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Abstract

Given a fractal Z whose Hausdorff dimension matches with the upper-box
dimension, we propose a new method which consists in selecting inside 7
some subsets (called quasi-Cantor sets) of almost same dimension and with
controlled properties of self-similarities at prescribed scales. It allows us to
estimate below the Hausdorff dimension Z intersected with limsup sets of con-
tracted balls selected according to a Bernoulli law, in contexts where classical
mass transference principles cannot be applied. We apply this result to the
computation of the increasing multifractal spectrum of lacunary wavelet series
supported on Z.

Keywords: multifractal analysis, lacunary wavelet series, fractal sets,
fractal dimensions

Mathematics Subject Classification numbers: 42C40, 28A78, 28A80, 26A16,
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1. Introduction and statement of the main results

Multifractal analysis has become a pivotal tool for analysing irregular signals. This field has
been extensively studied across a wide range of functions, measures and stochastic processes,
seee.g. [1,2,4,7,8, 10, 20, 21, 24]. It provides a useful framework for examining the struc-
tures of sets and functions, giving interesting perspectives on many mathematical areas like
stochastic analysis, number theory, ergodic theory, and functional analysis for example. One of
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the key challenges in multifractal analysis is determining the Hausdorff dimension of subsets
of R (or RY), known as iso-Holder sets. These sets correspond to the level sets of the local
regularity exponents of functions. Often, these subsets are described as limsup sets of balls, a
connection that naturally arises from the characterization of regularity based on wavelet coef-
ficients, which involves a liminf condition (see theorem 2.7 and proposition 2.8 below).

Estimating the dimensions of such limsup sets is crucial for understanding the geometric
properties of fractals. Obtaining an upper bound for the Hausdorff dimension of these sets is
often much easier to establish than the corresponding lower bounds. A common approach to
obtain lower bounds relies on the mass transference principle (MTP), a powerful result that
establishes a link between measure-theoretic and geometric properties.

Theorem 1.1 (MTP) [14, theorem 2]. Let X be a compact set in RY and assume that there exist
s € [0,d] and a,b,ry > 0 such that

ar <H (BNX) <br (1)

for any ball B of centre x € X and of radius r < ry. Let § > 0. Given a ball B = B(x,r) with
centre in X, we set B> = B (x, r5) . Assume that (B,)en Is a sequence of balls with centres in
X and radii r, such that the sequence (ry),en converges to 0. If

H’ (Xﬂ limsuan> =H'(X),

n—-+oo

then

Hs <XﬂlimsupBZ) =M (X).
n—-+4oo
Here, H* denotes the Hausdorff measure of dimension s. Historically, the first result of this
type was obtained by Jaffard [22, theorem 2] in the context of multifractal analysis of lacunary
wavelet series (LWS) on [0, 1], and states that if £(limsup,_, , . B,) = 1, then

dimy (limsupBS) > l,
n—-+oo ]

where dimy, is the Hausdorff dimension, see definition 2.1. The key argument of both proofs
is to construct a generalized Cantor set included in the limsup set of the contracted balls and,
simultaneously, a probability measure supported by this Cantor set with prescribed scaling
properties. The MTP and its extensions have proven effective in a variety of settings, making
it a key tool for studying the dimensions of fractal sets and their associated structures, see e.g.
[9, 14, 17, 27].

Regarding the multifractal analysis of functions, despite significant advances in both the-
ory and applications, important challenges remain. Among them are the refinement of large
deviation methods, the multivariate analysis of functions, and the multifractal analysis of sig-
nals with lacunar supports. The analysis of functions or stochastic processes defined on fractal
sets is a growing area of research, particularly in fields where data is naturally supported on
fragmented or irregular structures. This is especially relevant in geographical studies, where
the multifractal analysis of parcel-based data is essential ([28, 29]). Recent advances have
focused on defining and studying random fields on fractal supports, such as Sierpinski carpets
[13], which serve as prototypical examples of fractal domains. These works extend classical
models of random fields to accommodate the intricate geometry and self-similarity of fractals.

2



Nonlinearity 38 (2025) 125013 C Esser and B Vedel

The multivariate analysis of functions also naturally makes emerge fractal supports, since it
aims to describe the intersection of iso-Holder sets ([25, 35]).

Building on this context, we have investigated the overestimation of the Hausdorff dimen-
sion of iso-Holder sets by classical large deviation methods [18]. Focusing on functions repres-
ented in a wavelet basis, we have proposed a method based on ‘lacunarized expansions’ of the
function. Specifically, we have shown that for the so-called ‘a-wavelet series’, large deviation
methods for the lacunarized wavelet series provides a criterion for detecting such overestim-
ations. We refer to section 2 for the definition of wavelet bases and a-wavelet series. This
approach offers a computationally feasible way to refine the multifractal analysis of signals
and images.

Based on this work, the present paper further explores the multifractal properties of wave-
let series defined over fractal subsets, where the upper box-counting dimension matches the
Hausdorff dimension.

Let us be more precise in the description of the model under study. Throughout, we work
on a fixed probability space (2, F,P). A property is said to hold almost surely if it holds on a
subset of (2 of probability one. Let Z C [0, 1] be a compact set satisfying

dimy, (Z) = dimg (Z) > 0, )

let > 0 and let € (0,dimy(Z)). Given a wavelet v, the lacunary wavelet series f on T of
parameters («,n) is the random series defined on [0, 1] x 2 by

flow) =D > 27 (w) v (2x—k)

J>0 ke,
where
Li={ke{0,.... 27 —1}: [R27,(k+ )27 ] N T #0} (©)

and where (& x);« is a sequence of independent Bernoulli random variables with parameter
2(n—dim%(2))j Basic definitions regarding wavelets are provided in section 2. As mentioned
above, the multifractal analysis of the basic case corresponding to Z = [0, 1] was studied by
Jaffard [22]. Despite its very simple structure, this wavelet series already reveals a rich multi-
fractal structure. When a fractal set Z satisfies the assumptions of more general versions of the
MTP, the multifractal study of LWS defined on Z becomes feasible, using similar arguments
to those of Jaffard for the case [0, 1]. This is the case for Cantor subsets and more generally for
some attractors of iterated function systems (see [18] for the study of LWS on Cantor sets).

In contexts where classical MTPs cannot be applied, alternative strategies are required to
obtain lower bounds for the dimension of limsup sets. To address this issue and enable multi-
fractal analysis of lacunary wavelet series on fractals Z—which satisfy the equality between
their Hausdorff and box-counting dimensions but, for example, lack separation properties—
we use another strategy. Before considering the limsup of balls, we perform some ‘precon-
ditioning’ of the fractal set. This consists in constructing compact subsets X, which we call
quasi-Cantor sets, within Z. These subsets exhibit controlled self-similarity on specific dyadic
scales and have a dimension that can be arbitrarily close to that of Z. This controlled self-
similarity facilitates accurate dimension estimation of limsup sets of balls centred at random
points in K. This approach avoids the limitations of classical MTPs and allows us to obtain
useful geometric information even in cases where standard assumptions fail. Moreover, it not
only generalizes classical results on lacunary series but also offers a deeper understanding of
the fractal geometry of the set Z.
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Let us state our main results. The first provides the announced construction of quasi-Cantor
subsets of Z, by controlling the duplication rate up to some ¢ > 0, from a scale J to scales
(1+b)"J for any ¢ > 0.

