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Abstract

This paper presents a nonlinear force-based finite element formulation which can predict the behaviour of reinforced concrete
frames, explicitly satisfying section-level equilibrium. In the existing nonlinear force-based fibre beam—column element
formulation, two nested iterative procedures are utilized at the structure and element levels. In the element-level iterative
procedure, the strain states of the fibre level are iteratively altered by following the corrective forces suggested by the ele-
ment level. When this algorithm is implemented with uniaxial material models, the element residual deformations can be
minimized effectively by altering the axial strains, which is the only variable at the fibre level, implicitly achieving the
section-level equilibrium to a reasonable accuracy. However, when a cracked reinforced concrete constitutive model, which
accounts for axial-flexure—shear interaction, is implemented, element-level convergence becomes problematic because
element residual deformations have to be minimized by altering all three strain components with additional constraints at
the fibre level. To address this issue, this paper proposes a novel force-based finite element formulation by implementing
an iterative procedure at the section level in order to minimize section unbalanced forces at section level itself, rather than
transferring errors of the section level to element level. The current study focuses to test this algorithm for only axial force—
bending moment interaction response. The proposed formulation was experimentally validated and was proved to be stable
and accurate to predict the nonlinear responses of RC frames.

Keywords RC frames - Nonlinear static analysis - Force-based fibre beam—column element - Axial force-bending moment
interaction - Section-level equilibrium

Introduction accuracy of results and the computational effort required

[11]. The plasticity is monitored along each line element in

To assess the structural performance of reinforced concrete
(RC) frames under severe earthquakes and winds, it is vital
to model and simulate the nonlinear behaviour accounting
the geometric and material nonlinearities [1].

In general, there are three types of models that can be
used to simulate the nonlinear behaviour of RC frames,
namely lumped plasticity models [2-5], distributed plas-
ticity models [6, 7] and 3-dimensional continuum finite
element models [8—10]. Out of these models, distributed
plasticity models provide a good compromise between the

M K. K. Wijesundara
kushanw @pdn.ac.lk

H. M. S. S. Hippola
sameerahippola@eng.pdn.ac.lk

Department of Civil Engineering, University of Peradeniya,
Peradeniya, Sri Lanka

Published online: 12 January 2021

the distributed plasticity model with the aid of control sta-
tions or integration points. In such elements, the relationship
between element nodal deformation and nodal force incre-
ments can be derived using force-based, displacement-based
[12—15] or mixed finite element formulations [16, 17]. In the
displacement-based formulation, equilibrium is satisfied in
weak form while compatibility and constitutive relationship
are satisfied in strong form. In the force-based finite element
formulation, as the exact internal force variation in the line
element is known through force shape functions, it does not
require element discretization in order to accurately capture
the nonlinear response [18, 19]. Therefore, force-based finite
elements are popular among researchers over displacement-
based finite elements when modelling RC frames, owing to
the drastic reduction in number of degrees of freedom in
force-based frame models without sacrificing the accuracy
and the stability.

@ Springer
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Force-based finite element formulation was first imple-
mented in a line element [20] by interpolating both sec-
tion deformations and section flexibilities to account axial
force-bending moment interaction. Subsequently, a new
force-based fibre element was introduced considering the
force dependent interpolation functions that are updated
during the analysis [21], and it was later improved by Zeris
and Mahin [22-24]. However, these proposed formulations
failed to be integrated into a general-purpose finite element
program due to the violation of initial equilibrium assump-
tion. In addition, it was difficult to calculate element resist-
ing forces corresponding to a given element nodal deforma-
tion. To overcome these problems, Ciampi and Carlesimo
[25] introduced a consistent force-based method, which was
later refined to formulate the force-based fibre beam—column
element [26, 27]. The application of this formulation to pre-
dict nonlinear hysteresis behaviour of reinforced concrete
beam specimens can be found in many studies available in
the literature [28]. Later, efforts were devoted to include
effects of bond slip [29, 30], effects of large displacements
[31, 32] to the fibre beam—column element and solve locali-
zation issues [33].

