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Electron-mediated anharmonicity and its
role in the Raman spectrum of graphene
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Nina Girotto Erhardt1, Aloïs Castellano2, J. P. Alvarinhas Batista2, Raffaello Bianco3,4, Ivor Lončarić5,
Matthieu J. Verstraete2,6 & Dino Novko1

The Raman active Gmode in graphene exhibits a strong coupling to electrons, yet the comprehensive
treatment of this interaction in the calculation of its temperature-dependent Raman spectrum remains
incomplete. In this study, we calculate the temperature dependence of the G-mode frequency and
linewidth, and successfully explain the experimental trend by accounting for the contributions arising
from the first-order electron-phonon coupling, electron-mediated phonon-phonon coupling, and
standard lattice anharmonicity. The generality of our approach enables its broad applicability to study
phonon dynamics in materials where both electron-phonon coupling and anharmonicity are
important.

Understandingphonons and their interactions is crucial to elucidate the role
of lattice dynamics in material properties 1, such as carrier and lattice
transport, optical response, superconductivity, and structural phase tran-
sitions. Raman spectroscopy, a powerful andwidely applicable experimental
technique, plays a key role in studying temperature-dependent phonon
behavior. This technique is particularly powerful for atomically thin
materials like graphene and transition metal dichalcogenides2,3, where the
position of the phonon peaks can reveal the actual doping concentration as
well as the number of layers4–6. These experiments highlight the crucial role
of electron-phonon coupling (EPC) and its competition with phonon-
phonon interaction, showing how the interplay between phonons and
electronic excitations influences the Raman features of layeredmaterials7–11.
In this regard, the case of graphene is especially intriguing12–14.

Raman spectroscopy is also a very important probe for dynamicalEPC
effects, which are expected to be crucial when the electron and phonon
excitations are close in energy15,16. These non-adiabatic (NA) effects have
been explored, both experimentally and theoretically, in transition metal
dichalcogenides, diamond,magnesiumdiboride (MgB2) and various single-
layer materials17–25, but graphene remains the benchmark example of the
failure of the static Born-Oppenheimer approximation and strong dyna-
mical EPC26–31. The graphene G mode (an optical phonon with E2g sym-
metry), is its most prominent Raman feature. It corresponds to an in-plane
vibration of carbon atoms and strongly couples to electrons and other
phonons32. Raman spectroscopy of graphene has been extensively
studied33–47, but the results are very sensitive to the experimental conditions
and different groups report different linewidths and frequency behavior as a
function of temperature. However, all agree that the G mode frequency

decreases with temperature in a monotonous manner. Experimental evi-
dence for the linewidth ranges from its slow increase48,49 to two different
temperature-dependent regimes50 resembling the Raman measurements
performedon non-equilibrium and photo-doped graphene samples13,51 and
Weyl semimetals52.

One of the open questions in the Raman spectrum of graphene con-
cerns the source of the observed temperature dependence for the G mode
frequency and linewidth. From a theoretical point of view, four-phonon
anharmonicity partially explains the observed G-mode temperature trends
in graphene and graphite32,48,49,53–55. On the other hand, Raman experiments
doneunderultrafast laser excitationprove that electronsmust be involved in
the relaxation process in graphene13. This prompts us to question whether
the G mode frequency decrease and an anomalous linewidth temperature
behavior could be the result of a combined effect of anharmonicity andEPC.
In spite of its omnipresence, EPC is considered to have a weak contribution
to the G mode linewidth at medium to strong doping: long-wavelength
interband electron transitions are then prohibited by Pauli’s exclusion
principle50,56. Contrary to experimental observations14,57, this would imply
that highly-doped graphene should have a zero EPC linewidth contribution,
in spite of a strong doping-induced increase in overall EPC. For a long time,
it has been considered that the spectral signature of EPC should be a
temperature-induced linewidth decrease20,27,32,58. However, this belief was
oftenbasedonfirst-order calculations ofEPC,whichmaynot be adequate to
capture the relevant physics in this case. A similar debate arose for MgB2.

The similarities between MgB2 and graphene begin in their structure.
Carbon atoms, arranged in a hexagonal pattern in graphene, are effectively
substituted with boron atoms in MgB2. Meanwhile, magnesium atoms are
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positioned above and below the boron planes, introducing an intrinsic
doping of the boron bands. The in-plane stretching of B-B bonds also gives
rise to a phonon mode characterized by E2g symmetry. Due to the strong
EPC, the E2g mode is responsible for a superconducting transition59–65.
Furthermore, due to its significant anharmonicity, the strongly
temperature-dependent Raman spectra can only be explained outside the
scope of the standard anharmonic theory, by employing higher-order
electron-phonon scattering within the framework of the NA theory18,28,66,67.
The corresponding first-principles theoretical advances beyond the stan-
dard NA theory have already been made for EPC in certain cases21,22,68,69.
These amount to employing memory function methods originally derived
to calculate intraband relaxation processes in the dynamical
conductivity70–77, Raman response functions78 or even exciton-phonon
coupling79. In this way, one can account for the dynamical higher-order
electron-phonon scattering through the inclusion of a phonon-induced
electron-hole pair self-energy by solving the Holstein problem80.