Theorem 1.2. Let Z C [0, 1] be a compact set satisfying
dimy (Z) = dimg (Z) >0

and denote by T; the set of dyadic intervals of size 27 that intersect . Lete >0 and b € (0,1).
There exist a set Ko (b) C T and J, 4y € N such that

1. dimy (Z) — e < dimy (K (b)) < dimy (Z)
2. forallj = | (14 b)J| with £ > £y, one has

(dimy(T)=e) < {(ANeZi: AnK.(b) #0} < 2i(dims (Z)+e)

3. for each dyadic interval \ € T; such that XN K. (b) # 0, with j = [ (14 b)"J| and € > {,,
and for any ¢’ > 1, one has

#{)\/ EZL(l+b)Z+Z’JJ . )\/ C )\, )\/mICE (b) # (Z)} > 2((1+b)1{ 71>(1+b)ej(dimﬂ(l)75f).

Such a set is called an (e,b)-quasi-Cantor subset of T.

The previous theorem is the main tool for studying the multifractal properties of lacunary
wavelet series on Z, as stated in our second main result.

Theorem 1.3. Let Z C [0, 1] be a compact set satisfying dimy (Z) = dimg(Z) >0, let >0
and let n € (0,dimy (Z)). Assume that the regularity r(v) of the wavelet is greater than
%ﬂ(z) + L. Iff is the lacunary wavelet series on T of parameters («,n), then almost surely,
one has

dimy ({x € [0,1] hy(x) <h}) = T, Whe {a,adimv;(@} @

where hy(x) denotes the Holder exponent of f at x, see definition 2.4.

Fractal sets which fail to satisfy the assumption (1)—known as the Ahlfors regularity—but
satisfy (2) are numerous in classical fractal geometry. To conclude this Introduction, let us
consider in detail the notable examples of attractors of IFS. Let S = {fi,...,f,} denote a finite
set of contracting similitudes on R with respective Lipschitz constants 7y,...,r,. Then, there
exists a unique compact and non-empty set Z such that

7=J£(@),
j=1

which is called the attractor of the IFS S. The attractor Z easily satisfies the relation (2). To S,
one can also associate its similarity dimension dim(S), defined as the unique « solution of the
equation

n

o
E I =1.
j=1
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When the smaller copies of Z are sufficiently well-separated, the fine-scale structure of the
set becomes relatively straightforward to analyse, and, in particular, the Hausdorff dimension
can be determined explicitly using the properties of the defining similitudes. Specifically, if
the IFS § satisfies the open set condition (OSC), the Hausdorff dimension of 7 is equal to
dim(S). The OSC requires the existence of a non-empty open set V such that the images f;(V),
for j € 1,...,n, are mutually disjoint and entirely contained within V. The following result,
established in [34], demonstrates that the OSC is also the key separation condition for ensuring
that self-similar fractals possess a positive Hausdorff measure.

Proposition 1.4 ([34, theorem 2.2]). Let T be the attractor of an IFS S such that dim(S) =
dimy (Z). Then, S satisfies the OSC if and only if

HAmn (D) (7) > 0.

The previous result shows that for any IFS that does not satisfy the OSC but for which
the expected equality dimy (Z) = dim(S) is satisfied, the assumption (1) is not fulfilled. Note
that the OSC is known to be very restrictive, see e.g. [30]. To give a tangible example, the
IFS S = {x/3,(x+1)/3, (x+u)/3} does not satisfy the OSC if u is irrational [26, theorem 2].
Thus, if dimy (Z) = dim(S) for the fractal set Z associated with the IFS S, theorem 1.3 applies.

The paper is organized as follows. Section 2 provides a summary of key definitions related
to dimensions, wavelets, Holder regularity, and multifractal analysis. Section 3 focuses on
results [18], which estimate the number of dyadic intervals that replicate at the expected rate—
relatively to the dimension of the fractal set—at the subsequent scale. These estimates serve
as the foundation for the construction of the fractal set K. (b) in section 4, where theorem 1.2
is proved. Finally, section 5 is dedicated to the proof of theorem 1.3.

In the remainder of the paper, we use the notation | x| to denote the entire part of the real x.

2. Basic definitions and classical results on multifractal analysis

2.1. Fractal dimensions

In this subsection, we introduce the fundamental concepts of fractal dimensions needed in this
paper. We refer to [19], for example, for more details.

Definition 2.1 (Hausdorff measure and Hausdorff dimensions). Let Z C R and ¢ > 0. For
s €[0,1], set

H3 (Z) = inf {Zdiam (4)’:Z C | JA; and diam (A;) < §Vi € N} .
ieN ieN

The ¢-dimensional Hausdorff measure of 7 is H*(Z) = lims_,o H}(Z) and the Hausdorff
dimension of 7 is given by

dimy (Z)=inf{s >0: H* (E) =0} =sup{s > 0: H*(Z) = +oo}.
We take the usual convention that dimy () = —oc.

Definition 2.2. Let Z C R. The upper-box dimension of Z is given by

. |
dimg (Z) := limsup logN(e)
e—0 1Og (5)
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where N(¢) is the smallest number of intervals of length € which can cover Z.
The following relationship between the two dimensions always holds.

Lemma 2.3. For any set Z, one has

dimy, (T) < dimg (T). 5)

2.2. Multifractal analysis and computation via wavelets

The aim of multifractal analysis is to describe the local change of smoothness of a function (or
a measure). The origin of the study of the pointwise regularity goes back to the 19th century,
when the question of whether a continuous function necessarily has points of differentiability
was raised. Weierstrass provided a pioneer family of counterexamples (and thus answered
negatively to the above question). Since then, the multifractal analysis of functions has been
developed within both theoretical (see [5, 6, 11, 12, 21] among others) and numerical ([2, 3,
33], ...) frameworks, with applications in areas such as turbulence modelling, medical image
processing, art history among others.

For functions, the smoothness is characterized by the pointwise Holder exponent, defined
as follows.

Definition 2.4. Let xy € R and 2> 0. A locally bounded function f : R — R belongs to C" (x)
if there exists C > 0 and a polynomial P, with degP,, < || such that

[f(x) = Py ()| < Clx —xo"
on a neighbourhood of xy. The pointwise Holder exponent of f at x is

h(x0) =sup{h>0:feC"(x0)}.

In many situations and in particular for stochastic processes for which it can change at
each realization, we are not able to compute the pointwise exponent at each point. However, a
relevant information is given by the dimension of the iso-Holder set for any level & € [0, 4+00],
which consists of all points where the function f has a Holder exponent exactly equal to /. This
information is provided by the multifractal spectrum, which can be regarded as a signature of
the function. For instance, one may recall the classical problem of turbulence introduced by
Kolmogorov in the 1940s for which various models have since been proposed, each leading to
different theoretical multifractal spectra, which can then be compared with those observed in
real experiments.

Definition 2.5. The multifractal spectrum Dy of a locally bounded function f is the function
Dy:h € [0,+00] — dimy ({xo € R: he(xo) = h}).
The increasing multifractal spectrum of f is the function
Dy < :h e [0,400] — dimy ({xo € R: he(xg) <h}).
The pointwise regularity of a locally bounded function f can be characterized through a

wavelet analysis of f. Before recalling this classical result, let us give the definition of a wavelet
basis. We refer to [16, 31, 32] e.g. for more information on wavelets.

6
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An orthonormal wavelet basis on R is given by two functions ¢ and ¥ with the property
that the family

{gp(-—k);keZ}u{zéw(zf-—k) ;jeN,keZ}

forms an orthonormal basis of L?(R). Therefore, for all f € L?>(R), we have the following
decomposition

F=Y Cp(-=k)+> Y e (2 —k)

keZ jENKEZ

where the wavelet coefficients of f are given by
G~ [ f0p =R

and
cir="2 /R f0) ¥ (2x— k) dx.

