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Supervised by:

Prof. Dr. Matthieu Verstraete

Submitted to the University of Liège for the degree of
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Abstract

Cette thèse traite du domaine de la dynamique du réseau anharmonique, avec

un accent particulier sur la précision des calculs et des grandeurs associées. Une

attention spéciale est portée à la conductivité thermique du réseau et aux systèmes

bidimensionnels, en raison de leur importance dans les applications de gestion

thermique et d’efficacité énergétique.

Nous commençons par dériver une nouvelle théorie de la dynamique du réseau

anharmonique fondée sur le formalisme de l’opérateur de projection de Mori-

Zwanzig et la théorie du couplage de modes. Cette dérivation est formellement

exacte, inclut les effets quantiques nucléaires et l’anharmonicité selon les choix

de l’utilisateur, et reste exacte en pratique pour la partie conservative de la dy-

namique, ne nécessitant des approximations que pour la partie dissipative. Une

théorie du transport thermique basée sur cette formulation de la dynamique du

réseau est également développée, fournissant un cadre cohérent pour comprendre

et prédire le transport thermique médié par les phonons dans les solides. Des

applications sont proposées pour plusieurs systèmes, avec un accent particulier

sur le nitrure de bore hexagonal en monocouche qui, en raison de ses propriétés

de symétrie, nécessite la prise en compte d’interactions à quatre phonons. Une

dérivation supplémentaire de conditions de conservation de l’énergie compati-

bles avec le théorème fluctuation-dissipation est proposée, constituant un change-

ment de paradigme dans la compréhension de la conductivité thermique dans des

systèmes possédant de grandes bandes interdites phononiques, tels que l’arséniure

de bore.

Enfin, les propriétés diélectriques dépendantes de la température ainsi que la

conductivité thermique du réseau dans le nitrure de bore hexagonal massif sont

étudiées. Nous trouvons à nouveau un accord qualitatif avec les expériences, en

améliorant les résultats existants de deux manières : les propriétés diélectriques

sont calculées sans interactions à quatre phonons grâce à l’utilisation de phonons

renormalisés, et la conductivité thermique est trouvée en accord à la fois pour les

composantes dans le plan et hors du plan, où les interactions à quatre phonons

jouent un rôle crucial.
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Par ce travail, nous faisons progresser de manière significative le domaine de

la dynamique du réseau anharmonique, en fournissant non seulement des cadres

théoriques, mais aussi des exemples concrets où nos améliorations par rapport

aux approches actuelles s’avèrent précieuses, mettant en lumière les avantages de

nos méthodes théoriques et computationnelles novatrices.
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Abstract

This thesis addresses the field of anharmonic lattice dynamics, with particular

focus on the accuracy of these calculations and their related quantities. Special

attention is given to the lattice thermal conductivity and 2D systems, due to its

importance in heat management and energy efficiency applications.

We start by deriving a novel theory of anharmonic lattice dynamics based on

the Mori-Zwanzig projection operator formalism and mode-coupling theory. This

derivation is formally exact, includes nuclear quantum effects and anharmonicity

to the user’s discretion, and remains exact in practice for the conservative part of

the dynamics, only requiring approximations to be made on the dissipative part.

A theory of thermal transport based on this formulation of lattice dynamics is

also derived, providing a consistent framework for understanding and predicting

phonon-mediated heat transport in solids. Applications are provided for several

systems, with particular focus on monolayer hexagonal boron nitride which due

to its symmetry properties requires up to 4-phonon scattering to be taken into ac-

count. A further derivation of fluctuation-dissipation theorem compliant energy

conservation conditions is given, providing a change of paradigm in the under-

standing of the thermal conductivity in systems with wide phonon band-gaps

such as boron arsenide.

Finally, the temperature dependent dielectric properties and lattice thermal

conductivity of bulk hexagonal boron nitride are studied. We again find quali-

tative agreement with experiments, improving existing results in two ways: the

dielectric properties are computed without 4-phonon interactions due to the use

of renormalized phonons, and the thermal conductivity is found to be in agree-

ment both in the in-plane and the out-of-plane components, where the 4-phonon

interactions are of great importance.

With this work we advance the field of anharmonic lattice dyanmics signif-

icantly, providing not only frameworks but also concrete examples where our

improvements on the state of the art approaches are of great value, showcasing

the advantages of our novel theoretical and computational methods.
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Part I

Introduction
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The field of lattice dynamics, which focuses on the many-body atomic problem

in crystals, is fundamental to understand and predict several important physical

quantities. Despite originating over a century ago and having been understood

for about as long, its great degree of complexity has led the scientific community

to develop new theories and methods on how to tackle it at an increasing rate

over the last decades. Phonon-centric methods in particular have been greatly im-

proved in comparison to the longstanding harmonic theory, with new approaches

capable of including the effects of temperature and anharmonicity in great detail,

substantially closing the gap between theoretical predictions and experimental

measurements. Combined with the ever-increasing accessibility of powerful com-

puters, the ability to perform simulations of large and complex structures with

great accuracy has revolutionized the scope of applications of lattice dynamics’

many sub-fields.

One major sub-field of interest is thermal transport. With the lattice thermal

conductivity as its central property, it is extremely important to a broad range of

relevant applications in current energetic and heat management problems. These

require a fundamental understanding of phonon behaviour as the main quasi-

particles carrying heat in solids. While the theoretical foundations of thermal

transport were laid with those of lattice dynamics, the computational advance-

ments and techniques allowing for predictive simulations of the lattice thermal

conductivity have been developed only in the XXIst century. Since then, the

field has evolved quickly, and currently benefits from the numerous sophisticated

molecular dynamics and phonon simulation techniques, enabling unprecedented

precision in predicting and tailoring thermal properties for materials design. In

particular, the ability to include 4-phonon scattering in thermal conductivity

simulations has only become possible in the past few years. This has led to a

completely new understanding of paradigmatic materials such as graphene, but

also a critical re-evaluation of established thermal conductivity models, and a

more robust predictive capability for disordered and high-temperature systems.

The aim of this thesis is to explore thermal transport and anharmonic phonon

properties, through the lens of a new approach to lattice dynamics, the mode-

coupling theory. Based on the Mori-Zwanzig projection operator formalism and

using results from linear response theory, it formulates a generalized Langevin
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equation separating the phonon dynamics into a static and a memory-dependent

dynamic part. This approach leads to an exact formulation of the anharmonic

phonon spectral functions. This enables the construction of a systematic per-

turbative expansion of the renormalized interatomic force constant via a mode-

coupling approach: each successive order is built in a way that minimizes the

following ones. This formalism is of particular importance as it provides for a

formal framework for the temperature dependent effective potential (TDEP), one

of the methods in the forefront of renormalized phonon calculations. It also ex-

tends TDEP to include nuclear quantum effects, a previously unjustified level of

approximation for its molecular dynamics based formulation.

The manuscript is organized as follows. In the first part, an overview of

phonons and anharmonicity is provided, from the harmonic theory and its pertur-

bative expansion to the two most prominent approaches to renormalized phonon

simulations: the self consistent harmonic approximation (SCHA) and TDEP. A

review of thermal transport theory follows in the quasiparticle picture through the

relaxation time approximation (RTA) and the iterative solution to the Boltzmann

transport equation (IBTE) and in the Green-Kubo approach, when this picture

is allowed to break. A discussion of the thermal conductivity in two-dimensional

systems is provided, exploring the intricacies specific to these systems in detail.

In the second part, the results of this thesis are presented. In the first four

sections, the articles associated to this work are provided. The first, titled ”Mode-

coupling theory of lattice dynamics for classical and quantum crystals” deals with

the derivation of the aforementioned approach to lattice dynamics. The second,

”Mode-coupling formulation of heat transport in anharmonic materials”, estab-

lishes a framework based on mode-coupling theory that allows for thermal con-

ductivity to be accurately computed in this approach. The third, ”Fluctuation-

dissipation and virtual processes in interacting phonon systems”, builds on the

fact that standard energy conservation conditions based on Dirac delta functions

break the fluctuation-dissipation theorem, and derives new conditions based on

self-consistent Lorentzians that ensure its global instead of microscopic conser-

vation. In the fourth, ”Thermal Conductivity Of Monolayer Hexagonal Boron

Nitride: Four-Phonon Scattering And Quantum Sampling Effects”, path inte-

gral molecular dynamics (PIMD) and 4-phonon scattering are used to explore
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the temperature dependence of thermal conductivity in this system, as well as

the degree of impact these effects have. Finally, a fifth section is included com-

prising a study of the temperature dependent dielectric properties and thermal

conductivity of bulk hexagonal boron nitride, and is unpublished work.

After discussing our results, a conclusion with a summary of the thesis and

future outlooks on the subject is provided. Lastly, two appendixes are included,

in order to provide supporting text on the topics of machine-learning interatomic

potentials (MLIPs) and molecular dynamics.
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1

Phonons And Anharmonicity

1.1 Harmonic Phonons And Perturbative Ex-

pansion

In the absence of external perturbations, the Hamiltonian for a many-body system

in quantum mechanics is given by

Ĥ = T̂e + V̂ee + V̂en + T̂n + V̂nn , (1.1)

where the indices e correspond to the electrons involvement in the operator and

the n to the nuclei. The electron’s kinetic energy operator is given by

T̂e =
∑

i

p̂2i
2me

, (1.2)

with pi andme the electron’s momentum and mass respectively, while the Coulomb

potential responsible for the electron repulsion phenomena is given by

V̂ee =
∑

i̸=j

e2

|r⃗i − r⃗j|
, (1.3)

where r⃗I and r⃗J are the electron’s position operators. Similarly, the nuclei’s

kinetic energy operator is given by

T̂n =
∑

I

p̂2I
2mI

, (1.4)
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1. PHONONS AND ANHARMONICITY

where the capital indices now represent the sum over all nuclei instead, while the

corresponding Coulomb repulsion is now modified by the nuclear charge:

V̂nn =
∑

I ̸=J

ZIZJe
2

|r⃗I − r⃗J |
. (1.5)

Finally, the Coulomb attraction potential between electrons and nuclei is given

by

V̂en = −
∑

i̸=J

ZJe
2

|r⃗i − r⃗J |
. (1.6)

Given the large difference between the electron and nuclei masses, we can for

most problems apply the Born Oppenheimer approximation to the many-body

problem [9], and thus consider the dynamics of the electrons to be independent to

that of the nuclei. In practice, this implies first separating the full Hamiltonian

into an electronic and nuclear components

Ĥ = Ĥe + Ĥn , (1.7)

with Ĥe = T̂e + V̂ee + V̂en and Ĥn = T̂n + V̂nn, and then solving the electronic

many-body problem for a fixed geometry, with the nuclei’s positions r⃗J being

parameters of the electron wavefunction:

Ĥe(r⃗i, r⃗J)Ψe(r⃗i, r⃗J) = Ee(r⃗J)Ψe(r⃗i, r⃗J) . (1.8)

With the electronic energy in hand, one can then finally solve the many-body

problem within the Born-Oppenheimer approximation:

(
Ĥn(r⃗I) + Ee(r⃗I)

)
Ψn(r⃗I) =

(
T̂n + V̂nn(r⃗I) + Ee(r⃗I)

)
Ψn(r⃗I) = EtotΨn(r⃗I) .

(1.9)

By solving equation 1.8 and 1.9 for a set of nuclear configurations, one obtains

the nuclei’s dynamics as governed by their kinetic energy Tn and an effective

Born-Oppenheimer potential energy surface (PES):

VBO(r⃗I) = Ee(r⃗I) + Vnn(r⃗I) (1.10)
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1.1 Harmonic Phonons And Perturbative Expansion

While in general this is a very complicated operator, a simple starting point

is easy to find. Given that we are interested in crystalline systems, where each

nuclei vibrates around an equilibrium position, we can begin by assuming that

the nuclear displacement around this position is small, and expand the PES in a

Taylor series:

VBO(r⃗) ≈ VBO(r⃗
0) +

∑

I

(
∂VBO

∂r⃗I

)

r⃗0
u⃗I +

1

2

∑

IJ

(
∂2VBO

∂r⃗I∂r⃗J

)

r⃗0
u⃗I u⃗J + ... (1.11)

where the derivatives are evaluated around the equilibrium positions r⃗0 and u⃗I,J

are the displacements of each nuclei around this configuration. Since the equi-

librium position represents at least a local minimum of the Born-Oppenheimer

PES, the first derivative of the Taylor expansion is zero. If one then truncates

1.11 at second-order, VBO is then approximated by a harmonic potential and can

be simplified to

VBO(r⃗) ≈ VBO(r⃗0) +
1

2

∑

IJ

ϕ
(2)
IJ u⃗I u⃗J , (1.12)

with the ϕ
(2)
IJ the second-order interatomic force-constants (IFCs), governing the

strength of the coupling between nuclei in their motion. Within this harmonic

approximation, we can now write the nuclear Hamiltonian as

H =
∑

I

p⃗2I
2mI

+
1

2

∑

IJ

ϕ
(2)
IJ u⃗I u⃗J . (1.13)

At this point we drop the index n from the Hamiltonian, as this will be our

Hamiltonian of interest from here on out. The index BO will also be dropped

from VBO, as that will be the potential energy operator of interest moving forward

as well. It is worth noting, however, that this need not be the case as one can

go beyond the Born-Oppenheimer approximation and work instead with a non-

adiabatic PES in which coupling between electronic and nuclear wavefunctions

is included via derivative terms. An example is electron-phonon coupling when

computed from time-dependent density functional theory (TDDFT) [66] where

the matrix-element

9



1. PHONONS AND ANHARMONICITY

Λkk′
µ =

〈
Ψk

e

∣∣∣∣
∂Vel

∂uq,s

∣∣∣∣Ψk′
e

〉
(1.14)

defines the strength of this coupling, and which are essential to study phenomena

such as superconductivity or polarons.

As the Hamiltonian in 1.13 represents a system of coupled harmonic oscil-

lators, our goal is to simplify it into an uncoupled one through a normal mode

projection. This is done in two steps: first, by introducing mass-weighted coor-

dinates, i.e. by defining

UI =
√
mIuI (1.15)

PI =
√
mIpI (1.16)

ΦIJ =
1√

mImJ

ϕIJ , (1.17)

and therefore re-writing the Hamiltonian as [8, 106]

H =
∑

I

P⃗ 2
I

2
+

1

2

∑

IJ

Φ
(2)
IJ U⃗IU⃗J ; (1.18)

then, by decoupling the system and solving the eigenvalue problem for Φ
(2)
IJ , i.e.

by re-writing the second-order IFCs in their normal mode decomposition

Φ
(2)
IJ =

∑

λ⃗

Ω2
λ⃗
ε⃗I,λ⃗ε⃗J,λ , (1.19)

where the super-index λ⃗ = (q⃗, s) represents both the phonon’s crystal momentum

and mode. By performing this projection, our system is now decoupled into

independent harmonic oscillators, represented by the normal modes of the second-

order IFCs, and the Hamiltonian is now written as their sum:

H =
1

2

∑

λ⃗

(
P 2
λ⃗
+ Ω2

λ⃗
U2
λ⃗

)
. (1.20)

This is the simplest form of the phonon Hamiltonian, its harmonic form, where

each quasiparticle is represented as a normal mode s with momentum q and

frequency Ωλ⃗.

10



1.1 Harmonic Phonons And Perturbative Expansion

This fact is made clearer when one quantizes the phonon Hamiltonian. First,

we introduce the phonon annihilation and creation operators

aλ⃗ =

√
Ωλ⃗

2
Uλ⃗ −

i√
2Ωλ⃗

Pλ⃗ (1.21)

a†
λ⃗
=

√
Ωλ⃗

2
Uλ⃗ +

i√
2Ωλ⃗

Pλ⃗ , (1.22)

and their inverse transformations

Uλ⃗ =
1√
2Ωλ⃗

(
aλ⃗ + a†

−λ⃗

)
(1.23)

Pλ⃗ = −i

√
Ωλ⃗

2

(
aλ⃗ − a†

−λ⃗

)
, (1.24)

where we define −λ⃗ = (−q⃗, s, )and then we substitute them into the Hamiltonian,

obtaining

H =
∑

λ⃗

Ωλ⃗

(
1

2
+ a†

λ⃗
aλ⃗

)
=
∑

λ⃗

Ωλ⃗

(
1

2
+Nλ⃗

)
, (1.25)

with Nλ⃗ = a†
λ⃗
aλ⃗ the number operator, which counts the number of phonons in

mode λ with momentum q, and 1
2
Ωλ⃗ the zero-point energy of each mode.

While extremely simple and surprisingly successful, the harmonic theory of

phonons is obviously not sufficient to describe all properties of solids, and in fact

cannot predict some of them for very fundamental reasons. The lattice thermal

conductivity, for example, is infinite under this approximation, as phonons are

considered as non-interacting and without scattering they have infinite lifetimes.

Another example is the temperature dependence of the phonon frequencies, an

experimentally observed phenomenon that impacts all phonon properties and

even their interaction with other quasiparticles. This effect, however, cannot be

captured in the harmonic theory, as they are temperature independent at that

level. In order to reconcile with experimental observation, one needs to go beyond

the harmonic theory and introduce phonon anharmonicity.
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1. PHONONS AND ANHARMONICITY

We start by recalling the Taylor expansion of the potential energy, and now

add an extra term explicitly:

VBO(r⃗) ≈ VBO(r⃗
0) +

1

2

∑

IJ

(
∂2VBO

∂r⃗I∂r⃗J

)

r⃗0
u⃗I u⃗J + (1.26)

+
1

6

∑

IJK

(
∂3VBO

∂r⃗I∂r⃗J r⃗K

)

r⃗0
u⃗I u⃗J u⃗K ... .

All extra terms after the quadratic one are known as anharmonic, with the third-

order derivative of the potential known as the first of the higher-order IFCs, now

governing the interaction strength of triplets of atoms. In the same fashion as for

the harmonic case, one can write in mass-weighted coordinates

H =
∑

I

P⃗ 2
I

2
+

1

2

∑

IJ

Φ
(2)
IJ U⃗IU⃗J +

1

6

∑

IJK

Φ
(3)
IJKU⃗IU⃗J U⃗K (1.27)

and in phonon operator terms

H =
∑

λ⃗

Ωλ⃗

(
1

2
+ a†

λ⃗
aλ⃗

)
+
∑

λ⃗1,λ⃗2,λ⃗3

Φ
(3)

vecλ1λ⃗2λ⃗3

(
aλ⃗1

+ a†
λ⃗1

)(
aλ⃗2

+ a†
λ⃗2

)(
aλ⃗2

+ a†
λ⃗3

)
,

(1.28)

where the Φ(3) are given by

Φ
(3)

λ⃗1λ⃗2λ⃗3
=
∑

IJK

∑

αβγ

εα
I,λ⃗1

εβ
J,λ⃗2

εγ
K,λ⃗3√

mImJmK

√
Ωλ⃗1

Ωλ⃗2
Ωλ⃗3

Φαβγ
IJKe

i(q⃗1·r⃗I+q⃗2·r⃗J+q⃗3·r⃗K) . (1.29)

Inspecting 1.1, one can easily see the extra processes that are being included.

While the harmonic term simply counts the number of phonons for each mode

and sums their energies together with the zero-point energy, the anharmonic

term allows for dissociation processes (for example a†
λ⃗1
aλ⃗2

aλ⃗3
where phonon λ⃗1 is

created and phonons λ⃗2 and λ⃗3 are annihilated) and coalescence processes (for

example a†
λ⃗1
aλ⃗2

aλ⃗3
where phonons λ⃗2 and λ⃗3 are annihilated and give origin to

phonon λ⃗1). These two kinds of cases are both parts of the umbrella of three-

phonon scattering processes, and constitute the lowest order of phonon-phonon

12



1.1 Harmonic Phonons And Perturbative Expansion

interactions. With this level of theory, we are now able to obtain finite phonon

lifetimes and therefore a finite thermal conductivity, as well as a renormalization

of the phonon frequencies as the phonon self-energy is now non-zero. Considering

that the perturbations are small in order for the expansion to hold, the phonon

spectral function is Lorentzian in shape, and its self energy is given by

Σλ⃗ = ∆λ⃗ + iΓλ⃗ , (1.30)

with ∆λ⃗ and Γλ⃗ its real and imaginary parts respectively. Using the Fermi golden

rule, the imaginary part of the self-energy can be obtained at a 3-phonon scat-

tering level as

Γλ⃗1
=

ℏπ
16

∑

λ⃗2λ⃗3

∣∣∣Φ(3)

λ⃗1λ⃗2λ⃗3

∣∣∣
2
[ (

nλ⃗2
+ nλ⃗3

+ 1
)
δ
(
Ωλ⃗1

− Ωλ⃗2
− Ωλ⃗3

)

+ 2
(
nλ⃗2

− nλ⃗3

)
δ
(
Ωλ⃗1

− Ωλ⃗2
+ Ωλ⃗3

) ]
, (1.31)

where nλ⃗ = (exp(βH)−1)−1 is the Bose-Einstein distribution for the phonon ther-

mal occupations and the delta functions ensure energy conservation in individual

scattering processes. Phonon lifetimes can then be obtained as

τλ⃗ =
1

2Γλ⃗

. (1.32)

The real part of the self-energy, on the other hand, is obtained by performing a

Kramers-Kronig transformation on the imaginary part.

In the same fashion as third-order scattering was included in the phonon

Hamiltonian, successive higher-order terms can be incorporated as well. These

share the same functional form, but involve higher-order IFCs and extra sums

of phonon creation and annihilation operators for increasing numbers of modes.

If the Taylor expansion is extended to infinite order one then recovers an exact

theory of phonon dynamics, so long as the nuclei vibrate along their equilibrium

positions and the expansion holds. One could then compute the IFCs to any order

by simply performing finite differentiation of the Born-Oppenheimer potential en-

ergy surface, with the order-N finite differences corresponding to the order-N IFC.

13



1. PHONONS AND ANHARMONICITY

While seemingly simple and, as we will see shortly, superseded, finite differences

approaches are still in widespread use and constitute a major workhorse in many

phonon calculations to this day. They are, however, not without drawbacks.

While perturbation theory is a very powerful tool for dealing with phonon

anharmonicity, it faces systematic issues when applied to realistic systems. For

starters, a perturbative approach to an interacting particle problem always as-

sumes that the perturbation is small when compared to the non-interacting

Hamiltonian (in the phonon case, the harmonic one). This assumption, how-

ever, breaks down when the systems being studied exhibit strong anharmonicity,

like the cases of chalcogenides or perovskites even near room temperature, or

many other systems at large temperatures where atomic displacements around

their equilibrium positions become very large [27, 58, 92, 98]. Furthermore, har-

monic perturbative theories are not equipped to handle structural or dynamical

instabilities that some systems possess (for example when near phase transitions),

as they are built to compute real-valued frequencies around a stable minimum of

the potential energy surface. When the harmonic ground state is unstable and

phonon frequencies become imaginary, the perturbative approach is no longer

valid and other approaches need to be applied that in some capacity are able to

capture the correct stable configuration [29, 87, 93].

Finally, perturbation theory fails to account for the inherent temperature de-

pendence of phonons and instead works off of a T = 0K potential energy surface

to compute all properties. In reality, temperature impacts all phonon dependent

quantities, either implicitly via the thermal expansion of the unit-cell and super-

cell, which impacts the phonon frequencies with its contraction or expansion due

to the asymmetry of the potential energy surface, or explicitly in the frequency

shifts and finite lifetimes and their explicit dependence on temperature. In order

to properly capture these effects, a proper sampling of the phase space for the sys-

tem needs to be employed, either via a molecular dynamics (MD) based approach

where the true anharmonic potential drives the dynamics and thus all orders of

anharmonicity and temperature are implicitly included, or self-consistent phonon

theories where the best effective potential that can include the aforementioned

effects is computed instead using the T= 0K one. These approaches will be the

subject of the next section.
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1.2 Renormalized Phonon Theories

1.2 Renormalized Phonon Theories

1.2.1 Self Consistent Harmonic Approximation

The Self Consistent Harmonic Approximation (SCHA)[51] , most commonly used

in its stochastic form (sSCHA) [7, 67], is a non-perturbative theory of phonon

renormalization that relies on the minimization of the Helmholtz free energy

in order to find the best effective harmonic Hamiltonian for a given system at

finite temperature. Within this approach, not only is anharmonicity included

taking temperature into account, but also nuclear quantum effects, allowing for

a rigorous treatment even for systems at low temperatures or containing light

atoms.

At its core, the SCHA is rooted on the Gibbs-Bogoliubov variational principle,

where the exact Helmholtz free energy F of the system bounds all trial free

energies from below. As such, given a trial density-matrix ρ′, at fixed volume,

temperature and number of atoms we have that

Fρ ≤ Fρ′ = Eρ′ − TSρ′ , (1.33)

where ρ and ρ′ are the true and the trial density matrices respectively, and Eρ′ =

Tr (ρ′H) is the total energy. This inequality implies that if one chooses any trial

density-matrix, one can then optimize it in order to minimize the free-energy,

and the parameters of ρ′ such as the atomic positions will be the optimal ones

for a fixed finite temperature. In the SCHA, a constraint is imposed such that

ρ′ is a gaussian distribution, thus mapping the system at equilibrium to a trial

harmonic Hamiltonian:

H̃0 =
∑

I

P⃗ 2
I

2
+

1

2

∑

IJ

Φ̃
(2)
IJ (r⃗I −

⃗⃗
RI)(r⃗J − ⃗⃗

RJ) (1.34)

In the SCHA trial Hamiltonian R⃗ and Φ̃(2) correspond to the trial effective equi-

librium positions of the system’s atoms and the trial harmonic IFCs, and are pa-

rameters that uniquely define the trial density-matrix ρ′. The SCHA Helmholtz

free energy is then
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1. PHONONS AND ANHARMONICITY

FSCHA[{R⃗}, {Φ̃(2)}] = Eρ′
R⃗,Φ̃(2)

− TSρ′
R⃗,Φ̃(2)

= Kρ′
R⃗,Φ̃(2)

+ V ({R⃗})ρ′
R⃗,Φ̃(2)

− TSρ′
R⃗,Φ̃(2)

.

(1.35)

By applying 1.33, the best SCHA free energy is given by minimizing 1.35 with

respect to the trial density-matrix’s parameters {R⃗} and {Φ̃(2)}. As the trial

Hamiltonian is harmonic, the kinetic energy and entropy are analytic functions

of the trial harmonic IFCs {Φ̃(2)}. This means that the only unknown in 1.35 is

the exact potential energy evaluated at the trial harmonic ensemble, which needs

to be computed in an ab-initio fashion.

The minimum of FSCHA is finally obtained when it is stationary with respect

to the trial parameters, i.e. when

∂FSCHA

∂
⃗⃗
RI

=

〈
−∂V ({R⃗})

∂r⃗I

〉

ρ′
R⃗,Φ̃(2)

= 0 (1.36)

∂FSCHA

∂Φ̃
(2)
IJ

= 0 →
〈
∂2V ({R⃗})
∂r⃗I r⃗J

〉

ρ′
R⃗,Φ̃(2)

= Φ̃
(2)
IJ . (1.37)

The first equation states that the thermal average of the forces on each atom

vanish at the optimal trial R. This establishes the equilibrium structure of the

system at finite temperature, and will therefore include not only the effect of

thermal expansion but also any kind of structural deformations. The second

equation, on the other hand, establishes the harmonic IFCs as the thermal average

of the second derivative of the full anharmonic potential energy surface evaluated

at the trial density-matrix. This allows for both temperature and anharmonicity

to renormalize the phonon frequencies, no longer constraining them to be the

curvature at the minimum of the T=0K Born-Oppenheimer potential energy

surface, and now implicitly absorbing higher-order effects due to quantum and

thermal fluctuations. For pathological cases where the harmonic theory predicts

imaginary phonon frequencies, the SCHA will systematically renormalize them

to be real and stable, as well as incorporate thermal expansion in a natural

fashion, and therefore overcoming harmonic theory’s major limitations. It is

however important to note that while the frequencies that arise from the SCHA
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trial IFCs are renormalized, they do not hold physical meaning by themselves,

and further corrections need to be made before being able to compare them to

experiments. By themselves, they are simply a parameter required for the free

energy minimization. This topic will be addressed later in this section.

1.37 establishes a self consistent equation that gives name to the theory, and

allow for a procedural solution as follows. First, one starts with an initial guess

for the trial parameters, such as the T=0K positions for the atoms and the

corresponding harmonic IFCs, phonon frequencies and eigenvectors. The thermal

averages at these trial parameters are then computed. In the standard SCHA

approach, this is the most challenging bottleneck to overcome, as it requires

multi-dimensional integration to be performed, either an explicitly or numerically.

The trial parameters are then updated to satisfy 1.36 and 1.37, for example via

a gradient descent approach, giving rise to new trial atomic positions and trial

IFCs. The process is then repeated until self-consistency is obtained.

Compared to the traditional SCHA, the sSCHA provides an improvement

on the thermal averaging step of the self-consistent procedure, by employing a

stochastic sampling approach. Instead of analytical thermal integration, a Monte

Carlo scheme is used, where a number of super-cell configurations are generated to

perform the averaging according to the Gaussian functional form of the density-

matrix. The atomic displacements for a thermalized configuration are then given

by

u⃗I =
∑

λ⃗

εI,λ⃗⟨Aλ⃗⟩χ , (1.38)

where χ is a uniform randomly distributed number and ⟨Aλ⃗⟩ is the thermal pref-

actor, classically

⟨Aλ⃗⟩ =
1

Ωλ⃗

√
1

βm
, (1.39)

where β = 1
kBT

and kB is the Boltzmann constant, and in the quantum case

⟨Aλ⃗⟩ =
√

2nλ⃗ + 1

2mΩλ⃗

(1.40)
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In order to improve the accuracy of the integration, the displacement in the in-

verse direction can also be generated and it will be a valid configuration as well,

since the Gaussian distribution is a symmetric one. By stochastically generating

the canonical ensemble, the computational requirement for the thermal integra-

tions reduces drastically, and the SCHA becomes a reliable, accurate method for

obtaining the thermal expansion and temperature-dependent phonon properties

from the free energy of the system.

Within the SCHA approach there is, however, the caveat that the optimized

trial IFC does not lead to the physical renormalized phonon frequencies, and the

Φ̃(2) obtained at the end of the self-consistent procedure are simply the optimized

trial force-constants required to minimize the free energy. It is, however, possible

to show that one can obtain these quantities by instead relying on the Hessian

of the free-energy at the equilibrium configuration, making this quantity the

generalized harmonic dynamical matrix in the SCHA context, which now includes

both anharmonic and nuclear quantum effects.

Up to this point we have dealt with the SCHA purely as an approach that

improves upon the harmonic theory’s limitations by providing an accurate ther-

mal expansion, renormalized phonon frequencies, and the Helmholtz free energy.

It is possible, however, to also expand the SCHA in a perturbative way and thus

obtain other important quantities that rely on higher-order IFCs like the phonon

lifetimes. This is done just like in the harmonic theory’s case, with improved

results coming from the fact that at a basic level the SCHA’s renormalization

ensures that the higher-order terms are smaller than in the former’s case, making

perturbation theory more reliable and well grounded. This means that quantities

like the lattice thermal conductivity will be more accurate by using the SCHA,

providing another advantage over the harmonic theory.

The SCHA is not, however, without limitations. While the assumption of a

Gaussian canonical ensemble is reliable and often produces good results, this func-

tional form does not hold for all systems. In particular, extremely anharmonic or

high temperature systems, where the baseline effective harmonic approach is not

sufficient, and the density matrix strongly deviates from a normal distribution,

are pathological for such an approach. Furthermore, the fact that higher-order

IFCs are required to obtain the Hessian of the free energy, and consequently the
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renormalized phonon frequencies, is an expensive procedure, and one would pre-

fer to stay at the harmonic level to compute the effective harmonic properties.

An alternative approach to renormalized phonons that combats these problems

is the subject of the next section.

1.2.2 Temperature Dependent Effective Potential

The temperature dependent effective potential (TDEP) method [41, 42, 43], sim-

ilarly to the SCHA, is an alternative approach to phonon renormalization. First

introduced by Hellman et al. in 2011, its goal is to use MD simulations, whether

ab initio or driven by MLIPs, in order to sample phase space with temperature

dependency and phonon anharmonicity to all orders. By doing so, the density-

matrix is no longer constrained to a Gaussian distribution as in the SCHA, al-

lowing for systems with larger and more complex anharmonicity to be handled

without sacrificing accuracy. Furthermore, effective harmonic properties like the

renormalized phonon frequencies are obtained without having to resort to higher

than second-order IFCs. In contrast to the SCHA, however, the approach was

introduced purely for classical MD simulations, thus not allowing for the inclusion

of nuclear quantum effects, making it less reliable for systems where the simu-

lation temperature is much lower than their Debye temperature. Relaxing this

constraint is not a trivial matter, and is thoroughly explored in 3.1 .

In order to derive TDEP’s formalism, our starting point is again an effective

harmonic Hamiltonian:

H̃0 = U0 +
∑

I

P⃗ 2
I

2
+

1

2

∑

IJ

Θ
(2)
IJ U⃗IU⃗J , (1.41)

where the TDEP effective harmonic IFCs are written as Θ
(2)
IJ . The corresponding

effective harmonic forces fI are then

f⃗I = −
∑

J

Θ
(2)
IJ U⃗J . (1.42)

The TDEP IFCs Θ(2) are then obtained by minimizing the difference between the

effective harmonic forces and those from the MD simulation:
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Θ(2) = min
Θ(2)

{
1

Ntot

Ntot∑

t=1

∣∣∣f⃗MD
t +Θ(2)U⃗t

∣∣∣
2
}

. (1.43)

Equation 1.43 is solved via the least-squares method

Θ(2) = − ⟨U, f⟩
⟨U,U⟩ , (1.44)

yielding the Θ(2) that minimize the force difference. An important detail about

the TDEP approach is that the symmetry relations of the IFCs are applied before

the least-squares method is employed. This means that, for example, a bcc

crystal structure with 128 atoms that would have 147456 second order coefficients

can be uniquely determined by computing the 11 unknowns that remain after

all symmetry operations are applied. This makes the TDEP IFC computation

extremely cheap when compared to other phonon renormalization methods.

After obtaining the effective harmonic IFCs, their higher-order counterparts

are obtained in a similar fashion. If one considers a Taylor expansion of the

effective Hamiltonian to third-order

H̃ = U0 +
∑

I

P⃗ 2
I

2
+

1

2

∑

IJ

Θ
(2)
IJ U⃗IU⃗J +

1

6

∑

IJK

Θ
(3)
IJKU⃗IU⃗J U⃗K , (1.45)

and compute Θ(2) according to equations 1.43 and 1.44, the third-order IFCs are

computed from the residuals of the forces δf⃗ from that procedure. That is, if

δf⃗t = f⃗MD
t +Θ(2)U⃗t , (1.46)

then

Θ(3) = min
Θ(3)

{
1

Ntot

Ntot∑

t=1

∣∣∣f⃗MD
t +Θ(2)U⃗t +Θ(3)U⃗tU⃗t

∣∣∣
2
}

, (1.47)

where Θ(2) is now fixed by 1.44, and

Θ(3) = − ⟨UU, δf⟩
⟨UU,UU⟩ . (1.48)
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The procedure for higher than third-order IFCs is identical. Just like in the

SCHA, TDEP is by construction a better basis for perturbation theory than the

traditional harmonic theory, as it maximizes the amount of information in the

lowest-order IFCs in comparison to the higher-order ones is exactly the ground-

ing needed for it to work consistently. Consequently, TDEP is not only more

adequate than the harmonic theory at describing quantities like phonon frequen-

cies, but also anharmonic properties like thermal expansion and lattice thermal

conductivity.

As mentioned previously, an inherent advantage of TDEP is the fact that

all orders of anharmonicity are included in the phonon renormalization. That

is made evident by equations 1.43 and 1.47, where the IFCs are computed from

the forces and displacements from a MD simulation. These will therefore contain

information about the exact temperature dependent dynamics of the system, and

that will consequently be reflected in all IFCs. This means that, for example, the

phonon frequencies will not only be temperature dependent, but also renormalized

to all orders of anharmonicity and therefore only limited by the quality of the

MD simulation.

The TDEP approach as demonstrated above is not, however, without limi-

tations. Firstly, the lack of nuclear quantum effects is clear, as the molecular

dynamics being considered is explicitly classical in nature with respect to the

ionic motion. While one can hypothesize (and as is shown in [16]) the exten-

sion of the method to path-integral molecular dynamics (PIMD) as to include

these effects, that is beyond the scope of the original introduction and almost

entire usage of TDEP in the literature. Secondly, while the utilization of an ef-

fective anharmonic Hamiltonian, minimization of the difference between MD and

(an)harmonic model and consequent computation of IFCs from least-squares fits

are straightforward and intuitive, they lack both a more formal motivation and

derivation. Finally, as presented TDEP is a purely static phonon theory, with

the dynamical extension being done a posteriori in a Markovian fashion via the

Fermi golden rule. While many phonon properties of interest are static, some are

not, and in order to properly describe e.g. spectral functions and related quan-

tities, one needs a theory that is also capable of including frequency dependency
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no matter its complexity, and especially in cases where the quasiparticle picture

breaks down. All of these limitations are addressed and solved in [16].

As a final note, it is important to mention that TDEP is not limited to sample

phase space from MD. Indeed, it is possible to derive a SCHA based theory that

works exactly like the sSCHA, but instead of determining the second-order IFCs

by a gradient descent, doing so using the TDEP least-squares fit. This method,

known as sTDEP [84], is identical to the sSCHA as it also generates configura-

tions from a Monte Carlo approach and assumes a Gaussian distribution shaped

density-matrix. Unsurprisingly, it suffers from the same limitations as the sS-

CHA, as even the renormalized phonon frequencies in sTDEP are computed from

the Hessian of the free-energy and need to be corrected by terms involving higher

order IFCs. Furthermore, it is also possible to derive TDEP up to second-order

from the Helmholtz free energy resulting from MD sampling [14]. Like the SCHA,

this approach is also grounded on the Gibbs-Bogoliubov inequality. However, the

TDEP free energy is instead bounded from above compared to the exact one,

making the variational problem in this case a maximization one. While laying

out a solid foundation for TDEP as an effective harmonic theory, this derivation

still fails to properly motivate and derive TDEP for an effective Hamiltonian be-

yond second-order, and therefore does not fully address the concerns previously

highlighted.
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Lattice Thermal Conductivity

The lattice thermal conductivity (κ) is the intrinsic property of a system that

characterizes its ability to carry heat. While in general heat can be carried by

several different quasiparticles, in insulators and semiconductors heat is carried

predominantly by phonons. These systems are the focus of this manuscript.

When a temperature gradient is applied, heat conduction is described by

Fourier’s law

J⃗ = −κ∇⃗T, (2.1)

where J⃗ is the heat flux and ∇⃗T is the temperature gradient. Considering

phonons to be the only quasiparticles that carry heat, the heat current is given

by

J⃗ =
1

V

∑

λ⃗

ℏΩλ⃗v⃗λ⃗Nλ⃗ , (2.2)

where ℏΩλ⃗ are the phonon energies and v⃗λ⃗ is the respective group velocity. From

Eq. 2.2, we will thus be interested in the evolution of occupations nλ⃗ over time

as dictated by the phonon Boltzmann transport equation (BTE). In the absence

of external forces, the phonon BTE is [1]

∂nλ⃗

∂t
+ v⃗λ⃗ · ∇⃗r⃗nλ⃗ =

(
∂nλ⃗

∂t

)

coll

, (2.3)
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The second term in 2.3 corresponds to the phonon drift, while the last term is

the collision integral, accounting for all the changes in nλ⃗ due to all sources of

scattering, and is the most complex and computationally expensive part of the

phonon BTE.

2.1 Relaxation Time Approximation

If one considers the distribution to be in a steady-state, the first term
∂n

λ⃗

∂t
= 0

and the equation simplifies to

v⃗λ⃗ · ∇⃗r⃗nλ⃗ =

(
∂nλ⃗

∂t

)

coll

. (2.4)

If one further takes the temperature gradient to be a small perturbation, the

phonon BTE can then be linearized. By assuming that the nλ⃗ deviates only

slightly from the equilibrium occupations n0
λ⃗
, i.e. nλ⃗ = n0

λ⃗
+ δnλ⃗, the drift term

becomes

∇⃗r⃗nλ⃗ = ∇⃗r⃗n
0
λ⃗
+ ∇⃗r⃗δnλ⃗ . (2.5)

The first term can be re-written as

∇⃗r⃗n
0
λ⃗
=

∂n0
λ⃗

∂T
∇⃗r⃗T , (2.6)

such that the left side of 2.4 reads

v⃗λ⃗ · ∇⃗r⃗nλ⃗ = v⃗λ⃗ ·
(
∂n0

λ⃗

∂T
∇⃗r⃗T + ∇⃗r⃗δnλ⃗

)
. (2.7)

In order to simplify the collision integral, a further approximation can be made.

