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<latexit sha1_base64="qu53LkMHIKA3Yu6TVfHvwRXujXQ="></latexit>

Separable state [Werner (1989)]

A state ρsep ∈ S(H) is separable if it can be written as a convex combination
of product states:

ρsep =
∑

k

wk

(
ρ(1)k ⊗ · · ·⊗ ρ(N)

k

)

with wk ≥ 0,
∑

k wk = 1. Otherwise, it is entangled.
<latexit sha1_base64="iBXe2QXU0d8gnkHAluOsyskNiLo="></latexit>

Negativity [Peres (1996)], [Horodecki et al. (1996)]

The negativity is an entanglement witness (sometimes a measure), defined as

N (ρ) = −2
∑

µk<0

µk

where µk are the eigenvalues of the partial transposition ρTA

<latexit sha1_base64="oXfpShhOooQd8/dsGMA/WP9lZ/U="></latexit>

• N (ρsep) = 0 for any separable state
• Invariant under local unitary transformations
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[Verstraete, Audenaert & De Moor (2001)]

<latexit sha1_base64="5zsZzTVyeU/nccWmGgtA9iBX8M8="></latexit>ρ

<latexit sha1_base64="ly0fhtWyEY+9CfI4gJGLmzxTkMM=">AAAFl3icbVRdb9MwFM22Fkb52uAJ8RJIEZ0UqjjrJ0JigmndAw8bYx/SMiYncVprjhPFTtsQZT+Ef8YP4H9gN+lo01mK5N57zrn3Htu1Q4IZN4w/a+sbleqDh5uPao+fPH32fGv7xRkL4shBp05AgujChgwRTNEpx5ygizBC0LcJOrdvvsr8+RhFDAf0B09CdOXDIcUediAXoevtjd9WhCiaOIHvQ+qm1hg52SW4Si0f8pHtpR </latexit>

• Goal : Find the maximum entanglement (negativity) of ρ in its SU(4)-orbit

<latexit sha1_base64="YRTsaRCUB+BgEYYh91kA4Q4y1TY="></latexit>

S(H) = {ρ : ρ ≥ 0, ρ = ρ†,Trρ = 1}

<latexit sha1_base64="asNLVCH9oZdxZuZZwuwD3b608nI="></latexit>

ρψ = |ψ〉〈ψ|

<latexit sha1_base64="m2n0v6HuGndmV23SmJcLcO97BLM="></latexit>

H ! C2
⊗ C2

! C4

<latexit sha1_base64="4xSEeaQoK2XzoGMfXnm4FWdS3wA=">AAAFf3icbZRbb9MwFMezrYVRLtvgBcRLIEUMKaridL1JPEwwaTzwMBi7SMuonMRJrTlOiJ22IcoL35IPwAPfAjtJR5vOkiX7nN85PucfO3ZEMOOG8Xtjc6vRvHd/+0Hr4aPHT3Z2956eszCJHXTmhCSML23IEMEUnXHMCbqMYgQDm6AL++aj9F9MUcxwSL/xNELXAfQp9rADuTCN97Z+WTGiaOaEQQCpm1lT5ORX4DqzAsgntp </latexit>

• Spectrum λ0 ≥ λ1 ≥ λ2 ≥ λ3 ≥ of ρ invariant along the orbit
<latexit sha1_base64="Oo6gMx2MhhnVhh3SBDgvsSNimgU=">AAAFP3icbZTLbtNAFIbdJkAJtxaWbAIuUpGsyOM2l0osqlJUFizKpRepLtXYPnFHHY8tzziJsfxAPAZPwJY+AGKH2LJjxnZK4nQkS+NzvvOfi2fsRJRwYZpXS8uN5q3bd1butu7df/Dw0era4yMeJrELh25Iw/jEwRwoYXAoiKBwEsWAA4fCsXP5WvmPRxBzErJPIo3gLMA+I0PiYiFN52uNXTsGBmM3DALMvMwegZuforPMDr </latexit>

• Entanglement varies along the orbit

<latexit sha1_base64="S0dKT1EY+CO5p86UrDUZkDvmhCI="></latexit>

Unitary orbit of ρ: {UρU † : U−1 = U †}

<latexit sha1_base64="3+e7Lj7GGc89Edzx74jnzpopA3A="></latexit>

UρU †

<latexit sha1_base64="T+6bvRWnYfAwCxLYCPYdoZ4aH2s="></latexit>

ρMM ∝ 1
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[Verstraete, Audenaert & De Moor (2001)]
<latexit sha1_base64="DexntI2o9WZYwt7AFySQSyYrFN8=">AAAGHHicdZTNbtQwEIAD7PKz/BU4ciCQIrUiVHHa3W4RSAiQygEh/hYqNe3KSbypVccJsdNusMyRx+AJuMITcENckXgA3gM7yS67abFkyZ75ZjwzHttPCWbccX6fOHmq1T595uy5zvkLFy9dXrhy9S1L8ixAgyAhSbblQ4YIpmjAMSdoK80QjH2C3vn7j7X+3QHKGE7oG16kaCeGEcUjHECuRMMrrRtehig6DJI4hjQU3gEK5D </latexit>

• Result : max
U∈SU(4)

N
(
UρU †) = max

(
0,
√
(λ0 − λ2)

2 + (λ1 − λ3)
2 − λ1 − λ3

)

<latexit sha1_base64="m2n0v6HuGndmV23SmJcLcO97BLM="></latexit>

H ! C2
⊗ C2

! C4

<latexit sha1_base64="sfDCBb0J9VQnr5qTZyC3X+usRe0=">AAAFtnicbVTbTtRAGC6wq7ieQC+9qXZNMDak02VPxgsUIl6YiCJgQoFM2+kyYXpgZspunZT38lF8AN/Dmba77hYmafL3+7//+w9zcBOCGbesP0vLK43mvfurD1oPHz1+8nRt/dkRi1PqoUMvJjH96UKGCI7QIcecoJ8JRTB0CTp2L3eU//gaUYbj6AfPEnQawlGEA+xBLqHz9ZXfDkURGntxGMLIF8418vITcCqcEPILNxAGyP </latexit>

