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Abstract

Simulating solids under complex, flow-induced loads presents a significant challenge in
fields like aerospace, turbomachinery, and biological systems. These applications often
involve intricate Fluid-Structure Interactions (FSI), which include free surfaces, large
deformations, and strong coupling effects, that traditional simulation methods struggle
to capture effectively. The finite element code Metafor, developed by the MN2L lab of
the University of Liège, can handle large deformations, plasticity, damage and fracture,
thermo-mechanical interactions and solid-solid contact, making it ideal for advanced
mechanical analysis. However, it cannot simulate complex FSI problems on its own. In
applications where strong interactions between a liquid and solid occur, using simplified
boundary conditions to represent fluid behavior on the solid surface is insufficient. This
thesis addresses that limitation by introducing a framework that couples a Particle Finite
Element Method (PFEM) fluid solver with Metafor using a fully partitioned approach.
This coupling enables dynamic simulation of both domains and provides more accurate
flow-induced boundary conditions for the solid structure.

The PFEM is a hybrid technique that combines the flexibility of particle-based methods
with the precision of the Finite Element Method (FEM). The core idea of the PFEM is
to apply the Lagrangian FEM framework for each time step, combined with a remeshing
procedure between time steps that allows fluid parts to separate or merge. While PFEM
has shown promising results in handling free-surface flows, splashing, and large deforma-
tions, challenges persist in mass conservation and mesh regularization, particularly in 3D
configurations. Furthermore, the evolving and non-matching meshes between the fluid
and solid solvers present a substantial difficulty in coupling the two domains.

This work advances the state of the art in FSI through a coupled PFEM-FEM framework
applicable to 2D and 3D problems. The first set of contributions enhances the PFEM by
introducing a novel mesh refinement strategy that hinders element quality degradation,
specialized libraries to regularize mesh degeneracies, and a Level Set-based method to
improve mass conservation (PFEM-LS). The second focus addresses numerical challenges
related to the partitioned FSI coupling with evolving, non-matching meshes. These chal-
lenges are addressed by enforcing mechanical and thermal equilibrium between the solvers
at each time step, supported by a flexible and efficient mesh interpolation technique. Par-
ticular attention has been given to the performance and scalability of the implementation.
The proposed framework is validated against a wide range of experimental and numer-
ical benchmarks from the literature. The variety of test cases and their agreement with
published results confirm the robustness of the approach.
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1.1 Context and Motivations

Fluid-Structure Interactions (FSI) refer to the physical phenomena that occur when one
or more solid structures interact with a fluid flow. FSI leads to complex, nonlinear,
multi-physical interactions, playing a significant role in various scientific and engineering
fields. It is particularly important in the design of aerospace vehicles, turbomachinery,
wind turbines, flapping foil energy harvesters [1, 2] as well as in the stability analysis of
bridge structures. Additionally, FSI is essential in biological fluid mechanics [3, 4] and
biomechanics [5, 6]. It is also a major focus of research in the areas of aeroelasticity
and hydroelasticity [7, 8]. Other examples of fluid-structure interactions include the
simulation of particle sedimentation [9, 10], offshore and marine engineering [11, 12],
electrostatics and electro-hydrodynamics [13, 14], or the analysis of bird-strike damage
on airplanes [15, 16].

For most engineering problems involving FSI, developing analytical solutions is not
feasible, and experiments can be expensive or unable to provide a complete understanding
of the phenomena. As a result, numerical simulations have become the most effective
approach. Significant progress in FSI modeling has been made over decades. Early
computational studies of FSI, particularly in aeroelasticity, began in the 1970s [17, 18]
and 1980s [19, 20], addressing structural vibration and fluid flow coupling through the
Finite Element Method (FEM) for solids and simplified fluid models. By the 1990s,
partitioned coupling methods, such as those developed by Farhat and Lesoinne [21, 22],
allowed independent fluid and solid solvers to interact through a coupling interface. In
2004, to better manage free surface flows, topological changes, fragmentation, or droplet
impacts, Idelsohn et al. [23, 24] introduced the Particle Finite Element Method (PFEM).
The latter combines the flexibility of particle-based methods with the precision of finite
elements, using a Lagrangian approach to naturally track evolving interfaces and automatic
remeshing to prevent mesh distortion. At the same time, the Multi Material Arbitrary
Lagrange Eulerian (MM-ALE) method [25, 26] has been developed to simulate air-blast
and explosive detonation. The MM-ALE uses a coupled Eulerian-Lagrangian formulation
in which the computational mesh can move independently of the material, and allow
multiple materials to coexist within a single element.

Motivations

Metafor [27, 28] is an in-house Finite Element (FE) solver developed for simulating
complex structural behaviors. It can handle large deformations, plasticity, damage and
fracture, thermo-mechanical interactions and solid-solid contact, making it ideal for ad-
vanced mechanical analysis.
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However, Metafor does not include any fluid modeling capabilities, meaning it cannot
simulate realistic FSI problems on its own. In many applications, especially where strong
interactions between a liquid and solid occur, using simplified Boundary Conditions (BC)
to represent fluid behavior on the solid surface is insufficient. To address this limitation,
Cerquaglia and Thomas [29, 30] developed a fully partitioned coupling framework be-
tween Metafor and a PFEM-based fluid solver, allowing for dynamic simulation of both
domains, leading to more accurate flow-induced boundary conditions for the solid struc-
ture. While their work demonstrated proof-of-concept implementations, the use of PFEM
within the FSI framework was limited to academic 2D benchmarks. This thesis takes the
next step, extending the framework to 3D configurations and overcoming key challenges
of the PFEM, which are discussed in a subsequent section. It enables the simulation of
complex, dynamic loading conditions on the solid solver, including thermo-mechanical
exchanges, material rupture, and flow through fractured zones. Essentially, our goal is to
build on the work of Cerquaglia et al. [16, 31, 32] and move beyond the previous proof of
concept, paving the way for industrial applications. In a recent development, Février [33]
completely rewrote the PFEM code to support 3D fluid simulations. Thereby, the first step
of this thesis is to revisit the FSI framework to enable strong partitioned coupling between
Metafor and the newly developed fluid solver, called PFEM3D.

1.2 State of the Art

In the FEM, or in any alternative discretization technique, fluids and solids typically rely
on distinct frameworks. The Lagrangian approach, commonly used in solid mechan-
ics, is well-suited for problems involving free surfaces or large interface movements, as
the computational mesh moves with the material. This eliminates the need for explicit
boundary tracking, since the interface is naturally part of the model. However, deforming
Lagrangian meshes can quickly become overly distorted, requiring frequent mesh refine-
ment operations. In contrast, Eulerian frameworks, typically used in fluid mechanics,
employ fixed meshes, thus avoiding the need for remeshing. However, accurately tracking
moving boundaries in an Eulerian setup requires methods like Level Set (LS) [34, 35, 36]
or Volume of Fluid (VOF) [37, 38], which significantly increase solver complexity. An al-
ternative hybrid approach, known as Arbitrary Lagrangian-Eulerian (ALE) [39], can also
be used. However, ALE is less effective at handling topological changes such as droplet
separation, splashing, or crack propagation. Although these limitations can be addressed
by the MM-ALE, it comes with higher complexity, and may require higher computational
costs compared to purely Lagrangian or meshless methods such as Smoothed-Particle
Hydrodynamics (SPH) in commercial software [40, 41, 42].

10



Immersed Boundary Method

State-of-the-art formulations for handling moving immersed or free interfaces in fluid
dynamics simulations generally rely on an Eulerian framework, employing a fixed non-
body-fitted mesh for the fluid domain. The solid domain is either treated as a rigid,
fixed body or described using a Lagrangian formalism [43, 44, 45, 46]. Among these
formulations, the Immersed Boundary Method (IBM) [47, 48] allows for the representation
of complex geometries and moving interfaces without the need for mesh regeneration.
IBM employs a composite of overlapping grids, where the background fluid mesh remains
fixed, and the solid interface is embedded within it. The fundamental principle of IBM
is to enforce the interaction between the fluid and the solid through additional forcing
terms in the governing equations, rather than modifying the mesh topology. These forcing
terms are introduced to satisfy kinematic constraints (velocity continuity) and dynamic
conditions (force balance) at the interface. The method can be implemented in different
ways, including the penalty approach, where an artificial force is added to penalize
deviations from the interface conditions, or the projection method, where the velocity
field is adjusted to enforce constraints more accurately.

Classical IBM formulations [48, 49] employs discrete delta functions to interpolate be-
tween the Eulerian fluid grid and the Lagrangian interface representation. These functions
distribute the effects of the immersed structure onto the surrounding fluid nodes, ensuring
a smooth transition between the solid and fluid phases. However, as the interface moves,
cut-cells (fluid elements partially occupied by the solid) can become arbitrarily small,
leading to numerical instabilities. To mitigate these issues, stabilizing penalty terms are
often incorporated to improve the conditioning of the discrete system by maintaining
consistency and stability in cut elements [50, 51].

Despite these enhancements, IBM formulations can still face challenges, particularly when
dealing with highly dynamic interfaces, large deformations, or free surface interactions
in 3D problems [49]. The requirement to accurately capture interface conditions while
avoiding spurious oscillations often leads to intricate algorithms that demand careful
tuning of numerical parameters. Alternatively, interface or free surface motion can be
tracked using LS techniques. However, for both LS and IBM, the solid part covers an
evolving part of the fixed Eulerian mesh. Thus, fluid degrees of freedom that are covered
by the solid part have to be dynamically enabled, disabled and initialized as the interface
evolves [52]. This is a source of complexity and potential inaccuracy that can be totally
avoided while using a Lagrangian approach for the fluid, as the nodes naturally move with
the interface and keep their physical properties.
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Smoothed Particle Hydrodynamics

The SPH was originally introduced in 1977 for astrophysical simulations [53], and has
since been widely used in computational fluid dynamics [54, 55]. It is a Lagrangian,
meshless computational method using particles to represent the fluid, each carrying phys-
ical properties such as density, velocity, and pressure. Numerical integration involves
summing contributions from neighboring particles weighted by a kernel function. Com-
monly used kernels are the Gaussian kernel, the cubic spline, or the Wendland C2 function
with cut-off radius to limit the range of the neighborhood. This locality of interactions
allows for efficient distribution of computations across multiple processors, making SPH
particularly advantageous for parallel computing architectures [56, 57].

In SPH-based fluid-structure simulations, the structure is typically modeled as a mov-
ing boundary that influences fluid flow through boundary conditions and interaction
forces. While SPH is well-suited for simulating free-surface flows and large deforma-
tions, accurately enforcing boundary conditions remains a technical challenge. Standard
formulations often suffer from wall penetration issues. To mitigate this, techniques such
as ghost particles, repulsive force models, and kernel corrections are commonly em-
ployed to enforce solid boundaries effectively [58, 59]. Additionally, SPH tends to exhibit
numerical instability and lacks consistency when modeling elastic solid structures [54,
55, 60], which must be addressed for reliable simulations. Stability and convergence
are also highly sensitive to particle distribution uniformity. As a result, most SPH im-
plementations rely on uniform spatial resolution, limiting their efficiency in multiscale
engineering applications, though recent research has focused on enabling non-uniform
particle distributions [61].

Particle Finite Element Method

The PFEM is a recent discretization technique [23, 62] that holds both the features of
particle methods to address mesh distortions, and of Lagrangian FEM for an accurate
capturing of evolving interfaces as well as easy imposition of boundary conditions. A
state-of-the-art review of the method can be found in [63]. The key idea of the method is
the use of the classical FEM approach over each time step combined, in between different
time steps, with a remeshing procedure that allows separation or merging of different
parts of the fluid. The remeshing is based on the Delaunay tessellation [64] of the set
of particles, which subdivides their convex hull into triangles in 2D or tetrahedra in 3D,
ensuring that the circumsphere of each simplex∗ does not contain any other points. An
𝛼-shape [65] is then extracted from this tessellation to reconstruct the boundary of the
fluid domain.

12



The PFEM was initially dedicated to fluid mechanics problems involving interfaces and
free surfaces. Since then, it has been successfully used in a large panel of FSI problems
[16, 66, 67]. However, it is important to note that the PFEM is not exempt from limitations.
In particular, the shortcomings mostly stem from the remeshing which does not enforce
the conservation of mass. Indeed, the𝛼-shape alone is generally not sufficient to guarantee
an accurate detection of the boundaries. This issue is even more significant in 3D, where
obtaining a high-quality tessellation is challenging [68].

Fluid-Structure Interactions

When using body-fitted, Lagrangian finite element-based methods for FSI, a common
technique is the monolithic (or unified) formulation, where the governing equations
for the fluid and solid are solved simultaneously using the same solution scheme and
variables in a coupled way [45, 66, 69, 70]. While robust and accurate in principle, the
monolithic approach is inherently intrusive, as it requires solving a single system that
directly incorporates both fluid and solid equations, which can increase implementation
complexity and computational cost, especially for large systems. Furthermore, it inhibits
the coupling of different software frameworks.

Alternatively, the loose coupling technique aims at solving the fluid and the solid equations
sequentially, but may lead to instabilities [71, 72]. In the partitioned coupling, or staggered
method, the flow and the displacement of the solid structure are computed separately and
coupled thanks to a fluid-structure algorithm. The latter performs sub-iterations until
convergence at the interface of the fluid and the solid parts, which guarantees the balance
of action/reaction surface tractions [73, 74, 75]. This strategy is extremely versatile since
two specialized software frameworks can be used together. For instance, it is possible to
use an explicit solver for the fluid part and an implicit solver for the solid part, thus using
the most appropriate technology for each domain. The main drawback of the partitioned
coupling is that the number of iterations required to achieve convergence increases with
the strength of the coupling and the complexity of the interaction, which can greatly slow
down the simulation [31]. Moreover, communication delays or synchronization issues
may arise if the two solvers run in parallel, especially in large distributed systems.

∗ A simplex represents the simplest possible polytope in any given dimension. Namely, it is a generalization
of the concept of a triangle to higher dimensions, with a 𝑑-simplex having exactly 𝑑 + 1 vertices.
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1.3 Main Challenges

A major challenge in the PFEM arises from the remeshing process. Specifically, the
boundary recognition algorithm, traditionally based on 𝛼-shape, focuses on the shape
and size of each individual simplex, without considering the topological or physical
characteristics of the fluid. As a result, this approach can alter the fluid boundary in a
way that leads to spurious mass variations over successive remeshing steps. To address
this, some researchers have turned to constrained Delaunay tessellations [76, 77], though
its use has been primarily limited to plasticity problems, as it struggles with merging and
separating bodies.

Falla et al. [78] proposed a technique based on a merging detection algorithm, enabling
extreme (and local) mesh refinement near regions where fluid-fluid contact might occur.
This approach is grounded in the idea that smaller finite elements lead to reduced mass
variation by minimizing the scale at which the tessellation and the 𝛼-shape can alter the
fluid boundary. However, this solution has two main drawbacks. First, it does not resolve
the underlying issue of mass variation, as it only reduces the scale at which it occurs.
Second, intensive mesh refinement can significantly increase the computational cost of
solving the FE system, particularly in 3D, by raising the number of degrees of freedom.
Lately, Fernández et al. [79] proposed a PFEM-LS that combines the LS technique
with the 𝛼-shape, which shows promise for mass conservation without the drawbacks of
previous methods. However, this approach has only been tested in 2D and introduces a
non-negligible computational cost to the remeshing process.

Another major challenge directly related to remeshing is the automatic control of mesh
resolution. Although the size of the FE mesh can be defined a priori to best suit the specific
configuration being studied, the displacement of nodes due to the flow can randomize the
resolution. This results in sparse regions where higher resolution is needed, or results
in dense regions where it is not. Therefore, mesh adaptivity can only be achieved by
frequently adding and removing particles.

Historically, new nodes are added at the centroids of finite elements that are too large with
respect to the target mesh resolution [29, 80, 81]. Conversely, nodes are removed when
they come too close from each other. While this approach may seem straightforward,
centroid insertion tends to decrease the overall quality of the mesh. An alternative
approach for refining the mesh is the Chew’s Delaunay refinement [82]. The Delaunay
refinement algorithm is guaranteed to improve the elements quality down to

14



𝐵 =
𝑟c

min𝑒 (𝐿𝑒) = 1 (1.1)

where 𝑟c is the circumradius of the considered simplex and min𝑒 (𝐿𝑒) is the length of its
shortest edge. The only exception arises when the simplex contains constrained edges
(such as those along a boundary) with an angle smaller than 60◦. One of the primary
drawbacks of Delaunay refinement is that it can generate very small elements relative to
the target mesh resolution, which becomes a significant issue when precise control over
mesh resolution is required. Additionally, this algorithm was originally proposed for 2D
meshes only. More recently, Falla et al. [78] introduced an edge splitting approach that
has been shown to produce good-quality elements on unstructured triangular meshes,
while closely aligning with the target mesh resolution. However, this method was also
proposed for 2D meshes only.

In addition to the above challenges, extending the remeshing process to 3D introduces new
complexities. In 2D Delaunay tessellations, the empty sphere property [64] ensures that
no other points from the point set lie inside the circle passing through the three vertices
of any triangle. This property prevents the formation of skinny or degenerate triangles,
as long as two nodes are not nearly coincident. In 3D, this property generalizes to a
circumsphere, but it does not guarantee well-shaped tetrahedra and cannot prevent the
formation of degenerate elements, often referred to as slivers. The presence of slivers in
a FE mesh negatively affects the accuracy of the solution. In practice, slivers can prevent
the linear solver from converging in implicit simulations and can reduce the critical time
step in explicit simulations to nearly zero. For that reason, all slivers must be regularized.
The regularization of slivers in the PFEM has been widely discussed in the literature [67,
83, 84, 85], yet it remains an open topic of ongoing research [86, 87, 88].

Another challenge, now related to the partitioned coupling with the PFEM for FSI, arises
from the fact that the fluid mesh does not typically match the structural mesh. Specifically,
the FS interface mesh on the fluid side undergoes frequent topological changes due to
both the remeshing process and the evolution of the free surface. On the other hand, the
FS interface on the solid side may also experience topological changes due to material
rupture. This situation calls for a versatile and efficient interpolation algorithm that can
facilitate the communication of nodal quantities between the two solvers in 3D. In a study
from 2019 on the partitioned coupling of two FEM codes, Thomas et al. [89] demonstrated
that the Radial Basis Function (RBF) interpolation is a promising candidate for this task,
offering a fully meshless solution for transferring information between the fluid and solid
domains.
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1.4 Outline and Objectives

Chapter 2 details the PFEM and the weak formulation of the Navier-Stokes equations
implemented in our in-house code PFEM3D [33]. Specifically, it introduces the governing
equations and their discretization using the PSPG [90] and the fractional step [91] methods.
Numerical examples, including liquid sloshing in a tank, dam breaks with obstacles, and
droplet impacts, illustrate the ability of the method to simulate free surface flows. More
importantly, the chapter focuses on addressing three key objectives. To the best of the
author’s knowledge, the proposed solutions are original contributions of this work to the
field of research:

1 – Improved Mesh-Refinement in 2D/3D

While the remeshing procedure effectively prevents mesh distortion due to large
deformations, it requires the repeated addition and removal of nodes in the fluid
domain to maintain element sizes aligned with the target mesh density. However, the
implementation used prior to this thesis leads to a gradual decline in element quality
over time and lacks support for local refinement based on physical or geometric
criteria. This work introduces an alternative approach, inspired by the edge splitting
method of Falla et al. [78], which is suitable for both 2D and 3D simulations.

2 – Regularization of Mesh Degeneracies

In 3D Delaunay tessellation, the empty sphere property [64] does not ensure well-
shaped tetrahedra and cannot prevent the creation of slivers. Our objective is to
integrate an open-source mesh optimization and tetrahedralization library, such as
TetGen [92] or Gmsh [93, 94], into the PFEM code. This work is conducted in close
collaboration with the Gmsh development team and the lab of Remacle at UCLou-
vain, which is designing an algorithm to enable efficient remeshing with theoretical
quality guarantees [87, 95], specifically tailored for use in PFEM applications. Mesh
optimization involve node relocation, known as vertex smoothing, node addition or
deletion, or elementary edge and face flips to locally improve the quality of the
elements and regularize slivers.

3 – Improved Mass Conservation

The main drawback of the PFEM is the impossibility to preserve mass exactly. When a
particle comes into contact with a boundary, new elements are generated to connect the
two domains, and typically leads to non-physical mass creation as these connecting
elements are artificially introduced without a corresponding representation in the
last-known configuration of the fluid domain.
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Conversely, domain separation and particle detachment contribute to mass loss due
to removal of fluid elements connecting the two domains. In this work, we propose
a computationally efficient approach, inspired by the PFEM-LS of Fernandez et al.
[79], to address mass variation issues in both 2D and 3D simulations.

Chapter 3 presents the partitioned strategy adopted for coupling PFEM3D with Metafor
in order to simulate mechanical, thermal, and thermo-mechanical problems. This section
validates the approach on different benchmarks from the literature. Numerical examples,
including the flow-induced bending of a rubber gate, the flow-induced reconfiguration of
buoyant and flexible aquatic vegetation, the natural convection in a cavity with a flexible
beam, the floating and warming of a solid sphere in a water tank, and a test case of water-
jet cutting, illustrate the robustness of the method to simulate FSI. More importantly, the
chapter also focuses on addressing three key objectives:

4 – Multi-Vector Jacobian Coupling

The Interface Quasi-Newton (IQN) technique, with an approximation for the Inverse
of the Jacobian by a Least-Squares model (IQN-ILS), is an advanced, strong coupling
strategy that offers good convergence and stability when coupling black-box solvers
[75]. Moreover, the convergence rate of the IQN can be further improved by reusing
information from previous time steps into the ILS model. However, it requires a
filtering algorithm to remove contradicting information or to enhance the solvability
of the resulting linear system [96, 97]. Thereby, a manual fine-tuning of filtering
tolerances and of the number of reuses is needed [31]. To circumvent this issue, the
implementation of an Interface Quasi-Newton method with Multi-Vector Jacobian
(IQN-MVJ) [98] is considered and compared to the IQN-ILS.

5 – PFEM-FEM with Non-Matching Meshes

While the previous implementation of the FSI coupling by Cerquaglia et al. [31]
provided a foundational basis for our current approach, it did not account for dynamic
changes in the interface mesh topology. Namely, the partitioned coupling with a
PFEM solver was only tested with matching meshes or simplified 2D configurations
where the PFEM solver does not modify the FS interface mesh during the simulation.
Since remeshing and local refinement are a fundamental aspect of the PFEM, in more
general scenarios, the interface mesh undergoes repeated topological changes. As a
result, there is a need to enhance the interpolation algorithms to better handle material
rupture, non-matching meshes, and evolving interfaces.
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6 – Thermo-Mechanical FSI Coupling

The work of Cerquaglia focused essentially on isothermal mechanical FSI using the
PFEM [29]. More recently, Bobach [99] extended the original PFEM code to include
thermal effects for simulating phase changes in 2D. This capability was later expanded
to 3D geometries by Février [100] within the new PFEM framework. However, the
implementation of thermo-mechanical FSI coupling between Metafor and PFEM3D
remained unaddressed. This integration requires thorough validation and verification
against both experimental data and numerical benchmarks.

Chapter 4 concludes the thesis by summarizing the key findings from the previous
chapters. It includes a dedicated section highlighting how the FSI coupling framework
and PFEM3D, enhanced through the contributions of this work, have been adopted by
other researchers. A curated list of publications and related projects is thus provided to
showcase additional applications of the codes and to guide readers interested in exploring
these extensions. Finally, the chapter outlines several perspectives for future work.

1.5 Mathematical Notations

In physics, a field is a physical quantity represented by a scalar, vector or tensor that
is defined at each point in space and time. Throughout this document, scalar fields are
denoted by italic symbols, vector fields and second-order tensor are represented using
bold italic symbols, and fourth-order tensors are represented by blackboard bold symbols.
For example, the pressure field is denoted as 𝑝, the velocity field is denoted as 𝒗 and the
Hooke tensor is denoted as H. When expressing finite element formulations of partial
differential equations, the discretized counterparts of field quantities on the finite element
mesh, as well as generic vectors and matrices, are represented using bold roman symbols.
For instance, v denotes the vector of nodal velocities, while p denotes the vector of nodal
pressures.

Ideally, a rigorous use of capitalization distinguishes tensors and matrices, which are
denoted by capital letters, from vectors and scalars, which are denoted by lowercase letters.
However, the notations commonly used in the continuum mechanics literature do not
always adhere to this distinction. For example, the Cauchy stress tensor is conventionally
denoted by a small sigma 𝝈 despite being a second-order tensor rather than a vector.
Consequently, we prioritize conventional notations in accordance with the literature, even
at the expense of the capitalization rule stated above.
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Chapter2
Particle Finite Element Method
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2.1 Fluid Governing Equations

Unlike the classical Lagrangian framework where 𝒙(𝑿, 𝑡) represents the time-dependent
position of a particle initially located at 𝑿, we interpret 𝒙 as a spatial coordinate inde-
pendent of time. The time-dependent aspect of the problem arises from the evolution of
the computational domain Ω(𝑡) which moves and deforms over time, as shown in Figure
1. This interpretation is particularly relevant in numerical formulations where equations
are solved on a deforming mesh, and the computational grid follows the material motion
without requiring an explicit reference to an initial particle positions.

This section provides an overview of the equations for Newtonian fluid motion with
thermal effects in a PFEM framework. It is important to emphasize that the section does
not present an original derivation developed within the scope of this thesis. Instead, its
purpose is to introduce the reader to PSPG [90] stabilization, fractional step [91] methods,
or more generally, the equations and integration schemes used in our PFEM code. These
formulations are employed throughout all the test cases presented later in this thesis.
Additionally, this section aims to make the document more self-contained, reducing the
need for the reader to consult external references to understand the content of the work.
Readers already familiar with these concepts may choose to skip this section and proceed
to the next one, where the two first objectives of the thesis are addressed.

𝑥

𝑦

𝑧

Ω(𝑡)

𝒙

Ω(𝑡 ′)

𝒙 ′

Figure 1: Current configuration of a continuum body in the Euclidean space. Material
points acquire new spatial coordinates 𝒙 = (𝑥, 𝑦, 𝑧) as they move, but 𝒙 itself remains a
reference for describing physical quantities at any given instant.
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The motion of a fluid is described by the Navier-Stokes equations, a set of coupled
Partial Differential Equations (PDE) that represent momentum balance and incorporate
mass conservation. To account for thermal effects in a fluid medium, these equations
must be coupled with the energy conservation equation. In this work, we essentially
consider single-phase, incompressible fluids without complex physical phenomena (such
as combustion or radiation). Thereby, the density is independent of the pressure and the
final set of governing equations is given by




∇ · 𝝈 + 𝜌𝒈 = 𝜌
𝑑𝒗

𝑑𝑡
in Ω

∇ · 𝒗 = 0 in Ω

∇ · 𝒒 + 𝜌 𝑐p
𝑑𝑇

𝑑𝑡
= 𝑠 in Ω

(2.1)

Here, 𝝈 is the Cauchy stress tensor, 𝒗 is the velocity field, 𝜌 is the density, 𝒈 is the
acceleration of gravity, 𝑇 is the temperature field, 𝒒 is the heat flux, 𝑐p is the specific
heat capacity at constant pressure and 𝑠 is a volume heat generation rate. Due to the
Lagrangian nature of the PFEM, the material points coincide with the grid nodes, and no
convective terms appear in the governing equations. Consequently, material derivatives
reduce to time derivatives. The constitutive equations for an incompressible Newtonian
fluid following the Fourier’s conduction law are

𝝈 = 𝜇
(
∇𝒗 + ∇𝒗⊤

)
− 𝑝I

𝒒 = −𝑘∇𝑇
(2.2)

where 𝜇 denotes the dynamic viscosity, 𝑝 represents the pressure field, I stands for the
identity matrix, and 𝑘 refers to the thermal conductivity of the material, which is assumed
to be isotropic. It is worth noting that the choice of an incompressible Newtonian fluid is
not a limitation of the method. Indeed, this framework could be extended to encompass
compressible, multiphasic, or non-Newtonian fluids [100, 101, 102, 103].

Dirichlet and Neumann boundary conditions are critical for solving partial differential
equations, as they ensure the problem is well-posed, yielding a unique and stable solution.
Without appropriate boundary and initial conditions, PDE may have infinitely many
solutions or none at all. The system of equations (2.1) and (2.2) combined with suitable
initial and boundary conditions, allows modeling the entire flow field and solving for the
unknown flow variables at every point in space and time. These boundary conditions are
expressed as follows:
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𝒒 · 𝒏 = 𝜙 on Γq

𝝈 · 𝒏 = 𝒕 on ΓΣ

𝑇 = 𝑇 on Γt

𝒗 = 𝒗̄ on Γv
(2.3)

Here, 𝒏 denotes the unit outer normal to the fluid domain. The boundary of the compu-
tational domain is given by Γ = Γq ∪ Γt = ΓΣ ∪ Γv where Γq is the Neumann boundary
for prescribed heat flux, Γt is the Dirichlet boundary for prescribed temperature, ΓΣ is
the Neumann boundary for prescribed surface tractions and Γv is the Dirichlet boundary
for prescribed velocity. As Neumann and Dirichlet BC cannot be applied on the same
boundary for the same unknown, one has Γq ∪ Γt = ∅ and ΓΣ ∪ Γv = ∅. However, it is
possible to combine velocity and temperature-related boundary conditions such that their
respective boundaries overlap.

