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Abstract. Motivated by Parikh matrices of picture arrays introduced in
combinatorial image analysis, we propose a generalization of binomial
coefficients of words to multidimensional arrays. These coefficients recur-
sively count prescribed patterns occurring in an array. The base case is the
one of binomial coefficients of words.

With our definition we extend Pascal’s rule, the Chu-Vandermonde iden-
tity and therefore, the concept of Parikh matrices, in a natural way. We
further present some more binomial-related identities and introduce (g, t)-
deformations, i.e., multivariate polynomials whose evaluation at (¢,t) =
(1,1) recovers the value of the classical coefficients. We explain the ad-
ditional combinatorial information encoded in the coefficients of these
(g,t)-polynomials compared to their integer-valued counterparts.

Keywords: Binomial coefficient of words ; Parikh matrix ; Combinatorial
image analysis ; Multidimensional array ; Gaussian coefficients.

1 Introduction

Combinatorial properties of multidimensional words have been thoroughly
investigated by many authors: periodicity, primitiveness, Lyndon words, auto-
maticity, etc. [6J10)14]. Much attention has been given to two-dimensional arrays
in image processing. For instance, one of the main motivations for research in
two-dimensional pattern matching is related to searching aerial photographs
where array elements encode the color of pixels. See, for instance, [1)2].

Let A be a finite alphabet, and let A™*? denote the set of m x p arrays (or
pictures), i.e., functions from {1,...,m} x {1,...,p} to A. Although the concepts
we develop apply to both the rows and columns, we focus on columns for
concise notation; analogous definitions for rows are straightforward.

Recall that the binomial coefficient of two words u = u; - - - u; and v (with each
u; a letter) is defined by

(5)2#{1<i1<--~<i|v<k|ui1--~uiv:v}. (1)

For further details, see, for instance, [8, Chap. 6].

* Supported by the FNRS Research grant T.196.23 (PDR)
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Let A = {a,b} and M = (M --- M,) be an array whose columns are
M; € A™*! for each i € {1,...,p}. Recent work (see, e.g., [3I716]) has fo-
cused on Parikh matrices of binary picture arrays, with particular emphasis
on combinatorial image analysis. These matrices capture information about the
occurrence of letters and of the scattered subword ab in the array M. Precisely,
the column-Parikh matrix associated with M is an upper-triangular matrix of the
form

lzz PN
01y]| eN**®  where ZZZ( z) and z+y=m-p.
001 o\ @b

Here, z (resp. y) denotes the total number of occurrences of the letter a (resp. b)
in M; hence, =z counts the total number of subwords ab occurring locally in the
columns.

In this article, arrays of the form m x 1 or 1 x p are treated as conventional
unidimensional words. In fact, the transpose of an m x 1 array yields a word of
length m. Consequently, horizontal and vertical words can be compared directly,
making it legitimate to state that ab may appear as a subword of the column ;
without further notice.

Example 1. The column-Parikh matrix associated with the three arrays

abaa aaaa aaaa 1117

M = baaa M = abba and M" — bbaa is 015
aaba aabb abba 001
abba aaab aaba

because, considering columns of M from left to right, gives

abaa baab aabb aaaa
=14+2444+0=T7.
() () + () + () =z

Therefore, these matrices (which could easily be extended to larger alpha-
bets) contain information about the occurrence of specific patterns within the
columns of an array. This example shows that several arrays have the same
column-Parikh matrix: any permutation of columns does not affect the Parikh
matrix. Replacing a column by an equivalent one also leads to the same matrix.
For instance, if the fourth column of M is placed in the first position and if the
column containing baab is replaced by abba which, also contains the subword
ab twice and the same number of a’s and b’s, then the array M’ has the same
column-Parikh matrix as above. This is a reason why many authors are inter-
ested in M-ambiguity, i.e., an equivalence relation defined by arrays having the
same Parikh matrix. This is a difficult problem of genuine interest around Parikh
matrices (of unidimensional words). Thus, if one considers the problem of re-
constructing an image made up of pixels, the Parikh matrix alone is insufficient
to guarantee a unique reconstruction.
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Classical Parikh matrices associated with unidimensional words have been
generalized in [15]. With a word v over an alphabet A, for each ¢ € A, one
associates a square unitriangular matrix M, of dimension |v| + 1 encoding
the positions of a within v. For any word v = a; ---aj, € A*, compute the
corresponding product of |u| matrices M,, --- M, . The upper-right element
of the resulting matrix is exactly (). Therefore, Parikh matrices and binomial

coefficients of words are intimately linked [4].
By convention, the binomial of integers (7;) = 0if m < p and similarly, the

binomial of words (%) = 0 whenever |u| < |v|. These conventions are extended
to a multidimensional setting. Henceforth, it will not be necessary to specify
whether one array is smaller than another.