In the existing force-based fibre beam—column element
formulation, equilibrium, compatibility and constitutive
relationships are satisfied at structure level, element level
and fibre level, respectively. It has two nested iterative proce-
dures at structure level and element level. The element-level
iterative procedure ultimately computes the element resist-
ing forces corresponding to a given element deformation
increment by minimizing the element residual deformations
through a series of corrective element forces computed at the
element level. This algorithm is stable and accurately cap-
tures axial force—bending moment interaction (N-M interac-
tion) of RC frames when implemented with uniaxial material
models at fibre level. However, the indirect minimization of
section unbalanced forces through element corrective forces
becomes problematic and the element-level iteration fails
to converge the element forces when more advanced con-
stitutive models are used at fibre level, especially to capture
complete axial force-bending moment—shear force interac-
tion (N-M-V interaction) [34]. It was evident that in such
cases, the section unbalanced forces should be explicitly
treated rather than implicitly minimized through corrective
forces computed at element level. To address this issue, the
current study focuses to alter the existing formulation by
employing an iterative procedure at section level rather than
at element level. The main advantage of this alteration is that
the section-level iterative procedure explicitly minimizes
the section unbalanced forces at section level itself, without
transferring them to element level. Furthermore, it allows to
compute updated section deformation and updated tangent
section stiffness matrix for a given section force increment.
Accordingly, a complete nonlinear force-based algorithm

@ Springer

was developed to capture N-M interaction. The authors
believe that the proposed formulation enriches the existing
force-based fibre beam—column element formulation, poten-
tially opening doors towards addressing section specific phe-
nomenon such as capturing the N-M-V interaction that has
proved difficult to capture through the existing force-based
fibre beam—column element formulation.

Proposed formulation

The proposed novel formulation is based on state determina-
tion processes at structure level, element level, section level
and fibre level. There are two nested iterative procedures at
structure level and section level. The formulation was writ-
ten using displacement control method where displacement
is applied in series of steps to a specific degree of freedom of
the structure. By completing state determination processes
at all hierarchical levels for a certain displacement step,
structure force increment and deformation increment corre-
sponding to the applied displacement step can be computed.
The state determination procedures are explained in the fol-
lowing sections. The algorithm was developed to perform
nonlinear static analysis of planar frames.

Structure state determination

In displacement control method of structure state determina-
tion, an iterative procedure is used to calculate the structure
nodal force and nodal displacement increment vectors cor-
responding to the displacement increment AU, applied at a
specific degree of freedom.

In the equations given in this section, the structure nodal
force increment vector { AF'}, nodal displacement increment
vector { AU} and structure tangent stiffness matrix [K] are
given in condensed format in Egs. (1), (2) and (3), respec-
tively, as the incremental structure equilibrium equations are
solved using static condensation method.

{AF} = { 22 } = A/l{ 2 } 1)

AU
wo={3)

_ [ K Kip
K= [KZI Kzz] )

In Eq. (1), AF, denotes the force increment at the specific
degree of freedom where the displacement increment is
applied and {AF 1} is a known vector after reaction force
components are left out by applying boundary conditions.
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Furthermore, { AF'} can be expressed as load factor incre-

P .
Pl where { P, } is a known vector
2

and P, denotes unity. In Eq. (2), AU, represents the nodal
displacement increment applied to the specific degree of
freedom and { AU, } represents the nodal displacement incre-
ment vector of other degrees of freedom excluding the nodal
displacements of the restrained degrees of freedom.

In the first structure-level iteration (i = 1), the structure tan-
gent stiffness matrix of the previous displacement increment
[K];— is used to calculate the initial estimation of the load
factor increment A 4,_, and the nodal displacement increment
vector { AU },_, for a given nodal displacement increment AU,
as follows.

AU P
{AU},':1 = { AU; } = [K]i;l()A)'izl{ P; } (4)
i=1

The solution of this incremental equilibrium equation
(AA-;and {AU},_)) is schematically shown by lines AA’ in
Fig. 1a and b for the displacement controlling node and other
displacement components, respectively. The gradient of AA’
represents [K];_.

Once { AU},_, is calculated, the element state determination
process (in Sect. 2.2) can be carried out to compute updated
element tangent stiffness matrices and structure updated tan-
gent stiffness matrix [K],_;. Subsequently, the incremental
R,

2 Ji=1

ment A A times a vector

structure nodal resisting force vector can be calcu-

lated as given in Eq. (5)

R, 3 AU,
{RZ }[=1 - [K]i:l{ AUZ }i=1 ®)

where R, represents the resisting force at the degree of free-
dom where the displacement increment is applied, and {R1 }
denotes nodal resisting force vector of the other degrees of
freedom excluding the values at restrained degrees of free-
dom. The components R,,; and {R;},_; computed