Conservation of Momentum

The weak formulation of the momentum conservation equation can be derived by first
multiplying the momentum equation by a vector field 𝒘, often referred to as test function.
This function has the same dimension as the velocity field and belongs to an appropriate
finite-dimensional subspace of the solution space. The test function is arbitrary within
the domain, but kinematically admissible. This means it must be continuous, (at least
piecewise) differentiable, and is required to vanish on the Dirichlet boundary. The
resulting equation is then integrated over the fluid domain, leading to

∫
Ω
𝒘⊤ (∇ · 𝝈)

𝑑𝒙 =
∫
Ω
𝒘⊤𝜌

𝑑𝒗

𝑑𝑡
𝑑𝒙 −

∫
Ω
𝒘⊤𝜌𝒈 𝑑𝒙

⇔
∫
Ω
∇ · (𝒘⊤𝝈

)
𝑑𝒙 −

∫
Ω
𝝈 : ∇𝒘 𝑑𝒙 =

∫
Ω
𝒘⊤𝜌

𝑑𝒗

𝑑𝑡
𝑑𝒙 −

∫
Ω
𝒘⊤𝜌𝒈 𝑑𝒙

(2.4)

for all 𝒘 in Ω. The double-dot product is defined such that 𝝈 : ∇𝒘 = tr(𝝈∇𝒘⊤) and
appears in the second form of the equation as a result of an integration by part of the
left-hand side. The next step involves applying the divergence theorem. This theorem
states that the integral of a divergence term over a volume can be rewritten as a surface
integral over the boundary of that volume. This yields:

∫
Γ
𝒘⊤ (

𝝈 · 𝒏) 𝑑𝒙 −
∫
Ω
𝝈 : ∇𝒘 𝑑𝒙 =

∫
Ω
𝒘⊤𝜌

𝑑𝒗

𝑑𝑡
𝑑𝒙 −

∫
Ω
𝒘⊤𝜌𝒈 𝑑𝒙 (2.5)
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The surface integral in (2.5) is determined by the Neumann and Dirichlet boundary
conditions, which apply to their respective portions of the boundary where the velocity
and the surface tractions have been prescribed. Since Γv and ΓΣ are mutually exclusive,
this surface integral can be rewritten as follows:

∫
Γ
𝒘⊤ (

𝝈 · 𝒏) 𝑑𝒙 =
∫
Γv

𝒘⊤ (∇ · 𝝈)
𝑑𝒙

︸                ︷︷                ︸
𝒘 = 0

+
∫
ΓΣ

𝒘⊤ 𝒕 𝑑𝒙 (2.6)

Here, the first integral over Γv vanishes because the test function is defined to be zero
on the Dirichlet boundary. Finally, by substituting (2.6) into (2.5) and rearranging the
terms to isolate the unknowns on the left-hand side, the weak form of the momentum
conservation equation is obtained as:

∫
Ω
𝝈 : ∇𝒘 𝑑𝒙 +

∫
Ω
𝒘⊤𝜌

𝑑𝒗

𝑑𝑡
𝑑𝒙 =

∫
Ω
𝒘⊤𝜌𝒈 𝑑𝒙 +

∫
ΓΣ

𝒘⊤ 𝒕 𝑑𝒙 (2.7)

The next step is to rewrite the above equation in a form that is more suited for implemen-
tation. To achieve this, we adopt Voigt notation, which simplifies tensor representation
by reducing dimensionality, making mathematical operations more efficient by reducing
the number of operations while preserving all essential information. In this work, we use
the following convention for the stress tensor and the gradient operator:

𝝈̂ =

©­­­­­­­­­­­
«

𝜎11

𝜎22

𝜎33

𝜎12

𝜎23

𝜎31

ª®®®®®®®®®®®
¬

𝝏 =

©­­­­­­­­­­­
«

𝜕/𝜕𝑥 0 0
0 𝜕/𝜕𝑦 0
0 0 𝜕/𝜕𝑧

𝜕/𝜕𝑦 𝜕/𝜕𝑥 0
0 𝜕/𝜕𝑧 𝜕/𝜕𝑦

𝜕/𝜕𝑧 0 𝜕/𝜕𝑥

ª®®®®®®®®®®®
¬

(2.8)

Here, the gradient operator 𝝏 is defined such that 𝝈 : ∇𝒘 = (𝝏𝒘)⊤𝝈̂. It is important
to note that Voigt notation conventions may vary across different fields of applications,
and by extension, the formulation of finite element matrices depends on the specific
convention adopted. Applying this Voigt notation to Equation (2.7) yields the following
expression for the conservation of momentum:
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∫
Ω
(𝝏𝒘)⊤𝝈̂ 𝑑𝒙 +

∫
Ω
𝒘⊤𝜌

𝑑𝒗

𝑑𝑡
𝑑𝒙 =

∫
Ω
𝒘⊤𝜌𝒈 𝑑𝒙 +

∫
ΓΣ

𝒘⊤ 𝒕 𝑑𝒙 (2.9)

Spatial discretization is achieved by subdividing the integration domain into a set of finite
elements, collectively forming the computational mesh. Further details regarding the
construction of the mesh are provided in the next section. Within each element, fields
are approximated using basis functions 𝑁 𝑗 (𝒙). In particular, Lagrange basis functions
satisfy the property that their value is 1 at the generating node with index 𝑗 and zero at all
other nodes of the element. An example is provided in Figure 2. The approximated field
is expressed as a weighted sum of those basis functions, with the weights corresponding
to the nodal values. In each element of the FE mesh, one can write

𝒗(𝒙, 𝑡) = N3(𝒙)⊤v(𝑡)
𝒘(𝒙, 𝑡) = N3(𝒙)⊤w(𝑡)

(2.10)

Here, Nk = Ik ⊗ N is a rectangular matrix, where ⊗ denotes the Kronecker product
between the identity matrix Ik of size 𝐾 ×𝐾 and the vector N, whose components are the
basis functions of the element. An explicit expression of N3 for a tetrahedral element is
provided in the annex A as an example. The vectors v and w represent the nodal velocity
and the nodal values of the test function, respectively. Additionally, we define the matrix
containing the gradients of the basis functions as

B3 =

©­­­­­­­­­­
«

𝜕N
𝜕𝑥

0 0 𝜕N
𝜕𝑦

0 𝜕N
𝜕𝑧

0 𝜕N
𝜕𝑦

0 𝜕N
𝜕𝑥

𝜕N
𝜕𝑧

0

0 0 𝜕N
𝜕𝑧

0 𝜕N
𝜕𝑦

𝜕N
𝜕𝑥

ª®®®®®®®®®®
¬

(2.11)

Here, the gradient is defined such that 𝝏𝒘(𝒙, 𝑡) = B3(𝒙)⊤w(𝑡) in order to follow the
notation convention established in (2.10). In order to keep the formulation general
and independent of the type of material, the constitutive equations have not yet been
introduced in the weak formulation. Injecting the discretizations (2.10) and (2.11) into
the weak formulation (2.9) gives
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∫
Ω

w⊤B3𝝈̂ 𝑑𝒙 +
∫
Ω
𝜌w⊤N3N⊤

3
𝑑v
𝑑𝑡
𝑑𝒙 =

∫
Ω
𝜌w⊤N3g 𝑑𝒙 +

∫
ΓΣ

w⊤N3t 𝑑𝒙 (2.12)

Since the vectors of nodal unknowns are independent of the spatial coordinates, they can
be factored out of the integrals. Additionally, the weak form holds for any kinematically
admissible test function, allowing w to be eliminated from the discrete formulation. This
yields a system of equations that can be directly solved for the primary unknowns:

∫
Ω

B3𝝈̂ 𝑑𝒙 +
∫
Ω
𝜌N3N⊤

3 𝑑𝒙
𝑑v
𝑑𝑡

=
∫
Ω
𝜌N3g 𝑑𝒙 +

∫
ΓΣ

N3t 𝑑𝒙 (2.13)

In this thesis, we exclusively adopt the Stokes constitutive equation (2.2) for a Newtonian,
incompressible fluid. Within this framework, the Voigt representation of the stress tensor
and its FE discretization can be expressed as follows:

𝝈̂ = 𝜇F(𝝏𝒗) − k𝑝
= 𝜇FB⊤

3 v − kN⊤
1 p

(2.14)

Here, the velocity field has been discretized in space as shown in (2.10) and the pressure
field has been discretized in space by 𝑝 = N⊤

1 p. Note that since the pressure is a scalar
field, its discretization simply reuses the vector of basis functions N1 = N because I1 = 1.
The vector k and the matrix F are given by

• • • • •
𝑥 𝑗−2 𝑥 𝑗−1 𝑥 𝑗 𝑥 𝑗+1 𝑥 𝑗+2

𝑁 𝑗−1 𝑁 𝑗 𝑁 𝑗+1
1.0

0.5

𝒙

𝑁 (𝒙)

︸           ︷︷           ︸
Elem #1

︸           ︷︷           ︸
Elem #2

︸           ︷︷           ︸
Elem #3

︸           ︷︷           ︸
Elem #4

Figure 2: Example of 1D mesh with 4 finite elements and linear Lagrange basis functions.
The Lagrange basis functions satisfy the property that their value is 1 at the generating
node, and zero at all other nodes of the element.
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k =

©­­­­­­­­­­­«

1
1
1
0
0
0

ª®®®®®®®®®®®¬

F =

©­­­­­­­­­­­«

2 0 0 0 0 0
0 2 0 0 0 0
0 0 2 0 0 0
0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

ª®®®®®®®®®®®¬

(2.15)

In order to simplify the notation, we define the stiffness matrix K which represents the
viscous term, the mass matrix M which accounts for inertial effects, the pressure matrix
D which enforces the incompressibility condition, and the vector f which contains the
applied loads. Injecting (2.14) into (2.13) yields

K︷            ︸︸            ︷∫
Ω
𝜇B3FB⊤

3 𝑑𝒙 v −

D⊤︷          ︸︸          ︷∫
Ω

B3kN⊤
1 𝑑𝒙 p +

M︷           ︸︸           ︷∫
Ω
𝜌N3N⊤

3 𝑑𝒙
𝑑v
𝑑𝑡

=
∫
Ω
𝜌N3g 𝑑𝒙 +

∫
ΓΣ

N3t 𝑑𝒙
︸                           ︷︷                           ︸

f

(2.16)

Surface Tension

Surface tension arises from the cohesive forces between molecules in a liquid. These
forces are stronger at the surface because molecules there are not surrounded by the same
liquid on all sides, unlike those in the bulk. Although surface tension may not always be
the dominant physical factor in our simulations, it plays a crucial role in maintaining the
cohesion of fluid particles and ensuring the smoothness of the free surface. For example, in
water sloshing simulations, neglecting surface tension can lead to nonphysical instabilities
in oscillation amplitudes. In practice, surface tractions experience a discontinuity due to
the change in stress at the interface between the fluid and its surrounding medium. This
discontinuity, associated with surface tension, is expressed as

𝛿𝒕 = ∇s𝛾 − 𝛾𝜅 𝒏 = ∇s · 𝝈s (2.17)
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where 𝛾 is the strain-independent surface tension, also called the surface energy, 𝒏 is
the outer unit outer normal to the interface and 𝜅 is the local curvature [104]. The local
curvature at any point on the surface of a liquid is defined as the reciprocal of the radius
of curvature of the surface at that point. Curvature can be interpreted as how much the
surface deviates from being flat at a specific point. For a general 3D surface, which can
be curved in two directions, the mean curvature is used in surface tension formulas, and
is defined as:

𝜅 =
1
𝑅1

+ 1
𝑅2

(2.18)

Here, 𝑅1 and 𝑅2 are the principal curvature radii. The surface gradient, denoted as ∇s in
(2.17), is a differential operator similar to the conventional gradient. The key difference
is that it operates along a surface. In other words, it represents the orthogonal projection
of the conventional gradient onto the surface. Let 𝑓 be a differentiable scalar field on a
surface 𝑆, its surface gradient is given by

∇s 𝑓 = ∇ 𝑓 − 𝒏
(
𝒏 · ∇ 𝑓 )

= (I − 𝒏 ⊗ 𝒏)︸        ︷︷        ︸
P

·∇ 𝑓 (2.19)

Here, P is the surface-projection matrix [105]. The tensor 𝝈s in (2.17) is referred as
the surface stress tensor in the literature because it is commonly used to describe the
contribution of the surface stiffness to the overall material stiffness when simulating
nanosolids. Indeed, the interface-to-volume ratio is so high that the interface energy,
which is usually negligible with respect to the bulk energy in solid mechanics, can no
longer be neglected. According to [106, 107], the surface stress is related to the surface-
strain energy Ψ by Shuttleworth’s equation:

𝝈s = 𝛾Is + 𝜕Ψ(εs)
𝜕εs

(2.20)

Here, Is is the unit tensor for surfaces and εs is the surface strain tensor [108, 109]. The
first term of the right-hand-side accounts for the contribution of surface tension, while
the second term accounts for the surface stiffness for nanosolids. In this work, we are
interested in (macroscopic) fluids, thus the constitutive equation (2.20) reduces to the sole
contribution of the surface tension:
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𝝈s = 𝛾P (2.21)

where P acts as the identity tensor for surface quantities. This formulation of surface
tension offers the significant advantage of eliminating the need to compute curvature
explicitly on the finite element mesh. Incorporating surface tension in the conservation
of momentum introduces an additional boundary condition:

𝛿𝒕 = ∇s · 𝝈s on Γs (2.22)

Here, Γs ⊂ Γ and represents the portion of the boundary where surface tension is applied,
which in our implementation is limited to the free surface of the fluid, ignoring fluid-solid
surface tension. With this boundary condition considered, the surface integral (2.6) is
completed by the following additional term:

∫
Γs

𝒘⊤𝛿𝒕 𝑑𝒙 =
∫
Γs

𝒘⊤ (∇s · 𝝈s
)
𝑑𝒙

=
∫
Γs

∇s ·
(
𝒘⊤𝝈s

)
𝑑𝒙 −

∫
Γs

𝝈s : ∇s𝒘 𝑑𝒙
(2.23)

The next step consists in developing the first term of the right-hand side by applying the
equivalent of the divergence theorem on a surface. To this end, let 𝜑 be the boundary of
Γs (which is represented by a curve in 3D or by a point in 2D) and let 𝒎 be the normal of
𝜑 tangent to Γs. According to Gurtin et al. [110, 111], the following alternative form of
the surface divergence theorem:

∫
Γs

∇s · 𝝉 𝑑𝒙 =
∫
𝜑
𝝉 · 𝒎 𝑑𝒙 (2.24)

holds for any tangential vector field 𝝉. In particular, the above relation is also valid for
𝝉 = 𝜰 ·𝒘 where𝜰 is a tangential tensor field. Since 𝝈s is by definition a tangential tensor
field with respect to the free surface, we can inject (2.24) into (2.23) with 𝝉 = 𝝈s · 𝒘 to
obtain the following equality

∫
Γs

𝒘⊤𝛿𝒕 𝑑𝒙 =
∫
𝜑
𝒘⊤ (

𝝈s · 𝒎
)
𝑑𝒙 −

∫
Γs

𝝈s : ∇s𝒘 𝑑𝒙 (2.25)
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Here, 𝜑 represents the contact line between the liquid phase, the solid phase and the
surrounding gas or void, as illustrated in Figure 3. When the fluid surface is closed,
𝜑 = ∅ and the corresponding integral vanishes. In other cases, neglecting this term is
equivalent to prescribing a contact angle 𝜃 = 90◦. This simplification is consistently
adopted throughout this work to reduce computational complexity. The FE discretization
of (2.25) is addressed by introducing the Voigt notation for the surface stress tensor:

𝝈̂s =

©­­­­­­­­­­­«

𝜎 s
11
𝜎 s

22
𝜎 s

33
𝜎 s
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𝜎 s

23
𝜎 s
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= 𝛾

©­­­­­­­­­­­«

𝑃11

𝑃22

𝑃33

𝑃12

𝑃23

𝑃31
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= 𝛾P̂ (2.26)

Here, the constitutive relation (2.21) for 𝝈s has been employed, and P̂ is the Voigt
notation of the surface projection operator. As in the previous developments, the spatial
discretization of the test function on the finite element mesh is done accordingly to (2.10).
Neglecting the contribution of the contact line integral in (2.25), the FE formulation of
the surface tension term becomes

∫
Γs

𝒘⊤𝛿𝒕 𝑑𝒙 = −
∫
Γs

w⊤B3U𝛾P̂ 𝑑𝒙 (2.27)

𝜃

𝒎

𝒏

Void

Solid phase

Liquid phase

𝜑 = Contact line

Figure 3: Liquid droplet placed on a flat solid surface in 2D. The variable 𝜃 is the contact
angle between the liquid and the solid, 𝜑 is the contact line between the liquid, the solid
and the void. The free surface is represented in bold.
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Here, the matrix product B3U can be interpreted as the surface gradient of the basis
functions in Voigt notation. The matrix U is a square, non-symmetric projection matrix
that contains the components of the projection operator. It is worth noting that the
expression of U depends on the convention used for the Voigt notation, thus it may vary
across the literature. In this work, it can be shown that

U = (2.28)
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Finally, the contribution of the surface tension from the free surface is integrated into the
right-hand side of the conservation of momentum (2.16). The vector of nodal values for
the test function w in (2.27) can be removed from the discrete formulation, resulting in
the following finite element formulation:

Kv − D⊤p + M𝑑v
𝑑𝑡

=
∫
Ω
𝜌N3g 𝑑𝒙 +

∫
ΓΣ

N3t 𝑑𝒙 −
∫
Γs

B3U𝛾P̂ 𝑑𝒙
︸                                                   ︷︷                                                   ︸

f
(2.29)

Conservation of Mass

The weak formulation of the conservation of mass, also known as the continuity equation,
can be derived similarly to the conservation of momentum. First, both sides of the
equation are multiplied by an arbitrary scalar field 𝑢which belongs to an appropriate finite-
dimensional subspace of the solution space. The resulting expression is then integrated
over the fluid domain, leading to

∫
Ω
𝑢∇ · 𝒗 𝑑𝒙 = 0 (2.30)
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for all 𝑢 in Ω. Since the PFEM ultimately relies on automatic remeshing procedures
based on a Delaunay tessellation of a cloud of nodes, the finite elements used for spatial
discretization are linear triangles or tetrahedra. The incompressible Navier-Stokes equa-
tions, as formulated in (2.1), inherently impose a constraint on the velocity and pressure
spaces, known as the LBB condition [112, 113, 114]. This condition requires a certain
compatibility between the finite element spaces used for velocity and pressure in order
to ensure stability and uniqueness of the numerical solution [115, 116]. Specifically,
when using linear finite elements for both velocity and pressure, the LBB condition is not
satisfied, leading to pressure instabilities.

To circumvent this issue, Hughes and Tezduyar [90, 117] proposed the Pressure-
Stabilizing Petrov-Galerkin (PSPG) formulation. The latter allows the use of equal-order
interpolation for velocity and pressure by reformulating the continuity equation (2.30)
to relax the strict incompressibility constraint. Mathematically, the PSPG introduces an
element-weighted residual term R in the weak form which represents the imbalance in
the momentum equation. This relaxation effectively stabilizes the pressure field while
preserving the accuracy of the solution:

∫
Ω
𝑢∇ · 𝒗 𝑑𝒙 −

∫
Ω

(
∇ · 𝝈 + 𝜌𝒈 − 𝜌 𝑑𝒗

𝑑𝑡

)
︸                    ︷︷                    ︸

R

·∇𝑢 𝜏
𝜌
𝑑𝒙 = 0 (2.31)

Here, 𝜏 is the PSPG coefficient obtained by a multidimensional generalization of the
optimal coefficient for 1D space-time formulation. As a side remark, the value of 𝜏
proposed in [118] is slightly different from the one proposed in [90]. This is because the
original definition reveals only first-order accuracy due to local truncation errors, while
its variant in [118] has been shown to provide second-order accuracy:

𝜏 =

[ (
2
Δ𝑡

)2
+

(
2| |𝒗 | |
ℎ

)2
+ 9

(
4𝜇
𝜌ℎ2

)2
]−1/2

(2.32)

Here, Δ𝑡 denotes the time step. In a finite element mesh, ℎ represents the characteristic
size of the current element, typically defined as the diameter of its circumsphere. The
term | |𝒗 | | refers to the norm of the average fluid velocity within the element. The standard
non-stabilized Galerkin formulation is recovered when 𝜏 = 0.
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Equation (2.31) can be further simplified by invoking (2.2) and noting that Δ𝒗 = 0 for
linear elements. This is because the viscosity contribution in ∇ ·𝝈 involves second-order
derivatives of the velocity field, which vanish when linear basis functions are used for
spatial discretization:

∫
Ω
𝑢∇ · 𝒗 𝑑𝒙 +

∫
Ω
∇𝑝 · ∇𝑢 𝜏

𝜌
𝑑𝒙 +

∫
Ω
𝜏
𝑑𝒗

𝑑𝑡
· ∇𝑢 𝑑𝒙 =

∫
Ω
𝜏𝒈 · ∇𝑢 𝑑𝒙 (2.33)

The finite element discretization is then performed in the same way as for the conservation
of momentum. Specifically, the integration domain is discretized in finite elements using
the same computational mesh. The pressure, velocity field, and test function are expressed
using the linear basis functions associated with the elements. To this end, we define:

𝑢(𝒙, 𝑡) = N1(𝒙)⊤u(𝑡)

B1 =

(
𝜕N
𝜕𝑥

𝜕N
𝜕𝑦

𝜕N
𝜕𝑧

)
(2.34)

Here, u is the vector of nodal values for the test function and B1 is a matrix containing
the gradients of the basis functions used to discretize the pressure gradient on the finite
element mesh. Injecting the above definition into (2.33) results in

∫
Ω

u⊤N1k⊤B⊤
3 v 𝑑𝒙 +

∫
Ω

u⊤B1B⊤
1 p 𝜏
𝜌
𝑑𝒙

+
∫
Ω
𝜏u⊤B1B⊤

3
𝑑v
𝑑𝑡
𝑑𝒙 =

∫
Ω
𝜏u⊤B1g 𝑑𝒙

(2.35)

Since the vectors of nodal unknowns are not functions of the coordinates, they can be
factored out of the integrals. Moreover, because the system of equations must hold for
arbitrary test functions, the vectors of nodal values u can be eliminated from the discrete
formulation. To simplify the notations, we define the matrix C associated with the inertia,
the matrix L related to the pressure contribution of the stabilization, and the vector h
representing the contribution of body forces:

∫
Ω

N1k⊤B⊤
3 𝑑𝒙︸            ︷︷            ︸

D

v +
∫
Ω

𝜏

𝜌
B1B⊤

1 𝑑𝒙︸           ︷︷           ︸
L

p +
∫
Ω
𝜏B1B⊤

3 𝑑𝒙︸          ︷︷          ︸
C

𝑑v
𝑑𝑡

=
∫
Ω
𝜏B1g 𝑑𝒙

︸        ︷︷        ︸
h

(2.36)
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Conservation of Energy

Some test cases presented in this work involve thermo-mechanical interactions, where the
thermal behavior is governed by the conservation of energy. The derivation of the finite
element formulation for energy conservation follows the same steps as for the momentum
and continuity equations, so only a brief outline is provided here. Starting with the strong
form of the conservation of energy in (2.1), both sides are multiplied by a thermally
admissible scalar test function 𝑢 and integrated over the fluid domain:

∫
Ω
𝑢∇ · 𝒒 𝑑𝒙 +

∫
Ω
𝑢 𝜌𝑐p

𝑑𝑇

𝑑𝑡
𝑑𝒙 =

∫
Ω
𝑢𝑠 𝑑𝒙 (2.37)

for all 𝑢 in Ω. As a reminder, 𝒒 is the heat flux, 𝑐p is the specific heat capacity at constant
pressure, and 𝑠 is a source term. Internal heat generation, such as chemical reactions or
radiation absorption (for instance, laser heating), should be accounted for in the source
term when applicable. Recently, Février et al. [100] used the PFEM to simulate melt
pool dynamics, including vaporization, where 𝑠 becomes particularly significant. By
performing integration by parts on the left-hand side, applying the divergence theorem
to the first integral, and incorporating the constitutive equation (2.2) along with the
corresponding Neumann boundary condition, we obtain

∫
Ω
𝑘∇𝑢 · ∇𝑇 𝑑𝒙 +

∫
Ω
𝑢 𝜌𝑐p

𝑑𝑇

𝑑𝑡
𝑑𝒙 =

∫
Ω
𝑢𝑠 𝑑𝒙 −

∫
Γq

𝑢𝜙 𝑑𝒙 (2.38)

Here, the prescribed heat flux in (2.3) is applied on Γq and 𝑢 must vanish on the Dirichlet
boundary. The computational domain is then discretized into finite elements using the
same mesh as for the momentum and continuity equations. The temperature field, the heat
sources, and the test function are approximated using linear basis functions associated
with each element. Following the same procedure as before, the resulting FE formulation
is expressed as

∫
Ω
𝑘B1B⊤

1 𝑑𝒙︸          ︷︷          ︸
S

T +
∫
Ω
𝜌𝑐pN1N⊤

1 𝑑𝒙︸              ︷︷              ︸
R

𝑑T
𝑑𝑡

=
∫
Ω

N1s 𝑑𝒙 −
∫
Γq

N1ϕ 𝑑𝒙

︸                           ︷︷                           ︸
b

(2.39)
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2.1.1 Time Integration

The Navier-Stokes equations, previously discretized in space using the finite element
method, are now discretized with respect to time. For this purpose, an implicit backward
Euler scheme is applied. This choice is not a limitation of the PFEM, as more advanced
time integration methods have also been explored in the literature [119]. In the backward
Euler method, time derivatives are approximated using a finite difference formulation.
The acceleration thus writes

𝑑v
𝑑𝑡

≃ v𝑛+1 − v𝑛
Δ𝑡

(2.40)

Here, 𝑛 denotes the current time step, and 𝑛 + 1 refers to the unknown field at the next
step. A key advantage of implicit schemes is that they remove the need to satisfy the
Courant-Friedrichs-Lewy condition [120]. Instead, the time step Δ𝑡 is selected based on
geometric constraints and accuracy requirements. Although the backward Euler method
introduces numerical dissipation, this effect decreases with smaller time steps [121, 122].
In the PFEM framework, the Lagrangian formulation imposes an additional constraint
because node movement must remain small enough to avoid excessive mesh distortion
or element flipping between successive remeshing steps. Applying the backward Euler
scheme to the finite element formulations of mass and momentum conservation leads to
the following system:

©­­­«
K𝑛+1 + 1

Δ𝑡
M𝑛+1 −D⊤

𝑛+1
1
Δ𝑡

C𝑛+1 + D𝑛+1 L𝑛+1

ª®®®¬
©­­
«
v𝑛+1

p𝑛+1

ª®®
¬︸ ︷︷ ︸

þ𝑛+1

=
©­­­«
f𝑛+1 + 1

Δ𝑡
M𝑛+1v𝑛

1
Δ𝑡

C𝑛+1v𝑛 + h𝑛+1

ª®®®¬
(2.41)

The temperature field is treated as constant during the mechanical solution phase. How-
ever, the matrix coefficients may depend on temperature. In such cases, a fully coupled
iterative approach is used within each time step to achieve thermo-mechanical equilib-
rium. This process involves alternately solving the mechanical and thermal equations
until both solutions converge [100].
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Despite this, the system (2.41) remains inherently nonlinear, as the matrix coefficients
also depend on the mechanical state, such as the current positions of the nodes. To solve
this nonlinear system, iterative methods such as Newton-Raphson (NR) iterations are
employed to ensure equilibrium at each time step:

þ𝑘+1 = þ𝑘 − J−1
𝑘 r𝑘 (2.42)

Here, þ represents the vector of unknown pressure and velocity, 𝑘 is the index of the
nonlinear iteration within the current time step, J denotes the system’s Jacobian, also
known as the tangent matrix, and r is the residual, which approaches zero as þ converges
to the actual solution. In practice, the Jacobian matrix in (2.42) is not inverted explicitly.
Instead, each NR iteration involves solving a linear system:

þ𝑘+1 = þ𝑘 − J𝑘\r𝑘 (2.43)

Here, we use the backslash notation A\b to denote the numerical solution to the linear
system Ax = b for the vector of unknowns x. Thereby, the choice of the linear solver is
critical and depends heavily on the properties of the Jacobian matrix. Further details on
the linear solvers and their performance are provided in the next chapter. For the PSPG
system (2.41), the residual reads

r𝑘 = ©­«
r 𝑘m
r 𝑘c

ª®¬
(2.44)

Here, r 𝑘m represents the momentum residual evaluated at the 𝑘-th NR iteration, while r 𝑘c
corresponds to the mass conservation residual at the same iteration. Both are computed as
the difference between the left and right-hand sides of equation (2.41), with þ𝑘 denoting
the current solution at iteration 𝑘 of the time 𝑡𝑛+1, and þ𝑛 representing the converged
solution from the previous time step:

r 𝑘m =
(
K𝑘 + 1

Δ𝑡
M𝑘

)
v𝑘 − D⊤

𝑘 p𝑘 − f𝑘 − 1
Δ𝑡

M𝑘v𝑛

r 𝑘c =
( 1
Δ𝑡

C𝑘 + D𝑘

)
v𝑘 + L𝑘p𝑘 − 1

Δ𝑡
C𝑘v𝑛 − h𝑘

(2.45)
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The subscript 𝑘 given to matrices and vectors indicates that they are constructed using the
updated position, velocity, and pressure values at the 𝑘-th iteration of the NR algorithm.
An expression of the Jacobian matrix has been given in [100] as follows:

J𝑘 =

©­­­­­­«

𝜕r 𝑘m
𝜕v𝑘

𝜕r 𝑘m
𝜕p𝑘

𝜕r 𝑘c
𝜕v𝑘

𝜕r 𝑘c
𝜕p𝑘

ª®®®®®®¬
=
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𝜕r 𝑘m
𝜕v𝑘

−D⊤
𝑘

𝜕r 𝑘c
𝜕v𝑘

L𝑘

ª®®®®®®¬
(2.46)

The components involving a derivative with respect to the velocity can be computed by
numerical perturbation. In theory, the solution to (2.41) is achieved when the residual
reaches zero. In practice, however, the NR algorithm does not guarantee an exact solution
in a finite number of iterations. Thereby, the stopping criterion for the NR process is
a non-dimensional scalar expression of the residual, normalized by the right-hand side.
The NR algorithm terminates when

𝜀 𝑘m =
| |r 𝑘m | |
| |f𝑘 | | < 𝑡𝑜𝑙

𝜀 𝑘c =
| |r 𝑘c | |
| |h𝑘 | | < 𝑡𝑜𝑙

(2.47)

or when the maximum number of iterations is reached. In the second case, the current
time step is restarted with a reduced time incrementΔ𝑡 ′ = Δ𝑡/2, and this process continues
iteratively until (2.47) is satisfied. If convergence is achieved with Δ𝑡 ′ < Δ𝑡, the time
increment is progressively increased to restore the original time step size. The adaptive
time-stepping strategy enhances the stability of the scheme when complex or rapid physical
phenomena occur, while also allowing a return to larger time steps when possible to
optimize computational efficiency.

