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ABSTRACT
Seabed-anchored Submerged Floating Tunnels (SFTs) are

structures made of watertight tubular segments, assembled to-
gether and kept floating under the water table by a spread sys-
tem of anchoring elements (mooring system) connected to the
seabed. A distinctive feature of the dynamic behavior of SFTs is
the presence of both global vibration modes, that involve signifi-
cant displacements of the tunnel and quasi-static displacements
of the anchoring elements, and local modes, that mainly involve
transverse vibrations of the anchors. Dominant global and local
modes of the structure are typically associated to well-separated
values of the natural frequencies. However, computationally effi-
cient Finite Element (FE) models able to simultaneously capture
the main features of both global and local vibration modes with
the same degree of accuracy, are inherently hard to set up. To
overcome this difficulty, a dynamic substructuring technique is
here adopted. A separate modeling of the two main substruc-
tures is employed, involving (1) a Reduced Order Model (ROM)
of the anchoring elements, which accounts for both geometrical
nonlinearities and a generic form of supports motion, and (2)
a continuous model which describes the submerged tube as an
Euler-Bernoulli beam resting a non-homogeneous Winkler’s bed.
Both the global and the local response to hydrodynamic loads
are then studied, within this novel framework, by considering the
case study of the proposal for the Messina’s strait SFT, in Italy.
Keywords: Submerged Floating Tunnels, Hydrody-
namic Loads, Global Dynamics, Local Dynamics,
Volterra Model

1. INTRODUCTION
Submerged Floating Tunnels (SFTs), also named

Archimedes bridges, are underwater modular structures
which are deemed to be a valuable option for crossing deep
and long waterways, such as sea straits, fjords, bays and alpine
lakes. Even though a first realization is still missing, a lot of
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preliminary design proposals have been developed, starting from
the last decade of the past century [1–4]. SFTs consist of a water
immersed tubular structure which is floating at a depth of around
20-50 m, both to ensure an adequate navigation clearance and to
avoid excessive water pressure. They are kept fixed in position
thanks to a spread system of supporting elements.
The main design parameter of SFTs is the so-called Buoyancy to
Weight Ratio (BWR), i.e. the ratio between the buoyancy force
and the self-weight per unit of length of the tunnel. Among
a lot of different preliminary design proposals which have
been reported in the literature, seabed-anchored Submerged
Floating Tunnels seem to have established themselves as the
most promising solutions. They are characterized by values
of BWR greater than unity; hence, they are kept fixed under
the water surface by means of a spread system of tensioned
anchoring devices connected to the seabed, i.e., the mooring
system. In order to satisfy the common requirements of being
slender, axially stiff and very flexible in the transverse direction,
the anchoring devices are usually realized with structural cables
or tubular steel profiles (tethers) closely spaced along the tunnel
length. The mooring system typically provides most of the
stiffness to the SFT, while nearly the totality of the mass of the
structure is concentrated along the tube. As a consequence,
dominant global and local modes of the structure are associated
to well-separated values of the natural frequencies. Moreover,
due to their inherent flexibility, seabed-anchored SFTs are prone
to the effect of dynamic loads, such as earthquakes, waves,
currents and traffic. While structural analysis methods under
seismic (see, e.g. [5–8]) and traffic (see, e.g. [9, 10]) loads seem
to have recently reached a maturity stage, hydroelastic and hy-
drodynamic behavior of SFTs still require further investigations.
In fact, hydrodynamic loads are deemed to be the most critical
for serviceability and fatigue life assessments of the whole SFT,
because of their consistent and cyclic nature. Nevertheless,
extreme hydrodynamic events may also be of concern for the
safety of the structure. Hence, this work aims to do a further
step in this direction, focusing on the hydrodynamic behavior
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of seabed-anchored SFTs. Furthermore, as recently highlighted
in [11], the classification of the motion regimes of the SFT
to hydrodynamic loads has revealed that the global dynamic
response can be regarded as quasi-static. On the contrary, both
direct and indirect excitation of the tethers have been found
to occur, possibly leading to simple or parametric resonance
phenomena. As a result of the peculiar behavior of this structural
typology, a one-way dynamic coupling between the tube and the
anchoring elements is found, with the consequent possibility of
considering separately the global and local dynamic behavior
whenever dealing with direct loading of the anchoring elements.
This work is articulated as follows: Sec. 2 sets the basis for
modeling the hydrodynamic loads, Sec. 3 deals with the global
hydrodynamic response of the SFT, while Sec. 4 considers the
local dynamic response of the tethers subject to the same loading
conditions. Sec. 5 presents an application example for both
cases, while Sec. 6 draws the conclusions of the work.

2. MODELING OF THE HYDRODYNAMIC LOADS
Hydrodynamic loadings acting on a SFT are usually modeled

starting from the spectral representation of the wave elevation for
a certain return period. A general analytical form of the deepwater
surface wave energy spectrum reads (see e.g. [12, 13]):

𝑆𝜂 (𝜔) = 𝐶0 |𝜔 |−𝑚 exp(−𝐵 |𝜔 |−𝑛) (1)

where the coefficients𝐶0, 𝐵, 𝑚 and 𝑛 allow to uniquely define the
spectrum. In the most widespread case, 𝑚 and 𝑛 are respectively
set equal to 5 and 4, while several empirical expressions for 𝐶0
and 𝐵 have been proposed in the literature, based on experimental
measurements. The Power Spectral Density (PSD) of the wave
elevation can be expressed, according to Bretschneider, making
reference to the following parameters:

𝐶0 = 0.0081 𝑔2 𝐵 = 3.11/𝐻2
𝑠 (2)

where 𝑔 is the gravity acceleration and 𝐻𝑠 is the so-called sig-
nificant wave height, which is defined as the arithmetic average
of the highest one-third of the waves in a wave record [12]. The
PSD of the water kinematic quantities (i.e., velocity and accel-
eration of the water particles stemming from the wave) are then
related to the PSD of the wave elevation thanks to suitable trans-
fer functions. In this work, the linear Airy wave theory is used.
Accordingly, the water surface elevation at a given time 𝑡 in a
certain coordinate 𝑥 can be expressed as:

𝜂(𝑥, 𝑡) = 𝐴 cos(𝑘𝑥 − 𝜔𝑡) (3)

where 𝐴 is the wave amplitude, 𝑘 is the wave number and 𝜔
represents the circular frequency of the wave, given by𝜔 = 2𝜋/𝑇 ,
being 𝑇 the wave period. Water particle horizontal and vertical
velocities are respectively given by [12, 13]:

𝑢ℎ (𝑥, 𝑧, 𝑡) =
2𝜋𝐴
𝑇

cosh(𝑘𝑧)
sinh(𝑘𝑑) cos(𝑘𝑥 − 𝜔𝑡) (4)

𝑢𝑣 (𝑥, 𝑧, 𝑡) =
2𝜋𝐴
𝑇

sinh(𝑘𝑧)
sinh(𝑘𝑑) sin(𝑘𝑥 − 𝜔𝑡) (5)

being 𝑑 the depth of the seabed, measured from the water table
and 𝑧 a vertical coordinate starting from the seabed and directed
upward. Simple differentiation of the previous equations with
respect to the time variable allows to express both the horizontal
and vertical water particle acceleration:

𝑢̇ℎ (𝑥, 𝑧, 𝑡) =
4𝜋2𝐴

𝑇2
cosh(𝑘𝑧)
sinh(𝑘𝑑) sin(𝑘𝑥 − 𝜔𝑡) (6)