Here, we perform a thorough quantitative analysis of the NA
effects in prototypical 2D material graphene. This gives a basis for
assessing the role of EPC in comprehending various phonon-related
properties, such as thermal transport and superconductivity65,81–85, in
layered and 2D compounds. We introduce the dynamical higher-order
electron-phonon scatterings into the phonon self-energy, which gives
us a tool to systematically explore the role of electron-mediated
anharmonicity69,86–88 in the phonon dynamics of graphene, and make a
comparison with the well-known lattice-driven anharmonicity. From
first principles, we include these EPC effects through the temperature-
dependent phonon-induced electron-hole pair self-energy, producing
energy renormalization and finite lifetime. These two electron-phonon
quantities introduce a crucial temperature dependence in the G mode
Raman frequency and linewidth, showing anharmonic-like trends,
contrary to previous works using a phenomenological broadening1,28.
Through our systematic study, we show that the conventional and EPC-
driven anharmonicities have different roles in the temperature
dependence of the G mode for undoped and doped graphene. In
undoped graphene, the lattice-driven anharmonicity (i.e., three-
phonon and four-phonon scattering terms) is a dominant contribu-
tion to the G phonon linewidth, while for moderately-doped graphene
(e.g., when EF = 400 meV) both EPC and conventional anharmonicity
are of the same order of magnitude. At the other extreme, for highly-
doped graphene doped with alkali atoms14,46 or FeCl3

57, the dominant
role is played by the electron-mediated phonon-phonon coupling.
Furthermore, we show that the latter interaction is the main relaxation
channel for the G phonon in non-equilibrium graphene13,89–92. We
emphasize the generality of this fully first-principles approach.

Results
Electron-mediated anharmonicity
EPC renormalizes the bare phonon frequencies and introduces a finite
lifetime to otherwise infinitely sharp phonons. These two effects are
quantitatively contained within the phonon self-energy arising from EPC1

πνðq;ωÞ ¼
X
k nm

∣gnmν ðk; qÞ∣2
f nkþq � fmk

ωþ εnkþq � εmk þ iη
: ð1Þ

The indices n,m denote the electron band, k is the electronmomentum and
fmk ¼ 1=ðeβðεmk�μðTeÞÞ þ 1Þ is the Fermi-Dirac occupation factor at energy
εmk. Temperature dependenceTe is containedwithin the factorβ=1/(kBTe),
where kB is the Boltzmann constant and is also indicated in the chemical
potential μ. Electron-phonon matrix elements are denoted by ∣gnmν ðk; qÞ∣,
where q and ν are the phonon momentum and mode index. In density
functional perturbation theory (DFPT)93, phonons are statically screened by
the electron gas, which is why one needs to renormalize them with NA
corrections1,24,68. The real part of the phonon self-energy shifts the adiabatic
(DFPT) frequencies ωNA

νq ¼ ωA
νq þ Re ½πνðq;ωNAÞ� � Re ½πνðq; 0Þ�, while

the imaginary part introduces the broadening γνq = − 2Im[πν(q, ω
NA)]. In

order to describe the Raman experiments, where light has vanishing
momentum, we need to consider the long-wavelength limit (q ≃ 0) in Eq.
(1). If the static part of the phonon self-energy, already accounted for in
DFPT, is subtracted fromEq. (1), we obtain two first-order contributions to
the phonon renormalization. The first one corresponds to the adiabatic
intraband

πintra
ν ð0; 0Þ ¼

X
k n

∣gnνðk; 0Þ∣2 � ∂f nk
∂εnk

� �
ð2Þ

and the second one to the dynamical interband electron transitions:

πinter
ν ð0;ωÞ ¼

X
k n≠m

∣gnmν ðk; 0Þ∣2 f nk � fmk

ωþ εnk � εmk þ iη
; ð3Þ

where η is the infinitesimal parameter. Within first-order perturbation
theory, NA effects can be included only in the interband channel, since only
that termhas a frequency dependence. In Fig. 1a, we schematically show the
vertical (q ≃ 0) interband transitions induced by the optical G mode with
energyof~200meV.Thephonon linewidth [seeFig. 1b]deriving fromthese
contributions can be written as

γinterν ð0;ωÞ ¼ �2η
X
k nm

∣gnmν ðk; 0Þ∣2 f nk � fmk

ðωþ εnk � εmkÞ2 þ η2
; ð4Þ

and it reduces as the doping or temperature is increased due to Pauli
blocking. When analyzing the Raman spectra of graphene, this interband
EPC contribution to the linewidth is commonly considered as the only EPC
contribution32,49, which is why EPC is considered to provide negligible
contributions at higher temperatures or dopings.

In Fig. 1c we show the adiabatic Eliashberg spectral function for dif-
ferent dopings in graphene. The Eliashberg spectral function reveals the
energy distribution of strongly coupled phonons and is defined as

α2FðωÞ ¼ 1
πN0

X
qν

γqν
ωqν

δðωqν � ωÞ; ð5Þ

with N0 being the electronic density of states (DOS) at the chemical
potential. In the same plot, we show a cumulative EPC constant λ showing
an increase in EPC with doping. The main contributions come from the G
modeandA0

1 modeat theKpoint of theBrillouin zone.The cumulativeλ(ω)
for EF = 100 meV, EF = 250 meV, and EF = 400 meV are multiplied by a
factor of 10, so that the doping-induced increase is more evident.

The first-order intraband term is static and contains scattering
processes within a narrow energy window around the chemical
potential, broadened by temperature [see Eq. (2)]. It has no imaginary
part, so it does not contribute to the EPC-induced linewidth. In gra-
phene and other materials, even though the dynamical first-order
intraband phonon self-energy contributions vanish in the long-
wavelength limit, Raman experiments still suggest that EPC in fact
must somehow contribute to the linewidth. In the first-order pertur-
bation theory, the excited phonon interacts with electrons via the
generation of “bare” electron-hole pairs, while the processes where the
generated electron-hole pairs are renormalized by the rest of the sys-
tem’s phonons are discarded.