If one assumes that nλ⃗ relaxes back to n0
λ⃗
after a characteristic relaxation time

τλ⃗, then

(
∂nλ⃗

∂t

)

coll

= −
nλ⃗ − n0

λ⃗

τλ⃗
= −δnλ⃗

τλ⃗
. (2.8)

This is known as the relaxation time approximation [88], and is common in lattice

thermal conductivity simulations both as a standalone and a starting point to
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more complex approaches. Finally, one can take the phonon occupations to be

spatially homogeneous, and therefore ∇⃗r⃗δnλ⃗ ≈ 0. Eq. 2.4 then reduces to

δnλ⃗ = −τλ⃗v⃗λ⃗ ·
∂n0

λ⃗

∂T
∇⃗r⃗T . (2.9)

Inserting this into Eq. 2.2 and recognizing that the equilibrium distribution

carries no heat, we obtain

J⃗ = − 1

V

∑

λ⃗

ℏΩλ⃗

∂n0
λ⃗

∂T
v⃗λ⃗ ⊗ v⃗λ⃗τλ⃗∇⃗r⃗T . (2.10)

Since ℏΩλ⃗

∂n0
λ⃗

∂T
is the definition of the harmonic specific heat capacity per mode

Cλ⃗, the final form of the heat current in the RTA is

J⃗ = − 1

V

∑

λ⃗

Cλ⃗v⃗λ⃗ ⊗ v⃗λ⃗τλ⃗∇⃗r⃗T . (2.11)

By inserting Eq. 2.11 into 2.2, the lattice thermal conductivity at the RTA level

is

κ =
1

V

∑

λ⃗

Cλ⃗v⃗λ⃗ ⊗ v⃗λ⃗τλ⃗ . (2.12)

Within the RTA, κ will only depend on the phonon frequencies and group ve-

locities, which are harmonic quantities, and the relaxation times, which are an

anharmonic quantity. Since at the harmonic level phonons don’t interact, τ → ∞
and from 2.12 κ → ∞, demonstrating one of the harmonic approximation’s lim-

itations mentioned previously. If 3-phonon scattering is included, for example,

the lifetimes are computed from 1.31 and 1.32.

As simple and accurate as the RTA can be, it comes with very clear limitations

from its many approximations. For one, the core RTA of the collision integral

can be a very strong simplification, as it treats all scattering processes as resistive

in nature. In reality, phonon scattering is more complex, with both resistive and

additive processes contributing to κ. If the latter kind are non-negligible, the

RTA is not well-grounded and an improved approximation is required. Further-

more, it fails at addressing how phonon modes can deviate from equilibrium in
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complex ways. Indeed, by using a single relaxation time τλ⃗ for each mode, we

ignore the influence other modes exert on the chosen phonon with momentum

and mode λ⃗ = (q⃗, s) and how their occupations are interconnected. Finally, nλ⃗

is considered to only relax to the equilibrium distribution n0
λ⃗
, bypassing possible

intermediate states. All these limitations turn the intricacies of scattering events

and the non-locality of the collision integrals into a local, independent quasipar-

ticle problem that is often insufficient for an accurate prediction of the lattice

thermal conductivity. In short, the RTA fails to account for collective phonon

effects.

2.2 Iterative Boltzmann Transport Equation

The standard approach to go beyond the RTA and have a full solution of the

collision integral is the iterative Boltzmann transport equation (IBTE) [32, 74].

Within the IBTE, the lattice thermal conductivity is given by

κ =
1

V

∑

λ⃗1λ⃗2

cλ⃗v⃗λ⃗1
⊗ v⃗λ⃗2

(Ξ)−1

λ⃗1λ⃗2
, (2.13)

where Ξλ⃗1λ⃗2
is the scattering matrix, a generalization of the previously derived

lifetimes. Relative to the RTA, Ξ not only contains the phonon scattering rates in

its diagonal elements, but the coupling between phonon modes in its off-diagonal

components as well, while also accounting for the detailed balance.

While general, this scattering matrix is a very complicated object (see the

appendix of [17] for more details), and the required matrix inversion presents a

serious computational challenge to perform directly. Instead, within the IBTE

one first considers only the components diagonal in λ⃗ and slightly re-defines κ to

be

κ =
1

V

∑

λ⃗

cλ⃗v⃗λ⃗ ⊗ F⃗λ⃗ , (2.14)

where

F⃗λ⃗1
=
∑

λ⃗2

Ξ−1

λ⃗1λ⃗2
v⃗λ⃗2

(2.15)
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is a generalized phonon mean free path. If we now assume that the off-diagonal

components of Ξ are smaller than the diagonal ones and take advantage of the

Neumann series for matrix inversion, we obtain

F⃗λ⃗1
=
∑

λ⃗2

[
n∑

k=0

(
−Ξ−1

λ⃗1λ⃗1
Ξλ⃗1λ⃗2

)k
]
Ξ−1

λ⃗2λ⃗2
v⃗λ⃗2

. (2.16)

This series converges when
∣∣∣Ξ−1

λ⃗1λ⃗1
Ξλ⃗1λ⃗2

∣∣∣ < 1, and thus for sufficiently large k will

allow for a solution of the IBTE by iteratively solving for F⃗λ⃗:

F⃗ k+1

λ⃗1
= F⃗ 0

λ⃗1
− τλ⃗1

∑

λ⃗2

Ξλ⃗1λ⃗2
F⃗ k
λ⃗2

F⃗ 0
λ⃗1

= τλ⃗1
v⃗λ⃗1

. (2.17)

If we take F⃗λ⃗ = F⃗ 0
λ⃗
, then we recover the RTA.

The IBTE, especially when coupled with coherence contributions, is a very

successful theory for lattice thermal conductivity simulations. It not only is

able to account for both resistive and additive scattering but also more complex

coupling between different phonon modes. A classic example of IBTE’s success

is that of diamond, for which an increase of about 50% is found when compared

to the RTA due to it’s improper treatment of normal scattering [99].

While a well grounded and incredibly successful theory, the IBTE is still reliant

on the quasiparticle picture being preserved to be applicable, with phonons having

well defined momenta and being described by sharp Lorentzian distributions.

For example, in systems near phase transitions some phonon modes can soften

to the point where their lifetimes become comparable to or smaller than their

frequencies. In this case, commonly called an “overdamped“ regime, the notion of

a harmonic oscillator is no longer valid, and the quasiparticle picture is broken [26,

56, 105]. This can lead in turn to more complex spectral functions, generally non-

Lorentzian and often including satellites. In order to overcome these limitations,

one works within the Green-Kubo formalism, which is will be the topic of the

next section.
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2.3 Green-Kubo Thermal Conductivity

The Green-Kubo formula is a general expression from linear response theory that

relates transport coefficients to time correlations of their respective currents. In

the thermal conductivity case, it reads

κ =
V

kBT 2

∫ ∞

0

⟨J⃗(t)⊗ J⃗(0)⟩dt , (2.18)

where J⃗(t) is the microscopic heat current vector at time t, and ⟨J⃗(t)⊗ J⃗(0)⟩ is
the corresponding autocorrelation function. This relation dictates that even near

equilibrium there are fluctuations in the microscopic current J⃗ that determine

the macroscopic response function κ. The slower these fluctuations decay, the

more efficient heat transport will be in response to a small thermal gradient.

Up to lowest order, the microscopic heat current is given by

J⃗ha =
1

2V

∑

λ⃗1λ⃗2

v⃗λ⃗1λ⃗2
Ωλ⃗1

Bλ⃗1
Aλ⃗2

, (2.19)

with Aλ⃗ = aλ⃗ + a†
−λ⃗

and Bλ⃗ = aλ⃗ − a†
−λ⃗

. These quantities can be seen as

displacements and momenta in the phonon picture via the relations 1.24. This

is a generalization of Eq. 2.11, where the phonon picture is relaxed and a non-

diagonal group velocity is considered. Eq. 2.19 reduces to Eq. 2.11 if λ⃗1 = λ⃗2.

First introduced by Peierls in [76] for a nearest neighbours case and system-

atically derived by Hardy in [40], the heat current is subject to the heat-gauge

invariance principle [28, 64, 65]. This conditions the heat current, which can be

expressed generally in terms of local energies ϵI , equilibrium positions R⃗I and

displacements uI as

J⃗ =
∑

I

R⃗IϵI +
d

dt

∑

I

u⃗IϵI , (2.20)

to be independent of a time derivative of a stationary process in the absence

atoms diffusing in the crystal. The heat current then reduces to

J⃗ =
∑

I

R⃗IϵI , (2.21)
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and in the harmonic limit to 2.19 in terms of phonon operators.

By inserting 2.19 into 2.18, we obtain the thermal conductivity in the har-

monic heat-current limit:

κ =
1

4V kBT 2

∑

λ⃗1...λ⃗4

Ωλ⃗1
Ωλ⃗3

v⃗λ⃗1λ⃗2
⊗ v⃗λ⃗3λ⃗4

∫ ∞

0

dt⟨Bλ⃗1
(t)Aλ⃗2

(t)Bλ⃗3
(0)Aλ⃗4

(0)⟩ .

(2.22)

This expression showcases the Green-Kubo formalism’s generality, as it not only

allows for off-diagonal group velocities and therefore mode-mixing to occur, but

also holds when the phonon picture is broken, since the correlation function on

the right-hand side does not presume any functional form. Furthermore, the

phonon operators Aλ⃗ and Bλ⃗ can be anharmonic and temperature dependent

in nature, further expanding the scope of application. It is also important to

note that the quantum nature of phonons can be included naturally in 2.22,

both at the quasiparticle level by including quantum effects in the frequencies,

group velocities and phonon displacements and momenta, and at the level of

the correlation functions, by using Kubo correlation functions (KCFs) instead of

classical ones:

∫ ∞

0

dt⟨Bλ⃗1
(t)Aλ⃗2

(t)Bλ⃗3
(0)Aλ⃗4

(0)⟩ → 1

β

∫ ∞

0

dt

∫ β

0

dΛ⟨Bλ⃗1
(t)Aλ⃗2

(t)Bλ⃗3
(iℏΛ)Aλ⃗4

(iℏΛ)⟩ .
(2.23)

In the above, the inverse-temperature integration variable Λ connects the quan-

tum average to the high-temperature classical canonical ensemble. This variable

turns the classical correlation function into one that is properly symmetric, and

the integration from 0 to β effectively sums all possible thermal orderings [55].

The crucial part of computing κ in the Green-Kubo formalism lies in the

correlation function. Since the general form presented in 2.22 involves the 2-

phonon correlation function, it is very complicated to calculate, and requires some

level of simplification. If one neglects collective effects (the so-called dressed-

bubble approximation) and applies Wick’s theorem to the 4-point correlation

function, we can re-write it in terms of products of 2-point correlators:
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⟨Bλ⃗1
(t)Aλ⃗2

(t)Bλ⃗3
(0)Aλ⃗4

(0)⟩ ≈ ⟨Bλ⃗1
(t)Bλ⃗3

(0)⟩⟨Aλ⃗2
(t)Aλ⃗4

(0)⟩
+ ⟨Bλ⃗1

(t)Aλ⃗4
(0)⟩⟨Aλ⃗2

(t)Bλ⃗3
(0)⟩ . (2.24)

If one further assumes the phonon self-energies to be diagonal in momentum

only then so are the group velocities and spectral functions, and this expression

simplifies to

⟨Bλ⃗1
(t)Aλ⃗2

(t)Bλ⃗3
(0)Aλ⃗4

(0)⟩ ≈ ⟨Bq⃗1s1(t)B−q⃗1s3(0)⟩⟨Aq⃗2s2(t)A−q⃗2s4(0)⟩
+ ⟨Bq⃗1s1(t)A−q⃗1s4(0)⟩⟨Aq⃗2s2(t)B−q⃗2s3(0)⟩ , (2.25)

which when injected into 2.22 yields (after some algebra, see e.g. [6, 25])

κ =
π

2V

∑

q⃗

∑

s1...s4

v⃗q⃗s1s2 ⊗ v⃗q⃗s3s4

∫ +∞

−∞
cv(ω)χ

′′
q⃗s1s3

(ω)χ′′
q⃗s2s4

(ω)dω , (2.26)

where χ′′(ω) is the phonon spectral function. If one takes χ′′(ω) to be Lorentzian

in 2.26 and the collective effects to be negligible in 2.13 such that F⃗λ⃗ = F⃗ 0
λ⃗
= τλ⃗v⃗λ⃗,

both approaches are under the same constraints and reduce to the RTA. If off-

diagonal contributions are considered, we can also recover the results from [45]

or [86] and obtain

κ =
1

2V

∑

λ⃗1λ⃗2

v⃗λ⃗1λ⃗2
⊗ v⃗λ⃗1λ⃗2

(
cλ⃗1

+ cλ⃗2

) Γλ⃗1
+ Γλ⃗2(

Ωλ⃗1
− Ωλ⃗2

)2
+
(
Γλ⃗1

+ Γλ⃗2

)2 . (2.27)

Here, v⃗λ⃗1λ⃗2
are the generalized group velocities [40, 45, 86], off-diagonal in mo-

mentum and defined as

v⃗λ⃗1λ⃗2
=

i√
2Ωλ⃗1

Ωλ⃗2

∑

IJ

(Rα
I − Rα

J) Φ
βγ
IJε

β

I,λ⃗1
εγ
J,λ⃗2

, (2.28)

and reduce to the standard group velocities in the diagonal components, i.e. when

λ⃗1 = λ⃗2.
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Eq. 2.26 presents major differences when compared to the thermal conduc-

tivity obtained from the IBTE in 2.13. While the group velocity outer product is

the same if one considers the same diagonal self-energy approximation, the heat

capacity is now frequency dependent and the scattering loses collective effects but

gains the ability to include non-Lorentzian phonon spectral functions, and thus

to work in the overdamped regime. These results exemplify the main difference

between both approaches: Green-Kubo under the dressed-bubble approximation

is well equipped to deal with non-Lorentzian phonons but not collective effects,

and vice-versa for the IBTE. The best approach to use in the calculation of the

lattice thermal conductivity is therefore dependent on the system.

While this chapter is focused on computing the Green-Kubo thermal conduc-

tivity in the phonon picture, it is possible to obtain it directly from 2.18 via

MD [4, 12, 49, 52]. In this case, the non-perturbative dynamics of the nuclei

are included in the heat currents, making them inherently anharmonic to all or-

ders, and keeping the ability to handle both collective effects and phonon picture

breaking cases. If MLIPs are used to drive the MD, this approach provides a way

to compute κ that, all else being equal, is inherently more accurate than both the

IBTE and Green-Kubo approaches. By directly computing the autocorrelation

function integral, however, one also suffers some disadvantages, the first of these

being the lack of interpretability: if one never transitions into the phonon picture

there is no distinction between contributions. If one has, for example, the case of

isotopically pure diamond, the IBTE is able to distinguish between the RTA level

contributions and those coming from collective effects, and is therefore able to

show that the latter are fundamental to an accurate thermal conductivity. Direct

autocorrelation function integration, on the other hand, yields a value for κ that

while similar to that of the IBTE shows no such distinction.

A second limitation of this approach is the ability to include impurity scatter-

ing, in particular due to isotopes where mass disorder causes thermal resistance

and acts to decrease κ. For both phonon picture based methods this type of

scattering can be trivially included via a model like the Tamura one [94] where

the isotopes are assumed to be randomly distributed along the lattice sites, with

the mass deviations leading to a source of scattering. The contribution to the

scattering rates from this model is then given by
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Γiso
λ⃗1

=
π

4

∑

λ⃗2

Ωλ⃗1
Ωλ⃗2

∑

I

gI

∣∣∣ε†
I,λ⃗1

εI,λ⃗2

∣∣∣
2

δ
(
Ωλ⃗1

− Ωλ⃗2

)
, (2.29)

where gI is the mass variance parameter

gI =
∑

J

cJI

(
mJ

I − m̄I

m̄I

)2

, (2.30)

with cJI the concentration of the J isotope of atom I, mJ
I its mass and m̄ the

average mass of all isotopes present for that species. The scattering rates given

by 2.29 can then be simply added to the ones from 3-phonon scattering, 4-phonon

scattering, etc. in the imaginary part of the phonon self-energy to further improve

the accuracy of κ. This effect has been shown to be extremely important in

several cases, such as diamond, where isotopically enriched 12C is found to have

50% larger thermal conductivity than natural occurring one [44], or graphene,

where a similar result is observed [20, 33]. While isotopes can be included in MD

studies by directly changing atomic masses according to the desired distribution,

the computational cost rises severely with them as the simulation cell’s size needs

to be large enough to allow for the proper statistics, and often averaging over

several simulations is required in order to correct for sample size induced errors.

Finally, in the particular case where MLIPs are used to drive the MD, direct

autocorrelation integration methods is affected by the error in ML predicted forces

compared to the ab-initio ones [101, 103]. While they are able to be corrected,

this requires a significant computational effort and that the functional form for

the errors is Gaussian, which holds for the most commonly used MLIPs but is by

no means a guarantee. On the other hand, quasiparticle based approaches such

as TDEP are unaffected by the force error so long as it’s distribution has zero

mean and finite variance. In the TDEP case, for example, the least-squares fit

can be shown to be the maximum likelihood estimator when these conditions are

met as the peak of the force distribution is unaffected by them.
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2.4 Thermal Conductivity In 2D Systems

While formally similar to the 3-dimensional (3D) cases, thermal conductivity in

2-dimensional (2D) systems shows fundamental differences due to the reduced

dimensionality both at the phonon and scattering level.

The clearest of these lies in the phonon dispersion, where the atoms’ in-phase

out of plane motion gives rise to a flexural acoustic mode (ZA). This phonon

mode shows a distinct characteristic when compared to other acoustic modes, as

its dispersion is quadratic in the long wavelength limit, i.e. ω ∝ q2 for q → 0. The

ZA mode is present in all 2D systems, and compared to the linear dispersion of the

other acoustic modes it has a higher density of states at lower frequencies. In order

to properly recover this quadratic dispersion, both the Born-Huang rotational

invariance conditions, arising from the fact that 2D crystals are invariant under

a rotation around the perpendicular axis, and the Huang equilibrium conditions,

which require a vanishing stress tensor for a unit cell at equilibrium, need to

be imposed. If both constraints are not present, it has been shown that the

ZA mode’s dispersion can not only deviate from a quadratic behaviour, but also

become imaginary close to the zone center [60].

The impact of the ZA mode on the lattice thermal conductivity can be easily

seen from a symmetry analysis. If one considers, for example, a 3-phonon scat-

tering process λ1 + λ2 → λ3, in order for it to be valid it has to respect both

energy and momentum conservation, as well as the system’s crystal symmetries.

For perfectly planar 2D crystals, mirror plane symmetry is enforced and invari-

ance under reflection across the z-plane is imposed. While simple, this symmetry

implies major limitations on phonon scattering as it enforces that the process

as a whole preserves it. While in-plane phonons transform symmetrically under

reflection across the xy-plane, and are therefore not limited by it, ZA phonons

transform anti-symmetrically, and can therefore only enter scattering events in

even numbers. Consequently, for the aforementioned 3-phonon scattering case,

interactions involving 1 or 3 flexural phonons are frozen by mirror-plane symme-

try. While present for all orders of scattering processes, the limitation imposed by

mirror-plane symmetry is particularly relevant for the 3-phonon case. Being the

lowest order of anharmonicity in the perturbative expansion, as well as having
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the smallest combinatorial number of possible processes, the amount of interac-

tions involving odd numbers of flexural phonons is the highest relative to the total

possible. This leads to an overestimation of phonon lifetimes and the lattice ther-

mal conductivity for the flexural modes, and the need for higher-order phonon

scattering for these systems, as their relative impact grows due the reduction of

3-phonon interactions.

The paradigmatic and most studied planar 2D system regarding their thermal

conductivity is graphene, with several theoretical and experimental studies point-

ing towards a record high thermal conductivity, with the ZA mode’s extremely

large lifetimes being the main driver [2, 11, 20, 33, 34, 38, 62, 63, 71, 72, 81]. Most

theoretical work, however, includes only 3-phonon and isotope scattering, which

as previously mentioned are strongly restricted by mirror-plane symmetry. More

recent studies [31, 39], however, include 4-phonon scattering as well, and show

a reduction of nearly 50% in the lattice thermal conductivity at room tempera-

ture, clearly demonstrating how crucial they are. Furthermore, while all phonon

modes are impacted by the increased level of scattering, the ZA mode is by far

the one whose lifetimes are reduced the most. Another example of such a system

is monolayer hexagonal boron nitride (h-BN), also a planar 2D system with a re-

ported large lattice thermal conductivity [19, 21, 30, 50, 61, 69, 70, 82, 104]. Just

like in graphene, most reported values point towards a large thermal conductivity

including 3-phonon and isotope scattering. A drastic reduction is also observed

at room temperature when 4-phonon interactions are included [90].

While the effect of mirror-plane symmetry is clear on planar 2D systems, it

is important to highlight that the constraint is only dramatic in these cases, and

does not impact other 2D systems as visibly. As an example one can take the

case of MoS2, a layered 2D material whose semiconducting monolayer structure is

trigonal prismatic (2H), with every molybdenum atom sandwiched between two

sulfur atoms giving rise to a structure that, while 2D, is not planar. Consequently,

despite MosS2 having mirror-plane symmetry, its phonon eigenvectors are now no

longer strictly in-plane or out-of-plane, but instead linear combinations of both,

making it much easier to combine them in a way that preserves the mirror plane

symmetry at any order of phonon scattering. As such, 4-phonon interactions

are often not essential for these systems and staying at a 3-phonon + isotope
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scattering level is sufficient for an accurate calculation of the lattice thermal

conductivity.

Another peculiarity of thermal transport in 2D system is the presence of

so-called hydrodynamic effects. In order to understand them, it is useful to

distinguish scattering processes that dissipate the heat current, usually referred

to as resistive (R), and those that do not, usually referred to as normal (N).

Isotope scattering is included in the first, since it acts resistively with respect to

the heat current and therefore decreases the thermal conductivity. For extremely

low temperatures where the phonon mean free path is larger than crystal’s size,

extrinsic scattering (E) is also relevant as it becomes the dominant mechanism to

dissipate the heat current.

For a typical crystal, four different transport regimes can be identified as a

function of the dominant scattering mechanism:

• a ballistic regime, where E ≫ N and E ≫ R and thermal conductivity

becomes sample size dependent due to the lack of internal scattering mech-

anisms;

• a Poiseuille regime, with N ≫ E ≫ R and where, despite predominance of

normal processes, extrinsic scattering ultimately dissipates the heat current

and there is therefore still size dependence on the thermal conductivity;

• a Ziman regime, where N ≫ R ≫ E, which is similar to the Poiseuille one

but with resistive scattering acting as the main dissipative source;

• a ballistic regime, with R ≫ E and R ≫ N, which is the standard ther-

mal transport regime where the heat current dissipates at most scattering

events.

These are ordered with respect to increasing temperature, with the ballistic,

Poiseuille and Ziman regimes only found at cryogenic temperatures for most

systems, with the latter two often not present at any temperature. Commonly

denominated as hydrodynamic regimes, they are analogues of the phonon gas

to a viscous fluid (the viscosity being analogue to N processes, and the internal

resistance of the fluid to R processes) running through a pipe (whose friction with
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the fluid represents E processes). In the Poiseuille flow, while the fluid’s internal

viscosity allows it to flow coherently (predominance of N scattering), the pipe’s

radius is small enough that the friction of its walls dissipates the flow (representing

the condition E ≫ R). In the Ziman regime, the pipe’s radius is taken to be large

enough that the internal resistance becomes the relevant dissipation mechanism

(R ≫ E).

2D crystals like graphene and monolayer h-BN, unlike standard systems, have

been found to have predominant N scattering at all temperatures, and therefore

only occupy the two hydrodynamic regimes [19]. This means that for these sys-

tems the RTA is a bad approximation for the thermal conductivity, as it presumes

that all scattering is dissipative, and an improved approach such as the IBTE is

fundamental to capture the correct scattering physics. Furthermore, it implies

that these systems are able to showcase second-sound [78, 80], making them even

more interesting testbeds for exotic phonon transport phenomena.

Finally, it is worth noting that thermal transport in 2D systems has a sys-

tematic issue due to the differences in definition of effective thickness used in

the literature to construct a volume that ensures the same units as the 3D case.

While usually grounded in physical reason, such as the interlayer distance between

two layers in the corresponding bulk system, this choice is ultimately arbitrary

and its only purpose is to enable the comparison between different materials re-

gardless of dimensionality. Furthermore, if one uses the interlayer distance of

the bulk crystal as the effective thickness, this value becomes system dependent

and inevitably biases the κ values, as two systems that carry the same amount

of heat in the monolayer but have different interlayer distances in the bulk will

misleadingly report different thermal conductivities. In summary, the only un-

biased approach that ensures that the units are Wm−1K−1 is to use a constant

value for all systems regardless of potential differences in the bulk. Alternative

approaches that circumvent this problem have been proposed [100], but rely on

re-defining the quantity as a thermal sheet conductance which is an intensive 2D

property instead and explicitly remove the effective thickness from the equation.

While seemingly simple, this problem has severe ramifications in the field of ther-

mal conductivity, as great care has to be taken to convert all values to the same

effective thickness in order to not provide incorrect comparisons and conclusions.

36



Part II

Results and Discussion

37





3

Published Work

The full list of publications produced in this thesis is the following:

• A. Castellano, J. P. A. Batista, and M. J. Verstraete, Mode-coupling the-

ory of lattice dynamics for classical and quantum crystals, The Journal of

Chemical Physics 159, 10.1063/5.0174255 (2023)*;

• F. Knoop, N. Shulumba, A. Castellano, J. P. A. Batista, R. Farris, M. J.

Verstraete, M. Heine, D. Broido, D. S. Kim, J. Klarbring, I. A. Abrikosov,

S. I. Simak, and O. Hellman, Tdep: Temperature dependent effective po-

tentials, Journal of Open Source Software 9, 6150 (2024);

• A. Canetta, S. Volosheniuk, S. Satheesh, J. P. Alvarinhas Batista, A. Castel-

lano, R. Conte, D. G. Chica, K. Watanabe, T. Taniguchi, X. Roy, H. S. J.

van der Zant, M. Burghard, M. J. Verstraete, and P. Gehring, “Impact of

spin-entropy on the thermoelectric properties of a 2d magnet”, Nano Letters

24, 6513–6520 (2024);

• A. Castellano, J. P. A. Batista, O. Hellman, and M. J. Verstraete, “Mode-

coupling formulation of heat transport in anharmonic materials”, Physical

Review B 111, 10.1103/physrevb.111.094306 (2025)*;

• N. G. Erhardt, A. Castellano, J. P. A. Batista, R. Bianco, I. Loncaric, M. J.

Verstraete, and D. Novko, “Electron-mediated anharmonicity and its role

39



3. PUBLISHED WORK

in the Raman spectrum of graphene”, npj Computational Materials 11,

10.1038/s41524-025-01610-9 (2025);

• A. Castellano, J. P. A. Batista, and M. J. Verstraete, “Fluctuation-dissipation

and virtual processes in interacting phonon systems”, 10.48550/ARXIV.2502.03362

(2025)*;

• J. P. A. Batista, M. J. Verstraete, and A. Castellano, “Thermal conductivity

of monolayer hexagonal boron nitride: four-phonon scattering and quantum

sampling effects”, 10.48550/ARXIV. 2506.14547 (2025)*.

Publications followed by an asterisk are included in this manuscript as part

of the results and discussion section.

40



Paper I

3.1 Mode-coupling theory of lattice dynamics

for classical and quantum crystals
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Abstract

The dynamical properties of nuclei, carried by the concept of phonon quasipar-

ticles , are central to the field of condensed matter. While the harmonic ap-

proximation can reproduce a number of properties observed in real crystals, the

inclusion of anharmonicity in lattice dynamics is essential to accurately predict

properties such as heat transport or thermal expansion. For highly anharmonic

systems, non-perturbative approaches are needed, which result in renormalized

theories of lattice dynamics. In this article, we apply the Mori–Zwanzig projector

formalism to derive an exact generalized Langevin equation describing the quan-

tum dynamics of nuclei in a crystal. By projecting this equation on quasiparticles

in reciprocal space, and with results from linear response theory, we obtain a for-

mulation of vibrational spectra that fully accounts for the anharmonicity. Using

a mode-coupling approach, we construct a systematic perturbative expansion in

which each new order is built to minimize the following ones. With a truncation

to the lowest order, we show how to obtain a set of self-consistent equations that

can describe the lineshapes of quasiparticles. The only inputs needed for the

resulting set of equations are the static Kubo correlation functions, which can

be computed using (fully quantum) path-integral molecular dynamics or approx-

imated with (classical or ab initio) molecular dynamics. We illustrate the theory

with an application on fcc 4He, an archetypal quantum crystal with very strong

anharmonicity.
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is built to minimize the following ones. With a truncation to the lowest order, we show how to obtain a set of self-consistent equations that
can describe the lineshapes of quasiparticles. The only inputs needed for the resulting set of equations are the static Kubo correlation func-
tions, which can be computed using (fully quantum) path-integral molecular dynamics or approximated with (classical or ab initio) molecular
dynamics. We illustrate the theory with an application on fcc 4He, an archetypal quantum crystal with very strong anharmonicity.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0174255

I. INTRODUCTION

In the condensed phases of matter, many physical properties
are profoundly related to the vibrations of nuclei. The understand-
ing of thermodynamical, dynamical, or transport phenomena in
crystals requires the inclusion of the correlated motion of atoms
around their equilibrium positions. To describe such dynamics, the
cornerstone of modern theories is the harmonic approximation.1
Using a second-order Taylor expansion of the Born–Oppenheimer
surface (BOS), this model describes the lattice vibrations as a non-
interacting quantum gas of quasiparticles called phonons. Despite
its simplicity, the harmonic approximation has been tremendously
successful in explaining a large number of phenomena observed in
the solid state, including excitation spectra, the phase stability of
various materials, elastic properties, or even zero point motion.2,3

Consequently, it naturally became one of the most important tools
in the field of condensed matter. Nevertheless, the early trunca-
tion of the BOS Taylor expansion can be a severe limitation to
the accuracy of the harmonic approximation.3–5 In some cases,

these inaccuracies are only quantitative, but many phenomena can-
not be described even qualitatively with a purely harmonic theory
of lattice dynamics. Indeed, the higher order terms of the Taylor
expansion, which are denoted as anharmonic, are responsible for a
number of properties that cannot be predicted at all with the non-
interacting phonon picture. Two of the most striking examples of
these limitations are probably the dynamical stabilization of some
structures,6 and the computation of the thermal conductivity, which
diverges in the harmonic approximation.2 These limitations are a
good illustration of the intrinsic problem with the non-interacting
phonon picture. Indeed, within the harmonic approach, phonons
are quasiparticles with temperature-independent energies and infi-
nite lifetimes. Such features are incompatible with the frequency
changes associated with a dynamical stabilization or the finite life-
times associated with a finite thermal conductivity. In order to
reconcile the temperature-dependent frequencies with a harmonic
approximation, the quasi-harmonic approximation is often used,3,7

in which the temperature evolution is included indirectly through
a volume dependence. Unfortunately, this approach is biased in the
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type of anharmonicity it includes,8 is often insufficient to accurately
describe the frequency evolution, and is still unable, by construction,
to incorporate a linewidth.9

Nevertheless, a quasiparticle picture still seems to be an ade-
quate representation of the finite temperature vibrational excitations
for most solids. As a matter of fact, in most vibrational spec-
troscopy measurements on pure crystals, one can observe reasonably
sharp Lorentzian-like resonances.10 These resonances can be associ-
ated with vibrational quasiparticles, and it is these excitations that
are approximated with harmonic phonons. However, in contrast
with the harmonic picture, these quasiparticles have temperature-
dependent frequencies Ων(T), as well as a linewidth Γν(T), which
can be interpreted as a manifestation of their finite lifetimes.

In recent years, a number of frameworks have been devel-
oped to account for the anharmonicity of materials. For exam-
ple, it is nowadays common to use perturbation theory11–13 to
describe the effects of finite temperature on phonons within an
ab initio setting.14–17 In this approach, the anharmonic contribu-
tions to the BOS are responsible for phonon–phonon interactions,
which leads to temperature-dependent frequencies as well as the
finite lifetimes missing in the harmonic approximation. However,
if perturbation theory can improve the agreement between har-
monic phonons and more realistic vibrational QP, it is based on the
assumption that the higher order anharmonic contributions will be
of progressively lower importance, the (T = 0 K) harmonic contri-
bution being dominant. This hypothesis is often too drastic, and
perturbative approaches are consequently known to fail in some
cases.18–21 Moreover, a significant drawback of such approaches
is that they cannot be applied at all in strongly anharmonic sys-
tems with unstable harmonic-level phonons. These failures suggest
that approaches beyond standard perturbation theory are neces-
sary to obtain a satisfactory description of vibrational properties of
materials.

Starting from this observation, a significant number of works
have focused on developing non-perturbative methods to treat
anharmonicity without the drawbacks of the perturbative expan-
sion. Most of these approaches are constructed on the idea
of renormalized phonons and phonon–phonon interactions. The
foremost non-perturbative theory of anharmonicity is the Self-
Consistent Harmonic Approximation (SCHA),22–31 also known as
self-consistent phonons, first imagined by Born and since then
rederived several times.4 The idea behind the SCHA is that inter-
actions between harmonic phonons renormalize their frequencies.
Using the Gibbs–Bogoliubov free energy inequality,23,30,32 a Dyson
equation for the Green function,27 or even a path-integral formal-
ism,33 the SCHA can be derived as a set of self-consistent equations,
which uses the density matrix of an effective harmonic Hamilto-
nian. In essence, the renormalized phonons are obtained from an
average computed on the distribution associated with the converged
Hamiltonian. However, the quadratic form of the effective Hamil-
tonian means that the average is always computed on a multivariate
Gaussian distribution, which can differ substantially from the true
distribution. For instance, the renormalized phonons obtained as
a result of the self-consistent equations still need a correction to
approximate the QP frequencies.29,32

Fortunately, there exists a clear way to lift the multivari-
ate Gaussian distribution approximation. Indeed, given a potential
V(R), which can be computed using ab initio methods, such as

density functional theory (DFT) or a classical model, it is possible
to sample the exact canonical distribution in the classical limit for
a given temperature T with methods such as molecular dynamics
(MD) or Markov-chain Monte Carlo. Consequently, it seems natu-
ral to use these methods to obtain a non-perturbative description
of lattice dynamics to go beyond the effective harmonic distri-
bution of the SCHA. For instance, it has been proposed to use
the displacements covariance tensor computed from MD to map
it on an effective harmonic model through effective interatomic
force constants (IFC).34–36 However, the prevailing MD-based lattice
dynamics method is probably the temperature dependent effective
potential (TDEP).37–39 This method uses configurations extracted
from MD to fit an effective harmonic potential as well as third
and sometimes fourth order anharmonic terms.39 An important
feature of this potential is that each new order is fitted on the
residual forces from the previous order.40 The goal of this proce-
dure is to minimize the importance of high order contributions
compared to the effective harmonic one. By using perturbation
theory on top of this effective anharmonic Hamiltonian, TDEP
has proven its ability to describe anharmonic properties with a
great number of applications on the free energy and transport
of materials.37–39,41–43 Unfortunately, the renormalized anharmonic
Hamiltonian at the heart of TDEP lacks a theoretical justification.
This feature hinders a clear vision of its limits and raises questions on
the justification for the use of perturbation theory with the effective
Hamiltonian.

For instance, an important question raised by this approach is
the easily overlooked problem of going from the classical descrip-
tion of MD to the quantum description of perturbation theory.
Indeed, the QP description of a many-body system is intrinsically
constructed on correlation functions. However, while the definition
of classical correlation functions is unambiguous, this is not the case
for a quantum system, where there exist an infinite number of ways
to define them.44 Consequently, the classical to quantum transfor-
mation of correlation functions is a non-trivial task that needs strong
justifications.45–47 It would seem that to dispose of this problem,
a solution could be to use the true quantum distribution of dis-
placements using, for example, path-integral molecular dynamics.
Unfortunately, the freedom of choice in how to define quantum cor-
relation functions is still an obstacle to a clear vision of how to apply
TDEP. Indeed, from all the different types of quantum correlation
functions, which one should be used as input for the least-squares
problem? In a recent publication, it has been proposed to use the
standard correlation functions.48 However, this choice was justi-
fied with the goal of having a good description of the BOS, which
unfortunately does not answer the remaining questions on how to
approximate the QP with the effective Hamiltonian.

A more satisfying answer comes from the recent method intro-
duced by Morresi et al.,49,50 which uses the static Kubo correlation
function (KCF) as input to obtain the QP. With simple manipula-
tions, the authors were able to show that QPs computed this way
match the exact zero frequency of the Matsubara QP Green’s func-
tion. While their QPs feature an infinite lifetime, this result is a
strong suggestion that the KCF might be an answer to the questions
raised previously. From this type of correlation functions, the miss-
ing step is how to obtain the dynamical QP properties, but the use
of the KCF points to the field of linear response theory, in which
established theoretical tools exist to solve such problems.
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In this work, we build a foundation for an exact non-
perturbative theory of lattice dynamics that can describe strongly
anharmonic quantum systems. With this objective, we derive a
dynamical theory for solids based on the Mori–Zwanzig projector
formalism of linear response theory.51–57 This approach projects the
dynamics on the slow variables of the system, resulting in a gener-
alized Langevin equation (GLE) and thus splitting the equation of
motion for the KCF into a conservative and in a memory-dependent
dissipative part. After defining a projection on quasiparticle oper-
ators in reciprocal space, we use linear response theory to obtain
an exact formulation of the spectral function. By using a mode-
coupling theory58–61 to approximate the memory kernel inherent
to the Mori–Zwanzig formalism, we derive a theory in which the
renormalized interatomic force constants of all orders appear natu-
rally. This approximation allows us to obtain a set of self-consistent
equations to compute vibrational spectra, for which we also propose
a simplification based on a scattering approximation. Moreover, we
show how our findings can justify a theory of temperature dependent
phonons, thus giving an explanation of the success of renormalized
phonon methods. We also discuss the implications of the method,
showing, for instance, how it can be used to approximate nuclear
quantum effects (NQE) on classical simulations, while alleviating
ambiguities related to the multiple definitions of quantum corre-
lation functions. We show that well established methods, such as
perturbation theory or the SCHA, can be recovered as approxi-
mations of our mode-coupling theory, and that TDEP, used with
(PI)MD [(Path-integral) Molecular Dynamics], is a direct applica-
tion of our approach. Another interesting result of the present theory
is that it shows that the often-used Lorentzian approximation of
spectral lineshapes can never be an exact representation.

This paper is organized as follows. In Sec. II, we introduce the
notation used throughout the paper as well as the Kubo correlation
functions (KCF), before deriving the generalized Langevin equation
for the displacement KCF, using the Mori–Zwanzig projector for-
malism. We then construct the projection in reciprocal space in
Sec. III, before using the GLE to derive exact equations describing
the spectral properties in Sec. IV. Using a mode-coupling approach,
we then derive in Sec. V a set of approximations to the memory ker-
nel appearing in the GLE. Next, we discuss how to compute from
ab initio calculations the quantities needed as input for the method
in Sec. VI. Section VII is devoted to the discussion of the classical
limit as well as the comparison to other theories of anharmonic-
ity. We illustrate the theory with an application on 4He in Sec. VIII
before concluding in Sec. IX.

II. DERIVATION OF THE GENERALIZED
LANGEVIN EQUATION
A. Notations

In this work, we consider a three-dimensional crystal in the
Born–Oppenheimer approximation so that the Hamiltonian gov-
erning the dynamics of the system is taken with the general
form

H = ∑
i

p2
i

2Mi
+ V(R), (1)

where R and p are, respectively, the position and momentum oper-
ators, and V(R) is the potential. In this work, we will consider

that there is no atomic diffusion in the system so that we can
use the displacements ui = Ri − ⟨Ri⟩ as dynamical variables. In this
definition, ⟨O(t)⟩ is the thermal average of the operator O, mean-
ing that ⟨R⟩ are the equilibrium positions. It should be noted that
with this definition, the equilibrium positions, and consequently the
definitions of displacements, are temperature dependent. While it
is common to expand the potential in Eq. (1) in a Taylor expan-
sion, here we make no assumptions on its form, apart from its time
independence.

To describe the time evolution of the system, we use the Heisen-
berg representation, where the time dependence and derivatives of
operators are obtained with

A(t) = e
i
h̵ HtAe− i

h̵ Ht = eiLtA,

Ȧ(t) = i
h̵
[H, A(t)] = iLA(t), (2)

where A = A(0) and L = 1
h̵ [H, ⋅] is the quantum Liouville operator.