𝑢̇𝑣 (𝑥, 𝑧, 𝑡) = −4𝜋2𝐴

𝑇2
sinh(𝑘𝑧)
sinh(𝑘𝑑) cos(𝑘𝑥 − 𝜔𝑡) (7)

Additionally, the following linear dispersion relation holds:

𝜔2 = 𝑔𝑘 tanh(𝑘𝑑) (8)

Straightforward manipulations allow to express the PSD of the
water kinematic quantities, in case of deep-water, as follows:

𝑆𝑢ℎ (𝜔, 𝑧) = 𝜔2
[︂ cosh(𝜔2𝑧/𝑔)
cosh(𝜔2𝑑/𝑔)

]︂2
𝑆𝜂 (𝜔) (9)

𝑆𝑢𝑣 (𝜔, 𝑧) = 𝜔2
[︂ sinh(𝜔2𝑧/𝑔)
cosh(𝜔2𝑑/𝑔)

]︂2
𝑆𝜂 (𝜔) (10)

𝑆𝑢̇ℎ (𝜔, 𝑧) = 𝜔4
[︂ cosh(𝜔2𝑧/𝑔)
cosh(𝜔2𝑑/𝑔)

]︂2
𝑆𝜂 (𝜔) (11)

𝑆𝑢̇𝑣 (𝜔, 𝑧) = 𝜔4
[︂ sinh(𝜔2𝑧/𝑔)
cosh(𝜔2𝑑/𝑔)

]︂2
𝑆𝜂 (𝜔) (12)

The PSD of the hydrodynamic load can be then expressed, in
quite general terms, as:

𝑆𝐹 (𝜔, 𝑧) = [𝑅𝐴𝑂 (𝜔, 𝑧)]2𝑆𝜂 (𝜔) (13)

where the symbol 𝑅𝐴𝑂 denotes the Response Amplitude Opera-
tor, which takes different forms depending on the chosen model-
ing assumptions for the load (see Sec. 3).

3. GLOBAL DYNAMICS
Let us make reference to Fig. 1 and consider a straight SFT

of length 𝐿𝑇 , with constant (transverse) bending stiffness 𝐸𝐼𝑇 ,
external diameter 𝐷𝑇 and linear virtual mass 𝛾𝑇 . The latter ac-
counts for the added mass effect of the water which is displaced
by the tunnel during its motion, i.e. 𝛾𝑇 = 𝛾 + 𝐶𝐴𝜌𝑤𝜋𝐷

2
𝑇
/4, be-

ing 𝛾 the structural linear mass, 𝜌𝑤 the water density and 𝐶𝐴 the
added-mass coefficient, which depends on the tube cross-section.
In the case of a circular cross-section, 𝐶𝐴 = 1 is usually adopted
(see e.g. [13]). The tube is anchored to the seabed through a
mooring system, which counteracts the positive buoyancy and
provides an elastic restraint to the transverse displacements of the
tunnel. Whenever the spacing between adjacent anchoring points
(Δ) is much smaller than the tunnel length (i.e. Δ/𝐿𝑇 ≪ 1), the
stiffness per unit of length of the mooring system can be conve-
niently described by means of a smeared equivalent model (see
[14]). It is worth noting that this amounts to model the SFT as an
Euler-Bernoulli beam continuously supported by a non-uniform
Winkler-type soil. Within this framework, neglecting both shear
deformability effects and geometrical nonlinearities, planar trans-
verse vibrations around the static equilibrium configuration of the
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Fig. 1. Structural scheme of a straight SFT subject to the dynamic distributed load
𝜔 (𝜀, 𝜗). The mooring system is modeled as a continuous layer (under the assumption
𝜛
𝜚
𝜍 1) of linear-elastic springs with variable stiffness 𝜑 (𝜀).

(2017)), of hinged end sections the boundary conditions associated to
Eq. (1) are stated as:

⌋⌈⌈⌉⌈⌈{

𝛻 (𝜀 = 0, 𝜗) = 0
𝜕2𝜀𝛻 (𝜀 = 0, 𝜗) = 0
𝛻 (𝜀 = 𝜚, 𝜗) = 0
𝜕2𝜀𝛻 (𝜀 = 𝜚, 𝜗) = 0

ω𝜗, (3)

2.2. Non-dimensional formulation

The governing equations of the problem can be re-stated in non-
dimensional form by introducing the non-dimensional space (ℵ) and
time (ℶ) variables:

ℵ = 𝜀
𝜚

ε [0, 1] , ℶ = ℷℸ 𝜗 ε R+ (4)

where ℷℸ is the characteristic frequency:

ℷℸ =

}
𝜑ℸ
⊳

(5)

Substitution of the definitions (4) in Eq. (1) yields the non-dimensi-
onal equation of motion:

⊲2 𝜕4ℵ 0 + 1 (ℵ) 0 + 𝜕
2
ℶ 0 = 2 (ℵ, ℶ) ϑ 23 (ℵ, ℶ) , ℵ ε (0, 1) , ℶ ε R+ (6)

where 0 = 𝛻(𝜀(ℵ),𝜗(ℶ))
𝜚 is the non-dimensional transverse displacement of

the tunnel, 2 = 𝜔 (𝜀(ℵ),𝜗(ℶ))
𝜑ℸ𝜚

and 23 = 𝜔3 (𝜀(ℵ),𝜗(ℶ))
𝜑ℸ𝜚

are, respectively, the
non-dimensional counterparts of the distributed dynamic load and of
the damping force, 1 = 4 (𝜀 (ℵ)) is the non-dimensional stiffness of the
mooring system, and ⊲ is the non-dimensional bending stiffness of the
tunnel:

⊲ = 1
𝜚2

⦃
56
𝜑ℸ

(7)

Solutions of Eq. (6) must satisfy the non-dimensional counterpart of
the boundary conditions (3), i.e.:

⌋⌈⌈⌉⌈⌈{

0 (ℵ = 0, ℶ) = 0
𝜕2ℵ 0 (ℵ = 0, ℶ) = 0
0 (ℵ = 1, ℶ) = 0
𝜕2ℵ 0 (ℵ = 1, ℶ) = 0

ωℶ, (8)

The dynamic behavior of the SFT is strongly affected by the value of
the non-dimensional bending stiffness ⊲ of the tunnel and by the shape
of the non-dimensional mooring stiffness function 1. The parameter
⊲ quantifies the relative importance of the tunnel bending stiffness
with respect to the transverse stiffness of the mooring system. Its value
depends on of the geometrical and mechanical characteristics of both
the tunnel and the mooring stiffness, on the seabed depth and on
the tunnel length. Typical values for long SFTs can be in the range:

⊲ = 10ϑ3 ϑ 10ϑ4 or even smaller (e.g. Bruschi et al. (1990), Fogazzi
and Perotti (2000) and Mirzapour et al. (2017)). Small values of ⊲
(i.e. ⊲ 𝜍 1) make the Eq. (6) singularly perturbed (Vasil’eva, 1963) with
two main consequences: (1) lower order modes of the SFT are mainly
influenced by the stiffness of the mooring system and (2) whenever the
non-dimensional mooring stiffness function 1 is not constant, as it is
often the case in real-world problems, the lower order mode shapes can
be localized over a finite portion of the tunnel length. The last aspect
is related to the fact that the dynamics of the SFT can be regarded as
that of a system of Single Degree of Freedom (SDOF) oscillators weakly
coupled by the tunnel bending stiffness.