It is worth noting that computing J𝑘 at each iteration may become computationally
expensive, especially with a perturbation approach. In this work, a modified NR approach
has been used. The latter consists in reusing the initial Jacobian J0 from the first iteration,
in all subsequent iterations of the corresponding time step. The modified NR has a lower
convergence rate than the classical NR, but the time gained by skipping the recomputation
of the Jacobian largely compensates for the increased number of iterations needed to reach
the desired tolerance.
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The thermal problem is solved similarly to the PSPG system. During the thermal step, the
mechanical quantities, including the position of the nodes, are treated as constant. The
time derivative of the temperature is approximated by a finite difference, and is injected
into the FE formulation of the conservation of energy:

(
S𝑛+1 + 1

Δ𝑡
R𝑛+1

)
T𝑛+1 =

1
Δ𝑡

R𝑛+1T𝑛 + b𝑛+1 (2.48)

The residual r𝑙 in the NR algorithm at iteration 𝑙 is defined as the difference between the
left and right-hand sides of Equation (2.48). Here, we used the index 𝑙 rather than 𝑘 to
better distinguish thermal iterations from mechanical ones. The analytical expressions of
the Jacobian matrix and the residual vector read

J𝑙 =
𝜕r𝑙
𝜕T𝑙

=
1
Δ𝑡

R𝑙 + S𝑙

r𝑙 =
(
S𝑙 + 1

Δ𝑡
R𝑙

)
T𝑙 − 1

Δ𝑡
R𝑙T𝑛 − b𝑙

(2.49)

Similarly to the mechanical system, the Newton-Raphson algorithm is stopped when the
residual reaches the desired tolerance, or when the maximum number of iterations has
been exceeded. In the latter case, the time step is restarted with a smaller time increment.
A summary of the coupling strategy is presented in Algorithm 1.

𝜀 𝑙t =
| |r𝑙 | |
| |b𝑙 | | < 𝑡𝑜𝑙 (2.50)

2.1.2 Fractional Step Method

While the PSPG offers a robust monolithic approach to solve the incompressible Navier-
Stokes equations, it can become computationally expensive for large-scale 3D simulations.
This is primarily due to the resulting non-symmetric, saddle-point-type linear system
with poor conditioning, which require the use of general, less specialized solvers like LU
decomposition or GMRES [123]. To address this problem, the fractional step method is
considered. The fractional step scheme is a projection method designed to break down
the original Navier-Stokes system into smaller sub-problems by decoupling the pressure
and velocity variables.
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þ𝑛,T𝑛, x𝑛 𝑘 = 0, 𝑙 = 0

þ𝑘+1 = þ𝑘 − J𝑘\r𝑘

x𝑘+1 = x𝑛 + v𝑘+1Δ𝑡

𝜀 𝑘+1
m < 𝑡𝑜𝑙

𝜀 𝑘+1
c < 𝑡𝑜𝑙

T𝑙+1 = T𝑙 − J𝑙\r𝑙

𝜀 𝑙+1
t < 𝑡𝑜𝑙

𝜀 𝑘+1
m < 𝑡𝑜𝑙

𝜀 𝑘+1
c < 𝑡𝑜𝑙

þ𝑛+1,T𝑛+1, x𝑛+1

✓

✓

✓

✗

𝑘 + 1

✗

𝑙 + 1

✗

𝑘 + 1, 𝑙 + 1

Algorithm 1: Solution strategy for solving thermo-mechanical problems with the PSPG,
between 𝑡𝑛 and 𝑡𝑛+1. In order to simplify the analyses that follow, the same tolerance value
is used for both pressure, velocity and temperature.
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This decomposition introduces an implicit stabilization effect by separating the momentum
and continuity equations [91, 124]. Specifically, the pressure correction step addresses
the incompressibility constraint and projects the velocity field onto a divergence-free
space, mitigating the instabilities that occur when using linear basis functions for both
velocity and pressure. Starting from the strong form of the Navier-Stokes equations, the
Chorin-Temam scheme [91, 125] introduces the pressure increment 𝛿𝑝 and discretizes
the acceleration as follows:

𝑑𝒗

𝑑𝑡
≃ 𝒗̂𝑛+1 − 𝒗𝑛

Δ𝑡
𝛿𝑝𝑛+1 ≃ 𝑝𝑛+1 − 𝜆𝑝𝑛

(2.51)

where 𝜆 is a user-defined splitting parameter, and 𝒗̂ represents an intermediate velocity.
It can be shown that the Chorin-Temam scheme is first-order accurate when 𝜆 = 0 and
second-order accurate, but less stable, when 𝜆 = 1 [126]. The subscript 𝑛 indicates
the time step index. The first step of this projection scheme involves substituting the
intermediate velocity into the conservation of momentum:



∇ · 𝝈𝑛+1 + 𝜌𝒈 = 𝜌

𝒗̂𝑛+1 − 𝒗𝑛
Δ𝑡

in Ω

𝒗̂𝑛+1 = 𝒗̄ on Γv

(2.52)

The stress tensor 𝝈𝑛+1 is expressed using the constitutive equation for an incompressible
Newtonian fluid, based on the intermediate velocity and on the known pressure from
the previous time step. The finite element formulation of (2.52) can then be derived by
applying the same procedure as outlined earlier:

(
K𝑛+1 + 1

Δ𝑡
M𝑛+1

)
v̂𝑛+1 = f𝑛+1 + 1

Δ𝑡
M𝑛+1v𝑛 − D⊤

𝑛+1𝜆p𝑛 (2.53)

The solution to the above system provides the velocity increment for the next time step
based on the final pressure and velocity vectors at the previous time 𝑡𝑛. In the context of a
Newton-Raphson iterative procedure, the Jacobian of the system and the residual vector
are deduced from (2.53) as follows:
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Ĵ 𝑘v =
𝜕r̂ 𝑘v
𝜕v̂𝑘

r̂ 𝑘v =
(
K𝑘 + 1

Δ𝑡
M𝑘

)
v̂𝑘 − f𝑘 − M𝑘

Δ𝑡
v𝑛 + D⊤

𝑘 𝜆p𝑛
(2.54)

Here, the subscript 𝑘 denotes the index of the NR iteration relative to the current time,
between 𝑡𝑛 and 𝑡𝑛+1. The next phase of the Chorin-Temam scheme is called the projection
step or the pressure correction. This projection step ensures that the updated velocity
field satisfies the incompressibility condition by projecting the intermediate velocity onto
a divergence-free space using the pressure field. This is achieved by solving




𝜌
𝒗𝑛+1 − 𝒗̂𝑛+1

Δ𝑡
+ ∇ 𝛿𝑝 = 0 in Ω

∇ · 𝒗𝑛+1 = 0 in Ω

𝒗𝑛+1 · 𝒏 = 𝒗̄ · 𝒏 on Γv

(2.55)

An important consideration is that only the normal component of the final velocity can
be explicitly controlled by the boundary conditions, leaving the tangential component
unconstrained. Moreover, the pressure increment 𝛿𝑝𝑛+1 and the final velocity 𝒗𝑛+1 remain
coupled, as both appear in the first equation of the system (2.55). These issues are
addressed by taking the divergence of the first equation and enforcing the divergence-free
condition on 𝒗𝑛+1 by injecting the second equation:



Δ
(
𝛿𝑝𝑛+1

)
=
𝜌

Δ𝑡
∇ · 𝒗̂𝑛+1 in Ω

𝒏 · ∇𝛿𝑝𝑛+1 = 0 on Γv
(2.56)

This leads to a Poisson equation for the pressure increment. However, the system (2.56)
imposes a non-physical boundary condition on 𝛿𝑝, a topic that has been extensively
discussed in the literature [127, 128]. Temam [127] interprets 𝛿𝑝 not as an approximation
of the physical pressure, but as an auxiliary mathematical variable required to construct a
projection operator within the functional framework of the Navier-Stokes equations. The
FE formulation of (2.56) is given by

∫
Ω

1
𝜌

B1B⊤
1 𝑑𝒙︸           ︷︷           ︸

H

𝛿p𝑛+1 =
1
Δ𝑡

∫
Ω

N1k⊤B⊤
3 𝑑𝒙︸            ︷︷            ︸

D

v̂𝑛+1 (2.57)
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It is worth noting that (2.56) lacks a Dirichlet condition and thus admits a family of
solutions that differ by an arbitrary constant. To ensure the uniqueness of the solution,
the pressure is typically prescribed on the free surface. However, this Dirichlet condition
introduces several drawbacks. First, the continuity equation cannot be exactly satisfied on
pressure-constrained elements, resulting in an end-of-step velocity v𝑛+1 that is not strictly
divergence-free [29, 129]. Second, the prescribed pressure must incorporate the natural
pressure profile arising from the surface tension contribution, which is unknown a priori.
Nevertheless, the Jacobian and residual vector for (2.57) are given by

J 𝑘p =
𝜕r 𝑘p
𝜕 𝛿p𝑘

= H𝑘

r 𝑘p = H𝑘𝛿p𝑘 − 1
Δ𝑡

D𝑘 v̂𝑘
(2.58)

The last stage of the fractional step scheme involves using the first equation in (2.55) to
recover the final velocity vector by correcting the intermediate solution for the velocity
with the pressure increment, yielding

1
Δ𝑡

∫
Ω
𝜌N3N⊤

3 𝑑𝒙︸           ︷︷           ︸
M

v𝑛+1 =
1
Δ𝑡

∫
Ω
𝜌N3N⊤

3 𝑑𝒙︸           ︷︷           ︸
M

v̂𝑛+1 −
∫
Ω

N3B⊤
1 𝑑𝒙︸        ︷︷        ︸

S

𝛿p𝑛+1 (2.59)

Here, the vector v𝑛+1 is considered as the new equilibrium solution. Then, the new
equilibrium pressure is obtained with p𝑛+1 = 𝜆p𝑛 + 𝛿p𝑛+1. In the Newton-Raphson
iterative procedure, the Jacobian and the residual of (2.59) are given by

J 𝑘v =
𝜕r 𝑘v
𝜕v𝑘

r 𝑘v = M𝑘v𝑘 − 1
Δ𝑡

M𝑘 v̂𝑘 + S𝑘𝛿p𝑘
(2.60)

A flowchart of the fractional step scheme is illustrated in Algorithm 2. As a side remark,
the Picard method is a complementary approach to the NR algorithm, as the method is
more robust and does not require computing a Jacobian, but provides a slower convergence
rate. For a generic nonlinear system of the form A(x)x = b(x), the Picard iterations can
be written as a simplification of the NR iterations where the Jacobian is approximated by
J(x) ≃ A(x).
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v𝑛, p𝑛, x𝑛 𝑘 = 0

v̂𝑘+1 = v̂𝑘 − Ĵ 𝑘
v \r̂ 𝑘

v

𝛿p𝑘+1 = 𝛿p𝑘 − J 𝑘
p \r 𝑘

p

v𝑘+1 = v𝑘 − J 𝑘
v \r 𝑘

v

p𝑘+1 = 𝜆p𝑛 + 𝛿p𝑘+1

x𝑘+1 = x𝑛 + v𝑘+1Δ𝑡

𝜀 𝑘+1
v < 𝑡𝑜𝑙

𝜀 𝑘+1
p < 𝑡𝑜𝑙

v𝑛+1, p𝑛+1, x𝑛+1

✓

✗

𝑘 + 1

Algorithm 2: Solution strategy for solving mechanical problems with the fractional step,
between time 𝑡𝑛 and time 𝑡𝑛+1. In order to simplify the analyses that follow, the same
tolerance value is used for both velocity and pressure.
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In weakly nonlinear problems or when an analytical formulation of the Jacobian is not
available, the Picard iterations can provide a more efficient alternative to the NR in terms
of computation time because it avoids the derivation of the Jacobian. Nonlinear iterations
are stopped once the solution has converged to a stable value:

𝜀 𝑘+1
v =

| |v𝑘+1 − v𝑘 | |
| |v𝑛 | | < 𝑡𝑜𝑙

𝜀 𝑘+1
p =

| |p𝑘+1 − p𝑘 | |
| |p𝑛 | | < 𝑡𝑜𝑙

(2.61)

One major advantage of the fractional step method over the PSPG formulation is the
symmetry of the sub-problems. Specifically, all three steps involve inverting a symmetric
matrix, which can be efficiently solved using a CG method. This makes the fractional step
significantly faster than PSPG, particularly in 3D simulations. However, this advantage
comes with trade-offs. First, the Poisson equation (2.57) for pressure is typically ill-
conditioned, posing challenges for most linear solvers. Second, it has been shown that the
stability provided by the fractional step scheme is dependent on the time step size, and
pressure oscillations may arise if the time step is too small [126].

Surface Tension

The fractional step procedure described so far does not explicitly account for surface
tension on the free surface. To address this, Rabier and Medale [130] proposed a pressure
lifting technique that corrects the pressure on the free surface once the projection scheme
has converged. This correction involves estimating an intermediate free surface pressure
𝑝s by solving the following equation:

𝝈
(
𝑝 = 𝑝s

) · 𝒏 = ∇s𝛾 − 𝛾𝜅 · 𝒏 − 𝑝ext · 𝒏
⇔ 𝒏 · 𝝈 (

𝑝 = 𝑝s
) · 𝒏 = −𝛾𝜅 − 𝑝ext

(2.62)

where 𝑝ext is the external, ambient pressure of the surrounding medium. In our imple-
mentation of the PFEM, the pressure correction is integrated into the Poisson equation for
the pressure increment as a Dirichlet BC. This approach seeks to impose a boundary-fitted
condition that is representative of the surface stresses at the free boundary [129]. Equation
(2.56) becomes:
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


Δ
(
𝛿𝑝𝑛+1

)
=
𝜌

Δ𝑡
∇ · 𝒗̂𝑛+1 in Ω

𝒏 · ∇𝛿𝑝𝑛+1 = 0 on Γv

𝛿𝑝𝑛+1 = 𝑝s on Γs

(2.63)

Note that while providing a better approximation of the free surface pressure, this pressure
correction does not address the problem of mass conservation since v𝑛+1 is still not
divergence-free on pressure-constrained elements (i.e. at the free surface). Nevertheless,
the nodal values of the free surface pressure correction ps are obtained by solving the
finite element formulation of (2.62):

∫
Γs

N1N⊤
1 𝑑𝒙 ps =

∫
Γs

N1

(
pext + n̂⊤𝜇FB⊤

3 v𝑛
)
𝑑𝒙 −

∫
Γs

N1𝛾𝜅 𝑑𝒙 (2.64)

Recall that the normal is undefined at the nodes of linear finite elements, as this would
require a local surface to which the normal can be perpendicular, a surface that does not
exist at the vertices. However, it is still possible to approximate a normal at the nodes by
taking the weighted sum of the normals of the connecting elements, allowing for a local
estimation of 𝜅 for use in (2.64). The vector n̂ is the Voigt formulation of n ⊗ n at the
interface, which is given by

n̂ =

©­­­­­­­­­­­«

𝑛2
1
𝑛2

2
𝑛2

3
2 𝑛1𝑛2

2 𝑛2𝑛3

2 𝑛3𝑛1

ª®®®®®®®®®®®¬

(2.65)

2.1.3 Weak Compressibility

While the incompressible approximation is widely used for its simplicity and accuracy
across many flow regimes, there are cases where it falls short. Certain physical phenom-
ena, such as acoustic wave propagation or moderately high-speed flows, demand a slight
allowance for compressibility, even when overall density variations are small. This gives
rise to the concept of weak compressibility, where the fluid is not fully compressible, but
the governing equations permit limited density variation.
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This approach retains much of the computational efficiency and conceptual clarity of
incompressible models, while offering better accuracy in regimes where pressure and
density changes cannot be entirely ignored. When compressibility is accounted for, the
governing equations become




∇ · 𝝈 + 𝜌𝒈 = 𝜌
𝑑𝒗

𝑑𝑡
in Ω

𝑑𝜌

𝑑𝑡
+ 𝜌∇ · 𝒗 = 0 in Ω

∇ · 𝒒 + 𝜌 𝑐p
𝑑𝑇

𝑑𝑡
= 𝑠 in Ω

(2.66)

The key difference with the system (2.1) is that the mass conservation equation now
includes a time derivative of the density, which is an unknown of the system (2.66).
Assuming the dependency 𝜌 = 𝜌(𝑝, 𝑇) and using the chain rule of derivations, this addi-
tional term can be rewritten in terms of the time derivatives of pressure and temperature,
which are the primary unknowns:

𝑑𝜌

𝑑𝑡
=
𝜕𝜌

𝜕𝑝

𝑑𝑝

𝑑𝑡
+ 𝜕𝜌
𝜕𝑇

𝑑𝑇

𝑑𝑡
=
𝜌

𝐾

𝑑𝑝

𝑑𝑡
− 𝜌𝛼v

𝑑𝑇

𝑑𝑡
(2.67)

Here, 𝐾 denotes the bulk modulus of the fluid, and 𝛼v is the volumetric thermal expansion
coefficient. Under the weak compressibility approximation, a linear equation of state
relates pressure, temperature, and density. Typically, 𝐾 is defined at constant temperature,
while 𝛼v is defined at constant pressure:

1
𝐾

=
1
𝜌

(
𝜕𝜌

𝜕𝑝

)
t

𝛼v =
−1
𝜌

(
𝜕𝜌

𝜕𝑇

)
p

(2.68)

Here, the subscripts T and P on the derivatives indicate that temperature and pressure are
held constant, respectively. Substituting Equation (2.68) into the second equation of the
system (2.66) and dividing both sides by the density yields the following strong form of
the mass conservation equation:

1
𝐾

𝑑𝑝

𝑑𝑡
− 𝛼v

𝑑𝑇

𝑑𝑡
+ ∇ · 𝒗 = 0 (2.69)
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The finite element formulation of equation (2.69) is derived in the same manner as for
the incompressible case with PSPG stabilization. Namely, by multiplying both sides
by a test function, integrating over the computational domain, and performing spatial
discretization. We therefore proceed by directly recalling the final expression:

D v + L p + C 𝑑v
𝑑𝑡

+
∫
Ω

1
𝐾

N1N⊤
1 𝑑𝒙︸            ︷︷            ︸

H

𝑑p
𝑑𝑡

= h +
∫
Ω
𝛼vN1N⊤

1 𝑑𝒙︸            ︷︷            ︸
Z

𝑑T
𝑑𝑡

(2.70)

Here, D, L, C and h retain the same definitions as in Equation (2.36), which can be
retrieved for 𝐾 → ∞ and 𝛼v → 0. The resulting system is nonlinear with respect to the
primary unknowns and is solved iteratively using a Newton-Raphson algorithm. In this
context, the mechanical residual (2.44) at the 𝑘-th iteration is given by

r𝑘m =
(
K𝑘 + 1

Δ𝑡
M𝑘

)
v𝑘 − D⊤

𝑘 p𝑘 − f𝑘 − 1
Δ𝑡

M𝑘v𝑛

r𝑘c =
( 1
Δ𝑡

C𝑘 + D𝑘

)
v𝑘 +

(
L𝑘 + H𝑘

)
p𝑘 − h𝑘 − 1

Δ𝑡
C𝑘v𝑛 − ZΔT𝑛

Δ𝑡

(2.71)

Here, ΔT𝑛 represents the temperature increment for the current time step. Recall that
temperature is computed by solving the energy conservation equation separately from the
mechanical system, using a staggered coupling approach. As a result, thermal quantities
are treated as constant during the NR iterations of the mechanical system. The Jacobian
is then computed as:

J𝑘 =

©­­­­­­«

𝜕r 𝑘m
𝜕v𝑘

𝜕r 𝑘m
𝜕p𝑘

𝜕r 𝑘c
𝜕v𝑘

𝜕r 𝑘c
𝜕p𝑘

ª®®®®®®¬
(2.72)

At each NR iteration, the fluid density must be updated to compute both the Jacobian and
the residual. Let 𝐾0 denote the initial bulk modulus at 𝑝 = 𝑝0 such that 𝐾 (𝑝0) = 𝐾0

and let 𝜌0 be the corresponding initial density such that 𝜌(𝑝0) = 𝜌0. Assuming the
bulk modulus varies linearly with the pressure, where 𝐾 ′ is the linear coefficient, the
Tait-Murnaghan equation of state [131] is expressed as
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𝜌 = 𝜌0

[
1 + 𝐾

′

𝐾0

(
𝑝 − 𝑝0

) ]1/𝐾 ′

𝐾 = 𝐾0 + 𝐾 ′ (𝑝 − 𝑝0
) (2.73)

2.2 Building the Mesh

In the finite element method, the domain is discretized in space using a mesh. Practically,
the material is divided into an assembly of finite elements, each characterized by a specific
number of nodes. Each element contributes to the calculation of local elemental matrices,
which are then assembled into a global matrix A and a global right-hand side vector b,
representing the discretized system of equations. Let 𝐸 denote the total number of
elements in the mesh, and let A𝑒 and b𝑒 respectively represent the elemental matrices and
right-hand side vectors related to the 𝑒-th finite element. The resulting system can then
be expressed as

A =
𝐸⊕
𝑒=1

A𝑒 b =
𝐸⊕
𝑒=1

b𝑒 (2.74)

Here, the summation symbol ⊕ is used in place of Σ to indicate that the components of
A𝑒 are summed into A based on the global indices of the corresponding nodes in the
mesh. Since the mesh is generated through a Delaunay tessellation, the PFEM employs
isoparametric triangular and tetrahedral elements, as presented in Figure 4, whose basis
functions are linear Lagrange polynomials outlined in Table 1.

𝑁1(ξ) 𝑁2(ξ) 𝑁3(ξ) 𝑁4(ξ)

1D (1 − 𝜉)/2 (1 + 𝜉)/2 – –

2D 1 − 𝜉 − 𝜂 𝜉 𝜂 –

3D 1 − 𝜉 − 𝜂 − 𝜁 𝜉 𝜂 𝜁

Table 1: Linear isoparametric basis functions used for the reference elements in Figure
4. The vector of local coordinates ξ = (𝜉, 𝜂, 𝜁) is defined in the reference space of the
element, and 𝑁 𝑗 is the basis function related to the 𝑗-th node.
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This means that the basis functions are defined in the local space of a reference element,
where each basis function evaluates to 1 on the generating node and linearly decreases to
zero towards the other nodes. To numerically integrate a field quantity over isoparametric
elements, a Gaussian quadrature rule is defined in the local space of the reference element.
This means that a mapping 𝒙(ξ) between the global coordinates 𝒙 of the fluid domain
and the local coordinates ξ in the reference elements must be established to allow for an
integration over the actual element’s shape in the mesh. This transformation is generally
represented by a Jacobian matrix, which is given by

J =

©­­­­­­­­­­
«

𝜕𝑥

𝜕𝜉

𝜕𝑦

𝜕𝜉

𝜕𝑧

𝜕𝜉

𝜕𝑥

𝜕𝜂

𝜕𝑦

𝜕𝜂

𝜕𝑧

𝜕𝜂

𝜕𝑥

𝜕𝜁

𝜕𝑦

𝜕𝜁

𝜕𝑧

𝜕𝜁

ª®®®®®®®®®®
¬

=
𝑀∑︁
𝑗=1

©­­­­­­­­­­
«

𝜕𝑁 𝑗

𝜕𝜉
𝑥 𝑗

𝜕𝑁 𝑗

𝜕𝜉
𝑦 𝑗

𝜕𝑁 𝑗

𝜕𝜉
𝑧 𝑗

𝜕𝑁 𝑗

𝜕𝜂
𝑥 𝑗

𝜕𝑁 𝑗

𝜕𝜂
𝑦 𝑗

𝜕𝑁 𝑗

𝜕𝜂
𝑧 𝑗

𝜕𝑁 𝑗

𝜕𝜁
𝑥 𝑗

𝜕𝑁 𝑗

𝜕𝜁
𝑦 𝑗

𝜕𝑁 𝑗

𝜕𝜁
𝑧 𝑗

ª®®®®®®®®®®
¬

(2.75)

In this context, the subscript 𝑗 represents the index of the node within the element, and
𝑀 denotes the total number of nodes in the element. Using the Jacobian, the partial
derivatives of the basis functions with respect to the global coordinates, as defined in
equations (2.11) and (2.34), are obtained by inverting the matrix J and applying the chain
rule of differentiation:

•

•

ξ1 = (−1)

ξ2 = (1)

1 – Reference line

• •

•

ξ1 = (0, 0) ξ2 = (1, 0)

ξ3 = (0, 1)

2 – Reference triangle

• •

•

•

ξ1 = (0, 0, 0)

ξ2 = (1, 0, 0)

ξ3 = (0, 1, 0)

ξ4 = (0, 0, 1)

3 – Reference tetrahedron

Figure 4: Reference geometry and vertices coordinates ξ = (𝜉, 𝜂, 𝜁) for isoparametric
line, triangle and tetrahedron finite elements using the linear Lagrange polynomials from
Table 1 as their basis functions.
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𝜕N
𝜕x𝑘

=
𝜕N
𝜕𝜉

J−1
1𝑘 +

𝜕N
𝜕𝜂

J−1
2𝑘 +

𝜕N
𝜕𝜁

J−1
3𝑘 (2.76)

The numerical integration of the elemental matrices is performed using a quadrature rule
applied to the reference space, with the results then mapped to the global space via the
Jacobian. The quadrature rule approximates the integral of a function as a weighted
sum of function values evaluated at specific points within the integration domain. With
an appropriate choice of integration points and weights in 1D, the Gaussian quadrature
constructed with𝐾 points provides an exact result for polynomials of degree 2𝐾−1 or less.
By default, PFEM3D uses a number of integration points equal to the number of nodes
in the elements, although the user can opt for either lower or higher-order integration
rules. Let 𝑓 : Ω → R3 be an integrable function defined over Ω, where Ω represents the
integration domain of an element in the global coordinate system:

∫
Ω
𝑓 (𝒙) 𝑑𝒙 =

∫
Λ
𝑓
{
𝒙(ξ)

}
det J(ξ) 𝑑ξ

=
𝐾∑︁
𝑗=1
𝑤 𝑗 𝑓

{
𝒙(ξ 𝑗 )

}
det J(ξ 𝑗 )

(2.77)

Here, Λ represents the local space of the reference element, 𝐾 denotes the total number of
integration points in the Gaussian quadrature rule, ξ 𝑗 refers to the coordinates of the 𝑗-th
integration point in the reference element, and 𝑤 𝑗 is the associated quadrature weight.

2.2.1 Remeshing with Edge Splitting

A defining feature of the PFEM is its frequent remeshing. In a Lagrangian framework,
the motion of nodes leads to significant distortion of mesh elements after a few time
steps, especially when simulating fluids. Such distortions can degrade the accuracy of the
solution and eventually cause the solver to fail to converge. To address this, the mesh is
periodically destroyed and regenerated based on the current configuration of the cloud of
nodes, as illustrated in Figure 5. This approach treats the nodes and the information they
carry as the only entities that persist through remeshing. The other mesh entities, such as
elements and edges, are temporary constructs created solely to compute the solution at the
current time step. Note that this method may pose additional challenges when deformation
history is tied to the elements, as it is the case in solid mechanics with plasticity.
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In such scenario, quantities defined at the Gauss points of the elements must be mapped to
the updated mesh. Nevertheless, fluid nodes can be dynamically added or removed during
remeshing based on specific criteria. The conditions governing these node operations are
discussed in the remainder of this subsection.

The Alpha-Shape Criterion

Historically, the remeshing process is carried out in three fundamental steps [23]. First,
the existing finite elements are destroyed. Second, a Delaunay tessellation is performed on
the remaining cloud of nodes. Finally, the 𝛼-shape criterion is applied to the tessellation
to extract the new FE mesh. Practically, the 𝛼-shape criterion A can be seen as a boolean
function which, for each simplex 𝑒 in the tessellation, checks whether the following
condition is satisfied:

A (
𝑒, 𝒙

)
= True ⇔ 𝑟𝑒 < 𝛼 ℎ

(
𝒙
)

(2.78)
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Figure 5: Standard steps of the remeshing procedure in the PFEM. The cloud of nodes 1
derives from the last equilibrium configuration obtained so far. The dashed lines represent
the parts of the rigid container that are not meshed.
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Here, 𝑟𝑒 represents the radius of the circumcircle of a triangle 𝑒 in 2D, or the circumsphere
of a tetrahedron 𝑒 in 3D, and𝛼 is a user-defined parameter [65]. The function ℎ(𝒙) is called
the size-field, and provides a characteristic size based on the coordinates 𝒙, generally taken
as the centroid of the element considered. It is important to note that additional user-
defined parameters can also be incorporated when calculating the characteristic size. For
example, one might prescribe a smaller mesh size in regions with large velocity gradients
or high temperatures, as demonstrated in [78, 132]. For simplicity, we will describe
the size-field as a function of 𝒙 alone, but incorporating physical parameters into the
characteristic size calculation does not invalidate the proposed methodology. In fact, our
approach is independent of the specific expression of ℎ. By evaluating the criterion A
for each simplex in the tessellation, the method eliminates large or stretched elements, as
shown in Figure 6, effectively recovering the shape of the fluid domain.

The 𝛼-shape method has been successfully applied in 2D simulations with a constant ℎ
in earlier studies, and later extended to variable size-fields, as explored in the thesis of
Falla [78, 133]. However, evidence suggests that relying on the A alone is insufficient
for handling complex cases, particularly in 3D [78, 79]. To overcome these limitations,
we propose a six-step approach, building upon the advances achieved in prior works,
designed to deliver good performance in 2D while extending the capability to handle 3D
scenarios effectively.

•

•

• 𝑛1

𝑛2

𝑛3

𝑟𝑐

1 – Equilateral triangle

•

•

•
𝑛1

𝑛2

𝑛3

𝑟𝑐

2 – Stretched triangle

Figure 6: In Example 1, a triangle with good aspect ratio, whose circumradius is close to
its characteristic size. In Example 2, a triangle with large aspect ratio, whose circumradius
is larger than is characteristic size.
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In particular, it incorporates strategies to regularize critical issues, such as tetrahedral
degeneracy, which frequently arise in 3D Delaunay tessellations. Moreover, it remains
relatively simple and leverages a consistent implementation framework for both 2D and
3D, making it practical and adaptable across dimensions.