1.1 Main Object of Study

Our aim is to introduce generalized binomial coefficients that allow counting the
occurrence of patterns beyond just subwords in columns. In particular, we want
to count the number of occurrences of certain (scattered) subarrays. Several defi-
nitions could be considered. To stay in line with [3J7/16], we have adopted an ap-
proach that focuses on subwords appearing in the different columns. Our choice
also relies on a definition that can be recursively extended to higher dimensions.
For the sake of readability, we will focus primarily on two-dimensional arrays.

Reconsider (T), which defines binomial coefficients of words. Letu = a; - - - ay,
and v = by - - - by be words where a; and b; are letters. We can write

<Z) - Z (;ail,bl e (5(11.@717@,

1<iy<--<ip<k

The Kronecker symbol can be thought of as a zero-dimensional binomial
coefficient. Roughly speaking, letters are O-dimensional objects and words are
1-dimensional. So for any two letters a, b, (}) = da = 1ifand only if a = b. Such
a trivial observation permits us to introduce our object of study in a natural way.
As binomial coefficients of words are built from 0-dimensional coefficients, our
2-dimensional coefficients are built from 1-dimensional ones.

Definition 1. Let M = (M --- My,) and P = (Py --- P,) be two-dimensional
arrays. We define the column-binomial coefficient of the arrays M and P by
M - Z M; M;
pP) , P P,
1<ip < <ip<m
where on the r.h.s. we have classical binomial coefficients of (unidimensional) words,
with columns M; and P; interpreted as words. In particular, if m < p or if the number

of rows of M is less than the number of rows of P, then the column-binomial coefficient
is zero.

Note that in the above definition, if m = p = 1, then we get back the usual
binomial of words.
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Example 2. Consider the array M from and the sixteen 2 x 2 arrays

aa aa aa aa ab ab bb

aa ab ba bb aa ab bb
As P ranges over these sixteen arrays, the column-binomial coefficient ( 1}»31 ) takes
the values

37,22,46,14,6,7,2,4,30,20,13,4,4,6,0, 1. )

Computations show that there is exactly one other 4 x 4 array with the same
column-binomial coefficient, the array M" from Unlike column-
Parikh matrices, when P has two columns, permuting the columns of M alters
the corresponding binomial coefficient.

Let us briefly discuss a notion of ambiguity. Out of the 26 binary matrices of
size 4 x 4, there are 49 497 pairwise distinct vectors of binomial values such as ().
There are at most 16 matrices having the same vector (and this is the single class
with 16 elements). One representative is composed of four identical columns,
namely (abba)’ . There are four equivalence classes, and each consists of 12
matrices.

Remark 1. A natural candidate for extracting subarrays is to consider subma-
trices A submatrix of a matrix is obtained by deleting any set of rows and/or
columns. In this case, counting the number of occurrences of a submatrix P
within a matrix M is bounded from above by our column-binomial coefficient
(I‘If ). However, choosing to count submatrices does not lead to a Pascal’s rule as

in Indeed, the constraint of considering the same set of rows in
every column is too strong. Whenever a product such as ($) (%) occurs, as in
([B), there is no easy way to ensure that the rows selected in C' and M coincide.

Let £ > 1 and M be a k-dimensional array with dimension (dy, ..., ds). For
each j € {1,...,di}, we let M; denote the (k — 1)-dimensional section (or slice)
of M where the last component is set to j. Hence, M is a (k — 1)-dimensional
word of dimension (dy, ..., d;_1) where

M;liv, ... ig—1] = Miv, ... ik—1,7].

In particular, if M is a 1-dimensional word, M; denotes its j™ letter and if M is
a 2-dimensional array, M is its j™ column.

Definition 2. Let M € A4 >*dk gpd P € Ae1>*ex be k-dimensional arrays. The
binomial coefficient of M and P is given by

M _ Z M; . M;,,
P . . Pl Pek
1<is < <iey, <di

where, on the r.h.s., we have binomial coefficients of (k — 1)-dimensional section arrays.
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1.2 Our Results

One could debate our choice of |Definition 1} as other counting functions could
Remark 1

be considered. However, besides [Remark 1, another argument in favor of our
choice is that the classical formulas for binomials naturally extend. We list those
below.