The latter multi-step process is schematically shown in Fig. 1d. The
Dyson equation in the inset of Fig. 1d shows how the phonon self-energy
bubble is renormalized by diagrams describing electron-hole scatteringwith
all the phonons of the system. Essentially, electrons mediate phonon-
phonon interaction69,86–88. Temperature effects can strongly alter the dis-
tribution of electronic excitations94,95, and the bare electronic structure and
electron DOS (N0) can be significantly renormalized by phonons if it varies
on their energy scale96. This subtlety is denoted in theDyson equation in Fig.
1d by dressed electron (hole) propagator lines. The self-consistent self-
energy correction leads to higher-order EPC contributions and the
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appearance of the rainbow diagrams97. Diagrams in Fig. 1d can be summed
up in aBethe-Salpeter equation for the full phonon self-energy,which canbe
schematically written as

Π ¼ Π0 þ Π0MΠ ð6Þ

with all the wavevector and energy subscripts omitted.M(ω) is the electron-
hole self-energy and can be written as a sum of its real and imaginary parts

Mðω;TÞ ¼ i
τopðω;TÞ

þ ωλopðω;TÞ; ð7Þ

where the wavevector indices are omitted and temperature dependence is
indicated.Considering electron-phonon scatteringprocesses up toall orders
and solving the Bethe-Salpeter equation (6), leads to the following form for
the intraband phonon self-energy in the long-wavelength limit21,68:

πintra
ν ð0;ωÞ ¼ P

k n
∣gnνðk; 0Þ∣2 � ∂f nk

∂εnk

� �
ω

ω½1þ λopðωÞ� þ i=τopðωÞ
:

ð8Þ

Instead of a vanishing dynamical contribution obtained through first-order
perturbation theory, we obtain a finite contribution with an additional
temperature-dependent factor deriving from the complex electron-hole self-
energy M(ω, T). An equivalent expression can be obtained by means of
Green’s functions15,98. Throughout thepaper,wewill refer to expressionsEqs.
(3) and (8) as interband and intraband phonon self-energies, respectively.

An interacting electron-hole pair has a temperature-dependent finite
inverse lifetime 1/τop(ω) [see Fig. 1e] and energy shift ωλop(ω) [Fig. 1f].
Unlike the interband linewidth contributions, these two quantities increase
with the doping level. One can obtain the electron-hole self-energy from
optical conductivity measurements, where it enters the extended Drude
optical conductivity99. For this reason, 1/τop(ω) is sometimes called the
optical electron-hole scattering rate. It can then be used to obtain the
electron-phonon spectral function100–102. Theoretically, it ismore convenient

to go in the opposite direction and calculate the electron-hole self-energy at
finite temperatures from the Eliashberg spectral function as21,22,103

1
τopðωÞ

¼ π

ω

Z 1

0
dΩα2FðΩÞ 2ω coth

Ω

2Tph

"

�ðωþΩÞ coth Ωþω
2Te

þ ðω�ΩÞcoth ω�Ω
2Te

i
:

ð9Þ

Tph denotes the phonon temperature, while with Te we denote the tem-
perature of the electronic system. In graphene, the calculations are per-
formed for its Gmode, and the label Tph is exchangedwith TG. In our work,
we use a further extension to include the effects of electron band structure,
which were already discussed for normal and superconducting state prop-
erties in ref. 104–106. The zero temperature result for the electron-hole self-
energy derived in ref. 107 was extended to finite temperatures in ref. 76, and
the resulting expression is

1
τopðωÞ

¼ π

ω

Z 1

0
dΩα2FðΩÞ

Z 1

�1
dε

~Nðε�ΩÞ
N0

þ
~Nð�εþΩÞ

N0

� �
½nBðΩÞ þ f ðΩ� εÞ�½f ðε� ωÞ � f ðεþ ωÞ�:

ð10Þ

The factors in Eq. (10), include the Eliashberg spectral function, the
renormalized or quasi-particleDOS ~NðεÞ aswell as the Fermi-Dirac f(ε) and
Bose-Einstein nB(ω) occupation factors. The same expression was used for
the description of higher electron-phonon scattering terms in the optical
conductivity formula76. The real part of the electron-hole self-energy
ωλop(ω) can be obtained with the Kramers-Kronig transformation of 1/
τop(ω). The quasi-particle DOS is calculated as

~NðεÞ ¼
Z

dkAðε; kÞ; ð11Þ

which needs to be solved self-consistently in combination with the
equation for the electron spectral function (imaginary part of the

π 
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+...
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DD G

D
π
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G
G
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G mode
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DDD G π
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π   π   G = + +
k k k kΣk

Fig. 1 | Renormalization of the G phonon mode in graphene due to electron-
phonon coupling. Two contributions to the q ≃ 0 phonon self-energy come from
the interband and intraband electronic transitions. a Interband transitions are
directly facilitated by the schematically shown optical G mode. DG is the interacting
propagator for the G mode, and D0

G is the bare one. The Dyson equation for the
phonon propagator, in the first order of electron-phonon interaction in this case,
contains only the interband phonon self-energy [Π0

GðωÞ]. bTheG phonon linewidth
due to coupling to interband electron transitions for different dopings, which are
schematically shown with a color-coded Dirac cone. c Adiabatic Eliashberg spectral
function α2F(ω) for different dopings, showing an increase in the electron-phonon

coupling constant λ with doping. The cumulative λ(ω) for EF = 100 meV, EF = 250
meV, andEF= 400meV aremultiplied by a factor of 10.d q≃ 0 intraband transitions
are a two-step process. Phonon excites an electron-hole pair, which in turn interacts
with all the phonons in the system. However, the electron-hole pair is itself a qua-
siparticle, dressed by EPC. Gk is the interacting electron (hole) propagator, and G0

k is
the bare one. The symbol Σk stands for the electron self-energy. The Feynman
diagrams for this process are shown in the inset of (d). e Inverse lifetime of an
electron-hole pair 1/τop(ω) at 300 K for different dopings, induced by interaction
with phonons. f Energy renormalization of an electron-hole pair ωλop(ω) at 300 K
for different dopings.
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electron propagator Gk)

Aðε; kÞ ¼ 1
π

� ImΣðεÞ
½ε� εk þ μ� ReΣðεÞ�2 þ ½ImΣðεÞ�2 ; ð12Þ

reachable in angle-resolvedphotoemission spectroscopy, and the imaginary
part of the electron self-energy