We will denote pi(t) =Miu̇i(t) the time derivative of the displace-
ment of atom i with mass Mi. Furthermore, we will define mass
scaled coordinates ũi = √Miui and p̃i = 1√

Mi
pi.

B. Kubo correlation function
Given the many-body nature of atomic vibrations in a crystal,

a natural tool to describe the dynamics are correlation functions. In
this work, we will be using the Kubo correlation function (KCF),
which, for two operators A and B, is defined as

GAB(t) = kBT∫ β

0
dλ⟨A†(iλh̵)B(t)⟩

= kBT
Z ∫

β

0
dλ Tr [e−(β−λ)HA†e−λHB(t)]

= (A, B(t)), (3)

where β = 1
kBT is the inverse temperature and Z is the partition func-

tion. This correlation function, which can be derived from linear
response theory,53,62 has the advantage of being easily approximated
in the path-integral molecular dynamics formalism.49,63 Moreover,
the KCF has a number of properties which simplify its manipula-
tion. First, similarly to classical correlation functions, it is a real and
even function of time and it obeys the relations GAB(t) = GAB(−t) as
well as GAB(t) = GBA(t). Using the Lehmann representation, it can
also be shown that derivatives of the static Kubo correlation function
are related64

dk

dtk (A, B(t))∣t=0 = (−1)k dk

dtk (B, A(t))∣t=0, (4)

dk

dtk (A, A(t))∣t=0 = 0 ∀k = 1, 3, 5, . . . . (5)

Naturally, all the different quantum correlation functions are related
by simple relations47,53 so that knowledge of any type of correlation
function allows to obtain any other one. Finally, we will note that
the KCF, as the standard or any other quantum correlation function,
reduces to the classical correlation function in the limit h→ 0.
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In this work, the KCF of interest is the mass-weighted dis-
placement KCF, which is a 3Nat × 3Nat symmetric matrix defined
with

Gij(t) = √MiMj
kBT
Z ∫

β

0
dλ Tr [e−(β−λ)Hu†

i e−λHuj(t)]
= √MiMj(ui, uj(t))= (ũi, ũj(t)) (6)

with an equation of motion given by

G̈ij(t) = √MiMj(ui, üj(t))
= (ũi, ˙̃pj(t)). (7)

Our goal in this work is to derive a solution for this equation of
motion.

C. The generalized Langevin equation
Presented in the form of Eq. (7), solving for the dynamics of the

many-body system is an intractable problem. Fortunately, the pro-
jection operator formalism derived by Mori51 and Zwanzig52 allows
to express Eq. (7) in a form amenable to approximations. This for-
malism is based on operators P and Q, which project an observable
O(t) onto the subspace of “slow” dynamical variables of interest. In
this work, we will use the mass scaled coordinates as “slow” variables,
so that the projectors are defined as

PO(t) = ∑
ij

(ũj , O(t))(ũi, ũj) ũi +∑
ij

(p̃j , O(t))(p̃i, p̃j) p̃i, (8)

QO(t) = (1 − P)O(t). (9)

By construction, it should be noted that the projectors P and
Q are orthogonal, in the sense that they follow P + Q = 1
and PQ = QP = 0. Being projection operators, it is natural that
P and Q are idempotent so that PP = P and QQ = Q. More-
over, it can be shown that these projectors, as the Liouville operators,
are Hermitian with respect to the static Kubo correlation function,55

which results in the properties

(X, PY) = (PX, Y), (10)

(X, QY) = (QX, Y). (11)

Equipped with these operators, we can now express the
equation of motion of the mass scaled momentum of atom i,

˙̃pi(t) = eiLtiLp̃i

= eiLt(P + Q)iLp̃i

= eiLt PiLp̃i + eiQLt QiLp̃i +∫ t

0
dseiL(t−s)PiLeiQLs QiLp̃i,

(12)

where we used the Dyson identity55,59 to expand the Q projection.
To simplify the notation of Eq. (12), we introduce the frequency

matrix Θ (note that it is not in mass scaled coordinates)

Θij = −∑
k

(uk, fi)(uj , uk) , (13)

where fi =Mi L2ui is the force acting on atom i, as well as δf(t),
which is often called the random force,

δ fi(t) = eiQLt⎛⎝ fi +∑
j

Θijuj
⎞⎠ (14)

and the memory kernel K(t)
Kij(t) = (δ fi, δ fj(t))√

MiMj
(15)

so that the equations of motion for the momentum can be
written as58–61

˙̃pi(t) = −∑
j

Θij√
MiMj

ũj(t) − δ fi(t)√
Mi
− β∑

j
∫ t

0
dsKij(s)p̃j(t − s).

(16)

Formally, the Mori–Zwanzig projection splits the evolution of the
dynamical variables into a “slow” contribution, driven by the fre-
quency matrix and a “fast” one, given by the random force and
the memory kernel. As depicted in Fig. 1, the “slow” part of the
dynamics represents a subspace of the full Hilbert space of the
dynamical variables. Thus, the goal of the operator P is to project
any dynamical variable into this subspace. The random forces, which
account for the effects of other degrees of freedom, evolve in the
“fast” orthogonal subspace, as indicated by the evolution operator
eiQLt , and its orthogonal nature is recovered thanks to the property(ũi, δ fi(t)) = 0. It should be noted that the randomness of this term
is only apparent. By contracting information through the projector
Q, the time evolution of this term is more difficult to apprehend and
its dynamics appears “random,”55 though this is not the case.

We can now inject ˙̃pi(t) into the equations of motion of Eq. (7)
to obtain the generalized Langevin equation of motion of the mass
weighted displacement KCF

G̈(t) = − Θ√
MTM

G(t) − β∫ t

0
dsK(s)Ġ(t − s). (17)

An interesting result of this formulation is the separation of the
dynamics into two parts. The first one, driven by the static fre-
quency matrix, is conservative, while the second part, driven by

FIG. 1. Schematic illustration of the Mori–Zwanzig projection operator formalism.
Within this formalism, the dynamics of a dynamical variable, represented here with
a black arrow, happen in the full Hilbert space. The operators P, represented as
the red arrows, projects this dynamic onto a “slow” subspace depicted here as a
blue rectangle. By construction, the starting point of the dynamics, visualized with
the green dot, is located on the projected subspace.
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the memory kernel, is dissipative.61 The formulation of the mem-
ory kernel as the autocorrelation of the random forces is a result
of the equilibrium state of the system and is known as the second
fluctuation–dissipation theorem.53 It is important to note that there
is no approximation leading to Eq. (17) so that it is an exact descrip-
tion of the dynamics of the system. However, the main difficulty in
solving this equation comes from the memory kernel of Eq. (15), for
which the dynamics is not generated by the Liouville operator, but
by its orthogonal projection.

III. THE GLE IN QP SPACE

Up to this point, we have been working in real space. To for-
mulate the problem in reciprocal space, there is a freedom of choice
for the basis set into which we will project the dynamical variables.
A natural projection is one where the conservative part of the GLE
is block diagonal in momentum and completely diagonal in vibra-
tional modes, all while taking advantage of the periodicity of the
crystal. Such a transformation can be achieved using concepts from
the toolkit of harmonic phonon theory.

With this goal, we define a generalized dynamical matrix D(q)
as the Fourier transform of the mass weighted Θ,

Dij(q) = ∑
τ

Θτ, j
0,i√

MiMj
eiq(⟨Rτ,j⟩−⟨R0,i⟩), (18)

where we introduced a unit cell based notation i→ (τ, i) so that
Θτ, j

δ,i is the frequency matrix relating atom i in the unit cell δ to the
atom j in unit cell τ. Similarly to the harmonic phonon case, we can
now obtain QP polarization vectors ϵν(q) and frequencies Ωq,ν by
diagonalizing D(q),

D(q)ϵν(q) = Ω2
ν(q)ϵν(q), (19)

where ν is a QP mode. Without loss of generality, we can now express
the mass-weighted atomic displacements as

ũi(t) = ∑
q,λ

ρq,λϵλ
i (q)Aλ(q, t), (20)

where Aλ(q, t) are unitless quasiparticle operators with the property(Aλ(q), Aλ′(q′)) = 2kBT
h̵Ωλ(q)δλλ′δq,q′ 65 and ρq,λ is a prefactor deter-

mined below. Using the static solution of Eq. (17) as well as
the property G̈i j(0) = −kBT/Miδi j ,66,67 we can express the static
mass-weighted displacement covariance tensor as

(ũi, ũj) = kBT
√

MiMjΘ−1
i j . (21)

Injecting Eq. (20) into this equation and with some reorganization,
it can be shown that ρq,λ = √h̵/Ωλ(q) so that the displacements can
be expressed as

ui(t) =
√

h̵
2Mi
∑
q,λ

ϵλ
i (q)√
Ωλ(q)Aλ(q, t). (22)

We can now define a Kubo transformed QP Green’s function

Gλ,μ(q, t) = (Aλ(q), Aμ(q, t)). (23)

To obtain the expression of the memory kernel projected on the
QP, we note that from Eq. (22), the force acting on nucleus i can
be expressed as

fi =
√

h̵Mi

2 ∑qλ

ϵλ
i (q)√
Ωλ(q) Äλ(q). (24)

The part of the random forces involving the frequency matrix
has a structure resembling mass-scaled harmonic forces, which can
be written in terms of quasiparticle operators as

∑
jβ

Θαβ
i j√

MiMj
uβ

j =
√

h̵Mi

2 ∑qλ

ϵλ
i (q)√
Ωλ(q)Ω2

λ(q)Aλ(q). (25)

Consequently, we can define the random forces in terms of QP
operators as

δ fi =
√

h̵Mi

2 ∑q,λ

ϵλ
i (q)√
Ωλ(q)(Äλ(q) −Ω2

λ(q)Aλ(q))
=
√

h̵Mi

2 ∑q,λ

ϵλ
i (q)√
Ωλ(q)δAλ(q), (26)

where we defined the QP random forces operator δAλ(q) = Äλ(q)−Ω2
λ(q)Aλ(q), which follows orthogonal time dynamics

δAλ(q, t) = eiQLtδAλ(q). (27)

We are now able to define the memory kernel in reciprocal space

K(q, t) = h̵
kBT

Ω(q)−1(δA(q), δA(q, t)), (28)

which allows us to write the GLE for the Kubo transformed Green’s
function as

G̈(q, t) = −Ω2(q)G(q, t) − ∫ t

0
dsK(q, s)Ġ(q, t − s). (29)

The dynamical properties of the many-body system can now be
obtained by solving Eq. (29) with the initial conditions

Gλμ(q, 0) = 2kBT
h̵Ωλ(q)δλ,μ, (30)

Ġλμ(q, 0) = 0. (31)

IV. VIBRATIONAL SPECTRA FROM THE KUBO
CORRELATION FUNCTION

From linear response theory, it is known that the correla-
tions of an unperturbed system are related to its response to a
perturbation.53,62,68 For a perturbation applied to an observable
A, the response of the system through the observable B can be
computed using the response function ΦAB, which we define as

ΦAB(t) = − i
h̵
⟨[A, B(t)]⟩, (32)
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where the average of the commutator of A and B(t) is called the sym-
metrized correlation function. The dynamical susceptibility of the
system is then simply given by the Laplace transform of the response
function

χAB(ω) = ∫ ∞
0

dtΦAB(t)e−iωt. (33)

It should be noted that the use of a Laplace transform with the
definition Eq. (32) allows to include causality in the response of
the system. This formulation is equivalent to more common defi-
nitions of the susceptibility where causality is introduced with the
use of the Heaviside function. To connect the preceding derivation
to the response function, we need to express ΦAB(t) as a func-
tion of the KCF. This can be achieved using the cyclic property of
the trace, which gives a classical-like formulation of the response
function

ΦAB(t) = − i
h̵

1
Z( Tr [e−βHAB(t)]] − Tr [e−βHB(t)A]])

= i
h̵

1
Z( Tr [e−βHeβHAe−βHB(t)]] − Tr [e−βHAB(t)]])

= ∫ β

0
dλ

1
Z Tr [e−βHȦ(ih̵λ)B(t)]

= βĠAB(t), (34)

where Ȧ = i[H, A]/h̵ is the time derivative of A at t = 0.
From this response function, the dynamical susceptibility of the

system is simply obtained by applying a Laplace transform

χAB(ω) = β∫ ∞
0

dt(Ȧ, B(t))e−iωt

= β̃̇GAB(iω)
= iβωG̃AB(iω) − βGAB(0), (35)

with G̃AB(iω) the Laplace transform of the KCF of A and B, and̃̇GAB(iω) is the Laplace transform of its time derivative. The dynam-
ical susceptibility can be decomposed into a real and imaginary part
χAB(ω) = χ′AB(ω) + iχ′′AB(ω), where χ′AB(ω) and χ′′AB(ω) are related
by a Kramers–Kronig transform, meaning that the knowledge of one
is sufficient to recover the dynamical response of the system. From
Eq. (35), we see that the imaginary part of the dynamical suscep-
tibility, which corresponds to the dissipative part of the response,
is simply proportional to the real part of G̃AB(ω). Since the KCF
is an even and real function of time, this real part is proportional
to the power spectrum GAB(ω), which corresponds to the Fourier
transform of GAB(t), so that the dissipative part of the response, also
called the spectral function, can be written as

χ′′AB(ω) = ω
2kBT

GAB(ω). (36)

This equation is simply the fluctuation–dissipation theorem,
written using the Kubo transformed correlation function. The trace
of the dissipation χ′′(q, ω) is particularly important since this quan-
tity can be linked to the cross section d2σ/dΩdE from spectroscopy

measurements, allowing thus a direct comparison between the-
ory and experiment. For the QP KCF, using the initial conditions
[Eqs. (30) and (31)], the Laplace transform is expressed as

G̃(q, iω) = 2kBT
h̵Ω(q) −iω − K̃(q, iω)

ω2 −Ω2(q) − iωK̃(q, iω) . (37)

To obtain a formula for the Fourier transform of G(q, ω), we start
by separating the memory kernel into a real and an imaginary part
as K̃(q, iω) = Γ̃(q, ω) − iΔ̃(q, ω). Since K(q, t) is a real and even
function of time, the real part Γ̃(q, ω) of its Laplace transform is pro-
portional to its Fourier transform Γ(q, ω), with Γ̃(q, ω) = 2Γ(q, ω).
Moreover, Γ̃(q, ω) and Δ̃(q, ω) are not independent, and one can
recover the other using Kramers–Kronig relations.69 For instance,
Δ̃(q, ω) can be computed with

Δ̃(q, ω) = 1
π ∫ dω′ Γ̃(q, ω′)

ω′ − ω
, (38)

where the absence of the usual minus sign comes from the previous
definition of the memory kernel. This allows us to take the real part
of Eq. (37) and obtain the power spectrum as

G(q, ω) = kBT
πh̵

8Ω(q)Γ(q, ω)(ω2 −Ω2(q) − 2ωΔ(q, ω))2 + 4ω2Γ2(q, ω) . (39)

Finally, the dissipative part of the response function can be
computed using the fluctuation–dissipation theorem of Eq. (36),
giving

χ′′(q, ω) = 1
πh̵

4ωΩ(q)Γ(q, ω)(ω2 −Ω2(q) − 2ωΔ(q, ω))2 + 4ω2Γ2(q, ω) . (40)

In the end, the dynamical response of the system can be entirely
characterized using Ω(q), Γ(q, ω), and Δ(q, ω). Consequently, at
this point, the only missing ingredient needed to compute the
dynamical properties of the system is the real part of the memory
kernel.

V. MODE-COUPLING APPROXIMATION
FOR THE MEMORY KERNEL

For the moment, the formulation is exact and consists only
in a rewriting of the dynamical problem, by framing the unsolv-
able part into a memory kernel. The exact computation of K(t) is
a formidable task and we have to resort to approximations to be
able to apply the theory to real simulations. To obtain a tractable
formulation of the memory kernel, we use a cluster expansion of
the random forces. With this goal, we define the nth order pro-
jection operators Pn,70 which project an operator O(t) on the
subspace of n QP operators, as well as the corresponding orthogonal
projection Qn,

PnO(t) = 1
n! ∑λ1...λn

λ′1...λ′n

(Aλ′1 . . .Aλ′n , O(t))(Aλ1 . . .Aλn , Aλ′1 . . .Aλ′n)Aλ1 . . .Aλn , (41)

Qn = 1 − Pn, (42)
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where the prefactor 1/n! is here to account for all the permutations of
Aλ operators so that Pn Pn = Pn. Going up to order N and inserting
several times the identity Pn + Qn = 1, we can rewrite the random
forces

δAλ = (P2 + Q2)δAλ= P2δAλ + (P3 + Q3)Q2δAλ

= N∑
n

Pnδn−1Aλ + δN Aλ, (43)

δN Aλ = QN QN−1 . . . Q2δAλ, (44)

where each successive application of Qn will produce an ever smaller
δnAλ, and δN Aλ is the final residual random force we will neglect. We
can now inject this expression into the memory kernel to obtain

Kλ,λ′(t) = (δAλ, δAλ′(t))
= N∑

n=2

N∑
n′=2
(Pnδn−1Aλ, Pn′δn′−1Aλ′(t))

+ (δN Aλ′ , δN Aλ′(t))
= N∑

n=2

N∑
n′=2

Kλ,λ′
nn′ (t) + (δN Aλ, δN Aλ′(t)), (45)

where we define the (n, n′) order memory kernel

Kλ,λ′
n,n′(t) = (Pnδn−1Aλ, Pn′δn′−1Aλ′(t))= ∑

λ1 ,...,λn
λ′1 ,...,λ′

n′

Ψn(λ, λ1, . . . , λn)Ψn′(λ′, λ′1, . . . , λ′n′)
× (Aλ1 . . .Aλn , eiQLtAλ′1 . . .Aλ′

n′ ) (46)

as well as the vertex

Ψn(λ1, . . . , λn) = 1
n! ∑μ1 ,...,μn

(Aμ1 . . .Aμn , δn−1Aλ)(Aλ1 . . .Aλn , Aμ1 . . .Aμn) . (47)

The preceding manipulations serve to shift the orthogonal space
time dependence from the random forces into multiple displace-
ment Kubo correlation functions. By subtracting the contributions
up to order n, the Qn projectors minimize the corresponding con-
tribution of the random forces δnAλ. Consequently, this “clustering”
procedure ensures that the contribution of each new order in the
memory kernel is less important than the previous one. While this
is still impossible to solve in practice, this rewriting opens a way to
approximate K(q, t).

As a first approximation, we truncate the expansion of the
memory kernel at some order N and we neglect the Nth order
correlation of the random forces. The second approximation con-
sists in decoupling the n point correlations in orthogonal time into
n/2 products of two point correlations in real time.58,59,61 For
instance, a four point correlation function is given by

(Aλ1 Aλ2 , eiQLtAλ3 Aλ4) ≈ (Aλ1 , Aλ3(t))(Aλ2 , Aλ4(t))+ (Aλ1 , Aλ4(t))(Aλ2 , Aλ3(t)). (48)

These two approximations are at the foundation of the mode-
coupling theory of the liquid–glass transition.58,59

In this work, we will limit ourselves to the second order in
the memory kernel expansion. To simplify further the expression of
the memory kernel, we will neglect its off-diagonal terms (n ≠ n′,
λ ≠ λ′). We note that this approximation does not remove mode
coupling [the sum in Eq. (46) runs over all the other modes]
and would not prevent the inclusion of off-diagonal velocity terms
in the thermal conductivity as in Ref. 71. Finally, taking into
account the conservation of crystal momentum (with the −λ), our
approximation for the memory kernel is given by

Kλ(t) ≈ h̵
2kBTΩλ

∑
μ,ν
∣Ψ(−λ, μ, ν)∣2Gμ(t)Gν(t). (49)

The only inputs are contained in the vertex Ψ. We define the third-
order tensor Θ as

Θijk = −1
2
∑l,m (ulum, δ fi)∑l,m (ujuk, ulum) . (50)

Using the projection of displacements and random forces on QP, the
vertex can then be expressed as

Ψ(λ, μ, ν) =
¿ÁÁÀ h̵

2
Ωλ

ΩμΩν
∑
i,j,k

ϵλ
i ϵμ

jϵ
ν
k√

MiMjMk
Θijk

× ei(Riqλ+Rj qμ+Rkqν)δG(qλ + qμ + qν), (51)

where δG(qλ + qμ + qν) = 1 if qλ + qμ + qν is 0 modulo a reciprocal
lattice vector G.

With the preceding approximation of K, we now have all the
ingredients to compute the power spectrum. Fourier transforming
Eq. (49) in frequency domain, and using Eqs. (38) and (39), we
obtain the following set of self-consistent equations:

Γλ(ω) = h̵
2kBTΩλ

∑
μ,ν
∣Ψ(−λ, μ, ν)∣2(Gμ ∗Gν)(ω), (52)

Δλ(ω) = 1
π ∫ dω′ Γλ(ω′)

ω′ − ω
, (53)

Gλ(ω) = kBT
πh̵

8ΩλΓλ(ω)(ω2 −Ω2
λ − 2ωΔλ(ω))2 + 4ω2Γ2

λ(ω) . (54)

In order to obtain a starting point to the self-consistent cycle, we
introduce an approximation inspired by scattering theory. We begin
by defining a bare Green’s function as the solution of a memory-less
GLE

G̈λ,0(t) = −Ω2
λGλ,0(t), (55)

which is simply given by Gλ,0(t) = kBT
h̵Ωλ

cos (Ωλt). The scattering the-
ory approximation is obtained by replacing the Green’s function in
Eq. (52) by Gλ,0(ω), which allows to obtain the linewidth

Γs
λ(ω) = πkBT

h̵ΩλΩμΩν
∑

μ,ν,s,s′
∣Ψ(−λ, μ, ν)∣2δ(ω + sΩμ + s′Ων) (56)
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with s, s′ = ±1. From this result, a first approximation to the
power spectrum can be obtained by using Eqs. (53) and (54) with
Γs

λ(ω) as an input.

VI. COMPUTING THE FREQUENCIES AND VERTEX
FROM (PI)MD SIMULATIONS

One advantage of the formalism derived previously is that only
static averages are needed as input. This is particularly interesting
for applications given that the static KCF of two variables A and
B can be computed exactly in the path-integral molecular dynamics
framework as49,63

GAB(0) = lim
P→∞ lim

t→∞∫ t

0

e−βH(t)
Z
⎛⎝

P∑
p

Ap(t)⎞⎠⎛⎝
P∑
p

Bp(t)⎞⎠dt

≈ 1
N

N∑
n

Ā(tn)B̄(tn), (57)

where P is the number of beads in the classical polymer, and Ā(t)= ∑p Ap(t) is the mean of the property A over the classical poly-
mer. The second line of Eq. (57) corresponds to the approximation
with a finite number of configurations and beads from path integral
molecular dynamics.

The static correlation function of classical MD simulations
corresponds to the limit P = 1 and can be computed as

GAB(0) ≈ 1
N

N∑
n

A(tn)B(tn). (58)

We note that this can be used as a way to approximate the static KCF,
as will be discussed on the next section.

In the limit of a finite number N of configurations, the
frequency matrix can be computed with

Θij = −∑N
n ∑k ūk(tn)f̄ i(tn)∑N
n ∑k ūk(tn)ūj(tn) , (59)

where we used the property (ui, f j) = −kBTδi j to decouple the sums
in the numerator and denominator of Eq. (13). In this equation,
one can recognize the least squares solution Θ of the linear prob-
lem Θu = −f. This implies that the computation of the frequency
matrix can be mapped to the problem of fitting an effective harmonic
Hamiltonian using the distribution of forces and displacements at
the studied temperature. This corresponds to the TDEP method
at second order,37 for which our framework offers an exact formal
justification and a path for generalization. In practice, the average
needed in the computation of Θ might necessitate long simulations,
which could become prohibitive. Fortunately, Θ is a sparse matrix,
with many coefficients related by symmetry, as it must be invari-
ant under the symmetry group of the crystal. Moreover, since the
displacements and forces are invariant with respect to global trans-
lation and rotation of the system, their static KCF should also respect
these invariances. This means that, by definition, Θ follows the
usual symmetries found in the IFC tensor of the harmonic approx-
imation for phonons. Consequently, imposing them on Θ before
applying Eq. (59) will considerably decrease the length of the sim-
ulations needed, similarly to what is done in lattice dynamic fitting

methods.38,72–74 A similar analysis can be done for the second order
vertex in real space, which can be computed as

Θijk = −1
2

N∑
n

∑l,m ūl(tn)ūm(tn)δf̄ i(tn)∑l,m ūl(tn)ūm(tn)ūj(tn)ūk(tn) (60)

with δfi = fi +∑jΘijuj. A simple variable transformation allows to
rewrite this equation as a least-squares solution of the equation
ΘTU = δf, where U = uuT .39,74 As in the frequency matrix case, this
means that this interaction can be constructed exactly as the third-
order IFC in the TDEP method. It can be shown that this TDEP-like
construction arises naturally for every order, by definition of the nth
order projectors Pn.

VII. DISCUSSION
A. Classical-like correlation functions
and classical limit

Looking at the main results in the preceding derivation, it
would be easy to miss the quantum character of the dynamics
described, since most of the equations seem to lack the usual
quantum-related prefactors. The quantum behavior of the system is
hidden in the Kubo correlation function, as can be inferred from its
Lehmann representation given by

Gλ(ω) = kBT∑
jk

pj
∣⟨j∣Aλ∣k⟩∣2

h̵ω(n(ω) + 1)δ(ω − Ej − Ek

h̵
), (61)

where p j = e−βE j/Z is the Boltzmann weight associated with state
j of energy Ej and n(ω) = 1/(eβhω − 1) is the Bose–Einstein distribu-
tion. Consequently, our approach allows to alleviate any ambiguity
related to the type of quantum correlation functions one should use
in PIMD simulations, all while giving a consistent formulation of the
dynamics of the system.

Interestingly, the classical limit of this mode-coupling approach
is completely analogous to its quantum counterpart.60 Indeed, the
classical version of the Mori–Zwanzig formalism is obtained by
simply replacing the KCF with classical correlation functions. Using
the similarity between the properties of Kubo and classical cor-
relation functions, the same derivation can be used to obtain the
classical version of the set of self-consistent Eq. (52)–(54). Therefore,
the only difference between the quantum and classical description
comes from the type of correlation functions used to compute
the frequency matrix Θ and the vertex. This classical-like behavior
is particularly visible in the KCF formulation of the quantum
fluctuation–dissipation theorem given by Eq. (36), which is exactly
the same as its classical limit.62 This observation brings a new
justification to the interpretation of classical correlation functions
as approximated KCF.47 From a practical point of view, and as
discussed in the previous section, this means that the same set of
equations can be used in the two limits, the only difference stem-
ming from the type of simulation used to compute the correlation
functions.

Furthermore, our approach allows for a simple inclusion of
quantum behavior when doing classical simulations. For this, we
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introduce the lesser Green’s function G<λ (t) = ⟨A†
λ(t)Aλ⟩, given in

the Lehmann representation by

G<λ (ω) = ∑
jk

pje−βh̵ω∣⟨j∣Aλ∣k⟩∣2δ(ω − Ej − Ek

h̵
). (62)

From this representation, it is easy to see that the Kubo and lesser
Green’s functions are related by G<λ (ω) = h̵ω

kBT n(ω)Gλ(ω). Replacing
the Kubo Green’s functions in Eq. (52) with the lesser Green’s func-
tions makes the Bose–Einstein distributions visible in the following
equation:

Γλ(ω) = h̵
2kBTΩλ

∑
μ,ν
∣Ψ(−λ, μ, ν)∣2

× ∫ ∞
−∞ dω′ kBT

h̵(ω − ω′)n(ω − ω′)G<λ (ω − ω′)
× kBT

h̵ω′n(ω′)G<λ (ω′). (63)

In the scattering theory approximation, G<λ (t) = n(Ωλ) cos (Ωλt) so
that Γs

λ(ω) reduces to

Γs
λ(ω) = h̵π

4kBTΩλ
∑
μ,ν
∣Ψ(−λ, μ, ν)∣2F(ω, μ, ν), (64)

F(ω, μ, ν) = ∑
s=±1
[(nμ + nν + 1)δ(ω + sΩμ + sΩν)

+ (nμ − nν)δ(ω + sΩμ − sΩν)] (65)

with nμ = n(Ωμ), and where we used limω→01/[hωn(ω)] = β. Once
Ψ has been calculated, using Eq. (64) to process inputs from MD
simulations is a simple zero-cost and legitimate way to approximate
quantum effects without needing to do expensive PIMD simula-
tions. Such an approximation should be valid for systems with low
anharmonicity or at high temperature.

B. Interpretation of the static quasiparticles
With the previous discussions, we focused on dynamical prop-

erties. It is interesting to also consider static properties associated
with the formalism, in particular the quasiparticle frequencies. Inter-
estingly, these temperature-dependent frequencies have often been
compared with great success to experiments,35,37,43 but these com-
parisons lacked a rigorous theoretical justification. It has been pro-
posed to interpret these frequencies as an approximation of the first
excitation of the system.49,75 While such an approximation would
be accurate at low temperature, it does not hold for high tempera-
ture and completely misses the exact character associated with the
quantity.75

Taking the ω→ 0 limit of Eq. (35), the static susceptibility
can be written as χ = −βG(0). From Eq. (13) and using the prop-
erty (ui, f j) = −kBTδi j , we obtain a proportionality relation between
the frequency matrix and the inverse static susceptibility in real
space

Θ√
MTM

= χ−1, (66)

meaning that the frequency matrix is directly related to the instanta-
neous response of the system to an external perturbation. By doing

the transformation in Sec. III, and due to the Hermitian charac-
ter of the matrices involved, we can conclude that the quasiparticle
polarizations ϵλ(q) are also eigenvectors of the Fourier transform
of the susceptibility matrix, with eigenvalues h̵Ω−2

λ (q). From this
observation, we can interpret the eigenvectors ϵλ(q) of the quasipar-
ticles as displacement patterns associated with a perturbation with
a momentum q. The Aλ(q) are thus the amplitude of these dis-
placement patterns, which can be seen as a temperature-dependent
generalization of the normal modes of the harmonic theory.

To have a better understanding of the meaning of these fre-
quencies, it is useful to focus on the second order time derivative
of the KCF. From the relation G̈i j = kBT, and using Eqs. (22) and
(24), we have G̈λ(q)/Gλ(q) = Ω2

λ(q). Using then the Lehmann
representation of the KCF Gλ(q) and G̈λ(q),

Gλ(q) = kBT∑
jk

∣⟨j∣Aλ(q)∣k⟩∣2(pk − pj)
ωjk

, (67)

G̈λ(q) = kBT∑
jk

⟨j∣Aλ(q)∣k⟩⟨k∣Äλ(q)∣j⟩(pk − pj)
ωjk

= kBT∑
jk

ω2
jk∣⟨j∣Aλ(q)∣k⟩∣2(pk − pj)

ωjk
(68)

with ωjk = (Ej − Ek)/h, and where we used ⟨ j∣Äλ(q)∣k⟩= −ω2
jk⟨ j∣Aλ(q)∣k⟩, we obtain a formulation of the frequencies

in terms of a complete set of eigenstates of the Hamiltonian

cjk(λ, q) = ∣⟨j∣Aλ(q)∣k⟩∣2(pk − pj)
ωjk

, (69)

Ωλ(q) =
¿ÁÁÀ∑jk ω2

jkcjk(λ, q)
∑jk cjk(λ, q) . (70)

This result shows that the quasiparticle frequencies correspond to
a thermodynamic average of the transitions between states of the
system projected on the displacement patterns.

It should be noted that these frequencies do not necessar-
ily align with peaks in the spectral functions. Indeed, the relation
between the static frequencies and the spectral function is given by
the sum rule

∫ ∞
0

dωχ′′λ (q, ω)ω = Ωλ(q). (71)

Consequently, the peaks and the static frequencies should be aligned
only in the case of a symmetric lineshape or at least in cases where
the spectral weight is evenly distributed around Ωλ.

C. Comparison with other methods
To help understanding the implication of the mode-coupling

theory of lattice dynamics, it is informative to compare it to well
established methods. In this section, we show that the perturba-
tion theory, the SCHA and the TDEP method can be understood
as different approximations of the mode-coupling approach, that we
summarize in Table I.
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TABLE I. Summary of different approach of anharmonic lattice dynamics.

Perturbation theory SCHA Mori–Zwanzig

Sampling Perturbative through finite Effective harmonic Exact through MD (classical case)
of displacements difference or DFPT (multivariate Gaussian) or PIMD (quantum case)

Static quasiparticles Harmonic phonons Effective harmonic phonons Eigenstates of the inverse
or eigenstates of the inverse susceptibility susceptibility

Vertex in the bubble Perturbative Gaussian approximation Exact
contribution

Implementations
Phono3py15 SSCHA30

MD-TDEP37,38Alamode27,28

ShengBTE16 sTDEP76

qSCAILD31

1. The harmonic limit
A good theory of lattice dynamics should reduce to the exactly

known harmonic limit. This can be trivially shown to be true for the
mode-coupling theory. Indeed, for a harmonic system, the frequency
matrix presented in Eq. (13) is equal to the harmonic force constants
so that the random forces cancel out. Consequently, the GLE reduces
to the expected memory-less harmonic equations of motion.

2. Perturbation theory
More interestingly, it can be shown that the perturbative limit

of the mode-coupling approach allows us to retrieve the usual
linewidth formulation obtained from a diagrammatic expansion.11,13

To show this, we suppose that the potential energy of the system
can be approximated by an anharmonic potential truncated to third
order

V(R) ≈ 1
2∑ij Θpt

i j uiuj + 1
3!∑ijk Ψpt

ijkuiujuk, (72)

Θpt
i j = ∂2V(R)

∂Ri∂Rj
, (73)

Ψpt
ijk = ∂3V(R)

∂Ri∂Rj∂Rk
, (74)

where we assume that contributions from Ψpt
ijk are perturbations with

respect to Θpt
i j so that averages can be taken with respect to the har-

monic contribution. In this approximation, the frequency matrix is
equal to the second order force constants Θpt and the memory kernel
can be written

Kpt
i j (t) = ∑

klmn
Ψpt

iklΨ
pt
jmn(ukul, e−iQLtumun), (75)

which corresponds to the (2, 2)-order memory kernel defined in
real space, but with third-order force constants instead of the full
vertex. From this observation, the derivation of the phonon quasi-
particles follows the same route as the more general Mori–Zwanzig
theory. In the end, the main difference between the perturbation and

mode-coupling theories lies in the definition of the quasiparticles
and in the strength of the vertex Ψ(λ, μ, ν). In order to quantitatively
reconcile experimental observations and theoretical predictions for
properties such as thermal conductivity, these renormalizations are
important. Indeed, while the temperature dependence of QP fre-
quencies is known to have a large impact on this kind of quantity,77

the deviations brought by scattering renormalization can be of sim-
ilar magnitude and have the potential to remove the expected high
temperature trend κ∝ T−α, as shown in Refs. 78–80.

From a diagrammatic derivation to lowest-order, this dynam-
ical contribution is given by the bubble diagram represented in
Fig. 2(a). Doing a naive comparison, it would seem that the other
lowest-order diagrams, known as the tadpole [Fig. 2(b)] and the
loop [Fig. 2(c)], are missing from the mode-coupling theory. How-
ever, the absence of these diagrams is correct, and a consequence
of some exact properties of this approach. By construction, the
Mori–Zwanzig projection formalism used in Sec. II C results in a
conservative contribution that gives the exact static part of the Kubo
Green’s function. The tadpole and loop diagrams are purely real so
that their contributions to the Green’s function only result in a shift
of the static terms.11,28 From this observation, one can infer that the
frequencies Ωλ(q) already include all static diagrams to all orders.
Adding any static diagram, such as the loop or the tadpole, would
result in an over-correction, thus explaining their absence from the
lowest-order mode-coupling approximation.

FIG. 2. Feynman diagrams appearing in the self-energy in perturbation theory
to lowest order. Each line represents a propagator, while dots and squares are,
respectively, third and fourth order vertices. (a) The bubble, (b) the tadpole, and
(c) the loop. In the mode-coupling approach presented here, we observe only
bubble-like contributions in the memory kernel.
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Even if the approaches are quite similar, we should expect
the mode-coupling theory to have a wider range of validity than
bare perturbation theory. Indeed, being constructed on a trun-
cated expansion of the Hamiltonian with respect to displacements,
perturbation theory is known to fail for systems with strong anhar-
monicity. In these systems, the high-order contributions to the
Hamiltonian can be of similar—or even higher—magnitude than
the harmonic contribution. This is because the perturbative nature
of the high order contributions is only a supposition, and there is
no guarantee that this holds in general.17,21,81 On the contrary, the
projection operators of Eqs. (8) and (41) are constructed so that
effects of higher order correlations are minimized. Such a construc-
tion allows the mode-coupling theory to be valid even in strongly
anharmonic systems. One should note that the use of linear response
theory for this kind of system is not a problem for the Mori–Zwanzig
approach, as the linearity is assumed in the response of the system to
a weak probe, not in the behavior of the system itself.

3. Self-consistent harmonic approximation
The self-consistent harmonic approximation is a workhorse

for the study of anharmonic crystals. The method is based on the
minimization of the Gibbs–Bogoliubov free energy F̃ defined as

F̃ = F̃0 + ⟨V(R) − Ṽ(R)⟩0, (76)

where Ṽ(R) is an effective potential, F̃0 is its associated free energy,
and ⟨O⟩0 is an average computed within the distribution associ-
ated with Ṽ(R). As the name of the method implies, the effective
potential has a harmonic form

Ṽ(R) = (R −R)TΘSCHA(R −R), (77)

where the effective force constants ΘSCHA and equilibrium posi-
tions R are parameters to optimize. The advantage of such a
potential is that the distribution of displacements around R is a
multivariate Gaussian. Consequently, the sampling of atomic posi-
tions to compute averages is greatly simplified compared to the
true potential. Using Jensen’s inequality, it can be shown that
the Gibbs–Bogoliubov is an upper bound to the real free energy
F < F̃82 so that optimizing the parameters means minimizing F̃ .
For the effective force constants, the minimum is obtained when

ΘSCHA
i j = ⟨∂2V(R)

∂ui∂uj
⟩

0
, (78)

while the effective equilibrium positions are optimized when the
average difference of true and harmonic forces is zero. In practice,
the minimization is done self-consistently, and several approaches
and implementations can be found in the literature.26–31,76

After the minimization, while the effective force constants can
be used to approximate quasiparticles, a more consistent result is
obtained by using the Hessian Ξ of the free energy29,30

Ξij = ∂2 F̃
∂Ri∂Rj

. (79)

By seeing the Gibbs–Bogoliubov free energy as a Landau expansion
with an order parameter R, the free energy Hessian Ξ can be under-
stood as the inverse static susceptibility. However, compared to the

mode-coupling approach, where this quantity is exact, χ−1 is approx-
imated in the SCHA, as only the contribution from the first-order
free energy cumulant enters in F̃ .

On top of the quasiparticles computed from the free energy
Hessian, the dynamical susceptibility can be obtained with a bubble-
like contribution29,30 in which the vertices are computed using the
average of the third-order derivative of the potential energy

ΨSCHA
ijk = 1√

MiMjMk
⟨ ∂3V(R)
∂Ri∂Rj∂Rk

⟩
0

= − 1√
MiMjMk

∑
lm

⟨ulum fk⟩0⟨uiul⟩0⟨ujum⟩0 , (80)

where the second line can be derived with an integration by parts.
This procedure can also be compared with our mode-coupling
theory. To show this, we start by assuming that we can approxi-
mate the real distribution with the Gaussian associated with ΘSCHA.
With this assumption, the frequency matrix is actually given by
the SCHA force constants ΘSCHA, and the random forces are given
with by δ fi = fi +∑ j ΘSCHA

i j u j . Applying the mode-coupling decom-
position of Sec. V to approximate KSCHA(t), it is then simple to
show that the vertex appearing in the (2,2)-order memory kernel
in real space is given by Eq. (80), as the average of an odd number
of displacements cancels out with the Gaussian average. From this
observation, we can conclude that the bubble-like dynamical con-
tribution in the SCHA is an approximation of the mode-coupling
theory.

To summarize, two approximations enter in the SCHA com-
pared to the mode-coupling theory. The first one concerns the
static frequencies, which are approximated by the effective har-
monic frequencies corrected by a first-order cumulant of the free
energy. The second one is in the vertices in the bubble contri-
bution, which are computed on the basis of a Gaussian approxi-
mation. From a computational point-of-view, the SCHA bears the
important advantage of a lower cost due to its simplified sam-
pling compared to (PI)MD. This is particularly true for the inclu-
sion of nuclear quantum effects, which can be added in a simple
way. However higher-order corrections and applications to strongly
anharmonic (and hence non-Gaussian) systems are more delicate to
justify.