We define the concatenation of two arrays. Let A © B denote the matrix
obtained by juxtaposing, side by side, the two arrays A and B that have the
same number of rows. As a fundamental property, we have Pascal’s rule:

Proposition 1. Let M € A™™, P € As*?,C € A™Yand D € As*L,

(Azfé) g) - (pjgz) i (g) @f) ®)

This generalizes the relation for words u, v and letters c, d [8, Prop. 6.3.2]

(12) = () ()

It is worth noting that in (3), (g) serves as a 1-dimensional coefficient replacing
the 0-dimensional coefficient 6. 4 (Whereas the other coefficients are column-
binomial coefficients). We also have a Chu-Vandermonde identity, [8 Cor. 6.3.7].

Proposition 2. Let N € A™*" so that M © N belongs to A (m+m)

(27, 3 () e)

Since we have established Pascal’s rule, it is not surprising that we can
obtain an analogue of (generalized) Parikh matrices. The strategy is the same as
in[Definition I} we replace the 0-dimensional Kronecker symbols in the classical
definition [4]] with 1-dimensional coefficients.

Definition 3. Let M = (M, --- My,) and P = (P, --- B,). Let ¥ : A™! —
(N+D)>x(p+1) ) be @ morphism of monoids such that, for all k € {1,...,m} and
ie{l,....p+1},

W (Mp)]ii =1, [W(Mg)]iig1 = (J\]/;:k> fori<p

and [¥(My));,; = 0 otherwise.

Hence (M) := (M) ---¥(M,,) is a unitriangular matrix, i.e., an upper-
triangular matrix with ones on the diagonal.

Theorem 1. Let M = (My -+ M,,) and P = (Py--- P,) be two-dimensional
arrays. With the above notation, the product W (M) - - - W (M, ) is unitriangular matrix.
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For each entry above the diagonal, i.e., at position (i,j) with i < j, the value is given
by the column-binomial coefficient

((Pz‘ : 'ijl))

In particular, the upper-right element of the matrix W (M) is (5).

Example 3. With the array M from|Example 1jand P = (i :) , We obtain

; b a a 110\ /120\ /140\ /100 1746

ol ° ol ? wz w2l =(o13||o11|lo11][{o16]=[0111
@ & a 0o1/\oo1/\oo1/\oo1 001
a b b a

Indeed, the entries of the matrix correspond to

<(aA§)T> -r <(aj\;[)T> =11 and (Alf) — 46.

In we prove these results and discuss more properties. We sum
the total values of the coefficients (]IVD[ ) when P ranges over all arrays of a

given size. We obtain a generalization of Manvel-Meyerowitz-Schwenk-Smith—
Stockmeyer formula [9]. We also discuss the product (3) (Aq/)[ ). Then in

we introduce multivariate deformations of these coefficients. The number of
variables is equal to the dimension of the arrays. The so-called g-analogue of a
counting function reduces to the original function when ¢ tends to 1. For a de-
formation to be useful, it should preserve at least some if not all of the algebraic
properties of the original function.

2 Proofs and Extra Results

The proofs of Pascal’s rule, Chu—Vandermonde identity, and the structure the-
orem of Parikh matrices are rather straightforward. Readers familiar with this
type of combinatorial identities will not be surprised. After presenting these
proofs, we consider some more relations.

Proof (of. Let M € A™™ and P € A**P. Let C € A™™! and

D e A°*'. By definition of the column-binomial coefficient, we have

B8 2 B ()

1<i; < <ipgp1 <m+1 j=1

where (M © C), = My, for 1 < k < m and (M © C’)mJr1 = C. Similarly,

(PO D)j =Pjforl1<j<pand (PO D)pJrl = D. Partitioning the sum based
on whether the last column index i, is m + 1 yields the desired result. O
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Due to space constraints, we provide only the proof of its generalization in

Proposition 6} since the arguments are similar.