• Corollary : ρ is AS iff λ0 ! λ2 + 2
√

λ1λ3

<latexit sha1_base64="Lv+GbZ1yp6UlhMXw7dKFtdG+FKs=">AAAbgnictVlrb+PGFZ1Nt6mjPrKbfPQXqV4DuwVhkJSoBxADsb2FAzRFtus6WcDyLobkSCJEkQI5Wkkh+EP6tf1V/Tc9M3yIL6/c2BE9fMycOffcO3dmKNlcuk7IVfW/Tz77zdPffv67gy9av//DH//05bPnX/0Y+qvAYteW7/rBO5OGzHU8ds0d7rJ3y4DRhemyn8z5hWj/6SMLQsf3/sm3S3a7oFPPmTgW5ajynz/9nIxJQB </latexit>

AS state [Kuś, Życzkowski (2001)]

A state ρ ∈ S(H) is Absolutely Separable (AS) if

ρ′ = UρU †

is separable for any unitary transformation U .
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<latexit sha1_base64="5zsZzTVyeU/nccWmGgtA9iBX8M8="></latexit>ρ
<latexit sha1_base64="wQCxTZNfPtHT5oJ67GzphcFSfFQ="></latexit>

S(H)
<latexit sha1_base64="N+26V2/Phd8xDmMII+hvzgdXY1E="></latexit>AS set

<latexit sha1_base64="GJ8sbQMv1/P4Pd5rN3HJ+VNwFNI="></latexit>separable states

<latexit sha1_base64="juExsydG6KsHYWkeC5+qlvVBujg="></latexit>entangled
states

<latexit sha1_base64="umtdCKPJNFS0KAvObCg/xsdiGM0="></latexit>

• Ball of AS states around the MMS [Życzkowski (1998), Gurvits & Barnum (2002)]

<latexit sha1_base64="05jNA2xBI+bD2duTxn7ceJRnDJQ="></latexit>

• S(H) is a convex and compact set
<latexit sha1_base64="5a5w80yR8Bvom7tEUgdZho64wJQ="></latexit>

• Separable states form a convex and compact set Ssep ⊂ S

<latexit sha1_base64="T+6bvRWnYfAwCxLYCPYdoZ4aH2s="></latexit>

ρMM ∝ 1

<latexit sha1_base64="w7ut3IPKsrJFppocHCur7iuVP7c="></latexit>

• AS states form a convex and compact set Asep ⊂ Ssep

<latexit sha1_base64="7rjLdMNbU/IM/7FwS9nVUax97kE="></latexit>

dim(H) < ∞

<latexit sha1_base64="5W468gAZ3hsUKZJAVP+hen15Wz4="></latexit>

H = HAB ≡ HA ⊗HB
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S(H)
<latexit sha1_base64="N+26V2/Phd8xDmMII+hvzgdXY1E="></latexit>AS set

<latexit sha1_base64="GJ8sbQMv1/P4Pd5rN3HJ+VNwFNI="></latexit>separable states

<latexit sha1_base64="juExsydG6KsHYWkeC5+qlvVBujg="></latexit>entangled
states

<latexit sha1_base64="7rjLdMNbU/IM/7FwS9nVUax97kE="></latexit>

dim(H) < ∞

<latexit sha1_base64="T+6bvRWnYfAwCxLYCPYdoZ4aH2s="></latexit>

ρMM ∝ 1

<latexit sha1_base64="J7k1p2Ggn0Q3gJb6kxi2mU1/3Ds="></latexit>

• Noise Resilience → remain separable under arbitrary unitary noise
<latexit sha1_base64="MiJVIDw9W+Kp7Lt6d3QDbe/S8OY="></latexit>

• Quantum Control → cannot be entangled via any global control operation
<latexit sha1_base64="u+gp0lSGhNU4czyg77MJ6t27XVQ="></latexit>

• Quantum Thermodynamics → relevant in studies of passive states and
thermalization

<latexit sha1_base64="5W468gAZ3hsUKZJAVP+hen15Wz4="></latexit>

H = HAB ≡ HA ⊗HB



Known results for bipartite systems

Polytechnic University of Hong Kong, 14 July 2025

8Symmetric Absolutely Separable states

<latexit sha1_base64="enKtMqYJDUxjw+MTtqveyU8T9w4="></latexit>

→ what about symmetry-constrained systems ?

<latexit sha1_base64="9JVT/anmRoxYBLd8X3jsp9QWOfE="></latexit>Exact results for maximum entanglement in larger systems remain incomplete

<latexit sha1_base64="BCk12DRIv9riYdJdHqZYzvHmhjE="></latexit>

• H ! C2
⊗ C2 : ρ is AS iff λ0 ! λ2 + 2

√
λ1λ3

<latexit sha1_base64="5eqkIMjF/kT+KcfkE9BN7BVko44="></latexit>... but exact results for absolute separability

Partial results for qubit-qutrit: Mendonça, Marchiolli, Hedemann (2017)

<latexit sha1_base64="4OMIQ5TtqRvvWufLZ28ykwjCayc="></latexit>

• H ! C2
⊗ Cm : ρ is AS iff λ0 ≤ λ2m−2 + 2

√
λ2m−3λ2m−1

[VAD (2001)]

[Johnston (2013)] 
based on PPT

<latexit sha1_base64="w0gZc3+SLgeSdbTranol6394x3E="></latexit>

• H ! Cn
⊗ Cm : ? (only sufficient conditions)
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• Open question: AS set = APPT set? Johnston (2013)

Hildebrand (2007)