Fig.1 Schematic diagram of
the first structure-level iteration:
a at the displacement control-
ling node and b at other DOFs
excluding restrained DOFs

employing [K],_, in Eq. (5) are illustrated in Fig. 1a and b,
0,

respectively. The nodal unbalanced force vector 0
2

i=1
can be then calculated as given in Eq. (6).

ot o e B -{R
{02}1‘:1 {02}5—1+ = Py R, i=1 ©

where { 81 } is the nodal unbalanced force vector of the
2 i—1

previous structure-level iteration (i — 1) and it is taken as a
null vector for the first structure-level iteration (i = 1) of
each displacement increment, O, represents the unbalanced
force at the degree of freedom where the displacement incre-
ment is applied, and {O, } denotes the nodal unbalanced
force vector of other degrees of freedom excluding the val-
ues at the restrained degrees of freedom. The components
0, ;- and {0, },_; computed in Eq. (6) are illustrated in
0,

0, )i
tolerance, the algorithm will proceed into the second struc-
ture-level iteration (i = 2) to compute a corrective load factor
increment AA,_, and a nodal displacement increment

Fig. 1a and b, respectively. If is not within the

AU, linearizing around [K],_, as given in Eq. (7).
AU, |,

AU, el J O -1 Py
{ AUZ }i:Z - [K]iZI{ 02 };=1 i [K]izlAAizz{ P2 } @

The constraint to solve Eq. (7) is to maintain the ini-
tially applied displacement increment AU, ;_; at the dis-
placement controlling degree of freedom as a constant;
thus, AU, should be zero in the second and subsequent
structure-level iterations (when i > 1). The first component
in Eq. (7), [K]l;ll{ (0)1

2 Ji=1
which violates the constraint of solving Eq. (7) and is rep-
resented by the line BB’ in Fig. 2a. However, A4,_, in the
second component of Eq. (7) will be computed such that
the resultant AU,,_, in Eq. (7) should be zero. This

introduces a value to AU, ;_,

(a)

A
A [Kli=o,
T =1,
__________ 1{91};’;{
{Rl} i=1
> )

(b)

@ Springer
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Fig.2 Schematic diagram of A A
the subsequent structure-level A [Klizo A [K]i=0,
iterations of structure state =

[K]1=1

determination: a at the displace-
ment controlling node and b at
other DOFs excluding restrained
DOFs

(a)

operation is represented by line B'B" in Fig. 2a. In general,
Eq. (7) corrects the nodal unbalanced force at i = 1 line-
arizing around [K],_,, maintaining the displacement incre-
ment applied at the controlling degree of freedom con-
stant. The points BB'' in Fig. 2a and b represent the
complete operation of Eq. (7), where AU, ;_, is held at zero
and a change in other nodal displacements {AU},_, is
present.

Subsequently, element state determination can be per-
formed again to find the updated structure tangent stiffness
matrix [K],_,. Then, structure nodal resisting force vector

R,

R,

0, . L

0, can be computed as previously given in Egs. (5)
and (6). Schematic representations of these computations are
illustrated in Fig. 2a and b.

This procedure is continued as shown in dotted lines of
Fig. 2a and b until the nodal unbalanced force vector

and structure nodal unbalanced force vector
i=2

o . .

{ 0' } becomes less than a prescribed tolerance and yields
2

the correct structure nodal force increment and nodal dis-

placement increment corresponding to the applied displace-

ment step AU,.

Element state determination

The element state determination process is specifically
designed to compute updated element stiffness matrix
[K¢]; of each element in the structure at ith structure-level
iteration.

At the beginning of the element state determination
process, element nodal displacement increment vector
{ Aqgiobar } extracted from the structure nodal displacement
increment vector {AU}; is transformed from global co-
ordinate system to the local co-ordinate system using the
rotational transformation matrix {F ROT} as given in Eq. (8).

@ Springer

T
{AU} (AU},
Uz (b) {Ul}
{Aqlocal}i = [FROT] {Aqglobal}i (8)

Rigid body modes are then removed from the element
nodal displacement increment vector { Ag,,,, f, using rigid
body transformation matrix [F RBM] to obtain element nodal
displacement increment vector { Ag}, in the basic system as
given in Eq. (9).

{Ag}; = [FRBM] {Aqloca]}i 9

The components of nodal force and nodal displacement
increment vectors {AQ}; and { Ag}, of the basic system are
illustrated in Fig. 3.

Once { Ag}, is known, the element nodal force increment
vector {AQi} can be calculated using the element stiffness
matrix of the previous iteration [K¢];_, as given in Eq. (10).