In the limit ideal case of ⊲ = 0 the structural system is reduced
to an infinite set of decoupled SDOF systems. In the case in which
⊲ is small, but different from zero, the weakly coupled system can
exhibit two different behaviors depending on the order of the stiffness
distribution of the mooring system. In the ideal case of constant stiffness
of the mooring system all the modes of the structure have a ‘‘global’’
character (i.e the mode shapes involve relevant displacements over the
whole length of the tunnel). By contrast, even a small deviation from a
constant stiffness distribution of the foundation leads to a localization
of the lower order modes around the zone of larger flexibility of the
mooring system. While this is a well known phenomenon in the class
of weakly coupled structures, see e.g. Pierre (1988) and Luongo (1992),
it has never been identified and previously studied for SFTs in spite the
numerical results have given clear hints of his existence (Bruschi et al.,
1990; Martinelli et al., 2016).

In the next Section the undamped free vibrations of the SFT will
be investigated by explicitly taking into account the variability of the
stiffness of the mooring system. A semi-analytical procedure will be
developed in Section 3.1 within the classic Rayleigh–Ritz discretization
approach. This paves the way for the parametric analyses of Section 3.2
where the mode shapes and modal frequencies are systematically inves-
tigated for a simplified yet realistic stiffness distribution of the mooring
system.

3. Undamped free vibrations

Undamped free vibrations of the tunnel can be studied by setting
2 = 23 = 0 in Eq. (6). The resulting homogeneous equation of motion
reads:

⊲2 𝜕4ℵ 0 + 1 (ℵ) 0 + 𝜕
2
ℶ 0 = 0, ℵ ε (0, 1) , ℶ ε R+ (9)

Stationary oscillatory solutions of Eq. (9) can be sought in the form:

0 (ℵ, ℶ) = 7 (ℵ) exp (89ℶ) (10)

where 7 (ℵ) is a mode shape function, 9 is a non-dimensional vibration
frequency and 8 is the imaginary unit. Substitution of Eq. (10) in the
governing Eq. (9) and boundary conditions (8) yields the following
fourth-order boundary value problem:

⊲2 7ϖϖϖϖ + 1 (ℵ) 7 ϑ 927 = 0, ℵ ε (0, 1) (11)

with:
⌋⌈⌈⌉⌈⌈{

7 (ℵ = 0) = 0
7ϖϖ (ℵ = 0) = 0
7 (ℵ = 1) = 0
7ϖϖ (ℵ = 1) = 0

(12)

Please notice that a prime in Eqs. (11) and (12) denotes derivation
with respect to the variable ℵ.

Closed-form exact solutions of the boundary value problem (11)–
(12) are only possible if the transverse stiffness of the mooring sys-
tem is constant. In this special case, which amounts to consider a
Euler–Bernoulli beam resting on a homogeneous Winkler-type soil (see
e.g. Timoshenko (1937)), the non-dimensional natural frequencies and

xT
wT(xT,t)

K(xT)

LT

EIT  γT

FM(xT,t)

FIGURE 1: Structural model of the submerged tube as an
Euler-Bernoulli beam on a Winkler’s bed, subject to an in-
plane dynamic force.

SFT are governed by the following partial differential equation
(see [6, 14]):

𝐸𝐼𝑇
𝜕4𝑤𝑇

𝜕𝑥4
𝑇

+𝐾 (𝑥𝑇 )𝑤𝑇 +𝛾𝑇
𝜕2𝑤𝑇

𝜕𝑡2
= 𝐹𝑀 (𝑥𝑇 , 𝑡) −𝐹𝑑 (𝑥𝑇 , 𝑡) (14)

where 𝑥𝑇 ∈ (0, 𝐿𝑇 ) and 𝑡 ∈ R+ are, respectively, an abscissa
spanning the length of the structure and the time variable, 𝑤𝑇 =

𝑤𝑇 (𝑥𝑇 , 𝑡) is the transverse (flexural) displacement of the tunnel,
𝐹𝑀 (𝑥𝑇 , 𝑡) is a transverse distributed dynamic load, 𝐹𝑑 (𝑥𝑇 , 𝑡) is
the damping force per unit of length of the tunnel and 𝐾 (𝑥𝑇 ) =
𝐾𝑐𝐾̃ (𝑥𝑇 ) describes the stiffness per unit of length of the mooring
system, being 𝐾𝑐 > 0 a characteristic stiffness value. Let us now
investigate the hydrodynamic loading conditions, by expressing
the dynamic load 𝐹𝑀 (𝑥𝑇 , 𝑡) according to the classical Morison
formulation, superimposing the effect of both inertia and drag
forces, as:

𝐹𝑀 (𝑥𝑇 , 𝑡) = 𝐹𝐼 (𝑥𝑇 , 𝑡) + 𝐹𝐷 (𝑥𝑇 , 𝑡) (15)

where:

𝐹𝐼 (𝑥𝑇 , 𝑡) = 𝐶𝐼 𝜌𝑤𝜋
𝐷2

𝑇

4
𝑢̇𝑣 (𝑥𝑇 , 𝑧∗, 𝑡) (16)

and:

𝐹𝐷 (𝑥𝑇 , 𝑡) =
1
2
𝜌𝑤𝐶𝐷𝐷𝑇 |𝑢𝑣 (𝑥𝑇 , 𝑧∗, 𝑡) |𝑢𝑣 (𝑥𝑇 , 𝑧∗, 𝑡) (17)

In the previous equation, the effect of a vertical current has been
disregarded, as well as the structural velocity, considered negli-
gible compared to the fluid velocity. The symbols 𝐶𝐼 and 𝐶𝐷

denote, respectively, the inertia and drag coefficient of the tube
cross-section. It is also worth noting that, the loading on the
SFT can be easily determined by computing the water kinematic
quantities at a fixed depth, i.e. the tube’s centroid depth (𝑧 = 𝑧∗),
and assembling the corresponding PSD (cf. Eq. 13). Before
proceeding, it is convenient to treat further the drag term, by ap-
plying a simple stochastic linearization, by exploiting the solution
proposed by Borgman (see [15]):

|𝑢𝑣 (𝑡) |𝑢𝑣 (𝑡) =
√︃

2
𝜋
𝜎𝑢𝑣𝑢𝑣 (𝑡) (18)

where 𝜎𝑢𝑣 is the standard deviation of the vertical water velocity
spectrum 𝑆𝑢𝑣 (𝜔). Moreover, the water particle velocity is con-
sidered perfectly correlated along the tunnel’s abscissa 𝑥𝑇 , as a

conservative choice, leading to a sole dependence of the Morison
force upon the time variable, i.e. 𝐹𝑀 = 𝐹𝑀 (𝑡). From now on,
let us also express the damping forces according to a classical
hysteretic-type damping model:

𝐹𝑑 (𝑥𝑇 , 𝑡) = 𝑐𝑣
𝜕𝑤𝑇

𝜕𝑡
(19)

where 𝑐𝑣 is the viscous damping coefficient of the structure.

