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Needs of the MB community
Modeling of systems using different structural components such as RBs,
beams & shells, joints, actuators and with contact. (FEM approach [1])
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Needs of the MB community

Modeling of systems using different structural components such as RBs,

beams & shells, joints, actuators and with contact. (FEM approach [1])
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@ Flexibility
@ Large amplitude motion (Geom. non-linearity)
@ Kinematic hypotheses introduce orientation (and discontinuities)

» non-linear configuration space
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Classical engineering approach

Formulation in the inertial frame with global parametrization of rotation
and subsequent separate discretization of translation and rotation.
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Classical engineering approach

Formulation in the inertial frame with global parametrization of rotation
and subsequent separate discretization of translation and rotation.

@ No need for abstract mathematical concepts

Problems and difficulties

@ Parametrization induced non-linearity, definition of strains

@ Clever tricks to
» avoid singularities
» fix locking
» ensure invariance (strain measures, discretization)



Lie group theory helps

A nice and well established mathematical toolbox that may be used in a
systematic manner for the continuous formulation, space discretization
and time integration of MBS with flexible components (beams, shells
etc.). It provides the insight that naturally leads to the local frame
approach. [2, 3]

@ Reduced non-linearity (more intrinsic equations)
@ No parametrization singularities
@ No locking

@ Automatic invariance properties



Lie group toolbox

The coordinates of a frame (location + orientation) with respect to
another frame can be represented using the matrix Lie group

SE(3):{H:R4—>R4\H:[

R

1X3

’1‘] R'R =1, det (R) :1,XER3}
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Lie group toolbox

The coordinates of a frame (location + orientation) with respect to
another frame can be represented using the matrix Lie group

R

1X3

SE(3):{H:R4—>R4\H:[

Coupling through group operation. Left translation is a superimposed

RBM
RaRg  Xa + RaXp
o 1

HaHp = [
Derivative w.r.t. parameter a (velocity, deformation, variation)
dq (H) = Ha, a € s¢(3)
ais left invariant. Indeed
3" = (H*H) " dg (H*H) = H™" (H*”H*) da (H) = H™'d, (H) = 3
We interpret it as insensitive to superimposed RBM. It is a local frame
quantity.

’1‘] R'R =1, det (R) :1,XER3}



Relative transformation

The SE(3) element, Hag = H, 'Hg, which expresses the relative trans-
formation between two elements of SE(3),Ha(s) and Hg(s) is invariant
under a superimposed Euclidean transformation i.e. a left translation on
SE(3).

Indeed, by applying a left translation of H* to both elements the relative
transformation remains unchanged:
Hils = (H"HA) ™" H'Hg = 3" (H*H°) Hg
=H,Hp

= Hag



Development strategy: Geometric FEM

Represent finite motions as frame transformations
Consider these frame transformations as elements of SE(3)
Joints interpreted as subgroups of SE(3)

Work with left invariant derivatives and solve the dynamics in the
local frame (5 floating frame)

Exploit modern numerical methods on Lie groups

/‘-\
Local frames ;\’ T

S
Inertial frame)_ /

N

7/36



Outline

@ Introduction
» Needs of the MB community
» Engineering approach
» Lie group theory helps
@ Examples of components on SE(3)
» Rigid body
» Beam
@ Contact elements
» Invariance properties and example of beam contact



Free Rigid body

Equations of motion in the local frame (on the Lie group)
H =Hv
f(H,v,v) = MV — V' Mv =04,

w u] =V € 5¢(3)

Linear velocity: u = R’x,  Angular velocity: @ = R'R

@ Velocity on SE(3): [
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Free Rigid body
Equations of motion in the local frame (on the Lie group)
H =Hv
f(H,v,v) = MV — V' Mv =04,

@ u] =V € 5¢(3)
Linear velocity: u = R™x,  Angular velocity: @ = R'R

@ Mindependent of position and orientation — invariance of inertia
forces

@ Velocity on SE(3): [

@ Implicit Lie group Tl using a constant velocity field

Hp+1 = Hyexp (hVn44) (local parametrization)
f(Hn+17 Vi1, Vn+1) =0

Generalized-«o, Runge-Kutta, Multistep... [4, 5, 6]



Geometrically exact beam

Objective strains for free:

Reference configuration

Current configuration

Hoc(s) = Hoc(s)fc : ()}
RT xl L i(/'(s)}
ec=fc—fr= [RTOCRQC] —fr %’
ocRoc o -

Inertial frame

Continuous formulation

@ The left invariant derivative on SE(3) automatically yields the
classical deformation measures [7]

@ EOM represented in the local frame
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Geometrically exact beam

Local parametrization element by element [8]

@ Interpolation formula

Hoc(s) -
MNHOB Hoc(s) = Hoa eXpSE(3)(SEC)

k @ Discrete deformation
o

logse(s) (Has)
be=—"1 "

Discretization
@ Extension of 1st order interpolation to a non-linear space
@ Natural coupling of translation and rotation (no locking)
@ Depends on relative configuration (frame invariant + implicit)