Step 1 – Local Refinement

When the remeshing occurs, the mesh is destroyed and a new one is created on the current
state of the cloud of nodes by a Delaunay tessellation. We seek the local resolution of
the mesh to be in accordance with a size-field deduced dynamically depending on the
geometry of the domain or the physical characteristics of the fluid. For instance, it is
generally enforced that the size of the elements is smaller close to the free surface in order
to accurately capture its geometry and limit mass error (the mass conservation is a major
challenge in the PFEM which will be discussed later). To achieve this, we first evaluate for
each node 𝑛 the characteristic size ℎ𝑛. The collection of nodal characteristic sizes defines
a discrete approximation of ℎ(𝒙) and is updated during the first step of the remeshing
process. Let x𝑛 be the coordinates of the 𝑛-th node in the mesh, one can write

ℎ𝑛 = ℎ
(
x𝑛

)
(2.79)

A copy of the mesh before its deletion is stored in memory until the end of remeshing the
procedure. Indeed, updating ℎ𝑛 as well as performing important computation during the
remeshing may require the pre-existence of a finite element mesh. In the following, when
we talk about elements, we are thus referring to the elements of the former mesh, which
is temporarily stored in memory to allow these operations. Once the target mesh size
has been evaluated at the nodes, we must ensure that the new tessellation will generate
elements with the target size. In practice, this is achieved by creating and removing nodes
wherever the actual node density at 𝒙 does not match ℎ(𝒙) up to some tolerance. The
expected characteristic size ℎ𝑒 (𝒙) of an element 𝑒 at location 𝒙 is approximated by the
average of the characteristic sizes of the nodes forming the element:

ℎ𝑒 (𝒙) = 1
𝑁

𝑁∑︁
𝑛=1

ℎ𝑛 ∀ 𝑛 ∈ 𝑒(𝒙) (2.80)
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Here, 𝑒(𝒙) denotes the finite element located at 𝒙, and 𝑁 is the number of nodes of
this element. It is important to note that the definitions provided here are intended to
describe the refinement in a simple and intuitive manner. In practice, the algorithm does
not need to evaluate ℎ𝑒 at ambiguous locations, such as on vertices shared by multiple
elements. Additionally, we define 𝑆𝑒 (𝒙) as the actual size of the finite element at 𝒙
in its corresponding dimensional space. For instance, 𝑆𝑒 (𝒙) refers to the volume of a
tetrahedron or to the area of a triangle, and 𝑟𝑒 (𝒙) is its circumradius. New nodes are
introduced into an element when its size is too large relative to the expected characteristic
size. Mathematically, this happens when either of the following conditions is met:

𝑟𝑒 (𝒙) > 𝛼 ℎ𝑒 (𝒙)
𝑆𝑒 (𝒙) > 𝜔 ℎ𝑒 (𝒙)𝑑

(2.81)

Here, 𝛼 is the same 𝛼-shape parameter described in Equation (2.78), 𝜔 is a scalar
parameter defined by the user (the optimal value of 𝜔 is computed in the next subsection),
and 𝑑 is the dimension of the problem. The first condition targets distorted elements,
while the second condition focuses on large elements that may still have a good aspect
ratio. For simplicity, the condition (2.81) can be seen as a boolean function which, for
each element 𝑒 in the former mesh, returns true if one or both inequalities are valid, and
false otherwise:

E
{
𝑒(𝒙)

}
= True ⇔ ∨



𝑟𝑒 (𝒙) > 𝛼 ℎ𝑒 (𝒙)
𝑆𝑒 (𝒙) > 𝜔 ℎ𝑒 (𝒙)𝑑

(2.82)

Here, ∨ is the logical disjunction, also known as the logical OR. Several methods exist
for introducing additional nodes within an element. A commonly used approach, as
highlighted in previous studies [29, 80], involves placing a single node at the centroid of
large elements. While this method is simple and efficient, it prevents boundary refinement,
as nodes are only generated in the interior of the mesh. Additionally, this approach often
results in new elements with higher aspect ratios, potentially degrading mesh quality.
More recently, Falla et al. [78] introduced a 2D mesh refinement technique based primarily
on edge splitting, which helps maintain overall mesh quality after refinement. The method
proposed here draws inspiration from Falla’s work, as it also utilizes an edge splitting
technique, but aims to simplify and generalize it for 3D cases.
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An element is eligible for full refinement when it satisfies E and when the center of its
circumsphere lies inside the element. In this case, new nodes are added at the center of its
edges, as illustrated in Figures 7 and 8. Special treatment is given to elements that satisfy
E and have the center of their circumsphere located outside the element. This situation
indicates that the original element is stretched, and in such cases, a single node is added
at the center of its longest edge.
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• 𝑛1

𝑛2

𝑛3

1 – Centroid insertion

•

•

• 𝑛1

𝑛2

𝑛3

2 – Edge splitting

Figure 7: Example of full refinement of an element in 2D. In 1, the triangle features
mesh refinement based on the centroid insertion. In 2, the triangle features edge splitting,
generating 4 smaller elements with good aspect ratio.
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1 – Centroid insertion
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•

𝑛1 𝑛2

𝑛3

𝑛4

2 – Edge splitting

Figure 8: Example of full refinement of an element in 3D. In 1, the tetrahedron features
mesh refinement based on the centroid insertion. In 2, the tetrahedron features edge
splitting, generating 8 smaller elements with good aspect ratio.
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It is important to note that large or distorted elements may also contain very small edges
alongside larger ones. The expected length of an edge relative to ℎ(𝒙) can be estimated
using the condition (2.80), treating each edge as a 1D element with two nodes. Refinement
of an edge is prevented if it satisfies

𝑆𝑒 (𝒙) < 𝜙 ℎ𝑒
(
𝒙) (2.83)

Recall that 𝑆𝑒 (𝒙) refers to the measure of the element in its corresponding dimensional
space, which in this case is the length of the edge. Based on this condition, the refinement
of 2D or 3D elements can be restricted by preventing the addition of nodes on small edges
that satisfy the condition (2.83). This limitation is designed to avoid splitting distorted
elements in a way that worsens their aspect ratio, thereby allowing for the potential
improvement of the new elements aspect ratio. In this context, we refer to the process as
partial refinement of an element.

Examples of partial refinements are presented in Figures 9 and 10. It is worth mentioning
that an edge can be refined only once per remeshing. Once a node has been created,
nodal quantities such as the velocity, the pressure or the characteristic size are computed
and associated to the node by interpolation using the basis functions of the surrounding
elements. Since the generated node is located at the center of an edge, the interpolation
of nodal quantities on the new node 𝑛 is trivially obtained as follows:

þ𝑛 =
þ1 + þ2

2
(2.84)

Here, þ holds for arbitrary nodal quantities and the indices 1, 2 respectively denote the
first and second node of the edge. In our PFEM code, each boundary is associated with
a number of tags, except the free-surface. These tags are used to identify the boundary
condition that must be applied. For instance, a boundary representing an inlet may be
associated with the tag inlet for which Dirichlet BC on the velocity have been defined
by the user. As an additional example, a boundary representing a solid wall may be
associated with the tag wall having no-slip BC and a specified wall velocity if the latter
moves or deforms over time. Since the boundaries are represented by a set of nodes, the
tags are stored at the node level, and new nodes generated on a boundary must inherit
from the related tags.
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Step 2 – Local Coarsening

In some cases, the node density at a specific location may exceed the value expected by
the size-field. Similarly to mesh refinement, the coarsening strategy involves removing
excess nodes to align with ℎ(𝒙) locally. The algorithm begins by looping over all nodes
and removing those located very close to a boundary.
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•
𝑛1

𝑛2

𝑛3

✗

1 – Split longest edge

•

•

• 𝑛1

𝑛2

𝑛3

2 – Keep shortest edge

Figure 9: Example of partial refinement in 2D. In 1, the simplex undergoes a splitting
of its longest edge because its circumcenter lies outside the element. In 2, the smallest
edge is not refined because it satisfies the condition (2.83).
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𝑛1 𝑛2

𝑛3

𝑛4

2 – Keep shortest edge

Figure 10: Example of partial refinement in 3D. In 1, the simplex undergoes a splitting
of its longest edge because its circumcenter lies outside the element. In 2, the smallest
edge is not refined because it satisfies the condition (2.83).
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This is achieved by computing the Euclidean distance 𝑑𝑛 between node 𝑛 and the line (or
the plane in 3D) passing through its two (or three in 3D) closest neighbors that share at
least one common tag. Two nodes are considered neighbors if they share a common edge.
A visual example in 2D is shown in Figure 11. Mathematically, a non-boundary node 𝑛
is removed from the mesh if

𝑑𝑛 < 𝛽 ℎ𝑛 (2.85)
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Boundary #1
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1 – Before remeshing

•

•

•

••

••

••

✗

︸                        ︷︷                        ︸
Boundary #1

︸                        ︷︷                        ︸
Boundary #1

2 – Local coarsening
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︸                                                                                      ︷︷                                                                                      ︸
Boundary #1

3 – After remeshing

Figure 11: Example of local coarsening based on the distance between a node and the
boundary. The nodes at the bottom share a common tag and are part of the same boundary,
which is here the tag #1.
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where 𝛽 is a user-defined parameter discussed in the next subsection, and 𝑑𝑛 is the distance
between the white node and the dashed line representing the hypothetical wall. This step is
designed to prevent pathological situations where a node comes very close to a boundary,
leading to stretched simplices being created between this node and the boundary. Since
stretched simplices typically do not satisfy the 𝛼-shape criterion, they are not accepted as
part of the mesh, leaving an empty space through which the fluid may accidentally cross
the boundary. This problem typically arises in 3D cases with curved walls. A second
loop is then applied to all edges in the mesh, comparing their length to an approximation
of the size-field at that location. Mathematically, an edge is eligible for coarsening if

𝑆𝑒 (𝒙) < 𝛿 ℎ𝑒 (𝒙) (2.86)

Here, 𝛿 is a user-defined parameter, whose optimal value is computed in the next subsec-
tion. The coarsening of an edge follows a rule based on the priority level associated with
its nodes. A node’s priority level is an integer, between 1 and 4, indicating the degree
to which the node is protected against removal. If two nodes, which are part of the same
edge satisfying (2.86), have different priority levels, the node with the lower priority is
removed, and the other is retained. In contrast, when the two nodes have the same priority
level, both are removed from the mesh and replaced by a single new node created at the
center of the edge. The linear interpolation (2.84) is then applied to transfer the nodal
data onto the newly created node. Priority levels are assigned as follows:

• The highest priority level {4} is assigned to tagged boundary nodes (such as walls,
inlets or outlets) from the original mesh. These nodes together define the geometry
of the fluid’s container and must never be removed. A specific case occurs when an
edge is composed solely of such boundary nodes and satisfies Equation (2.86). In this
situation, the edge is never coarsened to ensure the preservation of the wall’s geometry.

• The second-highest priority {3} is assigned to tagged boundary nodes that were added
through local refinement during the simulation. These nodes are typically placed
between two nodes of higher priority, and therefore can be removed without affecting
the original discretization of the wall.

• The priority level {2} is assigned to nodes located on the free surface. Recall that
free surface nodes refer to all nodes which are part of the fluid’s current boundary, but
which do not have a specified boundary tag. Such nodes, along with other boundary
nodes with higher priority, define the geometry of the fluid’s domain, which should
remain unaltered when possible.

58



• Finally, the lowest priority level {1} is assigned to all other nodes. Typically, those
low-priority nodes are located in the interior of the fluid, and their removal does not
affect the actual shape of the fluid domain.

A summary of the priority-based removal process is presented in Figure 12. An important
remark is that the coarsening of multiple edges in the same region may result in the
excessive removal of nodes compared to the expected size-field. To prevent this, an
additional flag is applied to nodes marked for removal, ensuring that adjacent edges are
not coarsened simultaneously. Furthermore, the chosen value of 𝛿 must align with the
refinement criteria of the elements. For example, situations where a node is added to the
edges of an element based on the condition E and then removed based on the condition
(2.86) must be avoided. This is ensured by setting the value of 𝜙 such that:

𝜙 = 2𝛿 (2.87)
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Figure 12: Miscellaneous examples of edge coarsening based on the priority level of
their nodes. The bold line represents the rigid boundary. The cross mark denotes removed
nodes and the white circles denote generated ones.
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In other words, the relation (2.87) ensures that an edge whose length is smaller than
2𝛿 is never refined, preventing any refined edges from becoming eligible for coarsening
immediately after refinement. In all numerical examples of this thesis, the value of 𝜙 is
not explicitly provided, as it can always be derived from 𝛿 using the relation (2.87).

Step 3 – Delaunay Tessellation

A tessellation refers to a division of space into a set of simplices without overlaps or gaps.
The Voronoi diagram, also called Voronoi partition, forms the basis for understanding
Delaunay tessellation [64]. Given a set of points P in a space, the Voronoi diagram par-
titions the space into regions called Voronoi cells. Each Voronoi cell 𝑉 (𝑝 𝑗 ) corresponds
to a point 𝑝 𝑗 ∈ P and consists of all the locations in the space (also called the locus) that
are closer to 𝑝 𝑗 than to any other point in P. Mathematically, one has

𝑉
(
𝑝 𝑗

)
=

{
𝒙 ∈ R𝑑

��� | |𝒙 − p 𝑗 | | ≤ | |𝒙 − p𝑘 | | ∀ 𝑗 ≠ 𝑘
}

(2.88)

where 𝑑 is the dimension of the space and p 𝑗 denotes the position of the 𝑗-th point. In 2D,
the boundaries of the Voronoi cells are line segments, and the points where three or more
Voronoi cells meet are called Voronoi vertices. In 3D, the boundaries are planar facets,
and Voronoi vertices occur where four or more Voronoi cells intersect. The Delaunay
tessellation is the simplicial decomposition obtained by connecting points whose Voronoi
cells share a boundary, forming triangles in 2D and tetrahedra in 3D. More formally, the
Delaunay tessellation of a set of points is the unique (in most cases) simplicial complex
such that no point in P lies inside the circumsphere of any simplex in the tessellation.
This property is called the empty sphere property and is illustrated in Figure 13.

The Delaunay tessellation can handle irregular domains and point distributions more
effectively than grid-based or advancing front methods, which may struggle with highly
non-uniform point sets or complex boundaries. Another alternative to the Delaunay
tessellation is the octree partitioning [134]. However, the latter is rarely used in FEM
because it often introduces hanging nodes that require special treatments. Additionally,
octree meshing tends to generate irregular polyhedral elements at boundaries, posing
further challenges for FE analysis [135]. In our implementation of the PFEM code, the
tessellation of the cloud of nodes is performed using the Gmsh [93] library. Alternatively,
TetGen [92] can be used for performing the tetrahedralization in 3D.
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Step 4 – Extraction of the Boundary

The next step is the extraction of the new fluid boundary from the tessellation, which
roughly corresponds to step 3 in Figure 5. Historically, this is achieved by applying the 𝛼-
shape criterion A to the tessellation. In our implementation of the remeshing procedure,
this step involves discarding spurious simplices from the tessellation based on a series of
criteria, which 𝛼-shape is part of, but is clearly not the only criterion used. The different
criteria are outlined below, with examples provided in Figure 14.

• The first criterion {1} targets the removal of simplices that are inevitably generated
in dry (i.e. not in contact with the fluid) corners due to the natural proximity of the
nodes forming the boundary at these locations. Although these simplices may have a
good aspect ratio and characteristic size, they do not belong to the actual fluid domain.
Specifically, we discard simplices whose nodes are all located on the boundary, and
whose neighbors are all either located outside the last-known fluid domain, or composed
exclusively of tagged boundary nodes.

• The second criterion {2} is based on the concept of exclusion zones and bounding
boxes. An exclusion zone is defined by a closed surface formed by a set of segments
in 2D or polygons in 3D. Any node or element that penetrates an exclusion zone is
deleted during the remeshing process. Exclusion zones typically represent walls or
solid structures through which the fluid cannot pass.
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•
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•

1 – Delaunay triangulation

•

•
•

•

•

•

•

•

2 – Empty sphere

Figure 13: Example of Delaunay triangulation of a cloud of nodes in 2D. A Voronoi
diagram is superimposed to the Delaunay triangulation in the first figure. The second
figure illustrates the empty sphere property.
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In some cases, the boundary of an exclusion zone may evolve over time, such as in
fluid-structure interaction simulations. To check whether a point lies inside or outside
the zone, a ray-casting algorithm is used, which is described in more detail in the
next section. Conversely, a bounding box is the inverse of an exclusion zone. Nodes
and elements outside the bounding box are deleted. Bounding boxes help confine the
computational domain to regions of interest, thus improving simulation efficiency.

• The criterion {3} aims to prevent the formation of holes in the fluid volume when
particle movement causes node density to decrease faster than the refinement algorithm
is able to match the size-field. The key idea is to retain elements composed of nodes
that were previously located within the fluid’s interior. This ensures that an element
inside the fluid is always protected from deletion, even if it does not meet the other
criteria, allowing for its refinement or regularization if necessary.

• The last criterion {4} applies the 𝛼-shape (2.78) to remove distorted or large elements
that have not already been discarded or protected by the previous criteria. It is impor-
tant to note that this step is more complex than a simple application of the 𝛼-shape.
Specifically, this step introduces an enhanced 𝛼-shape criterion, augmented by a Level
Set (LS) function, and referred as L in subsequent sections. While L is a key contri-
bution of this work, it will be omitted for simplicity until its introduction in the next
section.
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• •

• {2}

{1}{1}{3}
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Figure 14: Example of spurious-element deletion in 2D. The bold line represents the
closed boundary of a solid in which no fluid may penetrate (i.e. an exclusion zone). Red
triangles are deleted while the green triangle is protected from deletion.
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Step 5 – Slivers Removal

In Delaunay tetrahedralizations, a sliver is a type of degenerate tetrahedral element with
poor geometric quality, as illustrated in Figure 15. A sliver typically has a very small or
nearly zero volume (while none of its edges are particularly short), and correspondingly,
its Jacobian determinant is close to zero. This can lead to numerical instabilities and
inaccuracies in FE analysis. In 3D, the Delaunay condition ensures that no vertex of a
tetrahedron lies inside the circumsphere of any other tetrahedron in the mesh. While this
condition maximizes the minimum angle between faces and avoids skinny triangles in
2D, it does not guarantee well-shaped tetrahedra in 3D. Specifically, a sliver can satisfy
the Delaunay criterion because no other vertices lie within its circumsphere, but its four
vertices are nearly coplanar. In practice, the presence of a sliver in the finite element mesh
can prevent the linear solver from converging in implicit simulations, and can reduce
the time step in explicit simulations to nearly zero [80]. Several approaches have been
proposed to address slivers in the literature. For example, a sliver can be eliminated by
adding a node inside its circumsphere [84]. However, this method does not guarantee that
new slivers will not be created elsewhere in the mesh.

A second approach is the pressure-based mesh smoothing technique proposed by Meduri
et al. [67], where the sliver is inflated by solving a fictive FE elastic problem. This prob-
lem is governed by standard elasticity equations with modified volumetric compatibility.
However, pressure-based smoothing is ineffective when a sliver appears near the free
surface or any other boundary, as the nodes may be constrained to remain fixed in place.

𝑛2
𝑛1

𝑛3

𝑛4

𝑛4

• •

•

•

1 – Normal tetrahedron

𝑛1 𝑛2

𝑛3𝑛4

• •

•

2 – Actual sliver

Figure 15: Comparison between a normal tetrahedron in Example 1, and a sliver when
the node 𝑛4 comes close to the plane formed by (𝑛1, 𝑛2, 𝑛3) in Example 2. The sliver
displays 4 nearly coplanar vertices and a volume close to zero.
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Alternatively, Vartziotis et al. [85] proposed the sequential Geometric Element Transfor-
mation Method (GETM), a smoothing technique based on simple geometric transforma-
tions. When applied iteratively, GETM helps to regularize degenerated elements. In this
work, mesh optimization and sliver regularization are carried out using the TetGen library
[92]. TetGen offers powerful tools for automatically eliminating slivers from an existing
Delaunay tetrahedralization, as described below. Specifically, TetGen implements ele-
mentary edge and face flips, which can be used to locally alter the connectivity between
adjacent elements and regularize slivers [83, 136].

The 2-to-3 flip, also known as a face-to-edge flip, removes a face and creates an edge.
The 3-to-2 flip reverses the 2-to-3 flip and is commonly referred to as the edge-to-face
flip. The indices indicate the number of tetrahedra before and after each flip operation.
More complex local transformations can be achieved by combining these elementary flips.
For example, the 4-to-4 flip interchanges two edges through a combination of a 2-to-3
and a 3-to-2 flip, as shown in Figure 16. Depending on the optimization level specified
by the user, TetGen may propagate the flips to adjacent faces to explore improved mesh
configurations. It is important to note that some faces or edges may not be flippable
depending on their configuration, and the elementary flips are not always possible [92].

Similarly to the GETM approach, TetGen can also relocate vertices to maximize a given
quality metric without altering the mesh connectivity, through a process known as vertex
smoothing. This smoothing typically involves moving vertices away from flat configu-
rations to reshape slivers into more well-formed tetrahedra. When vertices are moved,
the nodal quantities associated with the affected nodes are re-interpolated to their new
locations within the PFEM code. As with the GETM, vertex smoothing will not operate
on nodes whose positions are restricted during remeshing, such as boundary nodes.

• •

••

𝑛1 𝑛2

𝑛3
𝑛4 4-to-4

4-to-4 • •

••

𝑛1 𝑛2

𝑛3
𝑛4

Figure 16: Example of a 4-to-4 flip which interchanges two edges (drawn in bold) by a
combination of a 2-to-3 and a 3-to-2 flips. The bold line denotes the edge that has been
interchanged between the left and right picture.
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Step 6 – Mesh Finalization

The final step in the remeshing process involves finalizing and adopting the optimized
tessellation from the previous stage. At this point, the old mesh, which has been retained
in memory, is permanently removed, and new finite elements are created. In the newly
adopted mesh, some nodes that do not belong to any element, referred to as flying nodes,
may appear. A flying node arises when it is ejected from the free surface and separated
from the rest of the fluid by the 𝛼-shape, or when it belongs to a dry (i.e. not in contact
with the fluid) wall. These flying nodes are treated as material points, with their motion
governed by Newton’s second law or by the Dirichlet BC imposed on the boundary they
belong to. As a reminder, a node is considered part of a boundary if it has a tag associated
with that boundary, regardless of whether it is connected to other nodes.

Free surfaces and wet (i.e. meshed) walls are automatically identified on any side (line
elements in 2D or triangle elements in 3D) of a bulk element that lacks an adjacent neigh-
boring bulk element. It is worth noting that any sliver remaining after the optimization
process in Step 4 is simply deleted from the new mesh. This may create zero-volume
holes within the fluid domain, which could lead to unwanted pressure singularities and
negatively affect the velocity field. Additionally, if ℎ(𝒙) is based on the distance to the free
surface, the hole introduces a new free surface inside the domain, altering the size-field
and potentially causing inconsistencies in the mesh. Therefore, it is crucial that all slivers
are fully regularized to minimize these adverse effects.

2.2.2 Numerical Examples

In this subsection, we seek to evaluate the quality of the mesh generated through edge
splitting refinement, focusing on a dam break case in both 2D and 3D. To this end, element
quality factors are computed element-wise and collected into a single mesh quality score
by an average of the element’s quality. In order to be considered as a fair measure of
elemental shape, the quality factor must possess the following attributes: First, it yields
a zero-quality for degenerated elements. Second, it must be non-dimensional such that
similar simplices of different sizes yield the same measurement. Third, it must take on
positive values between zero and one [137]. From a theoretical perspective, indicators
based on the Jacobian matrix have been demonstrated as relevant in the context of FEM
because it is based on the matrix transformation from an ideal element to the physical
element. Specifically, the definition of the mean ratio quality measure provided by Liu
and Joe in [138, 139] is given by
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𝑄 = 𝑑
det

(
A⊤A

)1/𝑑

tr
(
A⊤A

) (2.89)

Here, 𝑑 is the dimension of the considered simplex, and A is the matrix involved in
the transformation from a regular simplex (i.e. an equilateral triangle or tetrahedron)
of the same volume to the simplex whose quality is measured. Mathematically, the
transformation matrix is defined such that

x 𝑗 = Aξ 𝑗 + b (2.90)

where x 𝑗 is the coordinate vector of the 𝑗-th node of the finite element, ξ 𝑗 is the coordinate
vector of the 𝑗-th node of the regular simplex of same volume and b is a translation vector.
In 3D, the components of the transformation matrix can be computed by writing the above
definition in matrix form and solving the resulting set of 3 linear systems, one for each
dimension of the space:
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ª®®®®®®¬
(2.91)

In 2D, a triangle with 𝑄 = 1 is perfectly equilateral and 𝑄 = 0 indicates perfectly flat
elements. In 3D, a tetrahedron with 𝑄 = 1 is perfectly regular and 𝑄 = 0 indicates
perfectly flat sliver. Some examples are provided in Figure 17. In addition to assessing
the quality of the elements, it is crucial to ensure that the finite element sizes in the mesh
closely match the expected size-field, as determined by the function ℎ(𝒙). To achieve
this, we define the difference between the average edge length of an element 𝑒 and the
characteristic length as follows:

Error(𝑒) =
{

1
𝑁

𝑁∑︁
𝑗=1

𝐿 𝑗 − 𝐿′
(
ℎ𝑒

)}2{
𝐿′

(
ℎ𝑒

)}−2
(2.92)
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Here, 𝐿 𝑗 is the length of the 𝑗-th edge of the element, 𝑁 represents the number of edges, ℎ𝑒
is the average characteristic size of 𝑒 as defined in (2.80), and 𝐿′(ℎ𝑒) is a reference length.
Specifically, 𝐿′(ℎ𝑒) is the expected edge length of a regular simplex of characteristic size
ℎ𝑒. In other words, 𝐿′(ℎ𝑒) is the average edge length of the simplex that would have
been produced by the meshing software for a characteristic size ℎ𝑒. Intuitively, one may
expect 𝐿′(ℎ𝑒) = ℎ𝑒 such that an ideal element of size ℎ𝑒 would have edges of sizes ℎ𝑒.
However, the reference length depends on the meshing software used for constructing the
initial mesh. In this work, all input meshes have been produced by Gmsh, which uses two
reference sizes:

𝐿′(ℎ𝑒) ≃ 0.95 ℎ𝑒 in 2D

𝐿′(ℎ𝑒) ≃ 1.29 ℎ𝑒 in 3D
(2.93)

The above relations have been empirically computed based on different input meshes
produced by Gmsh [93] and will be used as reference length throughout this study.
For 2D meshes, the default Frontal-Delaunay algorithm has been used by setting
Mesh.Algorithm = 6. For 3D input meshes, the default Delaunay algorithm has
been used by setting Mesh.Algorithm3D = 1. It is important to note that the optimal
values of the remeshing parameters (specifically, 𝜔 and 𝛿) that are established in the
following study minimize (2.92). This means that we seek to maintain the relation
between characteristic size and edge length (2.93) throughout the simulation. As a result,
optimal values of 𝜔 and 𝛿 may be different if the input mesh is generated by a different
software than Gmsh.
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1 – 𝑄 = 1.0
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ℎ
√
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3 – 𝑄 = 0.692

Figure 17: Examples of triangular elements with their quality. The quality measure 𝑄 is
defined in (2.89) with respect to a regular simplex with the same area, meaning that the
equilateral triangle has perfect quality.
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Dam Break in 2D

The dam break test case is commonly used to validate numerical methods for free sur-
face flows due to sudden water release, resulting in rapid, highly unsteady dynamics.
Consequently, the free surface experiences violent deformations, such as breaking waves,
splashing, and aeration. A schematic representation of the initial configuration is shown
in Figure 18. The simulation parameters are listed in Table 2.

29
.2

cm

14.6 cm

1.2 cm

8 cm

43.8
cm

29.2 cm29.2 cm

Figure 18: Initial configuration of the dam break test case whose simulation parameters
are indicated in Table 2. No-slip BC are applied to all rigid boundaries and the initial free
surface is outlined in bold.

Remesh Fluid

𝛿 = ∗ 𝜌 = 103 kg/m3

𝜔 = ∗ 𝑔 = −9.81 m/s2

𝛼 = 1.2 𝜇 = 10−3 Pa s

𝛽 = 0.2 𝛾 = 0.072 N/m

𝑡𝑜𝑙 = 10−8

Δ𝑡max = 10−3 s

Table 2: Simulation parameters for the dam break whose initial configuration is given in
Figure 18. The governing equations are solved with the PSPG stabilization and different
remeshing techniques.
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The symbol ∗ indicates that the corresponding parameter, specifically, 𝛿 which governs
the coarsening criterion of an edge and 𝜔 which governs the refinement criterion of an
element, are tested with varying values. The value of 𝛼 = 1.2 in Table 2 for the 𝛼-shape
criterion is based on findings in the literature [29, 78, 79], where it has been shown
that 𝛼 = 1.2 strikes a good balance between discarding large or distorted simplices and
accepting good-quality elements in 2D meshes.

On the other hand, the purpose of 𝛽 is to prevent nodes from moving too close to the
boundary, as defined by the criterion in Equation (2.85). In practice, a value of 𝛽 between
0.1 and 0.2 is sufficient to prevent nodes from crossing boundaries without significantly
compromising the mesh quality or its alignment with the size-field. As a result, only 𝛿
and 𝜔 require careful tuning and analysis. To ensure a smooth variation in element sizes
away from the free surface and walls, the mesh size-field is governed by the following
function:

ℎ
(
𝒙
)
= min

{
ℎ0 + 0.1 𝑑 (𝒙), ℎ∞

}
(2.94)

Here, 𝑑 (𝒙) represents the smallest distance between the position 𝒙 and the exterior of the
fluid, ℎ0 = 0.5 cm is the minimum characteristic size of the mesh elements, and ℎ∞ = 2
cm is the maximum characteristic size. Figures 19 and 20 show the average error (2.92)
in the element size and the average element quality 𝑄 over 1 second of simulation for the
dam break problem. These averages are both spatial (across all elements in the fluid) and
temporal (over the total simulation time). The centroid insertion method, as described
in previous works [16, 80], involves inserting a node at the centroid of large or distorted
elements. The edge splitting refers to the mesh refinement method implemented in this
work. The results indicate that the edge splitting method enhances the mesh’s compliance
with the imposed size-field (2.94) and results in better element quality compared to the
centroid insertion method.