(A0}, = [K°],_ {Aq};, — {AQuw },_, (10)

where {AQunb}i_1 refers to the element nodal unbalanced
force vector of the previous structure-level iteration (cal-
culated as given in Eq. (12)) and is taken as a null vec-
tor at the first structure-level iteration (i = 1) for each dis-
placement increment. The computation given in Eq. (10) is
schematically represented in Fig. 4 by the paths CC’, C'DD’
and D'EE’ for the 1st, 2nd and 3rd structure-level iterations,
respectively.

Y1 «2Qq, Aqy AQ2, Aq;
N AQs, Ad;
Y, :

AQq Aq,
{AQ} = {AQ; {Aq} = {Aq;
AQ3 Aqs

Fig.3 Nodal forces and deformations of the basic system referring
local co-ordinate system (x, y)
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Q4 . he el bal d f hich

1 . The element unbalanced force vector {AQ,,, s, Whic
[Ke]izol/' [K®i=1 is required to compute { AQ},, in the next structure-level

v

~
el
—

Fig.4 Schematic diagram of element state determination

The points C, C', D' and E’ represent the deformation states
and force states of the basic system with the progression of
structure-level iterations. Once the element nodal force incre-
ment vector { AQ}, is computed for a particular element, the
section state determination process (in Sect. 2.3) can be carried
out for all the sections of the element to obtain the updated
element tangent stiffness matrix [K¢],. Figure 5 illustrates the
integration points where the fibre sections are assigned to carry
out section state determination in an element and how fibre
sections are discretized at each integration point.

The updated element tangent stiffness matrix [K°]; can be
used to compute element resisting force vector {AQres }i corre-
sponding to the element displacement increment vector { Ag},
as given in Eq. (11).

{AQ..}, = [K°] {Aq}, (11)

integration points

/./
4
v L
/ g 3
teel 1
1 5 y steel layers
z
1 [ ]
z
concrete fibers Lo —

Fig.5 Integration points and division of a section into fibres of the
force-based frame element without rigid body modes

iteration is computed as given in Eq. (12).
{Aleb}i = [Ke]i—l{Aq}i - {AQres}i (12)

Figure 4 schematically represents {AQm}i and
{AQunb}i for the first structure-level iteration. Subse-
quently, by introducing rigid body modes and transforming
the co-ordinate system to the global co-ordinate system,
the updated element stiffness matrix in global co-ordinate
system [K;lobal] ; can be obtained as in Eq. (13).

[K;lobal] Do [7ror] T( [zwon] (KT [zwom] > [7ror] (13)

10bal]. of all the elements, updated

structure stiffness matrix [K]; can be computed. It is impor-
tant to note that in this formulation, no iteration is carried
out at the element level.

By assembling [Kg

Section state determination

The section state determination is specifically designed
to generate the updated section tangent stiffness matrix
and updated section deformation vector for a given section
force increment vector { AS}, at ith structure-level iteration.
This is achieved through employing an iterative proce-
dure at the section level to explicitly minimize the section
unbalanced forces, as illustrated in Fig. 6.

The section force increment vector {AS}; at the ith
structure-level iteration and section force {S}; of each sec-
tion of a particular element can be calculated using cor-
responding element nodal force increment vector {AQ},
and force interpolation function matrix [Nh] as given in
Eqgs. (14) and (15).

s} 4

K5y

[Ksec]j=1/,

{Asi} {Sres}j=3

{e}jzl {e}jzz {e}j=3 {(:}]

Fig.6 Schematic diagram of section state determination

@ Springer
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{AS}; = [N"]{AQ}, (14)

{S}, = {8} + {AS}, (15)

Figure 7 illustrates the components of section force and
deformation vectors.

In the first section-level iteration (j = 1), the estimation of
the section deformation increment vector { Ae},_, is initially
computed linearizing around the section tangent stiffness
matrix of the previous iteration [K**],_ as given in Eq. (16).
This computation is schematically represented by line FF'
in Fig. 6.

(Ae)y = [K] (A8}, (16)

Subsequently, the section deformation can be updated as
in Eq. (17).