Note that we do not use the Z?>-normalization to avoid a rescaling in the definition of the wavelet
leaders, see definition 2.6 below. Note also that the definition of the wavelet coefficients makes
sense even if f does not belong to L2(R).

We say in addition that the wavelet basis is r-smooth if ¢ and 1) have partial derivatives up
to order r and if these partial derivatives decay rapidly, that is, faster than any polynomial. In
this case, the wavelet 1) has a corresponding number of vanishing moments. Constructions of
wavelet bases with arbitrarily large r have been proposed in [16]. One can also chose a wavelet
basis with infinitely smooth functions [32].

Usually, the following compact notation using dyadic intervals are used for indexing wave-
lets. If A = \j = [k27, (k+ 1)277[, we write ¢\ = ¢ and ¥, = ), = ¥(2 - —k). This nota-
tion is justified by the fact that the wavelet ¢ is essentially localized on the interval )\ in the
following way: if the wavelets are compactly supported then

3C > 0 such that VA supp (1)) C CA

where C )\ denotes the interval with the same centre as A and C times the diameter.

Definition 2.6. Let A be a dyadic cube and 3\ the cube of same centre and three times wider.
If f is a bounded function, the wavelet leader d of f is given by

d)\ = Sup |C,\/‘.
ATC3A

The pointwise Holder regularity of the function f at a point xy can be determined using
the wavelet leaders. Letting xo € R, the notation \;(xo) refers to the dyadic cube of width 27/
which contains x¢ and

dj (x0) = d;(x) = P )\cwl-
\j (X0
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Theorem 2.7 ([24, theorem 1]). Let f € C¢(R) for some € > 0 and let xy € R. Then

o log(d; (x0))
hy(xo) = liminf =0 55y

provided that the analysing wavelet is r-smooth with r > | hy(xo) | + 1.

In what follows, we will thus always assume that the wavelet 1) is r-smooth with r = r(v))
large enough.
Consider now an a-wavelet series, by which we mean a wavelet series f of the form

fzz Z Ci kW k

JENO0LAL2—1

where the coefficients are defined by

2% if ke F;
Cik = .
0 otherwise

for some subsets F; C {0,...,2 —1}. For § € (0, 1], let us define the sets E5(f) by

Es(f) :=limsup U B (kz*f’sz;(lffj)j)

j—r+oo keF,;

where (¢;) is a sequence tending to 0 as j — oco. As a direct consequence of theorem [24], the
sets Es(f) provide a characterization of the points where the regularity of f is less than A.

Proposition 2.8. Let f be a a-wavelet series and 6 € (0, 1].

(a) If x € Es(f), then hy(x)
(b) If x ¢ Es(f), then hy(x)

The proof is straightforward and is provided in [18, lemma 3.11].

As a consequence, the study of the increasing multifractal spectrum of a lacunary wave-
let series, which is a random «-wavelet series, can be obtained by the computation of the
Hausdorff dimension of some limsup of random balls.

When in addition, one is able to construct a positive measure on the sets E5(f), it becomes
possible to obtain the dimension of the iso-holder sets and hence compute the spectrum of
singularities. It has been established for lacunary wavelet series on [0, 1] by Jaffard in [23].

Theorem 2.9 ([23, theorem 1]). Let f be a LWS on [0, 1] of parameters o> 0 and n € (0, 1).
Almost surely, one has

Lh i he |a,2],

Dy(h) =
—oo otherwise.

Using the more general MTP of [14], the result can be easily extended to symmetric binary
Cantor sets; see [18]. We denote by C(r) the symmetric binary Cantor set with a dissection
ratio r < %, having Hausdorff dimension given by

1

dimy (C(r)) = _logzr'
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Proposition 2.10 ([18, proposition 1.7]). Let f be a LWS on C(r) of parameters o> 0 and
n € (0,dimy (C(r))). Almost surely, one has

Lhoif he |, 20nulD)

Dr(h) =141 it h=r(y),

—oo  otherwise.

3. Sets with expected rate of duplication

In this section, we recall two results from [18] that provide an estimation of the number of
dyadic intervals that duplicate at the expected rate at the next scale, with respect to the dimen-
sion of the fractal set. Since these results will serve as the foundation for the iterative proced-
ure used to construct the quasi-Cantor set /Cc(b) in theorem 1.2 in the next section, we have
included the proofs of these results in the appendix. First, let us introduce some notation.

Notation:

e In what follows, we assume that Z is a compact subset of [0, 1] such that
dimy (Z) = dimg(Z) > 0.

We denote this common dimension by H.
o Let

L={A= 27627 (k+1)] : ANT # 0},

be the collection of dyadic intervals of size 27/ that intersect the fractal set Z.
e For a collection U = U(J) of dyadic intervals at a scale J, we denote the collection of all
their children at the scale (1 + b)J with b > 0, by

CyU = {/\/ GII_(H-b)JJ A CAwith A € U} .

e We also denote by U the points x € [0,1] in the union of the dyadic intervals which belong
to U.

Remark 3.1. Clearly, the scale (1 + b)J is not necessarily an integer, which is why we consider
instead its integer part. The same convention will be adopted throughout this section, although
it does not play a crucial role. For the sake of readability in section 4, where the set . () is
constructed, we will omit the integer parts of the scales in the remainder of the paper.

Lemma 3.2 ([18, lemma 4.1]). For every € > 0, there exists J € N such that for all j > J, one
has

(H—e) < #T, < i(H+e)

We now introduce different collections of intervals A of scale J by considering the number
of their children at scale | (1 + b)J| for a fixed b € (0,1) and up to some € > 0.

9
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Definition 3.3. Lete >0,b € (0,1) andj € N.
1. We say that A € 7; has a slow duplication rate if
H#{N CA N €T (14} <P (6)

and we denote by SD(j, b, ¢) the collection of such intervals.
2. we say that A € Z; has an expected duplication rate if

2i(bH—4E) < # {)\/ C by mIL(]J,—b)]J } < 2j(bH+4E)’ (7)

and we denote by ED(j,b,¢) the collection of such intervals.
3. We say that A\ € 7; has a fast duplication rate if

#{N CA N €T (14 } =2 T (8)
and we denote by FD(jj, b, ¢) the collection of such intervals.

In [18], we obtained the following lower and upper bounds for the cardinalities of each set.
This proposition is crucial for the construction of the quasi-Cantor subsets in the following
section. Note that the derivation of (9) relies on the assumption dimy, Z = dimgZ, and in fact,
this is the only place where this assumption is used.

Proposition 3.4 ([18, theorem 1.13]). Let >0, b € (0,1). There exists Jo € N such that for
all j > Jy, one has

2WH=2) CHED (j,b,e) < 2 ©)
#FD (j,b,e) < 212 (10)

and
#CsSD (j,b,e) < 2IHEIH=3e) (11)

4. Quasi-Cantor subsets of 7

The aim of this section is to prove theorem 1.2. The results of section 3 do not establish the
existence of sets that duplicate at the ‘expected rate’ at all scales, as is the case for a Cantor
set. Indeed,the children of such sets may exhibit either slow or fast duplication. Here, we
propose an iterative procedure to retain only the sets that exhibit an ‘infinite expected rate’ of
duplication.

We now consider a positive number b € (0, 1) and a sufficiently small € > 0 such that

bH —5¢ > 0.