4. Average of the Hessian
In the literature, it has been proposed to define a generalization

of the harmonic force constants through an average of the potential
energy Hessian49

Πij = (∂2V(R)
∂Ri∂Rj

), (81)

where the only difference with the SCHA force constants of Eq. (78)
lies in the Hamiltonian used to compute the average. From the har-
monic limit, where Πij reduces to the harmonic force constants, and
the similarity with Eq. (78), this generalization seems like a sensible
choice. However, it is constructed on the equality Πij = Θij that only
holds in a harmonic system.
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To highlight the differences between this formulation and the
mode-coupling theory, the potential energy Hessian average can be
expanded in terms of force–force KCF,49

Πij = ( fi, fj)
kBT

. (82)

Using this equation, the static part of memory kernel can be
formulated as

Kij(0) = Πij −Θij. (83)

Since K is a positive definite matrix,69 this equation tells us that Π is
greater that Θ, meaning that frequencies computed from the diag-
onalization of the average Hessian will overestimate the Ωλ. This
result shows that while formulations based on the SCHA and on
the true distribution by means of (PI)MD are similar, they are not
interchangeable.

5. Temperature dependent effective potential
TDEP is a method based on the construction of an effective

anharmonic potential of the form (here presented up to third order)

Ṽ(R) = 1
2∑ij ΘTDEP

i j uiuj + 1
3!∑ijk ΨTDEP

ijk uiujuk. (84)

The temperature dependence in this potential is introduced through
a successive fitting of each order. First, using a set of positions
and forces distributed according to a given temperature, the sec-
ond order interatomic force constants Θij are fit using ordinary
least-squares. Then, the third order force constants Ψijk are fit on
the residual of the forces. In principle, this successive fitting can be
continued to any order, though usual applications of the method
truncate the potential at the third or fourth order.

In applications of TDEP, two approaches have been used to
generate the set of positions and forces. In the original works,37,38

which we will call MD-TDEP, MD simulations are used. In the
second one, sometimes called sTDEP (for stochastic TDEP), the dis-
placements are computed from an effective harmonic model. In the
latter case, the set of forces and displacements have to be constructed
self-consistently by refitting the second order potential from the set
of the previous iteration.

It is important to differentiate the approaches. On one
hand, sTDEP is simply an implementation of the SCHA,
since the self-consistent least-squares fit allows to minimize the
Gibbs–Bogoliubov free energy in Eq. (77). On the other hand, by
using the real distribution, MD-TDEP is an implementation of
the mode-coupling theory. Indeed, as has already been discussed
in Sec. VI, the force constants ΘTDEP and ΨTDEP computed from
the TDEP methods are equal to the frequency matrix Θ and the
real space vertex Ψ. Consequently, the perturbation theory usually
applied to compute the spectral function is equivalent to the scat-
tering approximation of mode-coupling theory [Eq. (64)] if only the
bubble term is used. As this is the case for most applications of TDEP
in the literature, we have a large number of examples showing the
accuracy of the mode-coupling approach. For instance, the method
has been used successfully to explain the anomalous neutron scat-
tering of SnTe and PbTe,83 to study the phase transition of GeTe84

or the phase diagram of uranium85,86 as well as many other phe-
nomena for highly anharmonic systems.40,87–89 Our work provides

a theoretical justification for the results of these studies, as well as a
generalization, allowing to include quantum effects through the use
of PIMD and to include higher order corrections.

D. Markovian approximation
and Lorentzian lineshape

In the limit of small anharmonicity, the spectral lineshapes are
often approximated with Lorentzians.7,15,90 An interesting conclu-
sion to be taken from the presented theory is that such a solution
cannot be an exact representation of the dynamics of the nuclei. In
the Lorentzian approximation, the frequency dependency of the life-
time is neglected and Γ(ω) is approximated with a constant given
by Γλ = Γλ(Ωλ).15 In the Mori–Zwanzig formalism presented here,
such Lorentzian spectra would appear in the context of a Marko-
vian approximation of the memory kernel.54 In this case, where it
is assumed that K(t) decays very quickly compared to G(t), the
memory kernel can be replaced by a constant friction term ΓM(q)= β∫ ∞0 dtK(q, t) so that the Kubo transformed Green’s function is
written as

G̈(q, t) = −Ω2(q)G(q, t) − ΓM(q)Ġ(q, t) (85)

with solutions

G(q, t) = cos (Ω(q)t)e−ΓM(q)t. (86)

However, it can be observed that this solution is not an even func-
tion of time, as requested for the KCF. For instance, in a Markovian
approximation, the property dG(t)

dt ∣t=0 = 0 would not be respected.
This means that a Markovian approximation, and consequently a
Lorentzian approximation, will never fully represent the dynamics
of the system.

Nevertheless, for mildly anharmonic systems, the Markovian
limit of the GLE should still be a reliable approximation, and
Lorentzian-like lineshapes are frequently observed in spectroscopy
measurements. Consequently, a derivation of the inputs needed for
such an approximation is of interest in order to provide an efficient
way to compute the dynamical properties of a system of nuclei from
(PI)MD.

VIII. APPLICATIONS

To demonstrate the accuracy of the theory developed here, we
apply it to the fcc phase of 4He. Due to its very small atomic mass,
helium is known to show strong nuclear quantum effects (NQE)
making it an archetypal example of a quantum crystal.92 Indeed,
the zero-point motion in solid helium is large enough to make
the system explore the BOS far beyond the range of applicability
of the harmonic approximation. This unusual behavior manifests

itself in the largest Lindemann ratio (i.e.,
√⟨u2⟩/a with ⟨u2⟩ the

mean squared atomic displacement and a the lattice parameter) of
any material observed at cryogenic temperature.92 The high anhar-
monicity in helium, which can be found in other rare gas solids, is
what started the field of anharmonic lattice dynamics and spawned
the development of theories, such as the SCHA.4,22,23,93

Given these properties, this system represents a perfect case to
illustrate that both NQE and strong anharmonicity can be captured
with our mode-coupling approach. To emphasize this point, we
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performed numerical simulations in a fully quantum setting using
PIMD as well as classical MD simulations. For the sake of com-
parison, we also performed simulations using both the SCHA and
perturbation theory. To allow for a comparison with inelastic neu-
tron scattering results,91 all simulations were run at a temperature of
38 K and with a molar volume of 9.03 mol3/mol, which correspond
to a lattice parameter of 3.915 Å.

To describe the BOS of helium, we use the Aziz pair poten-
tial,94 as it offers an accurate representation of the solid phases of
helium at low pressure.92 PIMD and MD simulations were done
using the implementation of the Langevin thermostat in Large-
scale Atomic/Molecular Massively Parallel Simulator (LAMMPS)95

for a duration of 125 ps with a timestep of 0.5 fs in both cases
and 64 beads for the PIMD. To compute the frequency matrix and

the second order vertex in real space, we used the recursive least-
square fit presented in Sec. VI. After projecting these tensors on QP
following Subsection III, we solved the mode-coupling theory equa-
tions in the scattering approximation using the greater and lesser
Green’s function formalism of Subsection VII A. For this step, a
12 × 12 × 12q-point grid was sufficient to obtain converged results.
We note that for both PIMD and MD results, the memory kernel is
obtained within a quantum formalism, though NQE are included in
the frequency matrix and second order vertex only in the PIMD case.
For the SCHA, we used the stochastic TDEP approach presented
in Subsection VII C 5 with Bose–Einstein occupations in order to
capture NQE.

Before presenting the spectral properties of 4He, we first
assess the anharmonicity of the system. To this end, we adopt a

FIG. 3. Spectral function χ′′(ω) of fcc 4He at 9.03 cm3/mol and 38 K computed with the mode-coupling approach in the scattering-like approximation. The frequency matrix
and second order vertex were computed using PIMD for (a), classical MD for (b), the SCHA for (c), and through perturbation theory for (d). The green dots are from inelastic
neutrons scattering experiment.91

J. Chem. Phys. 159, 234501 (2023); doi: 10.1063/5.0174255 159, 234501-13

Published under an exclusive license by AIP Publishing

 25 June 2025 05:47:22



The Journal
of Chemical Physics ARTICLE pubs.aip.org/aip/jcp

recently proposed measure of anharmonicity5 to our Mori–Zwanzig
formalism as

σA =
¿ÁÁÀ∑i ⟨δ f 2

i ⟩∑i ⟨ f 2
i ⟩ . (87)

We note, however, that used in this way σA is not strictly a measure
of anharmonicity since the frequency matrix already goes beyond
the harmonic contribution of the BOS. It is more accurate to see
σA as a measure of the dissipative contribution to the dynamics of the
system. For fcc 4He, we find σA = 0.62 when computed with PIMD,
which would indicate a very dissipative system. Similarly, using a
formulation based on the frequency matrix,74 we find a Debye tem-
perature of 174 K, close to the indirect experimental estimation of
154 K.91 At 38 K, this means that zero-point motion is expected to
be important. Coupled with the high σA, this confirms that the He
system is a stringent test for the ability of the mode-coupling theory
to capture both NQE and anharmonicity.

For each of the simulations, the theoretical spectra are pre-
sented in Fig. 3 where they are compared with inelastic neutron
scattering results.91 Among all the results, PIMD mode coupling
presents the best agreement with experiment, with peaks of the theo-
retical spectral function fully aligning with the experimental phonon
frequencies. On the contrary, the classical MD case severely underes-
timates phonon frequencies for all reciprocal space directions. This
underestimation is even more important when using (harmonic,
0 K based) perturbation theory, showing the need to go to non-
perturbative methods for an accurate description of this system. The
spectra computed with the SCHA presents a good agreement with
experimental data, even though a slight overestimation is observed
compared to the PIMD mode-coupling results, especially for the
transverse modes in the Γ −U and Γ − L directions.

It is interesting to ask why, even with the strong Gaussian
approximation, the SCHA still gives an accurate description of the
quasiparticle frequencies, while the classical MD completely dis-
agrees with experimental results. To answer this question, we plot
in Fig. 4 the density of first neighbor distances computed with MD,
PIMD and the SCHA. This figure allows us to highlight the effects
of NQE on the system. Indeed, comparing MD and PIMD results,
the former presents a high skewness directed to large distances,
while the inclusion of zero-point motion in the latter results in a

FIG. 4. Distribution of first neighbor distances in fcc 4He at 38 K. The vertical grey
bar corresponds to the equilibrium distance.

FIG. 5. Coefficients entering the (a) frequency matrix and (b) the second order
vertex in the first shell of interactions computed with PIMD, MD, SCHA, and
perturbation theory.

partial re-symmetrization of the density. Because of this, the tails of
the PIMD and SCHA densities are similar, even though their areas
differ, indicating a close to symmetric yet non-Gaussian distribu-
tion for the displacements in PIMD. In the end, the differences in
exploration of the BOS strongly impact the generalized IFC. This is
illustrated in Fig. 5 which compares the symmetry-irreducible coef-
ficients entering the frequency matrix and second order vertex in the
first shell of interactions. If the SCHA and PIMD frequency matrix
coefficients are quite close, their magnitudes are almost twice those
computed with MD, which explains the softer frequencies observed
within the classical mode-coupling theory. The difference of ensem-
ble sampling used is even more marked for the second order vertex.
Comparing the vertex coefficients for the PIMD and SCHA cases,
we observe that the harmonic perturbation theory is coincidentally
close to the full PIMD results, while the SCHA has an almost dou-
bled magnitude compared to PIMD. This implies that even if the
SCHA has extended validity for effective QP frequencies thanks to
NQE, higher order quantities will still be strongly biased by the
Gaussian starting point.

From this application, it is clear that the method used to com-
pute the frequency matrix and the interaction vertex significantly
impact the resulting generalized susceptibility. In future works, it
will be interesting to meticulously compare the effects of the sam-
pling strategies in different regimes of anharmonicity. Moreover,
while we limited ourselves to the scattering-like approximation, it
remains to test the effects of the self-consistent solution of the mode-
coupling equations, especially on systems where the QP picture
is broken and the spectral function is strongly non-Lorentzian in
shape.

IX. CONCLUSION

In summary, we have developed a non-perturbative theory
of lattice dynamics based on the Mori–Zwanzig projection oper-
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ator formalism. We derived a generalized Langevin equation for
the displacement Kubo correlation functions, resulting in an exact
description of the dynamics of the system in terms of a conserva-
tive part, driven by the frequency matrix Θ, and a dissipative part,
driven by the memory kernel K(t). From the real space formulation
of the dynamics, we were able to project this GLE into a quasipar-
ticle basis, thus giving an equation of motion in reciprocal space.
Using linear response theory, we then derived an exact formula-
tion for the vibrational spectrum, in terms of the spectral function
χ′′(ω). In order to approximate the memory kernel, we developed a
systematic expansion inspired by mode-coupling theory, in which
every new order is constructed to minimize higher-order contri-
butions. By truncating this expansion to lowest order, we obtain a
set of self-consistent equations for the memory kernel. Within this
mode coupling approach, the only inputs needed are the static KCFs,
and we show how to compute them from path-integral or classical
molecular dynamics simulations.

Our Mori–Zwanzig approach to lattice dynamics, being based
on the KCF, takes into account the quantum nature of nuclei. Con-
sequently, this derivation demonstrates how to obtain vibrational
properties of quantum systems from PIMD. Moreover, the classical-
like nature of the equations derived allows us to justify the use of
classical MD to perform vibrational spectroscopy when quantum
effects are not relevant, for instance for systems with heavy nuclei or
at high temperature. We also compare our mode-coupling scheme
to more standard perturbation theory, which allows us to derive a
scattering-like approximation to the memory kernel. Our approach
gives physical meaning to the temperature-dependent phonons that
appear in numerous recent works. Moreover, we are able to relate the
mode-coupling theory to other approaches for anharmonic lattice
dynamics. Notably, we show that in the perturbative limit, the pre-
sented theory is equivalent to the usual diagrammatic formulation
to lowest order, and that the SCHA can be seen as a Gaussian aver-
aged approximation of it. We also showed that the TDEP method
used in conjunction with (PI)MD is a direct application of the
mode-coupling theory, provided that static corrections to the fre-
quencies are not applied, as they would double-count interactions.
These comparisons treat all of the main theories for anharmonic
lattice dynamics in a unified formalism, and give a better vision of
their inter-relationships, strengths, and limits. The Mori–Zwanzig
formalism also allows us to show that while the commonly used
Lorentzian approximation for lineshapes can be a useful approxi-
mation, it can never be an exact description of the lattice dynamics.
Finally, we apply the mode-coupling theory on fcc 4He to demon-
strate its ability to describe both strong anharmonicity and NQE in
quantum crystals, in comparison with other theories of anharmonic
lattice dynamics.

The mode-coupling theory of lattice dynamics should apply
to a more general class of strongly anharmonic and/or quantum
systems, where standard methods are known to fail. For instance,
while we limited ourselves here to crystalline materials, the for-
malism only requires well defined equilibrium positions so that it
would be straightforward to adapt the theory to disordered solids
such as alloys or glasses. This framework can serve as a start-
ing point for new formulations of related properties such as the
thermal conductivity,57,71,90,96,97 which will be the focus of future
work.
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74F. Bottin, J. Bieder, and J. Bouchet, Comput. Phys. Commun. 254, 107301
(2020).
75R. Ramírez and T. López-Ciudad, J. Chem. Phys. 111, 3339 (1999).
76N. Shulumba, O. Hellman, and A. J. Minnich, Phys. Rev. B 95, 014302 (2017).
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Temperature-dependent harmonic approximations generalize the ground-state phonon picture, and have found
widespread use in computing the thermal properties of materials. However, applying these approaches to access
the thermal conductivity still lacks a formal justification, in particular due to the use of perturbation theory.
In this work, we derive a theory of heat transport in anharmonic crystals, using the mode-coupling theory
of anharmonic lattice dynamics. Starting from the Green-Kubo formula, we develop the thermal conductivity
tensor based on the system’s dynamical susceptibility, or spectral function. Our results account for both the
diagonal and off-diagonal contributions of the heat current, with and without collective effects. We implement
our theory in the temperature-dependent effective potential (TDEP) package, and have notably introduced a Monte
Carlo scheme to compute phonon scattering due to third- and fourth-order interactions, achieving a substantial
reduction in computational cost which enables full convergence of such calculations. We apply our methodology
to systems with varying regimes of anharmonicity and thermal conductivity to demonstrate its universality. These
applications highlight the importance of the phonon renormalizations, and their interactions beyond the harmonic
order. Overall, our work advances the understanding of thermal conductivity in anharmonic crystals and provides
a theoretically robust framework for predicting heat transport in complex materials.
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I. INTRODUCTION

Fourier’s law asserts that heat transport is characterized by
the thermal conductivity which is an intrinsic material prop-
erty relating the temperature gradient and heat current. This
property is essential for selecting candidate materials in many
technological applications, each requiring a specific range of
thermal conductivity, either high, low, or “just right.” For
instance, the development of thermoelectric devices and bar-
rier coatings demands materials with extremely low thermal
conductivity [1,2]. Conversely, in applications which generate
heat, such as electronic devices, batteries, or nuclear reactors,
ensuring safe and controllable operating conditions necessi-
tates the efficient removal of excess heat [3,4]. This can be
achieved passively through the high thermal conductivity of
the contact and heat sink materials. A theoretical understand-
ing of the mechanisms underlying heat transport in materials
is thus critical for fundamental science but also many
applications.

In electrically insulating solids, the pioneering works of
Hardy and Peierls have shown that heat is primarily trans-
ported by the vibrations of nuclei around their equilibrium
positions. Within the harmonic approximation, these vibra-
tions are quantized as quasiparticles called phonons. The
Peierls-Boltzmann theory describes phonons as heat carriers
that diffuse through materials collectively, with their transport
limited by scattering due to other quasiparticles, boundaries,
or defects [5,6]. Recently, the importance of another trans-
port mechanism has been highlighted, where heat is carried
through the wavelike tunneling of phonons to quasidegenerate

states. This mechanism, derivable from both the Hardy [7–10]
and Wigner [11,12] formulations of the heat current, is partic-
ularly significant for systems with low thermal conductivity
and complex crystal structures.

Accurately predicting a material’s thermal conductivity
thus ultimately comes down to the precise description of
atomic vibrations and phonons. The harmonic approxima-
tion relies on a Taylor expansion of the Born-Oppenheimer
surface, assuming that displacements around equilibrium po-
sitions are relatively small. Additionally, perturbation theory
is often used to compute scattering mechanisms affecting
phonon diffusion, and only converges if higher-order con-
tributions to the potential energy are small compared to the
harmonic part. However, these assumptions are not always
valid in real materials [13,14]. This limits the predictive
accuracy of the harmonic approximation. Recognizing this
limitation, theories of temperature-dependent phonons have
emerged, notably, the self-consistent harmonic approximation
[15–18] and the temperature-dependent effective potential
[19–21]. Both approaches involve renormalizing the bare har-
monic phonons through nonperturbative interaction with a
bath of all other phonons. These methods have been ap-
plied to many systems, showing significant improvement over
harmonic or perturbative predictions, and highlighting the
importance of including anharmonicity in the vibrational de-
scription of materials [22–27].

In recent work, we introduced the mode-coupling theory of
anharmonic lattice dynamics [28], providing a formal justifi-
cation for the temperature-dependent effective potential. This
theory posits that the phonon bath originates from the full
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dynamics of the many-body Hamiltonian. While applications
of this methodology to compute thermal conductivity exist,
they are based on formulas derived in a perturbative context,
and a formal justification is still lacking.

In this work, we derive a theory of heat transport in
anharmonic crystals based on the mode-coupling theory of an-
harmonic lattice dynamics. Our derivation applies heat current
operators defined for anharmonic phonons in the Green-Kubo
formula, allowing us to construct a theory founded on phonon
correlation functions. Ultimately, we obtain a formulation of
the thermal conductivity tensor that includes anharmonicity
nonperturbatively, with both collective and coherent contri-
butions. We describe the implementation of the theory in the
open-source package temperature-dependent effective poten-
tial (TDEP) [29], emphasizing the reduction of computational
cost, which is essential to be able to converge fully with
complex unit cells and/or higher-order anharmonic coupling.
Finally, we apply the method to several systems spanning
different regimes of anharmonicity and thermal conductivity
mechanisms.

The paper is organized as follows. In Sec. II, after introduc-
ing the mode-coupling theory of anharmonic lattice dynamics,
we derive a heat current operator which is consistent with
the theory. This operator is then injected in the Green-Kubo
formula, enabling us to obtain formulations of the thermal
conductivity tensor. We then discuss the improvement brought
by our approach in Sec. III. Section IV presents our imple-
mentation of the theory in the TDEP package, focusing on
approaches to reduce the computational cost. These meth-
ods include a linear algebra formulation of the scattering
matrix elements, the irreducible representation of scattering
triplets and quartets, and a Monte Carlo integration scheme for
phonon scatterings. Finally, in Sec. V, we apply our formalism
to several materials before concluding in Sec. VI.

II. DERIVATION

We consider a crystalline system within the framework
of the Born-Oppenheimer approximation, where the system
dynamics is described by the Hamiltonian

H =
∑

i

P2
i

2Mi
+ V (R), (1)

where R and P are, respectively, the position and momentum
operators and where V (R) is the many-body potential. To
incorporate quantum effects in the ionic motion, we utilize
the quantum Liouvillian formalism, which describes the time
evolution and derivative of an operator O as

O(t ) = e
i
h̄ HtOe− i

h̄ Ht = eiLtO, (2)

Ȯ(t ) = i

h̄
[H,O(t )] = iLO(t ), (3)

where L = [H, ·]/h̄ is the Liouville superoperator.
We assume that ions oscillate around their equilibrium

positions 〈R〉, allowing us to introduce displacement operators
u(t ) = R(t ) − 〈R〉. In much of the literature, this assumption
is used to define an approximate Hamiltonian obtained by
truncating a Taylor expansion of the potential energy. Typi-
cally, this expansion is truncated at the third or fourth order,

implying small displacement from equilibrium positions. In
our approach, we do not assume a specific amplitude for these
displacements, other than ensuring that ions do not diffuse
within the crystal, and remain localized around their equilib-
rium positions.

The focus of this work is the thermal conductivity tensor,
which quantifies the heat flux J α in Cartesian direction α due
to an applied temperature gradient in direction β:

J α = −καβ∇βT . (4)

In the regime where the applied gradient is small, linear
response theory dictates that κ is an intrinsic equilibrium
property expressed by the Green-Kubo formula

καβ = 1

V kBT 2

∫ ∞

0
dt (J α,J β (t )), (5)

where (A, B(t )) = kBT
∫ β

0 dλ 〈A(−ih̄λ), B∗(t )〉 denotes the
Kubo correlation function (KCF) [30]. From our initial con-
siderations, the primary challenge lies in expressing heat
current operators in terms of the dynamic variables of our
systems, specifically the displacements. However, before ad-
dressing this task, it is crucial to establish a comprehensive
description of ion dynamics.

A. Mode-coupling theory of anharmonic lattice dynamics

The many-body nature of the Hamiltonian governing ion
motion renders an exact analytical description of the dynamics
impossible. Fortunately, linear response theory offers effective
tools for making accurate approximations in such scenarios.
Recently, we introduced the mode-coupling theory of an-
harmonic lattice dynamics [28], which uses linear response
theory to calculate the correlated motion of ions in crystals
beyond standard perturbation theory. This formalism aims
to describe the mass-weighted displacement-displacement
KCF [30]:

Gαβ
i j (t ) = √

MiMj
(
uα

i , uβ
j (t )

)
. (6)

In this overview, we outline the key aspects of its derivation
and refer interested readers to our previous work for compre-
hensive details.

The formalism is founded on a Mori-Zwanzig projec-
tion scheme [31,32], with the introduction of the projection
operators

P· =
∑
i jαβ

(
uβ

j , ·
)(

uα
i , uβ

j

)uα
i +

∑
i jαβ

(
pβ

j , ·
)(

pα
i , pβ

j

) pα
i , (7)

Q = 1 − P . (8)

The operator P projects a dynamical variable on the sub-
space of the full dynamical variables defined by single
displacements ui and their momenta pi, while its orthogonal
projection Q projects on the rest of the full dynamical variable
space. The first step of the derivation consists in projecting
the time derivative of the momentum operator, the atomic
force, on both P and Q which allows, after some steps,
to formally write its equation of motion as the generalized
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Langevin equation [30]

f α
j (t ) = −

∑
kγ

�
βγ

jk uγ

k (t )

−
∑
kγ

∫ t

0
ds Kβγ

jk (s)u̇γ

k (t − s) + δ fi(t ), (9)

where we introduced the temperature-dependent generaliza-
tion of the second interatomic force constants (IFC)

�
αβ
i j = − 1√

MiMj

∑
kγ

(
uγ

k , f α
i

)(
uβ

j , uγ

k

) (10)

as well as a memory matrix

Kαβ
i j (t ) = β

(
δ f α

i , δ f β
j (t )

)√
MiMj

(11)

and where δ f α
i (t ) = eiQLt ( f α

i + ∑
jβ �

αβ
i j uβ

j ) is called the
“random” force due to its projected dynamics outside of the
space spanned by single displacements. Multiplying then by a
displacement, taking the Kubo average, and using the property
(uα

i , δ f j (t )) = 0, we obtain the generalized Langevin equa-
tion for the equation of motion of the displacement correlation
function

G̈αβ
i j (t ) = −

∑
kγ

�
βγ

jk Gβγ

ik (t ) −
∑
kγ

∫ t

0
ds Kβγ

jk (s)Ġβγ

jk (t − s).

(12)

As in the harmonic approximation, the Fourier transform
of � allows to define phonons with their associated phonon
displacement operator As(q), where s is the mode. The dis-
placements can then be projected onto the phonon space using
their eigenvectors εs(q):

uα
i (t ) =

√
h̄

2Mi

∑
λ

εiα
s (q)√

s(q)

As(q, t ). (13)

To simplify the derivation of the heat current and ease the
comparison with harmonic and perturbation theory, we will
also introduce the phonon momentum operator

pα
i (t ) = − i

√
h̄Mi

2

∑
sq

√

s(q)εiα

s (q)Bs(q), (14)

where we can recognize Bs(q, t ) = −iȦs(q, t )/
s(q). The
usefulness of the momentum operator comes from the relation
between static correlation function involving As(q) and Bs(q),
for instance,

(As(q), As′ (q′)) = (Bs(q), Bs′ (q′)) = kBT

h̄
s(q)
δss′δqq′ , (15)

(As(q), Bs′ (q′)) = (Bs(q), As′ (q′)) = 0. (16)

We can now define the phonon correlation function

Gs(q, t ) = (As(q), As(q, t )) (17)

which follows the generalized Langevin equation

G̈s(q, t ) = −
2
s (q)Gs(q, t ) −

∫ t

0
ds Ks(q, s)Ġs(q, t − s),

(18)

where Ks(q, t ) is the projection of the memory kernel on
phonon (q, s). Taking the real part of the Laplace transform
of this equation, we obtain the phonon correlation function in
frequency space

Gs(q, ω) = kBT

π h̄

× 8
s(q)
s(q, ω)

[ω2−
s(q)2 − 2ω�s(q, ω)]2+4ω2
2
s (q, ω)

,

(19)

where 
s(q, ω) and �s(q, ω) are the real and imaginary
parts of the memory kernel, which are related through a
Kramers-Kronig transform

�s(q, ω) = 1

π

∫
dω′ 
s(q, ω′)

ω′ − ω
(20)

while 
s(q, ω) is proportional to the Fourier transform of the
memory kernel. It should be noted that up until this point,
the only approximation made concerns the neglect in Eq. (17)
of the off-diagonal component of the correlation function for
a given q point. The correlation function in Eq. (19) is re-
lated to the phonon spectral function, which can be directly
compared to experiments such as inelastic neutron or x-ray
scattering and is obtained from the fluctuation-dissipation the-
orem χ ′′

s (q, ω) = ω
2kBT Gs(q, ω), resulting in

χ ′′
s (q, ω) = 1

π h̄

× 4ω
s(q)
s(q, ω)

[ω2−
s(q)2 − 2ω�s(q, ω)]2+4ω2
2
s (q, ω)

.

(21)

The main difficulty in employing Eq. (19) or (21) lies in
the a priori unknown expression of the memory kernel. In the
mode-coupling approximation, this difficulty is alleviated by
expanding the random forces using higher-order displacement
projection operators. Up to fourth order, the random forces are
then written as

δ f α
i (t ) = eiQLt

[
1

2!

∑
jk

∑
βγ

�
αβγ

i jk uβ
j uγ

k

+ 1

3!

∑
jkl

∑
βγ δ

�
αβγ δ

i jkl uβ
j uγ

k uδ
l + δ4 f α

i

]
, (22)

where δ4 f α
i is the remainder of the force and the � are the

temperature-dependent generalizations of higher-order force
constants. These can be computed as

�
αβγ

i jk =
∑
k′l ′

∑
β ′γ ′

(
uβ ′

j′ u
γ ′
k′ , δ f α

i

)(
uβ ′

j′ u
γ ′
k′ , uβ

j uγ

k

) , (23)

�
αβγ δ

i jkl =
∑
j′k′l ′

∑
β ′γ ′δ′

(
uβ ′

j′ u
γ ′
k′ uδ′

l ′ , δ3 f α
i

)(
uβ ′

j′ u
γ ′
k′ uδ′

l ′ , uβ
j uγ

k uδ
l

) , (24)

where δ3 f α
i = δ f α

i − ∑
jk

∑
βγ �

αβγ

i jk uβ
j uγ

k . An approxima-
tion up to fourth order of the memory matrix can be computed
by injecting Eq. (22) in (11) after the neglect of the δ4 f α

i term
and of the orthogonal projector Q in the time evolution. After
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a projection on phonon modes, the memory kernel for mode
(s, q) can be decomposed as


s(q, ω) ≈ 
(3)
s (q, ω) + 
(4)

s (q, ω). (25)

After decoupling the various correlation functions appearing
in 
s(q) using the scheme presented in Appendix B, one

obtains a set of self-consistent equations for the memory
kernel and Gs(q, ω). This set can be replaced by a one-shot ap-
proximation, where the phonon correlation functions involved
in the memory kernel are replaced by their memory-free coun-
terparts. In this approximation, the three-phonon contribution
is written


(3)
s1

(q1, ω) =
∑
q2q3

∑
s2s3


(3)
s1s2s3

(q1, q2, q3, ω), (26)


(3)
s1s2s3

(q1, q2, q3, ω) = π

16

∣∣�s1s2s3
q1q2q3

∣∣2S (3)(ω,
s2 (q2),
s3 (q3)), (27)

S (3)(ω,
2,
3) =
∑

s=1,−1

{s[n(
2) + n(
3) + 1]δ(ω + s
2 + s
3) + s[n(
2) − n(
3)]δ(ω + s
2 − s
3)} (28)

while the four-phonon interaction is given by


(4)
s1

(q1, ω) =
∑

q2q3q4

∑
s2s3s4


(4)
s1s2s3s4

(q1, q2, q3, q4, ω), (29)


(4)
s1s2s3s4

(q1, q2, q3, q4, ω) = π

96

∣∣�s1s2s3s4
q1q2q3q4

∣∣2S (4)(ω,
s2 (q2),
s3 (q3),
s4 (q4)), (30)

S (4)(ω,
2,
3,
4) =
∑

s=1,−1

{s[n(
2) + 1][n(
3) + 1][n(
4) + 1] − n(
2)n(
3)n(
4)δ(ω + s
2 + s
3 + s
4)

+ s{3n(
2)[n(
3) + 1][n(
4) + 1] − [n(
2) + 1]n(
3)n(
4)]δ(ω + s
2 − s
3 − s
4)}. (31)

In these equations, the scattering matrix elements �s1s2s3
q1q2q3

and
�s1s2s3s4

q1q2q3q4
are the projections of the higher-order generalized

IFCs on phonon modes. Introducing a unit-cell centered nota-
tion �

αβγ

i jk (μ, ν), where i, j, and k are atoms in the unit cell
and μ and ν denote the index of a unit cell in the crystal, the
third-order scattering matrix elements are computed as

�s1s2s3
q1q2q3

=
∑

i jkαβγμν

�
αβγ

i jk (μ, ν)e−i(q2Rμ, j+q3Rν,k )√
MiMjMk

× εiα
s1

(q1)ε jβ
s2 (q2)εkγ

s3 (q3)√

λ
λ′
λ′′

�(q1 + q2 + q3) (32)

with Rμ, j the distance between the atom i in a reference unit
cell and the atom j in the unit cell μ and where �(q) is 1 if q is
equal to a reciprocal lattice vector and 0 otherwise, to ensure
conservation of the quasimomentum. The fourth-order scat-
tering matrix elements are computed with a similar formula
involving the fourth-order generalized IFC. The memory ker-
nel in the mode-coupling approximation can be rationalized
from a diagrammatic representation, pictured in Fig. 1. In this
representation, the third-order contribution is analogous to the

FIG. 1. Feynman diagrams for the memory kernel considered in
this work. (a) The three-phonon bubble contribution. (b) The four-
phonon sunset contribution.

third-order bubble diagram from perturbation theory, while
the fourth order is equivalent to the sunset diagram.

It should be noted that to introduce the scattering of
phonons due to isotopic effects, the following contribution can
be added to the memory kernel:


iso
s (q, ω) =

∑
q2s2


iso
ss2

(q, q2, ω)

=
∑
q2s2

∑
i

gi

∣∣εi
s(q)εi

s2
(q2)

∣∣2
δ[ω − 
s2 (q2)]. (33)

In this equation, corresponding to Tamura’s model [33], the gi

measure the distribution of the isotope masses of element i and
is computed as gi = ∑

n
di,n

N ( �Mi,n

Mi
)2 where N is the number of

isotopes, di,n is the concentration of isotope n of element i,
and �Mi,n is the mass difference between isotope n and the
average mass of the element.

The generalized Langevin equation (12) describes phonons
interacting with a bath made from all other phonons. When the
interaction with this bath is weak, the time dependence of the
memory kernel can be neglected, and the dissipative part of
the dynamics can be reduced to a single value 
M

s (q), given
by 
s(q, ω) evaluated at the frequency of the phonon (s, q),
as shown in Appendix C:


M
s (q) = 
s(q,
s(q)). (34)

In this limit, known as Markovian, the spectral function re-
duces to a Lorentzian centered at the frequency 
s(q) and
with a width 
s(q):

χ ′′M
s (q, ω) = 1

π h̄


M
s (q)

[ω − 
s(q)]2 + [

M

s (q)
]2 . (35)
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The Markovian limit cannot be a complete description of the
system since it breaks some sum rules that the correlation
functions are supposed to follow [28]. Nevertheless, it remains
a useful and often accurate approximation for systems where
the quasiparticle picture is well founded. In this case, the
phonons can be thought of as diffusing through the material
with a lifetime τs(q) = [2
M

s (q)]
−1

. One can note that the
Markovian limit is analogous to the use of Fermi’s golden rule
in perturbation theory.

B. Anharmonic heat current operator

To derive the thermal conductivity tensor using the Green-
Kubo formula, it is essential to derive heat current operators
which are consistent with the previously established mode-
coupling theory. In an electrically insulating solid, with our
prerequisite of absence of diffusion, the conductive compo-
nent of the heat current operator, defined as [7,34]

J (t ) =
∑

i

〈Ri〉 Ėi(t ) (36)

is the only contributor the thermal conductivity. Here, Ei(t )
represents the local energy contribution from atom i to the
system’s total energy, a quantity that is inherently ambiguous.
To circumvent the complexities associated with explicitly par-
titioning the potential energy, we instead focus directly on the
time derivative Ėi(t ). Building on the approach of [35], the
heat current operator can be expressed as

J (t ) = 1

V

∑
i j

(〈Ri〉 − 〈R j〉)fi j (t )u̇i(t ), (37)

where fi j (t ) denotes the forces exerted by atom j on atom
i. To formally define this quantity, one would typically re-
quire an explicit formulation of the Hamiltonian. However, the
Mori-Zwanzig projection scheme offers an alternative ap-
proach to perform the partitioning. Indeed, from the equa-
tion of motion for the forces [Eq. (9)], we can partition the
force over atom pairs, resulting in the expression

fα
i j (t ) = −�

αβ
i j uβ

j (t ) −
∫ ∞

0
ds Kαβ

i j (s)pβ
j (t − s) + δ f α

j (t )δi j

(38)

which respects the condition fi(t ) = ∑
j fi j (t ). Neglecting the

contribution from the memory kernel and the random force,
we can substitute this expression into the heat current opera-
tor, which yields

J α (t ) ≈
∑

i j

∑
βγ

(〈
Rα

i

〉 − 〈
Rα

j

〉)
�

βγ

i j uγ

j (t )u̇β
i (t ) (39)

which, in term of phonon operators, becomes

J (t ) = −1

2

∑
qs1s2

h̄
s2 (q)vs1s2
q As1 (q, t )Bs2 (q, t ) (40)

with vs1s2
q the generalized group velocities [7,12,36]. The heat

current can be split as J (t ) = J d(t ) + J nd(t ), where the first
term is diagonal with respect to phonon branches

J d(t ) = −1

2

∑
qs

h̄
s(q)vs
qAs(q, t )Bs(q, t ) (41)

with vs
q = vss

q , and the other term is the off-diagonal
contribution

J nd(t ) = −1

2

∑
qs1 	=s2

h̄
s2 (q)vs1s2
q As1 (q, t )Bs2 (q, t ). (42)

Neglecting the correlations between diagonal and off-diagonal
heat current, the thermal conductivity can be separated in a
similar manner

κ ≈κd + κnd, (43)

κd = 1

V T

∫ ∞

0
(J d,J d(t )), (44)

κnd = 1

V T

∫ ∞

0
(J nd,J nd(t )). (45)

C. Diagonal thermal conductivity

We will begin with the diagonal part of κ,

κd = 1

4V kBT 2

∑
q1q2

∑
s1s2


s1 (q1)
s2 (q2)vs1
q1

⊗ vs2
q2

×
∫ ∞

0
dt (As1 (q1)Bs1 (q1), As2 (q2, t )Bs2 (q2, t )). (46)

The main difficulty in this equation lies in the expression of
the four-point correlation function. In Appendix D, we show
how to obtain its equation of motion in the mode-coupling
theory, which, after a Laplace transform and the application of
the Markovian approximation, allows to express the diagonal
contribution to κ as

κd = 1

V

∑
q1q2

∑
s1s2

vs1
q1

⊗ vs2
q2

cs1 (q1)(�−1)(q1s1, q2s2), (47)

where cs(q) = 
2
s (q)ns(q)[ns(q) + 1]/kBT 2 is the modal heat

capacity and � is the scattering matrix, given explicitly in
Appendix D.

Neglecting the off-diagonal component of the scattering
matrix, we obtain the single-mode approximation to the ther-
mal conductivity tensor

κd,SMA = 1

V

∑
qs

vs
q ⊗ vs

q
cs(q)

2
M
s (q)

. (48)

It is interesting to note that this result can also be obtained
using the decoupling scheme of Kubo correlation functions,
as we will use for the nondiagonal contribution.

D. Nondiagonal contribution to the thermal conductivity

The contribution stemming from the off-diagonal part of
the heat current is written

κd = 1

4V kBT 2

∑
q1q2

′∑
s1s2

′∑
s3s4


s2 (q1)
s4 (q2)vs1s2
q1

⊗ vs3s4
q2

×
∫ ∞

0
dt (As1 (q1)Bs2 (q1), As3 (q2, t )Bs4 (q2, t )), (49)

where
∑′

s1s2
indicates that s1 = s2 is excluded from the double

sum. Using the rules presented in Appendix B, the four-point
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Kubo correlation function can be decoupled as∫ ∞

0
dt (As1 (q1)Bs2 (q1), As3 (q2, t )Bs4 (q2, t ))

≈ δq1q2δs1s3δs2s4

π


s1 (q1)
s2 (q1)

×
∫ ∞

−∞
dω χ ′′

s1
(q, ω)χ ′′

s2
(q, ω)ω2n(ω)[n(ω) + 1]. (50)

Injecting this result in Eq. (49), and introducing the frequency-
dependent heat capacity cv (ω) = h̄ω2n(ω)[n(ω) + 1]/kBT 2,
the off-diagonal contribution to the thermal conductivity
tensor is

κnd ≈ π

V

∑
q

′∑
s1s2

vs1s2
q ⊗ vs1s2

q

×
∫ ∞

−∞
dω χ ′′

s1
(q, ω)χ ′′

s2
(q, ω)cv (ω). (51)

Within the Markovian approximation, this equation involves
the integral of two Lorentzians multiplied by the heat ca-
pacity of a harmonic oscillator. If we assume a regime of
anharmonicity where the quasiparticle picture is valid, each
Lorentzian approaches a Dirac delta, allowing us to take the
approximation

κnd ≈ 1

V

∑
q

′∑
s1s2

vs1s2
q ⊗ vs1s2

q

cs1
q + cs2

q

2

M

s1s2
(q), (52)

where we introduced the off-diagonal scattering


M
s1s2

(q) = 
M
s1

(q) + 
M
s2

(q)

[
s1 (q) − 
s2 (q)]2 + [

M

s1
(q) + 
M

s2
(q)

]2 . (53)

One should note that by removing the restriction of s1 and s2

being different, the diagonal contribution in the single-mode
approximation is recovered, as expected.