{e}jizr = {e}jmo + (A} (17)

As section deformation vector {e},_, is known at this
stage, the fibre state determination process (in Sect. 2.4) can
be carried out to compute the fibre resisting forces and fibre
stiffness of all the fibres of the section. The section resisting
force vector {Sm }j=1 (see point G in Fig. 6) and the updated
section stiffness [K 5“]_,4:1 can be computed by assembling
fibre resisting forces and stiffness for a given section defor-
mation vector {e},_;. Then, the section unbalanced force
vector {ASU,nb}].=1 (see line GF" in Fig. 6) can be calculated

as given in Eq. (18).
{ASunb}j=1 = {S}z - {Sres}j=1 (18)

If { AS,p }j=1 is not within the prescribed tolerance, the

algorithm will proceed into the next section-level iteration
(j = 2) to compute a corrective section deformation incre-
ment {Ae};_, based on {ASunb }j=1 as given in Eq. (19).

{Ae);y = [K*T {ASup ) ., (19)

This computation is schematically represented by line
GG’ in Fig. 6. Then, the section deformation vector {e};_, is

M(x), @(x)

=)

NG, £0(%) fe} = {338:))}

Fig.7 Section forces and deformations at a control station

@ Springer

updated again by adding the corrective deformation { Ae},_,.
Subsequently, fibre state determination (Sect. 2.4) is carried
out on all the fibres in the section to compute the section
resisting force vector {Sm }j=2 (see point H in Fig. 6) and the
section stiffness matrix [Ksec]j:2 corresponding to the
updated section deformation vector {e};_,, which can be uti-
lized to calculate the unbalanced force {ASunb }j=2 (see line

HG' in Fig. 6). By continuing this process for several itera-

tive steps, section unbalanced force { AS,,, }j can be mini-

mized to be under the tolerance prescribed in the formula-
tion. In Fig. 6, the convergence has been achieved at the 3rd
section-level iteration which corresponds to point H'.

It is important to note that minimization of {ASunb},-
implies that the section force {S}; matches with the section
resisting force {Sres }j which corresponds to the current sec-

tion deformation {e},. This equilibrium state yields accurate
section deformation and section stiffness for the given sec-
tion force increment { AS},.

Once section state determination is carried out on all the
sections of a particular element, the updated section tangent
stiffness matrices can be assembled to find the updated ele-
ment tangent stiffness matrix [K¢],.

Fibre state determination

The fibre state determination process is designed to calculate
the section resisting force vector {Sres }j and updated section

stiffness matrix [K**]; corresponding to a given section
deformation vector {e}; in the jth section-level iteration. The
sections at control stations are divided into a sufficient num-
ber of uniaxial fibres as shown in Fig. 5. With the assump-
tion that the plane section remains plane and perpendicular
to the deformed longitudinal axis, axial strains of each fibre
can be calculated using the given section deformation vector

£o(x)
D(x)
Efp = {1 _yﬁb}{ Zggg } (20)

where g,(x) represents axial strain at the centroid, @(x)
represents the curvature and yg, denotes the distance to the
fibre from the centroid. From the uniaxial material model
assigned to each fibre, fibre stress oy, and fibre tangent stiff-
ness Er g, corresponding to fibre strain g, can be obtained.
Based on the fibre section model, section resisting forces
can be calculated using Eq. (21) and the section stiffness can
be calculated using Eq. (22) where Ay, denotes a fibre area.

Nof(x) 1
{Sres}j = Z { —y }aﬁbAﬁb 21

nof=1

as given in Eq. (20)
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Table 1 Details of RW2 [35]

Height (mm) 3660
Outer perimeter depth X width (mm X mm) 1220x 102
Aspect ratio (1/d) 3
Compressive axial load (kN) 240.41
Cube strength of concrete (MPa) 42.8

Yield strength of longitudinal reinforcement (MPa) 414

Concrete cracking strength (MPa)

0.33+/f7

(22)

Nofi(x) 1
[Ksec]j — Z { —y }ET’ﬁbAﬁb{l _y}

nof=1

Experimental validation

The proposed model results were validated with experi-
mental data of a cantilever wall RW2 [35] and a two-sto-
rey planar frame [36] by comparing the load—deformation

Fig. 8 Details of RW2 [35]; a AU
loading arrangement and dimen-

responses. In addition, these specimens were also modelled
using the OpenSees software [37] employing nonlinear fibre
beam—column elements with same numerical parameters and
material models. Furthermore, the internal axial stress and
strain variations over the depth of each section in elements
are discussed to describe the local behaviour of the models.

Cantilever wall

Table 1 gives the details of the wall RW2, and Fig. § illus-
trates the loading arrangement, the numerical model devel-
oped using OpenSees and proposed formulation and the
reinforcement details of the cross section. It is important to
note that the wall RW2 was designed for flexural dominant
behaviour.