We introduce sub-collections of ED(J,b,¢), J € N, in order to accurately analyze if the rate
of duplication is preserved through the scales for an expected number of dyadic intervals.
We fix Jy large enough such that the estimations of the cardinality of FD(J,b,¢), ED(J,b,¢)
and C,SD(J,b, ) given in proposition 3.4 hold for every J > Jy. We now define a succession
of nested sets. As mentioned in remark 3.1, we will deliberately omit the minor adjustments

10
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required to account for the fact that the scales (1 4 b)*J should be considered in their integer
part. For all J > Jy, we set

T, (J,b,e) =ED(J,b,¢),
and
Ts(J,b,c) = {A T (J,be): #£IN C A N €Ty (1 +b)J,b,e)} > 2’<bH—58>}.
Next, we define recursively for ¢ > 3,
Ty (J,b,e) := {A ETi_1(Jbe): #{N CA: N eT,(1+b)J,b,e)} > 2““1*55)}.
We also define the complementary sets
Uy (J,b,e) =To—1 (J,b,e)\T¢ (J,b,¢)

for all £ > 2. The following lemma provides an estimate of the maximal number of intervals
required to cover the complementary sets.

Lemma 4.1. For every J > Jy, the set 62(1,19,5) NZ is covered by the union of
1. at most #U,(J,b,e) x 2/H=52) intervals of length 2~ (14,

2. intervals of FD((1 4 b)J,b,¢)
3. intervals of C,SD((1+b)J,b,¢).

Proof. Let us cover the set U,(J,b,£) NZ by considering the set of children of Us(J,b,¢) at
the scale (1 + b)J and by decomposing this set following the rate of duplication of the children
at the scale (1 -+ b)%J. We obtain

CpUs (J,b,€) C FD((1+b)J,b,e) USD (1 +b)J,b,e) U (ED((1+b)J,b,e) N CyUs (J,b,¢)).

The set SD((1+ b)J, b,e) can be covered by its children at the next generation, that is by the
union of the intervals of C,SD((1 + b)J, b, ). Finally, by definition of U,(J,b,¢), any dyadic
interval \ € U,(J,b,¢) has less than 2/("1=3¢) children in ED((1 4 b)J,b,¢). It follows that
ED((1+b)J,b,2) N CoUs(J, b,e) is covered by at most #U,(J,b,e) x 2/(/=5¢) intervals of
length 2~ (1457, O

The previous lemma is the first step towards obtaining a covering for any Uy (J,b,e) with
£>2.

Lemma 4.2. Let { > 2. For every J > Jo, the set Uy (J,b,e) NT is covered by the union of

1. at most #U,(J,b,e) x 27P1=5) intervals of length 2~(1+0)/,
2. at most, foreachp € {2,....£ — 1} and eachqg € {p+1,...,¢},

#Uq—p+1 ((1 +b)! ,b,e) w 2(1+0)" (bt =5¢)

intervals of length 2~ (1+0)"7,
3. for eachp € {2,....,(}, intervals of FD((1+b)~J,b,e) and of CuSD((1+ )11, b.2)

1
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Proof. Lemma 4.1 gives the result for £ =2. Suppose that £ > 2 and that the result is true
for any J > Jy and for all the sets U,(J,b,e) with p < ¢. We want to obtain the result for
Uos1(J,b,e). As already mentioned, we observe that

CpUps1 (J,b,€) CED((14b)J,b,e) USD ((1+b)J,b,e) U(ED((1 4 b)J,b,2) N CpUsi1 (J,b,2)).

The intervals belonging to SD((1 4+ b)J,b,¢) form a set that can be covered by the intervals
of C,SD((1+b)J,b,¢).
Moreover, since

o+1
ED((1+b)J,b,e) =T (14 5)J,b,e)U| JUp—1 (1 4+b)J,b,¢),
p=3
we obtain that
£+1
ED((1+4b)J,b,e) N CprUps1(J,b,¢) C (Te((1 +D)J,b,e) N CpUpy1(J,b,e)) U U(Up,l((l +b)J,b,e).
p=3

For all the terms appearing in the union, we use our assumption that at the scale (1 4 b)J and
with different generations (1 + b)*, we have 2 <s < ¢+ 1.

Regarding the first term, if \ belongs to Uy (J,b, ), there are no more than 2/(?H=%) of
its children in T;((1 + b)J, b, ). Hence, the number of dyadic intervals in T¢((1 + b)J,b,e) N
CpUps1(J,b,e) is smaller than # U, (J,b,e) x 2/(PH=32), O

Finally, for any J > Jj, we introduce the set
+o00
Uso (J;b,6) == | Ue (4, b,2),
£=1
and obtain the following proposition.
Proposition 4.3. For every J > Jy, the set l’];(L b,e)NZ is covered by the union of
1. at most, for eachp > 1,

HED ((1 _|_b)17—1 J,b,é‘) % 2(1+b)”_ll(bH75€)

intervals of length 2~ 40"/
2. for each p > 2, intervals of FD((1+b)?~1J,b,¢),
3. for each p =2, intervals of C,SD((1+b)P~1J,b,¢).

Proof. Let us notice that the sets Uy(J,b,e), £ > 2 are disjoint and included in the sets
ED(J,b,¢). Hence

+o0o
> #Ui(J,b,e) < HED(J,b,c).
(=2
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Similarly, for every p > 2, one has

+oo
3 #Usp ((1 + b)P*IJ,b,a) < #ED ((1 by J7b75) .
g=p+1

We obtain then directly the conclusion by applying lemma 4.2. O

The covering obtained in the previous result allows us to estimate the Hausdorff dimension
of intersection of sets defined by

Too (J,b,6) = () Te(J,bs¢)
0>1

for J > Jy. Before estimating the dimension, we first show that this set (which will be proved
to be non-empty in theorem 4.5) possesses a nice (almost) self-similar structure.

Proposition 4.4. Fix { > 1. Any dyadic interval X € Too(J,b,¢) satisfies
# {)\’ CAN €T ((1 +b)éj,b,5>} S o) =1)a(H=55).
Proof. We proceed by induction. For the case £ = 1, suppose for a contradiction that
#{N CA: N €Toe (1+b)J,b,e)} < 2/PH=5),

Since A has a finite number of other children (i.e. those not in To, ((1+b)J,b,¢)), we can
choose

by > max max{{ € N: N €T, ((1+b)J,b,e)}.
A CAN EToo (145),b,)

This choice of ¢y ensures that there are strictly less than 2/(?/=5¢) children of \ belonging to
the set Ty, ((1+ b)J, b, ). This contradicts the fact that A belongs to Ty, (J,b,¢).
Now, assume that

# {A’ CAN €T ((1 +b)eJ,b,e)} > (D) =1)s(H-55)

and let us prove the result for £ + 1. By the first case, each child A’ of an interval ) that belongs
to Too (1 +b)"J, b, ) gives at least 2(1+6)"J(bH=5¢) children at scale (14 b)*+1J belonging to
Too (14 b)H1J,b,¢). Tt follows that

#{)\/ CANETy ((1 +b)”1J,b,5)} > 9(1+0) J(bH=5¢) 5 ((145)" ~1)J(H-55)

_ 2((1+b)”‘—1)J(H—5%).

Theorem 4.5. Assume that J > Jy. There exists £y € N such that

dimyy ﬂf;((wb)‘ﬁl,b,e)mz >H—¢
>4

and for all £ > {,
2(1+b)eJ(H—e) < H#To ((1 +b)€J,b,5> < 2(1+b)’3J(H+E)_

13
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Proof. For all ¢ > 1, let us start by setting
R ((1 +b)f1,b,g) = FD ((1 +b)ZJ,b,5) USD ((1 +b)‘J,b,g) UUs ((1 +b)fj,b,a) .