3.1 Non-dimensional formulation
The governing equations of the problem can be re-stated in

non-dimensional form by introducing the non-dimensional space
(𝜉𝑇 ) and time (𝜏) variables:

𝜉𝑇 =
𝑥𝑇

𝐿𝑇
𝜏 = Ω𝑐 𝑡 (20)

where the characteristic frequency Ω𝑐 is defined according to the
following equation:

Ω𝑐 =

√︄
𝐾𝑐

𝛾𝑇
(21)

Substitution of the definitions 20 and 21 in Eq.s 14 –17, yields
the non-dimensional equations of motion:

𝜀2 𝜕
4𝑤̄𝑇

𝜕𝜉4
𝑇

+ 𝜅(𝜉𝑇 )𝑤̄𝑇 + 2𝜁
𝜕𝑤̄𝑇

𝜕𝜏
+ 𝜕

2𝑤̄𝑇

𝜕𝜏2 = 𝜚̄
𝜕𝑢̄𝑣

𝜕𝜏
+ 𝑐𝑑 𝑢̄𝑣 (22)

where 𝑤̄𝑇 = 𝑤𝑇/𝐿𝑇 , and the following non-dimensional damping
coefficient has been introduced:

𝜁 =
𝑐𝑣

2
√
𝐾𝑐𝛾𝑇

(23)

as well as the following non-dimensional inertia and drag coeffi-
cients:

𝜚̄ = 𝐶𝐼

𝜌𝑤

𝜌𝑇
(24)

𝑐𝑑 =

√︃
2
𝜋
𝐶𝐷𝜌𝑤𝐷𝑇𝜎𝑢𝑣

1
√
𝐾𝐶𝛾𝑇

(25)

being 𝜌𝑇 the material density of the tube cross-section. Addi-
tionally, the symbol 𝜅(𝜉𝑇 ) = 𝐾 (𝑥𝑇 (𝜉𝑇 ))/𝐾𝑐 = 𝐾̃ (𝑥(𝜉𝑇 )) denotes
the non-dimensional stiffness of the mooring system, and 𝜀 is the
non-dimensional bending stiffness of the tunnel:

𝜀 =
1
𝐿2
𝑇

√︃
𝐸𝐼𝑇

𝐾𝑐

(26)

3.2 Solution strategy
As long as the assumptions at the basis of the continuous

linear SFT model described in Section 3 can be considered as
acceptable, the modal superposition principle can be employed.
This allows expressing the non-dimensional transverse displace-
ment through a series expansion in the modal basis of the struc-
ture, i.e.:

𝑤̄𝑇 (𝜉𝑇 , 𝜏) =
𝑁∑︂
𝑛=1

𝜙𝑛 (𝜉𝑇 ) 𝑝𝑛 (𝜏) (27)
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where 𝜙𝑛 and 𝑝𝑛 are, respectively, the 𝑛-th mode shape function
and the dimensionless modal (or principal) coordinate of the
structure and 𝑁 is a truncation mode number. Approximate
solutions of Eq. 22 can be obtained through an application of the
Rayleigh–Ritz discretization method. To this aim, the following
series expansion of the tunnel mode shapes is introduced:

𝜙𝑛 (𝜉𝑇 ) =
𝑀∑︂
𝑚=1

𝜓𝑚 (𝜉𝑇 )𝛼𝑛,𝑚 (28)

where 𝑀 and 𝛼𝑛,𝑚 respectively denote the truncation number
and the combination parameters of the series expansion, and the
functions 𝜓𝑚 (with 𝑚 = 1, . . . , 𝑀) are a basis of sufficiently
regular shape functions that should satisfy at least the kinematic
boundary conditions of the problem (i.e. 𝜙(𝜉𝑇 = 0) = 0 and
𝜙(𝜉𝑇 = 1) = 0). The shape functions are herein taken equal to
the mode shapes of the tunnel restrained by a mooring system
with constant stiffness (𝜅 = 1 ∀𝜉𝑇 ):

𝜓𝑚 (𝜉𝑇 ) = sin(𝑚𝜋𝜉𝑇 ) (29)

By exploiting the orthogonality properties of the shape func-
tions, substitution of Eq. 27 – 29 in Eq. 22 yields, after some
straightforward computations, the following system of decoupled
ordinary differential equations of motion:

̈̄𝑝𝑛 + 2𝜈𝑛𝜔̄𝑛 ̇̄𝑝𝑛 + 𝜔̄2
𝑛𝑝𝑛 = 𝐽𝑛 ( 𝜚̄ ̇̄𝑢 + 𝑐𝑑 𝑢̄) = 𝐽𝑛𝐹̄𝑀 (𝜏) (30)

having denoted with a dot symbol the derivative with respect
to the dimensionless time 𝜏 and having introduced the scalar
coefficients 𝐽𝑛 according to the following definition:

𝐽𝑛 =

∑︁𝑀
𝑚=1 𝛼𝑛,𝑚

∫ 1
0 𝜓𝑚 (𝜉𝑇 )𝑑𝜉𝑇

1
2
∑︁𝑀

𝑚=1 𝛼
2
𝑛,𝑚

(31)

The symbols 𝜈𝑛 and 𝜔̄𝑛 respectively denote the 𝑛-th modal damp-
ing ratio and the 𝑛-th dimensionless natural circular frequency of
the system.
At this stage, it is convenient to fully characterize the SFT re-
sponse in the frequency domain. To this aim, let us introduce the
non-dimensional frequency response function (FRF) of mode 𝑛:

𝐻̄𝑛 (𝜔̄) =
1

−𝜔̄2 + 2𝑖𝜔̄𝜔̄𝑛𝜈𝑛 + 𝜔̄2
𝑛

(32)

where 𝑖 the imaginary unit. The modal coordinates will be then
characterized by a non-dimensional covariance matrix with en-
tries:

𝜎̄𝑝𝑟 𝑝𝑠 = 𝐽𝑟 𝐽𝑠

+∞∫
−∞

𝐻̄𝑟 (𝜔̄)𝑆𝐹̄𝑀
(𝜔̄)𝐻∗

𝑠 (𝜔̄)𝑑𝜔̄, 𝑟 ≠ 𝑠 (33)

where the symbol ∗ has been used to indicate the complex conju-
gate operator. The 𝑛-th non-dimensional variance, instead, reads:

𝜎̄2
𝑝𝑛

= 𝐽2
𝑛

+∞∫
−∞

|𝐻̄𝑛 (𝜔̄) |2𝑆𝐹̄𝑀
(𝜔̄)𝑑𝜔̄ (34)

with the definition:

𝑆𝐹̄𝑀
(𝜔̄) = 𝜚̄2 𝑆 ̇̄𝑢𝑣 (𝜔̄) + 𝑐

2
𝑑 𝑆𝑢̄𝑣 (𝜔̄) (35)

being 𝑆𝑢̄𝑣 (𝜔̄) and 𝑆 ̇̄𝑢𝑣 (𝜔̄) the dimensionless counterpart of Eq.
10 and 12, respectively. The covariance matrix of the physical
displacement is then readily obtained through a linear transfor-
mation involving the shape functions matrix of the system. The
diagonal terms of the so-obtained matrix are the variances of the
physical dimensionless displacement 𝜎2

𝑤̄𝑇
.