ImΣðεÞ ¼ �π
R1
0 dΩα2FðΩÞ

~
Nðε�ΩÞ

N0
nBðΩÞ þ 1
�n

þ f ðε�ΩÞ	þ ~NðεþΩÞ
N0

½nBðΩÞ þ f ðεþΩÞ�
o
:

ð13Þ

The energy and temperature dependence in the quasi-particle DOS
~NðεÞ then additionally affects the inverse lifetime and EPC constant106. Note
that the inclusion of the quasi-particleDOS in the calculation of the electron
self-energy is equivalent to using interacting momentum distribution
functions instead of the bare Fermi-Dirac distribution74. Along with the
quasiparticle DOS ~NðεÞ and spectral function A(ε, k), in the self-consistent
calculation, one also needs to include the chemical potential shift with
temperature. The chemical potentialfixes of the number of carriersn0, using
the renormalized DOS. As temperature increases or as interactions are
turnedon (orboth)108, the chemical potential needs tobe adjusted inorder to
conserve the number of electrons

n0 ¼ R1
�1 dεN0ðεÞf ðε; 0Þ

¼ R1
�1 dε~Nðεþ δμð0ÞÞf ðε; 0Þ

¼ R1
�1 dε~Nðεþ δμðTÞÞf ðε;TÞ:

ð14Þ

where energies ε are measured from the T = 0 Fermi level. Equations
(11)–(14)need tobe iterated self-consistently for every temperatureuntil the
temperature-dependent chemical potential and the corresponding quasi-
particle DOS conserve the number of particles. Due to the complexity of the
procedure, when calculating the chemical potential shifts, we resort to the
on-shell approximation in the electron self-energyEq. (13)where the general
energy argument ε is substituted by theKohn-Shamvalue εnk

1.Note that the
new value for the chemical potential enters the ~NðεÞ indirectly through the
spectral function and the N0.

In Fig. 2 we show the result of a self-consistent chemical potential
calculation. The bare chemical potential temperature shift remains smaller
than the self-consistent result until some finite temperature value, when the
trend reverses [see Fig. 2a]. At the highest considered temperature, the bare
temperature and interaction induced chemical potential shift is larger than
the shift obtained in a self-consistent calculation. Even though the observed
differences between the two are quite small, we find that interactions
mitigate the chemical potential temperature shift. In agreement with
ref. 109, we find that in comparison with the μ(T→ 0) calculation from the

bare DOS, the self-consistent calculation leads to an interaction-induced
reduction of the chemical potential [see Fig. 2b].

In Fig. 3a we show the temperature variations in the imaginary part of
the electron self-energy. At low temperatures, a characteristic energy
dependence can be recognized resulting from the linear bands and the
interaction with the optical phonons (i.e., G and A0

1 modes)109,110. The
resulting renormalization of the quasi-particle DOS with temperature is
shown in Fig. 3b. The remaining panels in Fig. 3 show how the three
different approaches to the 1/τop(ω) calculation affect the electron-hole and
phonon properties. The simplest approximation amounts to neglecting the
energy dependence in the DOS. For graphene, it leads to almost no
renormalization of theωG frequency, andweak linewidth contribution (blue
line). On the other hand, considering the variations of the DOSwith energy
leads to larger values for the electron-hole self-energy, strong G mode
renormalizations and significant linewidth contribution (red and yellow
lines). The characteristic rapidly increasing DOS in graphene with EF = 100
meV, leads to the higher contribution coming from the ratioN0(ε)/N0 in Eq.
(10) (red), or ~NðεÞ=N0 for the case when quasi-particle DOS is included
(yellow), which is then almost always larger than 1. Note how the proper
inclusion of dynamical EPC leads to a quadratic temperature dependence of
1/τop(ω) in the low temperature limit24,111. Here we emphasize once again
that to obtain the proper EPC-induced temperature-dependent phonon
dynamics, it is crucial to account for the full self-consistent interactions of
electron-hole pairs (inclusion of electron-hole self-energies with renorma-
lized quasi-particle electronic structure) and conservation of the number of
carriers (inclusionof interacting chemical potential shifts), bothofwhich are
usually omitted in the simulation of the phonon dynamics of Raman-active
modes in graphene, as well as in other systems where EPC plays an
important role. Using the model Hamiltonians, this electron-mediated
anharmonicitywas argued to be important for charge-density-wave (CDW)
materials where EPC is strong and these higher-order effects contribute to
the CDW transition temperature and renormalization of electronic
structure86–88.

Diagrams with phonons connecting the electron and hole lines inside
the bubble are called vertex corrections, and are omitted in this derivation. It
could be argued that neglecting vertex corrections introduces a degree of
uncertainty, but all first-principles calculations to date are subject to this
limitation. Also, conflicting evidence in the literature regarding the validity
of Migdal’s theorem112 ranges from its breakdown in the NA limit, and the
possibility that vertex corrections wash out the NA effects113–115, to evidence
that the vertex corrections lead to insignificant qualitative changes15, even
for large couplings116. There is also additional evidence of its validity in
(doped) graphene117. The inclusion of the vertex corrections is non-trivial
and is left for future work.

Further, it is important to stress that we use a standard semi-local
DFT functional in order to calculate the EPC properties for graphene,
while it was shown that beyond-DFT corrections to electron correla-
tions (e.g., GW approximation and hybrid functionals) modify the
electronic structure, increase the Fermi velocity around the Dirac
points118, and enhance the EPC strengths of both G and A0

1 phonon
modes119,120. These beyond-DFT corrections might impact the evalua-
tion of the intraband phonon self-energy, however, it is not clear to
what extent, considering that the increase of the Fermi velocity will
decrease the value of ∂f/∂ε and 1/τop in Eq. (8), while the increase of the
EPC strength will increase g2 and 1/τop. The competition of these
electron correlation effects in the evaluation of the phonon self-energy
is an interesting problem that we also leave for future work.