An important point to note is that both the centroid insertion and edge splitting methods
share a common set of parameters in our implementation. For instance, the parameter 𝛿
is consistently applied as the coarsening criterion for an edge, in accordance with (2.86),
across both methods. Similarly, 𝜔 is used as defined in (2.82) to govern the refinement
criterion for an element. However, the location and number of nodes added depend on
the specific method chosen. The optimal values of 𝜔 and 𝛿 are selected to minimize the
average error in the size-field.
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The primary goal of local refinement and coarsening is not to maximize the element
quality measure, but rather to closely match the imposed size-field, with mesh quality
being a secondary (yet still important) consideration. In contrast, attempting to maximize
the quality measure would require reducing 𝜔 below 0.4, which would overly stimulate
element refinement. This would result in a gradual increase in the number of nodes in the
mesh. Figure 21 illustrates the time evolution of both the average size error and element
quality when 𝜔 and 𝛿 are set to their optimal values.
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Figure 19: Comparison between the centroid insertion (with 𝛿 = 0.6) and the edge
splitting method (with 𝛿 = 0.6) on the average size-error (2.92) and average element
quality for the dam break test case in 2D, as a function of 𝜔.
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Figure 20: Comparison between the centroid insertion (with 𝜔 = 0.6) and the edge
splitting method (with 𝜔 = 0.6) on the average size-error (2.92) and average element
quality for the dam break test case in 2D, as a function of 𝛿.
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Centroid insertion Edge splitting
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Figure 21: Comparison between the centroid insertion (with 𝜔 = 0.6 and 𝛿 = 0.75) and
the edge splitting method (with 𝜔 = 0.6 and 𝛿 = 0.6) on the average size-error (2.92) and
average element quality for the dam break with obstacle in 2D.

𝑡 = 0.0 seconds 𝑡 = 0.3 seconds

𝑡 = 0.7 seconds 𝑡 = 1.0 seconds

Velocity [m/s]

0 0.45 0.9 1.35 1.8

Velocity [m/s]

0 0.45 0.9 1.35 1.8

Figure 22: Snapshots of the particle finite element solution for the dam break test
case whose initial configuration is given in Figure 18, at different time intervals. The
parameters from Table 2 with 𝜔 = 0.6 and 𝛿 = 0.6 have been used.
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As shown, the edge splitting method reduces the loss of element quality over time, ul-
timately achieving a slightly higher average quality compared to the centroid insertion
method. It is important to note that at time zero, the initial mesh quality reflects that of
the input mesh generated by Gmsh, while not perfect, is considered optimal for the sim-
ulation’s purposes. Similarly, the average error in the size-field at time zero is calculated
based on the input mesh and should be regarded as ideal, despite being non-zero. This
small initial error is due to the fact that (2.93) is not an exact relation.

Snapshots of the solution with edge splitting remeshing at different time intervals are
presented in Figure 22. A comparison of the FE mesh is shown in Figures 23 and
24, highlighting the greater smoothness of the free surface achieved with edge splitting
refinement, compared to centroid insertion. This enhanced surface smoothness is crucial
when surface tension effects are significant, as sharp angles can lead to instabilities and
undesirable oscillations in the fluid. As a side note, a common strategy to further improve
free surface representation is to allow edges along the free surface to be smaller than those
in the bulk. This can be achieved by using a smaller value 𝛿fs < 𝛿 for the coarsening
criterion applied only to edges forming the free surface.

Dam Break in 3D

A comparison between centroid insertion and edge splitting refinement is carried out
using an extension of the dam break test case in 3D, as shown in Figure 25. The choice
of 𝛽 = 0.2 in Table 3 remains the same as in the 2D case for similar reasons. However,
the value of 𝛼 must be adjusted in 3D. As a reminder, the 𝛼-shape criterion A compares
the characteristic size of the element with its circumradius. Specifically, the circumradii
𝑟2 and 𝑟3 of a regular triangle and tetrahedron are respectively given by

𝑟2 = 𝐿
√

3/3

𝑟3 = 𝐿
√

6/4
(2.95)

Here, 𝐿 is the length of the edges of the triangle or tetrahedron. As mentioned earlier, the
relationship between the characteristic size ℎ𝑒 of an element 𝑒 and the length of its edges
in a mesh generated by Gmsh is given by 𝐿 ≃ 0.95 ℎ𝑒 in 2D and by 𝐿 ≃ 1.29 ℎ𝑒 in 3D.
Consequently, one can write

𝑟3
𝑟2

=
1.29 ℎ𝑒 (3

√
6)

0.95 ℎ𝑒 (4
√

3)
≃ 1.44 (2.96)
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1 – Centroid insertion 2 – Edge splitting

Figure 23: Outline of the free surface for the dam break test case whose initial config-
uration is given in Figure 18, at time 𝑡 = 0.5 seconds. A zoom on the region outlined by
the red rectangle is also presented below.

1 – Centroid insertion 2 – Edge splitting

Figure 24: Outline of the free surface for the dam break test case whose initial config-
uration is given in Figure 18, at time 𝑡 = 1.0 seconds. A zoom on the region outlined by
the red rectangle is also presented below.
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This implies that for the same characteristic size, the circumradius of a regular tetrahedron
in Gmsh is approximately 44% larger than its 2D counterpart. Therefore, the value of
𝛼 = 1.7 is used in 3D to maintain the same level of tolerance in the 𝛼-shape criterion
(2.78). The mesh size-field is governed by the distance to any boundary and is defined by
the same function as in the 2D test case:
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2 – Side view

Figure 25: Initial configuration of the dam break test case whose simulation parameters
are indicated in Table 3. No-slip BC are applied to all rigid boundaries and the initial free
surface is outlined in bold.

Remesh Fluid

𝛿 = ∗ 𝜌 = 103 kg/m3

𝜔 = ∗ 𝑔 = −9.81 m/s2

𝛼 = 1.7 𝜇 = 10−3 Pa s

𝛽 = 0.2 𝛾 = 0.072 N/m

𝑡𝑜𝑙 = 10−8

Δ𝑡max = 10−3 s

𝜆 = 0.5

Table 3: Simulation parameters for the dam break whose initial configuration is given
in Figure 25. The governing equations are solved with the fractional step and different
remeshing techniques.
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ℎ
(
𝒙
)
= min

{
ℎ0 + 0.1 𝑑 (𝒙), ℎ∞

}
(2.97)

with ℎ0 = 1 cm and ℎ∞ = 5 cm. Figures 26 and 27 show the average error (2.92) in
the mesh element size and the average element quality 𝑄 over 1 second of simulation for
the dam break. The results confirm the conclusions drawn from the 2D case, indicating
that the edge splitting method improves the mesh compliance with the imposed size-field
(2.97) and yields better element quality compared to the centroid insertion method.
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Figure 26: Comparison between the centroid insertion (with 𝛿 = 0.8) and the edge
splitting method (with 𝛿 = 0.8) on the average size-error (2.92) and average element
quality for the dam break test case in 3D, as a function of 𝜔.
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Figure 27: Comparison between the centroid insertion (with 𝜔 = 0.45) and the edge
splitting method (with 𝜔 = 0.4) on the average size-error (2.92) and average element
quality for the dam break test case in 3D, as a function of 𝛿.
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As in the 2D case, optimal values of 𝜔 and 𝛿 are selected to minimize the average error in
the size-field. Figure 28 illustrates the time evolution of both the average size error and
element quality when 𝜔 and 𝛿 are set to their optimal values. Snapshots of the solution
with the edge splitting remeshing are presented in Figure 29. Additionally, a comparison
of the FE mesh is provided in Figures 30 and 31, highlighting the smoother free surface
achieved with edge splitting refinement compared to centroid insertion. However, some
irregularities are still observed near the boundaries (and near the obstacle), even with edge
splitting. These irregularities are primarily caused by the no-slip boundary condition and
the fixed positions of boundary nodes, which prevent them from aligning properly with
the free surface plane, resulting in a non-smooth surface.

It is crucial to emphasize that a mesh optimization step using TetGen was rigorously
applied to both the edge splitting and centroid insertion approaches. This optimization
is essential for two reasons. First, the presence of slivers can prevent the solver from
completing the simulation successfully. Second, simply removing these slivers would
create zero-volume gaps in the fluid mesh. These gaps introduce numerical singularities,
disrupt the free surface, and interfere with the size-field function, which is distance-based
relative to the free surface. TetGen offers several optimization levels for edge/face flips
and vertex smoothing, which governs the extent at which the tessellation can be modified
to achieve a better mesh quality. Here, the default optimization level associated with
the -O3 flag in version 1.6.0 of the library has been used. In our experience, applying
edge/face flips at a moderate optimization level is sufficient to regularize all slivers for
the test cases presented in this subsection.

Vertical Sloshing

A test case of vertical sloshing in a rectangular water tank has been experimentally studied
by González et al. [140], focusing on the position of the free surface during a period of
oscillation once a stable periodic regime has been established. In this work, we validate
our implementation of the PFEM against those experimental results in both 2D and 3D.
Figure 32 provides a schematic representation of the initial geometry of the water tank in
2D. A periodic vertical displacement with an amplitude of 0.15 cm and a frequency of
4.8 Hz is imposed on the tank. The characteristic element size at the free surface and the
vertical walls is set to ℎ0 = 0.15 cm. The mesh size-field is defined as a function of the
smallest distance 𝑑 (𝒙) to the vertical walls or the free surface:

ℎ
(
𝒙
)
= min

{
ℎ0 + ℎ∞ 𝑑 (𝒙)

𝐻
, ℎ∞

}
(2.98)
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Figure 28: Comparison between the centroid insertion (with 𝜔 = 0.45 and 𝛿 = 0.95) and
the edge splitting method (with 𝜔 = 0.4 and 𝛿 = 0.8) on the average size-error (2.92) and
average element quality for the dam break with obstacle in 3D.

𝑡 = 0.0 seconds 𝑡 = 0.3 seconds

𝑡 = 0.7 seconds 𝑡 = 1.0 seconds

Velocity [m/s]

0 0.5 1 1.5 2

Velocity [m/s]

0 0.5 1 1.5 2

Figure 29: Snapshots of the particle finite element solution for the dam break test
case whose initial configuration is given in Figure 25, at different time intervals. The
parameters from Table 3 with 𝜔 = 0.4 and 𝛿 = 0.8 have been used.
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1 – Centroid insertion 2 – Edge splitting

Figure 30: Outline of the free surface for the dam break test case whose initial config-
uration is given in Figure 25, at time 𝑡 = 0.5 seconds. A zoom on the region outlined by
the red rectangle is also presented below.

1 – Centroid insertion 2 – Edge splitting

Figure 31: Outline of the free surface for the dam break test case whose initial config-
uration is given in Figure 25, at time 𝑡 = 1.0 seconds. A zoom on the region outlined by
the red rectangle is also presented below.
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Here, 𝐻 = 10 cm is the initial fluid level and ℎ∞ = 0.5 cm is the maximum allowed size
for the finite elements. In 3D, the initial fluid level and material properties are consistent
with those in 2D, with a tank depth of 20 cm. Figure 33 shows the position of the free
surface at two stages within one oscillation period, highlighting the agreement between
the experimental observations and the simulation results. An overview of the free surface
in 3D is provided in Figures 34 and 35, demonstrating that the oscillation mode aligns
with the length of the tank and remains invariant along the width, as expected.

50
cm

𝐻 = 10 cm

40 cm

Figure 32: Initial configuration of the vertical sloshing test case whose simulation
parameters are indicated in Table 4. No-slip BC are applied to all rigid boundaries and
the initial free surface is outlined in bold.

Remesh 2D Remesh 3D Fluid

𝛿 = 0.6 𝛿 = 0.8 𝜌 = 103 kg/m3

𝜔 = 0.6 𝜔 = 0.4 𝑔 = −9.81 m/s2

𝛼 = 1.2 𝛼 = 1.7 𝜇 = 10−3 Pa s

𝛽 = 0.2 𝛽 = 0.2 𝛾 = 0.072 N/m

𝑡𝑜𝑙 = 10−8

Δ𝑡max = 10−3 s

Table 4: Simulation parameters for the vertical sloshing whose initial configuration is
given in Figure 32. The governing equations are solved with the PSPG stabilization and
the edge splitting remeshing.
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PFEM–2D PFEM–3D González [140]
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Figure 33: Position of the free surface for the vertical sloshing of a water tank respectively
at 25% and 75% of an oscillation period of 0.4 seconds. The results are compared to
experimental data obtained by González et al.
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Figure 34: Vertical position and shape of the free surface for the vertical sloshing of a
water tank in 3D. The figure shows the free surface of the fluid at 25% of an oscillation
period of 0.4 seconds.
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Figure 35: Vertical position and shape of the free surface for the vertical sloshing of a
water tank in 3D. The figure shows the free surface of the fluid at 75% of an oscillation
period of 0.4 seconds.

2.3 Conservation of Mass

When two free surfaces come sufficiently close, the connecting simplices generated by
Delaunay tessellation typically satisfy the 𝛼-shape criterion and are thus accepted as
fluid elements. This acceptance is crucial for enabling the merging of fluid bodies
upon contact. However, it also leads to non-physical mass creation, as these connecting
elements are artificially introduced without a corresponding representation in the last-
known configuration of the fluid domain. In recent works, Falla et al. [78] addressed
the problem of mass variation by a merging detection algorithm. The latter involves an
additional condition along with the classical 𝛼-shape. A simplex is discarded when either
of the two following conditions is met:

𝑟𝑒 > 𝛼ℎ𝑒 (𝒙)
𝐴𝑒 > 2 min𝑛

(
ℎ𝑛

)2 ∀ 𝑛 ∈ 𝑒(𝒙)
(2.99)

Here, 𝑒 represents an element, 𝐴𝑒 is its area and 𝑛 corresponds to the indices of the
nodes of this element. Thereby, this criterion is only applicable to 2D meshes. The first
condition is the 𝛼-shape criterion A. The purpose of the second condition is to minimize
the spurious creation of mass.
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A new fluid element is only created if its size is comparable to that of its smallest neighbor.
Additionally, when the simplex only satisfies the second condition, its largest neighbor is
refined. More specifically, the target mesh size of the node lying on the coarser of the
two boundaries is set to the minimum target mesh size. In other words, the approach
of Falla et al. [78] consists in extensively refining the mesh in areas where two free
surfaces come sufficiently close to each other, thus reducing the spurious mass creation
by drastically reducing the size of connecting elements. While this approach effectively
helps to conserve the total mass of the fluid, extensive refinement may lead to significant
computational costs while solving the resulting FE system, especially when the free surface
experiences violent deformations, such as breaking waves, splashing, and aeration. In our
work, Falla’s approach is also adopted to a lesser extent, as the size-field ℎ(𝒙) is generally
defined such that elements close to the free surface have a finer resolution than those far
from it. However, the main contribution of this work to address the problem of mass
creation lies in the implementation of a Level Set (LS) function.

The Level Set

The PFEM method incorporating a LS function (PFEM-LS) has been first proposed by
Fernández et al. [79], and shares notable similarities with the algorithm proposed in this
work. Both approaches use a signed distance 𝑑Γ to the fluid’s boundary as an additional
filter to constrain the Delaunay tessellation based on the previously known fluid domain.
The key difference lies in how the signed distance is computed. In the method presented
in [79], a radial basis function is fitted to the fluid boundary. While this technique
is both innovative and foundational of the PFEM-LS framework, it suffers from certain
limitations. First, the evaluation of 𝑑Γ may be inaccurate, since the radial basis function
approximates rather than exactly represents the boundary. Second, the approach incurs
significant computational costs, given that a highly dense linear system must be solved to
obtain the level set polynomial function. In this way, the time required to construct the LS
function in 2D is reported to be comparable to that of solving the finite element system at
every time step. Moreover, this cost increases substantially as higher accuracy is required
in the LS function.

In contrast, the PFEM-LS algorithm proposed in this work consists of simple, independent
operations that are easily parallelized. It also computes the exact signed distance to
the discretized boundary, rather than relying on an approximation. Additionally, the
construction and evaluation of the distance function account for only a small fraction
of the total remeshing time, even in large-scale 3D simulations. Further details on
computation times are provided in the next chapter.
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This subsection details the detection of such connecting simplices using a ray-casting
algorithm, the core component of the level set approach implemented in this work. The
𝛼-shape with LS method seeks to minimize non-physical mass creation by accepting
connecting elements only if they are sufficiently small. An element is accepted only if it
meets the following set of criteria:

L
{
𝑒(𝒙)

}
= True ⇔ &



𝑟𝑒 < 𝛼 ℎ𝑒 (𝒙)
𝑑Γ < 𝜀 ℎ𝑒 (𝒙)

(2.100)

Here, & is the logical conjunction, also known as the logical AND, meaning that L
returns true for an element 𝑒 only if both inequalities are met simultaneously. The first
condition corresponds to the classical 𝛼-shape criterion A, while the second is based on
the LS criterion. The scalar parameter 𝜀 ≥ 0 is defined globally by the user. The variable
𝑑Γ denotes the signed distance between the centroid of the element and the boundary
Γ of the most recently known fluid mesh. The magnitude of this distance represents
the Euclidean distance to the fluid boundary, as illustrated in Figure 36, while its sign
indicates whether the centroid lies inside or outside the closed boundary defining the fluid
domain. Specifically, the sign is positive when the centroid is outside the boundary and
negative when it is inside. By combining these two conditions, the method ensures that
any elements created outside the domain are sufficiently small or flat, thereby preventing
significant non-physical mass increase in the system.

𝑑Γ > 𝜀ℎ𝑒

• • • •

•

•

• • • •

• •

✗

• • • •
•

•

• • • •

• •

✓

Figure 36: Example of connecting simplex between the free surface (outlined in bold)
and a rigid boundary drawn by regular lines at the bottom. The signed distance 𝑑Γ > 0
because the simplex’s centroid lies outside the fluid domain.
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2.3.1 Alpha-Shape with Level Set

Our implementation of the LS is based on the ray-casting algorithm, which is grounded
in the theoretical framework of the Jordan theorem. A Jordan curve is the image of a
continuous and injective mapping from a circle to the plane. According to the Jordan
theorem, the complement of such a curve in the real plane consists of exactly two connected
regions, one bounded and one unbounded. In other words, the curve divides the plane into
an interior (bounded) region and an exterior (unbounded) region, as illustrated in Figure
37. Although this result may appear intuitive, its formal proof is nontrivial [141].

Let S be a 𝑑-dimensional topological hypersphere in the (𝑑 + 1)-dimensional Euclidean
space Ω. In other words, S is the image of an injective continuous mapping of a 𝑑-sphere
into Ω. The Jordan-Brouwer theorem states that the complement of S in Ω consists of
exactly two connected components [142, 143]. One of these components is bounded
(the interior) and the other is unbounded (the exterior). Then the hypersphere S is their
common boundary.

The ray-casting algorithm casts a ray R from a given point in an arbitrary direction and
counts the number of times this ray intersects the simplices of a closed boundary Γ. If the
number of intersections is odd, the point lies inside the region enclosed by the boundary,
if it is even, the point lies outside. In our implementation of the PFEM-LS framework,
Γ corresponds to the former mesh, which has been temporarily stored in memory during
remeshing. This boundary is defined by a set of edges in 2D or triangles in 3D.
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Figure 37: Examples of Jordan and non-Jordan curves formed by multiple segments and
nodes in 2D. The third image is a closed loop that does not validate the properties of a
Jordan curve because it intersects itself.
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To determine whether a simplex lies inside or outside the fluid domain, R is cast from
the centroid of the simplex, as shown in Figure 38. In some cases, the fluid domain may
consist of multiple, non-connected subdomains, such as droplets. Ideally, the algorithm
would count intersections with each subdomain separately to determine whether a point
lies inside any of them. However, in practice, treating all edges or triangles as part of
a single Γ does not compromise the ray-casting algorithm, as long as the subdomains
do not interpenetrate. Such interpenetration is not expected in PFEM fluid simulations,
as subdomains should merge upon contact. However, two ambiguous cases need special
treatment:

• In computational geometry, floating-point precision can lead to incorrect results when
the query point 𝑝 lies very close to the boundary Γ. Rounding errors may cause mis-
classifications due to slight variations in intersection detection. To ensure correctness,
the ray-casting algorithm incorporates a numerical tolerance and check whether 𝑝 lies
within a close neighborhood of Γ. If the point falls within this margin, the algorithm
reports that 𝑝 is on the boundary, setting 𝑑Γ = 0 to avoid ambiguous classifications.
It is worth noting that this case is not a large concern in most scenarios, as points
located very close to Γ would result in | |𝑑Γ | | ≃ 0 anyway, automatically satisfying the
LS criterion L in (2.100) regardless of the sign of 𝑑Γ provided 𝜀 is not set very close
to zero either.

• • • • • • • • • • • • • • • • •
•
•
•
•
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Figure 38: Example of ray-casting used to compute the sign of the level set function. The
green dashed lines represent ray casts towards arbitrary directions from the centroid of the
elements. The annotations indicate the number of intersections between the corresponding
ray and the boundary of the fluid, drawn in bold.
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• Another pathological case occurs when R exactly passes through a vertex of the bound-
ary, leading to simplex intersections that might be counted twice erroneously. Similarly,
horizontal or coplanar simplices that precisely align with R can cause miscounts. To
address this, one can adopt a systematic rule. If the intersection occurs close to a
vertex of Γ (and close to an edge in 3D), another ray R𝜃 is cast with small angular
perturbations 𝜃 in its direction until a non-ambiguous prediction is obtained.

As a side remark, another technique used to check if a point lies inside a closed surface
is to compute the winding number of the query point with respect to the polytope [144,
145]. If the winding number is non-zero, the point lies inside the polytope, otherwise, the
point lies outside. Intuitively, the winding number of a closed curve in the plane around
a given point represents the total number of times that the curve travels counterclockwise
around the point. Mathematically, let assume that one has a piecewise differentiable
representation of Γ in 2D, the winding number of Γ around the point 𝑝 is given by

𝑟 =
√︃
(𝑥 − 𝑥𝑝)2 + (𝑦 − 𝑦𝑝)2

wind
(
𝑝, Γ

)
=

1
2𝜋

∫
Γ

(𝑥 − 𝑥𝑝
𝑟2 𝑑𝑦 − 𝑦 − 𝑦𝑝

𝑟2 𝑑𝑥
) (2.101)

The advantage of the winding number over the ray-casting is that the former is able to
provide an answer for non-simple polytopes, such as the non-Jordan curve displayed in
Figure 37. Here, any point located inside the area of self-intersection would be considered
as inside the polygon. In 3D, the winding number of a closed oriented surface S around
𝑝 is the number of times that the surface encloses 𝑝. This measure is generally known as
the topological degree [142]. In this work, the boundary of the fluid is essentially simple
and the ray-casting already provides an acceptable solution to the problem. Thereby, the
approach based on the winding number has not been considered.

Once the sign of 𝑑Γ has been determined using the ray-casting method detailed above,
its magnitude must be computed by finding the shortest distance between the centroid
of the considered simplex (i.e. the query point 𝑝) and the edges or triangles that form
the boundary mesh. Since the PFEM-LS involves detecting ray-boundary intersections
and calculating distances for numerous centroids and boundary elements, an efficient
implementation is essential.
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Implementation

Although individual intersection tests can be performed efficiently using established meth-
ods [146], a brute-force approach has a computational complexity of O(𝑛𝑚), where 𝑛 is
the number of centroids and𝑚 is the number of boundary elements, making it impractical
for large-scale simulations. To overcome this limitation, a spatial partitioning strategy
is employed to accelerate both ray-casting and distance computation. The boundary el-
ements are organized into an Axis-Aligned Bounding Box (AABB) tree, a hierarchical
spatial structure provided by the CGAL library [147]. This tree recursively partitions the
space into nested bounding boxes that tightly enclose subsets of boundary elements, allow-
ing to quickly discard irrelevant elements. The AABB tree is commonly built following
the top-down construction:

• Given a set S = {𝑠1, 𝑠2, . . . , 𝑠𝑛} of objects, one first defines a corresponding set of
axis-aligned bounding boxes, denoted by B = {𝑏1, 𝑏2, . . . , 𝑏𝑛}. Each bounding box 𝑏 𝑗
is computed based on the minimum and maximum coordinates of the object it encloses.
Then, the bounding box 𝑏0 of the entire set is created, the latter being considered as
the root node of the AABB tree.

• During the recursive partitioning, A spatial partitioning heuristic is selected to split
B = Bl ∪Br into two subsets Bl and Br. A common example of partitioning heuristic
is the median split, which divides the original set of objects by the median of their
centroid positions.

• The axis aligned bonding box 𝑏l of the left child set Bl is computed and associated to
a child node of the master node (here, the root node). Similarly, one can compute the
box 𝑏r of the right child set Br. For each child set, the partitioning process is repeated.
The recursion stops when a node contains only one object (i.e. is a leaf node), or a
predefined depth limit is reached.

An illustration of the AABB structure is provided in Figure 39. During ray-casting, the
AABB tree is traversed from the root to the leaves to identify the leaf boxes intersected
by the ray. Only the boundary elements contained within these boxes are tested for exact
intersections, significantly reducing the number of checks compared to a brute-force
approach. Indeed, the time complexity of the brute-force approach for computing the
intersection between a single ray and the boundary is

𝑡 = O (
𝑛𝑐

)
(2.102)
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Here, 𝑛 is the number of boundary elements in the mesh, and 𝑐 is the time complexity for
computing the intersection between the ray and the object (i.e. the element). This grows
linearly with 𝑛 and can become expensive even for small 𝑛 for complex objects. On the
other hand, traversing the AABB tree to reach a leaf node has a time complexity of

𝑡 = O log2
(
𝑛𝑐b

)
(2.103)

where 𝑐b is the time complexity of intersecting a ray with an axis-aligned box, which
is typically cheap. Note that (2.103) is true only if the partitioning heuristic roughly
halves the number of objects at each level of the hierarchy. Once a leaf node has been
reached, a single intersection test with the boundary element it contains is computed. For
distance computations, the AABB tree is augmented with a KD-tree structure to optimize
nearest-neighbor searches. This dual-structure strategy efficiently computes the minimum
distance between a centroid and the boundary mesh by restricting the search to a relevant
subset of boundary elements [148, 149]. Like the AABB tree, the KD-tree is hierarchical,
but instead of bounding boxes, it recursively subdivides space along specific coordinate
axes. An illustration of the KD structure is provided in Figure 40.

A
B

CAABB

1 – Example geometry

A B

C

Root box

Leaves

2 – Related AABB tree

Figure 39: In Example 1, an arbitrary spatial configurations of objects, represented by
the geometric entities named A, B and C in the first figure. The example 2 shows a visual
representation of the corresponding AABB tree structure.
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• Given a set on 𝑛 points P = {𝑝1, 𝑝2, . . . , 𝑝𝑛} in a 3D space, we aim to organize them
into a binary tree where each node partitions the space. The most common strategy is
cycling through dimensions, namely, splitting the space by 𝑥 at depth 0, by 𝑦 at depth
1, by 𝑧 at depth 2, then cycle back.

• First, the points are sorted along each axis, and the median point 𝑝𝑚 is selected as the
split point to ensure balanced partition of the space P = {𝑝𝑚} ∪Pl ∪Pr by the cutting
plane 𝑃𝑚. This splitting point is assigned to a new node of the tree, or to the root node
at the first iteration of the recursive splitting. For each subset Pl and Pr of the current
node, the recursive splitting is repeated until one point remains (i.e. a leaf node), or
until a depth threshold is reached.

• During the nearest neighbor search, the KD-tree is traversed from the root node to a
leaf. At each tree node, the position p of the query point with respect to 𝑃𝑚 is computed
to decide whether to explore the left Pl or right Pr subtree. Once a leaf node 𝑗 is
reached, the distance to the query point 𝑑 𝑗 = | |p − x 𝑗 | | is computed and recorded as
the current smallest distance.

• As the algorithm backtracks, 𝑑 𝑗 is updated whenever a closer point is found. At each
tree node, the algorithm checks whether the sphere S(p, 𝑟 = 𝑑 𝑗 ) centered at the query
point, with a radius equal to the current best distance, intersects the splitting plane.
If no intersection is detected, the subtree P on the opposite side is pruned, and the
search continues along the remaining branch. The search terminates once backtracking
reaches the root node.

✗
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•
•

•

•

1 – Example geometry

D

C F

A B E

2 – Related KD-tree

Figure 40: In Example 1, the KD-tree structure for a cloud of nodes in 2D, where the
space is partitioned by axis-aligned planes. The example 2 shows the nearest neighbor
search procedure with respect to ✗ in the tree.
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For a single query point, the KD-tree has a significantly lower complexity than the brute
force approach. However, unlike the AABB tree, the time complexity of finding the
nearest neighbor in the KD-tree heavily depends on the distribution of points in space,
leading to best-case and worst-case scenarios in terms of search performance. If points
are poorly distributed or all lie along a specific structure, the tree can become imbalanced,
increasing traversal time toward O(𝑛). When points are well-distributed, each split
reduces the number of remaining elements by roughly half, and the time complexity for
finding the nearest neighbor tends to

𝑡 = O log2
(
𝑛
)

(2.104)

Side Remark

Setting 𝜀 = 0 in (2.100), or using a very small value, causes any simplex generated outside
the last-known configuration of the fluid domain to be rejected. As a result, separate
fluid regions merge only upon physical contact, which helps to prevent the creation of
non-physical mass. While this behavior is desirable for fluid-fluid interactions, it can
hinder the formation of connecting elements between the fluid and a dry boundary during
remeshing. In such cases, the fluid may pass through the boundary without interaction,
allowing a small portion to enter an exclusion zone, a region where all nodes and elements
are removed during remeshing. Any fluid entering the exclusion zone is subsequently
deleted. Afterward, new connecting elements may form between the remaining fluid and
the boundary, as long as their centroids fall within the former fluid domain. This process
allows fluid to reestablish contact with an initially dry boundary, even when 𝜀 = 0, though
it may result in slight mass loss. An example is shown in Figure 41. Whether a point
lies inside or outside the exclusion zone is determined using the ray-casting algorithm
described earlier.