4. LOCAL DYNAMICS
Let us now make reference to Fig. 2 and consider a tether

inclined of an angle 𝜃 with respect to the horizontal line, having
initial chord length 𝐿0, external diameter 𝐷𝑜, mass per unit of
length 𝛾𝑠 , axial stiffness 𝐸𝐴0 and subject to a static pretension
𝑇0 > 0. Following the same reasoning done in Sec. 3, the
“virtual” mass per unit of length of the tether can be expressed
as:

𝛾𝑣 = 𝛾𝑠 + 𝐶𝐴 𝛾𝑤 (36)

where 𝛾𝑤 = 𝜌𝑤𝜋𝐷
2
𝑜/4, and 𝐶𝐴 = 1 in the case of a circular

cross-section. The self-weight per unit of length of the tether is
denoted by 𝑤𝑠 (i.e. 𝑤𝑠 = 𝛾𝑠𝑔, being 𝑔 the gravity acceleration),
while the symbol 𝑏𝑟 indicates its buoyancy ratio, namely the ratio
of the hydrostatic forces per unit of length and the self-weight per
unit of length. Furthermore, in the context of small-sag cable

a

wa

w
u

wb

ub

d

z 

b

static eq. configuration

dynamic eq. configuration

d configuration

undeform
e

ϑua x 

FIGURE 2: Schematic representation of an inclined sub-
merged tether with a general form of supports motion.

theory, let us denote by 𝜆2 Irvine’s well-known elasto-geometric
parameter, defined according to the following equation (see [16]):

𝜆2 = Γ2 cos2 (𝜃) 1
𝜀0

(37)

In the previous expression Γ = 𝑤𝑠 (1 − 𝑏𝑟)𝐿0/𝑇0 has been intro-
duced in compact form, while 𝜀0 is the initial static axial strain of
the tether. The latter quantity can be also expressed as a function
of the non-dimensional pretension 𝜂0 = 𝑇0/𝑇𝑦:

𝜀0 =
𝑇0
𝐸𝐴0

=
𝜂0𝑇𝑦

𝐸𝐴0
=
𝜂0 𝑓𝑦

𝐸
(38)
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where𝑇𝑦 = 𝑓𝑦𝐴0 is the yielding tensile force and 𝑓𝑦 is the yielding
stress of the material. The non-dimensional load parameter is
directly proportional to the BWR of the SFT (i.e., 𝜂0 ∝ BWR).
The static stress which acts on the tether can be then conveniently
expressed as a fraction of the yielding stress, i.e.: 𝜎𝑠 = 𝑇0/𝐴0 =

𝜂0 𝑓𝑦 . Additionally, the midspan sag 𝑑 of the inclined anchor can
be computed, according to the classic parabolic approximation
as:

𝑑 =
𝑤 𝐿2

0
8𝑇0

cos 𝜃 =
𝑤𝑠 (1 − 𝑏𝑟) 𝐿2

0
8𝑇0

cos 𝜃 (39)

The main hypothesis of the model is that the total time-dependent
displacements of the element can be decomposed into the sum of
two parts: the quasi-static component (denoted by the superscript
𝑞) and modal component (denoted by superscript𝑚). The former
are the displacements of the anchor which moves as an elastic ten-
don, while the latter are expressed as a combination of the linear
undamped modes of a cable with fixed ends. Hence, longitudinal
and transverse displacements of the tether respectively read (see
[17]):

𝑢(𝑥, 𝑡) = 𝑢𝑞 (𝑥, 𝑡) + 𝑢𝑚 (𝑥, 𝑡) (40a)

𝑤(𝑥, 𝑡) = 𝑤𝑞 (𝑥, 𝑡) + 𝑤𝑚 (𝑥, 𝑡) (40b)

being 𝑥 the local abscissa of the tether (see Fig. 2) and 𝑡 the
dimensional time variable. However, as already anticipated in
Sec. 1 of the present work, (1) global and local vibrations modes
of the SFT are associated to well separated natural frequencies
and (2) coupling between the mooring system and the SFT’s
bare tube is one-way only (i.e. the tube transmits vibrations to
the anchors, but not viceversa). For these reasons, the response
of the tether subject to hydrodynamic loads can be tackled by
considering the case of fixed-supports, which amounts to set
𝑢(𝑥 = 0, 𝑡) = 𝑢𝑎 = 0, 𝑢(𝑥 = 𝐿0, 𝑡) = 𝑢𝑏 = 0, 𝑤(𝑥 = 0, 𝑡) = 𝑤𝑎 =

0 and 𝑤(𝑥 = 𝐿0, 𝑡) = 𝑤𝑏 = 0 (see Fig. 2). Within this context,
the quasi-static part of the displacements is identically equal to
zero, i.e. 𝑢𝑞 (𝑥, 𝑡) = 𝑤𝑞 (𝑥, 𝑡) = 0. For what concerns the modal
motions, the separation of variable is employed for the transverse
displacement, whereas the axial modal motion is assumed to be
negligible compared to the first one, since it involves frequencies
much higher than those associated with the in-plane transverse
vibrations:

𝑢𝑚 (𝑥, 𝑡) ≪ |𝑤𝑚 (𝑥, 𝑡) | (41a)

𝑤𝑚 (𝑥, 𝑡) = 𝜓(𝑥)𝑧(𝑡) (41b)

The temporal coefficient 𝑧(𝑡) can be interpreted as the generalized
modal coordinate of the in-plane motion (i.e. the single degree
of freedom of the model), whereas 𝜓(𝑥) is the shape function,
which is selected as the first eigenfunction of the taut-string with
fixed ends:

𝜓(𝑥) = sin(𝜋𝑥/𝐿0) (42)

This can be viewed as a special case of a Rayleigh-Ritz discretiza-
tion procedure, in which only one shape function is retrained.
By applying a standard energetic approach, i.e., writing poten-
tial and kinetic energies, it is possible to derive the equation of
motion of the fixed-supports tether, which reads:

𝑧+2𝜉𝑠𝜔 𝑧̇+𝜔2 𝑧+ 𝛽𝑧2+𝜈𝑧3 =
2

𝛾𝑣𝐿0

∫ 𝐿0

0
𝑓𝑚 (𝑥, 𝑡) 𝜓(𝑥)𝑑𝑥 (43)

where the expressions of the coefficients 𝛽 and 𝜈 are reported in
App. A. Moreover, in Eq. 43, 𝜉𝑠 denotes the structural viscous
modal damping coefficient, 𝜔 is the natural circular frequency
(see again App. A), 𝑚 = 𝛾𝑣 𝐿0/2 is the modal mass of the tether,
while 𝑓𝑚 (𝑥, 𝑡) is the space and time dependent Morison force per
unit of length acting on the anchor, and reads:

𝑓𝑚 (𝑥, 𝑡) = 𝑓𝑖 (𝑥, 𝑡) + 𝑓𝑑 (𝑥, 𝑡) (44)

being 𝑓𝑖 (𝑥, 𝑡) the inertia force per unit of length:

𝑓𝑖 (𝑥, 𝑡) = 𝐶𝐼 𝜌𝑤𝜋
𝐷2

𝑜

4
𝑢̇⊥ (𝑥, 𝑡) = 𝑘𝑖 𝑢̇⊥ (𝑥, 𝑡) (45)

and 𝑓𝑑 (𝑥, 𝑡) the drag force per unit of length:

𝑓𝑑 (𝑥, 𝑡) = 𝑘𝑑 |𝑈⊥ (𝑥) + 𝑣⊥ (𝑥, 𝑡) |
(︂
𝑈⊥ (𝑥) + 𝑣⊥ (𝑥, 𝑡)

)︂
(46)

In the previous equations 𝑘𝑑 = 𝐶𝐷 𝜌𝑤𝐷𝑜/2, while 𝐶𝐷 and 𝐶𝐼

denote, respectively, the drag and inertia coefficient of the cross-
section. Moreover, 𝑣⊥ (𝑥, 𝑡) = 𝑢⊥ (𝑥, 𝑡) − 𝜓(𝑥) 𝑧̇(𝑡), 𝑢̇⊥ (𝑥, 𝑡) and
𝑈⊥ (𝑥) denote, respectively, the relative fluid-structure velocity,
the wave particle acceleration and the current velocity normal to
the chord of the tether. In this work, the current velocity profile is
modeled as the superposition of a one-seventh power law which
represent the tidal current profile, and a linear wind-stress induced
profile, namely:

𝑈 (𝑧) = 𝑈𝑡

(︂ 𝑧
𝑑

)︂ 1
7 +𝑈𝑤

(︂ 𝑧
𝑑

)︂
(47)

being 𝑧 the same vertical coordinate introduced in Sec. 2 and
𝑑 the water depth. The symbols 𝑈𝑡 and 𝑈𝑤 indicate, respec-
tively, the reference velocity of the tidal and wind-induced profile
at the water surface. The normal component of the current ve-
locity to the tether’s axis is found after simple projection, i.e.
𝑈⊥ (𝑧) = 𝑈 (𝑧) sin 𝜃. The change of coordinate 𝑧 = (𝐿0 − 𝑥) sin 𝜃
leads to wave kinematic quantities and current velocity which are
functions of the local tether’s abscissa 𝑥 only. This choice will be
hereafter conveniently adopted to deal with the spatial variability
of the hydrodynamic load.

4.1 Statistical Cubicization
Being the current profile in general not null, the mean of the

response is in general different from zero. The system response
can be decomposed as:

𝑧(𝑡) = 𝜇𝑧 + 𝑧(𝑡) (48)

where 𝜇𝑧 is the mean of the modal coordinate and 𝑧(𝑡) is a
zero-mean process. Substitution of Eq. 48 into Eq. 43 with
subsequent ensemble averaging yields the following algebraic
nonlinear equation in the mean of the response:

𝜈𝜇3
𝑧 + 𝛽𝜇2

𝑧 + 𝜔2𝜇𝑧 =< 𝐹𝐷 ( 𝑧̇, 𝑡) > (49)

being:

𝐹𝐷 ( 𝑧̇, 𝑡) = 2
𝛾𝑣𝐿0

∫ 𝐿0

0
𝑓𝑑 (𝑥, 𝑡) 𝜓(𝑥)𝑑𝑥 (50)
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The nonlinear system can be then approximated by the following
equation of motion in the zero-mean modal coordinate 𝑧:

̈̃𝑧 + 2𝜉𝑠𝜔 ̇̃𝑧 + 𝜔2𝑧 + 𝛽𝑧2 + 𝜈𝑧3 = 𝐹̃𝐼 (𝑡) + 𝐹̃𝐷 ( ̇̃𝑧, 𝑡) (51)

where:

𝐹̃𝐼 (𝑡) =
2

𝛾𝑣𝐿0

∫ 𝐿0

0
𝑓𝑖 (𝑥, 𝑡) 𝜓(𝑥)𝑑𝑥 (52)

is the linear generalized inertia force (treated in exact form), while
the zero-mean generalized modal drag force is given by:

𝐹̃𝐷 ( ̇̃𝑧, 𝑡) = 2𝑘𝑑
𝛾𝑣𝐿0

∫ 𝐿0

0
𝜓(𝑥) 𝑓𝑑,𝑒𝑞 (𝑥, 𝑡)𝑑𝑥 (53)

being 𝑓𝑑,𝑒𝑞 (𝑥, 𝑡) and equivalent zero-mean drag force
per unit of length expressed as a cubic polynomial in
𝑣̃⊥ (𝑥, 𝑡) = 𝑢⊥ (𝑥, 𝑡) − 𝜓(𝑥) ̇̃𝑧(𝑡), which is found after minimiz-
ing the error between the original nonlinear system and the
current one. The equivalent cubic drag force reads:

𝑓𝑑,𝑒𝑞 (𝑥, 𝑡) = 𝛼1 (𝑥)𝑣̃⊥ (𝑥, 𝑡) + 𝛼2 (𝑥)
[︂
𝑣̃2
⊥ (𝑥, 𝑡)− < 𝑣̃2

⊥ (𝑥, 𝑡) >
]︂
+ 𝛼3 (𝑥)𝑣̃3

⊥ (𝑥, 𝑡) (54)

where:
𝛼1 (𝑥) = 2𝑈⊥ (𝑥) 𝑞1 (𝑥) + 2

√︂
𝜎2
𝑣̃⊥
𝑞2 (𝑥) 𝛼2 (𝑥) = 𝑞1 (𝑥) 𝛼3 (𝑥) =

2
3
𝑞2 (𝑥)√︂
𝜎2
𝑣̃⊥

(55)

being

𝑞1 (𝑥) = erf
⎛⎜⎜⎝
𝑈⊥ (𝑥)√︂

2𝜎2
𝑣̃⊥

⎞⎟⎟⎠ (56)

and

𝑞2 (𝑥) =
1

√
2𝜋

exp

(︄
−𝑈

2
⊥ (𝑥)

2𝜎2
𝑣̃⊥

)︄
(57)

where the symbol < · > denotes the mathematical expectation
operator. In the previous expressions, 𝜎2

𝑣̃⊥
indicates the vari-

ance of the relative zero-mean fluid-structure velocity. Since this
quantity is unknown apriori, an iterative solution procedure is
required. Further details on the stochastic cubicization procedure
can be found, e.g., in [18, 19].

4.2 Non-dimensional formulation
By introducing a set of suitable characteristic quantities, it

is possible to write the dimensionless version of the equation
of motion by properly scaling space and time variables. Let us
denote with 𝐿𝑐 a characteristic length of the system and with
𝜔𝑐 a characteristic circular frequency, which are respectively
selected as the maximum value of the midspan sag achieved for
an equivalent horizontal anchor (i.e., having the two supports at
the same level) and as the first in-plane natural circular frequency
of the taut-string model:

𝐿𝑐 =
𝑤𝑠 (1 − 𝑏𝑟) 𝐿2

0
8𝑇0

=
Γ 𝐿0

8
(58)

𝜔𝑐 =
𝜋

𝐿0

√︄
𝑇0
𝛾𝑣

(59)

Substitution of Eq.s 58 and 59 into Eq. 51 yields the following
non-dimensional equation of motion in the zero-mean dimen-
sionless modal coordinate ˜̄𝑧:

̈̄̃𝑧 + 2𝜉𝑠𝜔̄ ̇̄̃𝑧 + 𝜔̄2 ˜̄𝑧 + 𝛽̄ ˜̄𝑧2 + 𝜈̄ ˜̄𝑧3 = ˜̄𝐹𝐼 (𝜏) + ˜̄𝐹𝐷 ( ̇̄̃𝑧, 𝜏) (60)

where the expressions of the non-dimensional coefficients are
reported in App. A. Additionally:

˜̄𝐹𝐼 (𝜏) =
2𝐿0

𝜋2𝑇0𝐿𝑐

∫ 𝐿0

0
𝑓𝑖 (𝑥, 𝑡) 𝜓(𝑥)𝑑𝑥 (61)

and:
˜̄𝐹𝐷 ( ̇̄̃𝑧, 𝜏) = 2𝐿0

𝜋2𝑇0𝐿𝑐

∫ 𝐿0

0
𝑓𝑑,𝑒𝑞 (𝑥, 𝑡) 𝜓(𝑥)𝑑𝑥 (62)

are the non-dimensional modal generalized load associated to the
zero-mean inertia and drag force, respectively.