Conventional anharmonicity
The ionicmotion is determined by the Born-Oppenheimer potential, which
is usually expanded up to second order in ionic displacements, leading to a
parabolic harmonic potential well. However, in some materials or at high
temperatures, deviations from the harmonic model cannot be neglected,
and the parabolic potential landscape will be modified both in shape and in
its equilibrium position.

Fig. 2 | The conservation of a number of carriers. a Temperature-dependent
chemical potential for various doping levels in graphene. The dashed line denotes the
bare result, while a self-consistent result is denoted with a full line. b T=0 EPC
induced Fermi level renormalization for various doping levels in graphene. The
dashed line corresponds to an unrenormalized value.
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If anharmonicity cannot be addressed perturbatively, it becomes
challenging to relinquish the benefits of treating phonons as well-defined
quasiparticles. Several methods have already been developed to treat this
complexity, based on molecular dynamics (MD)121 (or path-integral MD if
quantumeffects in ionicmotion are included122), or on a stochastic sampling
of the potential energy surface.Wemostly focus on the latter in our analysis
of graphene’s Raman frequencies and linewidths.

The Temperature Dependent Effective Potential (TDEP) method
extracts interatomic force constants (IFCs) by fitting displacements and
forces directly from molecular dynamics (MD) simulations123–127 driven by
forces from ab initio or Machine Learning (ML) calculations. This method
intrinsically incorporates anharmonic effects both at the harmonic level,
giving rise to an effective harmonic theory, and at higher orders (presently
3rd and 4th order IFCs), all of which are now explicitly temperature
dependent.

The stochastic self-consistent harmonic approximation
(SSCHA128–130), on the other hand, is based on the Gibbs-Bogoliubov free
energy variational principle. Within SSCHA, the Gibbs-Bogoliubov free
energy functional isminimized by employing trial harmonic potentials, and
a stochastic approach is used to sample the potential energy surface
according to the trial harmonic statistics. SSCHA inherently accounts for
both anharmonicity-incorporating contributions fromall even orders of the
potential energy surface-and quantum effects, as nuclear dynamics are fully
treated at the quantum level, with the nuclear kinetic operator explicitly
taken into account.However, the stochastic ensembles are constrained to be
Gaussian. Once the minimization is performed and the free energy is
obtained, an effective set of second-order interatomic force constants (IFCs)
naturally emerges, defining the stochastic self-consistent harmonic (SCHA)
noninteracting quasiparticles. The TDEP code has implemented an
equivalent method using stochastic sampling, but with its own IFC fitting

approach. This method is commonly known as sTDEP131, and in this work,
we compare it with the SSCHA method.

The Dyson equation describing the evolution of the interacting
anharmonic phonon propagator can be written as

Danhðq;ωÞ ¼ D0ðq;ωÞ þ D0ðq;ωÞπanhðq;ωÞDanhðq;ωÞ; ð15Þ

where πanh(q, ω) is the self-energy of the non-interacting anharmonic
(e.g., SCHA) phonons. The Dyson equation is diagrammatically written in
Fig. 4a. The single wavy line denotes a renormalized but non-interacting
effectiveharmonicphonon,while thedoublewavy line includes the effects of
anharmonic interactions contained in the residual anharmonicphononself-
energy.

Using the SSCHA code, we calculated the SCHA-phonon self-energy,
explicitly accounting for interactions between SCHA phonons. We
restricted our analysis to the so-called bubble approximation, shown dia-
grammatically in Fig. 4b, where only third-order SCHA interaction vertices
are included. These vertices are defined as the stochastic averages of the
third-order derivatives of the potential energy surfacewith respect to atomic
positions. In our evaluation of the SCHA-phonon self-energy, we did not
include fourth-order SCHA interaction vertices128. Within the TDEP fra-
mework, we computed a similar phonon self-energy but including both
third- and fourth-order interaction vertices between the auxiliary
quasiparticles.

The phonon spectral function is determined as the imaginary part of
the phonon propagator. In this work, we compute it using the no-mode
mixing approximation and further approximate it with a Lorentzian profile
for each mode. We carry out calculations across a range of temperatures,
then obtain the T = 0 K frequency either by linearly extrapolating the
temperature-dependent results or via molecular dynamics, excluding the
zero-point frequency shift. This T = 0 K frequency serves as a reference,
enabling us to calculate the anharmonic phonon self-energy based on the
frequency shift observed with temperature.

The full anharmonic propagator containing the EPC effects is then
obtained as

Bνðq;ωÞ ¼ � 1
π
Im

2ωA
qν

ω2 � ðωA
qνÞ2 � 2ωA

qνπ
TOT:
ν ðq;ωÞ

" #
ð16Þ

where πTOT:
ν ðq;ωÞ refers to the total phonon self-energy

πNA
ν ðq;ωÞ þ πanh

ν ðq;ωÞ. The first self-energy term πNA
ν ðq;ωÞ is the NA

EPC-induced self-energy term, obtained by adding the dynamical interband
and intraband contributions and subtracting the static contribution, already
accounted for in ωA

qν . The on-shell anharmonic phonon self-energy, from
TDEP or SSCHA is denoted by πanh

ν ðq;ωqνÞ.
The G mode frequency is found as the position of the peak of the

calculated phonon spectral function Eq. (16). Depending on which self-
energy contributions are included, we obtain the interband (i.e., first-order
EPC), intraband (i.e., higher-order EPC), anharmonic, and total phonon

Fig. 3 | Temperature-dependent one- and two-particle properties of graphene
with EF = 100 meV. a Imaginary part of the electron self-energy ImΣðεÞ. b Quasi-
particle DOS ~NðεÞ=N0. c–f Comparison of three different approaches [constant
DOS, bare DOS N0(ε) and quasi-particle DOS ~NðεÞ] in the calculation of the tem-
perature dependence of c electron-hole pair inverse lifetime 1/τop(ωG), and (d)
energy renormalization ωλop(ωG), as well as the corresponding (e) G mode fre-
quency renormalization ωG and (f) G mode linewidth γG.