An alternative approach to enable fluid-wall contact while using a very small 𝜀 is to relax
the LS criterion L near the walls by introducing a larger tolerance 𝜀w > 𝜀. This relaxed
tolerance is applied only to connecting elements between the fluid and the walls. By doing
so, these elements can be accepted before the fluid physically crosses the boundary, while
their size remains constrained to limit artificial mass creation. Meanwhile, the standard
LS criterion based on 𝜀 is retained for all other elements, including those connecting two
free surfaces, ensuring improved mass conservation.
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2.3.2 Numerical Examples

The test case described in this subsection involves a highly viscous fluid droplet falling
into a tank filled with the same fluid. This setup is based on the work of Franci and
Cremonesi [150] and has then been extended to 3D. The initial configuration of the fluid
is illustrated in Figure 42. When the initial fluid level is 𝐻 = 7 cm, the size-field depends
on the distance to the free surface, as described by

ℎ
(
𝒙
)
= min

{
ℎ0 + ℎ∞ 𝑑 (𝒙)

𝐻
, ℎ∞

}
(2.105)
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Figure 41: Example of reconnection between a fluid (continuous lines) and a wall (dashed
lines) when 𝜀 ≃ 0. The nodes that enter into an exclusion zone are deleted, allowing the
creation of connecting elements whose centroid is located inside the former mesh.
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In 2D, two spatial discretizations are considered: A coarse, uniform mesh with ℎ∞ = 0.5
cm, ℎ0 = 0.5 cm, and a finer mesh with ℎ∞ = 0.5 cm, ℎ0 = 0.15 cm. The total mass
variation of the fluid during the simulation is compared to other remeshing methods from
the literature, as shown in Figure 43.

30
cm

7
cm

30 cm

5 cm

9.5 cm

•𝐴

Figure 42: Initial configuration of the droplet falling test case whose simulation param-
eters are indicated in Table 5. No-slip BC are applied to all rigid boundaries and the initial
free surface is outlined in bold.

Remesh 2D Remesh 3D Fluid

𝛿 = 0.6 𝛿 = 0.8 𝜌 = 103 kg/m3

𝜔 = 0.6 𝜔 = 0.4 𝑔 = −9.81 m/s2

𝛼 = 1.2 𝛼 = 1.7 𝜇 = 0.1 Pa s

𝛽 = 0.2 𝛽 = 0.2 𝛾 = 0 N/m

𝜀 = 0.07 𝜀 = 0.05

𝑡𝑜𝑙 = 10−8

Δ𝑡max = 10−4 s

Table 5: Simulation parameters for the droplet falling whose initial configuration is
given in Figure 42. The governing equations are solved with the PSPG stabilization and
different remeshing techniques.
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Fernández [79] Franci [150] This work

0.00 0.25 0.50 0.75 1.00 1.25
Time [s]

−4

−2

0

2

4

M
as

s
va

ri
at

io
n

[%
]

0.00 0.25 0.50 0.75 1.00 1.25
Time [s]

−1.0

−0.5

0.0

0.5

1.0

M
as

s
va

ri
at

io
n

[%
]

Figure 43: Mass variation of the droplet falling test case in 2D, respectively with the
coarse and the fine mesh. The results from Fernández et al. have been obtained with an
alternative implementation of the PFEM-LS.
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𝑡 = 0.23 seconds 𝑡 = 0.41 seconds

Velocity [m/s]

0 0.35 0.7 1.05 1.4

Velocity [m/s]

0 0.35 0.7 1.05 1.4

Figure 44: Snapshots of the particle finite element solution for the droplet falling test
case whose initial configuration is given in Figure 42, at different time intervals. The
parameters from Table 5 have been used.
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Figure 44 shows snapshots of the solution at various time intervals. In addition, Figure
45 compares the classical 𝛼-shape criterion A with the LS criterion L during fluid-fluid
contact. The figure clearly illustrates the formation of spurious connecting elements when
the LS is disabled, which leads to significant mass creation as the two fluid surfaces merge.
In contrast, using L delays the formation of connecting elements until the droplet actually
reaches the bottom fluid surface, provided that 𝜀 is chosen sufficiently small. The results
demonstrate that the PFEM-LS achieves improved mass conservation.

In 3D, the maximum and minimum allowed characteristic sizes are respectively set to
ℎ∞ = 0.5 cm and ℎ0 = 0.5 cm, resulting in a uniform size-field. This size-field is
designed to provide sufficient accuracy for the solution, although it is coarser than the
mesh used by Avancini et al. [151], who employed a uniform characteristic size of ℎ = 0.3
cm. The fluid’s pressure at the bottom of the tank, along with the total mass variation
over time, are shown in Figure 46. Snapshots of the solution are presented in Figure 47
at different time steps. Finally, Figure 48 compares the classical 𝛼-shape criterion with
the LS criterion. The results confirm the findings from the 2D case, demonstrating that L
helps to mitigate spurious mass creation.

1 – Criterion A 2 – Criterion L

Figure 45: Outline of the free surface for the droplet falling test case whose initial
configuration is given in Figure 42, at time 𝑡 = 0.12 seconds. A zoom on the region
outlined by the red rectangle is also presented below.
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Avancini [151] This work
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Figure 46: Evolution of the fluid pressure at the point 𝐴 indicated in Figure 42 and total
mass variation of the droplet falling test case in 3D. Numerical results from Avancini et
al. are also displayed for comparison.
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Figure 47: Snapshots of the particle finite element solution for the droplet falling test
case whose initial configuration is given in Figure 42, at different time intervals. The
parameters from Table 5 have been used.
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It is important to note that this test case involves a highly viscous fluid, which naturally
limits splashing and erratic free surface deformations, thereby reducing mass creation.
Consequently, the mass variation observed both in the literature and in our results re-
mains very small. Figure 49 shows the evolution of total fluid mass in the dam break
scenario introduced earlier. Unlike the previous case, the dam break features violent free
surface behavior, including breaking waves, splashing, and aeration, which pose greater
challenges for mass conservation.

Although the L criterion allows keeping the mass variation close to zero when appropri-
ately tuned, Figure 49 also reveals a limitation of the PFEM-LS, as the results are highly
sensitive to the choice of 𝜀. This parameter lacks a known optimal value and may need to
be adjusted based on the specific physical conditions. The main drawback lies in the fact
that, although the PFEM-LS approach successfully limits non-physical mass creation, it
does not prevent non-physical mass loss caused by fluid separation. As a result, choosing
an 𝜀 that is too small can lead to a gradual fluid loss over time, as the balance between
mass creation and loss is disrupted.

1 – Criterion A 2 – Criterion L

Figure 48: Outline of the free surface for the droplet falling test case whose initial
configuration is given in Figure 42, at time 𝑡 = 0.12 seconds. A zoom on the region
outlined by the red rectangle is also presented below.
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An interesting approach to mitigate this issue is the dynamic, automatic adjustment of
𝜀 based on observed mass variations, aiming to balance non-physical mass creation and
loss. While this method has shown success in certain cases, it remains difficult to apply
in scenarios involving unpredictable physical mass changes, such as those with inlets,
outlets, or when the fluid naturally reaches the end of the bounding box. Additionally, this
strategy does not fully resolve the root cause of non-physical mass variation, as it merely
attempts to balance two undesirable effects rather than eliminate them altogether.
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Figure 49: Mass variation of the dam break in 2D and 3D using the PSPG formulation,
the edge splitting remeshing with L and different values of 𝜀. Taking 𝜀 = ∞ is equivalent
to using the classical 𝛼-shape without level set.
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Chapter3
Fluid-Structure Interactions
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3.1 Introduction

This chapter focuses on the simulation of Fluid-Structure Interaction (FSI) problems using
a partitioned coupling strategy. The fluid is modeled using the PFEM-LS solver described
in the previous chapter, while the solid is modeled with a FEM solver. Each solver operates
separately on its respective domain, and the coupling algorithm ensures that the fluid’s
forces act on the structure, while the structural deformation influences the fluid bound-
ary conditions. This approach is highly flexible, as it relies on specialized solvers for
each domain, which can be independently optimized or modified. Historically, staggered
methods employ black-box solvers, which operate without exposing their internal algo-
rithms. As a result, the coupling algorithm interacts solely with the input and output data
of these solvers [7, 21, 152]. While we aim to preserve this non-intrusive principle, the
solvers used in this study are in-house codes [28, 100], which allow for greater control and
potential modifications to the coupling process as needed. This adaptability provides the
flexibility to refine and optimize the interaction between the fluid and structural solvers.
The aim of this chapter is to present a comprehensive overview of the FSI framework, de-
tailing both the implementation of the coupling strategy and the challenges encountered.
Specifically, we address objectives 4, 5, and 6, as outlined in the introduction.

3.1.1 The Structural Solver

The structural solver used in this work is Metafor, a FE code based on an updated
Lagrangian formulation, designed to simulate solids undergoing large deformations [27,
28]. While Metafor is primarily designed for metal forming, it also provides a wide range
of constitutive models, including those for hyperelastic and biological materials. The
solver is capable of modeling complex phenomena such as metal composite materials,
damage and rupture, frictional contact between deformable bodies or CAD rigid surfaces,
plasticity, and thermo-mechanical effects. Unlike commercial solvers, Metafor is research-
oriented, emphasizing flexibility and customization to meet the needs of academic and
experimental applications. It is important to note that this subsection does not introduce
new derivations developed as part of this thesis. Rather, it provides a concise overview of
the governing equations and time integration schemes employed by the structural solver,
which are consistently applied across all the test cases presented later. Readers already
familiar with these concepts may skip this subsection and proceed to the next one, where
the architecture of the Fluid-Structure Partitioned Coupler (FSPC) is detailed.
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Conservation of Momentum

In all generality, the deformation of a structure is governed by a Partial Differential Equa-
tion (PDE) expressing the conservation of momentum in a continuum. Let Ω represent the
current configuration of the solid domain, and𝝈 the Cauchy stress tensor. The momentum
conservation equations are given by:

∇ · 𝝈 + 𝜌𝒈 = 𝜌
𝑑2𝒖

𝑑𝑡2
in Ω (3.1)

Here, 𝜌 denotes the solid’s density, 𝒈 the gravitational acceleration, and 𝒖 the displace-
ment field. These equations are supplemented with appropriate initial and boundary
conditions. To complete the system, both kinematic and constitutive laws are required.
The kinematic relationship is typically nonlinear to capture finite strains and large dis-
placements, ensuring an accurate description of solid behavior under large deformation.
For general material behavior that includes plasticity, the constitutive law can be expressed
using a hypoelastic formulation, in which the current stress state depends on the material
deformation history:

∇
𝝈 = H :

(
D − Dvp

)
(3.2)

Here, the superscript ∇ denotes the Jaumann (objective) derivative of the stress tensor,
H is the Hooke tensor, D is the strain rate tensor and Dvp is the plastic strain rate. On
the other hand, the class of hyperelastic materials is a special class of constitutive model
for which the stress-strain relationship derives from a strain energy density function.
Mathematically, the stress tensor of a hyperelastic model writes

𝝈 =
𝜕Ψ
𝜕ε

(3.3)

Here, Ψ is the strain-energy density function and ε is an associated strain tensor. While a
detailed discussion of elastoplasticity and hyperelasticity models lies beyond the scope of
this thesis, the reader is referred to [28, 153] for a comprehensive treatment of the subject.
The semi-discretized finite element formulation of Equation (3.1) can be expressed in all
generality by
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Ma +
∫
Ω

B3σ̂ 𝑑𝒙︸       ︷︷       ︸
𝚺(u)

= f (3.4)

Here, u is the vector of nodal displacements, a the vector of nodal accelerations, M the
mass matrix, 𝚺 the internal force vector which depends on the material model, and f is the
external force vector. B3 is the gradient of the basis functions associated with the Voight
notation σ̂ of the stress tensor, as defined in the previous chapter. Time integration is
carried out using the 𝛼-generalized family of methods. In this approach, the equilibrium
equation (3.4) is reformulated by weighting the inertial forces at time 𝑡𝑛 and 𝑡𝑛+1 with the
parameter 𝛼m, and the internal and external forces with the parameter 𝛼f such that

(1 − 𝛼m)Ma𝑛+1 + 𝛼mMa𝑛 + (1 − 𝛼f)𝚺𝑛+1

+ 𝛼f𝚺𝑛 = (1 − 𝛼f)f𝑛+1 + 𝛼ff𝑛
(3.5)

The specific values of the weighting parameters lead to the Newmark scheme for 𝛼m =

𝛼f = 0, to the Hilber-Hughes-Taylor scheme [154] for 𝛼m = 0, to the Wood-Bossak-
Zienkiewicz scheme [155] for 𝛼f = 0, or to the Chung-Hulbert scheme [156] for 𝛼m ≠ 0
and 𝛼f ≠ 0. The relationships between displacements, velocities and accelerations are
given by the Newmark equations:

u𝑛+1 = u𝑛 + Δ𝑡 v𝑛 + Δ𝑡2
[ (

1/2 − 𝛽)a𝑛 + 𝛽a𝑛+1

]
v𝑛+1 = v𝑛 + Δ𝑡

[ (
1 − 𝛾)a𝑛 + 𝛾a𝑛+1

] (3.6)

Here, 𝛽 and 𝛾 are constant parameters of the Newmark scheme, and Δ𝑡 is the current
time step. The system of equations (3.5) is nonlinear with respect to u because both
the internal forces and the integration domain depend on the nodal displacements. As a
result, system is solved using a Newton-Raphson (NR) algorithm. At each time step, the
following system is iteratively solved until convergence:

u𝑘+1 = u𝑘 − J𝑘\r𝑘 (3.7)
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In this context, the backslash notation \ denotes the numerical solution of a linear system.
The subscript 𝑘 indicates that the corresponding matrix or vector is evaluated using the
nodal positions at the 𝑘-th iteration of the Newton-Raphson algorithm. The residual vector
r𝑘 represents the difference between the left-hand side and right-hand side of Equation
(3.5) evaluated at the current solution estimate:

r𝑘 =
(
1 − 𝛼m

)
Ma𝑘 + 𝛼mMa𝑛

+ (
1 − 𝛼f

) (
𝚺𝑘 − f𝑘

)
+ 𝛼f

(
𝚺𝑛 − f𝑛

) (3.8)

The matrix J is the Jacobian, which can be obtained either analytically by deriving its
closed-form expression, or numerically via perturbation methods. Whenever available,
the analytical Jacobian is preferred for improved accuracy and efficiency. In the Chung-
Hulbert scheme, the Jacobian is given by

J𝑘 =
(
1 − 𝛼f

) 𝜕 (𝚺𝑘 − f𝑘
)

𝜕u𝑘
+ (

1 − 𝛼m
) 1
𝛽Δ𝑡2

M (3.9)

This predictor-corrector scheme must be applied iteratively until a zero residual is obtained
within some user-defined tolerance. In Metafor, the stopping criterion for the NR process
is a non-dimensional scalar expression of the residual, normalized by the external forces.
The NR algorithm terminates when

𝜀 𝑘m =
| |r𝑘 | |
| |f𝑘 | | < 𝑡𝑜𝑙 (3.10)

or when the maximum number of iterations is reached. In the second case, the current
time step is restarted with a reduced time incrementΔ𝑡 ′ = Δ𝑡/2, and this process continues
iteratively until (3.10) is satisfied. If convergence is achieved with Δ𝑡 ′ < Δ𝑡, the time
increment is progressively increased to restore the original time step size. This adaptive
time-stepping strategy enhances the stability of the scheme when complex or rapid physical
phenomena occur, while also allowing a return to larger time steps when possible to
optimize computational efficiency.
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To simplify user input in the time integration scheme, 𝛼m and 𝛼f can be uniquely deter-
mined from a single parameter 𝜌∞ known as the spectral radius at infinite frequency. In
Metafor, the default value is 𝜌∞ = 0.01 because it allows for damping high frequencies,
which are associated to numerical noise, without affecting low frequencies. This spectral
radius is related to the other parameters by

𝛼m =
2𝜌∞ − 1
𝜌∞ + 1

𝛼f =
𝜌∞

𝜌∞ + 1

𝛽 =
1

(𝜌∞ + 1)2

𝛾 =
2

𝜌∞ + 1
− 1

2

(3.11)

Conservation of Energy

In thermo-mechanical simulations, Metafor uses a loosely coupled framework, solving
mechanical and thermal equilibrium sequentially at each time step. The mechanical
equilibrium is computed first, using the temperature field from the previous equilibrium
state. Then, the thermal equilibrium is updated based on the newly calculated mechanical
state by solving the energy conservation equation:

∇ · 𝒒 + 𝜌 𝑐p
𝑑𝑇

𝑑𝑡
= 𝑠 (3.12)

Here, 𝑇 denotes the temperature field, 𝑐p is the specific heat capacity at constant pressure,
𝒒 is the heat flux, and 𝑠 is a volumetric heat source. These sources may originate from
external thermal loads, friction, or plastic deformation. Since the spatial discretization of
Equation (3.12) was presented in the previous chapter, only the final form is recalled:

R𝑑T
𝑑𝑡

+ ST = b (3.13)

Time discretization of the energy conservation equation in Metafor is carried out using
a generalized trapezoidal scheme, controlled by the parameter 𝜗. In this work, we adopt
the default value 𝜗 = 1 which corresponds to the Backward-Euler scheme. As outlined in
the previous chapter, the Jacobian matrix and residual for the thermal system at the 𝑙-th
Newton-Raphson iteration are given by
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J𝑙 =
1
Δ𝑡

S𝑙 + L𝑙

r𝑙 =
(
S𝑙 + 1

Δ𝑡
R𝑙

)
T𝑙 − 1

Δ𝑡
R𝑙T𝑛 − b𝑙

(3.14)

Here, the subscript 𝑙 is used to distinguish NR iterations for the thermal system from those
of the mechanical system. The NR algorithm terminates when the residual falls below a
specified tolerance or when the maximum number of iterations is reached. In the latter
case, the time step is restarted with a reduced time increment. The stopping criterion is
identical to that used in the fluid solver:

𝜀 𝑙t =
| |r𝑙 | |
| |b𝑙 | | < 𝑡𝑜𝑙 (3.15)

Recall that Metafor employs a loose coupling strategy, meaning it does not enforce the
simultaneous validation of 𝜀m < 𝑡𝑜𝑙 and 𝜀t < 𝑡𝑜𝑙 within a single time step. Although
the two conservation equations are not resolved simultaneously within the same time
step, they are implicitly coupled over successive time steps. Specifically, the mechanical
equilibrium at the start of each time step depends on the thermal state computed at the end
of the previous one, ensuring temporal consistency between the two fields throughout the
simulation. A summary of this coupling strategy is provided in Algorithm 3. This loosely
coupled approach contrasts with the fluid solver, which uses a fully coupled iterative
scheme within each time step to enforce thermo-mechanical equilibrium.

Contact Interaction

Contact interactions between two surfaces are handled using a penalty method [157,
158]. This approach introduces an external force vector on the right-hand side of the FE
system, applied to the slave nodes in contact with the master surface to prevent normal
penetration. Additionally, a tangential force is applied at the slave nodes to account for
frictional contact. Let 𝑑Γ denote the signed Euclidean distance between the penetrating
(slave) node and the master surface, as shown in Figure 50. If 𝑑Γ > 0, no contact occurs
between the slave and master. If 𝑑Γ < 0, the slave node is considered in contact. Sticking
contact is achieved by applying following forces on the node:

Fn = −𝑘n𝐴 𝑑Γ n
Ft = −𝑘t𝐴 (𝛿1m1 + 𝛿2m2)

(3.16)
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u𝑛,T𝑛 𝑘 = 0, 𝑙 = 0

u𝑘+1 = u𝑘 − J𝑘\r𝑘

𝜀 𝑘+1
m < 𝑡𝑜𝑙

T𝑙+1 = T𝑙 − J𝑙\r𝑙

𝜀 𝑙+1
t < 𝑡𝑜𝑙

u𝑛+1,T𝑛+1

✓

✓

✗

𝑘 + 1

✗

𝑙 + 1

Algorithm 3: Solution strategy for solving thermo-mechanical problems with Metafor,
between time 𝑡𝑛 and time 𝑡𝑛+1. In order to simplify the analyses that follow, the same
tolerance value is used for both systems of equations.

105



Here, 𝑘n and 𝑘t are user-defined penalty coefficients in the normal and tangential direc-
tions, respectively. The vector n is the unit outward normal to the master surface, while
m1 and m2 are the tangential unit vectors in 3D. The quantities 𝛿1 and 𝛿2 represent the
projected tangential slips along m1 and m2 respectively, and 𝐴 = 𝐴1 + 𝐴2 denotes the
equivalent contact area. A detailed description of the contact algorithm is provided by
Wautelet and Ponthot in [159]. Sticking contact refers to a state in which no relative
sliding occurs between the contacting bodies. For frictionless contact, only the normal
force Fn is included in the system. In this work, frictional contact between solid bodies
is governed by Coulomb law of friction, which involves regularizing the tangential force
such that

| |Ft | | ≤ 𝜇c | |Fn | | (3.17)

Here, the parameter 𝜇c is the coefficient of friction, and | |Fn | | is the amplitude of the
normal force exerted by each surface on the other. The amplitude of the frictional force
can range between zero and 𝜇c | |Fn | | to prevent motion between the two surfaces until the
maximum value is reached, beyond which sliding will begin. In all simulations featuring
frictional contact, the normal penalty coefficient 𝑘n is set by the user, and the tangential
penalty coefficient is set to

𝑘t = 𝜇c𝑘n (3.18)

𝑛

𝑛′

𝑑Γ > 0

•

•

•

Master surface

𝐴1 𝐴2

Figure 50: Example of signed distance between a slave node 𝑛 and its projection 𝑛′

onto the master surface for contact interaction. Here, the signed distance 𝑑Γ is positive,
meaning that the two surfaces are not in contact.
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3.1.2 Code Architecture

The architecture of FSPC developed in this work shares many conceptual similarities with
the framework created by Thomas and Cerquaglia [29, 31, 89] for their research, but
differs notably in its implementation. Specifically, FSPC is designed to couple Metafor
with the fluid solver PFEM3D, introduced in the previous chapter. Since neither Metafor
nor PFEM3D uses Message Parsing Interfaces (MPI) in their internal operations, FSPC
employs MPI to isolate each solver within separate environments and processors. This ap-
proach enhances control over computational resource allocation while facilitating efficient
communication between their respective interfaces.

FSPC is designed to operate on multicore processors or when using two separate pro-
cessors, with each solver running on a dedicated machine. Optimized performances are
achieved by leveraging Python vectorization to boost computational efficiency. A more
detailed analysis of the numerical performance will be provided in a subsequent section.
It is worth noting that FSPC is not designed for use with processor clusters, as the fluid
and structural solvers do not support such configurations. However, the architecture is
flexible and could be extended to work with MPI-based solvers in future works. A scheme
of the architecture is illustrated in Figure 51 and consists of three main components:

• Both the fluid and solid solvers are implemented in C++ and compiled using the
Simplified Wrapper and Interface Generator (SWIG) [160], allowing direct access to
their optimized C++ routines from Python scripts. The wrappers S and F shown
in Figure 51 are Python classes that facilitate communication between FSPC and the
solvers. Specifically, they handle tasks such as imposing boundary conditions, trigger-
ing remeshing, loading solutions, and advancing time steps. Each wrapper, along with
its associated solver, operates within separate processes and does not communicate
with the other one directly.

• The surface interpolator class manages the transfer of nodal quantities between the
fluid and solid wrappers. For instance, when PFEM3D computes nodal loads at the FS
interface, the wrapper F extracts these loads and passes them to the interpolator. The
interpolator then applies an interpolation function, if necessary, to map the nodal loads
from the fluid mesh to the solid mesh and sends the result to the wrapper S, which
imposes it as a boundary condition in Metafor. Additional details on the interpolation
process and handling of non-matching meshes are provided in a subsequent section.
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• The coupling algorithm class manages time-stepping loops and implements iterative
solvers to enforce fluid-structure compatibility at each time step. In practice, this class
communicates directly with the solver wrappers, and operates mostly on the computed
and predicted solid displacement or temperature provided by S. As a result, most
computations within this class are performed on the same processor as the structural
solver to maximize efficiency. Further details on the coupling algorithms are provided
in the next section.

3.2 Partitioned Strategy

Let 𝒕s denote the surface tractions applied to the solid body at the FS interface, defined
as the product of the stress tensor at the interface and the outward unit normal vector
𝒏s of the solid domain. Let 𝒖s represent the displacement at the solid’s FS boundary.
Similarly, 𝒕f and 𝒖f denote the surface tractions and displacements of the fluid at the FS
interface. The coupling conditions enforce continuity of both displacement and surface
tractions across the interface, based on the action-reaction principle, ensuring consistent
interaction between the fluid and solid domains.

Coupling Algorithm

Surface Interpolator

F S

PF
EM

3D

M
et

af
or

1 – Process #0 : 𝑀 threads 2 – Process #1 : 𝑁 threads

Figure 51: Schematic representation of the architecture of FSPC. Each block represents
a major portion of code and the arrows indicate communication between those blocks.
The region outlined in bold reside on separate processes.
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𝒖s = 𝒖f

𝒕s = −𝒕f
(3.19)

The negative sign in the second condition arises because the unit normals 𝒏s and 𝒏f

point in opposite directions at the interface. In the context of partitioned coupling
with independent solvers, the coupling condition (3.19) is reformulated as a Dirichlet-
Neumann (DN) partitioning. In the DN approach, the nodal displacements at the interface,
obtained from the structural solver, are provided to the fluid solver as Dirichlet boundary
conditions. The fluid solver then computes the load at the interface using these boundary
conditions, which are passed to the structural solver. The structural solver then applies
those fluid loads as Neumann boundary conditions to update the interface displacement
[74, 161].

It is worth mentioning that the reverse procedure is known as the Neumann-Dirichlet
(ND) coupling scheme. Here, the fluid solver imposes the nodal displacement as Dirichlet
boundary conditions on the solid interface, while the structural solver applies the load
as Neumann boundary conditions on the fluid interface. This scheme is rarely used
for mechanical coupling due to stability issues, particularly when the fluid density is
comparable to the solid density [71]. As a result, the DN coupling scheme is preferred.
In order to represent the solid side of the DN scheme, we define the Neumann operator S
such that

𝒖s = S (
𝒕s
)

(3.20)

This nonlinear operator may be seen as a black-box abstraction of a generic, independent
structural solver (which in this case holds for Metafor), which computes the deformation
of the structure with respect to a given load applied on its interface. Similarly, we define
the Dirichlet operator F associated with the fluid solver. This operator returns the fluid
loads at the interface based on the Dirichlet condition of displacement applied to its
interface:

𝒕f = F (
𝒖f

)
(3.21)
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The coupling is then formulated as a root-finding problem by combining (3.20) and (3.21)
with the continuity conditions (3.19). In the following developments, the indices S and F
associated to 𝒖 and 𝒕 will be omitted for simplicity, as the continuity condition imposes
a direct correspondence between the applied loads on both sides of the FS interface, and
between the interface displacement:

𝒓f = F (
𝒖
) − 𝒕 = 0

𝒓s = S (
𝒕
) − 𝒖 = 0

(3.22)

Here, 𝒓f is the residual load for the fluid solver and 𝒓s is the residual displacement for
the solid solver. This coupled system can be solved at a given time following a standard
Newton-Raphson iterative procedure by computing the system’s Jacobian and solving for
an update in the Newton direction:

©­«
𝒖𝑘+1

𝒕𝑘+1

ª®¬
= ©­«

𝒖𝑘

𝒕𝑘

ª®¬
− J−1

𝑘
©­«
𝒓𝑘f
𝒓𝑘s

ª®¬
(3.23)

Here, the index 𝑘 indicates that the quantity is evaluated at the 𝑘-th iteration of the NR
algorithm. Recalling the expressions of the residuals in Equation (3.22), the final form of
the Jacobian derived by Bogaers et al. [162] reads

J =

©­­­­­«

𝜕𝒓f
𝜕𝒖

𝜕𝒓f
𝜕 𝒕

𝜕𝒓s
𝜕𝒖

𝜕𝒓s
𝜕 𝒕

ª®®®®®¬
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𝜕𝒖
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𝜕𝒖

𝜕𝒖

𝜕 𝒕
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𝜕S
𝜕 𝒕

𝜕 𝒕

𝜕𝒖
− I 𝜕S

𝜕 𝒕

ª®®®®®¬
(3.24)

In a partitioned approach using black-box solvers, the above Jacobian is never available
or would need specifically enhanced differential solvers. Vierendeels et al. [163] adopted
a quasi-Newton approach where the Jacobian is approximated by reduced order models
based on the resolution to the least squares problem that combines input and output
variables of each coupled solver. A major drawback of the approach (3.23) is that it
is solved in a staggered way, where reduced models must be developed for each block.
Namely, two linear systems must be solved at each coupling iteration:
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J11𝛿𝒕 = −
[
F (𝒖) − 𝒕

]
− J12𝛿𝒖

J21𝛿𝒖 = −
[
S( 𝒕) − 𝒖

]
− J22𝛿𝒕

(3.25)

Here, 𝛿𝒕 = 𝒕𝑘+1−𝒕𝑘 is the load increment and 𝛿𝒖 = 𝒖𝑘+1−𝒖𝑘 is the displacement increment.
In order to circumvent this drawback, one can alternately write a Newton linearized system
for the residual equation defined by the difference in interface displacement. The root-
finding problem thus becomes

𝒓 = S
{
F (𝒖)

}
− 𝒖 = 0 (3.26)

The benefit of the above approach is that the Jacobian is derived as J = 𝜕𝒓/𝜕𝒖 and the
approximation of its inverse can be constructed in a single step. It has been shown in the
literature [162] that the general performance of (3.26) in terms of number of coupling
iterations is comparable to (3.22), while being fairly less robust. The iterative Newton
procedure now writes

𝒖𝑘+1 = 𝒖𝑘 − J−1
𝑘 𝒓𝑘 (3.27)

Implementation

In practice, the algorithm implementing the NR update, along with the computation of
the Jacobian, proceeds mostly on the same MPI process as the solid solver. The main
reason for this choice of design is that the computation of the residual displacement in
(3.26) is naturally obtained on the solid side, since the final operator is S and returns the
displacement computed by the solid solver. At the discrete level of the coupled problem,
let u denote the predicted interface displacement provided by the coupling algorithm to
the fluid solver, and let û represent the updated solid displacement returned by the solid
solver based on the nodal loads computed by the fluid solver. The coupling condition
is satisfied when û = u at a given time. Mathematically, this results in the following
root-finding problem:

r = S
{
F (

u
)} − u = 0

= û − u = 0
(3.28)
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If the interaction between the fluid and the structure is weak, it may be sufficient to
simply communicate the loads and displacements between the solvers once per time step,
without actually solving (3.28). This approach, known as loose or explicit coupling, is
commonly used in aeroelasticity problems, where the solid is much denser than the fluid.
Although efficient in principle, loose coupling does not enforce equilibrium conditions
at the FS interface and becomes unstable in cases of strong interaction, regardless of the
time step chosen [164]. This instability, inherent to the coupling scheme, is referred to as
the artificial added-mass effect because significant portions of the fluid act as additional
mass on the structure [72, 165]. In this work, strong coupling interactions are considered,
meaning that NR iterations are performed at each time step until convergence:

u𝑘+1 = u𝑘 − J−1
𝑘 r𝑘

⇔ u𝑘+1 = u𝑘 − J (
û𝑘 − u𝑘

) (3.29)

Here, the function J , later referred as the update function, denotes the application of the
inverse of the Jacobian to the residual displacement r𝑘 = û𝑘 − u𝑘 of the fluid-structure
interface. This choice of notation is motivated by the fact that an explicit computation of
the Jacobian is not always required to compute the displacement increment. Ultimately,
only the product J−1

𝑘 r𝑘 is needed in the calculations. In order to further simplify the
subsequent developments, we introduce a modified Jacobian Ĵ which is related to the
actual Jacobian by

Ĵ−1 =

(
𝜕r
𝜕û

)−1
=
𝜕û
𝜕r =

𝜕 (u + r)
𝜕r =

𝜕u
𝜕r + I = J−1 + I (3.30)

3.2.1 Interface Quasi-Newton Coupling

Quasi-Newton methods form a class of algorithms that approximate the Jacobian rather
than computing it exactly. In this section, we derive the mathematical expression for
the update function J which computes the displacement increment by approximating the
product of the Jacobian’s inverse with the residual vector. Within the context of partitioned
FSI coupling between two black-box solvers, Degroote et al. [75, 166] demonstrated that
the Interface Quasi-Newton (IQN) technique, specifically the variant using a Least-Squares
approximation of the Inverse Jacobian (IQN-ILS), achieved a superior convergence rate
than its common alternatives for the cases studied.
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Specifically, it has been reported that the IQN-ILS required fewer iterations than coupling
algorithms based on the Block Gauss-Seidel (BGS) method [74, 167] or on the Interface-
GMRES method [73]. A subsequent study by Cerquaglia et al. [31] further validated the
improved convergence rate and stability of the IQN-ILS method compared to the BGS for
the considered set of test cases.