<latexit sha1_base64="sr7FNe2EyrSGc/5qqWCV2JlDW/o=">AAAXxHictVhbb+O4FfZu03br3ma2D3noi1wnwAwgBJIcyzbQABsnbfZh200nk90BokxASbRNhJJcUU6iFdR/1R9T9LX9Hz0kdaU1m+kma4SCQn48/M7huVB015SwxDD+9cmnP9n56c9+/tkv+r/81a9/89sXLz//hkWb2MOXXkSj+J2LGKYkxJcJSSh+t44xClyKv3VvT/j4t3c4ZiQK3ybpGl8HaBmSBfFQAl03L3f+6sQ4xP </latexit>

APPT state

A state ρ ∈ S (HAB) is Absolutely PPT (APPT) if

ρ′ = UρU †

is PPT for all unitary transformation U , i.e.,

min
U

λmin

(
UρTAU †)

≥ 0

<latexit sha1_base64="O+Jtg+kpUjThitqASvH50EOHmEg=">AAAFi3icbZTbbtMwGMezrYVRGGxwuZtAOmmToipO18MQFxsMjQsuCuwkLaNyHKez5jghdtqGKK/A+/EAPAL3OIeONq2lSM73/f7fKXbsgBIuDOP32vpGrf7o8eaTxtNnW89fbO+8vOR+FCJ8gXzqh9c25JgShi8EERRfByGGnk3xlX3/IfNfjXHIic/ORRzgWw+OGHEJgkKahjsbv6wQMzxBvudB5iTWGKP0BtwmlgfFne0mGk </latexit>

• The set of APPT states is convex and compact (APPT ⊆ Asep)

<latexit sha1_base64="dfg53bSSqJ0v1tEORFdsss4Qg/s=">AAAFjHicbZTrbtMwFICzrYVRYGzwE34EsqFNiqok61WANGBiTNqkArtJy5gcx2mtOU6InbUhyl6B5+MBeAV+YzfpaNNZinRyzneuPokTEsy4YfxeWFyqVO/dX35Qe/jo8cqT1bWnJyyII4iOYUCC6MwBDBFM0THHnKCzMELAdwg6da4+SvvpNYoYDugRT0J04YM+xR6GgAvV5drSLztCFA1h4PuAuql9jWB2bl6ktg/4wPFSzc </latexit>

• The set of APPT states is fully characterized in terms of LMI
(Linear Matrix Inequalities)

<latexit sha1_base64="tt5EUibYmDU0NbHNmnpBwY6ZVnQ="></latexit>

2× n systems !
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Hildebrand (2007)
<latexit sha1_base64="dfg53bSSqJ0v1tEORFdsss4Qg/s=">AAAFjHicbZTrbtMwFICzrYVRYGzwE34EsqFNiqok61WANGBiTNqkArtJy5gcx2mtOU6InbUhyl6B5+MBeAV+YzfpaNNZinRyzneuPokTEsy4YfxeWFyqVO/dX35Qe/jo8cqT1bWnJyyII4iOYUCC6MwBDBFM0THHnKCzMELAdwg6da4+SvvpNYoYDugRT0J04YM+xR6GgAvV5drSLztCFA1h4PuAuql9jWB2bl6ktg/4wPFSzc </latexit>

• The set of APPT states is fully characterized in terms of LMI
(Linear Matrix Inequalities)

<latexit sha1_base64="+eHpPrQlRMRwh85X9+x4uGRfKOs="></latexit>(
2λ2n λ2n−1 − λ1

λ2n−1 − λ1 2λ2n−2

)
" 0

<latexit sha1_base64="T2fPqt+82CLTM7CgygFamvyQn58="></latexit>

2× n:

<latexit sha1_base64="GxDzJ5cLWlq3ZnwwLf3Q8H4m39c="></latexit>

3× n:
<latexit sha1_base64="09H6Xj9++rCqBL9PWDecb37G66k="></latexit>


2λ3n λ3n−1 − λ1 λ3n−3 − λ2

λ3n−1 − λ1 2λ3n−2 λ3n−4 − λ3

λ3n−3 − λ2 λ3n−4 − λ3 2λ3n−5



 " 0




2λ3n λ3n−1 − λ1 λ3n−2 − λ2

λ3n−1 − λ1 2λ3n−3 λ3n−4 − λ3

λ3n−2 − λ2 λ3n−4 − λ3 2λ3n−5



 " 0

<latexit sha1_base64="Ao8PIW2JAR/m/N0ceWi/mD8iyqw="></latexit>

(n ≥ 3)

<latexit sha1_base64="AUszoNU4d3O72qWK2b3pF0ePMgw=">AAAFpnicbZTdb9MwEMAz1sIoX+t45KWQIg0pquJs/ZjEwwSTxgNCg9Ft0jKKk1xba44TYmdtiLL/k1f+EuwkHW06S5HOd787353PcUJKuDDNPxsPNmv1h4+2HjeePH32/MV2c+eMB3HkwtANaBBdOJgDJQyGgggKF2EE2HconDvXH5X9/AYiTgL2XSQhXPl4wsiYuFhI1ai5mdoRMJi5ge9j5qX2DbjZJbpKbR+LqTNOdZRlDX </latexit>

• State ρ with eigenspectrum λ1 ≥ λ2 ≥ . . . ≥ λm×n
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SAS state

A state ρS ∈ S(HS) is Symmetric Absolutely Separable (SAS) if

ρ′S = USρSU
†
S

is separable for any symmetry-preserving unitary transformation US .