Fig. 4 | Conventional anharmonic contributions. a Diagrammatic representation
of the Dyson equation for the anharmonic phonon propagator. b The anharmonic
phonon self-energy diagram.
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renormalization with temperature. Note that our final SSCHA and sTDEP
results also incorporate the effects of the thermal expansion of the unit cell
calculated using a quantum mechanical approach. The DFPT calculations
and EPC properties do not include the effect of volume expansion.

It is crucial to stress that with this approach we update the harmonic
frequencies originally contained in πNA

ν ðq;ωÞ, but only partially. Namely, in
the calculations of α2F(ω) and 1/τop(ω) we still keep the original harmonic
phonon frequencies, considering that the overall (full Brillouin zone)
phonon density of states in graphene is not significantly modified by the
inclusion of anharmonic corrections. As a result, we do not expect impor-
tant modifications to the total momentum-integrated EPC strength.
Namely, from Supplementary Fig. 1, where we compare the full dispersion
of harmonic andSSCHAphonons, it is clear that strongly-coupledGandA0

1
phonons are modified only up to ~5% for a relevant range of temperatures.

Raman spectrum of graphene
In Fig. 5, we show the role of EPC in G mode Raman features for three
different dopings in successive columns. If the Fermi level is 100meVabove
the Dirac point, a G phonon with energy of 200 meV directly facilitates the
interband contribution to the EPC-induced phonon linewidth. In the sec-
ond column, doping setsEF= 400meV,where Pauli blocking should lead to
negligible interband contributions. The third case corresponds to graphene
doped up to the Van Hove singularity (VHS) in the DOS, which should
approximately correspond to highly-doped intercalated graphene14,57.

For the temperature dependence of both G mode frequency and
linewidth we explicitly distinguish between the interband and intraband
contributions to the phonon self-energy. Focusing first on the G mode
frequency shift [see Figure 5a, c, e]we notice that the intraband contribution
grows with increased doping or higher temperatures. The interband con-
tribution increases the Gmode frequency with temperature until, for larger
doping, its effect becomes negligible. Anharmonic effects are known to
reduce theGmode frequencywith an increase in temperature, especially the
four-phonon contribution32,48,54.

Since the intraband contribution corresponds effectively to an
electron-mediated phonon-phonon interaction69,86, it shows a characteristic
anharmonic-like increase with temperature. More striking contributions
from the intraband phonon self-energy are observed for the G mode line-
width. Contrary to the common belief that the total EPC-induced linewidth
comes from the interband phonon self-energy, we obtain a much larger
intraband contribution,whichhas anopposite temperature trend. Theweak
initial linewidth decrease at lowT, observed e.g. in refs. 44,50,55 comes from

the EPC interband term and is therefore present only when the chemical
potential is smaller than half of the G mode frequency. The intraband
contribution, on the otherhand, increaseswith bothT anddoping.The total
EPC-induced linewidth eventually turns out to be a solely intraband effect
for moderately and highly-doped graphene.

Overlooking higher-order electron-phonon scattering effects leads to
an incompletedescriptionof theRamanGmode spectral features.TheEPC-
induced changes of frequency and linewidth with temperature are almost
entirely attributable to the commonly disregarded intraband contribution,
and the experimentally observed behavior results from a cooperative
interplaywith anharmonicity. This supports the conclusion drawn in ref. 12
that anharmonicity alone is not substantial enough to account for the full
linewidth. Interestingly, our results for thehighest doping case resembles the
Raman spectroscopy experimental result from ref. 51, where photo-doping
is induced with lasers of high power. According to Berciaud12 this is
equivalent to large temperatures with Te = TG. They report an unconven-
tional decrease, followed by an increase in frequency, and an increase fol-
lowed by a decrease in linewidth as a function of laser power (i.e., increase of
temperature). The (rigid band) doping level used in our work, differs from
the experimental one from ref. 51, but the frequency and linewidth tem-
perature dependence show very similar non-monotonous trends. The only
mechanism able to explain such behavior is higher-order EPC: the standard
lattice-driven anharmonic contribution is constantly increasing. The same
unconventional trend in the temperature dependence of the phonon line-
widthwas observed forE2gmode inMgB2, andwas explainedwith the EPC-
induced anharmonicity 25,67.

In the remaining two panels of Fig. 5, we show the doping dependence
of the linewidth γG and inverse lifetime of electron-hole pairs 1/τop(ωG) at
300 K. In panel g we show how the intraband contribution to the linewidth
becomes increasingly more important with doping in relative terms. This
result also explains the decrease and subsequent increase of phonon line-
width γG, as a function of graphene doping with FeCl3

57. The increase as a
function of doping was explained in ref. 57 in terms of electronic state
broadening due to electron-electron scatterings inRamanprocess, however,
here we show that the EPC-related scatterings could also explain this
behavior. In Fig. 5h we show the linear dependence of the electron-hole
inverse lifetime on doping. The slope of the curve amounts to 0.027, similar
to the estimated value of 0.021 reported in ref. 57 for intraband EPC-related
transitions near EF.