III. DISCUSSION

Our final formulation of the thermal conductivity tensor
is expressed as κ = κd + κnd, with κd given by Eq. (47) and
κnd by Eq. (52). This result bears some resemblance to pre-
vious derivations based on Hardys formulation of the heat
current operator [7–10,12,37,38]. For instance, we show in
Appendix E that the diagonal contribution of the thermal
conductivity tensor κd is equivalent to that obtained through
the solution of the phonon Boltzmann equation, providing a
further proof with Ref. [38] of the equivalence between the
phonon Boltzmann and Green-Kubo approaches. Thus, our
derivation provides a unified framework that encompasses
the collective, single-mode, and off-diagonal contributions
to heat transport by phonons. Notably, for the single-mode
and off-diagonal contributions, it captures the non-Markovian
memory effects described in Eq. (51) through the inclusion of
the full phonon dynamical susceptibility. As a result, our for-
mulation can address any system with a crystalline reference
structure, from highly harmonic crystals at low temperatures
where collective effects dominate to complex crystals with
large unit cells, where the off-diagonal components of κnd are
essential.

A key distinction of our approach is its inherent inclusion
of temperature-dependent phonon renormalization, setting it
apart from standard formalisms. The latter rely on a Taylor
expansion of the Born-Oppenheimer potential energy surface,
treating anharmonic terms as a perturbative correction to a
dominant second-order term. Consequently, the dynamical
properties of the system are inferred indirectly, being re-
constructed a posteriori from the effective potential energy
surface. However, in order to use perturbation theory, these
methods assume that the atoms vibrate closely around their
equilibrium positions, an assumption that fails at elevated
temperatures, in the presence of nuclear quantum effects, or
when the Hessian of the Born-Oppenheimer surface is not
positive definite. In these scenarios, high-order anharmonic
interactions become significant, making perturbative correc-
tions insufficient.

In contrast, our mode-coupling theory focuses directly on
the atom dynamics, rather than on the underlying potential
energy surface. Because of this, the framework naturally in-
corporates temperature-dependent interactions and avoids the
limitations of perturbative expansions.

In the end, this difference in foundations is critical. To
understand how the approaches diverge, it is useful to fo-
cus on their fundamental building blocks: the interatomic
force constants and the phonons. In the harmonic case (and
its perturbation expansion), the IFC are derivatives of the
Born-Oppenheimer surface. At the second order, the effective
Hamiltonian can be diagonalized, giving rise to eigenstates:
the harmonic phonons. Interactions between these phonons
are then introduced through the higher-order IFCs, with the
magnitude of phonon-phonon interactions at a given temper-
ature being proportional to these IFCs and to the phonon
population.

However, in general, these harmonic phonons are a very
rough approximation of the true dynamical quantities. In-
deed, since the second-order term captures only part of the
full potential energy landscape, the accuracy of the harmonic
phonons as descriptors of atomic motion is inherently limited.
For instance, it has been shown that, in some systems, the har-
monic component can account for less than half of the forces
acting on atoms [13]. In such cases, the validity of perturba-
tion theory is compromised: not only does the noninteracting
phonon baseline inadequately describe the dynamics, but the
phonon-phonon interactions themselves are poorly captured
and constrained by the finite order of the Taylor expansion.

In contrast, the mode-coupling theory is constructed to
alleviate these shortcomings. For example, we have shown
previously [28] that the second-order generalized IFCs are
physically meaningful, being proportional to the inverse static
susceptibility. As a result, in the static limit, the phonons
defined by mode-coupling theory are exact, corresponding to
the mass-weighted displacement covariance. Furthermore, the
Mori-Zwanzig projection scheme ensures that these phonons
provide a minimally interacting basis, representing the most
accurate noninteracting phonons possible, with already exact
static properties [28]. On top of this, each order of the mode-
coupling approximation is built to minimize the amplitude of
all subsequent orders.

Thus, mode-coupling theory provides a rigorous and sys-
tematic framework for capturing dynamical properties. For
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the thermal conductivity tensor, this approach introduces two
primary improvements. First, it enhances the accuracy of key
parameters of the heat current [Eq. (40)], specifically the
phonon frequencies and group velocities, due to the exact-
ness of the second-order generalized IFCs. As a result, both
the propagation (through vs

q) and the amount of heat carried
for each phonon mode [through cs(q)] are more accurately
represented. Second, the mode-coupling theory offers a re-
fined treatment of phonon-phonon scattering, yielding a more
precise dynamical description and leading to improved predic-
tions of thermal conductivity. However, our work is a further
demonstration that, even with the renormalization, heat trans-
port is not mediated by individual phonons but is a collective
effect, and reduces to phonons only if the coupling between
phonons is negligible. Nevertheless, the refinement brought
by the mode-coupling theory also holds in systems where
these collective excitations (also known as relaxons [39]) are
necessary for an accurate description. In this case, the equiv-
alence between our derivation and the phonon Boltzmann
equation shown in Appendix E further suggests that diag-
onalizing � allows to obtain the temperature-renormalized
counterpart of the relaxons from a perturbative approach.

A notable strength of the mode-coupling theory is that
despite its dynamical foundation, its building blocks are
real-space and time-independent properties. Specifically, the
generalized IFCs are derived from static Kubo averages, offer-
ing distinct advantages over fully time-dependent approaches.

First, this formulation facilitates the evaluation of ther-
modynamic and long-range limits of correlation functions
using relatively moderate simulation sizes and durations. In
contrast, direct time-dependent methods often require signifi-
cantly larger and more computationally intensive simulations
to achieve convergence, making the mode-coupling approach
both more efficient and less prone to size-related artifacts.

Additionally, nuclear quantum effects are naturally inte-
grated within the mode-coupling framework, as the formalism
is rooted in Kubo correlation functions. These quantum
effects can be explicitly incorporated in practice through path-
integral simulations to compute the generalized IFCs. This
is a noticeable advantage since the path-integral molecular
dynamics formalism is only exact in the static limit [40]
and provides an approximation of the real Kubo correlation
that can be spoiled by numerical artifacts such as spurious
resonances or shifts in frequency-resolved spectra [41–43].
Finally, the the framework being grounded on Kubo corre-
lation functions supports a rigorously justified semiclassical
approximation [28,44]. By using classical simulations to com-
pute the generalized IFCs, these quantities can then serve
as inputs for the quantum equations of motion developed in
this work, enabling a practical treatment of quantum nuclear
effects.

IV. IMPLEMENTATION

The formalism derived above has been implemented in the
TDEP code [29] and this section outlines the strategy used in
this implementation. For high-order many-body calculations,
the latter is not just a question of efficiency: it is crucial to
obtain converged results at all. This has been an important
and unrecognized problem in comparing different approaches
in the literature.

The generalized IFC are fit using linear least squares on
the forces, incorporating the symmetry reduction described in
Ref. [20]. This ensures strict adherence to transposition and
point-group symmetries, as well as the acoustic and rotational
sum rules and Hermiticity [45]. A key point of the imple-
mentation is the successive fitting of the IFC, meaning that
each order is fit on the residual forces from the previous order.
As demonstrated previously [28], this method aligns with the
definition of the generalized IFC in the mode-coupling theory,
providing a crucial step beyond the harmonic approximation
and perturbation theory. It should be noted that for systems
exhibiting significant nuclear quantum effects, path-integral
molecular dynamics can be used, the static KCF needed to
compute the generalized IFC corresponding to correlations of
the centroid of the quantum polymer.

At the beginning of the thermal conductivity computation,
harmonic properties (frequencies, eigenvectors, and group ve-
locities) are generated on a q-point grid. At this point, the
degeneracies are carefully treated following the process in-
troduced in Appendix F. To ensure the conservation of the
quasimomentum in the definition of the scattering matrix
elements, we use regular grids of size N1 × N2 × N3 where
q points are defined as q = (i1/a, i2/b, i3/c), ix being integers
from 0 to Nx − 1, and a, b, and c representing the lattice
constants of the system [46,47]. This grid structure ensures
that given two q points q1 and q2, it is always possible to find a
third q point q3 in the grid, such that |q3| = |q1 + q2|, thereby
enforcing the quasimomentum conservation. The same princi-
ple applies when three q points are summed to find a fourth
one.

For the numerical approximation of the delta function,
we employ an adaptive Gaussian method. In this scheme,
the delta functions appearing in the scattering processes are
approximated with Gaussians

δ[
s(q) − W ] → e−[
s (q)−W ]2/2σ 2

√
2πσ

(54)

at a frequency W , with a width σ estimated according to the
scattering event being computed. In the original formulation
of the method [48] and the subsequent adaptations [37,46,49],
the width is obtained by expanding W linearly with respect to
the q point of one of the phonons involved in the scattering.
In this work, we opted for a different, more robust approach,
where each phonon frequency involved in the scattering is
expanded around its respective q point. To first order, this
means that the frequency of a phonon at a point q in the
neighborhood of q0 can be expressed as


s(q) ≈ 
s(q0) +
∑

α

∂
s(q)

∂qα

(
qα − qα

0

)
. (55)

From this extrapolation, one can “blur” phonons around each
q point using Gaussians with mean 
̄s(q) and variance σs(q)
computed with


̄s(q) = E [
s(q)] = 
s(q0), (56)

σ 2
s (q) = E [(
s(q) − 
̄s(q))2] (57)

=
∣∣∣∣∂
s(q)

∂q

∣∣∣∣2

| q − q0 |2, (58)
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where E [X ] is the expectation of X . The width σ can then
be obtained from the convolution of all “blurred” phonons
involved in a specific process, giving

σ =
√

σ 2
s1

(q1) + σ 2
s2

(q2) + σ 2
s3

(q3) (59)

for third-order processes, and

σ =
√

σ 2
s1

(q1) + σ 2
s2

(q2) + σ 2
s3

(q3) + σ 2
s4

(q4) (60)

for fourth-order processes. Compared to the approach involv-
ing group velocity differences [37,46,48,49], our approach
respects the symmetries of the scattering matrix, and allow
to keep it symmetric positive definite. Moreover, the individ-
ual phonon broadening parameters σs(q) can be precomputed
at the beginning of the calculation with other harmonic
properties.

A. Iterative solution to the collective diagonal contribution

The collective contribution to the thermal conductivity
tensor poses a computational challenge, as it requires the
diagonalization of the scattering matrix �. An alternative
formulation of Eq. (47) proves to be advantageous [50]

κd = 1

V

∑
q

∑
s

cs(q)vs
q ⊗ Fs(q), (61)

where

Fs(q) = �−1vs
q. (62)

This formulation circumvents direct matrix inversion, by fo-
cusing on computing the vectors Fs(q), which can be limited
to irreducible q points. Using the Neumann series for matrix
inversion, (1 − �)−1 = ∑∞

n=0 �n, and suitable reordering, an
iterative method for computing Fs(q) is obtained

F0
s (q) = 1

2
M
s (q)

vs
q, (63)

Fn+1
s (q) = F0

s (q) − 1

2
M
s (q)

∑
q2s2

�(qs, q2s2)Fn
s2

(q2). (64)

This iterative approach is analogous to Omini’s solution to
the phonon Boltzmann equation [51]. In our implementation,
convergence of the series is improved using a mixing pref-
actor α between iterations, where 0 < α < 1. As a tradeoff
between memory usage and speed, the scattering matrix is
retained throughout iterations, but only rows corresponding
to the Nirr irreducible q points are stored. This results in a
manageable storage size of 3NatNirr × 3NatNq, independent of
the scattering order considered, thereby avoiding the mem-
ory overhead associated with fourth-order terms when storing
scattering processes independently [37,52] and allowing the
use of the BLAS linear algebra library [53] to perform the
matrix multiplication in Eq. (64).

B. Improving the computational cost

Calculating thermal conductivity can incur significant
computational costs, especially when considering fourth-
order interactions. In a naïve implementation, the computation
of third-order interactions scales as O(Ni × Nq × N3

s ), where

Ni is the number of irreducible q points in the Brillouin zone,
Nq is the number of points in the full grid, and Ns is the number
of modes. For fourth-order scattering, the scaling is even more
demanding, at O(Ni × N2

q × N4
s ).

In this subsection, we will demonstrate techniques to miti-
gate this computational cost.

1. Computing the scattering amplitude

The most time-consuming part of computing thermal con-
ductivity is the calculation of the scattering matrix elements,
which are needed for a large number of triplets or quartets of
q points and modes. To reduce this computational cost, we
divide the calculation into two steps. First, once a triplet of q
point is selected, we Fourier transform the third-order IFC in
reciprocal space, without projecting on mode:

�̃
αβγ

i jk (q1, q2, q3) =
∑
μν

�
αβγ

i jk (μ, ν)√
MiMjMk

e−i(q2Rμ, j+q3Rν,k ). (65)

Then, for each triplet of modes, corresponding to this triplet of
q points, the third-order IFC in reciprocal space are projected
onto the phonon modes using

�s1s2s3
q1q2q3

= �̃(q1, q2, q3) × ε̃s1 (q1) × ε̃s2 (q2) × ε̃s3 (q3) (66)

with ε̃s(q) = εs(q)/
√


s(q). This second step can be signif-
icantly accelerated by recognizing that it can be formulated
as matrix-vector multiplications, allowing us to use optimized
routines. The same approach can be applied to the fourth-
order scattering matrix elements.

2. Irreducible triplet and quartet

To reduce both the time and memory cost of the calcula-
tions, it is essential to exploit the symmetry properties of the
scattering matrix elements. These elements exhibit specific
symmetries under permutations of both the q points and mode
indices [47,54]

�
P(s1,s2,s3 )
P(q1,q2,q3 ) = �s1,s2,s3

q1,q2,q3
∀ P ∈ P (3),

�
P(s1,s2,s3,s4 )
P(q1,q2,q3,q4 ) = �s1,s2,s3,s4

q1,q2,q3,q4
∀ P ∈ P (4), (67)

where P (3) represents the set of all the permutations of a triplet
and P (4) is the set of all permutations of a quartet. Utilizing
these symmetries for any irreducible triplet reduces the num-
ber of third-order elements by about half and the fourth-order
elements by about a factor of 6.

Furthermore, the number of elements can be further re-
duced by employing the symmetry operations of the crystal
structure. For a rotation R belonging to the set of crystal
symmetry operations R expressed for reciprocal space, the
invariance is expressed as [47,54]

�
s1,s2,s3
Rq1,Rq2,Rq3

= �s1,s2,s3
q1,q2,q3

,

�
s1,s2,s3,s4
Rq1,Rq2,Rq3,Rq4

= �s1,s2,s3,s4
q1,q2,q3,q4

. (68)

In our implementation, once a triplet or quartet of q points
is selected, we check the possibility of reduction based on
the aforementioned symmetries. If the triplet or quartet is
reducible, the calculation of scattering matrix elements is
skipped. The integration weights of the remaining irreducible
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triplets or quartets are adjusted to reflect their multiplicity
accordingly.

3. Monte Carlo integration for the scattering rates

Despite the improvements brought by the linear algebra
formulation of the scattering matrix elements and the irre-
ducible triplet and quartet, the computational cost remains
significant due to the large number of elements involved,
especially for fourth-order scattering.

This cost can be greatly reduced by recognizing that the
computation of κ can be divided into distinct integrations. The
first (outer) integration pertains to the contribution of each
q point to the thermal conductivity, and can be written as a
weighted sum over the irreducible q points

κ =
∑
qirr

w(qirr )κ(qirr ), (69)

where w(qirr ) is the integration weight of the irreducible
q point qirr and κ(qirr ) represents the contribution of this q
point to the thermal conductivity.

For each irreducible point and each vibrational mode, ad-
ditional inner integrations are required to compute either the
lifetime or the memory kernel at the isotopic, three-phonon,
and/or four-phonon levels. Typically, a full grid is used for
these integrations. However, the q-point grid densities needed
to converge the different integrations are not necessarily the
same. Specifically, the grid densities required to converge
the linewidths are usually much lower than those needed for
the outer integration for the thermal conductivity, as we will
demonstrate in the applications section. Consequently, we
implement a scheme to decouple these integrations, using a
Monte Carlo method on the grids for the inner integrals. This
decoupling significantly reduces the computational cost, with
the only drawback being the introduction of (controllable,
numerical) noise into the results.

Initially, a dense grid is generated, and all necessary har-
monic quantities are computed on it. This grid, which will be
used for the thermal conductivity integration, is referred to as
the full grid. Then, for each scattering integration, we compute
the contributions from a randomly selected subset of points
of the dense grid, termed the Monte Carlo grid. To enhance
the convergence of the integrals with respect to the Monte
Carlo grid densities, the points are not selected entirely at
random but rather using a stratified approach. In this approach,
the full grid is subdivided into smaller sections, and points
are randomly selected within these subdivisions. This ensures
that the Monte Carlo grid samples the reciprocal space more
uniformly, as shown in Fig. 2, thereby reducing the variance
of the results.

It should be noted that a similar method has been proposed
based on a maximum likelihood justification [55]. However,
while the maximum likelihood approach is based on the relax-
ation time approximation (RTA), our Monte Carlo integration
method is agnostic to the quantity computed and can be used
for any approximation derived in this work. Moreover, our
stratification step ensures that if the Monte Carlo and full
grids have the same densities, all points on the full grid are
used in the Monte Carlo grid, making the inner integrations

FIG. 2. Sketch of the method used to select q points for the
Monte Carlo integrations. In this example, the full grid is 8 × 8 and
we use a 4 × 4 grid for the Monte Carlo. For all grids, empty circles
represent a point on the 8 × 8 full grid, while the colored circles
represent the point selected for the Monte Carlo integration. When
the Monte Carlo grid points are selected randomly, the distribution
of points is less uniform and some part of reciprocal space can be
left empty while others are “bunched” and oversampled. Moreover,
the same point can be selected several times, reducing even more
the uniformity of the distribution. With our stratified approach, rep-
resented on the bottom right, the subdivisions of the full grid ensure
that reciprocal space is more uniformly sampled.

deterministic and yielding results equivalent to those obtained
using the full grid in all steps.

Empirically we have found that this approach is more
delicate for the computation of the off-diagonal terms of the
scattering matrix. Indeed, if the terms that couple q points
(q1, q2) are skipped by the Monte Carlo scheme, then the cor-
responding entries of the matrix will be empty, thus neglecting
coupling between the corresponding modes. While this should
not be a problem for most systems, where collective effects
contribute only a small fraction of the thermal conductivity,
this neglect can be dramatic for materials such as graphene,
where the collective contribution is the dominant source in
heat transport [56]. Fortunately, the scattering matrix should
respect some symmetries that can be enforced to alleviate
this problem. For instance, given a rotation R belonging to
the little group of q1, the scattering matrix should respect the
relation

�s1s2 (Rq1, Rq2) = �s1s2 (q1, q2). (70)

In our implementation, we impose this symmetry in a way
that fills the neglected entries of the scattering matrix with the
average of the values of other equivalent entries.

V. APPLICATIONS

In this section, we demonstrate the performance and pre-
cision of the formalism and implementation detailed in this
paper through various applications. To provide a comprehen-
sive overview, we selected systems that represent the diverse
regimes of thermal conductivity of thermal conductivity.

To quantify the different regimes of anharmonicity spanned
by our sample materials, we use the anharmonicity measure
introduced by Knoop et al. [13],

σ anh(T ) =
√∑

iα 〈(δ f α
i )2〉∑

iα 〈( f α
i )2〉 , (71)

which, in the context of the mode-coupling theory, becomes
a measure of the dissipative component of the dynamics of
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FIG. 3. Anharmonicity measure of the materials studied in this
work. The gray zone indicates low anharmonicity.

the system [28]. In Fig. 3, we plot the anharmonicity measure
for the different materials considered in this work. Going
from low to high anharmonicity, our example systems are
silicon [σ anh(T = 300 K) = 0.15], Li3ClO [σ anh(T =
300 K) = 0.28]. and γ -AgI [σ anh(T = 300 K) = 0.61].

A. Framework to compute the thermal conductivity
and numerical details

The key components for computing the thermal conduc-
tivity tensor are the generalized IFC, which must be derived
from molecular dynamics (MD), or path-integral molecular
dynamics (PIMD) for systems with significant nuclear quan-
tum effects. Performing MD simulations for each temperature
with an ab initio description of the Born-Oppenheimer surface
incurs substantial computational expense, even when using
density functional theory (DFT). To mitigate this cost, we pro-
pose a comprehensive framework utilizing machine-learning
interatomic potentials (MLIP) as surrogates for the ab initio
Born-Oppenheimer surface in MD simulations.

Our framework consists of three main steps. First, starting
from the crystal structure, a MLIP is trained using a self-
consistent approach. In this method, the MLIP is iteratively
trained and used to generate configurations, which are then
added to a data set. It should be noted that configurations are
added randomly, without any accuracy criterion, in order to
sample uniformly the canonical ensemble of the systems. Us-
ing a variational principle, it can be shown that this approach
yields an optimal MLIP according to the Kullback-Leibler di-
vergence [57], enhancing accuracy for equilibrium properties
at the expense of extrapolation capacity.

Once the MLIP is prepared, MD simulations in the NPT
ensemble are conducted for each desired temperature to de-
termine the system equilibrium volumes. This step is crucial
because thermal expansion significantly affects the renor-
malization of phonon frequencies, thus impacting thermal
conductivity. The equilibrated cell is then used for MD
simulations in the NVT ensemble and configurations from
these simulations are extracted to compute the generalized
IFCs, which are subsequently used to calculate the thermal
conductivity.

It should be noted that while we use classical MD in the
remaining of this work, this scheme can easily be adapted
to systems where nuclear quantum effects are important, by
simply replacing classical MD with path-integral MD.

B. Computational parameters

For all applications, DFT calculations are performed with
the ABINIT suite [58,59]. The MLIP employed in this work
uses the moment tensor potential framework [60,61], with a
level 22 and a 6-Å cutoff for every material. MD simulations
are executed with the LAMMPS software [62], utilizing the
Grønbech-Jensen-Farago (GJF) integrator [63] for Langevin
dynamics. Finally, the computation of the generalized IFCs
and the thermal conductivity tensor is carried out using the
TDEP package [29]. More information on the computational
details can be found in Appendix G.

For the NPT and NVT molecular dynamics, we used a
4 × 4 × 4 supercell of Li3ClO and AgI, totaling 350 and 512
atoms and a 3 × 3 × 3 supercell for Si, with 216 atoms. The
cutoff for the second-order generalized IFC was set at half
the size of the supercell for all systems. For the third order,
we used a cutoff of 7.3, 6.4, and 7.0 Å for Si, Li3ClO, and
AgI, respectively, while we used 4.0, 3.0, and 5.0 Å at the
fourth order. These parameters were selected after careful
convergence of the thermal conductivity tensor to below 1%.

All calculations for the thermal conductivity tensor were
performed on the Lucia supercomputer of the CECI consor-
tium in the Walloon region of Belgium. Each node in this
cluster is equipped with two AMD EPYC 7763 processors,
each featuring 64 cores with a clock speed of 2.45 GHz. For
all timing measurements presented in this study, computations
were conducted using a single node.

A direct comparison with experimental measurement could
suffer from inaccuracies due to underlying DFT or MLIP
biases. To better assess the accuracy of our theory for all
systems, we also computed the thermal conductivity us-
ing approach-to-equilibrium molecular dynamics (AEMD)
[64–68]. Being a nonequilibrium MD method, AEMD in-
cludes all orders of anharmonicity in its description of heat
transport, with the drawback of a strong size dependence
and absence of nuclear quantum effects. More details on our
AEMD simulations are provided in Appendix H.

C. Silicon

We start our applications with silicon, a critical material in
the semiconductor industry. Its thermal conductivity has been
extensively researched both theoretically and experimentally,
making it an ideal candidate for benchmarking the approaches
developed in this work. Silicon is typically considered to
exhibit low anharmonicity, and perturbation theory has been
shown to accurately reproduce its transport properties, at least
below room temperature. Due to the large mean-free path ob-
served in this system at low temperature, which would require
very large simulation boxes to obtain convergence, we only
applied AEMD at 700, 1100, and 1500 K.

We begin with a demonstration of the speedup provided by
using the linear algebra formulation of the scattering matrix of
Eqs. (65) and (66). Figure 4 shows that the new formulation
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FIG. 4. Computational cost for the thermal conductivity of sili-
con with respect to the full grid density using third-order scattering.
The blue dots show timings computed using the linear algebra
scheme of Eqs. (65) and (66) while the timings using standard for-
mulation of Eq. (32) are denoted by the orange hexagon.

allows for a drastic reduction of the CPU time, dividing for
instance by more than 3 the computational cost with a q-point
grid of 35 × 35 × 35. It should be noted that, as the number
of atoms in the unit cell or the order of the scattering matrix
element increases, so does the speedup.

We continue with the improvement brought by the Monte
Carlo integration scheme. Figure 5 illustrates the convergence
of the thermal conductivity with respect to the Monte Carlo
grid density, across several full grids. These results clearly
demonstrate the decoupling between thermal conductivity and
scattering integrations. For all the grids considered, an 8 ×
8 × 8 Monte Carlo grid achieves an error of less than 1% and
a standard deviation of less than 1 W/m/K compared to scat-
tering integration on the full grid. Notably, this convergence is
independent of the type of approximation used, validating the
effectiveness of our Monte Carlo scheme even for calculations
beyond the single-mode approximation.

The efficiency of this scheme is further highlighted in
Fig. 6, where it is shown that using a Monte Carlo grid of
12 × 12 × 12 q points can reduce the wall time by an order
of magnitude compared to a full grid. This acceleration be-
comes even more pronounced when fourth-order scattering
processes are included. In such cases, even a 4 × 4 × 4 grid is
sufficient to converge the fourth-order contribution to thermal
conductivity to less than 1 W/m/K, cutting computational
cost by several orders of magnitude compared to full grid
calculations.

The rapid convergence with smaller grids at the fourth
order can be attributed to the combinatorially large number of
scattering process it involves, combined with stochastic error
cancellation. For instance, in a system like silicon, a 4 × 4 × 4
grid incorporates a number of interactions on the same order
of magnitude as the number of three-phonon processes within
a 35 × 35 × 35 q-point grid. While the specific grid densities
required to converge the thermal conductivity tensor vary by
system, this example demonstrates the significant computa-
tional acceleration achievable with our decoupling scheme.

FIG. 5. Convergence of the thermal conductivity with respect to
the Monte Carlo grid density for several full grid densities. Each
point is the average over 10 calculations, except for the 12 × 12 × 12
and 16 × 16 × 16 grid with fourth order, and the error bars indicate
the standard deviation. Results with fourth order including using the
full grid as a Monte Carlo grid for the third order. SMA denotes
results using the single-mode approximation and full grid denotes
results computed using the full scattering matrix. Empty symbols
indicate points with an error greater than 1 W/m/K compared to
the largest grid.

Using a 35 × 35 × 35 full grid along with a 16 × 16 × 16
and a 8 × 8 × 8 Monte Carlo grid for third- and fourth-
order scattering, we computed the temperature dependence of
silicon’s lattice thermal conductivity. The results are displayed
in Fig. 7. Our findings demonstrate good agreement with both

FIG. 6. Computational cost for the thermal conductivity of sili-
con with respect to the Monte Carlo grid density for different full grid
densities. For the calculation involving fourth-order scattering, the
Monte Carlo grid for the third-order contribution is set to the same
density as the full grid. Each point is the average over 10 calculations
(variance smaller than symbols), except for the 12 × 12 × 12 and
16 × 16 × 16 grid with fourth order. Empty symbols indicate points
with an error greater than 1 W/m/K compared to the largest grid.
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FIG. 7. Evolution of the thermal conductivity of silicon between
100 and 1500 K. Lines are fit of the results according to the model
κ (T ) = A/T C , with A and C as fitting parameters.

experimental [69] and theoretical results from the literature
[37,70]. Notably, we observe an increasing significance of
fourth-order scattering with rising temperatures, a trend cor-
roborated by recent studies [70] and also reproduced with
our AEMD simulations, with which the mode-coupling theory
agrees very well.

It can be noted that our results show some discrepancy
with previous results from the literature, both experimental
[71] and theoretical [72,73]. Such discrepancies can be at-
tributed to the MLIP used in this work. It has been shown that
MLIP errors on the prediction of forces can introduce an un-
derestimation of the thermal conductivity tensor through the
introduction of an effective scattering channel [74,75]. While
perturbative theory can be quite insensitive to the force’s error,
the mode-coupling theory is built on averages of thermally
excited configurations and a similar mechanism could be at
play in this case. However, setting up a correction scheme,
such as the ones introduced for (non)equilibrium molecular
dynamics methods, is out of the scope of this work, and the
agreement between AEMD and the mode-coupling theory
provides a clear validation of the latter.

D. Li3ClO

The second system we studied is Li3ClO, an antiperovskite
with a rich lithium composition that makes it a candidate
future generation electrolyte in solid-state batteries [76,77].
The thermal conductivity of this system has been studied
using both lattice dynamics approaches, in the perturbative
regime [38,78], and molecular dynamics within the Green-
Kubo formalism [78]. Li3ClO can be considered as a system
with medium anharmonicity, as can be attested by its σ anh(T )
going from 0.23 to 0.37 when increasing the temperature from
200 to 550 K.

For this system, we use a 24 × 24 × 24 full grid along-
side an 8 × 8 × 8 Monte Carlo grid for third-order scattering
and a 3 × 3 × 3 grid for fourth-order interactions. This setup
provides converged results with a computational cost of ap-
proximately 1.5 CPU hours when only third-order scattering
is included, and around 120 CPU hours when fourth-order

FIG. 8. Evolution of the thermal conductivity of Li3ClO with
respect to temperature. Lines are fit of the results according to the
model κ (T ) = A/T C , with A and C as fitting parameters. Full lines
correspond to fit of MCT and AEMD results and the dashed lines
denote the fit of results with temperature-independent IFC.

scattering is also accounted for. To examine the influence
of generalized IFC, thermal conductivity was also calcu-
lated across all temperatures using IFCs extracted at 10 K.
Although not exactly equivalent to purely harmonic or per-
turbative results, these results should give an indication of
possible failures of perturbative theory.

Our findings, summarized in Fig. 8, reveal a significant
contribution from fourth-order scattering, even at the lowest
temperatures considered. At 200 K, the inclusion of fourth-
order effects reduces thermal conductivity by approximately
37%. This impact of fourth-order scattering persists whether
or not the temperature dependence of the IFCs is included
in the heat transport calculations. However, incorporating
this temperature dependence is critical for an accurate descrip-
tion of the system’s thermal conductivity. When neglected,
the third-order results yield a misleading agreement between
AEMD and lattice dynamics calculations, and the inclusion
of fourth-order scattering in the low-T harmonic model leads
to a significant underestimation of κ across all temperatures.
In contrast, mode-coupling theory restores agreement with
molecular dynamics simulations, provided that fourth-order
scattering is also taken into account.

E. γ-AgI

As an example of a strongly anharmonic material, we
apply our formalism to silver iodide in its zinc-blende
γ phase, a silver halide with applications in photovoltaic
devices and solid-state batteries. Despite its simple crystal
structure, AgI is known for its ultralow thermal conductivity,
measured to be approximately 0.4 W/m/K at room tem-
perature [26]. This value is significantly overestimated by
conventional perturbation theory accounting only for three-
phonon interactions, which predicts a thermal conductivity
of 2.1 W/m/K [79]. Recent studies [26,80] have reconciled
experimental and theoretical discrepancies by highlighting
the critical role of phonon renormalization and high-order
scattering processes. Reference [80] suggested that scattering
processes beyond fourth order are necessary to accurately re-
produce the ultralow thermal conductivity of AgI, even when
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FIG. 9. Evolution of the thermal conductivity of AgI with re-
spect to temperature. Lines are fit of the results according to the
model κ (T ) = A/T C , with A and C as fitting parameters. The
dashed lines are fit of the results using classical occupation for the
computation of κ .

using anharmonic phonon theories. However, it is important
to note that their work did not rely on the mode-coupling
definition of anharmonic phonons. While they used a simi-
lar approach to mode-coupling theory (MCT) for calculating
noninteracting phonons, the higher-order generalized IFC
were computed using a different method, with all orders
greater than second fitted simultaneously to molecular dynam-
ics data instead of successively.

For this system, we employed a 32 × 32 × 32 full grid,
along with 16 × 16 × 16 and 6 × 6 × 6 Monte Carlo grids
for third- and fourth-order scattering, yielding a computa-
tional cost of approximately 0.5 CPU hours and 14 CPU
hours, respectively. Our results, shown in Fig. 9, demonstrate
the the mode-coupling theory with fourth-order scattering is
sufficient to produce converged results, yielding a thermal
conductivity of about 0.3 W/m/K at room temperature, con-
sistent with both experimental data and AEMD results. These
findings underscore the importance of a correct definition
for generalized IFCs. While second-order IFCs are crucial
for accuracy, a consistent definition of higher-order IFCs is
equally essential to capture the full anharmonic behavior of
the system. In the end, using a classical distribution instead
of the Bose-Einstein, our mode-coupling results are able to
reproduce AEMD for the whole range of temperature con-
sidered, despite the strong anharmonicity of this system. A
strong advantage of our mode coupling over MD techniques
is the absence of finite-size artifacts and the insight in mode
contributions and scattering mechanisms.

VI. CONCLUSION

In recent years, the limitations of the harmonic approxi-
mation have become more and more apparent, producing a
surge in the use of temperature-dependent phonon theories. In
this work, we provided a detailed derivation of the theory of
thermal conductivity in the framework of the mode-coupling
theory of anharmonic lattice dynamics, thus justifying the use

of temperature-dependent phonons as a means to study heat
transport in materials.

Following a summary of the mode-coupling theory for
anharmonic crystals, the starting point of our derivation con-
sists in the introduction of a consistent formulation of the
heat current. Using the Green-Kubo formula, we obtain an
equation for the thermal conductivity tensor involving cor-
relation functions for the phonon operators. Our final result
for the κ tensor includes single-mode, collective, and off-
diagonal contributions, which makes it valid for a large range
of systems, from simple to complex crystals with low or high
anharmonicity.

Due to the extreme computational cost incurred in the com-
putation of scattering processes, we also present numerical
strategies to increase the efficiency of thermal conductivity
calculations, and fully converge even the most advanced cal-
culations with dense grids. This acceleration is enabled by
reducing the cost of each scattering process, through the use of
a linear algebra formulation of the scattering matrix elements,
and by reducing the number of processes to be computed. For
this second point, we implemented both symmetry reduction
and Monte Carlo integration schemes. All these improvements
result in a drastic reduction of the computational cost, and
even enable the computation of thermal conductivity with up
to fourth-order scattering, in complex systems for which it
would otherwise be too expensive.

Finally, we apply our implementation to systems going
from low to high anharmonicity. This demonstrates the va-
lidity of the mode-coupling theory of anharmonic lattice
dynamics to compute transport properties, as well as the ef-
ficiency of our implementation.

Regarding the limitations of our work, we stress the two
main approximations made. The first concerns the use of
the Markovian limit, in which the full frequency-dependent
phonon spectral functions are replaced by Lorentzians charac-
terized only by their center [the frequency 
s(q)] and width
[the linewidths 
M

s (q)]. While this approximation is ubiqui-
tous in the literature, the more complicated spectral functions
observed in some anharmonic materials raise questions on the
validity of the Markovian approximation in such cases. One
should notice that in this work, we already derived Eq. (51),
which goes beyond the Markovian limit. The other main
approximation is the neglect of a part of the heat current
operator involving the random force and memory kernel. As
the anharmonicity of a material increases, their importance is
expected to increase. However, these contributions have never
been considered, and their importance in realistic materials is
unknown: our work provides a starting point to quantify these
terms.
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APPENDIX A: RELATION BETWEEN SOME
CORRELATION FUNCTIONS

If the definition of a classical correlation function is un-
ambiguous, there exist an infinite number of ways to define
a quantum correlation function. In this Appendix, we give
the relation between the Kubo correlation function used
throughout this work and other types of correlation functions
used to obtain some of the relations appearing in the main
text. Most of the equalities given here use properties of the
Bose-Einstein distribution, in particular n(−ω) = −[n(ω) +
1] or e−h̄ω/kBT = n(ω)/[n(ω) + 1].

The first important relation is that between the Kubo corre-
lation function and the generalized susceptibility, which stems
from the fluctuation-dissipation theorem [28]

χ ′′(ω) = ω

2kBT
G(ω). (A1)

Other important quantum correlation functions are the lesser
and greater ones, which is defined for two operators A
and B as

G<(t ) = 〈AB(t )〉 θ (t ), (A2)

G>(t ) = 〈AB(t )〉 θ (−t ), (A3)

where θ (t ) is the Heaviside function. Decomposing the cor-
relation functions on the eigenstates of the Hamiltonian into
a Lehmann representation and using the properties of the
Bose-Einstein distribution, one can show that the lesser,
greater, and Kubo correlation functions are related by

G<(ω) = h̄ω

kBT
n(ω)G(ω) = n(ω)χ ′′(ω), (A4)

G<(ω) = h̄ω

kBT
[n(ω) + 1]G(ω) = [n(ω) + 1]χ ′′(ω). (A5)

APPENDIX B: DECOUPLING KUBO CORRELATION
FUNCTIONS

In this Appendix, we formally derive the decoupling
of four-point Kubo correlation functions of the form
(AB,C(t ), D(t )), where A, B, C, and D are arbitrary operators.
In our previous work, we used the decoupling

(AB,C(t )D(t )) ≈ (A,C(t ))(B, D(t )) + perm (B1)

with perm being the permutations of the operators in the
four-point correlation function. However, this decoupling cor-
responds to a semiclassical approximation mostly valid at

high temperature, and neglects some of the coupling between
the decoupled two-point function’s correlation due to the
imaginary-time integration of the Kubo correlations. A more
formal decoupling keeping this quantum coupling is given by

(AB,C(t )D(t )) = kBT
∫ β

0
dλ 〈A(ih̄λ)B(ih̄λ)C(t )D(t )〉

≈ kBT
∫ β

0
dλ[〈A(ih̄λ)C(t )〉 〈B(ih̄λ)D(t )〉

+ 〈A(ih̄λ)D(t )〉 〈B(ih̄λ)C(t )〉
+ 〈A(ih̄λ)B(ih̄λ)〉 〈C(t )D(t )〉]. (B2)

We can use the Fourier transform to express the first term of
this equation in terms of the standard correlation function∫ β

0
dλ 〈A(ih̄λ)C(t )〉 〈B(ih̄λ)D(t )〉

=
∫ ∞

−∞
dω1dω2G<

AC (ω1)G<
BD(ω2)e−i(ω1+ω2 )t

×
∫ β

0
dλ e−h̄(ω1+ω2 )λ

=
∫ ∞

−∞
dω1dω2G<

AC (ω1)G<
BD(ω2)

eβ h̄(ω1+ω2 ) − 1

h̄(ω1 + ω2)

× e−i(ω1+ω2 )t

=
∫ ∞

−∞
dω

eβ h̄ω − 1

h̄ω
e−iωt

∫ ∞

−∞
dω′G<

AC (ω′)G<
BD(ω − ω′).

(B3)

Going further, we can also integrate this result from t = 0 to
infinity∫ ∞

0
dt 〈A(ih̄λ)C(t )〉 〈B(ih̄λ)D(t )〉

=
∫

dω
eβ h̄ω − 1

h̄ω

∫
dω′G<

AC (ω′)G<
BD(ω − ω′)

∫ ∞

0
dt e−iωt

= π

∫ ∞

−∞
dω′G<

AC (ω′)G<
BD(−ω′)

= π

∫ ∞

−∞
dω′n(ω′)[n(ω′) + 1]χ ′′

AC (ω′)χ ′′
BD(ω′), (B4)

where we used G<(ω) = n(ω)χ ′′(ω) and G<(−ω) =
G>(ω) = [n(ω) + 1]χ ′′(ω) from Appendix A.