@ Geometric nonlinearities decrease with mesh refinement
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Pure bending example

0.4 2 elements, 4 iterations 0.4 10 elements, 3 iterations
—+— Exact integration —+— Exact integration
= Analytic solution = Analytic solution

0.31 —=— Reduced integration 0.31 —=— Reduced integration
== SE(3) formulation == SE(3) formulation

El
L = 1m, r = 0.01m, E = 210GPa, v = 0.3, M = 6—me
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Pure bending example

0.4 2 elements, 4 iterations 0.4 10 elements, 3 iterations
—+— Exact integration —+— Exact integration
= Analytic solution = Analytic solution

0.31 —=— Reduced integration 0.31 —=— Reduced integration
== SE(3) formulation == SE(3) formulation
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El
L = 1m, r = 0.01m, E = 210GPa, v = 0.3, M = 6—me

@ Classical reduced integration trick to avoid shear locking not
needed

@ Less iterations with finer mesh (less non-linear)
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Contact kinematics and constraint gradient

Association of two frames Hoc, Hor at the potential contact location.
The variations are

SHoc = Hocdmre, Hor = Hopd e Jloc

g:l'/"c, S:T/FF € 5e(3), om = |:57TC:| c R™ Ho,
(STI'F 2

14/36



Contact kinematics and constraint gradient

Association of two frames Hoc, Hor at the potential contact location.
The variations are

SHoc = Hocdmre, Hor = Hopd e Jloc

g:l'/"c, S:T/FF € 5e(3), om = |:57TC:| c R™ Ho,
(STI'F 2

Unilateral restriction of relative motion
g(Her) >0

Direction of the contact force in the local frame given by constraint
gradient

53(HCF) = G(HCF)57T
Invariance property

@ The local constraint gradient only depends on relative quantities
(Hcr)
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Contact kinematics and constraint gradient

Thin circular beam [9]:

g(HOC, HOF) = HXOF — XOCH — 2r slave: e
—Mn¢
T —
G (Hoc, Hor) = [MRBFROCnC]

Normal in the local frame:

Xor — Xoc
n(Hoc, Hor) = R5C|(|XOF_XOC’)
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Contact kinematics and constraint gradient

Thin circular beam [9]:

g(HOC, HOF) = HXOF — XOCH — 2r slave: e
—Mn¢
T —
G (Hoc, Hor) = [MRBFROCnC]

Normal in the local frame:

Xor — Xoc
n(Hoc, Hor) = R5C|(|XOF_XOC|)

It may be verified that:

R*Xor — X* — R*X x*
n®(H*Hoc, H*Hor) = RECR*T (R"xor oc X

IR*XoF — X* — R*Xoc + X*||

—RLe (RRY) (xor ~ o)
[IR*(xor — Xoc)l

= n“(Hoc, Hor)
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Contact kinematics and constraint gradient

Thin circular beam [9]:

g(HOC, HOF) = HXOF — XOCH — 2r slave: e
—Mn¢
T —
G (Hoc, Hor) = [MRBFROCnC]

Normal in the local frame:

Xor — Xoc
n(Hoc, Hor) = R5C|(|XOF_XOC|)

It may be verified that:

R*Xor — X* — R*X x*
n®(H*Hoc, H*Hor) = RECR*T (R"xor oc X

IR*XoF — X* — R*Xoc + X*||

—RLe (RRY) (xor ~ o)
[IR*(xor — Xoc)l

= n“(Hoc, Hor)

and thus the gradient is invariant: ~ G”(H*Hoc, H*Hor) = G’ (Hoc, Hor)
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Beam contact

See [9] and [10]
@ Mortar formulation for contact between beams
@ Augmented Lagrangian approach
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Concluding remarks

Multibody Systems in SE(3):

@ Possibility to formulate a wide range of components: rigid, flexible,
joints, contact, superelements, structural optimization

@ Elegant, intrinsic equations with decreased non-linearities
@ Global parametrization issues circumvented, no locking
@ Discrete EOMs and iteration matrix are invariant. It also remains

true for contact problems
Perspectives on the beam contact side:

@ Upscaling towards more complex assemblies
@ Dynamic problems with impacts

@ Friction
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The SE(3) Lie group framework for flexible
multibody systems with contact
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Appendix: local, floating, corotational frame

@ Local frame
» Follow from the kinematice assumption (rigid, beam, shell)
» At the continuous level it exists everywhere on the body. Several
local frames may coexist in one finite element
» Nodal quantity (FE assembly)
» The equilibrium equations are written in these frames
@ Corotational frame
» Additionally defined
» Unique and internal to each element (no assembly)
» Ultimately the equations are solved in the inertial frame
(corotational frame is only intermediate)
@ Floating frame
Defined from rigid body coordinates
The motion is splitted into rigid and flexible coordinates
Unique for the whole body
Ultimately the equations are again solved in the inertial frame

v

vvyy
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