Having established the important role of the dynamical intraband
contribution to the phonon self-energy at higher temperatures and dopings,

Fig. 5 | The role of electron-mediated anharmo-
nicity in doped graphene. For the three doping
regimes, we show the total G mode frequency ωG

renormalization in (a, c, e); and linewidth γG
induced by EPC in (b, d, f). The intraband phonon
self-energy contribution leads to the observed trend
of (a) frequency decrease with temperature and (b)
linewidth increase with temperature. c For larger
doping, we observe an even larger importance of the
intraband contribution representing electron-
mediated phonon-phonon coupling. For graphene
doped up to the VHS, the intraband contribution is
the dominant contribution, and leads to a large non-
monotonic e frequency and f linewidth temperature
dependence. Note that in (e) and (f), the intraband
contribution (yellow curve) is hidden behind the
total result (red curve). g Comparison between the
first-order interband (grey) and total contribution
(red) to the linewidth γG at 300K for various dopings
(x-axis in meV). The right y-axis is for the case of
highest doping (VHS), while the left y-axis is for the
rest. hDoping-dependent electron-hole pair inverse
lifetime 1/τop(ωG) at 300 K.
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we simulate the full Raman spectrum of graphene, with both the EPC and
standard anharmonic effects obtained with SSCHA and TDEP. Note that
here in themain text we report the TDEP anharmonic results obtainedwith
stochastic sampling of the potential energy surface, i.e., sTDEP, while in the
Supplementary Fig. 2we show and compare the TDEP results based onMD
and PiMD.

Results are presented in Fig. 6 at a smaller temperature range than in
Fig. 5. The chosen dopings are compared to Raman experiments done on
pristine graphene and graphite in panels a, b44,50,53 and doped graphene on
SiO2 in panels c, d12. Frequency dependence is largely determined by the
anharmonic effects for bothdoping regimes, since the intrabandEPC effects
start contributing at larger temperatures.With both sTDEP and SSCHAwe
obtain a fairly good agreement with the temperature frequency trend
observed in experiments for both cases. The SSCHA and sTDEP results
greatly overlap, proving the equivalence of the two methods. Note that the
full results, which include both EPC effects and standard anharmonicity,
slightly overestimate the experimental values for the undoped graphene (by
0.5–1meV), however, it is important to observe that the difference between
our results and experiments is within the same scale as the difference
between various experimental results. Moreover, the shift of our result with
respoct to the experimental values can also be attributed to the fact that our
DFPT calculation does not account for lattice thermal expansion. Lattice
expansion would lead to a slight reduction of the phonon frequencies.

The importance of the proper inclusion of EPC effects along with the
standard anharmonicity is more pronounced for the G mode linewidth.
With SSCHA, only three-phonon contributions are included for the line-
widths. In agreement with ref. 49, we find that these three-phonon con-
tributions are rather small, and even together with the much larger EPC
effects, the experimental linewidth values are still underestimated. In Sup-
plementary Fig. 3, we show that the three-phonon contributions as obtained
with SSCHA and sTDEP are quite similar. With TDEP we are able to
account for the four-phonon contribution that is an order of magnitude

larger than the three-phonon term (see Supplementary Figs. 3 and 4),
leading to an excellent agreement with the experimental linewidths. This
may raise the question of the importance of even higher orders. However,
the larger magnitude of four-phonon compared to three-phonon terms is
not due to a higher energy contribution of fourth-order anharmonicity but
to the mirror-plane symmetry of graphene, which forbids any interaction
involving an odd number of flexural phonons. This sum rule drastically
restricts thenumberof available three-phononprocesses, leading to its lower
contribution, while the four-phonon term are less affected. Since forces
predicted by the anharmonic potential up to fourth-order allow for an
accurate reproduction of the full anharmonic forces, as shown in Supple-
mentary Fig. 5, we should expect higher-order terms to bemainly negligible.
In Supplementary Figs. 4 and 6 we show that the inclusion of the quantum
thermal expansion significantly impacts the four-phonon contribution and
is important to reach the final agreement with the experiments. A classical
approach in the volume expansion calculation leads to an overestimation of
the phonon linewidth.

Out-of-equilibrium conditions
We now turn to a slightly different scenario achieved in ultrafast Raman
experiments. Themain distinction of the ultrafast regimewith respect to the
continuous wave measurements is that thermal equilibrium between the
electron and phonon subsystems is not achieved13,89. In one particular case,
where Te≫ TG, we expect the EPC to play the leading role, as anharmonic
effects are not driven by the electronic temperature. We employ the same
methodology as for the equilibrium case, but instead of setting the G mode
temperature equal to the electronic one, we keep the Gmode at 300 K, and
vary the electronic temperatureTe. In order to simulate the experiment done
in ref. 13, we perform our calculations on doped graphene with EF = 250
meV. In Fig. 7 we show the inverse lifetime of electron-hole pairs and their
energy renormalization, calculated by progressively more complete
approaches. As for the equilibrium case, taking into account the
temperature-dependent quasiparticleDOS leads to the largest contributions
to both quantities. However, for Te ≫ TG, an order of magnitude is lost in
comparison with respect to results presented in Fig. 3, due to the large
magnitude of the Bose-Einstein distribution factors for high phonon tem-
peratures. The G mode frequency dependence in the non-equilibrium
regime is nowalmost entirely the result of the interbandphonon self-energy.
The experimentally observed trend is reversed from the equilibrium one

Fig. 6 | Total temperature dependence of the G phonon mode in equilibrium
graphene. For the two different doping regimes, indicated at the top of the respective
panels with the corresponding Fermi energies, we show the total EPC and
anharmonicity-induced G mode (a, c) frequency renormalization and (b, d) line-
width as a function of temperature. We compare anharmonic effects obtained with
sTDEP and SSCHA. a, c Anharmonic effects have a prevailing temperature
dependence at smaller temperatures shown here and determine the G mode fre-
quency decrease with temperature observed in experiments12,53. b, d Linewidth
increases with temperature in accordance with the observations in ref. 12,44,50,53.

Fig. 7 | Phonon dynamics in non-equilibrium graphene. a, b Electron-hole pair
and (c, d) G mode properties out of equilibrium for EF = 250 meV. Phonon tem-
perature is kept constant (300 K). The effects of changing the electronic temperature
are visible in (a, b) the electron-hole pair self-energy through the temperature-
dependent quasiparticle DOS. Both the G mode frequency (c) and its linewidth (d)
increase with temperature, as reported in ref. 13.
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(i.e., increase of the frequency with increasing temperature)13,89,90. Our cal-
culations explain that this is due to the decreased impact of the anharmonic
and EPC intraband contribution, and reproduce the slope very well. The
temperature dependence of the linewidth does not change qualitatively in
comparisonwith the equilibriumcase, but itsmagnitude is reduced. The key
role belongs to the intraband EPC contribution.We consider EPC to be the
driving mechanism behind the temperature dependence in the none-
quilibrium case, making the accurate calculation of the EPC phonon self-
energy even more essential.