APPENDIX C: DERIVATION OF THE MARKOVIAN
APPROXIMATION

The Markovian approximation is founded on the assump-
tion that the bath, represented by the memory kernel, follows
a dynamic on a much slower timescale than the dynamical
variable. Effectively, this assumption translates into taking the
infinite-time limit of the convolution appearing in the gener-
alized Langevin equation∫ t

0
ds 
s(q, s)Ġs(q, t − s)→ lim

t→∞

∫ t

0
ds 
s(q, t−s)Ġs(q, s),

(C1)
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where we used the symmetry of convolutions
∫ t

0 ds f (s)g(t −
s) = ∫ t

0 ds f (t − s)g(s). Furthermore, assuming that
interactions with the bath are weak, the correlation function
Ġs(q, t ) in this equation can be approximated as acting as a
delta function centered on 
s(q) in frequency space. Using
these approximations in the memory kernel convolution gives∫ ∞

0
ds 
s(q, t − s)Ġs(q, s)

=
∫ ∞

−∞
dω1dω2
s(q, ω1)Gs(q, ω2)ω2

∫ ∞

0
ds eiω1(t−s)eiω2s

=
∫ ∞

−∞
dω 
s(q, ω)Gs(q, ω)ωeiωt

≈ 
s(q,
s(q))
∫ ∞

−∞
dω Gs(q, ω)ωeiωt

= 
M
s (q)Ġs(q, t ), (C2)

where we defined the Markovian scattering rate 
M
s (q) =


s(q,
s(q)) found in the main text.

APPENDIX D: DERIVATION OF THE SCATTERING
MATRIX

In this Appendix, we derive the scattering matrix by com-
puting the time integral of the four-point correlation function

(As1 (q1)Bs1 (q1), As2 (q2, t )Bs2 (q2, t )). (D1)

To facilitate the derivation, we introduce the composite
operator

Cs(q, t ) = As(q, t )Bs(q, t ) (D2)

whose correlation function is denoted by

Ys1,s2 (q1, q2, t ) = (Cs1 (q1),Cs2 (q2)). (D3)

Our task is to compute the integral of this correlation func-
tion, which can be recognized as its zero-frequency Laplace
transform.

From the definitions of the operators As(q, t ) and Bs(q, t ),
and by projecting the Mori-Zwanzig equation of motion for ṗ
[28] onto the phonon modes, we obtain the time derivative of
these operators

Ȧs(q, t ) = − i
s(q)Bs(q, t ), (D4)

Ḃs(q, t ) = i
s(q)As(q, t )

+ i


s(q)

∑
s′q′

∫ t

0
ds Kss′ (q, q′, s)Bs′ (q′, t − s)

+ i


s(q)
δAs(q, t ). (D5)

The derivative of the composite operator Cs(q, t ) can thus be
expressed as

Ċs(q, t ) = Ȧs(q, t )Bs(q, t ) + As(q, t )Ḃs(q, t )

= − i
s(q)Bs(q, t )Bs(q, t ) + i
s(q)As(q, t )As(q, t )

+ iAs(q, t )


s(q)

∑
s′q′

∫ t

0
ds Kss′ (qq′, s)Bs′ (q′, t − s)

− i


s(q)
δAs(q, t )As(q, t ). (D6)

Multiplying by Cs(q), taking the Kubo average, and using
the decoupling scheme, we obtain the following equation of
motion for Ys1s2 (q1, q2, t ) :

Ẏs1s2 (q1q2, t ) =
∑
s3q3

∫ t

0
ds Ks2s3 (q2q3, s)Ys1s3 (q1q3, t − s)

(D7)

or Ẏ(t ) = ∫ t
0 ds K(s)Y(t − s) in matrix form. From this equa-

tion of motion, we find that the Laplace transform of Y(t ) can
be written Ỹ(ω) = [ω − K̃(ω)]−1Y, leading to the final result

Ỹ(0) = K̃(0)−1Y, (D8)

where Ỹ(ω) and K̃(ω) are the Laplace transform of the
four-point correlation function and the memory kernel, re-
spectively. Applying the decoupling rule for the Y matrix, it
can be shown that it is a diagonal matrix with entries

Yss(q, q) = 
2
s (q)ns(q)[ns(q) + 1] = kBT 2cs(q). (D9)

Furthermore, we can recognize the scattering matrix of the
main text as the Markovian limit of the memory kernel, in-
cluding off-diagonal terms

�s1s2 (q1, q2) = Ks1,s2 (q1, q2,
s1 (q1))

= 
M
s1

(q1)δq1q2δs1s2

+ 
s2 (q2)


s1 (q1)

[ ∑
q3s3

[

(3)

s1s2s3
(q1, q2, q3,
s1 (q1))

+ 
(3)
s1s3s2

(q1, q3, q2,
s1 (q1))
]

+
∑

q3s3q4s4

[

(4)

s1s2s3s4
(q1, q2, q3, q4,
s1 (q1))

+ perm
]

+ 
iso
s1s2

(q1, q2,
s1 (q1))

]
, (D10)

where perm denotes all permutations of the second, third, and
fourth phonons in 
(4)

s1s2s3s4
(q1, q2, q3, q4,
s1 (q1)).

APPENDIX E: COMPARISON WITH THE PHONON
BOLTZMANN EQUATION

The central quantity in the phonon Boltzmann equa-
tion (PBE) is the phonon occupation ns(q, t ) [39]. To facilitate
comparison with the results in the main text, we assume that
the system is in a steady state with a homogeneous and con-
stant temperature gradient. Under these conditions, the spatial
and temporal derivatives of the phonon occupation vanish,
allowing us to eliminate the time dependence and work di-
rectly with ns(q). Noting the equilibrium phonon occupation
as n̄s[q = (eβ h̄
s (q) − 1)−1], the Boltzmann equation is ex-
pressed as a balance between the temperature gradient and
phonon scattering processes

∂ n̄s(q)

∂T
vs

q∇T = −
∑
s′q′

�(qs, q′, s)δns′ (q′), (E1)
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where δns(q) = ns(q) − n̄s(q) represents the deviation of the
phonon occupation from equilibrium, and �(qs, q′s′) is the
phonon scattering matrix introduced in the main text.

Assuming a linearized form of the deviation

ns(q) = n̄s(q) + ρs(q)∇T (E2)

the PBE reduces to

∂ n̄s(q)

∂T
vs

q = −
∑
s′q′

�(qs, q′, s)ρs′ (q′). (E3)

Recognizing this as a matrix equation, we solve for ρs(q) by
inverting the scattering matrix:

ρs(q) = −
∑
s′q′

∂ns(q)

∂T
�−1(sq, s′q′)vs′

q′ , (E4)

where we used the fact that the scattering matrix is positive
definite, hence symmetric.

To compute the thermal conductivity tensor, we introduce
the heat current operator in the harmonic approximation

J harm(t ) = − 1

V

∑
q,s

h̄
s(q)vs
qδns(q, t ). (E5)

Applying Fourier’s law, we express the thermal conductivity
tensor as

κPBE = 〈J harm〉
∇T

= − 1

V

∑
q,s

h̄
s(q)vs
qρs(q). (E6)

Substituting our solution for ρs(q), we obtain

κPBE = − 1

V

∑
sq

∑
s′q′

h̄
s(q)
∂ns(q)

∂T
vs

q ⊗ vs′
q′�

−1(sq, s′q′)

= 1

V

∑
sq

∑
s′q′

cs(q)vs
q ⊗ vs′

q′�
−1(sq, s′q′) (E7)

which coincide with Eq. (47) of the main text.

APPENDIX F: TREATMENT OF DEGENERACIES

In reciprocal space, the generalized group velocities can
be seen through Hellman-Feynman theorem as the derivative
of the dynamical matrix projected on phonons s and s′ of the
same q point. We can write this formally as

vss′
q = 1

2
√

2
s(q)
s′ (q)
〈s, q| ∇q�(q) |s′, q〉 , (F1)

where we introduced the notation

〈s, q| O |s′, q〉 =
∑
iα, jβ

εiα∗
s (q)ε jβ

s′ (q)O jβ
iα , (F2)

where O is a 3Nat × 3Nat matrix. For degenerate modes, a
direct calculation with this formula is ill defined and we use
instead degenerate perturbation theory. We start by computing
the Ndegen × Ndegen matrix h composed of the derivative of the
dynamical matrix only for modes si and s j in the degenerate

TABLE I. Parameters for the DFT calculations for each of the
systems used in the applications.

System XC functional k-point grid Cutoff (Ha)

Si PBEsola [82] 12 × 12 × 12 25
Li3ClO PBEb 8 × 8 × 8 32
AgI PBEb 8 × 8 × 8 32

aNorm conserving, from pseudodojo [83].
bPAW, from GPAW pseudopotential data set [84].

subspace

hα
i j = 〈si, q| ∂

∂qα
�(q) |s j, q〉 . (F3)

Then, the diagonal components of the generalized group ve-
locities for each of the degenerate modes are computed as the
average of the eigenvalues λi of h:

vs,α
q = 1

2
s(q)

1

Ndegen

∑
i

λi (F4)

while the off-diagonal components vanish:

v
sis j ,α
q = 0. (F5)

APPENDIX G: ACCURACY OF THE
MACHINE-LEARNING INTERATOMIC POTENTIALS

In this Appendix, we give the computational details for
the fitting of the machine-learning interatomic potential used
in the applications of Sec. V. In all cases, the MLIP were
constructed by fitting on ab initio data computed with DFT
using the ABINIT package [58,59], with the data set created
following the scheme presented in Sec. V A. The functional,
k-point grid and kinetic energy cutoff used for each sys-
tem are detailed in Table I, with the parameters selected to
give a total energy accuracy better than 1 meV/atom. For
Li3ClO and AgI, Born effective charges and dielectric con-
stant were computed at the ground-state volumes using DFPT
as implemented in ABINIT. The nonanalytical long-range cor-
rections were then applied using the method described in the
Supplemental Materials of [81].

On Fig. 10, we show the correlations between DFT and
MLIP energy, forces and stress for each system while Table II
compares ground-state lattice parameters and volume. For all
materials studied here, the agreement is excellent, both for
the error measure given by the root-mean-squared error and
the mean absolute error and the comparison of the lattice
parameters.

TABLE II. Comparison between the ground-state lattice constant
computed with DFT and the MLIP.

DFT MLIP

System a (Å) Volume (Å3) a (Å) Volume (Å3)

Si 5.431 20.026 5.431 20.026
Li3ClO 3.916 12.010 3.916 12.010
AgI 6.654 36.834 6.654 36.828
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FIG. 10. Correlation between DFT and MLIP energy, forces, and stress for all the MLIP used in this work.

APPENDIX H: APPROACH TO EQUILIBRIUM
MOLECULAR DYNAMICS

The approach-to-equilibrium molecular dynamics
(AEMD) [64–68] method directly applies Fourier’s law,
utilizing the time evolution of temperature governed by
the heat equation to estimate the thermal conductivity.
In this approach, the simulation box is initially divided into
two regions: a hot region and cold region, thermostatted at
temperatures T + �T/2 and T − �T/2, respectively. After
the regions reach constrained equilibrium, the thermostats
are removed, allowing the system to relax towards a global
equilibrium. During this relaxation, the time evolution of the

temperature difference between the two regions is described
by the heat equation

�T (t ) =
∞∑

m=0

8�T (0)

(2m + 1)2π2
e−(2m+1)2t/τ , (H1)

where τ is the decay time, which is related to the system’s
thermal conductivity through the equation

κ (L) = LCv

4π2S

1

τ
. (H2)
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Here, L is the length of the system along the temperature
gradient, Cv is the heat capacity, and S is the cross-sectional
area perpendicular to the heat flow.

As a real-space method, AEMD is subject to finite-size
effects. Recently, Sheng et al. [64] used lattice dynamics
analysis to derive a model that fits and extrapolates the size de-
pendence of thermal conductivity from AEMD. Their model
is expressed as

κ̂ (L) = κ1

1 + ( 2π�1
L

)2 + κ2

1 + ( 2π�2
L

)2 , (H3)

where κ1, κ2, �1, and �2 are fitting parameters.

In our simulations, we applied a temperature difference
of �T = 200 K. To fit the time evolution of the tempera-
ture difference, using 10 terms of Eq. (H1) was sufficient to
accurately converge the decay time τ . For each system and
temperature, thermal conductivity was computed for various
systems length L, and the results were extrapolated to the
bulk limit using Eq. (H3). The lengths of the system along the
temperature gradient were 273, 546, 1092, 2731, 3278, 5463,
and 8156 Å for Si, 40, 199, 398, and 795 Å for Li3ClO, and
334, 1337, 2674, and 4679 Å for AgI. Our simulations were
run for several hundred picoseconds, depending on the length
of the system, with a time step of 1 fs and data gathered every
50 fs.
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Abstract

Phonon-phonon interactions are fundamental to understanding a wide range of

material properties, including thermal transport and vibrational spectra. In

conventional perturbative approaches, energy conservation during each micro-

scopic phonon interaction is enforced using delta functions. We demonstrate

that these delta functions stem from an incomplete treatment, that violates the

fluctuation-dissipation theorem governing systems at equilibrium. By replacing

delta functions with convolutions and introducing a self-consistency condition for

the phonon spectral function, we provide a more accurate and physically con-

sistent framework. For systems where phonon dynamics can be approximated

as Markovian, we simplify this approach, reducing the dissipative component to

a single parameter tied to phonon lifetimes. Applying this method to boron

arsenide, we find that self-consistent linewidths better capture the phonon scat-

tering processes, significantly improving agreement with experimental thermal

conductivity values. These results also challenge the conventional view of four-

phonon processes as dominant in BAs, demonstrating the adequacy of a three-

phonon description, provided it is self-consistent. With this method we address

critical limitations of perturbative approaches, offering new insights into dissi-

pation and phonon-mediated processes, and enabling more accurate modeling of

anharmonic materials.
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Phonon-phonon interactions are fundamental to understanding a wide range of material prop-
erties, including thermal transport, expansion and vibrational spectra. In all of the conventional
perturbative approaches, energy conservation is enforced using Dirac delta functions at each mi-
croscopic phonon interaction. We demonstrate below that these delta functions stem from an in-
complete treatment of the interacting problem, that violates the fluctuation-dissipation theorem
governing systems at equilibrium. By replacing the deltas with convolutions of the phonon spectral
functions, and introducing a self-consistency condition, we provide a more accurate and physically
consistent framework. For systems where phonon dynamics can be approximated as Markovian, we
simplify this approach, reducing the dissipative component to a single parameter tied to phonon life-
times. Applying this method to boron arsenide, we find that self-consistent linewidths capture the
phonon scattering processes better, significantly improving agreement with experimental thermal
conductivity values. These results also challenge the conventional view of four-phonon processes as
dominant in BAs, demonstrating a three-phonon description can explain most of the experimental
value, provided it is self-consistent. With this method we address critical limitations of perturba-
tive approaches, offering new insights into dissipation and phonon-mediated processes, and enabling
more accurate modeling of anharmonic materials.

Phonons are quantized vibrational modes of a crys-
tal lattice, and central to our understanding of a wide
range of material properties. From mechanical stability
and sound propagation to optical responses and thermal
transport, phonons play a key role in determining the
behavior of solids, and enable many functionalities and
applications. As such, an accurate description of phonon
dynamics is essential to advance our understanding of
both fundamental physics and material functionality. In
the harmonic approximation, phonons are treated as non-
interacting quasiparticles with infinite lifetimes. This
can naturally not be a complete description: in real sys-
tems, anharmonicity introduces phonon-phonon interac-
tions, which lead to a broadening of phonon spectral line-
shapes. These interactions are crucial to describe key ma-
terial properties quantitatively and sometimes even qual-
itatively. For example, without interactions the phonon
thermal conductivity is infinite, an inconsistency which
is resolved with the introduction of anharmonicity.

In conventional perturbative approaches, phonon-
phonon interactions are treated with strict energy con-
servation, enforced by Dirac delta functions of the energy
difference before and after each scattering event [1–4]. In
this letter, we show that while this formalism captures
the idealized dynamics of non-interacting phonons, it em-
ploys a strong approximation that neglects the dissipa-
tive component of real phonon dynamics, and breaks the
fluctuation-dissipation theorem. We show that a more
exact formulation replaces delta functions with spectral
function convolutions and a self-consistency condition,
which can be interpreted as high-order effective inter-
actions mediated by virtual phonons. Importantly, these
are not subject to energy conservation. A practical imple-
mentation is introduced for cases where phonon dynamics

are approximated as Markovian, reducing the dissipative
component to a single parameter associated with phonon
lifetimes.
We are interested in phonon correlation functions at fi-

nite temperature, which are linked to observables such as
X-ray or neutron scattering. For the derivation, we place
ourselves within our recently introduced mode-coupling
theory of anharmonic lattice dynamics [5–7], but similar
arguments will hold for all of the commonly used (per-
turbative) theories. Within this formalism, the phonon
Kubo correlation functions (KCF) [8] obey the general-
ized Langevin equation of motion

G̈λ(t) = −Ω2
λGλ(t)−

∫ t

0

dsKλ(s)Ġλ(t− s), (1)

where we introduce the super-index λ = (q, s), with q the
wave vector in reciprocal space and s the index of the
phonon branch. This equation describes the dynamics
as driven by a harmonic force with the spring magnitude
given by the phonon frequency Ωλ, and a time-dependent
friction term. The latter is contained in a memory ker-
nel Kλ(t) which describes the dissipation of the phonon
energy through a bath made up of all other phonons. Im-
portantly, Kλ(t) must respect the fluctuation-dissipation
theorem [8–10], which states that Kλ(t) =

(
δfλ, δfλ(t)

)
,

where δfλ(t) is the “random” force which describes the
effects of neglected degrees of freedom on the dynamics.
The dynamical susceptibility (or spectral function) is ob-
tained through a Laplace transform of eq.(1), giving

χ′′
λ(ω) =

1

ℏπ
4ωΩλΓ

2
λ(ω)

(ω2 − Ω2
λ − 2ω∆λ(ω))2 + 4ω2Γ2

λ(ω)
, (2)

where Γλ(ω) and ∆λ(ω) are respectively the real and
imaginary parts of its memory kernel (which are related
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by a Kramers-Kronig transform). The main complica-
tion of eq.(2) lies in the expression of the memory kernel.
Within the mode-coupling approximation, K is obtained
by projecting the component of the “random” force onto
multiple displacements, introducing interactions between
phonons. To simplify our presentation, we will stay at the
lowest order of phonon-phonon interaction, but it is im-
portant to note that our reasoning holds identically with
higher orders. With only three-phonon interactions and
after a decoupling of four-point correlations into products
of two-point correlations [7], the real part of the memory
kernel has the form

Γλ(ω) =
1

16

∑

λ′λ′′

|Ψλλ′λ′′ |2Sλ′λ′′(ω). (3)

In this equation, Ψλλ′λ′′ are third-order scattering ma-
trix elements, and S is a function describing the effect of
phonons λ′ and λ′′ on the memory kernel. S is expressed
as

Sλ′λ′′(ω) =
ℏΩλ

n(ω)ℏω

∫ ∞

−∞
dω′G<

λ′(ω′)G<
λ′′(ω − ω′), (4)

where the lesser phonon correlation function G<
λ (ω) is

proportional to the KCF, and related to the dynami-
cal susceptibility by the fluctuation-dissipation theorem,
through G<

λ (ω) = n(ω)χ′′
λ(ω). n = (eβℏω − 1)−1 is the

Bose-Einstein distribution.
A common simplification involves approximating

Sλ′,λ′′(ω) using the memory-less dynamical susceptibil-
ity of the phonons λ′ and λ′′. This results in Sλ′,λ′′(ω)
being expressed as a sum of delta functions centered at
sums or differences of phonon frequencies, weighted by
phonon occupation numbers [7]

Sλ′λ′′(ω) = (nλ′ + nλ′′ + 1)δ(ω − Ωλ′ − Ωλ′′)

− (nλ′ + nλ′′ + 1)δ(ω +Ωλ′ +Ωλ′′)

+ (nλ′ − nλ′′)δ(ω +Ωλ′ − Ωλ′′)

− (nλ′ − nλ′′)δ(ω − Ωλ′ +Ωλ′′),

(5)

where nλ = n(Ωλ). The delta functions in this equation
have a clear physical interpretation: they represent en-
ergy conservation during each phonon interaction. How-
ever, this approach neglects a critical element: the mem-
ory kernel. In a memory-less framework, phonons are
idealized as infinitely long-lived quasiparticles, with their
dynamical susceptibility given by χ′′

λ(ω) ∝ δ(ω − Ωλ).
This idealization inherently assumes non-dissipative dy-
namics, so that energy conservation arises automatically
from the system’s behavior. Introducing the memory
kernel fundamentally changes this picture. Phonons are
no longer viewed as perfectly conserving energy through
their dynamics; instead, the memory kernel accounts for
the exchange of energy between interacting phonons. In
this framework, the energy conservation for individual
events is generalized to the detailed balance condition,

3

3

a.

3 3

b.

FIG. 1. Examples of second-order three-phonon Feynman di-
agrams for anharmonic systems. The black wiggly lines repre-
sent phonon propagators, the red ones representing interme-
diate virtual phonons and the blue dots represent 3-phonon
vertices. a. Second order decay process. b. Second order
redistribution process.

which gives rise to the fluctuation-dissipation theorem.
Energy conservation should only be found between the
initial and final states. Consequently, the delta functions,
which cannot capture dissipation, are replaced by a con-
volution term in eq.(3), which is self-consistently linked
to eq.(2). This convolution reflects the interplay between
phonons and their self-created environment, where the
memory kernel describes the “phonon bath” formed by
the collective dynamics of all phonons. Modifying the
memory kernel alters the phonon properties, which in
turn reshape the bath—a feedback mechanism captured
by the self-consistent framework.

In a diagrammatic framework, the convolution can be
interpreted as introducing higher-order interactions me-
diated by virtual phonons [11, 12]. For instance, the
process illustrated in FIG.1a. represents an effective
four-phonon interaction, where one phonon decays into
three phonons through an intermediate process involving
a virtual phonon. Similarly, FIG.1b. depicts a second-
order redistribution process in which two phonons merge
to form a virtual phonon, which subsequently decays
into two new phonons. In such higher-order interac-
tions, energy and momentum conservation are strictly
enforced only for the initial and final phonons. The
virtual phonons, however, are not subject to these con-
straints, enabling phonon interactions that would other-
wise be forbidden by strict energy conservation. When
self-consistency is applied, even more complex higher-
order interactions emerge, and at full convergence, an in-
finite series of such interactions contributes to the phonon
linewidths. Consequently, these previously forbidden
interactions, which are simply a manifestation of the
fluctuation-dissipation condition, can have drastic con-
sequences on the properties of systems where selection
rules could restrict anharmonicity [13–17]. For instance,
in systems with large mass differences - and thus a large
acoustic-optical band gap - interactions between acoustic
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and optical modes are no longer forbidden within a three-
phonon truncation. This should modify substantially the
scattering phase space and reduce, for example, the ex-
pected large conductivity in these systems.

The self consistency of the full frequency dependent
dynamical susceptibility represents an important com-
putational challenge due to the convolution appearing
in Sλ′,λ′′(ω). However, phonons are often accurately
described using a Markovian approximation, where the
memory kernel reduces to a single number Γλ = Γλ(Ωλ)
and χ′′

λ(ω) to a sum of Lorentzian centered on ±Ωλ with
widths Γλ. In this case, the Sλ′,λ′′(ω) function has the
simple form [7]

Sλ′λ′′(ω) = (nλ′ + nλ′′ + 1)L(ω,Ωλ′ +Ωλ′′ ,Γλ′ + Γλ′′)

− (nλ′ + nλ′′ + 1)L(ω,−Ωλ′ − Ωλ′′ ,Γλ′ + Γλ′′)

+ (nλ′ − nλ′′)L(ω,Ωλ′ − Ωλ′′ ,Γλ′ + Γλ′′)

− (nλ′ − nλ′′)L(ω,−Ωλ′ +Ωλ′′ ,Γλ′ + Γλ′′),

(6)

where L are Lorentzian functions defined as L(ω,Ω,Γ) =
Γ/((ω − Ω)2 + Γ2)/π. Thus, within the Markovian ap-
proximation, the fluctuation-dissipation theorem can be
simply enforced by using this equation in a self-consistent
cycle involving equations (2), (3) and (6). This represents
a simplification compared to the numerical implementa-
tion of delta functions [2–4, 18] as it avoids the need of
introducing numerical convergence parameters and usu-
ally creates a broader smearing than would be used nu-
merically, easing convergence. It does however bring an
extra-cost related to the need to compute eq.(3) several
times. It should be noted that the need for linewidth
self-consistency has already been proposed in previous
work [19, 20]. However, these works do not propose a
formal justification for this self-consistency. Moreover,
the smearing used in these works does not correspond to
the convolution of the Lorentzian dynamical susceptibil-
ity appearing in eq.(6), breaking the relation between the
dissipative component of the phonon dynamics and the
memory kernel, and with it, the fluctuation-dissipation
theorem.

To demonstrate the importance of the fluctuation-
dissipation condition, we applied our approach to boron
arsenide, a semiconductor renowned for its exceptionally
high thermal conductivity [21–24]. A key feature of this
material is its large band gap separating the acoustic and
optical phonon branches, as shown in FIG.2a. This gap
is sufficiently wide to forbid three-phonon coupling be-
tween acoustic and optical phonons if strict energy con-
servation is applied [15], making four-phonon interactions
a requirement to accurately reproduce the thermal con-
ductivity in this system [25]. However, when the en-
ergy conservation principle is replaced by the fluctuation-
dissipation theorem, third-order acoustic-optical inter-
actions are no longer strictly forbidden: through the
Markovian approximation physically natural Lorentzian

a. b.

c. d.

FIG. 2. a. T-dependent phonons in BAs from 100 to 1100 K.
The large acoustic to optical band-gap is highlighted in grey.
b. Thermal conductivity in BAs including 3 or 3+4 phonon
interactions, with energy conservation enforced or using the
fluctuation-dissipation condition. Experimental results from
Kang et al [21], Li et al [22] and Tian et al [23] are shown
for comparison. c. Comparison of the phonon linewidths at
300 K with 3-phonon interactions with energy conservation
vs fluctuation-dissipation condition. d. Comparison of the
spectral thermal conductivity at 300 K computed with en-
ergy conservation (ec) or after self-consistency to enforce the
fluctuation-dissipation condition (fd). The phonon density of
states is represented in grey.

functions [7] appear. Their long tails extend the scat-
tering phase space, significantly altering the dynamics of
both acoustic and optical phonons. This highlights BAs
as an archetypal system where the fluctuation-dissipation
theorem should play a critical role in capturing the true
phonon scattering processes, and their impact on thermal
transport.

Our results in FIG.2 were computed using machine-
learning interatomic potentials constructed on ab ini-
tio data, whose details are provided in the SM [7]. At
the three-phonon level, the impact of the fluctuation-
dissipation condition is particularly striking. While en-
forcing strict energy conservation allows us to reproduce
theoretical results from the literature [15, 24, 25], in-
corporating self-consistent linewidths consistently leads
to lower thermal conductivity values, which are in
closer agreement with experimental measurements [21–
23]. This reduction can be attributed to a significant
decrease in the thermal conductivity contribution from
phonons with energies around 20 meV. Under strict en-
ergy conservation, these phonons are forbidden from in-
teracting with optical modes, but the convolution in the
self-consistent approach relaxes this restriction, thereby
expanding the scattering phase space. This behavior is
analogous to what occurs when four-phonon processes
are included: the increased scattering phase space re-
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sults in higher linewidths for these phonons and a corre-
sponding reduction in their thermal conductivity contri-
bution. Our findings challenge the prevailing view that
four-phonon interactions are essential to explain the ther-
mal conductivity in large phonon band gap materials like
boron arsenide. While these interactions are not negli-
gible, their importance appears to have been overesti-
mated in previous literature. Remaining at the three-
phonon level while enforcing the fluctuation-dissipation
condition provides a reasonably accurate prediction of
thermal transport in this material, consistent with its
low anharmonicity. However, this accuracy should not be
seen as an indication that the self-consistent determina-
tion of linewidth could avoid the need for four-phonon in-
teractions. Instead, the fluctuation-dissipation condition
should be seen as a new, superior framework to evaluate
all scattering mechanisms. Its importance in the context
of BAs stems from the constrained 3-phonon scattering
phase-space produced by strict energy conservation. The
FD approach removes this constraint, and shows the re-
production of the experimental thermal conductivity of
BAs using energy conservation and the 4-phonon chan-
nel is actually a coincidence: the EC 3-phonon κ is too
high, and the EC 4-phonon correction is too large, but
happens to land near the experimental values.

The fluctuation-dissipation condition is universally ap-
plicable, but its impact on different materials varies, and
requires quantitative evaluation. In the SM [7], we show
the impact of the self-consistency for silicon, a highly har-
monic system with low linewidths and no phonon band
gap, and for silver iodide, which exhibits strong anhar-
monicity. In the former case, the difference in using the
fluctuation-dissipation condition is negligible, both with
three and four-phonon interactions. In AgI however,
its impact is more pronounced. Including only three-
phonon scattering, the self-consistency reduces the ther-
mal conductivity by 15% to 25% between 100 to 300 K.
When four phonon scattering is included, the impact of
the fluctuation-dissipation condition is smaller, between
5% and 20 % in the same range of temperature, which
is still significant for low thermal conductivity materi-
als. Ultimately, the fluctuation-dissipation condition is
a universal principle that applies to all materials, yet
its impact on phonon dynamics appears to be highly
system-dependent. Our findings highlight the need for
broader investigations to determine how this condition
interacts with anharmonicity and the available scatter-
ing phase space. In more complex or strongly inter-
acting systems, additional factors, such as possible de-
viations from Markovian behavior, may also influence
the outcome. Such studies will be essential for estab-
lishing when and how fluctuation-dissipation-consistent
treatments are necessary for accurate modeling of lattice
dynamics.

While our study focuses on phonons, similar self-
consistent approaches should be relevant for other finite-

temperature quasiparticles. Systems involving interac-
tions between quasiparticles with vastly different energy
scales, such as magnon-phonon or electron-phonon in-
teractions, will be particularly affected by the relax-
ation of strict energy conservation. For instance, re-
cent work [26, 27] demonstrates that incorporating self-
consistent electronic linewidths resolves divergences pre-
viously expected in piezoelectric materials. This high-
lights the broader importance of capturing dissipative
dynamics in a rigorous and consistent framework, ex-
tending the relevance of our approach beyond phonons
to other complex quasiparticle systems.
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J. W. Zwanziger, The abinit project: Impact, environ-
ment and recent developments, Comput. Phys. Commun.
248, 107042 (2020).

[31] A. H. Romero, D. C. Allan, B. Amadon, G. Anto-
nius, T. Applencourt, L. Baguet, J. Bieder, F. Bot-
tin, J. Bouchet, E. Bousquet, F. Bruneval, G. Brunin,
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S1. THE MODE-COUPLING THEORY OF
ANHARMONIC LATTICE DYNAMICS

In this section, we describe briefly the mode-coupling
theory of anharmonic lattice dynamics, and we refer the
interested reader to references [S1] and [S2] for more de-
tails. For our purposes, we introduce the Kubo correla-
tion function, defined as

(
A,B(t)

)
= kBT

∫ β

0

dλ ⟨A(iℏλ)B(t)⟩ . (S1)

We assume that atoms vibrate around equilibrium po-
sitions ⟨R⟩ without diffusion, allowing the introduction
of mass-weighted displacements ui =

√
Mi(Ri − ⟨Ri⟩),

where i is a composite index for an atom I in a Carte-
sian direction α, ⟨Ri⟩ its average position and Mi is
the mass of the corresponding atom. In these mass-
scaled coordinates, the forces are expressed with fi =
−∇RiV (R)/

√
Mi. The aim of the theory is to describe

the displacement-displacement Kubo correlation function

Gij =
(
ui, uj(t)

)
. (S2)

The first step in the derivation is built on the Mori-
Zwanzig projection operator formalism, in which the pro-
jection operator P and its orthogonal projection Q are
defined as

P =
∑

ij

[ (
uj ,O

)
(
ui, uj

)ui +

(
pj ,O

)
(
pi, pj

)pi
]
, (S3)

Q =1− P. (S4)

Applying the identity P + Q = 1 on the forces sep-
arates out the “known” and “random” parts. Taking
the Kubo correlation of the result with respect to dis-
placements, one obtains an equation of motion for the
displacement-displacement correlation function as the
generalized Langevin equation

G̈ij(t) = −
∑

k

ΦjkGik(t)−
∑

k

∫ t

0

dsKjk(s)Ġik(t− s).

(S5)
In this equation, we introduced the frequency matrix

Φij =
∑

k

(
uk, uj

)−1(
uk, fi

)
(S6)

as well as the memory kernel,

Kij(t) =
1

kBT

(
δfi, δfj(t)

)
, (S7)

which is the Kubo correlation function of the random
forces

δfj(t) = eiQLt

(
fj +

∑

k

Φjkuk

)
. (S8)

The generalized interatomic force constants can be
Fourier transformed and diagonalized (note that the
masses are already included inΦ through the mass-scaled
coordinates):

Φ(q)ελ = Ω2
λελ, (S9)

allowing the introduction of phonons with frequency Ωλ

and eigenvectors ελ, where λ = (q, s) is a super-index
with q the wavevector and s a phonon branch. Conse-
quently, the dynamics of the system can be described in
terms of phonon operators Aλ and random forces δAλ,
defined with the projection

Aλ(t) =

√
2Ωλ

ℏ
∑

i

εiλui(t) (S10)

δAλ(t) =

√
2Ωλ

ℏ
∑

i

εiλδfi(t). (S11)

The memory kernel in phonon coordinates becomes

Kλ(t) =
ℏ

2kBTΩλ

(
δAλ, δAλ(t)

)
, (S12)

allowing to introduce the generalized Langevin equation
for the motion of a phonon λ

G̈λ(t) = −Ω2
λGλ(t)−

∫ t

0

dsKλ(s)Ġλ(t− s). (S13)

The most complicated part of this equation is the ex-
pression of the memory kernel. In the mode-couping the-
ory, the difficulties are alleviated by introducing higher-
order projection on several displacements. To lowest or-
der, the random forces in real space are approximated
as

δfi ≈− 1

2

∑

jklm

(
ulum, δfi

)
(
ujuk, ulum

)ujuk

=− 1

2

∑

jk

Ψijkujuk,

(S14)
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where Ψijk are generalized third-order force constants.
Projecting on phonons, the random forces are expressed
as

δAλ(t) ≈
√

ℏ
2

Ωλ

2

∑

λ′λ′′

Ψλλ′λ′′Aλ′(t)Aλ′′(t), (S15)

with the three-phonon scattering matrix elements

Ψλλ′λ′′ =
1√

ΩλΩλ′Ωλ′′

∑

ijk

εiλε
j
λ′εkλ′′√

MiMjMk

Ψijk

×ei(Riqλ+Rjqλ′+Rkqλ′′ )∆G(q+ q′ + q′′).

(S16)

The resulting memory kernel for a phonon λ is finally
written

Kλ(t) =
1

16

ℏΩλ

kBT

∑

λ′λ′′λ′′′λ′′′′

Ψλλ′λ′′Ψλλ′′′λ′′′′

(
Aλ′Aλ′′ , Aλ′′′(t)Aλ′′′′(t)

)
.

(S17)

S2. THE S FUNCTION

To express the memory kernel, one needs to compute
the four-point correlation of eq.(S17). Carefully account-
ing for the imaginary time integral of Kubo correlations,
we perform a decoupling [S2] expressed through a Fourier
transform as:

∫
dt
(
Aλ1

Aλ2
, Aλ3

(t)Aλ4
(t)

)
eiωt

≈ kBT

n(ω)ℏω

∫ ∞

−∞
dω′G<

λ1
(ω′)G<

λ2
(ω − ω′)

× (δλ1λ3δλ2λ4 + δλ1λ4δλ2λ3),

(S18)

where

n(ω) =
1

eβℏω − 1
(S19)

is the Bose-Einstein distribution function. Multiplying
this result by ℏΩλ/kBT, we can now introduce the S
function of the main text as

Sλ′λ′′(ω) =
ℏΩλ

n(ω)ℏω

∫ ∞

−∞
dω′G<

λ′(ω′)G<
λ′′(ω−ω′), (S20)

where we also introduced the lesser correlation function

G<
λ (ω) = n(ω)χ′′

λ(ω) (S21)

Injecting eq.(S20) into eq.(S17), the memory kernel is
approximated as

Γλ(ω) ≈
1

16

∑

λ′λ′′

|Ψλλ′λ′′ |2Sλ′λ′′(ω). (S22)

With the presence of Kubo correlation functions in the
definition of the S function, eq.(S22) has to be solved in
a self-consistent cycle involving eq.(S13)

A. Memory-less approximation

As suggested by its name, the memory-less approxi-
mation consists in neglecting the phonon dissipation in
their equation of motion, which becomes

G̈λ(t) = −Ω2
λGλ(t). (S23)

Such an approximation corresponds to the usual non-
interacting phonons, with a spectral function given by

χ′′
λ(ω) =

ω

4ℏΩλ

[
δ(ω − Ωλ) + δ(ω +Ωλ)

]
. (S24)

Introducing this equation into the S function gives rise
to convolutions of the form∫ ∞

−∞
dω′n(ω′)δ(ω ± Ωλ′)n(ω − ω′)δ(ω − ω′ ± Ωλ′′)

= n(∓Ωλ′)n(∓Ωλ′′)δ(ω ± Ωλ′ ± Ωλ′′).

(S25)

For further simplification, we also use the identity of the
Bose-Einstein distribution for sums of frequencies

n(Ωλ′ +Ωλ′′) =
nλ′nλ′′

(nλ′ + 1)(nλ′′ + 1)− nλ′nλ′′
, (S26)

where we introduced the notation nλ = n(Ωλ). Injecting
all these results into the S function, we obtain finally

Sλ′λ′′(ω) =(nλ′ − nλ′′)δ(ω +Ωλ′ − Ωλ′′)

−(nλ′ − nλ′′)δ(ω − Ωλ′ +Ωλ′′)

+(nλ′ + nλ′′ + 1)δ(ω − Ωλ′ − Ωλ′′)

−(nλ′ + nλ′′ + 1)δ(ω +Ωλ′ +Ωλ′′),

(S27)

which is the usual result for phonon-phonon interactions
with microscopic energy conservation.

An important thing to notice about this derivation
is that the energy conservation is a direct consequence
of the neglect of the memory-kernel and is consequently
only exact for non-interacting phonons, hence in a purely
(eventually effective) harmonic system.

B. Markovian approximation

The Markovian approximation is obtained by assum-
ing that the phonons are fast compared to the random
forces, and consists in taking the t → ∞ limit in the con-
volution term of eq.(S13). In the mode-coupling approxi-
mation, this results in a Langevin equation of motion for
the phonon Kubo correlation function

G̈λ(t) = −Ω2
λGλ(t)− ΓλĠλ(t), (S28)

where Γλ = Γλ(Ωλ). In frequency space, the Markovian
dynamical susceptibility has a Lorentzian shape:

χ′′
λ(ω) =

1

π

4ωΩλΓλ

(ω2 − Ω2
λ)

2 + 4ω2Γ2
λ

≈ ω

Ωλπ

[
Γλ

(ω − Ωλ)2 + Γ2
λ

+
Γλ

(ω +Ωλ)2 + Γ2
λ

]
.

(S29)
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Introducing the following notation for the Lorentzian

L(ω,Ω,Γ) =
1

π

Γ

(ω − Ω)2 + Γ2
(S30)

and assuming a small linewidth Γλ compared to the fre-
quency Ωλ, the lesser phonon correlation functions can
be approximated as

G<
λ (ω) ≈ n(Ωλ)L(ω,Ωλ,Γλ)− n(−Ωλ)L(ω,−Ωλ,Γλ).

(S31)
Thus, the S function will be composed of convolutions of
the form

n(±Ωλ′)n(±Ωλ′′)

(
L(·,±Ωλ′ ,Γλ′) ∗ L(·,±Ωλ′′ ,Γλ′′)

)
(ω)

≈ n(∓Ωλ′)n(∓Ωλ′′)

n(ω)
L(ω,±Ωλ′ ± Ωλ′′ ,Γλ′ + Γλ′′).

(S32)

Assuming a small enough linewidth, so that the
Lorentzian in this equation can be approximated as act-
ing as a delta function, the prefactor of can be rewritten
n(±Ωλ′)n(±Ωλ′′)/n(±Ωλ′ ± Ωλ′′). Collecting these re-
sults, the S function in the Markovian approximation is
written

Sλ′λ′′(ω) = (nλ′ + nλ′′ + 1)L(ω,Ωλ′ +Ωλ′′ ,Γλ′ + Γλ′′)

− (nλ′ + nλ′′ + 1)L(ω,−Ωλ′ − Ωλ′′ ,Γλ′ + Γλ′′)

+ (nλ′ − nλ′′)L(ω,Ωλ′ − Ωλ′′ ,Γλ′ + Γλ′′)

− (nλ′ − nλ′′)L(ω,−Ωλ′ +Ωλ′′ ,Γλ′ + Γλ′′).