The numerical inputs and material models used in the
proposed model and OpenSees software are tabulated in
Table 2.

Figure 9a illustrates the load—deformation responses of
the wall RW2 obtained by varying the number of integra-
tion points (nIP) along the element while all the sections are
assigned same 20 no. of fibres. It can be noted in the figure

—»L - Section [6] \ C

\ 240 kN
sions, b numerical model used %22 m fibers
for both OpenSees and proposed NS . e 9 AN
formulation analyses with inte- Section 8 - #3 bars
gration point/section numbering . P d
and, ¢ cross-sectional details 366m | || TUTUTTUUTC Section 122 m
with fibre discretization 0102 m —] N 8 - #2 bars
e 5
. #2 bars @ 0.19 m
sl Section —o @
o d
4.75 mm
“““““““ Section i\l bars @ 50 mm
=
-~~~ Section [ 1] 0.102 m
(b) (c)
Table 2 Numerical inputs. Input parameter Novel formulation OpenSees model
and material models used in
proposed model and OpenSees Number of elements
model of RW2 . . .
Number of integration points 6 6
Number of fibres 20 20
Section-level force tolerance norm 1073 -
Element-level residual deformation tolerance  — 1078
norm
Structure-level force tolerance norm 1073 1073

Concrete compression model

Concrete post-cracking tension model

Steel material model

Modified Kent and Park model
Linear tension softening model
Bi-linear material model
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Fig.9 Load deformation 200 % 200 A
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that the results are converged beyond four no. of integra-
tion points. However, six integration points were assigned
to each element for further analyses. Figure 9b illustrates
the load—deformation responses of the wall RW2 obtained
by varying the number of fibres (nIP) in a section while
keeping six number of integration points assigned to the
element constant. From the figure, it can be noted that the
results are converged beyond 8 number of fibres assigned
to the element. However, 20 fibres were assigned to each
fibre section for further analyses. Figure 9c compares the
load—deformation responses of the cantilever wall RW2,
obtained using the proposed formulation, nonlinear force-
based fibre beam—column element in OpenSees and the
experiment.

The load—deformation responses in the three cases are
in very good agreement. Around a lateral displacement of
40 mm, the OpenSees model fails to satisfy the compatibility
relationship as element-level iteration fails to converge both
element and section forces. This kind of numerical instabil-
ity was not observed in the proposed formulation, where the
convergence occurs at the section level by explicitly mini-
mizing section unbalanced forces. This is further discussed
in Sect. 4.2.

The local responses obtained from the proposed formula-
tion accurately reflected the actual response of the cantile-
ver wall reported in the experiment. The following section
discusses the local response obtained from the proposed

@ Springer

formulation at different load stages of the load—deformation
response.

The sectional plots given in Figs. 10, 11, 12 and 13 illus-
trate the variation in axial strains and axial stresses at the six
integration points or sections of the wall specimen RW2 for
different load stages (see Fig. 8b). The axial strain variation
across the depth at an integration point remains linear at
all the load stages due to the assumption that plane section
remains in plane and perpendicular to the deformed longitu-
dinal axis. Up to the lateral load of 30 kN, the wall remains
un-cracked and the load—deformation response behaves lin-
ear elastically. The sectional plots given in Fig. 10 illustrate
the axial stress variations across the depths at all the integra-
tion points under the lateral load of 10 kN.

A significant reduction in the lateral stiffness of the
wall was observed in the load—deformation curve beyond
the lateral load of 30 kN (point A in load—deformation
curve). This is mainly due to cracking of concrete fibres
in the tensile zone near the support. The concrete fibres in
compression zone and steel fibres in tension zone remain
linear elastic. It should be further noted that some of
the fibres in the tensile zone have already reached the
concrete tensile strength and started to drop their ten-
sile stresses significantly following the linear tension
softening material model. Figure 11 illustrates the stress
and strain distributions across the depths at all integra-
tion points at the lateral load of 63 kN. This load point
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represents the second branch (AB) of the load—deforma-
tion curve. It is also observed that the tensile zone gradu-
ally increases and the neutral axis is shifted towards the

compression zone during the second branch AB. This
can be observed by comparing the tension zones given
in Figs. 11 and 12.
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Beyond the lateral load of 125 kN (point B in load—defor-
mation curve), the load—deformation response displays a
ductile behaviour with a significant loss of stiffness, as a
result of tensile reinforcement yielding near the support.
Furthermore, a significant curvature concentration was
observed at the integration point near the support (Sect. 1)
as illustrated in Fig. 13. Due the excessive curvature con-
centration at the support (Sect. 1), some of the fibres in the
compression zone have started reducing their compressive
stresses resulting compression crushing. However, the reduc-
tion in compressive stresses of these fibres has not caused to
reduce the section resisting moment which is sustained by
the coupled forces in reinforcement bars.