4.3 Third-order Volterra Model
To conveniently address both geometrical and load-induced

nonlinearities, a third-order Volterra Model of the sdof system
is developed. The Associated Linear Equations (ALEs, see e.g.
[20]) are easily determined by expressing the system response
as a series expansions whose coefficients can be viewed as the
integer powers of a book-keeping parameter Λ:

˜̄𝑧(𝜏) =
3∑︂
𝑗=1

Λ 𝑗 ˜̄𝑧 ( 𝑗 ) (𝜏) (63)

Let us replace 𝑢̇⊥ (𝑥, 𝑡) by Λ𝑢̇⊥ (𝑥, 𝑡) and 𝑢⊥ (𝑥, 𝑡) by Λ𝑢⊥ (𝑥, 𝑡)
into Eq.s 60–62. Equating like powers of Λ, the ALEs read:

̈̄̃𝑧1 + 2𝜔̄(𝜉𝑠 + 𝜉𝑒𝑞) ̇̄̃𝑧1 + 𝜔̄2 ˜̄𝑧1 = ˜̄𝐹𝐼 (𝜏) + ˜̄𝐹 (1)
𝐷

(𝜏) (64a)

̈̄̃𝑧2 + 2𝜔̄(𝜉𝑠 + 𝜉𝑒𝑞) ̇̄̃𝑧2 + 𝜔̄2 ˜̄𝑧2 = −𝛽̄ ˜̄𝑧21 + ˜̄𝐹 (2)
𝐷∗ ( ̇̄̃𝑧1, 𝜏) (64b)

̈̄̃𝑧3 +2𝜔̄(𝜉𝑠 + 𝜉𝑒𝑞) ̇̄̃𝑧3 + 𝜔̄2 ˜̄𝑧3 = −2𝛽̄ ˜̄𝑧1 ˜̄𝑧2 − 𝜈̄ ˜̄𝑧31 + ˜̄𝐹 (3)
𝐷

( ̇̄̃𝑧1, 𝜏) (64c)

The following definition has been introduced:

˜̄𝐹 (2)
𝐷∗ (𝜏, ̇̄̃𝑧1) = ˜̄𝐹 (2)

𝐷
(𝜏, ̇̄̃𝑧1)− < ˜̄𝐹 (2)

𝐷
(𝜏, ̇̄̃𝑧1) > (65)
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The equivalent viscous modal damping coefficient 𝜉𝑒𝑞 has been
defined as:

𝜉𝑒𝑞 =
𝐾𝐷

2𝜔̄

∫ 𝐿0

0
𝜓2 (𝑥)𝛼1 (𝑥)𝑑𝑥 (66)

and physically stems from the dissipative nature of the linear term
in the structural velocity, being:

𝐾𝐷 =
2𝐿0𝑘𝑑

𝜋2𝑇0𝐿𝑐
=

8
𝜋2
𝐶𝐷𝐷𝑜𝜌𝑤

𝑇0Γ
(67)

Additionally, rearranging Eq. 61 one simply has:

˜̄𝐹𝐼 (𝜏) = 𝐾𝐼

∫ 𝐿0

0
𝜓(𝑥)𝑢̇⊥ (𝑥, 𝑡)𝑑𝑥 (68)

being:

𝐾𝐼 =
2𝐿0𝑘𝑖

𝜋2𝑇0𝐿𝑐
=

4
𝜋

𝐶𝐼𝐷
2
𝑜𝜌𝑤

𝑇0Γ
(69)

Moreover, the following definitions have been also introduced:

˜̄𝐹 (1)
𝐷

(𝜏) = 𝐾𝐷

∫ 𝐿0

0
𝜓(𝑥)𝛼1 (𝑥)𝑢⊥ (𝑥, 𝑡)𝑑𝑥 (70)

˜̄𝐹 (2)
𝐷

( ̇̄𝑧1, 𝜏) = 𝐾𝐷

∫ 𝐿0

0
𝜓(𝑥)𝛼2 (𝑥)

[︂
𝑢⊥ (𝑥, 𝑡) − 𝜓(𝑥) ̇̃𝑧1

]︂2
𝑑𝑥 (71)

˜̄𝐹 (3)
𝐷

( ̇̄𝑧1, 𝜏) = 𝐾𝐷

∫ 𝐿0

0
𝜓(𝑥)𝛼3 (𝑥)

[︂
𝑢⊥ (𝑥, 𝑡) − 𝜓(𝑥) ̇̃𝑧1

]︂3
𝑑𝑥 (72)

where ̇̃𝑧1 (𝑡) = 𝐿𝑐𝜔𝑐
̇̄̃𝑧1 (𝜏). The approximated solution of Eq. 60

can be then computed, according to its Volterra series expansion,
as:

˜̄𝑧(𝜏) ≅ ˜̄𝑧1 (𝜏) + ˜̄𝑧2 (𝜏) + ˜̄𝑧3 (𝜏) (73)

4.4 Solution Strategy
The associated linear equations (Eq.s 64) can be attacked in

several ways. In this preliminary work, the ALEs are integrated
in the time domain by means of the implicit Runge-Kutta scheme
(ode45 in Matlab), within a Monte-Carlo simulations framework.
Even though this is not the most convenient methodology solu-
tion, it is still more advantageous compared to the solution of
the coupled equation of motion (Eq. 43), since the ALEs can
be solved in a cascade manner. Moreover, it allows to have a
reference solution which serves as a validation of the results ob-
tained adopting different techniques, such as frequency domain
methods involving either the numerical solution of multi-fold in-
tegrals (see, e.g. [18]) or their closed-form approximation thanks
to the application of the Multiple Timescales Spectral Analysis
(MTSA) proposed in [21] and adopted, e.g., in [22].

5. APPLICATION EXAMPLE
The present section considers an application example regard-

ing the SFT which was proposed for the crossing of the Messina’s
strait, in Italy (see e.g. [1, 23]). The considered SFT is designed
to connect Sicily to the mainland, crossing a strait characterized
by a maximum seabed depth of 325 m (see Fig. 3). The total
length of the SFT is 𝐿𝑇 = 4680 m and the tunnel axis is placed 40
m below the water table. The cross section of the tunnel is defined
by the following parameters: 𝐷𝑇 = 15.95 m, 𝐸𝐼𝑇 = 4.383 · 1010

Sicily
Right Shore

Mainland
Left Shore

Type B Type BType B

FIGURE 3: Schematic representation of the proposal for the
Messina’s strait SFT (side view and cross-section).

kNm2 and 𝛾𝑇 = 368.41 ton/m. The drag and inertia coefficient
of the tube cross-section are respectively set equal to 𝐶𝐷 = 1.2
and𝐶𝐼 = 2. The mooring system is made of inclined hollow core
circular cross-section tethers, located along 65 mooring stations,
with uniform spacing Δ = 72 m. For the sake of simplicity, in
the present work, the mooring system is considered composed
of one hollow circular cross-section only (Type B, see Fig. 3),
leading to a mooring stiffness variability which is only induced by
the variation of the seabed depth along the tunnel’s abscissa (see
Fig. 4). The cross-section type B is defined by the following pa-
rameters: 𝐷𝑜 = 1.950 m, 𝐴0 = 0.3849 m2, 𝛾𝑣 = 6005 kg/m and
𝑏𝑟 = 0.98. The angle of inclination and the non-dimensional pre-
tension of the anchoring elements are set respectively to 𝜃 = 135°
and 𝜂0 = 10%.