Proof (of[Theorem 1)). Define &; = W(Mj) --- ¥(M; ). We use the same notation
as in the previous proof. We show, by induction on j > 1, thatfor 1 <4 < r <

p+1
Ml ]
i = (7 ).
! P -1

In particular, [@;]; » = 0 whenever j < r — i because M, ; has fewer columns
than P; ,_q. For j = 1, &, = ¥(M;) and the conclusion follows from the
definition of ¥. For the inductive step, observe that [¥'(M;1)],,, is nonzero only
when ¢ = r or £ = r — 1. Hence the off-diagonal entry [®;1];» with i < r, is

Mj 1 M. M. 4 M1
[B)ir + [Bi]ir1 < J ) — ( A iy,
! ! P4 Py (r—1) P (r—2) P

by induction hypothesis. The conclusion then follows from 0

Summing over all possible patterns P is equivalent to consider arrays over a
unary alphabet {a}. This generalizes the fact that for words, 3°, 4. (%) = (1))

Proposition 3. Let M € A™*™

> (p)= () =)0
i P asxp p s .
Proof. The sum in the Lh.s. counts all possible ways to choose p columns from

M and, within each chosen column, select s rows. The number of ways to select
p columns is ('}'). For each selected column, there are () ways to choose s
rows. Since the choices between columns are independent, the total number
of configurations is (') - (7)”. This count is independent of the entries in M
because all possible subarrays P are considered. O

Applying the above proposition to we get () (;1)2 = 6> = 216.
This is indeed the total sum of (2). The relation can easily be extended to an
arbitrary dimension. Let k > 2and M € A% > *dx Proceeding by induction on
k, we easily get

) o e R s
Peat e r er) \Cr—1 €k—2 e

Similarly to the case of words, we consider the (column)-shuffle w of two
arrays P € A**P, Q € A°*? having the same number s of rows. It is a formal
polynomial in N((A**1)). As an example, we have

ab 0 ab) f(abab 19 aabb Iy aabb I abab
aa ab) \aaab aaab aaba abaa/’
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Note that the concatenation of the two arrays appears in the shuffle with a
coefficient of at least one. If f is a polynomial or a formal series, the coefficient
of an element R is denoted by (f, R). For the definition of the shuffle product
on the module Z((A)), see [8, p. 126].

Proposition 4. Let M € A™™, P € A®*P,and QQ € A°*9. We have:

(#)(a)=, 2, reen(z)

Re(AsXI)*

I R

1<ip < <ip<m
1<j1 < <gg<m
{il:~~-7ip}m{j1;~~~vjq}7é0

pig) occurring in the
first sum of the r.h.s. in the above formula as an expression involving (%) (%))
divided by (P w @, P © Q). This is similar to [13, Thm. 6.4], which is used to
express binomial coefficients using only Lyndon words.

In particular, the above result permits us to express (

Proof. By definition of the column-binomial coefficient, we have

(o) 2 ) () 2 (e (@)
PJ\Q 1<iy < <ip<m P By 1<) < <jg<mn Q1 Qq
We expand this product and focus on the (7)) (" *) terms where {i1,...,4,} N
{j1,---,Jq} =0, 1i.e, p+ g pairwise distinct columns from M are selected. Since
all these indices are distinct, they are linearly ordered. Each such ordering is in
one-to-one correspondence with a shuffle of columns. For example, i; < iy <
J1 < i3 < j2 (p = 3 and ¢ = 2) corresponds to (P; P,Q1P3Q)2). Since the indices
belongto {1, ..., m},several choices of the p+¢indices lead to the same ordering.
Continuing the example, if we fix one ordering, e.g., i1 < i3 < j1 < i3 < j2,and
consider all choices leading to this ordering, we get

> ) E) G () = (enane)
Vi iy iaincizem N/ NP2 SN QU Py )\ Q2 (PLPQ1P3Q2)
Now we consider all the orderings of the p + ¢ indices and we thus see all the
elements of the shuffle Pi(Q. Different orderings may lead to the same resulting
shuffle of columns. As an example, if P, = @1, then i; < iz < j1 < i3 < j2 and
11 < g1 < i9 < i3 < Jo lead to the same array (P1P2Q1P3Q2) = (PlQl.PQPgQQ).
If we express the sum as a sum over these elements occurring in the shuffle, this
explains the coefficient (P w @, R) in the first part of the formula. O

Note that we could refine the above formula by summing over the size of
the intersection of the two sets of indices. We now extend a result from Manvel
et al. [9]. See also [5].
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Theorem 2. Let M € A™*™, P € AS*Pandr > q > s, m >t > p. We have
> (D=0 )G
et T/)\P t—op q q— s P

Proof. In the rhs., as in we review all possible choices of ¢ - ¢

elements that give rise to a valid pattern 7" and within each such 7' count the
occurrences of P. However, a fixed occurrence of P appears many times in this
counting, as we now explain.