<latexit sha1_base64="HXCe7yeB/o4lNwondGBY7aGDlo4=">AAAXqXictVjdcuO2FVZSJ03VJN1NL3zRG6qyZ9IJx0NSFiV16pms7Y5zkUycdTbZiel4QBKSUJGEhoQsMxy+SJ+mt+0b9G16APAX4sbb2NGYHBr4cPB9BwfngHTXAUmYYfz3nXd/s/fe+7/94Hf933/40cd/ePb8k+8Suok9/MqjAY1fuyjBAYnwK0ZYgF+vY4xCN8Dfu6sz3v/9HY4TQqNvWbrGNyFaRGROPMSg6fb53siJcY </latexit>

Symmetric state

A state ρS is symmetric if it is supported on HS :

ρS = PSρSP
†
S

where PS is the projector onto the symmetric subspace HS ⊂ H spanned
by the Dicke states.
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SAPPT state

A state ρS ∈ S (HS) is Symmetric Absolutely PPT (SAPPT) if

ρ′S = USρSU
†
S

is PPT for any symmetry-preserving unitary transformation US .

<latexit sha1_base64="RkFA5cWU6TxmO4kZjkz+/85l7a4="></latexit>

• The AS and SAS states are fundamentally different:
<latexit sha1_base64="yC+khKEACbqVH9xfkN7zTaVq3bU="></latexit>

− SAS states are low-rank states

− no SAS state is also AS (except the symmetric MM state for two qubits)

− SAS states ≡ Absolutely classical spin-j states [Bohnet-Waldraff, 
Giraud, Braun (2017)]
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| i

<latexit sha1_base64="t+dvIioxQFWe8DARrtygQMvaUbU="></latexit>

| i
<latexit sha1_base64="t+dvIioxQFWe8DARrtygQMvaUbU="></latexit>
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<latexit sha1_base64="t+dvIioxQFWe8DARrtygQMvaUbU="></latexit>
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|�1�

|�2�

|�3�

J. H. Hannay, J. Mod. Opt. 45, 1001 (1998); J. Phys. A: Math. Gen. 31 L53 (1998) 
P. Bruno, Phys. Rev. Lett. 108, 240402 (2012) 
C. Chryssomalakos et al., J. Phys. A: Math. Theor. 51, 165202 (2018) 
P. Aguilar et al., J. Phys. A: Math. Theor. 53, 065301 (2020)

Ettore Majorana
(1906–1938?)

<latexit sha1_base64="caX6y5PhVtWfA2NhXWnwwciAXfo="></latexit>

Spin-j state

<latexit sha1_base64="wBc6dI0WyWF4zmSi5MUQJQS8gZU="></latexit>

Multipartite state of 2j spin- 12
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Single spin-j state |�j� N � 2j-qubit symmetric state |�S�
<latexit sha1_base64="iLHIzXUPfCbJvSjthn+dsGl86z0="></latexit>

spin operators J2, Jz
<latexit sha1_base64="qrj8pkoQQBoSlMhpPZ8EFy0/ARA="></latexit>

standard basis {|j,m〉}
<latexit sha1_base64="S4HqpWj7PoH3ywJRgSYTAi/P5NE="></latexit>full Hilbert space H

<latexit sha1_base64="3escwC42de4j8ZIhG/t/aHqHwAE="></latexit>coherent state
<latexit sha1_base64="FoaErLTK+QT6wDvR4OEUmEHEmg8="></latexit>rotation

<latexit sha1_base64="wBn5KFPQZR34BvFXdobHhbuCSQQ="></latexit>anticoherent state

<latexit sha1_base64="FyTwLLfj0erRKrEAK3mqAcI+rmU="></latexit>

collective spin operators S2, Sz
<latexit sha1_base64="G7eXPanPDbTrbKrrJOlr2RWdYV4="></latexit>

symmetric Dicke basis {|D(j−m)
N 〉}

<latexit sha1_base64="ZFwKepxXHFbt1X+IoKq5rkc+Js8="></latexit>symmetric subspace HS

<latexit sha1_base64="YCkY9AlHidpt1cDvxU6RyGx8YQE="></latexit>symmetric separable state
<latexit sha1_base64="um5erp66hTGwfO2Xne7WiwzwxGs="></latexit>

local unitary transf. U⊗N

<latexit sha1_base64="wWiVq8HLiKnlOjTdEkgg9RFM6/I="></latexit>maximally entangled
symmetric state

[Baguette, Bastin, Martin (2014)]



SAS and SAPPT states: open questions
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?

<latexit sha1_base64="r89maeN/H8JRbu7vgcq6S+NfCC8=">AAAFaHicbZRLb9NAEMfdJoESXikcEOJi6iIVyYq8TvOoxKFApXLgEOhTqttqvV4nq6wf8q6bGMv9kNz4AFz4BBzZtZ2SOF3J0nrm95+dGc/aDilh3DB+ra3X6o0HDzceNR8/efrseWvzxSkL4gjhExTQIDq3IcOU+PiEE07xeRhh6NkUn9mTz9J/doMjRgL/mCchvvTgyCcuQZAL0/VmbWJF2MdTFHge9J3UusEouwCXqeVBPr </latexit>

• The set of SAPPT states remains to be fully characterized open question

<latexit sha1_base64="1PraOBo1r03Her+w1wi0IPMB6aA=">AAAFSnicbZTbbtMwGICztYNRThtcclPIkIYUVXHW0ySQBkwaF1wUdpSWMTmO21lznCh21gYrT8LTcAu8AK/BHUJC2Ek62nSWIv3+/+8/2o4XUcKFbf9cWq7VV27dXr3TuHvv/oOHa+uPjniYxAgfopCG8YkHOaaE4UNBBMUnUYxh4FF87F2+1fbjKxxzErIDkUb4LIAjRoYEQaFU5+u1thtjhscoDALIfOleYZSdgjPpBlBceE </latexit>

• SAS set = SAPPT set open question



Maximal negativity of symmetric two-qubit states
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[Martin, Serrano Ensástiga (2023)]