5.1 Global Response of the SFT
The global response of the SFT is first tackled by means of the

model presented in Sec. 3, adopting the spectral solution strategy.
For the sake of simplicity, the spatial correlation of the water
particle velocities along the tunnel’s abscissa 𝜉𝑇 is neglected, as
a conservative choice, consistently with the formulation presented
in Sec. 3. Figure 5 and 6 depict the standard deviation of the

Plateau

Constant	mooring	stiffness

Variable	mooring	stiffness

ξT
0 0,2 0,4 0,6 0,8 1

κ
(
ξ T
)

0

2

4

6

8

FIGURE 4: Non-dimensional mooring stiffness (κ̄ (ξT ) pro-
files for the Messina’s strait SFT proposal.

tunnel’s transverse displacement obtained by considering a PSD
of the wave elevation computed for a significant wave height
𝐻𝑠 = 16 m. Figure 5 shows the standard deviation of the tunnel
displacement for two different profiles of the mooring stiffness
(see also Fig. 4). It is highlighted that, for the case of real stiffness
profile, maximum values of𝜎𝑤𝑇

are reached in the "plateau" zone,
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FIGURE 5: Standard deviation of the transverse displace-
ment of the tube obtained considering the complete Morison
force. Comparison with two different stiffness profiles.

i.e. in the region where the mooring stiffness is minimum, i.e. for
𝜉𝑇 ∈ [0.45, 0.8] (compare with Fig. 4). Moreover, Fig. 6 shows
the values of𝜎𝑤𝑇

obtained by considering the inertia force and the
drag force separately, as a comparison with the results obtained
considering the total Morison force (i.e. both drag and inertia,
see Eq. 15). As it can be clearly appreciated, the motion regime
is inertia-dominated. The drag force contribution on the physical
response is totally negligible compared to the one stemming from
the inertia force.

Inertia	Force	only
Drag	Force	only
Complete	Force

ξT

0 0,2 0,4 0,6 0,8 1
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d	
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	T
ra
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0,015

0,02
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0,03

0,035

FIGURE 6: Standard deviation of the transverse displace-
ment of the main tube obtained considering the Inertia force
(see Eq.s 15 and 16) and the Drag force (see Eq.s 15 and 17)
separately.

5.2 Local Response of the Tether
In this subsection, the Type B inclined tether designed for

the Messina’s strait SFT proposal is considered. The drag and in-

ertia coefficient are respectively set equal to 𝐶𝐷 = 1 and 𝐶𝐼 = 2,
while the nondimensional pretension is set to 𝜂0 = 10%, lead-
ing to 𝜆2 = 0.178. The structural viscous damping coefficient
is assumed equal to 𝜉𝑠 = 0.1%. Time histories of water parti-
cle velocities and accelerations are generated starting from the
PSD of the wave elevation, considering a significant wave height
𝐻𝑠 = 16 m, which is tentatively assumed to represent an extreme
hydrodynamic event for the specific site. Moreover, a reference
current velocity 𝑈𝑡 = 0.49 m/s and 𝑈𝑤 = 0.21 m/s at the wa-
ter surface are respectively selected for the tidal and wind-stress
induced currents. A total of 40 generation stations are consid-
ered along the element’s length. Preliminary analyses carried
out by the authors suggest that for the considered example, this
number of stations is sufficient to capture with good accuracy the
spatial variation of the load along the developed length of the
tether. Time histories of 4000 s duration (which are sufficient to
reach a steady-state response) are considered, and iterations are
carried out up to convergence of the variance of the relative fluid-
structural velocity (i.e. 𝜎2

𝑣̃
). Within the spirit of Monte Carlo

methods, 80 simulations are performed, in order to take statistics
of the response.

Hs	=	16	m

ω	(rad/s)

0 0,5 1 1,5 2

S η
(ω
)	
(m

2 s
)

0

20

40

60

80

FIGURE 7: Power Spectral Density of the wave elevation, for
Hs = 16 m.

Figure 7 and 8 depicts, respectively, the PSD of the
input wave elevation 𝑆𝜂 (𝜔) and the PSD of the dimensional
(zero-mean) modal coordinate 𝑆 𝑧̃ (𝜔) reconstructed from the
time histories of the Monte Carlo simulation of the third-order
Volterra Model. Moreover, Tab. 1 collects the mean values of
the statistics computed for each Monte Carlo simulation, namely
the standard deviation of the dimensionless modal coordinate
𝜎 ˜̄𝑧 , the skewness coefficient 𝛾3 and the excess of kurtosis (i.e.
the coefficient of excess) 𝛾4. It can be clearly appreciated that,
for the selected level of the load input, the response is skewed
but the coefficient of excess is very close to zero. Moreover, the
response of the tether turns out to be mostly resonant, being its
natural circular frequency very close to the frequency content
of the peak spectral ordinates of PSD of the water kinematic
quantities.
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FIGURE 8: Power Spectral Density of the dimensional zero-
mean modal coordinate, reconstructed from the Monte Carlo
simulation of the associated linear equations (see Eq.s 64
and 73).

TABLE 1: Statistics of the non-dimensional zero-mean modal
coordinate ˜̄z obtained for the Monte Carlo simulation (see
Eq.s 64 and 73).

Quantity Mean Value

Standard Deviation 𝜎𝑧̄ 0.26
Skewness Coefficient 𝛾3 0.038
Coefficient of Excess 𝛾4 0.003

Even though further parametric analyses by varying inten-
sity of the load should be carried out, the application example
allows to appreciate the non-gaussianity of the response due to
both load-induced and structural (geometrical) nonlinearities.
Both sources of nonlinearities are fully accounted for by the
third-order Volterra Model presented in this work.

6. CONCLUSIONS

In this work both the global and the local dynamic response
of Submerged Floating Tunnels subject to hydrodynamic loads
have been investigated. The in-plane global response of the sys-
tem has been conveniently addressed by modeling the tube as an
Euler-Bernoulli beam resting on a non-homogeneous Winkler’s
bed, representing the variable stiffness provided by the mooring
system along the tunnel’s abscissa. The local response of the
anchoring elements has been tackled by considering a third-order
Volterra representation of the single degree of freedom model
of a submerged taut inclined tether, accounting for geometrical
nonlinearities. The associated linear equations have been analyt-
ically derived and numerically solved within a classical Monte
Carlo simulation approach, paving the way for the adoption of
further advanced solution techniques in the frequency domain.

APPENDIX A. COEFFICIENTS OF THE ANCHOR
EQUATION OF MOTION

Dimensional coefficients of Eq. 43 read:

𝜔 =
𝜋

𝐿0

√︄
𝑇0
𝛾𝑣

+ 8𝑇0 𝜆2

𝜋4 𝛾𝑣
(74)

𝛽 =
6 𝜋𝑤𝑠 (1 − 𝑏𝑟) cos 𝜃

4𝐿0𝜀0
(75)

𝜈 =
𝐸𝐴0𝜋

4

8𝐿3
0

(76)

Their dimensionless counterparties of Eq. 60 instead read:

𝜔̄ =
𝜔

𝜔𝑐

=

√︃
1 + 8𝜆2

𝜋4 (77)

𝜈̄ =
𝜈 𝐿2

𝑐

𝜔2
𝑐 𝑚

=
𝜋2

256 cos2 𝜃
𝜆2 (78)

𝛽̄ =
𝛽𝐿𝑐

𝜔2
𝑐 𝑚

=
3

8𝜋 cos 𝜃
𝜆2 (79)
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