Inverse Least Squares

As previously mentioned, the IQN-ILS method approximates the inverse of the Jacobian
matrix using a least-squares approach. This quasi-Newton iteration can be interpreted as a
secant method, meaning the approximated Jacobian must satisfy a set of 𝑘 relations known
as the secant equations, also referred to as the fundamental equations of quasi-Newton
methods [168, 169, 170]. These equations yield an estimate of the Jacobian based solely
on solver outputs from the current time step:

𝛿û𝑙 = Ĵ−1
𝑘 𝛿r𝑙 ∀ 𝑙 ∈ {1, . . . , 𝑘} (3.31)

Here, Ĵ−1
𝑘 is the approximate inverse of the modified Jacobian at the 𝑘-th NR iteration, 𝛿û𝑙

holds for the difference between the interface displacement prediction at the beginning
of the NR iteration 𝑙 and the previous iteration 𝑙 − 1. Similarly, we denote 𝛿r𝑙 as the
difference between the interface residual obtained at the end of the NR iteration 𝑙 and the
previous iteration:

𝛿û𝑙 = û𝑙 − û𝑙−1

𝛿r𝑙 = r𝑙 − r𝑙−1
(3.32)

It is important to note that these two quantities cannot be computed at iteration zero of each
time step, as there is no previous residual or displacement available yet. Consequently, an
alternative method must be used to obtain the first predictor. Nevertheless, we define the
matrix of predicted displacement differences W𝑘 and the matrix of residual differences
V𝑘 at iteration 𝑘 , as follows:

W𝑘 =
(
𝛿û𝑘 𝛿û𝑘−1 . . . 𝛿û1

)
V𝑘 =

(
𝛿r𝑘 𝛿r𝑘−1 . . . 𝛿r1

) (3.33)
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These are rectangular matrices with 𝑘 columns and 𝑁s × 𝑑 rows, where 𝑁s is the number
of interface nodes in the solid mesh and 𝑑 is the dimension of the displacement field. This
structure arises because the vectors of residuals and predicted displacements have been
flattened into a single column, each corresponding to a specific iteration. Substituting
(3.33) into (3.31) and (3.30) yields

Ĵ−1
𝑘 = W𝑘V†

𝑘

J−1
𝑘 = W𝑘V†

𝑘 − I
(3.34)

Here, V†
𝑘 is the generalization of the inverse, known as the pseudo-inverse or Moore-

Penrose inverse, for rectangular matrices [171]. Injecting this least-square approximation
into the definition of J results in the closed-form expression for the update function used
in the so-called IQN-ILS coupling scheme:

J (r𝑘 ) =
(
W𝑘V†

𝑘

)
r𝑘 − r𝑘

= W𝑘V𝑘\r𝑘 − r𝑘
(3.35)

To improve the convergence rate of the IQN-ILS, information from previous time steps
can be incorporated into the system’s matrices. Specifically, the matrices V and W may
store not only the columns 𝛿û and 𝛿r from the previous iterations of the current time
step, but also those computed in prior time steps. However, because the vectors used
to construct V and W do not form an orthogonal basis, some columns may become
nearly linear combinations of others, especially when many columns from previous time
steps are included. This can degrade the convergence properties of the method. To
address this issue, filtering techniques are typically employed [96], although these can
introduce additional computational costs or parameters. Furthermore, the optimal number
of previous time steps to retain is problem-dependent and generally unknown a priori.
Using too much historical data can negatively impact both the convergence rate and the
computational cost of each iteration.

Multi-Vector Jacobian

The Interface Quasi-Newton with Multi-Vector Jacobian (IQN-MVJ) method [98] builds
upon the IQN-ILS approach, but introduces a key modification in how the Jacobian is
approximated.
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While the IQN-ILS constructs the inverse Jacobian by solving an underdetermined least-
squares problem, minimizing residuals over all past iterations, the IQN-MVJ updates
an initial Jacobian approximation to the current configuration. In practice, this initial
Jacobian is denoted Jprv and represents the final Jacobian obtained at the end of the
previous time step. Mathematically, this approach introduces an additional constraint,
ensuring that the current Jacobian is approximated by

Ĵ−1
𝑘 = Ĵ−1

prv + ΔĴ−1
𝑘 (3.36)

Here, Ĵ−1
prv is known from the previous time step, and ΔĴ−1

𝑘 is the increment that must be
computed for the 𝑘-th iteration of the current time step. As a side remark, the IQN-MVJ
becomes mathematically equivalent to the IQN-ILS at the very first time step, because
Jprv does not exist yet and is treated as zero. This leads to Ĵ−1

𝑘 being computed using
the same approximation as in the IQN-ILS approach. Nevertheless, injecting (3.36) into
(3.31) results in

ΔĴ−1
𝑘 =

(
W𝑘 − Ĵ−1

prvV𝑘
)
V†
𝑘

⇔ Ĵ−1
𝑘 = Ĵ−1

prv + (
W𝑘 − Ĵ−1

prvV𝑘
)
V†
𝑘

(3.37)

This approach offers two key advantages. First, it implicitly incorporates information
from previous time steps, which enhances convergence speed compared to methods that
rely solely on the current time step’s data. Second, the number of columns in V𝑘 and W𝑘

is limited to the number of iterations within the current time step, reducing the need for
filtering. The main disadvantage of the IQN-MVJ is the explicit computation of the inverse
Jacobian, which can increase memory requirements and computational costs. However,
Ĵ−1
𝑘 is a dense matrix of size 𝑁s × 𝑁s, where 𝑁s is typically much smaller than the total

number of nodes in both the fluid and solid domains. As a result, the computational effort
needed to compute and store the inverse Jacobian is often relatively small compared to
the time required to solve the conservation of momentum by the fluid and solid solvers.
By injecting (3.37) into (3.30), the following relation is derived:

J (r𝑘 ) = Ĵ−1
prvr𝑘 +

(
W𝑘 − Ĵ−1

prvV𝑘
)
V𝑘\r𝑘 − r𝑘 (3.38)
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Similarly to the IQN-ILS, the matrices V𝑘 and W𝑘 cannot be computed at the first iteration
of each time step since there is no previous iteration available. In this case, the previous
Jacobian is simply reused without modification. It is also possible to encounter a situation
where neither the previous Jacobian nor previous iterations are available. In such cases,
a BGS iteration is performed [74, 167]. The BGS uses a scalar relaxation parameter 𝜔 in
place of a Jacobian. This parameter can take values between 0 and 1 to avoid potential
divergence, and is set to 0.5 by default. The update function thus simplifies to

J (r𝑘 ) = −𝜔r𝑘 (3.39)

To assess the convergence of the fluid-structure coupling at each time step, we define a
scalar quantity that measures the order of magnitude of the residual displacement. This
scalar residual is typically non-dimensional to ensure that it is independent of the size
of the interface, the units of the physical quantities being evaluated, and the number of
nodes used in its discretization:

𝜀 𝑘u =
| |r𝑘 | |

| |tol + û𝑘 | | < 𝑡𝑜𝑙 (3.40)

Here, tol is a user-defined tolerance. Note that the inclusion of tol in the denominator
is a regularization factor. Regularization of the convergence criterion aims to prevent
divergence when the interface displacement approaches zero. If the maximum number of
iterations is reached before 𝜀u < 𝑡𝑜𝑙, or if either the structural or fluid solvers fail to find
an equilibrium solution, the current time step is restarted with a reduced time increment
Δ𝑡 ′ = Δ𝑡/2, and this process continues iteratively until (3.40) is satisfied. If convergence
is achieved with Δ𝑡 ′ < Δ𝑡, the time increment is progressively increased to restore the
original time step size.

Side Remarks

The continuity condition in (3.19) explicitly mentions the continuity of surface tractions
at the interface. Consequently, the theoretical framework suggests that surface tractions
are computed by the fluid solver and then passed to the structural solver. In our implemen-
tation, only the nodal components of the stress tensor are communicated to the structural
solver. Practically, smoothed nodal stresses can be recovered by extrapolation from the
Gauss points or from superconvergent sampling points to the nodes, as better accuracy is
obtainable for gradients and stresses at those points [172, 173].
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The latter approach is referred as Superconvergent Patch Recovery (SPR) and is described
with more details in [174, 175, 176]. Metafor then automatically projects these received
stresses onto its own finite elements and integrates the resulting surface tractions as Neu-
mann boundary conditions. This choice to communicate stresses rather than surface
tractions is driven by the reliance on nodal quantities for the communication. Com-
municating surface tractions would require estimating nodal normals on the fluid side.
However, normals are not defined at the nodes of linear finite elements, as this would
require a local surface perpendicular to the normal, which does not exist at the vertices.
Moreover, the normal on the fluid mesh may not align with that of the solid mesh when
non-matching. The issue of non-matching meshes is addressed in the next section.

u𝑛 𝑘 = 0

σ𝑘 = F (
u𝑘

)
𝑡𝑛 → 𝑡𝑛+1

û𝑘 = S (
σ𝑘

)
𝑡𝑛 → 𝑡𝑛+1

u𝑘+1 = u𝑘 − J (
û𝑘 − u𝑘

)

𝜀 𝑘
u < 𝑡𝑜𝑙

u𝑛+1

✓

✗

𝑘 + 1

Algorithm 4: Strategy for solving partitioned fluid-structure coupling problems with a
DN scheme, between time 𝑡𝑛 and time 𝑡𝑛+1. Recall that each call to S and F involves the
solving of a FE system within the current time step.
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A summary of the coupling procedure is provided in Algorithm 4, using nodal values
of the stress tensor σ rather than surface tractions. Recall that the fluid solver uses the
PFEM-LS. This means that the mesh topology of the FS interface (i.e. the number of
nodes and their connectivity in the mesh) may evolve due to the remeshing procedure.
While fluid remeshing during the NR iterations does not pose fundamental issue to the
IQN, as the Jacobian is computed based on nodal displacement of the solid interface, it
may still slow-down the convergence due to small perturbations of the pressure field in
the fluid between successive remeshing, caused by node connectivity changes, and due
to the computational cost of the remeshing itself. Thereby, remeshing in the PFEM-LS is
prevented during IQN iterations, and triggered once the new equilibrium has been reached
at the end of the time step.

3.2.2 Numerical Examples

In this subsection, we compare the convergence rates of the IQN-ILS with the IQN-MVJ
across various test cases. The first test case involves a dam break against a solid and
deformable obstacle, a problem previously studied numerically by Zhu and Scott [177]
using a semi-partitioned PFEM-FEM approach with a corotational mesh of beam elements
for the obstacle, and later by Cerquaglia et al. [31] who employed quadrilateral elements
for the solid and the PFEM for the fluid. In this study, the obstacle is modeled using an
elastoplastic constitutive law with linear isotropic hardening:

𝜎y = 𝜎0
y + 𝐻𝜀vp (3.41)

Here,𝜎y is the current yield stress,𝜎0
y is the initial yield stress,𝐻 is the isotropic hardening

coefficient and 𝜀vp is the effective plastic strain, which serves as a scalar measure of the
accumulated plastic deformation. The initial configuration is shown in Figure 52. Two
mesh refinements are considered, a reference mesh with a constant size-field of ℎ = 3
mm, and a fine mesh with a constant size-field of ℎ = 1.5 mm.

The structural solver employs linear quadrilateral finite elements for meshing the obstacle.
This choice is especially important due to the inherent incompressibility of the material
during plastic deformation. Indeed, quadrilateral elements help mitigate locking effects
in the plastic region, ensuring a more accurate representation of the material’s response
under highly nonlinear conditions.
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Figure 52: Initial configuration of the dam break test case whose simulation parameters
are indicated in Table 6. No-slip BC are applied to rigid and deformable boundaries, and
the initial free surface is outlined in bold.

Remesh Fluid Solid Coupling

𝛿 = 0.6 𝜌 = 103 kg/m3 𝜌 = 2500 kg/m3 Δ𝑡max = 10−4 s

𝜔 = 0.6 𝑔 = −9.81 m/s2 𝑔 = 0 m/s2 𝑡𝑜𝑙 = 10−8

𝛼 = 1.2 𝜇 = 10−3 Pa s 𝜈 = 0

𝛽 = 0.2 𝛾 = 0.07 N/m 𝐸 = 106 Pa

𝜀 = 0 𝐻 = 2 × 104 Pa

𝜎0
y = 5 × 104 Pa

𝑡𝑜𝑙 = 10−8 𝑡𝑜𝑙 = 10−7

𝜌∞ = 0.01

Table 6: Simulation parameters for the dam break whose initial configuration is given
in Figure 52. The governing equations are solved with the PSPG stabilization and the edge
splitting remeshing with level set.
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To further mitigate volumetric locking in the incompressible regimes, Selective Reduced
Integration with Pressure Report (SRIPR) is used in the structural solver. SRIPR estimates
the pressure at the element center [178]. The pressure is then reported at each deviatoric
integration point, and the pressure integral is computed with 4 points in 2D (or 8 in 3D)
instead of just one, improving precision and numerical stability. Furthermore, a small
and constant time step is employed to ensure a fair comparison between the different
algorithms, as variations caused by adaptive time stepping are eliminated.

The average number of iterations per time step is presented in Table 7. As shown,
the MVJ technique achieves a convergence rate comparable to a well-tuned ILS for the
cases studied, without the need for filtering or user-defined parameters. Recall that the
filtering algorithm is designed to detect and remove linearly dependent columns from V
and W when their column count becomes large. This typically occurs when multiple
columns from previous time steps are retained in the current matrices to improve the
convergence rate of IQN-ILS. Cerquaglia et al. [31] demonstrated that the Haelterman
filtering algorithm [96] outperforms other methods within our framework, it has thus been
employed in the present comparison.

The deformation of the solid structure is analyzed by tracking the displacement of the
point 𝐴 indicated in Figure 52. This displacement is compared with results from the
literature in Figure 53, demonstrating that our simulations align with numerical results
from other authors. However, the final displacement predicted by Zhu and Scott [177] for
the obstacle differs from our simulations.

Method Filter Steps Avg it #

ILS – 0 7.126

ILS Haelterman 5 4.090

ILS Haelterman 10 3.462

ILS Haelterman 20 3.051

ILS Haelterman 30 2.947

MVJ – – 2.640

Table 7: Average number of iterations per time step for the dam break test case. The
column Steps refers to the number of iterations from previous time steps that have been
retained in the IQN-ILS.
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Figure 53: Tip 𝑥-displacement for the dam break with obstacle in 2D, first using the
reference mesh, and second using the fine mesh. The initial position of the tip is indicated
by the point 𝐴 in Figure 52.

𝑡 = 0.0 seconds 𝑡 = 0.25 seconds

𝑡 = 0.6 seconds 𝑡 = 3.0 seconds

Velocity [m/s]

0 0.65 1.3 1.95 2.6

Velocity [m/s]

0 0.65 1.3 1.95 2.6

Figure 54: Snapshots of the particle finite element solution for the dam break test
case whose initial configuration is given in Figure 52, at different time intervals. The
parameters from Table 6 have been used.
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This discrepancy arises because Zhu and Scott did not account for the thickness of the
obstacle on the fluid side, which introduces a significant difference in the geometry of the
problem compared to the FSI scenario presented in this work, especially once the fluid
has passed the obstacle. To further illustrate the solution, snapshots from the simulation
at various time intervals are shown in Figure 54.

Rubber Gate

The second test case involves water flow interacting with a rubber gate, a problem pre-
viously studied both experimentally and numerically by Antoci et al. [179] using a
monolithic fluid-structure SPH model. The fluid pressure causes the elastic gate to de-
form, allowing fluid particles to pass beneath it. For this study, the structural deformation
is modeled using a Mooney-Rivlin material, with the following two-parameter strain
energy function:

Ψ = 𝐶1
(
𝐼1 − 3

) + 𝐶2
(
𝐼2 − 3

) + 𝐾0
2

[
(𝐽 − 1)2 + ln 𝐽

]
(3.42)

Here,𝐾0 denotes the initial bulk modulus, 𝐽 = det(F) is the determinant of the deformation
gradient tensor F, while 𝐼1 and 𝐼2 are respectively the first and second principal invariants
of the modified left Cauchy-Green deformation tensor B̄. As a reminder, the modified
left Cauchy-Green deformation tensor has unit determinant, which excludes the effect of
volume change in the material:

F̄ = 𝐽−1/3F
B̄ = F̄F̄⊤ (3.43)

The material coefficients 𝐶1 and 𝐶2 were determined by fitting the experimental tension
test data provided in [179]. A schematic representation of the initial configuration is
shown in Figure 55. The 3D version of the test case has exactly the same geometry as
the 2D test case, with a tank depth of 10 cm. The characteristic size of the elements is
governed by a function ℎ(𝒙) of the form

ℎ
(
𝒙
)
= min

{
ℎ0 + 4 𝑑 (𝒙)2, ℎ∞

}
(3.44)
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Figure 55: Initial configuration of the rubber gate test case whose simulation parameters
are indicated in Table 8. No-slip BC are applied to rigid and deformable boundaries, and
the initial free surface is outlined in bold.

Remesh Fluid Solid Coupling

𝛿 = 0.6 𝜌 = 103 kg/m3 𝜌 = 1100 kg/m3 Δ𝑡max = 10−4 s

𝜔 = 0.6 𝑔 = −9.81 m/s2 𝑔 = −9.81 m/s2 𝑡𝑜𝑙 = 10−6

𝛼 = 1.2 𝜇 = 10−3 Pa s 𝐶1 = −1.2 × 106 Pa

𝛽 = 0.2 𝛾 = 0 N/m 𝐶2 = 2.4 × 106 Pa

𝜀 = 0.15 𝐾0 = 1.3 × 106 Pa

𝑡𝑜𝑙 = 10−6 𝑡𝑜𝑙 = 10−6

𝜆 = 0.5 𝜌∞ = 0.01

Table 8: Simulation parameters for the rubber gate in 2D whose initial configuration is
given in Figure 55. The governing equations are solved with the fractional step and the
edge splitting remeshing with level set.
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Here, 𝑑 (𝒙) represents the minimal distance between the position 𝒙 and the deformable
solid, the free surface or the vertical walls. The minimal characteristic size in 2D is
ℎ0 = 1 mm, while the maximum allowed characteristic size is ℎ∞ = 5 mm. In order to
compensate for higher computation times, the 3D variant uses a coarser mesh with ℎ0 = 2
mm and ℎ∞ = 10 mm. To mitigate volumetric locking in the nearly incompressible
Mooney-Rivlin material, SRIPR hexahedral elements have been used in the structural
solver.

The average number of iterations per time step is presented in Table 9, confirming
the results from the dam break test case. Specifically, the MVJ technique achieves a
convergence rate that is either comparable to or even superior to that of a well-tuned ILS
for the 2D and 3D cases studied. The deformation of the solid structure is analyzed by
tracking the displacement of the point 𝐴 indicated in Figure 55. This displacement is
compared to literature results in Figure 56, showing that our simulations are consistent with
both numerical and experimental studies. Additionally, snapshots from the simulation at
different time intervals are provided in Figures 57 and 58.

2D 3D

Method Filter Steps Avg iteration #

ILS – 0 3.576 3.900

ILS Haelterman 5 2.212 2.858

ILS Haelterman 10 1.940 2.713

ILS Haelterman 20 1.852 2.685

ILS Haelterman 30 1.868 2.683

MVJ – – 1.827 2.039

Table 9: Average number of iterations per time step for the rubber gate test case. The
column Steps refers to the number of iterations from previous time steps that have been
retained in the IQN-ILS.
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Figure 56: Tip displacement magnitude and fluid level for the rubber gate test case in
2D. The initial position of the tip is indicated by the point 𝐴 in Figure 55. The fluid level
is measured on the left of the gate.

𝑡 = 0.0 seconds 𝑡 = 0.06 seconds

𝑡 = 0.15 seconds 𝑡 = 0.4 seconds

Velocity [m/s]

0 0.35 0.7 1.05 1.4

Velocity [m/s]

0 0.35 0.7 1.05 1.4

Figure 57: Snapshots of the particle finite element solution for the rubber gate test case
in 2D, whose initial configuration is given in Figure 55, at different time intervals. The
parameters from Table 8 have been used.
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Aquatic Vegetation

The last test case investigates the flow-induced reconfiguration of buoyant and flexible
aquatic vegetation, originally studied experimentally by Luhar and Nepf [181]. This test
case was later analyzed numerically by Bano et al. [182], who used a partitioned coupling
between the commercial software Ansys Mechanical for the solid and Ansys Fluent for
the fluid [183]. The solid is modeled using a finite strain linear elastic law, meaning
that the stress-strain relationship for the vegetation remains linear and follows Hooke’s
law, while geometric nonlinearities arising from large deformations of the structure are
accounted for:

∇
𝝈 = H(𝐸, 𝜈) : D (3.45)

𝑡 = 0.0 seconds 𝑡 = 0.06 seconds

𝑡 = 0.15 seconds 𝑡 = 0.4 seconds

Velocity [m/s]

0 0.35 0.7 1.05 1.4

Velocity [m/s]

0 0.35 0.7 1.05 1.4

Figure 58: Snapshots of the particle finite element solution for the rubber gate test case
in 3D, whose initial configuration is given in Figure 55, at different time intervals. The
parameters from Table 8 have been used.
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Here, H is a constant stiffness tensor, expressed as a function of the elastic modulus 𝐸
and Poisson’s ratio 𝜈. The choice of this simple model for the solid structure ensures
consistency with the reference paper [182], where linear elasticity was employed. The
initial configuration of the problem is shown in Figure 59.

0.5 cm

10 cm0.
5

m
/s

•
𝐴

1 – Side view

2 cm

•
𝐴

2 – Back view

Figure 59: Initial configuration of the aquatic vegetation test case whose simulation
parameters are indicated in Table 10. No-slip BC are applied to rigid and deformable
boundaries, and the fluid domain is closed without free surface.

Remesh Fluid Solid Coupling

𝛿 = 0.8 𝜌 = 1220 kg/m3 𝜌 = 1030 kg/m3 Δ𝑡max = 10−4 s

𝜔 = 0.4 𝑔 = 0 m/s2 𝑔 = −9.81 m/s2 𝑡𝑜𝑙 = 10−6

𝛼 = 1.7 𝜇 = 1 Pa s 𝜈 = 0.3

𝛽 = 0.2 𝛾 = 0 N/m 𝐸 = 1.23 × 106 Pa

𝜀 = ∞

𝑡𝑜𝑙 = 10−6 𝑡𝑜𝑙 = 10−6

𝜆 = 0.5 𝜌∞ = 0.01

Table 10: Simulation parameters for the aquatic vegetation whose initial configuration
is given in Figure 59. The governing equations are solved with the fractional step and the
edge splitting remeshing with level set.
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The solid is meshed with regular hexahedral elements. An important remark is that while
it is still possible to match the fluid and solid nodes at the interface, this configuration
can degrade the tessellation quality. Regularly arranged nodes on 3D interfaces are prone
to generating slivers and poor quality simplices in the PFEM mesh. To mitigate this
issue, the FS interface on the fluid side uses an unstructured mesh, ensuring better-quality
tetrahedral elements at the cost of node mismatching with the structured solid mesh. An
interpolation technique is then employed to facilitate communication between the solid
and fluid meshes. A detailed analysis of this interpolation method is provided in the next
section. Nevertheless, the mesh size-field is given by:

ℎ
(
𝒙
)
= min

{
ℎ0 + 0.1 𝑑 (𝒙), ℎ∞

}
(3.46)

Here, 𝑑 (𝒙) represents the minimum distance to the solid structure, ℎ0 = 2 cm is the
minimum characteristic element size, and ℎ∞ = 3 cm is the maximum element size. The
domain is assumed to be semi-infinite, with the ground acting as a boundary that influences
the structure (since it is clamped), while the top, sides, and outlet are sufficiently distant
from the region of interest to minimize boundary effects, effectively simulating an infinite
domain in those directions. The inlet imposes a velocity of 0.5 m/s along the 𝑥-axis.
Similarly to the approach proposed by Cerquaglia and Meduri [29, 184], inlet boundary
conditions are applied using a single layer of Eulerian nodes with prescribed velocity.
These nodes remain fixed in space, effectively simulating fluid entering the computational
domain without requiring physical movement of the inlet boundary.

Case Method Filter Steps Avg it #

3D

ILS – 0 3.629

ILS Haelterman 5 2.744

ILS Haelterman 10 2.582

ILS Haelterman 20 2.308

ILS Haelterman 30 2.213

MVJ – – 1.709

Table 11: Average number of iterations per time step for the aquatic vegetation test case.
The column Steps refers to the number of iterations from previous time steps that have
been retained in the IQN-ILS.
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The analysis follows the same procedure as the previous cases, using a small and constant
time step to eliminate variations caused by adaptive time stepping. The average number
of iterations per time step is presented in Table 11. The deformation of the solid structure
is analyzed by tracking the displacement of the point 𝐴 indicated in Figure 59. A
comparison of this displacement with results from the literature is presented in Figure 60,
demonstrating that our simulations match both numerical and experimental studies. To
provide further insight, snapshots from the simulation are shown in Figure 61.
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Figure 60: Tip displacement magnitude and bending profile for the aquatic vegetation
test case in 3D. The initial position of the tip is indicated by the point 𝐴 in Figure 59. The
dashed line features experimental results.
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Figure 61: Snapshots of the particle finite element solution for the aquatic vegetation
test case whose initial configuration is given in Figure 59, at time 𝑡 = 2.0 seconds. The
parameters from Table 10 have been used.
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3.3 Non-Matching Meshes

When the solid and fluid meshes are conformal at the FS interface, each interface node
viewed by the solid solver has its equivalent on the fluid side, and the meshes are said to
be matching. However, in many situations, one may want to use different levels of mesh
refinement, or different type of elements in the two solvers. Consequently, an interpolation
technique is required to transfer the nodal data from one solver to another. In this context,
the discretized counterpart of the coupling condition (3.19) can be viewed as follows:

Vsf
(
us

)
= uf

ts = −Vfs
(
tf
) (3.47)

Here, Vsf is the solid-to-fluid interpolation operator that maps the nodal displacement of
the solid mesh onto the FE space of the fluid solver. Similarly, Vfs is the fluid-to-solid
interpolation operator that maps the nodal loads of the fluid mesh onto the FE space of the
solid solver. Recall that tf designates the fluid loads by surface tractions, but in practice,
we may opt for communicating nodal stresses rather than nodal tractions directly. The
root-finding problem (3.28) writes

r = SVfs

{
FVsf(us)

}
− us = 0 (3.48)

Here, we note by FVsf(us) the successive application of Vsf and F to the nodal displace-
ments defined on the solid mesh. This choice of notation aims to highlight the fact that the
fluid solver uses the nodal displacements communicated by the solid solver, interpolated
onto its own FE mesh as a Dirichlet condition, without overloading the notations with
parentheses. The same explanation holds for SVfs(tf) implying that the solid solver
operates with nodal loads, provided by the fluid solver, interpolated onto its own FE mesh
as Neumann BC.

3.3.1 Radial Basis Functions

General theory of Radial Basis Function (RBF) interpolation can be found in [185, 186],
and examples of applications of the method are commonly found in the literature [187,
188, 189]. This section summarizes the findings of our study conducted during the
preparation of this thesis [190].
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The RBF interpolation offers significant advantages, particularly in terms of computational
efficiency, compared to other approaches such as free-form deformation [188]. Since the
remeshing procedure frequently updates the mesh structure, the interpolation matrices
must be updated frequently, and the computation time becomes crucial in the choice of
method. Moreover, this technique is highly versatile as it requires minimal topological
information, limited to the relative distances between nodes, making it independent of an
explicit interface mesh.