<latexit sha1_base64="a9gYqG3jyN+K94hegWF3cqhOKaU=">AAAGBnicdZTdbtMwFMfDaPkoXwMuuQlkSJsIU5ytXYdAQjBpXCAEjA6kZaucxM2sOU6Ina3B8q55Am7hCbhD3PIaPADvgZ2ko81GpKjuOb/z9znHPvFTghl3nN/n5s632hcuXrrcuXL12vUb8zdvbbMkzwI0CBKSZB98yBDBFA045gR9SDMEY5+g9/7Bc+1/f4gyhhP6jhcp2o1hRPEIB5Ar0/Bm67KXIYqOgiSOIQ2Fd4gCuQ </latexit>

• Result : max
US∈SU(3)

N
(
USρSU

†
S

)
= max

(
0,
√

λ2
0 + (λ1 − λ2)

2 − λ1 − λ2

)

<latexit sha1_base64="fAa1rplweTcPVPaqglcrVn9oj5s=">AAAFpXicbZTrbtMwFICzrYVRLtvgJ38CGWKIqIqz9TKEYLBJ4wdIg12lZVRO4nTWnMtiZ22wvOfhlXgA3gM7SUebzVIk55zvXH1sNyGYMsv6Mze/0Gjeu7/4oPXw0eMnS8srT49onKUeOvRiEqcnLqSI4AgdMswIOklSBEOXoGP3Ylvpj69QSnEcHbA8QWchHEY4wB5kUjRYWfjtpChCIy8OQxj53LlCnjgFZ9wJITt3A24AIV </latexit>

• Corollary : ρ is SAS iff
√

λ1 +
√

λ2 ≥ 1

<latexit sha1_base64="5zsZzTVyeU/nccWmGgtA9iBX8M8="></latexit>ρ

<latexit sha1_base64="7BFz33xf4AprcCNJHKdevc5C1OA="></latexit>ρS

<latexit sha1_base64="wQCxTZNfPtHT5oJ67GzphcFSfFQ="></latexit>

S(H)

<latexit sha1_base64="NlY+Za8iu4UXgJ1HzTpCvw48luI="></latexit>

ρψS = |ψS〉〈ψS |
<latexit sha1_base64="2dH5+p3iEG/LxxUJqcySYiN5ZQc="></latexit>

S(HS)

<latexit sha1_base64="k+kB0IIXxSx5yBLxSerKluEVoqs="></latexit>

USρSU
†
S

<latexit sha1_base64="T+6bvRWnYfAwCxLYCPYdoZ4aH2s="></latexit>

ρMM ∝ 1
<latexit sha1_base64="nhM4fa6YFFDGGb68vzdXBJUfjG0="></latexit>

ρMM
S

<latexit sha1_base64="qWnXN0L3GMYB4ziC5MfWQPypUz0="></latexit>

ρMM
S : maximally mixed state in

the symmetric subspace

<latexit sha1_base64="htOqDh7R/KVIi+/tA0mrDP82UXw=">AAAFmXicbVRdb9MwFM22Fkb52uBxL4EUqZVCFafrF+JhwEQnxMOg7ENaRuUkbmvNcaLYaRui7Jfwx/gB/A/sJh1tOkuR3HvPOffeY7t2QDDjhvFna3unVH7wcPdR5fGTp8+e7+2/OGd+FDrozPGJH17akCGCKTrjmBN0GYQIejZBF/bNJ5m/mKKQYZ/+4HGArj04pniEHchFaLi/89sKEUUzx/c8SN3EmiInvQLXieVBPrFHiQ </latexit>

• Goal : Find the maximum entanglement (negativity) of ρS in its SU(3)-orbit

see also [Champagne (2022)]



Maximal negativity in the unitary orbit
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<latexit sha1_base64="ueh6+wqv/kuthF/jhTDoAUqDViU="></latexit>SAS

[Martin, Serrano Ensástiga (2023)]

<latexit sha1_base64="ueh6+wqv/kuthF/jhTDoAUqDViU="></latexit>SAS
<latexit sha1_base64="tITyPdZBRj3wviMzRNP6AM8Em/c="></latexit>

N = 2
<latexit sha1_base64="dc4mbF0y5pgEt4Lh9RLVLAKDOnQ="></latexit>

N = 3



SAS states for any N
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[Martin, Serrano Ensástiga (2023), Champagne (2022)]

<latexit sha1_base64="CExgIpwiHALR7XLxiF0/Zsp9zwg=">AAAFR3icbZRNb9MwGMeztYNR3jY4cglkSEOKqjhbXyZxGGPSEGLSoOxFWsbkOE5nzXGi2FkbonwoPgafAHGDA2duiCN2ko42naVIzvP8nrd/7LgRJVxY1veFxUZz6dbt5Tutu/fuP3i4svroiIdJjPAhCmkYn7iQY0oYPhREUHwSxRgGLsXH7uVr5T++wjEnIfso0gifBXDIiE8QFNJ0vtp468SY4REKgwAyL3OuMMpPwVnmBF </latexit>

• Ball of SAS states around the symmetric MMS [Bohnet-Waldraff (2017)]

<latexit sha1_base64="5zsZzTVyeU/nccWmGgtA9iBX8M8="></latexit>ρ

<latexit sha1_base64="7BFz33xf4AprcCNJHKdevc5C1OA="></latexit>ρS

<latexit sha1_base64="wQCxTZNfPtHT5oJ67GzphcFSfFQ="></latexit>

S(H)
<latexit sha1_base64="2dH5+p3iEG/LxxUJqcySYiN5ZQc="></latexit>

S(HS)

<latexit sha1_base64="N+26V2/Phd8xDmMII+hvzgdXY1E="></latexit>AS set <latexit sha1_base64="yn/9G+sZ7Kv1TEpIg9VuGVZdbKM="></latexit>SAS set

<latexit sha1_base64="T+6bvRWnYfAwCxLYCPYdoZ4aH2s="></latexit>

ρMM ∝ 1
<latexit sha1_base64="nhM4fa6YFFDGGb68vzdXBJUfjG0="></latexit>

ρMM
S

<latexit sha1_base64="SrFCZC6Q01x5EyFOnYbznoYK6J0="></latexit>

• Polytope (⊃ ball) of SAS states around the symmetric MMS
[Martin, Denis, Serrano Ensástiga (2024)]