Note that R((1+4b)“J,b,e) is exactly the set of dyadic intervals of Z(; e, that do not belong
to the set T, ((1 +b)"J, b, ). Using proposition 4.3, we obtain a covering of the set R((1+
b)'J,b,e) NI by

1. at most, foreach p > 1,

#ED ((1 + b)”IF1 J,b,g) o 21D TP (bH—5¢)

intervals of length 2~ (14577,
2. for each p > 1, intervals of FD((1+5)7~1] b, &),
3. for each p > 1, intervals of C,SD((1+5b)**P=1J,b ).

This covering provides an upper bound of the r-dimensional Hausdorff measure of the set
R((14b)'J,b,2) N T for r < 2~ (145 g5 follows. One has

Pl (k ((1 +b)ej,b,a) mz)

<D HED (145) 177, ) x 20005 = () )

pz=l

+3 " #FD ((1 + bt J,b,e) x 2~ (D)4l —e)
p=1

+ > #CySD ((1 4 pyttr! J,b,s) w 2~ HPI(H=e) (12)
p=1

Let us examine the three sums separately, using proposition 3.4 for each estimation. First, we
have

ST HED ((145) 77 7 b x 2040 ORS00 )
pzl
< Z2(1+b)£+”"J(H+s)2(1+b)[+”711(bH75s)27(1+b)[+”J(Hfs)

p=1
_ ZZ(H-};)“P*‘JE(—H/;)
pz1
DI RN (3)

p=1
since b — 3 < —(1 + b). Secondly, we have

> _#FD ((1 +) b s) x o7 (HNTTTH=E) K (e =2y = (o T —2)

p=1 p=1

= e (14)

p=1
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and similarly

S H#CSD ((145) 77, ) x 27 (TS < (3= (L))
pzl pzl

- 22—(1+b)””125

p=1

g 227(1+b)£+I}J€. (15)

p=1

Gathering (12)—(15), we obtain

HE (R((14+0) 1,b,2) NT) <2302 (40700 4§ g e

pz1 pz1
S 222_(1""’)(14-/7)@*”*‘]6 + ZZ—(W:)W*‘JE
pz1 pz1
<3) pm
pzl
< sz—(wb)@(p—l)k
p=1
< (D) (16)

for some constant C > 0 and where we have used that (14 b)?~! > p for p large enough.

Now, let us fix £y > 1. The previous upper bounds imply that for every r < 2= (407 , one
has

H{‘J—e U k ((l —l—b)é.],b,&j) Nz | < CZZ—(H-IJ)ZJE < C2—(1+b)loja
£>4y L2y
which in turn implies that
dimy | () UR ((1 +b)lJ,b,5) NT|<H--
Lo=1£24y
Recalling that dimy 7 = H and noting that
1= | U N7 (+n)fsbe)nz|u| | UR(Q+6) 1)),
L1626 L1626
we obtain

dimy, | J ﬂﬁo((ub)%b,s)mz —H.

L>1620,
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In particular, there is £y € N such that
dimy, | () T ((1 +b)‘J,b,a) NT|>H—-¢
>4

It gives the conclusion of the first part of the theorem.
For the second part of the theorem, note first that one has

T ((l +b)ej,b,5) C ED ((1 +b)ej,b,5)
by definition. Hence, proposition 3.4 directly gives
#To ((1 + b)g‘],b’5> < 2(1+b)[‘j(11+6)'

The lower bound is obtained by contradiction using the first part of the proof : if there were
infinitely many g > ¢ such that

#Too ((1 + b)"J,b,a) < 20D I(H—2)

it would provide a sequence of coverings of Z implying that dimy (Z) < H —¢. O

For a fixed J > Jy, if £ is the number given by theorem 4.5, we set

K. (b)= () T ((1 +b)£J,b,s) nz. (17)
>0

It remains to prove the third point of theorem 1.2, which follows directly from proposition 4.4.

Proof. Let A C Z; be such that AN K (b) # () withj = (1 +b)J and £ > £y. Such a A belongs
by definition to Tw ((1+ b)*J, b, ) and it follows by proposition 4.4 that

#{)\’ CA N eTo((1 +b)g+£l.]7b7€)} > A (14b)" = 1) (1+4b) I(H-5%)

for any ¢’ > 1. Such a A’ intersects obviously the set /C.(b) since it contains children in
Too((14b)" J,b,e) at any scale £'" > £+ 0" + 1. O

5. LWS on the compact fractal set 7

In this section, our main objective is to establish theorem 1.3, which provides the increasing
multifractal spectrum of lacunary wavelet series on the compact fractal set Z. To this end, we
apply the results from the previous section and prove a MTP for the limsup of dyadic balls
with centres chosen according to a Bernoulli law.

We continue to consider a compact subset Z of [0, 1] satisfying

dimy, (T) = dimg (Z) = H > 0.

16
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Fix o> 0 and n € (0,H). Recall that the lacunary wavelet series on Z with parameters («,7)
is defined by

21 ; .
27YE; fANT
f= Z Z Cj,kd)j,k with Cix = { f],k 1T Ajk 7é 0

Jem 10 0 otherwise,

where (& x);« denotes a sequence of independent Bernoulli random variables with parameter
2(1=H)i Using lemma 3.2, we know that the average number of nonzero coefficients at each
large scale j is comparable to 2. In particular, one might expect that the lowest possible
regularity, clearly given by «, is reached on an iso-Holder set of dimension 7. Moreover, it is
clear that points outside Z have a Holder exponent equal to the regularity r(¢)) of the wavelet.

Let us now show that the regularity of ‘almost every’ point belonging to Z is controlled
by the lacunarity parameter 7): larger the 1, the more regular the function. For every fixed
b € (0,1), we consider as before J, large enough such that the estimations of the cardinalities
of FD(J,b,¢), ED(J,b,e) and C,SD(J,b,c) given in proposition 3.4 hold for every J > J,
and we consider k large enough so that J = (1 + b)* > J;. The corresponding quasi-Cantor set
given in equation (17) is then of the form

K., (b)= () Too (1 4+6)" ,b,2,) NT
p2po
for some py > 0.

Proposition 5.1. Let n € Ny and fix 5, = (H+ %) — 1. Consider ¢ € N such that

(14 B8a) = (1+b,)"

for some b, >0 with b2 < ﬁ and 3,H — 5b% > 0. Finally, select €, = b2 and consider
Ke,(by) as defined in equation (17). Almost surely, there exists pg € N such that

sup [cx| > 275 (1+3)i

A’CA
for every X of scale j = | (1 + 8,)P| with p > py and such that X\ K., (b,) # 0. In particular,

almost surely

1. hf(x) S
2. one has

%(H—F %)for every x € KCc, (by),

K,y () U B(k2*<1+ﬁn)”+"2.27<1+5n)”)
p=pokeF. (p+1)

where
an (p + 1) == {k . )\L(1+Bn)p+lj,k ﬂ/CEn (bn) 7é @ and CL(1+Bn)p+]J,k # O} . (18)
Proof. Remember that the quasi-Cantor set IC., (b,,) is obtained as

Ke, (bn) = ﬂ 7:; ((1 +bn)p7bn75n) nzZ

P=po



Nonlinearity 38 (2025) 125013 C Esser and B Vedel

where pg is chosen large enough so that the Hausdorff dimension of K. (b,) is larger than
H—¢, and

