valid when they were provided with a
configuration which required to scale the circles to find a counterexample. This result suggests
that people do not rely on scaling but on translating the circles in this reasoning task. This
could reflect a general tendency in human’s reasoning, as similar results have previously been
found in other contexts. For example, participants were faster to solve the Tower of Hanoi
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problem when the rules involved translating the pieces than when they involved scaling them
(Kotovsky et al., 1985). This general tendency might come from the fact that, similarly to the
so-called “insight problems” (Gilhooly & Murphy, 2005) such as the nine dot problem, people
would bring extra assumptions or constraints in their initial interpretation of the problem—e.g.,
in the nine dots problem, people impose the additional constraint that you cannot draw lines
outside the square formed by the dots. For inferences with the locking property, people may
have imposed the extra assumption that the circles have to be rigid objects, and so that it is not
allowed to scale them. To identify that these inferences are invalid, people would then need to
reframe their initial representation either by lifting this assumption or by producing another
representation of the premisses that is not a locked configuration.

Further work is required to determine whether the failure to rely on scaling is to be found in
human spontaneous geometric representations themselves, or in the way these representations
are recruited by higher-level cognitive processes. This could provide key insights on how our
core knowledge of geometry transitions into higher-level cognitive abilities such as deductive
geometric reasoning (Newcombe et al., 2019; Spelke et al., 2010; Ullman & Tenenbaum,
2020). Given that geometry is the privileged subject by which young students are introduced
to mathematics and deductive reasoning (Ferrini-Mundy, 2000; Koedinger, 1991), understand-
ing the source of such cognitive biases in deductive geometric reasoning may also prove use-
ful to education by identifying obstacles in the passage from intuitive to school mathematics
where deduction takes the central stage (Dillon et al., 2017; Hawes et al., 2022). Pursuing
research in this direction may provide further insights on some of the cognitive abilities essen-
tial to one of the major intellectual achievements of Western culture, namely the emergence of
Euclidean geometry as a deductive theory of space.
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