SAS states ball and polytope
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[Martin, Denis, Serrano Ensástiga (2024)] [Denis, Davis, Mann, Martin (2023)]

<latexit sha1_base64="ZuhNMcf+dcB7vFH/2WC6wvSSiSY=">AAAX+nictVjdctvGFWZSO03ZJrXTC800N2ApzcgTWAOAIkjOVDPRT0a5SBzHjBPPCLJmASzJHS5+DCxFISju+iS96/S2L5Nn6Ev07OKHwBKOnEjhaGF499uD7zt79pwF7JCSmGnaT++9/7sHDz/4/Yd/6P7xTx99/OdHjz/5Pg5WkYNfOgENolc2ijElPn7JCKP4VRhh5NkU/2AvT/n4D9c4ikngf8eSEF96aO6TGXEQg66rxw </latexit>

SAS states polytope

An N–qubit symmetric state ρS ∈ S (HS) with eigenspectrum λ =
(λ0,λ1, . . .) is SAS if

λ↓∆↑T ! 0 with ∆k = (−1)N↓k

(
N + 1

k

)

<latexit sha1_base64="oBiK4TpFR421EybW5CtoX1WGAic=">AAAXuXictVhbc9s2FlZb77ZVt9uk++CHvlCVPeNsGA9JWZQ0u5mpLzvuQzfNRk2bGdP1gCQkYQ2SCgHZZjn8Q/01fW1/TQ/Ai0iIqdPa1RgcGvhw8J2DcwHhLilh3DB+fufd97b+8tf3P/iw+9HfPv77Jw8efvoti1axh196EY3iVy5imJIQv+SEU/xqGWMUuBR/514ei/HvrnDMSBR+w5MlPg/QPCQz4iEOXRcPt46dGIf42o </latexit>

SAS states ball

An N–qubit symmetric state ρS ∈ S (HS) is SAS if

Tr
)
ρ2S

)
! 1

N + 1

(
1 +

1

2(2N + 1)
)2N
N

)
− (N + 2)

)
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<latexit sha1_base64="sDD3f3LZIpQE/2WIxFKrsvAdJ08="></latexit>

[in barycentric coordinates]

<latexit sha1_base64="fdJr2zRVpeeNSBmwLg4Nm9IctZs="></latexit>SAS polytope

<latexit sha1_base64="S/OTlvj10E+4Pj/XkFPxtecAy24="></latexit>SAS set

<latexit sha1_base64="S/OTlvj10E+4Pj/XkFPxtecAy24="></latexit>SAS set

<latexit sha1_base64="tITyPdZBRj3wviMzRNP6AM8Em/c="></latexit>

N = 2
<latexit sha1_base64="dc4mbF0y5pgEt4Lh9RLVLAKDOnQ="></latexit>

N = 3
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[Abellanet-Vidal, Müller-Rigat, Rajchel-Mieldzioć, and Sanpera (2025)]

<latexit sha1_base64="bv6p0VCjRxnhNFZkw/LjFwkvJFQ="></latexit>

• Let Λ : S(Cn → Cm) → Ssep(Cn → Cm) be an invertible linear map.
If Λ−1(σ) ∈ S(Cn → Cm), then σ ∈ Ssep(Cn → Cm).

<latexit sha1_base64="gSuaVt5+5i6VnaBdXS0c3/IbMks="></latexit>

• P but not CP maps usually provide sufficient conditions for entanglement,
but can also be used to provide sufficient conditions for separability

[Lewenstein, Augusiak, Chruściński, Rana, and Samsonowicz (2016)]

<latexit sha1_base64="zvG4bxiWd2kryaZOox674n8dpLk="></latexit>

• Let Λ : S(Cn → Cm) → Asep(Cn → Cm) be an invertible linear map.
If Λ−1(σ) ∈ S(Cn → Cm), then σ ∈ Asep(Cn → Cm).
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<latexit sha1_base64="Fjn4ZcTHtT32m1gQtzxiEDFGUT8=">AAAFwXicbZTZbtQwFEBTmGEZtgKPvARSpFZEVZx2lkoglUUqDzxQyrSISakc5ya16izYznRClL/jJ/gA/gN7kinTtJYi3dx77urFzxgV0nH+rNy42eneun3nbu/e/QcPH60+fnIo0pwTGJOUpfybjwUwmsBYUsngW8YBxz6DI//svbYfTYELmiZfZZHBcYyjhIaUYKlUJ49v/vY4JHBO0jjGSVB6UyDVBB2XXozlqR+WFqqqnr </latexit>

• Unitarily equivariant linear maps [Λ
(
UρU †) = UΛ(ρ)U †] provide sufficient

criteria to detect AS

<latexit sha1_base64="beyjyCRbn6R+nNgMRhvCFVEIgwU=">AAAIDnicfVVNb9tGEGXSxkrVjzjNsZdtxaA2QgsibfkDaIG0NeoUyCGN7SSA6RhLciQtvFwyu0tbLMF7j21/TG9Fr/0L/S25dJakbIkSSoDEaubN7Lw3O6sg5UzpweDfO3c/+PDeWuf+R92PP/n0swfrDz9/pZJMhnAaJjyRbwKqgDMBp5ppDm9SCTQOOLwOLn8w/tdXIBVLxInOUziP6ViwEQupRtPFw3vvfQkCrsMkjqmICv </latexit>