2UFEH=E) < BT (14 B2) bay ) < 20 H ()
for all p > po, by theorem 4.5. Using the equality (1+ 3,)? = (1 + b,), it follows that
2B H=e) AT (14 Ba) by £a) < 20 HA )

for all p > po/¢. Furthermore, we know from proposition 4.4 that if A € T, ((1 + B4)", b, s,l)

# {)\’ CA:N €Ty ((1 + B! ,bn,5n>} > 2B (148 (H=552)
We consider

Qp = {3)\ EI(H-Bn)P : /\ﬂ/Ca,, (bn) §é (/)and )\S/uCpA ‘C)\’| < 2—(;(1-]—&-:1)(]4,_@”)11} '

At the scale jo = (1 + 3,)P*!, one has 2% > 2~ 5 () (145" pence

P (%) < > P({& =0,Y\" C A})
AEZ(]‘Fﬁn)[H" JAQICE(b,,);ﬁ(D

B (14 n)P (H=552)

< 2048 (Hpen) (1 —~ 2(77—H)(1+ﬂ”)”+])2

N

20+B)" T (Hten) oy (_2<an)(1+5">”+‘26,,(1+6n)”(H—5§77))

< 208 ) oy (_25(1%")")

by using the choice of 3,, b, and ¢,. An application of the Borel-Cantelli lemma gives that
almost surely, for every p large enough and every A € 14 ,)» such that AN K., (b,) # (), one
has

dy > 27 5 () 048"

Corollary 5.2. Almost surely, for every € > 0, one has =
dimy ({x the(x) < %_I —l—s}) =H.

Proof. For every n € N, we know by proposition 5.1 that almost surely
dimy, ({x L hy(x) < % <H+ ;) }) > dimy (K., (b)) = H— e,

with g, < m It suffices then to take n — +oo. O
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Theorem 5.3. Almost surely, for every h € |, a—rf’] one has

dimyy ({x : hy(x) < h}) > hg.

Before giving the proof of theorem 5.3, let us recall the useful mass distribution principle.

Lemma 5.4 (mass distribution principle [19]). Let F be a Borel subset of R and . be a mass
distribution on F. Suppose that for some s there exists ¢ > 0 and § > 0 such that

u(U) <clUpP
for all sets U with |U| < 0. Then H*(F) > u(F)/c and in particular,

Proof of theorem 5.3. Using lemma 2.8, the result boils down to establishing a lower bound
for the Hausdorff dimension of the sets

Es(f) =limsup U B (szj’2*5(lfej)j> '
jmteo k, &k #0

We fix againn € N, g, = %(H + %) — 1. We consider as previously ¢ € N such that

(14 B8.) = (1 +b,)"

for some b,, > 0 with bﬁ < 10,11 3 and 5,H — 5b,21 > (. Note that, as mentioned earlier, we should

actually consider the integer parts so that all scales under consideration are integers. Finally
set £, = b2. We consider K., (b,) as defined in equation (17). Using proposition 5.1, we can
fix py large enough such that

K, (bn) C ﬂ U B (kz—(1+:3n)”+"2.2—(1+6n)”> ’

p=pok€eF., (p+1)

where F., (p+ 1) is defined in equation (18). For s such that 1 < s < 1 + 3, that can be written
as s = (14 b,)? with gy € {0,...,£}, we claim and prove below that almost surely, one has

H-17b,
~s(1+b,)’

V

dimy ICE”(bn)ﬂﬂ U B(kZ*(lJrﬂ”)’z-H’273(1+5n)n)
P2pokEF., (p+1)

19)

An immediate consequence is that, for any § € [ﬁ, 1], if one sets # = (14 3,)0 and if go €
{0,...,£} is chosen so that (1 + b,)? <t < (1+ b,)%*!, one can write almost surely

dimgy (Es (f)) = dimy | K., (by) N ﬂ U B (kz—(1+,3n)n+l ’2_t(1+g”)p)
p2pokEF., (p+1)

>dimy | K¢, (b)) N ﬂ U B(kZ*(lJrﬁ”)h-H’273(1+»3n)p)
p=pokeF., (p+1)

19
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H— b,
~ s(14by)
H-17b,
" t(1+b,)?
H— b,
T 5(1+ ) (1+b,)
H—1b,
§(H+1Y)(1+b,)°

=n

where s = (1 + b,)?. Taking a dense set {h : k € N} of [, >-H] and the limit as n — +o0,
lemma 2.8 implies that, almost surely, for any k£ € N,

dimyg ({x : hy(x) < Iy }) > dimy, (E, (f)) > n%.

Since dimy; {x : hg(x) < h} is an increasing function, it follows that, almost surely,
. h @
Dr< (h) =dimy ({x : hy(x) <h}) =2n—, Vhe |a,—H
‘ ‘ o 7

and it will yield the stated result.
To obtain the lower bound of the dimension stated in equation (19), following the usual
approach (see, for instance, [15, 23]), we will construct a Cantor set inside

K. (by)N ﬂ U B (kz_(1+ﬁn)l)+l 2. 2—s(1+6n)”)
P2pokEFe, (p+1)

and a measure on the Cantor set in order to apply the Mass distribution principle (lemma 5.4).
We fix s such that 1 <s< 148, and s = (14 b,)% with go € {0,...¢}. The Cantor set and
the measure are constructed via an iterative process. Let us first give a heuristic explanation
of the construction of the Cantor set and the associated measure. In the first step, we select a
collection of disjoint balls of radius 2~*(1+5)" | centred at points of K., (b, ). Their number is
chosen to be roughly 21+ (H=6bx) in accordance with the abundance of admissible centres
guaranteed by theorem 4.5. We then distribute the mass of ;2 uniformly over these balls. In the
next step, each ball from the previous generation is refined. Thanks to the reproduction property
of K., (b,) (proposition 4.4), one can again select many admissible sub-balls at a finer scale,
still in large enough number but slightly reduced to ensure disjointness. The mass carried by
each parent ball is then redistributed uniformly among its children. Iterating this procedure
yields a decreasing sequence of collections of disjoint balls. Their intersection defines the
Cantor set, while the uniform redistribution rule defines the measure p. Let us now turn to a
detailed step-by-step description of the construction. We recall that F, (p+ 1) is defined in
equation (18) and, using the relation (1 + f3,)” = (1 +b,)", that we have

2(1-‘,—[3,1)”(11—6”) < #Too ((1 + Bn)p 7bn;5n) < 2(I+Bn)p(H+5n)

for all p > po /<.

20
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First generation : Fix p; > py. Since

Kb c | Bk (4o 2o (i)
keFen ([71+1)

there are at least 2(!+5)" (H=21) elements in F., (p; + 1) since
H#Too (14 Ba)"" buyen) > 2 (14B,)1 (H—e2)

by theorem 4.5. We select exactly 2( )" (=050 — 5(14+:8.)" (H=6b1) elements corresponding

to dyadic points D = g 2=+ yith 1 < < 206" (H=6b1) and 5o that the balls
B (xgl),z—s(wwl) 1< QU (H=6b)

are pairwise disjoint. Note that this choice is possible if p; is large enough. We set
B =B (xp),2—<1+bu>q0<1+m>m) 1< < 2UEB) (6

These balls give the first generation of our Cantor set and we define a measure y; by distrib-
uting the mass uniformly over them, i.e.