Two-storey planar frame

Vecchio and Emara [36] have carried out an experimental
study on a full-scale reinforced concrete frame to investi-
gate the effect of shear mechanisms on the overall frame
deformation, load carrying capacity and failure mode. The
specimen tested was a one span, two-storey large-scale
frame having a centre-to-centre span of 3.5 m and a storey
height of 2 m. The frame was built integral with a large
heavily reinforced base to simulate a fully fixed condition at
the base. The concrete compressive strength at the test date
was reported as 30 MPa. The frame columns were applied
constant 700 kN axial loads, and the frame has been pushed
from the top storey. The experimental set-up and reinforce-
ment arrangements of the cross sections are given in Fig. 14.
The steel material properties are given in Table 3. Numeri-
cal models were developed using the proposed formulation

[

C

B/L_/,\B

\l/—
>
]

B/]\_ J\B

3.5m

24 m

Table 3 Reinforcement properties of frame [36]

Bar type Area (mrnz) f‘ (MPa) |, (MPa) E; (GPa)
No. 20 300 418 596 192
No. 10 100 454 640 200

and OpenSees to predict the behaviour of the frame using
numerical parameters given in Table 4.

The predicted overall load—deformation response of the
frame model developed by the proposed formulation is in a
good agreement with the experimental results, as shown in
Fig. 15. It is important to highlight that the proposed formu-
lation does not account for geometrical nonlinearity; thus,
the full ductility level of 150 mm lateral displacement was
not predicted. However, the load capacity was well predicted
along with the ductile behaviour to a lateral displacement
around 65 mm.

The behaviour of the frame at different load levels
reported in the experiment was well predicted by the pro-
posed formulation. The flexural cracking was predicted at
the ends of first storey beam around 65 kN, and a signifi-
cant change in load—deformation response was observed. At
around 135 kN, flexural cracking of the column bases was
predicted; however, web cracks in the first storey beam were
not predicted as the proposed element formulation neglects
the shear deformation. The yielding of tensile reinforce-
ment of the north and south end of the first storey beam was
predicted around 230 kN and 235 kN, respectively. With
further progression of load stages, hinging of the ends of
first storey beam and yielding of both steel at column bases

03m
4 - #20 bars
__/
N\
0.4m #10 @ 125 mm
4 - #20 bars
2m ~
A-A
4 - #2‘0 bars 4 - #‘20 bars
0.3m
—
#10 @ 125 mm
0.4 m
B-B

Fig. 14 Dimensions, mesh, loading arrangement and reinforcement details of all beams and columns of the planar reinforced concrete two-storey

frame
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Table 4 Numerical inputs used

. Input parameter
in proposed and OpenSees

Novel formulation OpenSees model

frame model Number of elements (see Fig. 14)

Number of integration points
Number of fibres

Section-level force tolerance norm

Element-level residual deformation tolerance  —

norm

Structure-level force tolerance norm

Concrete compression model

Concrete post-cracking tension model

Steel material model

8 8

40 40

1073 -
1078

1073 1073

Modified Kent and Park model
Linear tension softening model

Bi-linear material model

350 &
300 T

(39}

24

o
L

200 T

experiment Vecchio and Emara (1992)

—

i

(=}
!

- = = opensees

lateral load (kN)

100 +

proposed formulation
50 1

0 t u + |
0 50 100 150 200
lateral displacement (mm)

Fig. 15 Comparison of experimental load—deformation response of
planar reinforced concrete two-storey frame using novel formulation
and using OpenSees software

were observed at 285 kN. At 310 kN, concrete crushing and
hinging were evident at the column bases while tensile steel
at the top storey beam end too yielded.

Potential advantages of considering
section-level equilibrium

Effective Newton-Raphson procedure at structure
level

In the existing and proposed formulations, the structure-level
iterative procedures are identical in terms of the computa-
tions carried out. In both cases, the structure unbalanced
forces are minimized through the corrective load factors

(A4;) and corrective deformations ( ) computed

AU,

AU, J iy
at each iteration, linearizing around the tangent stiffness
matrix of the previous iteration. However, the two formula-
tions differ from the method of computing structure resisting
forces which are necessary to compute structure unbalanced
forces. It should be noted that the speed of convergence

200 &
= 150 +
=2
e
<
2100 +
E
kS 50 allowing structure level iterations

- - - - restricting structure level iterations to 1
0 } } } } |
0 20 40 60 80 100

lateral deformation (mm)

Fig. 16 Load deformation responses of RW2, allowing and restricting
structure-level iterations using the proposed formulation

depends on the method of computing structure resisting
forces.