• These maps are reduction-like and defined as

Λα(ρ) = Tr(ρ)1 + αρ,

with α ∈ R. Invertible for α "= 0, the inverse is

Λ−1
α (σ) =

1

α

(
σ − Tr(σ)1

D + α

)
,

where D is the Hilbert space dimension.
<latexit sha1_base64="HMdkaGd+xp4BIHx+m1TG+6vblfw=">AAAIEXicfVXNbttGEGbSRkrVnzjNsZdtRaM2QgsibfkHaIGgNeoUyCFN7CSA6RhLciQtvFwyu0tbLMEn6LHtw/RW9Non6LMUKDpLUrZEuSVAYjXzzex83+ysgpQzpYfDv+7cfe/9e53u/Q96H3708ScP1h5++kolmQzhJEx4It8EVAFnAk400xzepBJoHHB4HVx8a/yvL0EqlohjnadwFtOJYGMWUo2m84f3/vElCLgKkzimIi </latexit>

• For α ∈ [−1, 2], Λα(ρ) renders any ρ separable. Thus, Λ−1
α (σ) ≥ 0 ensures

separability. Since Λ−1
α (σ)’s positivity depends only on σ’s spectrum and is

unitarily invariant, it provides a sufficient criterion for absolute separability.

[Bardet, Collins, and Sapra (2020)]



SAS witness based on min and max eigenvalues
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<latexit sha1_base64="OdmyIFYHLbC/nF8UDM7OlF9oTUw=">AAAdanictVlbb9vIFZ5st92tekvSp2IbgK5tIEEZg6TuQANs7BRugaSb2k02gOUEQ3IkseZFS1KWtAQf+tr+wv6H/oKiDz3n8H5xpF17rfA28813vnOZGUrRF7YVhIry73uf/OjTH//ks89/2vnZz3/xy1/df/DwbeAtfUO8MTzb89/pPBC25Yo3oRXa4t3CF9zRbfG1fnWC/V9fCz+wPPdv4WYhLh0+c62pZfAQmrwHn/6XTZ </latexit>

[Abellanet-Vidal, Müller-Rigat, Rajchel-Mieldzioć, and
Sanpera (2025)]

Let ρ be a normalized bipartite state acting on the space CN ⊗CM with
minimal and maximal eigenvalues λmin(ρ) and λmax(ρ) respectively. If

λmin(ρ) ≥
1

N ·M + 2
or λmax(ρ) ≤

1

N ·M − 1

then ρ is absolutely separable.
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<latexit sha1_base64="gJBlWPu4KB/o2lPsr5d0UoRCF8E=">AAAeFnictVlbb9zGFR6nSZ2serHTx0IAVUmAjVAqyb0DERBLLtQCjqNKsWNAKwtDcnaXFZfckFxpNwT/R35N34q+9rX/pQ895/B+kVeJlKWGl5lvvvnOZWaWK31uW36gKP999NGvPv7k148//ay18Zvf/u73T55+/tZ3F54h3hiu7XrvdO4L23LEm8AKbPFu7gk+023xnX51hO3fXQvPt1zn22A1FxczPnGssWXwAKrcp5+csB </latexit>

[Abellanet-Vidal, Müller-Rigat, Rajchel-Mieldzioć, and
Sanpera (2025)]

Let ρS be a symmetric state of N qubits and {λi}Ni=0 its eigenvalues in
increasing order. If

3
( N
!N/2"

)∑!N+1
3 "−1

i=0 λi+
[( N

!N/2"
) (

N + 1− 3
⌊
N+1
3

⌋)
+ 2

]
λ!N+1

3 " ≥
( N
!N/2"

)

then ρS is SAPPT.
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<latexit sha1_base64="e+6N4upaCLNvbr764xS70GvtsF0=">AAAFoHicbZRtb9MwEIAz1sIobxt84ANfuqVImwhVnK0vk0CaYNL2gYmNsRdRd5WTuK01x4lid23I8gf4h/wM/gDCTtLRprMU6XL33PnufLYdUMKFaf5eerBcKj98tPK48uTps+cvVtdennN/FDr4zPGpH17aiGNKGD4TRFB8GYQYeTbFF/b1Z2W/uMEhJz77LqIAdz00YKRPHCSkqre2/AuGmOGx43seYm4Mb7CTdEA3hh4SQ7 </latexit>

• ρ(p) = p ρMM
S + (1− p) |ψ0〉 〈ψ0| with p ∈ [0, 1]

<latexit sha1_base64="oGQxXlwDuRyfG6nxxYdPFWoL23M=">AAAF1XicbZRZb9QwEIAD7HIsVwuPvASyoFaEEqfdowKkApXKQ1WVo4dUt5WTOLtWHSeyvd0NUfqEeOUn8Tv4Mwg7yZZuWkuW7JlvxjPjsb2EEiEd58+16zcazZu3bt9p3b13/8HDuflHuyIecR/v+DGN+b6HBKaE4R1JJMX7Ccco8ije804+av3eKeaCxOybTBN8GKEBIyHxkVSi4/kbvyHHDI/9OIoQCzJ4iv38ABxmMEJy6I </latexit>

• ρ(p) SAPPT ⇔ p ∈ [pmin, 1] with pmin = 1

1+2
[
(N+1)( N

!N/2")
]−1

<latexit sha1_base64="2dH5+p3iEG/LxxUJqcySYiN5ZQc="></latexit>

S(HS)