(S33)

The derivation so far only includes three phonon inter-

actions. However, it can be important to consider other
phonon-phonon contributions to the memory kernel, such
as the four phonon or isotopic disorder scattering. Re-

naming the previously derived memory kernel as Γ3ph
λ (ω),

the memory kernel with these contributions is given by

Γλ(ω) = Γiso
λ (ω) + Γ3ph

λ (ω) + Γ4ph
λ (ω). (S34)

The isotopic contribution Γiso
λ (ω), corresponding to

Tamura’s model [S3], is written

Γiso
λ (ω) =

∑

λ′

gi|ϵiλϵiλ′ |2L(ω,Ωλ′ ,Γλ′), (S35)

with gi measuring the distribution of the isotope masses

of element i and computed as gi =
∑

n
di,n

N

(
∆Mi,n

Mi

)2

.

In this equation, N is the number of isotopes, di,n is the
concentration of isotope n of element i, and ∆Mi,n is the
mass difference between isotope n and the average mass

of the element. The four phonon contribution Γ4ph
λ is

given by

Γ4ph
λ (ω) =

π

96

∑

λ′λ′′λ′′′

|Ψλλ′λ′′λ′′′ |2Sλ′λ′′λ′′′(ω), (S36)

with Ψλλ′λ′′λ′′′ the four-phonon scattering matrix ele-
ments. Following the same steps as for the three phonons,
the S function for four phonons in the Markovian approx-
imation is given by

Sλ′λ′′λ′′′ =
nλ′nλ′′nλ′′′

n(ω)
L(ω,Ωλ′ +Ωλ′′ +Ωλ′′′ ,Γλ′ + Γλ′′ + Γλ′′′)

+
(nλ′ + 1)nλ′′nλ′′′

n(ω)
L(ω,−Ωλ′ +Ωλ′′ +Ωλ′′′ ,Γλ′ + Γλ′′ + Γλ′′′)

+
nλ′(nλ′′ + 1)nλ′′′

n(ω)
L(ω,Ωλ′ − Ωλ′′ +Ωλ′′′ ,Γλ′ + Γλ′′ + Γλ′′′)

+
nλ′nλ′′(nλ′′′ + 1)

n(ω)
L(ω,Ωλ′ +Ωλ′′ − Ωλ′′′ ,Γλ′ + Γλ′′ + Γλ′′′)

+
(nλ′ + 1)(nλ′′ + 1)nλ′′′

n(ω)
L(ω,−Ωλ′ − Ωλ′′ +Ωλ′′′ ,Γλ′ + Γλ′′ + Γλ′′′)

+
(nλ′ + 1)nλ′′(nλ′′′ + 1)

n(ω)
L(ω,−Ωλ′ +Ωλ′′ − Ωλ′′′ ,Γλ′ + Γλ′′ + Γλ′′′)

+
nλ′(nλ′′ + 1)(nλ′′′ + 1)

n(ω)
L(ω,Ωλ′ − Ωλ′′ − Ωλ′′′ ,Γλ′ + Γλ′′ + Γλ′′′)

+
(nλ′ + 1)(nλ′′ + 1)(nλ′′′ + 1)

n(ω)
L(ω,−Ωλ′ − Ωλ′′ − Ωλ′′′ ,Γλ′ + Γλ′′ + Γλ′′′).

(S37)

S3. LORENTZIAN AND ENERGY
CONSERVATION

With the energy conservation condition, the numerical
approximation of the delta function becomes one of the

most delicate parts for the implementation of phonon-
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FIG. S1. Lorentzian and Gaussian functions centered on 0,
with equal width σ = 1 and normalized to 1 at x = 0. Top
is in a linear scale and bottom is a log-log scale. The grey
dashed-line shows an exponential decay.

phonon interactions. Usually, the delta are replaced by
highly peaked symmetric functions which recover the
delta function in the limit of vanishing width. In recent
years, the use of Gaussians with adaptively parametrized
widths has become the de facto standard, but other func-
tions have been proposed, in particular the Lorentzian.
For highly harmonic systems, in which the linewidths are
small, the fact that both Gaussian and Lorentzian are
approximations of delta functions seems to imply that
the energy-conservation is still somewhat valid. The re-
sults for AgI and Si displayed on fig.S4 and S3 seem to
confirm this intuition, with κ varying only slightly when
going from the energy conservation to the fluctuation-
dissipation condition.

However, the BAs result of the main text shows that
the validity of energy conservation is more complex, al-
lowing us to highlight an often overlooked but key dif-
ference between Lorentzians and Gaussians as numerical
approximations for delta functions. Indeed, if both re-
duce to delta peaks in the limit of vanishing width, these
function have a very different behavior once their width is
finite. In particular, the Lorentzian is a long-tail distribu-
tion, decreasing exponentially slower than the Gaussian.
For instance fig.S1 shows that one need to go to more
than 56 σ to decrease the value of a Lorentzian to 10−4.
For phonon-phonon interactions this means that, when
using Lorentzians, interactions between phonons with a
large energy separation still have noticeable effects on Γλ,
thus breaking energy-conservation.

This is illustrated on fig S2, which shows that for BAs,
enforcing energy-conservation through Lorentzian func-
tions results in a thermal conductivity close to that ob-
tained with the physically exact fluctuation-dissipation
condition. While this casts doubt on the Lorentzian’s
utility as a good numerical approximation for delta func-
tions, it seems that the adaptive broadening scheme with
Lorentzian functions can serve as an approximation for

100 300 500 700 900 1100
Temperature [K]
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1500

2000
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ec Gaussian 3ph
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FIG. S2. Thermal conductivity in BAs using energy conserva-
tion (ec), with either Gaussian or Lorentzian approximation
to delta functions or with the fluctuation-dissipation condi-
tion (fd).

the full self-consistent calculations for the fluctuation-
dissipation, especially at high T.

S4. RESULTS IN SILICON AND AGI

To assess the effects of fluctuation-dissipation on other
systems, we compute the thermal conductivity with self-
consistent linewidths for silicon and AgI, using the gen-
eralized interatomic force constants calculated in ref [S2].
Similarly to BAs, silicon is a very harmonic material,

presenting high frequencies and low linewidths, so that
the phonon dynamical susceptibilities in this system are
close to Lorentzian. However, being mono-elemental, the
phonon dispersion in Si doesn’t present a gap between
the acoustic and optical bands as shown on fig.S3. As a
result, the thermal conductivity computed with energy
conservation or the fluctuation-dissipation condition are
virtually indistinguishable, as can be seen in fig.S3.
The corresponding results for AgI are shown in fig.S4

and S5 Here anharmonicity is much stronger, as are the
phonon frequency shifts with T. Compared to BAs, the
variation observed when including the fluctuation dissi-
pation conditions are smaller, but fig.S5 shows that the
self-consistency still amounts to a sizable reduction in
the thermal conductivity At the three-phonon level, the
κ reduction is between 15 and 25% from 100 to 300 K,
and with four-phonon interactions this reduction is still
5% to 20%.

S5. VALIDITY OF THE MARKOVIAN
APPROXIMATION

Our computational approach to incorporate the
fluctuation-dissipation theorem is constructed on the
premise that the Markovian approximation (ignoring
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a.

b.

FIG. S3. a. Evolution of the phonons in silicon between 100
and 1500 K. b. Thermal conductivity of silicon computed
with energy conservation or the fluctuation-dissipation condi-
tion.

memory effects) accurately models thermal transport.
Consequently, evaluating the correctness of this approx-
imation is crucial. To this end, we calculated the ther-
mal conductivity without the Markovian approximation
in the single mode approximation framework (ignoring
collective effects) and without the fluctuation dissipation
theorem. Our non-Markovian expression for the thermal
conductivity is given by

κnM
SMA =

π

V

∑

λλ′

vλλ′ ⊗ vλλ′

∫ ∞

−∞
dωχ′′

λ(ω)χ
′′
λ′(ω)c(ω)

(S38)
where c(ω) = ω2n(ω)(n(ω) + 1)/kBT

2 is the frequency
dependent heat capacity, and χλ is the full susceptibility
generalizing Eq. S29. When taking the Markovian limit,
the thermal conductivity tensor is given by:

κM
SMA =

π

V

∑

λλ′

vλλ′ ⊗ vλλ′c(Ωλ)Γλλ′ (S39)

a.

b.

FIG. S4. a. Evolution of the phonons in AgI between 100
and 300 K. b. Thermal conductivity of AgI computed with
energy conservation or the fluctuation-dissipation condition.

where we define

Γλλ′ =
Γλ + Γλ′

(Ωλ − Ωλ′)2 + (Γλ + Γλ′)2
. (S40)

Focusing on the three-phonon scattering level, fig.S8
presents our findings for AgI, which is the most anhar-
monic material analyzed in this study. The minor dis-
crepancy between κM and κnM (about 10−2W/m/K)
confirms the reliability of the Markovian approxima-
tion even in such highly anharmonic systems. For BAs
fig.S9 shows that the impact of non-Markovian effects
is similarly minimal. Indeed, the relative difference be-
tween calculations with and without Markovian effects is
around a few percent at the highest temperature, where
memory effects are expected to be more significant.
These tests are restricted to calculations with three-

phonon interactions and omitted the collective phonon
contributions. The structure of the thermal conductiv-
ity formulation suggests that four-phonon interactions
should not change the analysis performed at the three



6

100 150 200 250 300
Temperature [K]

5

10

15

20

25

10
0(

ec
fd

)/
fd

AgI

3ph
3ph+4ph

FIG. S5. Difference between the thermal conductivity of
AgI computed with energy conservation or the fluctuation-
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phonon level. In particular, the Markovian limit of the
thermal conductivity involves the substitution

∫ ∞

−∞
dωc(ω)χ′′

λ(ω)χ
′′
λ(ω) →

c(Ωλ)

2Γλ
. (S41)

For modes that are strongly non-Markovian, the substi-
tuted formula involving the inverse of the scattering rates
should be small, indicating a proportionally small contri-
bution to the thermal conductivity. Furthermore, these
contributions decrease even more when combined with
group velocities, as non-Markovian modes are typically
optical, and have low group velocities.

For the collective contribution, there is currently no
formulation to our knowledge involving non-Markovian
effects. Such a derivation would be very interesting but
we also expect these to be minimal in our case, since col-
lective contributions are mainly observed in fairly har-
monic systems where the Markovian limit is accurate, as
in BAs. For AgI, the collective effects in the Markovian
approximation are even smaller than the memory contri-
bution at the three-phonon level and we expect collec-
tive contributions to remain negligible also beyond the
Markovian approximation.

We anticipate that incorporating four-phonon interac-
tions and collective phonon contributions will not sig-
nificantly alter the conclusions from three-phonon inter-
actions in the single-mode approximation: the Marko-
vian approximation remains applicable to the systems
explored in this work.

S6. COMPUTATIONAL DETAILS

For the silicon and AgI results presented in this sup-
plementary materials, we used the MLIP and parameters
from reference [S2]. For BAs, all DFT calculations were
performed with the Abinit suite [S4, S5] using PBEsol
pseudopotentials [S6] from the Pseudo-dojo project [S7].

After carefully checking the convergence, the kinetic
energy cutoff was set to 42 Hartree and a 10 × 10 × 10
k-point grid was used for unit-cell calculations. Supercell
DFT calculations were performed on 3×3×3 repetitions
of the conventional unit-cells with only Γ point sampling.

To reduce the computational cost, a machine learning
interatomic potential (MLIP) was constructed using the
Moment Tensor Potential framework [S8, S9]. The train-
ing dataset was generated self-consistently following the
methodology described in ref [S2] and using the MLACS
code [S10, S11], with temperatures generated randomly
between 20 and 1300 K for the MLIP driven molecular
dynamic simulations. Only 122 DFT configurations were
necessary to converge the MLIP. Our resulting poten-
tial provide a very accurate representation of the DFT
described Born-Oppenheimer surface for BAs, as shown
by the low root mean squared error and high correla-
tion displayed on fig.(S6). To further assess the accuracy
of our MLIP, we also compare harmonic phonons com-
puted with finite differences on fig.(S7). The MLIP and
DFT dispersions are indistinguishable, giving a high con-
fidence in the ability of our MLIP to describe the atomic
motion in BAs crystals.

To compute the generalized interatomic force con-
stants, NVT molecular dynamics simulations were per-
formed on 4× 4× 4 conventional supercells. The volume
is obtained from averages of NPT MD runs, to account
for the system’s thermal expansion. All the MD calcu-
lation were performed with the LAMMPS package [S12],
and the mode-coupling theory calculation were done with
the TDEP package [S13–S16]. For BAs, the generalized
interatomic force constants used cutoffs of 9.55, 6.0 and
3.5 Å for the second, third and fourth-order, respectively.
For the thermal conductivity calculations, we used a full
q-point grid of 32×32×32 and the scattering were com-
puted on 16× 16× 16 and 6× 6× 6 Monte-Carlo q-grid
for the third and fourth order, using the implementation
presented in ref [S2].

Fundamentally, the self-consistent algorithm involves
iteratively performing thermal conductivity calculations
using Lorentzians whose broadening is derived from pre-
vious iterations. In all instances, the initial iteration
employs energy conservation within the adaptive Gaus-
sian scheme [S2], although it has been observed that the
starting point does not affect the final results. No mix-
ing of the linewidths between iterations was used, as this
approach did not enhance convergence. For all calcula-
tions, we conducted 10 iterations and averaged the re-
sults over the last 5 iterations, to help mitigate noise
arising from the Monte-Carlo grid integration. In both
the main and supplementary texts, all results incorporat-
ing the fluctuation-dissipation condition also display the
variance of the thermal conductivity over these 5 itera-
tions as a shaded area. However, the variance is usually
smaller than the width of the lines. The self-consistent
cycle is illustrated in Fig.S10, which depicts the evolu-
tion of the thermal conductivity with iterations for BAs
at 300K at the three-phonon level.
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Abstract

Monolayer hexagonal boron nitride is a prototypical planar 2-dimensional mate-

rial and has been the subject of many investigations of its exceptional vibrational,

spectroscopic and transport properties. The lattice thermal conductivity remains

quite uncertain, with theoretical and experimental reports varying between 218

and 1060 Wm-1K-1. It has a strong temperature evolution and is sensitive to

strain effects and isotope concentrations. While the impact of isotope scatter-

ing has been widely studied and is well understood, nuclear quantum effects and

4-phonon scattering have so far been neglected. Monolayer hexagonal boron ni-

tride is composed of light elements, and further has its 3-phonon scattering phase

space restricted by mirror plane symmetry, so these effects may be of similar order

as isotope scattering, and would lead to a completely different understanding of

the fundamental processes limiting the lattice thermal conductivity for this sys-

tem. In this work, we use both classical and path-integral molecular dynamics,

in conjunction with the Temperature Dependent Effective Potential method, to

compute temperature-dependent renormalized phonons including isotope scatter-

ing, 3-phonon scattering, 4-phonon scattering and nuclear quantum effects. We

show the impact of the latter two on the lattice thermal conductivity for a large

temperature range, as well as their impact on the phonon lifetimes. Overall, our

work provides a robust framework for calculations of the lattice thermal conduc-

tivity in solids, providing quantitative improvements and physical understanding

that help explain the variety of results found in the literature.
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Monolayer hexagonal boron nitride is a prototypical planar 2-dimensional system material and has
been the subject of many investigations of its exceptional vibrational, spectroscopic and transport
properties. The lattice thermal conductivity remains quite uncertain, with theoretical and experi-
mental reports varying between 218 and 1060 Wm−1K−1. It has a strong temperature evolution and
is sensitive to strain effects and isotope concentrations. While the impact of isotope scattering has
been widely studied and is well understood, nuclear quantum effects and 4-phonon scattering have
so far been neglected. Monolayer hexagonal boron nitride is composed of light elements, and further
has its 3-phonon scattering phase space restricted by mirror plane symmetry, so these effects may
be of similar order as isotope scattering, and would lead to a completely different understanding of
the fundamental processes limiting the lattice thermal conductivity for this system. In this work,
we use both classical and path-integral molecular dynamics, in conjunction with the Temperature
Dependent Effective Potential method, to compute temperature-dependent renormalized phonons
including isotope scattering, 3-phonon scattering, 4-phonon scattering and nuclear quantum effects.
We show the impact of the latter two on the lattice thermal conductivity for a large temperature
range, as well as their impact on the phonon lifetimes. Overall, our work provides a robust framework
for calculations of the lattice thermal conductivity in solids, providing quantitative improvements
and physical understanding that help explain the variety of results found in the literature.

I. INTRODUCTION

With the rise of energetic efficiency as a worldwide
priority in recent years, new solutions for thermal man-
agement are being sought at all scales from macro to
nano. The strongly anisotropic and tunable nature of
2-dimensional materials suggests a broad range of appli-
cations in this domain. In particular, systems with very
large in-plane thermal conductivity (κ) have been highly
sought after for the flexibility they provide in directed
cooling of semiconductor microchips.

For over a decade, simulations of thermal conductiv-
ity for layered and 2D materials pointed to graphene and
monolayer hexagonal boron nitride (h-BN) as the best
candidates for thermal management applications [1–8].
Experimental work has mostly supported this idea [9–14],
though results found in the literature can vary widely.
The case of graphene is particularly extreme variance,
though most studies report very high thermal conductiv-
ities.

These results have been, however, called into question
more recently. Graphene’s thermal conductivity has been
shown to actually be lower than that of diamond if 4-
phonon scattering effects are taken into account [15–17].
In the particular case of strictly planar 2D systems, the
acoustic flexural mode was previously thought to be the
main driver for the thermal conductivity. Its scattering
phase space is suppressed due to mirror plane symmetry,
which prevents scattering events containing an odd num-
ber of such modes [1, 18]. The result of this suppression

∗ jpabatista@uliege.be

is that, despite the fact that the third-order interatomic
force constants (IFCs) are still larger in amplitude than
the fourth-order ones, the scattering phase space they
span is so reduced that the sheer number of allowed 4-
phonon interactions makes them dominant.

Another question that is raised for both graphene and
h-BN systems is the role played by nuclear quantum ef-
fects (NQEs) in their thermal conductivities. Both are
composed of light elements and have rather large De-
bye temperatures (∼ 1680K for h-BN [19] and ∼ 1800K
for graphene [20]). One standard approach to include
NQEs in phonon simulations is the self-consistent har-
monic approximation (SCHA), most commonly used in
its stochastic form (sSCHA) [21–25], a non-perturbative,
self-consistent anharmonic phonon theory. SCHA has
an effective harmonic Hamiltonian as its basis, enforc-
ing a Gaussian distribution whose mean and variance
are temperature dependent. This restriction on the dis-
tribution means that the SCHA is usually very reliable
for lower temperatures, where the Gaussian approxima-
tion is often appropriate, but can fail at higher temper-
atures or near phase transitions, where anharmonicity
can increase drastically to the point where the phonon
distribution takes a more complex form, and requires ex-
tra parameters like skewness and kurtosis. A solution
to this problem is to instead employ an approach based
on path-integral molecular dynamics (PIMD) [26–28] for
sampling purposes: the MD will guarantee the correct
canonical distribution, and the path integral is able to
handle quantum effects at low T. Once sampled, the tem-
perature dependent effective potential (TDEP) method
[29–32] can extract the anharmonic phonons from the
dynamics. Since TDEP works by fitting IFCs directly
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from the snapshots it is provided with, if these come di-
rectly from MD the displacement distribution does not
follow a pre-established functional form, and will remain
accurate even in very anharmonic scenarios. It is worth
noting that TDEP is not restricted to fitting IFCs from
MD simulations, and can be used in its stochastic form
as well (known as sTDEP) [33] as another variation of
the SCHA.

The PIMD + TDEP approach has been applied to
metallic hydrogen [34] and silicon [35], and we gave a
formal treatment and justification in a previous paper
[36], based on the Mori-Zwanzig projection operator for-
malism and the mode coupling approximation. The fcc
phase of 4He was chosen as a test case. We showed that
the method provides remarkable agreement with inelas-
tic neutron scattering experiments and how, even at low
temperatures, the PIMD based approach differs from the
SCHA when comparing 3rd order IFCs. This difference
can prove essential when dealing with thermal conduc-
tivity calculations, where higher order IFCs are the cru-
cial ingredients to obtain scattering amplitudes. Com-
bined with the fact that at high temperature the PIMD
sampling based results should match their classical MD
counterparts, this unified approach allows us to not only
directly investigate the importance of NQEs, but also
study a wide temperature range using a single consistent
method.

In this work, we use TDEP combined with both clas-
sical MD and PIMD, to study the impact of NQEs and
4-phonon scattering effects in the lattice thermal conduc-
tivity of monolayer hexagonal boron nitride. A machine
learning interatomic potential (MLIP) based on the mo-
ment tensor potential (MTP) descriptor [37, 38] is used
to accelerate the sampling process for both cases. The
main results of this work are separated in 3 parts. In
the first part, we demonstrate the accuracy of the MLIP
and address the convergence of the lattice parameter and
its temperature dependence, as well as how the system’s
pair distribution function changes with temperature in
the classical and quantum cases. In the second part, we
show the consequences of the NQEs on the TDEP fit,
as well as in the temperature-dependent phonon band
structures. Finally, in the third part we show our main
result: how the thermal conductivity evolves with tem-
perature when including classical MD or PIMD and ei-
ther 3 or 3+4 phonon scattering. We show that the ther-
mal conductivity is drastically overestimated using just
3-phonon interactions, highlighting the importance of 4-
phonon effects in planar 2D materials. The restriction
imposed by mirror-plane symmetry on the acoustic flex-
ural phonons and their interactions is such that 4-phonon
scattering is required for an accurate description of the
thermal conductivity. This implies that both levels of
theory are essential for a proper physical understanding
of the phonon-phonon interactions in monolayer h-BN,
calling into question previous results for systems with
similar scattering constraints. We further show that, de-
spite the very light masses, effects of NQEs are small

in h-BN, and a classical approach therefore suffices for
this system, provided full anharmonicity is taken into
account.

II. METHODS

To build temperature dependent IFCs we rely on the
TDEP method [29–32], which has been proven to pro-
vide a solution to the lattice dynamics problem, both
in the classical and quantum cases[36] in the context of
mode-coupling theory. In this approach, temperature-
dependent second-order IFCs are computed from rep-
resentative configurations of the canonical ensemble
through a least-squares fit of the atoms’ forces and dis-
placements. Higher-order IFCs are built in succession
with the residual forces, subtracting the previous order
fits.
Sampling of the canonical ensemble is performed using

classical and PI-MD driven by machine learning (ML).
An order 22 MTP descriptor with a radial cutoff of 5.5
Å is employed as per Ref. [38]. Long range electrostatic
effects are not accounted for explicitly in the MLIP, but
we do not expect a significant effect on the thermal con-
ductivity due to polar effects. In our calculations the
LO and TO modes combined contribute less than 1%
to the total thermal conductivity. The training of the
MLIP is done using the machine learning assisted canon-
ical sampling (MLACS) approach [39, 40] with PIMD.
After each snapshot is added to the training set, the
temperature of a Langevin thermostat is changed to a
random value between 100K and 1200K. This allows us
to train a single potential usable for all cases of interest.
Density functional theory (DFT) calculations are done
with the Abinit code [41, 42], using the PBE exchange-
correlation functional [43] as well as D3 van der Waals
corrections according to Ref. [44]. A plane wave energy
cutoff of 40 Ha and a 2x2x1 k-point grid were sufficient
to ensure convergence for our supercell (6x6x1 with 72
atoms) total energies to a 1 meV per atom accuracy.
Molecular dynamics simulations were performed us-

ing the LAMMPS software [45] with a 0.5 fs time-step.
The GJF integrator [46] is used for the Langevin dynam-
ics in the classical case, while the BAOAB integrator is
used instead for the path-integral cases. The number
of beads used in the PIMD simulations is determined by
first converging the energy of the lowest temperature case
(150K), and then maintaining Nbeads×T constant. The
converged value is found to be Nbeads = 80, implying
Nbeads × T = 12000 is imposed for all temperatures.
After convergence of the MLIP, NPT simulations are

launched for temperatures between 150K and 1050K,
with increasing steps of 150K, in order to obtain the
equilibrium volumes of the supercells. The equilibrated
cells are then used for sampling under NVT conditions
to obtain representative configurations of the canonical
ensemble for each temperature. In the PIMD case, an
extra step is performed in which the beads are used to
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construct a centroid trajectory where the quantum ef-
fects are implicitly included. The forces from the poten-
tial energy are averaged in the same way as the posi-
tions to obtain the centroid force (excluding the stochas-
tic Langevin components of the force for each bead). This
centroid allows us to build an approximation to the Kubo
correlation function, the central object behind ensem-
ble quantum effects in the TDEP method [36]. Finally,
these configurations’ displacements and forces are used
in the TDEP method for the least-squares fits to obtain
temperature-dependent IFCs. For the TDEP fits, the
second-order IFC cutoff uses the full supercell, the third-
order IFC cutoff is 5.1 Å and the fourth-order IFC cutoff
is 2.51 Å.

Lattice thermal conductivities are computed using the
TDEP software’s in-built solver for the iterative Boltz-
mann transport equation (IBTE) [47–50]. The latest
version of the solver is used as per [51], with the full
grid being employed in every case. Isotopic effects are
included in the scattering processes according to the
Tamura model [52, 53] with a natural distribution of
boron and nitrogen isotopes. These effects have been
shown to be particularly important in h-BN, with sub-
stantial changes being seen in its vibrational [5], excitonic
[54] and electronic [55] properties. q-point grids of up to
360x360x1 for 3-phonon scattering cases and 64x64x1 for
4-phonon scattering cases are used. The lattice thermal
conductivity is then obtained for the infinitely dense q-
point grid as the y-intersect of the linear extrapolation of
the κ vs 1/q curve in the 3-phonon scattering cases. For
4-phonon scattering we use the κ obtained for the largest
q-grid (64x64x1) as the extrapolation can be noisy in the
lowest temperature cases. An effective thickness is used
for each temperature such that the c/a ratio of 1.317 from
bulk h-BN holds as in Ref. [56].

Finally, it is important to mention that no extra correc-
tions have to be included due to the usage of MLIPs. It
was reported in recent works [57] that an extra scattering
channel is introduced when calculating the lattice ther-
mal conductivity directly from MLIP-driven MD. This
problem does not appear when using MLMD + TDEP
to compute phonon properties. The reason behind this is
simple: the TDEP method computes the IFCs from a lin-
ear least-squares fit of the forces and their residuals into
increasing displacements. As a result, the addition of a
gaussian error to the forces does not change the results
of the fit, as the least-squares is the maximum likelihood
estimator in this case [58]. This constitutes an advan-
tage to computing the lattice thermal conductivity from
a quasiparticle (in this case TDEP) approach instead of
directly from the MD, as the correction due to the MLIPs
is expensive and complex in the latter case (involving ex-
trapolations and noise estimators) but unnecessary in the
former. It is worth noting that the error does not need to
be strictly Gaussian in order for the TDEP least squares
fit to remain unchanged, as any distribution with zero
mean and constant variance will not affect the peak of
the force distribution.

III. RESULTS

A. Sampling the canonical ensemble

Our first goal is to establish that the ML driven MD
accurately reproduces the true dynamics of our system.
In particular, we want to ensure that we capture the cor-
rect temperature evolution of its lattice parameter, as the
system’s volume impacts its thermal conductivity, both
directly through a 1/V factor, and indirectly through the
IFCs.
We start by analyzing the quality of our MLIP. Our

main goal is to guarantee that the forces reproduced by
the MLIP are as close as possible to DFT, since they will
be the key quantity to obtain the force constants within
the TDEP approach, as well as ensuring an accurate time
evolution of our system using molecular dynamics. The
comparison between the energies, forces and stresses cal-
culated with DFT and with our MLIP is shown in Fig.1.
Having a highly accurate MLIP in hand, we compute

the system’s temperature-dependent unit cell in a range
from 150K to 1050K, in steps of 150K, both in the clas-
sical and quantum cases. In thermal equilibrium, the
lattice parameter a for each of these unit cells is com-
puted as the phase space average ⟨a⟩ = Tr[aρ], with ρ
the probability distribution function given by

ρ =
e−βH

Z
, (1)

where Z is the partition function, H the Hamiltonian
and β = 1

kBT . Calculating the lattice parameter directly
in this way is not realistic except for very simple cases.
However, using the ergodic principle one can replace the
phase space average by a discrete time average in the
limit of infinite number of time-steps:

⟨a⟩ = lim
N→∞

1

N

N∑

t=1

a(t) (2)

This is done in practice by performing MD simulations
under NPT constraints at zero pressure and averaging
out the resulting lattice parameters of the snapshots of
each simulation for each of the temperatures under con-
sideration.
For cases where the number of atoms is very large, er-

godicity can be considered as an innate characteristic of
the system’s dynamics. In our case, however, the system
has 200 atoms only, which opens up the possibility that
not all position and momentum degrees of freedom are
explored. It can also happen that our system becomes
mode-locked, and therefore constrained to exploring a
closed path in phase space. This can be circumvented by
initiating several different MD simulations (NPT or NVT
conditions depending on what we want to calculate) for
each temperature with different initial conditions, and
then averaging the resulting snapshots for all of them.
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FIG. 1. Correlation plots for training and test sets. The x-axis pertains to the energies, forces and stresses calculated with
DFT, while the y-axis pertains to those calculated with our MLIP. The dashed red-line is a visual aid to help track the data
points where these two match. The agreement is excellent as quantified by the R2 coefficients in the legends.

A large enough number of MD simulations with differ-
ent starting configurations will span the full momentum
phase space more efficiently, and therefore this number
is a parameter to converge. Furthermore, the number of
snapshots included in every MD instance also needs to
be converged, as it dictates how well the phase space of
that particular instance is sampled.

Together, the number of MD instances and their num-
ber of configurations control the shape and quality of
our coverage of the phase space. The convergence study
of these parameters is conducted directly through the
temperature dependency of the lattice parameter in both
classical and quantum cases. We find that convergence
is achieved with 21 NPT instances with 1900 snapshots
each in the classical case, and with 10 NPT instances
with ∼ 3000 snapshots in the quantum case. These very
large numbers of snapshots, and in particular the need
for multiple NPT instances, are a necessity we have only
observed in planar 2D systems. This is the case in h-
BN, and due to the presence of the very low frequency
acoustic flexural mode and very high frequency optical vi-
brational modes, leading to the need of both small time
steps and large simulation times. These are reflected in
the unusually large sample size required for an accurate
lattice parameter. The lattice parameters are then fit to
a cubic polynomial function of temperature to smooth
them and reduce the random noise arising from molec-
ular dynamics. Comparing our results to experimental
data in [59], we see that the larger changes in the lattice
parameter a obtained with PIMD at higher temperatures
are observed, indicating a need for NQEs to be included
in MD simulations looking to accurately capture this ob-
servable’s temperature evolution.

At this point, it is important to verify the need for us-
ing molecular dynamics versus stochastic sampling, and
whether quantum effects are visible in the sampling to
the extent that the path integral approach could be re-
quired. A key quantity that enables this analysis is the
pair distribution function, which contains information on
the distances between pairs of atoms in the simulation su-

FIG. 2. Convergence of the temperature evolution of the lat-
tice parameter a with respect to the number of NPT instances
and snapshots for the classical MD case. The number of NPT
instances is fixed at 21 for the convergence of the number of
snapshots. The number of snapshots is fixed at 1900 for the
convergence of NPT instances. The 0 K data point comes
from the full relaxation of the system driven by the MLIP,
and is not used in the cubic interpolation.

percell. If this function’s shape is Gaussian, a stochastic
method for sampling (e.g., the sSCHA or sTDEP) could
be used without compromising accuracy; however, if it
deviates substantially from a Gaussian, using molecular
dynamics-based approaches becomes essential to capture
the full anharmonicity of the system. Furthermore, one
can compare the pair distribution functions arising from
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FIG. 3. Convergence of the temperature evolution of the lat-
tice parameter a with respect to the number of NPT instances
and snapshots for the PIMD case. The number of NPT in-
stances is fixed at 10 for the convergence of the number of
snapshots. The number of snapshots is fixed at 2949 for the
convergence of NPT instances. The 0 K data point comes
from the relaxation of the system driven by the MLIP and is
not used in the cubic interpolation. Its deviation relative to
the PIMD data shows the importance of zero-point motion in
monolayer h-BN.

classical and path integral molecular dynamics simula-
tions, to directly observe the impact of quantum effects
and determine at what temperatures they no longer af-
fect the distribution.

In the case of monolayer h-BN, our simulations show
that at the lowest temperature the classical and quan-
tum distributions deviate in their means, but as temper-
ature increases, they converge, becoming very similar at
room temperature. At higher temperatures, the two dis-
tributions are indistinguishable, indicating that quantum
sampling effects are negligible for the vibrational proper-
ties of the system. At low temperatures the distributions
are well described by Gaussians (dashed lines in Fig. 4),
but as the temperature increases, this is no longer the
case, justifying the need for molecular dynamics-based
sampling.

Finally, the pair distribution functions can be fit to
skewed Gaussian distributions (dotted lines in Fig. 4).
Surprisingly, this is sufficient to fully describe all the ana-
lyzed pair distribution functions, indicating that the sec-
ond and third-order interatomic force constants are ad-
equate to provide a complete understanding of the pair-
wise interactions. This topic will be revisited in Section

FIG. 4. Comparison between pair-distribution functions us-
ing classical and path-integral molecular dynamics. Dashed
lines correspond to Gaussian fits, and dotted lines to skewed
Gaussian fits. As temperature is increased the distributions
deviate from Gaussians and approach each other.

III C when we examine the impact of the fourth-order
force constants on thermal conductivity.

B. Quantum effects in the force constants

With the converged lattice parameters for each tem-
perature of interest, we can now perform (PI)MD sim-
ulations under NVT conditions and apply the TDEP
method to obtain temperature-dependent second-order
IFCs and phonon band structures. As the pair-
distribution functions in Figure 4 already suggest, we
confirm that the differences between phonon dispersions
in the classical and quantum sampling cases are minimal
at 150K and negligible at higher temperatures. More-
over, no significant changes in the shape of the disper-
sions are observed at any of the sampled temperatures.
This suggests that important components of thermal con-
ductivity, such as phonon frequencies and group veloci-
ties, will be largely unaffected by NQEs, which was not
expected for very light elements such as boron and nitro-
gen.

Despite the minimal effects on the phonon band struc-
tures, the use of PIMD sampling in conjunction with
TDEP significantly impacts another metric: the R2 of
the force-constant fit, plotted in Fig. 5. By obtaining the
second, third, and fourth-order IFCs via least square fits,
the R2 value indicates how well the forces are described
up to the order of the fit. Moreover, this value can in-
dicate the degree of anharmonicity in the system, as a
low R2 value of the second-order IFC fit suggests that
a significant component of the forces obtained from MD
sampling is not harmonic in nature. The anharmonicity
measure proposed by Knoop et al. in [60] can also be
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FIG. 5. Temperature evolution of the R2 coefficients from the
TDEP least-squares fits. In the classical MD sampling case,
we observe a decrease in the R2 values with temperature;
nonetheless, when fitting up to 4th order the values for R2

are always above 0.99 for all temperature data points. In the
PIMD sampling case, the trend is very similar for T > 450
K. For lower temperatures, and especially in the T = 150 K
case, the R2 values are significantly lower than their classical
counterparts, even including the fit up to 4th order. This is
due to the fact that the averaged Born Oppenheimer surface
generated in this case is less smooth than in the classical case
due to the bead averaging required to construct the centroid
dynamics.

FIG. 6. Temperature evolution of the phonon band structure.
Classical sampling data is presented in green while PIMD
sampling data is presented in yellow. We observe negligible
changes in all temperatures, with the only noticeable effect
being a small vertical shift in the transversal and longitudinal
optical modes for T = 150 K. No changes are visible in the
shape of the phonon bands due to sampling.

used for the same purpose and is an output of the same
routine used to calculate the IFCs in the TDEP code.

However, this is true only in the case of classical
MD sampling. An illustrative example can be found in
Figure 7. When performing the TDEP fit with clas-
sical MD sampling, the temperature-dependent Born-
Oppenheimer surface for the system is indirectly recon-
structed. This surface is well-defined as the forces and
displacements from a single system’s dynamics are used.

FIG. 7. Pictorial representation of the bead averaging effects
on the Born-Oppenheimer potential energy surface (PES).
Panel a) corresponds to the classical MD case, or equivalently
1 bead, where no averaging happens and the PES is smooth.
In figure b) the spread of the quantum ion distribution is
shown by the thickness of the color gradient. In c) multiple
beads sample the NQE and are averaged to build the cen-
troid. The dots correspond to the averages for each point in
the centroid r-grid, with the yellow line being the new PES,
now ragged due to noise in the averaging process. Panel d)
corresponds to the same case as panel c) but with a very well
converged number of beads, where enough data is present to
ensure the final PES is again smooth like in panel a)’s case.

However, when PIMD sampling is used, a centroid needs
to be constructed to approximate the system’s Kubo cor-
relation function. In practice, this centroid is constructed
by averaging the dynamics of several replica of the phys-
ical system, corresponding to the number of beads used
for a given temperature case. This averaging process is
essential, but the limited number of beads can lead to
a noisy description of the effective Born-Oppenheimer
surface corresponding to the centroid compared to the
smooth one generated in the classical case. This is re-
flected in the R2 values and can introduce spurious ef-
fects, with the only countermeasure being increasing the
number of beads for better averaging.

C. Thermal Conductivity

Figure 8 summarizes one of the main results of this
work. We find that when performing classical MD sam-
pling, the inclusion of 4-phonon scattering results in a
substantial reduction of the lattice thermal conductivity
for the full temperature range. This effect is particu-
larly noticeable at lower temperatures, where the reduc-
tion reaches an order of magnitude for the T = 150 K
data point. This result is in agreement with both the re-
sults presented in graphene [15–17] and other hexagonal
boron-X compounds [61–64]. The mirror-plane symme-
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FIG. 8. Temperature evolution of the thermal conductivity
for monolayer h-BN. Panel a) compares classical MD sam-
pling results using 3-phonon and 3+4-phonon interactions. A
drastic reduction is observed when 4-phonon interactions are
included, especially at T = 150K where we obtain a reduction
of an order of magnitude. In panel b) we compare the clas-
sical 3+4-phonon interaction result with it’s PIMD counter-
part. The results obtained are identical for all temperatures.
Isotope scattering is present in all cases as described in the
Methods section.

try limits the scattering at the 3-phonon level such that
when 4-phonon scattering is included (and thus pairs and
quartets of flexural phonons can now be included in in-
teractions) all phonon modes’ contributions to the ther-
mal conductivity are reduced. To support the reason-
ing for this thermal conductivity reduction, we plot the
phonon lifetimes for the classical MD case at T = 150
K and T = 1050 K in Figure 9. We find that the life-
times of the acoustic flexural mode are severely reduced
(2 orders of magnitude) when 4-phonon interactions are
included. This is particularly noticeable at the lowest
temperatures, where acoustic modes’ contributions to the
thermal conductivity are stronger.

The same trend is observed in panel b) of Fig. 8 when
PIMD sampling is performed. Comparing the phonon
lifetimes obtained with the classical case in Fig. 10, we
find only very small differences even at the lowest tem-
peratures, and the values obtained for the thermal con-
ductivity match the classical sampling results. We can
therefore conclude that, despite the low atomic numbers
of both boron and nitrogen, one would have to go far
below room temperature to potentially observe nuclear
quantum effects in the thermal conductivity of monolayer
h-BN.

We conclude that when computing the lattice thermal

FIG. 9. Phonon lifetimes for the classical MD sampling case.
Figures a) and b) correspond to the T = 150K case for a
60x60x1 q-point grid, while c) and d) correspond to the T
= 1050 K case for the same grid. The y-axis is presented in
a logarithmic scale. On a) and c) we show the lifetimes for
all phonon modes; in b) and d) we single out the acoustic
flexural mode, highlighting the difference in magnitude when
4-phonon scattering is included, and the lifetimes are reduced
by several orders of magnitude.

FIG. 10. Phonon lifetimes including 3+4-phonon scattering
for both classical MD and PIMD sampling for a 60x60x1 q-
point grid. Panel a) corresponds to the T = 150 K case while
panel b) corresponds to the T = 1050 K case. In both cases
we observe that the scattering rates are very close regardless
of sampling method, suggesting that quantum effects are neg-
ligible.

conductivity of monolayer h-BN one can safely operate
within a classical sampling method without a loss in accu-
racy. On the other hand, 4-phonon effects are absolutely
essential, due to the system’s mirror-plane symmetry and
to energy conservation restrictions as a consequence of
the large gaps in its phonon band structure. It is impor-
tant to highlight, however, that this need not be the case
of other phonon related observables. Indeed as we have
shown in Section IIIA one can fully reproduce the pair-
distribution function with great accuracy staying within
a 3rd order fit, as the 4th order IFCs are significantly
smaller in amplitude than the 3rd order ones. In the
thermal conductivity case, however, the suppression of
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3rd order processes is such that however small the 4th
order IFCs are, they contribute much more to the over-
all scattering, to the point that for the acoustic flexural
mode even the curvature of the lifetimes as function of
the frequency changes sign. We therefore expect only
observables in which the restriction in scattering phase
space is relevant to require 4-phonon scattering to be in-
cluded.