1 (Bp)) = 2~ (H=6b) (1B, _ | B(D)|(H=6b,)/(1+b.)" _ | g(1)|(H=6b) /s

for all 1 < r < 20146 (H=6b1) Note that by construction,
B € Tog (1452)" (14 B2)" 1 busen) - (20)

Choice of scales : The next generations of the Cantor set will be constructed at scales (1 +
b,)% (14 B,)P¥, with N > 1, where the sequence (py)y of integers is chosen so for all N > 2

2 (148N =1((145a) " = 1) (H=6by) (148N bu2 ™" Q1

Second generation : Let us pick one of the balls B,(l1 ) of the first generation. Using (20) and the

self-similarity given in proposition 4.4 (with &, = b2), we know that, for all the scales of the
form (14 b,)? between (1 +b,)®1(1 + 3,)"" and (1 + 3,)P2, the ball B! contains at least

(1 = (145, (14,7 (H—Sh,)
dyadic intervals of C., (b, ). We select exactly 2((1+02)" =140 (145)"1 ) (H=6b1) guch intervals.

At the last scale p = p; each of these intervals corresponds to a ball B(xﬁz) , 2’(“5")”2) where
x ) = (14872 belongs to F., (p» + 1), since

ICe, (bn) C U B (k2*(1+,3n)ﬁz+l 2. 27(1+5n)P2> '
k€F., (p2+1)

Our second generation of balls in Bg,l ) is then given by 2((1F5)" = (1+b)% (14+5,)" ) (H=6bn) g
joint balls B(k2~ (1467 2=(146) (146" ) included in B!,

21
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We label these balls

B with 1< ry < 21482 —(45)0 (148, (H=6b,).

r,r

Note that for each dyadic interval of K. (b,) of scale (1 + 3,)72, we select only one ball
B(x® 2= (14807 with x?) = k248" ¢ F_ (p, + 1). Therefore, the balls with the same
center but different dilated radii can intersect at most pairwise. The selection of exactly
2((+8:)72 = (146) 0 (1458,)" ) (H=6b) ensures the possibility of choosing a collection of disjoint
balls.

Next, we uniformly distribute the mass of BEII ) on the disjoint smaller balls, thereby defining
a measure [y by

@\ _ 1 (Bi(‘ll))
H2 (B) = (148, —(145,) 0 (145, ) (H—6b,)
2_(1+ﬁn)l’l (H_6b/x)
= (4B —(145,) 0 (145, ) (H—6b,)
< 2~ (4B (H=6b =)

H—6by — 21

=B, [T

H—6by— b

:|B(2) |%

ri,r2 )
where the inequality holds due to the choice of p, according to equation (21).
-1

Nth generation : We assume that the balls B, 7, , and the measure ;y_; have been con-
structed so that

H—by (6+2Z;;2*"‘>

s (B0, ) <m0t ) _ ooy (SR
r ~

seees'N—1 FlyeeesIN—1
Let us consider one of these balls. It contains at least

2((1+/8n)pN_(]+bn)q0(l+6n)pN71 ) (H—5by)

dyadic intervals of K., (b,) at scale (1 + /3,)"". Again, each of these intervals corresponds to
a ball Bx™ ,2=(1+8)™) where x™ = k28" belongs to F., (py+ 1). Our Nth gener-
ation of balls in B!, . is then given by 2((1+8)"=(1+b)0(1+8,)V=1)(H=6b) disioint balls

,,,,,

B(k2~(+5 VT o= (b (148" included in Bﬁf\fil’lel . Again, one may choose it such that

at all intermediary scales (1 + b,)?, exactly 2((1+0n)"=(1+b)% (1+6,)=1)(H=6b1) qyadic inter-
vals of K., (b,) are selected. We label this balls

BM  with 1< ry < 2B =450 (1481 (H=6b,)
ri X X .

seeesIN
Next, we uniformly distribute the mass of B '), | on the disjoint smaller balls, which leads
us to define py by
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e (BY )
N (B(N) ) = -
TlyeesTN 2((]+[3’L)FN_(1+;;”)@0(1+[3n)PN 1) (H—6by)
9= (148N =1 (H=bu(6+302527"))
S 2 ((1+B,)"N = (14b,)%0 (143, )N=1) (H—6b,)
< 9= (14BN (H=bu (6432 _,27"))

H=bn(6+5N_,27™)

=B™ | (1457
Fly..03FN
w (s+5N_2)
= 1P,y ! ;

because of (21).

Definition of the Cantor set: We define the Cantor set Z,, (b,) C K, (b,) by

z )= U 5.

The sequence (uy)y>1 converges weakly to a Borel probability measure £ supported on
Z.,(by), such that for every N > | and every ball B appearing in the Nth generation of the

n

construction, we have

1 (B) = pn (B)

(see [19], proposition 1.7). In particular, the construction guarantees that for any ball B appear-
ing in the construction of the Cantor set,

H—Tby

u(B) < |B"". (22)

Measure of a ball of KC, (b,): Assume first that D corresponds to a dyadic interval that
appears in the construction of K¢, (b,) that intersects Z., (b,). Let N be such that

2_(1+Bn)pN+l < ‘D| < 2_(1+ﬁn)pN_

We consider m € {0,...,q} and p € {pn,...,pn+1 — 1} such that

|D| = 2= (48P (14ba)"
We consider two cases:

e First, assume that

2BV (4h)" | p| < =45,

i.e. p=py and m < qo. Then, there exists at most one ball B’,\]' ....ry Of the Nth generation of
Z.,(by) such that Bgf\?__,m N D # (. Hence

_H=Tby_ — by —Tbn
w(D)<p(BY.,) < B, [T <10 "= < |p)"+"

TlyeensIN TlyeesIN

<|D|
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e Next, assume that
ID| = 2~ (BN ()
withm > 1 and gpy + qo +m < py+1. Since D € Too (14 8,)P¥ (1 4+ b,)™, by, 1), We know
that there are at most
(B = (148, (146,70 (H—6b,)

children of D at scale (1 + 3,)P*+' in D. Since each of these intervals contains at most one
subinterval of the (N + 1)th generation of the Cantor set, it follows that

N
1 (D) < 2B (B8 (10 ) (H—6) 1 (BW)
= (BT = (146,)70 (14 B,)"N ) (H—6b,)

(BM)
2 — (145, )% (14,)"N (H—6b,,)

< 9= (14+B8.)"™ (14b,) 0" (H—6b,)

< 2—(1+b,,)‘fo((1+b,,)'”—l)(]+,6,,)”N(H—6b,,)'u(B(N))
< 9= ((14+5,)" = 1) (14B,)"N (H=6b,) 5 — (1+8,)"N (H=Tb,)
< 2~ (Hba)" (14B,)N (H=Tby)

(H—1Tby)
< | D) G+

(H—=Tbn)
B

= |D|

where the fourth inequality follows from (22) and from the fact that the balls of the Nth
generation have radius 2~ (116" (1480

Measure of any ball D of radius smaller than 2—0+8)": Clearly, if DN Z., = (), then
(D) = 0. Hence, we can assume that DN Z,, # 0. If [D| =277, we consider N> 1, m €
{0,...,q} and p € {py,...,pn+1 — 1} such that

(148, (1+b,)" ™ <7< (1+8,) (1+b,)".