The existing formulation computes the structure resist-
ing forces based on the element resisting forces which are
converged to the estimated element nodal deformation. But
in contrast, the proposed formulation computes the structure
resisting force based on the updated tangent stiffness matrix
converged to a given section force. It has been observed that
the required number of structure-level iterations is lower
when the resisting forces are calculated by converging to
the section force. For example, suppose a structure is stati-
cally determinate and analysis is done using force control
method. Here, the computed section force increments within
the first structure-level iteration are exact for the applied
load, irrespective of the stiffness assumed as the structure is
statically determinate. In such a situation, the section state
determination in first structure-level iteration yields the cor-
rect tangent stiffness for the applied force step as the section
force increments calculated at the start.

In order to support this argument, the cantilever rein-
forced concrete wall, RW2, was analysed restricting New-
ton—Raphson iterations to one. Figure 16 provides a compar-
ison of the load—deformation responses where a very good
agreement could be seen. This reflects the effectiveness of
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the Newton—Raphson process in the proposed formulation.
Note that the analysis was done using displacement control
method, and thus, the first structure-level iterations do not
yield exact section forces.

Explicit satisfaction of section equilibrium

In the proposed formulation, the section-level iterative
procedure computes an accurate section deformation and
updated section tangent stiffness matrix for a given sec-
tion force increment, by explicitly minimizing the section
unbalanced forces. However, in the existing formulation,
the element-level iterative procedure computes a series of
element corrective forces to minimize element residual
deformations while the sections follow these corrective
forces to implicitly minimize section unbalanced forces.
In this method, the agreement between the section force
and section resisting force is not directly evaluated; thus,
the element convergence cannot guarantee the minimiza-
tion of section unbalanced forces in every situation. To

@ Springer
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curvature

support this argument, the moment—curvature relation-
ships at integration points of the reinforced cantilever wall
RW2 (see Fig. 8), obtained from the OpenSees software
and the proposed formulation, were compared as shown
in Fig. 17. They actually compare the moment—curva-
ture responses when section equilibrium is implicitly and
explicitly satisfied.

These plots demonstrate that in this particular example
there is a difference in the moment curvature relationships
in the two models, even though it does not affect the over-
all load—deformation response. It is important to highlight
that the difference in sectional behaviour can be magnified
and element convergence will be problematic in the exist-
ing formulation when cracked reinforced concrete consti-
tutive relationships that can capture axial-flexure—shear
interaction are implemented. The proposed formulation
addresses this issue well by explicitly minimizing sec-
tion unbalanced forces at section level itself maintaining
section-level equilibrium throughout the analysis.



Innovative Infrastructure Solutions (2021) 6:48

Page130f 14 48

Conclusions

This paper presents a novel force-based finite element for-
mulation to predict N-M interaction of RC frames and walls,
considering section-level equilibrium. The proposed formu-
lation employs two nested iterative procedures at structure
level and section level where equilibrium is satisfied. The
constitutive law is satisfied at fibre level while the law of
compatibility is satisfied by the computation of correct sec-
tion deformation and correct tangent stiffness for a given
section force at the section level. The novel iterative proce-
dure at the section level minimizes the section unbalanced
forces at section level itself, preventing the generation of
element residual deformations due to section unbalanced
forces. This procedure allows to evaluate the agreement
between section forces and section resisting forces directly,
improving the accuracy of local behaviour which is impor-
tant when implementing reinforced concrete crack models at
the fibre level. The structure and element state determination
processes were modified to accommodate the novel iterative
procedure at the section level. The computation of element
and structure resisting forces using updated tangent stiffness
matrices increases the efficiency of structure-level iterative
procedure. The proposed formulation was validated with a
reinforced cantilever wall and a two-storey planar frame. The
algorithm was proved to be accurate and numerically stable
to predict N-M interaction of reinforced concrete frames
and walls. Furthermore, it can be concluded that the pro-
posed formulation enriches the existing force-based fibre
beam—column element formulation, to capture section-spe-
cific phenomenon such as capturing the N-M-V interaction.
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