Fix a particular occurrence of P T M. Concretely, P T M means selecting p
columns of M (out of m) and within each column, independently select s rows
(out of r), matching P. Next, to build a ¢ x ¢ subarray 7' C M containing that
chosen copy of P:

— In each of the p columns used by P, we independently pick ¢ — s more
elements (out of r — s available). Hence we have (Q:Z)p ways to do so.

— Since P already occupies p columns, we must choose ¢ — p columns from
the remaining m — p. There are (T_‘pp) such choices. In each of these ¢t — p

columns, we independently pick ¢ elements. Hence we have (;_7) (Z)tfp

ways in total. O

Corollary 1. Let M, M’ € A™*™. Let q,t,s,pbesuchthatr > q > sandm >t > p.
IF (M) = (%) forall T € A7, then (M) = (*L) forall P € As*.

3 Deformations of these Coefficients

The g-deformations of binomial coefficients of words have been introduced in
[11] as a generalization of Gaussian coefficients. As discussed in that paper,
two definitions may coexist: letters can be processed either from the left or
from the right. The two resulting univariate polynomials are different, but their
properties are similar. Equivalently, one may consider reversals of the words.
Since we index rows and columns from the upper left corner starting with
index 1, we choose the recursive definition of g-binomials processed from the
left, i.e., foru,v € A*and c,d € A

cu\ _ (u) g u
(o) = @) 0e(0), ©

We recall a useful result in that setting, see again [11] for details.
Theorem 3. Let u be a word over A, k > 0,and a1, ...,a, € A. Then

u k .
= i1 (k1= |uil
= q .
(al e ak)q Z

UL,U2 ey U1 EAT
U=U101 " UKAL UK +1
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As an example of classical g-binomial coefficients of words, we have

(aab) _2+q and (aba) . 5)
ab q ab q

For instance, the word aab can be factorized as u;ausbus with u; = us = € and
ug = a, which yields the term ¢ in the first g-binomial above (resp. uy = ug = ¢
and u; = a giving ¢?). This combinatorial interpretation is important for the
next definition, because a similar idea applies to the exponent of the second
variable ¢.

For bidimensional arrays, we consider the following definition.

Definition 4. Let M = (My--- My,) and P = (Py --- P,) be two-dimensional
arrays. We define the (g, t)-column-binomial coefficient of M and P by

f)- 5, )
= t J=1 1/'7 ‘7 1 ot P .
<P Ot 1<iy<-<ip<m LW By q

Here, the I.h.s. we have g-binomial coefficients of words (obtained by considering the
transpose of the columns).

As expected with such deformations, when ¢ and ¢ are equal to 1, we recover
the column-binomial coefficient discussed in the first part of this paper.

Example 4. We make use of the g-binomials of the columns computed in (5). Let
aaa aa
M=|abal|, P= (bb>'
bab
Then
M 2 2 2 2 2
p) =@+ -1+t (¢ +a) (@ +a)+-1-(¢"+q)
q,t

which is equal to ¢*t + 2¢3t + ¢*t*> + ¢*t + ¢° + qt*> + ¢. The three terms of the
sum correspond, respectively, to the choices of columns 1,2; 1,3; and 2, 3.
Remark 2. If M and P both have a single row, then the polynomial (]g )q, , only

contains the variable ¢ and is equal to (z\g )q(t) (i.e., replace the variable ¢ by

t). This shows the coherence of the definition. Indeed, let M = m; ---m; and
P =p; - - ps be words. The definition reduces to

M 14 ;4
(P) - Z t25=10 =D m,  py -+ - dmy,, pe.
q,t 1<i1 < <ip<k

Observe that if P appears as a subword of M with the letters occurring in
position iy, ..., i, 1.e.,, M = uip1 - - ugpeugrr with i; = >°7_ |u;| + j for all j,

then ' ,
Z|ui\=Z€+1—z g

14=1 i=1

¢

Z(ij Jj) =

4
Jj=1 Jj=
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We conclude with

If M and P both have a single column, then the polynomial (}})

).t only

contains the variable ¢ and it is trivially equal to (Alf )q.