<latexit sha1_base64="yn/9G+sZ7Kv1TEpIg9VuGVZdbKM="></latexit>SAS set

<latexit sha1_base64="nhM4fa6YFFDGGb68vzdXBJUfjG0="></latexit>

ρMM
S

<latexit sha1_base64="Ub72nlq6Ear+cIxU65cbvcLH/MI="></latexit>SAPPT set

<latexit sha1_base64="CttiTU+q8FafJ3nMb2N0CrR22ro="></latexit>

|ψ0〉 〈ψ0|

<latexit sha1_base64="5j+i5r4OPiIBXyiRuMCp1RQWFdI="></latexit>p = pmin

<latexit sha1_base64="qDEf/fS2NMdhvQazNUUpHoYrl/E="></latexit>

p = 0
<latexit sha1_base64="DgeKzjfOwDTUoyuG0/9Gl+Ykovo="></latexit>

p = 1

<latexit sha1_base64="CCRs4Y5MxsxOxi5KTZN1eACJGNg=">AAAGCHicbZTbbtMwGMcDtBzKaYNLbgopUidFU5yth2mAJkAaFwhxGqd5VE7ittYcJ7LdtcEEboGn4Q5xy1vwGjwAwk7SsWaLFMn5f7/vaDt+QomQrvv71OkztfrZc+cvNC5eunzl6tLytVcinvAA7wQxjfkbHwlMCcM7kkiK3yQco8in+LW//8DYXx9gLkjMXso0wXsRGjEyJAGSWhosn/kDOWZ4GsRRhFio4AEOsl2wp2CE5N </latexit>

• |ψ0〉 = |GHZ(N)〉 ⇒ ρ(p) entangled ⇔ p ∈ [0, pent] with pent > pmin (odd N)

[Louvet, Serrano-Ensástiga, 
Bastin, Martin (2025)]
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<latexit sha1_base64="wc7TQ/kr6T56jH/8SEyBwxByDKY="></latexit>pmin
<latexit sha1_base64="KRJDVp5ap//rfxLGt3Ktl7nrC8s="></latexit>pent

<latexit sha1_base64="HTxQ188RKN468bR4lLgZxpgC8oQ="></latexit>

pW5
ent

<latexit sha1_base64="a7yJnHFJzRd31X0X7HOCMw21Bvg="></latexit>SAPPT

<latexit sha1_base64="om8z+zba8SlSuvQcQshIFy/PiZQ="></latexit>separable<latexit sha1_base64="luds8rHoDWmd9KIPLb8fW+DsRIU="></latexit>entangled
<latexit sha1_base64="CJK9PomVqSAji9WUP6b4cLiQw8g="></latexit>detected entangled by W5

<latexit sha1_base64="APsnYjKiufvAIpBCruc5q0LdSQY="></latexit>NPT

<latexit sha1_base64="qx6JFmqgVIoJHWUc3qwIrAmAYgg="></latexit><latexit sha1_base64="DEIS/v9XvMAyjN7BO24xw4K6GBQ="></latexit>

<latexit sha1_base64="3n0Yn8AAuvkp453ywO/2/1Ph1wM="></latexit>

<latexit sha1_base64="R+OMaTVm7132LnSM8tfnNCaY9ZI="></latexit>

<latexit sha1_base64="QXgzRbI8Wi0Lfw7xp9StAEPk5o8="></latexit>

<latexit sha1_base64="9gGt+HmXOjq099EnAyc8M3ckPE4="></latexit>

N = 5

<latexit sha1_base64="NgOWL4gJyJvYvxndLcFkFsEEudo="></latexit>

N pmin pent

4 15
16

15
16

5 30
31 ≈ 0.96774 0.96953

6 70
71

70
71

7 140
141 ≈ 0.99291 0.99329

8 315
316

315
316

9 630
631 ≈ 0.99842 0.99849

10 1386
1387

1386
1387

<latexit sha1_base64="WCno+uvmWQmr8LiAfukxWoJHrLM="></latexit>!
<latexit sha1_base64="WCno+uvmWQmr8LiAfukxWoJHrLM="></latexit>!
<latexit sha1_base64="WCno+uvmWQmr8LiAfukxWoJHrLM="></latexit>!

<latexit sha1_base64="WCno+uvmWQmr8LiAfukxWoJHrLM="></latexit>!
[Louvet, Serrano-Ensástiga, Bastin, Martin (2025)]
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<latexit sha1_base64="r89maeN/H8JRbu7vgcq6S+NfCC8=">AAAFaHicbZRLb9NAEMfdJoESXikcEOJi6iIVyYq8TvOoxKFApXLgEOhTqttqvV4nq6wf8q6bGMv9kNz4AFz4BBzZtZ2SOF3J0nrm95+dGc/aDilh3DB+ra3X6o0HDzceNR8/efrseWvzxSkL4gjhExTQIDq3IcOU+PiEE07xeRhh6NkUn9mTz9J/doMjRgL/mCchvvTgyCcuQZAL0/VmbWJF2MdTFHge9J3UusEouwCXqeVBPr </latexit>

• The set of SAPPT states remains to be fully characterized open question

<latexit sha1_base64="tUPGJ9PSj9m1hReFcVef4HuIScc=">AAAFaHicbZRbb9MwFMczusIotw4eEOIlLEUaUlTF2XqZhMSAofGAUNldWsbkJE5n1XGi2GkbonwwPgpPvAIfAmEn6WjTWYrknvM7f59zfFw7JJhxw/ixcqu2Wr99Z+1u4979Bw8fNdcfn7Agjhx07AQkiM5syBDBFB1zzAk6CyMEfZugU3v0XvpPxyhiOKBHPAnRhQ+HFHvYgVyYLtdrB1aEKJo4ge9D6qbWGDnZObhILR/yK9 </latexit>

• Existence of entangled SAPPT states with N even ? open question

<latexit sha1_base64="3WksLOUG9aeNsONiBcgJJ4L5I9Q=">AAAFdnicbZRbb9MwFIAzusIotw0ekVAhmxhSVMXZepnEw4BJ44GHwq7SMobjnHZRHSfEztoQ5ffxG/gRvAJPCDtJR5vOkiXnnO9cfRwnpB4Xpvlj6VZtuX77zsrdxr37Dx4+Wl17fMyDOCJwRAIaRKcO5kA9BkfCExROwwiw71A4cUbvlP7kCiLuBexQJCGc+3jIvIFHsJCii7XaFzsCBmMS+D5mbmpfAcnO0Hlq+1hcOoNUR1 </latexit>

• SAS set != SAPPT set because there are entangled SAPPT states