Such a ball intersects at most two balls By, B, of K., (b,) of size 2~ (148" (1+6)" 1t follows
that

o H=Thy
L2 s )

Dimension of Z,, : We conclude that dimy (Z;,) > % by applying the mass distribution
principle recalled in lemma 5.4. This establishes (19), and thus completes the proof. O

Proposition 5.5. Almost surely, for every h € [a, O‘TH] one has
dimyy ({x s he(x) < h}) <hL.
a

24



Nonlinearity 38 (2025) 125013 C Esser and B Vedel

Proof. Letus fix & € [, ‘?—H] Fix € > 0 and remark that for every j large enough, one has

E [# {k o= 2—&./‘}] < 2 (n=H)ipj(H+e) _ o(nte)i

by applying lemma 3.2. Chebyshev’s inequality combined with Borel-Cantelli lemma gives
directly that almost surely, for j large enough,

#{k:cjp =27} <202,

Considering a sequence (e, ), that decreases to 0, we obtain that

) log# {k:cjx =27}
«) = limsu ’. <n,
pr(c) lim sup Tog n

almost surely. It has been proved in [6] that

h/
Ds(h) < h sup i )
’ W €(0,h] h

The right term is an increasing function of 4, hence it is also an upper-bound of Dy < (h).
Since py(h') = —oco if h’ # «, we obtain that

dimyy ({x s he(x) < h}) < hg

The combination of theorem 5.3 and proposition 5.5 finally yields theorem 1.3.

6. Conclusion and comments

Let us conclude by presenting an example that demonstrates the optimality of our results given
the tools developed in the paper. We consider a sequence (K,),>1 of disjoint Cantor sets of
Hausdorff on the real line and of dimension 1 — %, and let us set

I:UK,,.

n>1
Clearly, Z satisfies the upper-box counting formalism with
dimy (Z) = dimg (Z) = 1.

Now, consider the lacunary wavelet series f on Z. Since the Cantor sets are disjoint, one has

{x:hp(x) =h} = | J{x € Ku: ly, (x) = h}

neN

where

21 ' '
22—, fX.NK
= Z Z cjx¥jx Wwith { G if NxNK, #0

g 0 otherwise,
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1

Figure 1. The regularity of a LWS on 7 can be larger than the regularity attained on a
subset of the dimension of 7.

is the corresponding lacunary wavelet series on K,,. Note that ; ; is a Bernoulli random variable
with parameter 2(7—1J = 2(n——

n

dims (K1))i Hence, the parameter of lacunarity of f, is given
by n — % From [18], we know that if  — % > 0, one has almost surely

n=

dimy ({x €K, : by, (x) =h})=h -
for all he [a, 2=

Consequently, '

], and the iso-Holder set is empty for all other finite values of A.

_1
dimy, ({x: hy(x) = h}) = suph >

n>1 « «
forall 1 € [« "TH] Let us however make two remarks.

e First, note that

neN

H' (s hy(x) = h}) = M ({x: by, (x) =h}) =0.
Hence, in general, one cannot expect that the hg—dimensional Hausdorff measure of the
iso-Holder set of level 4 of a LWS f is strictly positive.

11
all=) o
L/ A— n

e One cannot hope to obtain precise results about the regularity that exceed the regularity
attained ‘almost everywhere’ on Z. Indeed, remark that for all n, one has

so that the maximal regularity on each K, is larger than the regularity % attained by f on a
set of dimension 1, see figure 1.

The strategy of constructing quasi-Cantor sets with self-similarity properties at prescribed
scales inside the fractal Z allow us to recover some MTPs for limsup of balls whose centres are
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chosen according to Bernoulli laws. The counterpart is that we do not obtain the preservation
of the positivity of a measure as mentioned above, but only an estimation of the dimension.
The usual arguments to obtain the multifractal spectrum, and not just the increasing one, are
crucially based on the existence of a positive measure on the sets Es(f). Indeed, for a LWS f
of parameter («,7), and every 0 € (0,1), we have

{rezim=5}=10| N B\ U B0

0<8’<d 6<6'<1

The example presented above tends also to show that various different behaviours can be
expected for the regularities greater than the first regularity Ay for which the dimension of
the fractal set is reached. We do not know whether the multifractal spectrum of a LWS suppor-
ted on a fractal set Z might be discontinuous even for regularities smaller than Ag. It would be
interesting to exhibit LWS on fractal sets Z for which dimy, (Z) is not reached—maybe by con-
sidering LWS on the attractor of an IFS which do not satisfy the OSC. The difficulty to obtain
the multifractal spectrum in situations where the increasing spectrum is known also occurs in
the context of multivariate multifractal analysis. This is the case for the bivariate analysis of
two independent LWS on [0, 1] (see [25]). Note also that a relaxed version of the singularity
spectrum which is more accurate than the increasing one has been defined the following way:

Dy(h) = Ellr& dimy ({x: h—e < hy(x) <h+e})

which is easier to obtain since it is enough to compute the exact dimensions of the sets E5(f)
and for which the validity of the large deviation methods are more robust.

We also expect that our strategy of first constructing quasi-Cantor sets before estimating
the dimension of the limsup of balls could be developed in several directions. In particular, in
future work, we plan to

e Consider other types of random processes on fractal sets, such as random wavelet series or
lacunarized cascades;

e Investigate the optimal conditions on the fractal set Z under which we can construct quasi-
Cantor sets inside. In particular, we plan to explore the generalization of this method to
iso-Holder sets, for which the upper-box counting dimension is 1 as soon as there is some
homogeneity. This is the case for random cascades or LWS. Such developments would be
particularly useful for developing criteria to test the validity of the formalism (see [18]) and
for multivariate analysis of functions.
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Appendix. Proofs of the results of section 3

In this appendix, for pedagogical purposes, we recall the proof of the two results of [18]
recalled in section 3 on which the construction presented in section 4 is based.

Proof of lemma 3.2. Because the upper-box dimension of Z is equal to H, we have log, #Z; <
H+e, ie #1; < 2/(H+€) for j large enough. The lower bound is proved by contradiction.

Assume that there is a sequence (j,), such that #7Z; < 2/n(H=2) Since T C 7, it provides a
covering of Z by less than 2/"(#~¢) intervals of size 277, It follows that dimy(Z) < H — ¢,
which gives the contradiction. O

Note that lemma 3.2 holds in fact under the weaker assumption that dimg(Z) = dimp(Z).

Proof of proposition 3.4. Since Z; = ED(j,b,c) USD(j,b,e) UFD(j,b,¢), there exists J € N
such that, for all j, > J,

#(SD(j,,b,e) UFD(j,,b,e)) < 2(H+e),
Moreover, since #Z| (1.4);) is bounded by 2(+b)(H+e)i we deduce that
#FD (j,b,e) x ji(bH+4e) #T| (14| < 2i(1+b)(H+e)

This yields (10).
Since #SD(j, b, ) is bounded above by 2/(+) and since the dyadic intervals of SD(j,b, )
present a slow duplication, we can control the cardinality of C,SD(j,b,¢) by

#C,SD (j,b,e) < i(H+e)pj(Hb—4e)  2j((1+b)H—3¢)

which is (11).
We now turn to the set ED(j,b,¢). Its upper bound is trivial. Suppose now that there is a
sequence ( jn),, such that, for all n,

#ED (j,,b,e) < 2n(H=22), (23)

For each n > 0, we have the following covering of Z with sets of diameter smaller
than 2 7/

I C{X€ED(j,,b,e)}U{XEFD(j, b,e)} U{\" € CsSD(j,,b,e)}.
Combining (23), (10) and (11), it implies that, for any r >0and 0 < s < 1,

HE () < 2 x 20 (H=22) 0 =ns 4 in( (1D H=3me) 9= (1D
for any j, such that 27 L r Taking s = H — ¢, it comes

HE(T) <2 x 27 e,

It follows that lim, ,o+ H}(Z) =0 and therefore dimy(Z) < H— ¢, which is impossible.
Hence, there exists some J € N such that for all j > J, 2/(#=2¢) < #ED(j,b,e) < 2WH+e), O
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