Discussion
In this work, we revisit the EPC theory in graphene and reveal its effect
on the temperature-dependent properties of the G-mode Raman
spectral features. The long-wavelength phonons are screened by the
first-order interband NA coupling and the higher-order dynamical
intraband term, which can be seen as electron-mediated phonon-
phonon coupling. The latter effect is essentially anharmonic and, in
combination with conventional anharmonicity, captures the full tem-
perature dependence of G mode frequency and linewidth, in line with
experimental results. We believe this type of approach is crucial to
describe Raman experiments for materials with significant coupling of
electrons to Raman active modes. In graphene, we find that the EPC-
induced and conventional anharmonicities play different roles in dif-
ferent doping regimes. In undoped samples, standard anharmonicity is
the dominant contribution to the phonon dynamics, while for the
moderately- to highly-doped graphene, the electron-mediated pho-
non-phonon coupling is crucial. The latter EPC effect is also essential to
understand Raman features in non-equilibrium graphene. As for the
lattice-driven anharmonicity, by comparing SSCHA and TDEP cal-
culations, we show that four-phonon scattering contributions are more
important than the three-phonon scattering for the G phonon line-
width, and that the quantum thermal expansion effects are crucial for
obtaining the right values for the four-phonon part.

In conclusion,we emphasize that thepresent theory couldbe applied to
any material with strong non-adiabatic effects24, such as doped layered
materials like transition metal dichalcogenides9, hole-doped diamond17, or
MgB2-related compounds132. The present EPC effectsmight also explain the
non-monotonous linewidth behavior in Weyl semimetals, as the standard
anharmonic effects are unable to describe the observed temperature
dependence52,133–136. In some CDW materials, it could be the leading
mechanism behind the CDW transition86 and it could also be important for
strongly coupled or soft phonons away from the Brillouin zone center88. In
that case, it could provide a leading contribution to the formation of the gap
or pseudogap87, as well as to the value of the CDW transition temperature86.
Furthermore, our EPC theory could explain the non-monotonous tem-
perature dependence of the phonon linewidth observed for the pristine
Ru(0001) surface137.

Methods
Electron-phonon contribution
From first principles, we calculate electron and phonon properties with
QUANTUMESPRESSO138–140 and EPCwith the EPW code141–143. We use a
norm-conserving scalar pseudopotential from PseudoDojo144 with an
energy cutoff of 100 Ry. The relaxed lattice constant is 2.448Å, and the
periodic graphene planes are separated by 12Å. We use the Fermi-Dirac
smearing with T = 800 K.

For the full Brillouin zone phonon calculation, needed for the Eliash-
berg function calculation, we use a uniform coarse 48 × 48 k-mesh. The
phonon calculation is done on a uniform coarse 24 × 24 q-mesh. For the
EPC calculation, we usemaximally localizedWannier functions145, with five
initial projections corresponding toone sp2 orbital and twopzorbitals on the
C atom sites. The resultingWannier functions lie on top of the two C atoms
from the unit cell and on the bond centers. Smearing in the EPWcalculation
is set to 30 meV, while the electronic temperature in the Fermi-Dirac dis-
tribution functions is set to 800 K (this stabilizes the DFT and DFPT

calculations as well). The fine k- and q-meshes are 400 × 400 and 200 × 200,
respectively.

For the Γ point phonon and EPC calculations, we sample the k-space
more densely using a 96×96 coarsemesh. The electronic temperature in the
Fermi-Dirac distribution functions varies in our calculations. The fine
k-mesh for the G phonon is then set to 1000 × 1000.

Anharmonic contribution
SSCHA calculations are performed in a 9 × 9 supercell. The value of Kong-
Liu threshold ratio is set to 0.5 andweuseup to6000 randomconfigurations
in order to achieve convergence.

The TDEP extractions of interatomic force constants are performed in
a 10 × 10 supercell, followingMD simulations done with LAMMPS146 using
a Langevin thermostat and amachine-learning interatomic potential (MLIP
see below). For each temperature, four 400 ps MD runs in the NVT
ensemble were performed and gathered to ensure a good sampling of the
canonical ensemble.The cutoff for the second-order force constantswere set
to half the simulation cell in the plane. For the third and fourth order
interatomic force constant cutoffs, we used 7.0 and 2.6Å, respectively.
Phonon lifetimes due to phonon interactions were computed using a 128 ×
128 q-points gridwhen only three phonon interactions are considered and a
48 × 48 q-points grid with fourth order (both are well converged).

Construction of a machine-learning interatomic potential
TheMLIP used formolecular dynamics andTDEPwas constructed following
the framework of the Moment Tensor Potential147. The dataset was built self-
consistently, with configurations generated on-the-fly from a molecular
dynamics simulation driven by a pre-trained MLIP. In this MD, a new con-
figuration is extracted every 2 ps, with energy, forces, and stress computed
using DFT before being added to the dataset. At each restart of the MD
simulation, theMLIP is updated.To ensure a gooddescriptionof the system in
thewhole temperature range, at each step, the temperatureof the thermostat in
the MD simulation was chosen randomly between 100 K and 3000 K. The
simulation cell was allowed to expand anisotropically in the plane using a
barostat set to 0GPa, in order to capture the thermal expansion of the system.

The MD simulations were performed with the LAMMPS package147

while the first-principles computation of energy, forces, and stress used in
the MLIP training were done with the Abinit DFT code148.
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