For classical binomial coefficients of words, the reconstruction problem is fun-
damental. Given some binomial coefficients associated with a word u, one asks
whether « can be uniquely reconstructed i.e., whether the knowledge of cer-
tain coefficients uniquely determines the word [5]. As observed in [11l], ¢-
binomials contain more precise information. The same observation holds for
(g,t)-binomials. For example,

aab M
withM = |abb|, (b) =q2+tq+t2(q2+q+1),
bab () q,t

We clearly see that ¢'~'t/~! occurs in the (g,t)-binomial if and only if there
is a letter b in position (7,7) (counted from 1 in the upper-left corner). This
observation is general. To be consistent with our convention of processing from
the left, we concatenate a column to the left of an array. The exponent p + 1
occurring in the statement is similar to the exponent [bv| in (4).

Proposition 5. Let M € A™™, P € A*?,C € A", and D € A**'. Then

(oop), = (o2e), () (),
por), \DoP), p)\r),

Proof. By definition of the (g, t)-column-binomial coefficient, we have
(C@M) _ > tz?fll(ij—j)<(c®M)il> <(C’®M),;p+1>.
DoP q;t 1<y < <ipy1 <m+1 (D@P)l q (D@P)p+1 q

We partition the selection of columns in the concatenated array C' © M into
two cases, depending on whether the first column C is included. If ; = 1, the
contribution is (g)q § )q ,- Otherwise, the first column C'is not selected. All p+1

columns are selected from M. By reindexing with ¢; = i; — 1, the contribution
becomes:

p+1
sy T e H My, \ _pnn (M
(DO P)y, DoP),

1< < <lpt1<m

We also have an analogue of Chu-Vandermonde identity:
Proposition 6. Let M € A™*™, N € A™*", and P € A**P, We have

(M@N> S t(mP1>P2<M) <N> 7
P ), p) \p),

’ PLOP;=P

where | P| is the number of columns of P.
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Proof. By definition of the (g, t)-binomial coefficient, we have
(M(DN) _ 3 G, j)((MG)N)h) ((M@N)ip)
P Ot 1<y < <ip < mAn Py q b, q

Partitioning the sum by how many elements of the sequence i; < --- < i, are
less than or equal to m, the above coefficient can be written

zp: 3 LG, J)H(MG)N >q

k=0 1<iy < <ip<m
p
3 AN | ((M O N);,
P.
m<ipy1<<ip<m+n j=k+1 J q

Observe that (M © N)j = M;ifj <mand (MO N)j = N;_p, if j > m. Hence,
the second factor in the above formula can be written

Z t2§=k+1(ij —(j—k)+m—k) H] e (Nzilj;m)
i q

m<ipy1<--<ip<m+n

= tzyp=k+1(m*k)( N )

:t(m—\Pl\)\Pz\( N )
Pretry.ol/g t

Plikt1y.pl gt
where Pj(41)..p) is made of the last p — k columns. a

Flipping the arrays around a vertical axis reverses the order of coefficients
of the (g, t)-binomial, when it is viewed as a polynomial in ¢ with coefficients in

9] (Ml o Mm) = [tr(m=P)=i] <Mm o Ml) .
PPy ), Bp-Pr ),
Similarly, if M denotes a flip of M around a horizontal axis and P is defined

correspondingly, then when we view the (g, t)-binomial as a polynomial in ¢
with coefficients in N[¢], we have

iy ) =)

) )

where M € A™™, P € A**P. For the two arrays in[Example 4} with » = m = 3
and s = p = 2, we have

M
(P> =q't+2t® + (P +t+1) >+ (P +1)q
q,t

and

(g) =E+1) @+ (P+t+1)¢* +2tqg+t
q,t

)
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4 Conclusions

In this short paper, we have introduced a natural generalization of binomial
coefficients of words to multidimensional arrays. Expected properties extend
without much effort, thus justifying our definition. Moreover, this opens the
way to further developments, as coefficients of words already appear in numer-
ous contexts (formal language theory, algebra, theoretical computer science,
combinatorics, etc.). Based on a robust definition, one can hope that other non-
trivial combinatorial properties may also extend to multidimensional arrays.
Furthermore, as we have shown in the two-dimensional case, one can work ei-
ther rows or columns. In higher dimension d, it is necessary to specify the order
in which sections are selected, potentially leading to d! distinct (but related) co-
efficients. The multivariate polynomials we obtain are also worth to be studied
further. For instance, it is straightforward to adapt [12] to this context.
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