It is at this point important to compare our results
to previous works. Theoretical approaches to the ther-
mal conductivity of monolayer h-BN can be broadly di-
vided in two groups: BTE based approaches, where
phonon IFCs are computed from density functional per-
turbation theory (DFPT), stochastic sampling, TDEP,
etc.; and MD based approaches, such as equilibrium and
non-equilibrium molecular dynamics (EMD and NEMD),
where the thermal conductivity is directly computed via
the Green-Kubo formula [65]. In the first case, the usual
limitations of previous works consist of the lack of inclu-
sion of isotope and/or 4-phonon scattering. In the second
case, while all degrees of anharmonicity are in princi-
ple included, isotope effects are neglected. Furthermore,
as Tersoff potentials are often used in these cases, re-
sults can be very sensitive to their parameterization and
on how many nearest-neighbours are included. In both
cases, important contributions to the thermal conductiv-
ity are systematically neglected, and to our knowledge
the first result that included all relevant scattering chan-
nels is [66], where the room temperature thermal conduc-
tivity is reported.

Regarding EMD based approaches, [7] and [67] report
values of approximately 290 and 218 Wm−1K−1 respec-
tively for κ at room temperature, while [68] reports a
much larger value of 471 Wm−1K−1. For NEMD based
approaches, [69] reports a value for κ of 58 Wm−1K−1

also for room temperature. This result is significantly
lower than for the EMD based approaches, which the au-
thors attribute to a likely non-optimal parameterization
of the Tersoff potential used. Regarding IBTE based ap-
proaches, Refs [6], [70] and [56] report values of 440, 771
and 1060 Wm−1K−1 respectively at room temperature,
all of them using DFPT or finite differences to obtain
the IFCs and restrict their scattering to isotope and 3-
phonon level. More recently, [66] reported a value for κ of
1024.6 Wm−1K−1 including isotope and 3-phonon scat-
tering, and 229.4 Wm−1K−1 when 4-phonon scattering
is included, using IFCs from a finite difference approach.
Their approach is more complete, but the authors do not
specify the effective thickness used for the volume nor-
malization of the thermal conductivity, making a direct
comparison to our results more delicate. All other val-
ues reported above are renormalized with our convention,
to reflect the effective thickness previously mentioned in
section II and used in all of our own results.

In this work, we obtain within the standard energy
conservation approach a value for κ at room temper-
ature of 1303 Wm−1K−1 using only 3-phonon scatter-
ing, 1085 Wm−1K−1 using 3-phonon and isotope scat-

tering, 180 Wm−1K−1 using 3 and 4-phonon scatter-
ing and finally 150 Wm−1K−1 using isotope, 3 and 4-
phonon scattering. When comparing to values obtained
from EMD approaches, our result using only 3 and 4-
phonon scattering is very similar to previously reported
values, with differences being easily attributable to the
usage of approximate Tersoff potentials. Furthermore,
the 20% decrease in κ when isotope scattering is in-
cluded shows an important limitation of these methods.
When comparing to IBTE results where isotope and 3-
phonon scattering are used, our results match those re-
ported in [56]. The drastic reduction in κ observed in
our results when 4-phonon scattering is included shows
this level of theory is essential to obtain an accurate,
or even qualitatively correct, representation of the ther-
mal conductivity. It is also worth noting that contrary
to the previously mentioned results based on the IBTE,
in this work temperature-dependent phonon IFCs are in-
cluded through the TDEP method, while previous works’
IFCs are inherently temperature-independent: renormal-
ization is not included when using DFPT, formally at T
= 0K. Finally, when comparing our results to those re-
ported in [66], if one assumes they employed the com-
monly used effective thickness of 0.33 nm we obtain
745 Wm−1K−1 with isotope and 3-phonon scattering and
167 Wm−1K−1 with 4-phonon scattering, which agrees
with our results in the latter case but not in the former.
The fact that our result points towards a lower value of

κ than previously expected and measured experimentally
in [9] and [10] shows a disconnect exists between experi-
mental and theoretical works. One possible explanation
for this difference could be the exposure of the samples
to air or other atmospheres other than vacuum. This
has been shown [71, 72] to have an effect on the ther-
mal conductivity, by providing an extra cooling channel
to the sample that is not accounted for in the equations
used for κ and thus leads to a larger apparent value than
the intrinsic one obtained when the experiment is done
in vacuum. The amount of experimental works done re-
garding the thermal conductivity of monolayer h-BN is,
however, very small and more detailed studies are needed
before stronger conclusions can be drawn.

IV. CONCLUSIONS

In summary, the impact of nuclear quantum effects and
4-phonon scattering in the lattice thermal conductivity of
monolayer hexagonal boron nitride is investigated using
classical molecular dynamics and path-integral molecu-
lar dynamics as sampling methods combined with the
temperature dependent effective potential approach to
compute temperature dependent phonon properties. We
show that while nuclear quantum effects are not pro-
nounced for this system, 4-phonon scattering is crucial for
a proper description of this quantity as well as its tem-
perature evolution. We further show that these effects
are relevant despite not being apparent in the phonon
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pair distribution functions, as these are well described
by skewed Gaussian distributions for all temperatures
studied. The consequences of using path-integral molec-
ular dynamics instead of classical molecular dynamics are
also discussed, in particular by showcasing its effect on
the R2 coefficients of the temperature dependent effective
potential’s least-squares fits and how the bead averaging
affects the Born-Oppenheimer potential energy surface,
by first making it more ragged for small bead numbers
and smoother as the number of beads increases. Finally,
we compare our results to previous theoretical and exper-
imental works. In the theoretical works, the lack of either
isotope or 4-phonon scattering in the κ calculations pro-
vides an explanation as to why those values range from
550-650 Wm−1K−1 at room temperature, instead of our
150 Wm−1K−1 including both of those effects. Our re-
sults point towards a potential disconnect between the-
oretical and experimental results, and show that further
studies are needed on monolayer hexagonal boron nitride
to further clarify the origin of their differences.

As an outlook, both graphene and h-BN have par-
ticular band structures, where the acoustic and opti-
cal band widths are extremely large throughout most of
their Brillouin zone. This further restricts the allowed
3-phonon scattering, in a way completely independent
from the mirror plane symmetry, by now imposing a con-
straint based on the energy conservation in the scattering
processes[73, 74]. This second kind of constraint is not
exclusive to 2D systems, and has been shown to lead to
major effects on the thermal conductivities of boron ar-
senide and boron phosphide, for example [61–64]. When
energy conservation conditions are corrected to be com-
pliant with the fluctuation-dissipation condition, how-

ever, the impact of this restriction on BAs has been
shown to be drastically reduced, and the importance of 4-
phonon scattering is greatly diminished when compared
to isotope and 3-phonon scattering [75]. The energy
conservation restriction, whether fluctuation-dissipation
compliant or not, is independent of the mirror-plane sym-
metry constraint for planar materials. It will be impor-
tant in the future to consider the interaction between the
2D effects imposing 4-phonon scattering and the fluctu-
ation dissipation relaxation of the energy conservation.
Work is ongoing in this direction.
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4

Temperature Dependent Phonon

Properties Of Bulk Hexagonal

Boron Nitride

4.1 Introduction

In this section we study the temperature evolution of dielectric properties of bulk

hexagonal boron nitride, as well as its room temperature thermal conductivity.

Bulk h-BN is an electric insulator, composed of AA’ stacked h-BN layers bonded

by van der Waals interactions. As a 2D layered crystal, it is highly anisotropic in

nature, giving rise to interesting physical properties such as a lattice thermal con-

ductivity whose in-plane component is significantly larger than the out-of-plane

one, making it an enticing system for heat management applications. Further-

more, it shows two Raman active modes that are easily distinguishable by their

large frequency separation. These modes, known as Elow
2g and Ehigh

2g , can provide

a wide range of information about the system, as they can be used for the study

of properties like the number of layers of the sample, its purity or even as a

thermometer by studying their frequency and linewidth.

In the work below we simulate the temperature dependence of the Ehigh
2g

mode’s Raman spectrum, as well as the dielectric tensor and optical coefficients

of bulk h-BN from T=100K to T=500K. We also compute its room temperature

lattice thermal conductivity with and without 4-phonon interactions to show their
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importance in this system. We find that while the dielectric tensor and optical

coefficients are largely unaffected by the temperature, the Raman spectrum shows

an important decrease in the peak’s frequency and linewidth which matches pre-

vious experimental works. We further find that 4-phonon interactions are crucial

for an accurate description of the lattice thermal conductivity, in particular for its

out-of-plane component which almost halves when this approximation is applied.

4.2 Methods

The sTDEP approach described in section 1.2 is used in order to compute tem-

perature dependent second, third and fourth-order IFCs. The maximal radius

inscribed in the super-cell is considered for the second-order IFCs, while cutoffs

of 4.0 and 2.6 Å guarantee convergence of the thermal conductivity to less than

1% and are used for the third and fourth-order IFCs respectively. For all phonon

related calculations we use the TDEP implementation [54]. A level 22 moment

tensor potential (MTP) [73, 83] with a 5.5Å cutoff radius (converged to ensure

1 meV/atom accuracy) was trained with configurations generated with the ma-

chine learning assisted canonical sampling (MLACS) method [15, 18] in order to

approximate the Born Oppenheimer potential energy surface. This MLIP was

trained for a temperature range between 100 K and 600 K. Energies, forces and

stresses are computed through DFT using the Abinit code [36, 79], using the PBE

exchange-correlation functional [77] as well as D3 van der Waals corrections ac-

cording to [37]. A plane wave energy cutoff of 50 Ha and an 8×8×4 k-point grid

were sufficient to ensure convergence for unit-cell calculations to 1 meV per atom

accuracy on the total energy, while for supercells (6 × 6 × 2 with 288 atoms) a

cutoff of 50 Ha and a 2×2×2 k-point grid were used. The temperature-dependent

lattice parameters are obtained using the quasi-harmonic approximation [93, 96],

by finding the lattice parameters that minimize the TDEP harmonic free energy.

Thermal conductivity calculations are performed at 300K using the TDEP

code’s IBTE solver on converged Monte Carlo grids according to [17]. An 18 ×
18 × 18 Monte Carlo grid is used when the reciprocal-space grid q > 18 in the

3-phonon scattering case, with the full grid being used for the remaining grids.

A 6× 6× 6 Monte Carlo grid was found to be sufficient for 4-phonon scattering.
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Figure 4.1: Temperature evolution of the in-plane and out-of-plane lattice param-

eters a and c under the quasi-harmonic approximation. Our results are compared

with [75] and are found to match closely for the values within the available tem-

perature range.

Isotope scattering according to the natural distribution was used in all cases

following the Tamura model described in the end of section 2.3.

4.3 Temperature Dependent Dielectric Proper-

ties

The scattering cross section σ for the Raman effect is given by

σ(ω) ∝
∑

αβµν

Eout
α Eout

β Iαβµν(ω)E
in
µ E

in
ν , (4.1)

with E⃗in and E⃗out are the electric fields associated with the incoming and outgoing

photons. The Raman tensor Iαβµν(ω) is the intrinsic quantity that determines the

strength of the crystal susceptibility χ, the response function to the perturbing

E⃗ field, given by the susceptibility autocorrelation function’s Fourier transform

[6, 22]:

Iαβµν(ω) =

∫
dt⟨χαβ(t)χµν(0)⟩eiωt . (4.2)
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Figure 4.2: Temperature evolution of the phonon dispersion of bulk h-BN between

T=100K and T=500K. No major variations are found in this temperature range.
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While this object contains the fluctuations in susceptibility to all orders, the

autocorrelation function in 4.2 is computationally expensive to obtain. Instead,

one can compute a simpler object, the first-order Raman tensor defined as [13, 53]

Iαβ;s =
∂χαβ

∂us

, (4.3)

where us is the atomic displacement according to phonon mode s. The contribu-

tion per mode to the scattering cross section is then given by

σs(ω) = |e⃗in · Is · e⃗out|Js(ω) , (4.4)

with e⃗in and e⃗out are the incoming and outgoing light polarizations respectively

and Js(ω) is the mode-resolved phonon spectral function [16]

Js(ω) =
ω

2kBT
Gs(ω) . (4.5)

The Fourier-transformed Green’s function can be written as a damped-harmonic

oscillator

Gs(ω) =
2ΩsΓs(ω)

[ω2 − Ω2
s − 2Ωs∆s(ω)]

2 + 4Ω2
sΓ

2
s(ω)

. (4.6)

This object can be constructed from the IFCs (see Part I), and is temperature

dependent if the IFCs are as well. The Raman tensor, on the other hand, can be

obtained via finite differences by computing the susceptibility (e.g. using density

functional perturbation theory [3, 35] for configurations representing all phonon

mode displacements. With both components in hand, the Raman scattering

cross-section can be formed and directly compared to experimental results.

In the case of AA’ stacked bulk h-BN, 2 Raman active phonon modes are

present: one low frequency mode, corresponding to the rigid gliding between the

layers (the Elow
2g mode); and one higher frequency mode (the Ehigh

2g mode), corre-

sponding to the in-plane anti-phase vibrations between the boron and nitrogen

atoms. The Ehigh
2g mode is of particular interest as it is the most easily identifi-

able and simplest to detect, as it is a spectral fingerprint (for example in BN on

a substrate), but also to assess the sample’s quality and if its subject to external

effects such as strain. The Ehigh
2g mode is the focus of this section.
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Figure 4.3: Full Raman spectrum of bulk h-BN at T = 100K. The higher fre-

quency peak corresponds to the Ehigh
2g mode, which is the subject of this study.

Figure 4.4: Temperature evolution of the Raman active Ehigh
2g mode of bulk

hexagonal boron nitride.
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Figure 4.5: Temperature evolution of the frequency and linewidth of the Ehigh
2g

Raman mode. Values are obtained by fitting the spectra from Figure 4.4 to a

Lorentzian distribution. The sTDEP frequency data points are shifted up by 49.36

cm−1 in order to match the experimental values at T = 100K.

As this mode is associated to the in-plane atomic motion of the boron and

nitrogen atoms, one could expect that the contraction of the in-plane lattice pa-

rameter a with increasing temperature would lead to an increase in the mode’s fre-

quency. However, both experimental data and our simulations show that the con-

trary occurs, with a decrease of about 0.02 cm−1K−1 being observed [24, 59, 89].

This can be understood if we recall that the Raman scattering cross-section de-

pends on temperature only through the unit cell expansion (via the first-order

Raman tensor) and through explicit anharmonicity in the phonon spectral func-

tion. If the lattice contraction sways the frequency evolution to be increasing but

the total object shows it as decreasing, then the phonon anharmonicity must be

strong enough that it overcomes the lattice’s effect.

Figure 4.5 summarizes the results for the Ehigh
2g Raman spectrum’s tempera-

ture evolution. We find that our results match those of Reference [24] both for the

frequency and linewidths while only taking into account 3-phonon and isotope

scattering. While seemingly contradicting their claim that 4-phonon interactions

are essential to capture the correct temperature dependence, this can be explained

by the difference in treatment of anharmonicity. The referenced work’s simula-

tions compute phonon IFCs using DFPT, which as mentioned in part I does not
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incorporate temperature renormalization. Our results with sTDEP have both

anharmonic and nuclear quantum effects included. The accuracy of our results

then suggest that the relevant 4th-order interactions are implicitly included in

sTDEP’s renormalization, bypassing the need for their explicit calculation. As

for the temperature evolution of the linewidths, TDEP’s successive fit of the forces

and their residuals also ensures that the 3rd-order IFCs are as large as possible,

which acts as to diminish the relative impact of 4th-order IFCs when compared

to DFPT based (T=0K) calculations.

Bulk h-BN is further interesting from an optical perspective due to it being a

naturally occurring hyperbolic material thanks to its high degree of anisotropy.

This means that for a wide frequency range, commonly referred to as reststrahlen

bands, the parallel and perpendicular real parts of its dielectric tensor have op-

posite signs, leading to the hyperbolic isofrequency surface in wave-vector space

that names the class of materials. The frequency dependent dielectric tensor ϵ(ω)

can be written as a damped harmonic oscillator (also called the Lorentz model)

ϵ(ω) = ϵ∞ +
SΩ2

0

Ω2
0 − ω2 − iωγ

, (4.7)

where ϵ∞ is the high frequency dielectric constant, Ω0 is the frequency of the

Raman mode and γ is its linewidth. From the dielectric tensor we can further

compute the reflectance (R) and transmittance (T) as

n =

√
|ϵ|+Re(ϵ)

2
, r =

∣∣∣∣
√
ϵ− 1√
ϵ+ 1

∣∣∣∣
2

, t = exp

(
−d

Im(ϵ)

n

)
(4.8)

T =
t(1− r)2

1− r2t2
, R = r(1 + tT) . (4.9)

In the above, n is the refractive index, d is the sample thickness and all functions

are frequency dependent.
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Figure 4.6: Temperature evolution of the real part of the parallel component of

the dielectric tensor for the upper reststrahlen band of bulk h-BN. The horizontal

line at the origin corresponds to the perpendicular component of the real part of

the dielectric tensor.

Figure 4.7: Temperature evolution of the transmission and reflectivity for the

upper reststrahlen band of bulk h-BN. More opaque lines represent higher temper-

atures. The vertical dashed line corresponds to the frequency of the Ehigh
2g mode

at T=100K
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4. TEMPERATURE DEPENDENT PHONON PROPERTIES OF
BULK HEXAGONAL BORON NITRIDE

Our results show that both the hyperbolicity and optical coefficients are fairly

insensitive to temperature. While the peak of the real part of the parallel com-

ponent of the dielectric tensor contracts and has a frequency decrease, the im-

pact is not very significant. A similar effect is seen on the optical coefficients in

Figure 4.7, which both also move to lower frequencies. In turn, the reflectance

decreases inside the reststrahlen band, leading to an increase of the transmittance.

4.4 Lattice Thermal Conductivity

The IBTE is used to compute the thermal conductivity at room temperature

for a set of q-point grids, which are then used to perform a linear extrapolation

of κ vs 1/q. The final values are then obtained at the limit q → ∞, i.e. the

extrapolation’s y-intercept. The calculations are performed for both isotope +

3-phonon scattering and isotope + 3 + 4-phonon scattering. We observe that the

in-plane thermal conductivity κxx is decreased by ≈ 25% from 602.727 Wm−1K−1

to 478.285 Wm−1K−1 when 4-phonon effects are included. The out-of-plane com-

ponent κzz, on the other hand, is affected much more significantly, with a decrease

by almost a factor 2, from 17.391 Wm−1K−1 to 8.933 Wm−1K−1 being observed.

This decrease in thermal conductivity can be understood by analyzing the change

in phonon lifetimes. When 4-phonon interactions are included, we observe that at

low frequency the largest phonon lifetimes are suppressed by the increased level

of scattering.
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4.4 Lattice Thermal Conductivity

Figure 4.8: In-plane and out-of-plane components of the thermal conductivity of

bulk for q-grids ranging from 6 × 6 × 6 to 48 × 48 × 48. A Monte Carlo grid of

18×18×18 is used in the 3-phonon case for q < 18, and 6×6×6 for the 4-phonon

case.
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4. TEMPERATURE DEPENDENT PHONON PROPERTIES OF
BULK HEXAGONAL BORON NITRIDE

Figure 4.9: Phonon lifetimes with and without 4-phonon scattering in bulk h-

BN at room temperature. A massive decrease in the larger lifetimes is observed

at lower frequencies when 4-phonon effects are included, leading to a substantial

decrease in lattice thermal conductivity.

We find that our results match favorably with previous experimental and

theoretical works [47, 85, 102], with better agreement on the in-plane κ as well

as the out-of-plane component when carefully treated [46]. In particular, the

in-plane thermal conductivity obtained is manifestly lower than previous works

due to the inclusion of 4-phonon effects, highlighting the importance they have

for an accurate result. As for the out-of-plane component, despite higher-order

interactions we obtain a value which almost doubles that of previous works. A

potential reason for such a disparity can be the substantially larger integration

grids used in this work. If one computes κzz by interpolating only up to an

18× 18× 18 grid, for example, we obtain κzz ≈ 3, a value much closer to that of

previously reported theoretical works.
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4.5 Conclusions

4.5 Conclusions

In summary, the temperature evolution of the E2g mode’s Raman spectrum, op-

tical coefficients and real part of the dielectric tensor of bulk hexagonal boron

nitride were studied for the temperature range T = 100-500K. We find that while

not very sensitive to temperature change in this region, our approach of sTDEP

combined with first-order Raman via phonon mode-displacement matches ex-

perimental results accurately, as displayed in Figure 4.4. We further show that

sTDEP renormalized phonons allow for this accuracy to be achieved without

4-phonon interactions, substantially reducing the computational cost of the sim-

ulations. We also compute boron nitride’s lattice thermal conductivity at room

temperature. For this property, we find agreement with experimental results

both for the in-plane and out-of-plane components when 4-phonon interactions

are included. Our results not only show our method’s accuracy at reproducing

temperature dependent dielectric properties, but also point towards the need for

4-phonon interactions to be included for similar systems when looking for accurate

thermal conductivity simulations.
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Conclusions and Future work

In this thesis, we have dealt with the problem of anharmonic lattice dynamics,

thermal conductivity and dielectric properties from the perspective of our novel

Mori-Zwanzig projection operator formalism and mode-coupling theory approach.

In Part I we introduced the harmonic theory and renormalized phonon theo-

ries. Particular focus was given to the SCHA and TDEP approaches, with their

respective advantages and limitations. Additionally, we presented an overview of

the theory of lattice thermal conductivity, exploring the relaxation time approx-

imation, the iterative solution to the Boltzmann equation and the Green-Kubo

formalism. Finally, we explored the peculiarities of thermal transport in two-

dimensional systems due to their symmetry constraints and presence of collective

effects. An appendix is provided with supporting text on machine learning inter-

atomic potentials and molecular dynamics.

In Part II we displayed the main results of this thesis. In 3.1 we presented

our theory of lattice dynamics based on the Mori-Zwanzig projection operator

formalism and mode-coupling theory. A generalized Langevin equation was de-

rived describing the dynamics through a static conservative part and a dynamic

dissipative one, where the first can be obtained exactly, leading to phonons renor-

malized to infinite order, and the second requiring approximations. To this ef-

fect, we derived a self-consistent set of equations for the memory kernel, requiring

only static Kubo correlation functions as inputs. The theory lays a fundamental

framework for the TDEP approach while also extending it to account for nu-

clear quantum effects (NQEs), allowing for vibrational properties to be derived

from path-integral molecular dynamics. An application to fcc 4He was provided,

highlighting its ability to accurately describe the phonon spectra of systems with

strongly anharmonic and nuclear quantum effects.
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In 3.2 we derived a theory of lattice thermal conductivity within the mode-

coupling formalism. Our derivation, based on the Green-Kubo formula, yields

an equation that encompasses both single-mode, collective and off-diagonal con-

tributions, making it valid for a wide range of systems regardless of their level

of anharmonicity. A numerical technique based on Monte Carlo integration is

introduced in order to reduce the cost of scattering matrix calculations, allowing

for large reciprocal space grids to be studied as well as 4-phonon interactions

to an otherwise prohibitive degree. Finally, the derivation and implementation

are validated by successfully applying them to systems with varying degrees of

anharmonicity.

In 3.3 we highlighted the deficiency of standard energy conservation condi-

tions and provided an improvement by substituting the typical Dirac delta func-

tions by convolutions of phonon spectral functions. While the former violate

the fluctuation-dissipation theorem, the latter comply with it and, in the Marko-

vian approximation, directly link the dissipative component of the dynamics to

phonon lifetimes. These new conditions were applied to BAs, where the domi-

nance of 4-phonon interactions and their crucial role in thermal conductivity sim-

ulations was previously attributed to its large acoustic-optical phonon band-gap.

With fluctuation-dissipation compliant energy conservation conditions, however,

we showed that this is not the case as they give rise to previously forbidden in-

teractions via the now Lorentzian phonons, effectively decreasing the previously

enormous band-gap. While reducing the impact of 4-phonon effects dramatically,

this approach is not an indicator that such an approximation is unnecessary; in-

stead, it provides a superior formalism at all levels of interaction. In the case of

BAs, the new energy conservation conditions relax the previous constraints on the

scattering phase space at the 3-phonon level, and it is the consequent increase of

the number of scattering processes that leads to a relative decrease in importance

of 4-phonon scattering.

In 3.4, we studied the impact of 4-phonon scattering and NQEs in the lattice

thermal conductivity of monolayer hexagonal boron nitride (h-BN). Using classi-

cal and path-integral molecular dynamics (classical MD and PIMD) together with

TDEP we found that while NQEs are negligible, 4-phonon scattering is crucial for

an accurate prediction of the thermal conductivity. These results were explained
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as a result of the crystal’s mirror-plane symmetry, which limits scattering pro-

cesses to include only even numbers of flexural modes. In the 3-phonon scattering

approximation, this means that the interactions are constrained to include either

0 or 2 flexural phonons, severely limiting the scattering phase space, and con-

sequently increasing the comparative importance of 4-phonon interactions. This

result includes isotope, 3-phonon and 4-phonon scattering as well as NQEs and

renormalized phonons, which makes it the first systematic study of the temper-

ature evolution of the thermal conductivity of monolayer h-BN at this level of

accuracy.

In 4 we studied the temperature evolution of dielectric properties of bulk h-

BN, as well as its room temperature lattice thermal conductivity. Employing a

first-order approximation to the Raman tensor together with sTDEP phonons, we

achieved very good agreement with experimental results for both the frequency

and linewidth of the Ehigh
2g mode, the highest frequency Raman active mode of

the two present in this system. We found that staying at a 3-phonon scattering

level we reproduce results that in the literature are argued to be only obtainable

by considering 4-phonon interactions, as our IFCs include them naturally in their

renormalization process. We further computed the real part of the dielectric ten-

sor and the optical coefficients and their evolution with temperature, showing

how small their variations are in the range T = 100-500 K. Finally, we obtained

bulk h-BN’s lattice thermal conductivity at room temperature with 4-phonon in-

teractions. We showed that these are essential not only for a better agreement

with experimental results for the in-plane component, providing a ≈ 25% reduc-

tion, but also for the out-of-plane component, where the reduction is much larger

at ≈ 50%. The study of the full temperature range will be the subject of future

work.

While the developments to the theory of lattice dynamics and thermal trans-

port presented provide a strong framework to compute temperature dependent

properties of crystals, they also open many questions. The usage of PIMD in con-

junction with TDEP, for example, is not a well understood concept in practice

despite being physically well founded. In particular, the centroid construction

process involves averaging over all the beads in the ring-polymer used in a PIMD

simulation, which in turn leads to a ragged Born-Oppenheimer potential energy
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surface. Consequently, the forces used to build the TDEP IFCs will contain sta-

tistical noise, potentially impeding an unbiased least-squares fit procedure. While

in the limit where the number of beads is large enough this effect disappears, such

calculations are often unfeasible, highlighting the need for a further understand-

ing of its functional form and impact. Another point of interest arises in the

thermal conductivity of monolayer h-BN. While our approach already includes

NQEs and 4-phonon scattering, the impact of fluctuation-dissipation compliant

energy conservation conditions is not studied. Given its phonon dispersion and

some preliminary results, we expect that while the thermal conductivity at the 4-

phonon scattering level changes only minimally, at the 3-phonon scattering level

it will be greatly reduced when compared to their Dirac delta counterparts. This

would constitute a different case than that of BAs, where there is no mirror-

plane symmetry present and the 3-phonon + fluctuation dissipation compliance

case yields similar values as the 4-phonon + standard energy conservation case.

For monolayer h-BN, mirror plane symmetry constrains the 3-phonon scattering

phase space to such a degree that the effect of fluctuation-dissipation compliance

is only visible at that level. When 4-phonon interactions are included, the sheer

number of extra processes fills the scattering phase space in a way that overshad-

ows the previous impact on the 3-phonon scattering. This problem is currently

still under study. Finally, while the mode-coupling theory and its applications

to thermal properties have been discussed here, only cases of perfectly pure or

isotopically impure crystals are studied. As the approach is dependent on the

system’s unit cell, treating systems with structural defects such as vacancies is a

non-trivial problem. Due to the high degree of relevance these types of systems

hold in thermal and optical applications, a re-derivation of the mode-coupling

theory of lattice dynamics that can properly handle them is of high priority.
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Appendix A

Machine-Learning Interatomic Potentials

When performing ab-initio MD simulations, one computes energies, forces and

stresses for a system from a quantum mechanical approach. While accurate and

independent of empirical parameters, these methods are computationally expen-

sive, scaling as O(N3) or worse with respect to the number of atoms in the system.

Despite the power of modern high performance computers, this level of scaling

means that a tradeoff often occurs, where the system’s size or the simulation

length are limited or even unconverged.

Empirical potentials (also known as force fields), such as the Tersoff [95] or

Lennard-Jones [48], have existed and been used for a long time. Composed by

analytical functions built based on physical principles, they are much faster than

using ab-initio methods. They do, however, trade their speed and ability to han-

dle large simulation cells and long time scales for their accuracy and flexibility,

being often constrained to conditions very similar to those they were parameter-

ized on.

As discussed in the main section of the manuscript, in order to obtain tem-

perature dependent phonon properties one needs an accurate description of the

potential energy surface. To obtain such a quantity from MD requires super-

cells and simulation lengths that are often too large to be computed in ab-initio

fashion, and properties are often too sensitive to be accurately computed from

empirical potentials. The rise of machine learning-interatomic potentials (MLIPs)

comes as an approach aiming to overcome the issues with both empirical poten-

tial driven and ab-initio MD, by offering a paradigm where both accuracy and

speed are preserved. The basic idea behind an MLIP is that given a sufficiently
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complex machine learning model trained on ab-initio data, one can obtain the

optimal point between precision and speed to compute the potential energy sur-

face of a given system. In order to build such a model, three key components are

required.

The first of these components is the input for the machine-learning model.

These inputs are ideally independent of the system’s size, in order for extrapo-

lation to large super-cells to be allowed, and to be a vector of fixed length. To

achieve this goal, a common approximation is to decompose the potential energy

into its atomic contributions:

V (R⃗) =
∑

i

Vi(R⃗) . (4.10)

These inputs are known as descriptors, whose function is to be the representations

of the atoms’ local environment, such that for a specific atom i a descriptor

vector ρi is created. While other approaches exist, these objects are often treated

as representing a generalization of the density of atoms, which allows for the

potential energy to be obtained as a functional:

Vi(R⃗) = F
[
ρi(R⃗)

]
. (4.11)

In order to efficiently exploit the descriptor, one can enforce rotational, transla-

tional and permutation symmetry, as these are always present in potential energy

surfaces. This means that for a given coordinate set R⃗ = R1, R2, ..., permutation

operator P(i ↔ j), translation R⃗ → R⃗ + δR⃗ and rotation operators R yield an

invariant descriptor,

ρ(P(i ↔ j)R⃗) = ρ(R⃗)

ρ(R⃗ + δR⃗) = ρ(R⃗)

ρ(RR⃗) = ρ(R⃗) . (4.12)

Applying these symmetries directly in the descriptor means they are automati-

cally imposed in the potential energy as well.
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An example of a descriptor is the Smooth Overlap of Atomic Positions (SOAP)

[5], where the local atomic density around a central atom i is defined by a Gaus-

sian

ρi(R⃗) =
∑

i̸=j

exp

(
−(R⃗− R⃗ij)

2

2σ2

)
fcut(R⃗ij − R⃗cut) , (4.13)

where R⃗ij is the distance between the central atom and atom j, σ establishes the

spacial uncertainty, and fcut is a cutoff function that ensures only atoms within

R⃗cut are included. This density is then expanded in terms of spherical harmonics

Ylm(R⃗) and radial basis functions gn(R⃗) as

ρi(R⃗) =
∑

lmn

c
(i)
lmngn(R⃗)Ylm(R⃗) . (4.14)

The coefficients c
(i)
lmn are then obtained by projecting the density in 4.13 into this

basis as

c
(i)
lmn =

∫
ρi(R⃗)gn(R⃗)Y ∗

lm(R⃗)dR⃗ . (4.15)

As the coefficients c
(i)
lmn are not rotationally invariant, the descriptor is built in-

stead from the power spectrum obtained as

p
(i)
lnn′ =

l∑

m=−l

(
c
(i)
lmn

)∗
c
(i)
lmn′ , (4.16)

with the sum over m averaging out the angular orientation. The indices l, n

and n′ define the components of the descriptor, and its complexity and resolution

are controlled by the number of radial basis functions and the maximum angular

momentum included in 4.14.

With a descriptor in hand, the second component required to build an MLIP

according to 4.11 is a relationship between the density and the potential energy.

While many functionals exist with varying levels of complexity, from polynomials

to neural networks, linear relationships are often found to be sufficient for an

accurate description. For a descriptor p, this means that the potential energy of

atom i is given simply by
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Vi(p⃗i) =
∑

k

wkpi,k , (4.17)

where w⃗ is a vector of the weights that need to be determined. As we are pre-

suming we can obtain the total energy by summing individual atomic energies,

we obtain

V (R⃗) =
∑

k

wk

(∑

i

pi,k

)
, (4.18)

showing how the total energy in this case is linear on the summed descriptor

components from all atoms in the system, and the problem is now a simple linear

regression one. The forces can be obtained by taking the gradient of the energy

F⃗k = −∇⃗kV (R⃗) = −
∑

k

wk

(∑

i

∇⃗pi,k

)
, (4.19)

and are also linear now on the derivative of the descriptor.

Finally, the last key ingredient is the dataset on which the MLIP is trained.

If this dataset is composed by data that is not accurate for the system under

study, the MLIP will poorly reproduce the potential energy surface and yield the

wrong lattice dynamics. One method to generate a physically informed dataset is

the machine-learning assisted canonical sampling (MLACS) approach [18], which

generates configurations in a self-consistent fashion based on the principle of

variational inference. In order to optimize the w⃗ that minimize the difference

between the predicted and the reference data, one can perform a least-squares

fit, where the coefficients are minimized according to

min
w

(∑

n

[
λV (V

MLIP − V DFT)2 + λF

∑

i

|F⃗MLIP
i − F⃗DFT

i |2

+λσ

∑

α

|σMLIP
α − σDFT

α |2
]
+ λR|w|2

)
, (4.20)

where the outer sum is on the configurations used for training, λV,F,σ are hyper-

parameters that regulate the relative impact of the energies, forces and stresses
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on the minimization procedure, and lastly λR is a regularization parameter that

penalizes large coefficient values and prevents overfitting.
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Appendix B

Molecular Dynamics

When computing temperature dependent properties for a given system, their

corresponding thermodynamic ensemble needs to be taken into consideration.

The expectation value for a given operator Ô for such a case is given by its

thermodynamic average over all the possible configurations Γ = {q⃗, p⃗} of the

system, with q⃗ and p⃗ the canonical coordinates and momenta:

⟨Ô⟩ =
∫

O(Γ)ρ(Γ)dΓ . (4.21)

The trace is taken over all possible Γ, and each of these Γ corresponds to a phase-

space point. The set of all phase-space points comprises the phase-space. The

probability density function ρ is given by

ρ =
e−βH

Z
, (4.22)

where Z = Tr(e−βH) is the partition function, H is the Hamiltonian and β = 1
kBT

.

While general, calculating a thermodynamic average via 4.21 is not efficient

except for very simple cases. One can, however, use the ergodic principle in

order to replace the phase space average by a discrete time average in the infinite

time-step limit:

⟨O⟩ = lim
Nt→∞

1

Nt

Nt∑

t=0

O(t) . (4.23)
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In summary, the ergodic hypothesis states that a given system trajectory will

pass through all valid points in phase space for a sufficiently large propagation

time, allowing us to effectively replace thermodynamic averages by time averages.

The ergodic hypothesis is the underlying idea behind molecular dynamics

(MD), a computational method which simulates how a system of atoms or molecules

propagates through time for a given potential energy surface. In this approach,

each particle’s trajectory is obtained by, for example, numerically solving Hamil-

ton’s equations:

∂H

∂p⃗i
=

∂R⃗i

∂t
=

p⃗i
mi

− ∂H

∂R⃗i

=
∂p⃗i
∂t

= −∂V (r⃗)

∂R⃗i

= F⃗i . (4.24)

In practice, time evolution of the positions R⃗ and velocities v⃗ of the particles in

the system are obtained by solving Hamilton’s equations via an algorithm like

the velocity Verlet one [91, 97]:

R⃗i(t+∆t) = R⃗i(t) + v⃗i(t)∆t+ F⃗i(t)
∆t2

2mi

+ O(∆t4)

v⃗i(t+∆t) = v⃗i(t) +
(
F⃗i(t) + F⃗i(t+∆t)

) ∆t2

2mi

+ O(∆t4) . (4.25)

While other algorithms exist, the velocity Verlet is widely used due to its time-

reversibility and energy conservation properties.

While sufficient for simulations under NVE thermodynamic conditions, where

the phase-space is isoenergetic, the above equations are incomplete in the case

where the canonical ensemble is considered and NVT conditions apply. In this

circumstances, a thermostat that manipulates the kinetic energy in order to pre-

serve a target temperature is required. An example of a popular thermostat is

the Langevin one, which modifies the equations of motion by adding a friction

term and a stochastic force to the canonical momentum’s Hamilton equation:

∂p⃗i
∂t

= F⃗i − γmiv⃗i + F s
i , (4.26)
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The friction coefficient γ governs the strength of the friction term, that acts as

the source of dissipative kinetic energy loss to the environment. The stochastic

forces F s
i , on the other hand, a friction term and a stochastic force, acts as a

random source of energy injections back into the system from the surrounding

heat bath, and counterbalances the kinetic losses due to friction. This force is

typically normally distributed, and obeys

⟨F s
i (t)⟩ = 0

⟨F s
i (t)F

s
j (t

′)⟩ =
√

2miγ

β
δijδ(t− t′) . (4.27)

The addition of the Langevin thermostat ensures that the fluctuation-dissipation

theorem holds, and thus allows us to sample the canonical ensemble.

Since for every time-step in 4.25 the potential energy surface needs to be

computed, it becomes very apparent why ab-initio MD is such an expensive

calculation and why one resorts to MLIPs in order to obtain simulation lengths

that allow for the ergodic hypothesis to hold.

Despite its tremendous success and wide range of applicability, the formu-

lation of MD described above is still limited by its classical treatment of the

particles and their trajectories. In order to include quantum effects, a reformula-

tion is required: path-integral molecular dynamics (PIMD) [10, 23, 68]. The basic

idea behind PIMD lies on the isomorphism between the path-integral quantum-

mechanical partition function and the classical partition function of a fictitious

ring-polymer, consisting of multiple replicas (beads) of the physical system con-

nected by fictitious springs. This isomorphism allows for the canonical partition

function Z = Tr(e−βH) to be re-written exactly as limP→∞ ZP , with P the num-

ber of beads and

ZP =
1

2πℏ

∫
dq⃗dp⃗e−βPHP (q⃗,vecp) , (4.28)

where βP = β/P and HP the classical Hamiltonian of a harmonic ring-polymer

with external potential V (q⃗) and subject to the cyclic boundary condition q⃗0 = q⃗P :
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HP (q⃗, p⃗) =
P∑

j=1

p⃗2j
2m

+
m

2β2
Pℏ2

P∑

j=1

(q⃗j − q⃗j−1)
2 +

P∑

j=1

V (q⃗j), (4.29)

This construction relies on the Trotter product formula eA+B = limP→∞(eA/P eB/P )P .

For P = 1 the partition function is the classical one.

Within this approach, the thermodynamic average of an operator O is given

by ⟨O⟩ = limP→∞⟨O⟩P with

⟨O⟩P =
1

(2πℏ)PZP

∫
dq⃗

∫
dp⃗e−βPHP (q⃗,p⃗)OP (q⃗) (4.30)

and OP (q⃗) =
1
P

∑P
j=1O(q⃗j), i.e. the expectation value is the classical one for each

bead, but is then averaged for the ring-polymer. The Hamiltonian Hn generates

the equations of motion

∂q⃗

∂tj
=

p⃗j
mj

∂p⃗

∂tj
= − m

β2
Pℏ2

[2q⃗j − q⃗j−1 − q⃗j+1]−
∂V (q⃗j)

∂q⃗j
, (4.31)

where the second equation is the effective force for the ring-polymer, with the

first term representing the harmonic interactions between adjacent beads in the

ring polymer, and the second term is the physical force experienced by each bead.

In order to further include Langevin dynamics, many integration algorithms ex-

ist. An example of such an integrator is the BAOAB (bend-accelerate-operate-

accelerate-bend) [57], which includes the thermostat’s effect via a five-step proce-

dure that not only allows for accurate temperature control but also maintains the

energy conservation and time-reversibility present in the classical velocity Verlet

algorithm.
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