Indeed, the RBF contrasts with methods such as Mortar [191] or finite volume transfer
techniques [192] where mesh connectivity data is required. This characteristic is es-
pecially valuable in the context of the PFEM, where the FS interface is defined by the
boundary where nodal data are exchanged between the fluid and the solid solvers. In
particular, the fluid-structure contact region, also referred to as the wetted boundary, rep-
resents only the portion of the FS interface that is in contact with the fluid at a given time.
On free-surface flows, this contact region is likely to evolve with time. In the PFEM, finite
elements are generated only for nodes within the current computational domain, including
those at its boundaries. Consequently, the fluid solver only generates a mesh on wetted
boundaries of the FS interface, while the dry boundaries are represented by free nodes that
track the interface’s position dynamically. While this may be challenging for mesh-based
interpolation methods, it does not introduce any issues for the RBF interpolation, as it is
a meshless method.

Solid Displacement Interpolation

This subsection describes the construction of the interpolation operator Vsf, which trans-
fers the displacement field 𝒖s discretized as a vector of nodal values us on the solid
mesh (also called the source mesh), into a vector of nodal values uf on the fluid mesh
(also called the target mesh). The RBF interpolation method computes the interpolated
displacement as a weighted sum of basis functions:

𝒖f
(
𝒙
)
=

𝑁s∑︁
𝑗=1

α 𝑗𝜑
{
𝜀 𝑗

(
𝒙
)} + β⊤ ©­«

1
𝒙

ª®¬
(3.49)

Here, 𝜑 is the basis function, evaluated for each normalized radius 𝜀 𝑗 (𝒙) = 𝑟 𝑗 (𝒙)/𝑅
where 𝑟 𝑗 (𝒙) = | |𝒙 − x 𝑗

s | | is the Euclidean distance between the coordinates 𝒙 and the
𝑗-th node in the solid mesh. 𝑅 is a user-defined characteristic radius whose influence is
discussed in the next subsection.
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The choice of the basis function is user-dependent and significantly affects the interpola-
tion’s behavior. A selection of commonly used basis functions is provided in Table 12.
The second term on the right-hand side introduces constant and linear polynomial terms,
with coefficients stored in β, ensuring that constant functions are exactly reproduced by
the interpolation. Lastly, the coefficients stored in α, which will be computed later, are
associated with the basis function. At the discrete level of the coupled problem, 𝒖f is
evaluated only at the fluid nodes, and the RBF interpolation yields:

uf =

©­­­­­
«

𝜑
{
𝜀1

(
x1

f
)}

. . . 𝜑
{
𝜀𝑁s

(
x1

f
)}

1
[
x1

f
]⊤

...
. . .

...
...

...

𝜑
{
𝜀1
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x𝑁f
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[
x𝑁f

f
]⊤

ª®®®®®
¬︸                                                        ︷︷                                                        ︸

B

©­«
α

β

ª®¬
(3.50)

Here, uf is an 𝑁f × 3 matrix in 3D, where each row corresponds to the coordinates of
a node in the fluid interface mesh. The vector x 𝑗

f represents the coordinates of the 𝑗-th
interface node in the fluid mesh, while x 𝑗

s corresponds to the 𝑗-th interface node in the
solid mesh. In 3D, B is a rectangular matrix of size 𝑁f × (𝑁s + 4), where 𝑁f is the
number of nodes in the fluid interface mesh and 𝑁s is the number of nodes in the solid
interface mesh. To construct the interpolation, the coefficients α and β must be computed
by satisfying a set of constraints. The first constraint ensures that the interpolated field
passes exactly through the source data. The second constraint stipulates that if the source
field can be exactly represented by the polynomial terms alone, the interpolation should
reduce to those terms, making α = 0 in this case. These constraints lead to the following
linear system, which, once solved, determines the values of the coefficients:

©­­
«

U P
P⊤ 0

ª®®
¬︸    ︷︷    ︸

A

©­­
«
α

β

ª®®
¬
= ©­«

us

0
ª®¬

(3.51)

The matrix A of the system is symmetric, with dimensions (𝑁s + 4) × (𝑁s + 4) in 3D.
The first 𝑁s equations correspond to the constraint of exact matching at the source nodes,
while the last 4 equations (or the last 3 equations in the 2D case) enforce the second
constraint on the α coefficients. The sub-matrices U and P are defined as follows:
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U =

©­­­­­«
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x𝑁s

s
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(3.52)

Note that U has zero diagonal elements if the basis function is chosen such that 𝜑(0) = 0,
which may require special considerations regarding the existence and uniqueness of a
solution to the system (3.51). Nevertheless, by substituting the solution of (3.51) into
(3.50), the RBF interpolation on the target mesh, and so the solid-to-fluid interpolation
operator, can be expressed as:

uf = BA−1 ©­«
us

0
ª®¬
= Vsf

(
us

)
(3.53)

In the literature, this method is referred to as consistent interpolation because it ensures
the exact interpolation of a constant field [193]. An important note is that in standard
FEM, without remeshing or material rupture, the inversion of A could be constructed
once, based on the initial configuration, and the simple matrix product (3.53) performed
whenever interpolation is needed.

Support Acronym Full name 𝜑(𝜀)

𝜀 =
𝑟

𝑅
≤ 1

C0 Wendland function (1 − 𝜀)2

C2 Wendland function (1 − 𝜀)4(4𝜀 + 1)

𝜀 =
𝑟

𝑅

GS Gaussian exp(−𝜀2)
IMQ Inverse multiquadratic 1/

√
1 + 𝜀2

MQ Multiquadratic
√

1 + 𝜀2

TPS Thin plate spline 𝜀2 ln 𝜀

Table 12: List of common compactly and globally supported basis functions for RBF
interpolation. The variable 𝑟 is the distance to the center of the function and 𝑅 is a
characteristic radius. Compactly supported functions return zero when 𝑟 ≥ 𝑅.
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However, in a PFEM framework, the number of nodes at the FS interface can change over
time due to remeshing and the adaptive refinement of wetted boundaries. As a result,
the interpolation matrices must be recomputed whenever the FS interface mesh has been
modified by the remeshing. Therefore, it is preferable to avoid the explicit computation
of A−1 as directly inverting a matrix is generally expensive. Moreover, if the original
matrix is sparse, it typically leads to a loss of sparsity due to fill-in effects. Instead, only
the intermediate matrices A and B (or the factorization of A if a direct solver is used) are
actually stored in memory, and each call to the interpolation operator results in solving
the following linear system:

Vsf
(
us

)
= B A\

(
us

0

)
(3.54)

As shown in [190], the linear system in (3.54) can be highly ill-conditioned, with the
matrix A potentially approaching singularity. In previous work, Thomas et al. [89]
used a GMRES solver. However, the accuracy of the GMRES deteriorates for systems
with high condition numbers. Moreover, its performance heavily depends on the choice
of the preconditioner, which adds a layer of complexity and may still fail to produce a
solution. In contrast, least-squares solvers based on the SVD decomposition inherently
handle ill-conditioned systems by minimizing the residual norm and truncating small
singular values. While this approach may increase computation time, it ensures more
robust and consistent results across various configurations. Thereby, SVD is the default
solver unless otherwise specified. It is worth reminding that the remeshing procedure in
the PFEM-LS solver is triggered only at the end of each coupling time step, meaning that
the interpolation matrices are constant during IQN iterations. The key advantage of using
a direct solver for (3.54) rather than an iterative solver is that the factorization of A can
be computed only once per interface update. This pre-factored matrix can then be reused
for multiple interpolations (i.e. for each IQN iteration) at minimal cost, significantly
reducing the overall execution time. More details about computation times are provided
in a subsequent section.

Another important remark is that, in theory, the interpolation matrices need to be updated
only when the remeshing makes topological changes to the FS interface (such as relocating,
adding or deleting nodes), which may not occur at every time step. However, the indices
of the nodes in the PFEM3D’s internal database are not guaranteed to remain the same
following remeshing.
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Indeed, PFEM3D stores the nodes contiguously in memory, and uses a Reverse Cuthill-
McKee (RCM) algorithm [194] on the nodes list to optimize memory traffic. This means
that the interpolation matrices and their factorizations may become obsolete even if the
topology of the FS interface remains unchanged. As a result, FSPC automatically detects
whenever the FS interface nodes undergo modifications (removal, addition or reorder-
ing) following remeshing, and triggers the re-computation/factorization of interpolation
matrices when needed.

Fluid Load Interpolation

Consistent interpolation of the nodal loads from the fluid to the solid meshes involves
constructing A and B using the same process outlined above, by inverting the solid and
fluid quantities and interpolating the components of the stress tensor at the interface,
rather than the nodal displacement. The projection ts = σs ·ns of these interpolated nodal
stresses onto the surface, along with their numerical integration over the solid elements, is
then managed by the structural solver. This approach eliminates the need to approximate
nodal tractions on the fluid side. Consequently, the interpolation becomes

σs = Vfs
(
σf

)
(3.55)

On the other hand, the conservative approach is based on the global conservation of
virtual work across the FS interface [22, 193]. This approach is rooted in the general
principle that energy should be conserved over the interface. In the limit of small time
steps, energy is globally conserved over the interface when

∫
Γs

𝒖⊤
s 𝒕s 𝑑𝒙 = −

∫
Γf

𝒖⊤
f 𝒕f 𝑑𝒙 (3.56)

Here, 𝒖s is a virtual displacement, namely, an arbitrary infinitesimal variation, and Γs is
the FS interface on the solid side. Similarly, 𝒖f is the same virtual displacement of the
fluid interface Γf. In the context of discretized fields, the conservation of energy at the
interface is equivalent to

u⊤
s Fs = −u⊤

f Ff

= −Vsf
(
us

)⊤Ff
(3.57)
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Here, Fs represents the nodal forces applied on the solid interface, and Ff represents
the nodal forces on the fluid mesh. The second equality holds if we have access to an
interpolation operator mapping the nodal displacement of the solid interface to nodal
displacements of the fluid interface. Assuming the latter has been computed by the
consistent RBF interpolation (3.53), one has

u⊤
s Fs = −

{
BA−1

(
us

0

)}⊤
Ff = −(

Hus
)⊤Ff (3.58)

Here, H is defined as the sub-matrix corresponding to the first 𝑁f × 𝑁s block of BA−1.
Since this equality is valid for any kinematically admissible virtual displacements, the
vectors of nodal displacement can be eliminated from the equation. As a result, one can
show that energy is globally conserved when

u⊤
s Fs = −(

Hus
)⊤Ff

⇔ Fs = −H⊤Ff
(3.59)

Consequently, the transposed of the transformation matrix H for the displacement can
be used to exchange forces to obtain global conservation of energy over the interface.
While this approach may seem advantageous at first glance, it requires the computation of
nodal forces, and thus nodal normals, on the fluid side. These quantities are not naturally
defined on geometric vertices, and their approximation in 3D meshes is both non-trivial
and often inaccurate. Moreover, conservative interpolation has been shown to yield
nonphysical results in various configurations. A comparison between conservative and
consistent interpolations, and between different basis functions, is provided throughout
this section. Additionally, the reader is referred to the work of de Boer et al. [193] for
more information.

Side Remark

As a first remark, de Boer et al. [193] has shown that even if the consistent interpolation
of the load is not strictly globally conservative of the energy transfer over the FS interface,
the error on the transferred work decreases consistently with the characteristic size of
the target mesh. In contrast, when the conservative approach is used, the resulting
interpolation is never consistent.
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As a second side note, it is worth observing from Table 12 that some basis functions
decrease with respect to the normalized distance 𝜀 from their center, while others, such
as the MQ function, increase as 𝜀 increases. The interpolation in (3.53) can be viewed as
a weighted sum of the source field values at the 𝑗-th node in the source mesh, for each
target node in the target mesh. The interpolation weights are implicitly determined by
computing BA−1 where the basis function is used to assemble both B and A. However,
using an increasing 𝜑(𝜀) does not mean that nodes farther from the target location receive
higher interpolation weights. Instead, the solution to the linear system determines the
interpolation weights, and their absolute values always decrease as the distance from the
target location increases.

3.3.2 Numerical Examples

In this subsection, we evaluate the accuracy of the RBF methods by comparing the
basis functions across various configurations. The first test case features the flow-driven
deformation of a rubber gate in 2D, as described in the previous section. The second test
case focuses on the flow-induced reconfiguration of buoyant, flexible aquatic vegetation
in 3D, also introduced earlier. To assess the accuracy of the consistent interpolation, we
project the nodal stresses onto the corresponding surface elements of the target mesh
and compute the average error in pressure and shear relative to reference values obtained
from the source mesh. For the conservative interpolation, which operates on nodal forces
instead of nodal stresses, we first convert the forces into equivalent nodal tractions. These
tractions, whose magnitudes are independent of mesh density, are then projected onto
pressure and shear components for comparison with the reference field. The equivalent
traction vector at the 𝑗-th interface node is calculated by

t 𝑗 ≃ F 𝑗
©­«

1
𝐸 𝑗

𝐸 𝑗∑︁
𝑒=1

𝑆𝑒 𝑗

𝑁𝑒

ª®¬
−1

(3.60)

Here, 𝑆𝑒 𝑗 denotes the size of the 𝑒-th boundary element connected to the 𝑗-th interface
node, measured as area in 3D or length in 2D. 𝑁𝑒 is the number of nodes associated with
that element, and 𝐸 𝑗 is the total number of boundary elements connected to the 𝑗-th node.
It is important to emphasize that these equivalent tractions represent an averaged form
of the actual surface tractions. As such, they are less accurate and are intended only for
estimating interpolation error across varying mesh densities. The average error relative
to a reference solution 𝑓 (𝒙, 𝑡) is then defined by
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Error (𝑡) =
{ ∫

Γ

[
𝑓 (𝒙, 𝑡) − 𝑔(𝒙, 𝑡)

]2
𝑑𝒙

}{ ∫
Γ
𝑓 (𝒙, 𝑡)2𝑑𝒙

}−1

(3.61)

where 𝒙 is the parametric coordinate of the fluid-structure interface Γ. The function 𝑔
represents the output of the interpolation, expressed as a continuous field on the target
mesh. It is evaluated at any position on the interface using the nodal values and the basis
functions of the finite elements. To assess the accuracy of an interpolation method during
a simulation, the error (3.61) is averaged over time.

Rubber Gate

At the FS interface, the characteristic element size is set to ℎf = 1 mm on the fluid side.
On the solid side, three levels of mesh refinement are considered (see Figure 62). The
fine mesh has ℎs = 0.4 mm, the medium mesh has ℎs = 1.34 mm, and the coarse mesh
has ℎs = 5.27 mm, resulting in three non-conforming discretizations. For each mesh,
the basis functions listed in Table 12 are tested. Since the basis functions depend on
the characteristic radius 𝑅, a wide range of values is included in the study. Specifically,
40 values of 𝑅 are considered, covering the range 0.01 ≤ 𝑅/ℎf ≤ 20 for each RBF
interpolation. The results are stored at each time step, and the average interpolation error
relative to the reference solution on the source mesh is computed. To facilitate analysis,
a non-dimensional characteristic radius is defined as follows:

Normalized radius =
𝑅

ℎf
(3.62)

1 – ℎs = 5.27 mm 2 – ℎs = 1.34 mm 3 – ℎs = 0.4 mm

Figure 62: Zoom on the fluid-structure interface mesh for the rubber gate test case
whose initial configuration is given in Figure 55, with different refinement levels. The
mesh on the fluid side remains identical in all cases.
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When ℎs = 5.27 mm, the fluid interface mesh is significantly finer than the solid interface
mesh. The time-averaged errors for the pressure field 𝑝 and the shear field 𝜏 are presented
in Figure 63. The normalized radii that minimize the error are listed in Table 13. Finally,
Figure 64 shows an overview of the pressure field on the target mesh at the end of the
simulation. These results illustrate that, with a low target mesh resolution, the conservative
interpolation helps to maintain the conservation of total work on the coarse interface by
redistributing additional loads to neighboring nodes. In contrast, local variations in
the fluid load may be lost during consistent interpolation due to the insufficient mesh
resolution, leading to a higher error on the interpolated pressure.

As an important remark, a higher error bound is observed for the shear field compared to
the pressure field. This discrepancy stems from the non-matching meshes, which cause
slight differences in the orientations of normal and tangent vectors between fluid-side
elements and their corresponding solid-side elements. In the conservative interpolation
approach, this mismatch is further amplified by the need to approximate nodal normals
on the fluid side. In this simulation, the fluid loads are dominated by pressure, with the
average pressure exerted by the fluid being 3 orders of magnitude higher than the average
shear. As a result, the shear stress on the solid mesh is highly sensitive to small changes
in orientation, but its impact on the deflection of the obstacle remains negligible.

Approach Solid C0 C2 GS IMQ MQ TPS

ℎs [mm] 𝑅/ℎf

Conservative

5.27 20 15 5 5 2 9

1.34 7 13 2 2 1 0.15

0.4 0.01 0.01 0.01 0.01 0.01 0.2

Consistent

5.27 6 5 2 5 3 0.01

1.34 7 20 2 5 0.2 0.01

0.4 20 4 0.7 0.55 0.1 8

Table 13: Optimal choice of normalized radius 𝑅/ℎf leading to the minimal interpolation
error for the rubber gate test case, for different refinement levels of the solid mesh. The
optimal radii have been deduced from Figures 63, 65 and 67 presented hereafter.
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C0 C2 GS IMQ MQ TPS
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Figure 63: Average interpolation error for the rubber gate test case, as a function of the
RBF characteristic radius for different basis functions. The solid structure is discretized
with ℎs = 5.27 mm.
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Figure 64: Interpolated pressure profile on the FS interface of the rubber gate at time
𝑡 = 0.4 seconds. The optimal 𝑅 from Table 13 have been used and the solid structure is
discretized with ℎs = 5.27 mm.
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Nevertheless, all basis functions show comparable performance when the optimal char-
acteristic radius is selected. Notably, the TPS is nearly insensitive to 𝑅 and consistently
produces optimal results. This robustness makes the TPS especially advantageous in prac-
tice, as it eliminates the need for precise tuning of the characteristic radius across different
configurations. Additionally, it maintains reliable performance during dynamic mesh
refinement (i.e. changes in characteristic size) due to the remeshing process. In contrast,
the C2 function offers a viable alternative to the TPS, achieving optimal performance with
a sufficiently large 𝑅, rather than requiring a limited range of values. Its main advantage
lies in its compact support, which makes the matrix A sparse when the ratio between the
total size of the interface and the characteristic size of the elements increases.

When ℎs = 1.34 mm, the difference between the characteristic sizes of the solid and
fluid meshes is small, meaning the solid mesh is sufficiently refined to capture local
variations in the fluid loads. The time-averaged errors for the interpolated pressure and
shear fields are shown in Figure 65. A slightly higher error on the pressure is observed for
the conservative interpolation. The latter arises from nonphysical oscillations of the load
around the reference solution, as illustrated in Figure 66. On the other hand, the consistent
interpolation displays a stable, non-oscillating pressure field across the interface. Similar
results have been reported in [193] for quasi-1D problems.

When ℎs = 0.4 mm, the solid mesh is more refined than the fluid mesh at the interface.
The average interpolation errors are shown in Figure 67. The nonphysical oscillations
previously observed for ℎs = 1.34 mm with conservative interpolation are amplified, as
seen in Figure 68. This occurs because the conservative interpolation tends to produce
concentrated loads on solid nodes near fluid nodes at the interface, and let the other
nodes unloaded. With smaller solid elements, the magnitude of these concentrated loads
increases to conserve the total energy of the interface. Evidence of this behavior is
observed in Figure 68. On the other hand, the consistent interpolation still displays a
stable, non-oscillating pressure field across the interface.

It is important to note that the seemingly smaller error for small 𝑅 observed with the
conservative interpolation in Figure 67 is misleading. In fact, the interpolation result at
𝑅/ℎf = 0.01 is unrepresentative of the source field. However, in this specific scenario, the
solution appears, on average, closer to the reference solution than the concentrated loads
shown in Figure 68. As a result, the error appears deceptively smaller when evaluated
using the measure (3.61). This clearly highlights a limitation of the chosen error metric,
suggesting that a more sophisticated measure is needed to better discriminate such cases.
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Figure 65: Average interpolation error for the rubber gate test case, as a function of the
RBF characteristic radius for different basis functions. The solid structure is discretized
with ℎs = 1.34 mm.

× Source C0 C2 GS IMQ MQ TPS

1 – Conservative 2 – Consistent

0.00 0.25 0.50 0.75 1.00
Parametric position

0

200

400

600

P
re

ss
u

re
[P

a]

0.00 0.25 0.50 0.75 1.00
Parametric position

0

200

400

600

P
re

ss
u

re
[P

a]

Figure 66: Interpolated pressure profile on the FS interface of the rubber gate at time
𝑡 = 0.4 seconds. The optimal 𝑅 from Table 13 have been used and the solid structure is
discretized with ℎs = 1.34 mm.
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Figure 67: Average interpolation error for the rubber gate test case, as a function of the
RBF characteristic radius for different basis functions. The solid structure is discretized
with ℎs = 0.4 mm.
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Figure 68: Interpolated pressure profile on the FS interface of the rubber gate at time
𝑡 = 0.4 seconds. The optimal 𝑅 from Table 13 have been used and the solid structure is
discretized with ℎs = 0.4 mm.
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As a side remark, the accuracy of the interpolation (as well as the computation time)
can also be influenced by the condition number of the system. As shown in Figure 69,
the condition number of A is generally high and varies by several orders of magnitude
depending on the characteristic radius used. Specifically, for the TPS basis function, it has
been demonstrated that 𝑅 does not significantly affect the accuracy of the interpolation
within the range 0.01 ≤ 𝑅/ℎf ≤ 20, provided the solution to Equation (3.54) is computed
using a robust least squares solver. However, the condition number of A increases
drastically for smaller values of 𝑅, which may pose a challenge to most linear solvers. A
more detailed analysis of computation times is presented in a subsequent section.

Aquatic Vegetation

This test case revisits the flow-induced reconfiguration of buoyant and flexible aquatic
vegetation, modeled by the 3D bending of an elastic flap in cross flow, as presented in
the previous subsection (Figure 59). The test follows the same methodology as before.
Specifically, interpolation errors for the pressure and shear fields on the leading face are
evaluated for each basis function across the range 0.01 ≤ 𝑅/ℎf ≤ 20. To simplify the
analysis of shear stresses, only the error for the shear component perpendicular to the
𝑦-axis is considered in the figures.
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Figure 69: Condition number of A for the rubber gate test case in 2D. The first figure
holds for the interpolation matrix Afs and the second figure holds for the interpolation
matrix Asf with ℎs = 1.34 mm at the end of the simulation.
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In this analysis, the fluid mesh consists of tetrahedral elements with a characteristic size of
ℎf = 2 mm at the FS interface. The solid mesh is composed of regular hexahedral elements
with two levels of refinement. The medium-resolution mesh uses ℎs = 2.5 mm, resulting
in comparable characteristic sizes for the fluid and solid meshes at the interface, although
the solid elements are slightly larger, as shown in Figure 70. The interpolation error as a
function of the characteristic radius is shown in Figure 71, with optimal parameters listed
in Table 14.

1 – ℎs = 2.5 mm 2 – ℎs = 0.71 mm

Figure 70: Zoom on the fluid-structure interface mesh for the aquatic vegetation test
case whose initial configuration is given in Figure 59, with different refinement levels.
The mesh on the fluid side remains identical in all cases.

Approach Solid C0 C2 GS IMQ MQ TPS

ℎs [mm] 𝑅/ℎf

Conservative
2.5 19 3 1 1 0.8 0.7

0.71 0.01 0.01 18 0.01 17 0.25

Consistent
2.5 20 5 0.9 1 0.95 0.75

0.71 8 2 0.7 0.55 0.1 0.15

Table 14: Optimal choice of normalized radius 𝑅/ℎf leading to the minimal interpolation
error for the aquatic vegetation test case, for different refinement levels of the solid mesh.
The optimal radii have been deduced from Figures 71 and 73 presented hereafter.
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Figure 71: Average interpolation error for the aquatic vegetation test case, as a function
of the RBF characteristic radius for different basis functions. The solid structure is
discretized with ℎs = 2.5 mm.
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Figure 72: Interpolated pressure profile on the FS interface of the aquatic vegetation at
time 𝑡 = 2.0 seconds. The optimal 𝑅 from Table 14 have been used and the solid structure
is discretized with ℎs = 2.5 mm.
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With the medium solid mesh, both consistent and conservative interpolations perform well
across all basis functions, provided the characteristic radius 𝑅 is appropriately selected.
As in the 2D case, the TPS yields optimal results regardless of 𝑅, while the C2 basis
function achieves satisfactory accuracy when 𝑅/ℎf > 6. Recall that this test case involves
a highly viscous fluid, resulting in average shear and pressure fields of similar magnitude
applied to the structure. As a result, the interpolation errors for both the shear and
pressure fields are closely comparable. An overview of the interpolated pressure on the
solid interface at the end of the simulation is shown in Figure 72. As a reminder, in the
conservative case, the pressure and shear fields on the solid interface are approximated
from the nodal forces (for the purpose of estimating the interpolation error), whereas
in the consistent case, they are directly computed from the stress tensor components.
Consequently, the minimal error bounds for each framework may differ.

With a fine solid mesh (ℎs = 0.71 mm), the configuration becomes susceptible to non-
physical oscillations in the nodal load when using conservative interpolation. The in-
terpolation error as a function of the characteristic radius is shown in Figure 73. This
simulation extends the validation performed in the 2D case to a 3D context. As expected,
and confirmed, the conservative interpolation fails to accurately capture fluid loads on
the solid mesh when the solid is equally or more finely resolved than the fluid mesh,
even when the characteristic radius is optimized, as shown in Figure 74. In contrast, the
consistent interpolation method delivers accurate and reliable results.

The interpolation matrices in the 3D case exhibit characteristics similar to those observed
in the 2D test. Specifically, global support basis functions produce a dense linear system,
whereas compact support functions can yield a sparse system. For instance, using the C2
basis function with 𝑅/ℎf = 6, the sparsity of Afs reaches 87%. Additionally, the condition
number of A is, on average, one order of magnitude lower than in the 2D case, as shown
in Figure 75. This improvement arises because the condition number of A increases
significantly when the nodes defining the FS interface are regularly aligned on both sides.
Such alignment is common in 2D when the characteristic element size is uniform across
the interface, resulting in evenly spaced nodes, at least initially. In contrast, unstructured
tetrahedral meshes in 3D produce a less regular node distribution at the interface, which
helps to reduce the condition number of A.
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Figure 73: Average interpolation error for the aquatic vegetation test case, as a function
of the RBF characteristic radius for different basis functions. The solid structure is
discretized with ℎs = 0.71 mm.
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Figure 74: Interpolated pressure profile on the FS interface of the aquatic vegetation at
time 𝑡 = 2.0 seconds. The optimal 𝑅 from Table 14 have been used and the solid structure
is discretized with ℎs = 0.71 mm.
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3.3.3 Conclusion

The first major conclusion is that the consistent approach should generally be preferred,
as it avoids the nonphysical oscillations in interpolated nodal forces that can arise when
the target mesh is finer than, or equally refined to, the source mesh. The only notable
exception occurs when the solid mesh is insufficiently refined to capture the local variations
of the applied fluid load. In such cases, the conservative interpolation can help mitigate
the loss of information by redistributing additional loads to nearby nodes, ensuring the
conservation of total work.

The second major conclusion concerns the choice of the basis function. Our results
show that the TPS function, particularly when the resulting linear system is solved using
a solver able to handle ill-conditioned matrices, exhibits the most robust behavior. In
particular, the TPS consistently delivers accurate results, regardless of the characteristic
radius 𝑅/ℎf chosen within the range 0.01 to 20. Additionally, increasing 𝑅 tends to
improve the condition number of A for the TPS. On the other hand, the C2 function
offers a compelling alternative in large 3D scenarios. Its compact support enables the
construction of sparse linear systems for large meshes, unlike globally supported RBF.
The test cases demonstrated that the C2 function achieves acceptable accuracy when
𝑅/ℎf > 6.
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Figure 75: Condition number of A for the aquatic vegetation test case in 3D. The
first figure holds for the interpolation matrix Afs and the second figure holds for the
interpolation matrix Asf with ℎs = 2.5 mm at the end of the simulation.
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3.4 Thermo-Mechanical Interaction

So far, we have discussed purely mechanical cases of FSI coupling. However, both Metafor
and PFEM3D are also capable of simulating thermal effects. In this section, we extend
the coupling algorithms to include thermo-mechanical interactions. Thermo-mechanical
FSI generally involves coupling the mechanical displacement with the temperature at the
FS interface between the structural and fluid solvers at each time step. Alternatively, pure
thermal coupling can be used when the interface remains stationary while temperature-
related quantities are exchanged between the solvers through the Python interface. In this
scenario, motion may still occur within the fluid domain or within the solid domains,
but the FS interface itself remains fixed. FSPC supports both coupling options, allowing
the user to independently activate or deactivate the thermal and mechanical coupling
processes.

By analogy with the mechanical coupling, we define 𝑇f as the temperature field seen by
the fluid solver at the FS interface, and 𝑇s as the temperature field seen by the solid solver
at the same interface. Accordingly, 𝒒f = −𝑘f∇𝑇f represents the heat flux computed by the
fluid solver at the FS interface, while 𝒒s is the heat flux on the solid side. The coupling
conditions enforce the continuity of both temperature and heat flux at the interface between
the fluid and solid domains:

𝑇s = 𝑇f

𝜙s = −𝜙f
(3.63)

The normal heat flux is denoted by 𝜙 = 𝒒 · 𝒏, and is defined as the dot product between
the heat flux vector 𝒒 and the outward unit normal vector 𝒏 to the domain. The negative
sign in the second equality arises because the unit normals 𝒏s and 𝒏f point in opposite
directions at the interface, similarly to the mechanical coupling.

3.4.1 Partitioned Coupling Scheme

In the Temperature-Forward Flux-Back (TFFB) scheme, the fluid solver imposes the
nodal temperature as Dirichlet boundary conditions on the solid interface, while the
structural solver imposes the heat flux on the fluid interface as Neumann boundary
conditions. This scheme is analogous to the ND coupling in mechanical problems,
where the fluid solver controls the interface displacement.
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On the other hand, the Flux-Forward Temperature-Back (FFTB) scheme is the thermal
counterpart of the DN mechanical coupling. In this scheme, the structural solver provides
the nodal temperatures at the interface as Dirichlet boundary conditions to the fluid solver.
Using these conditions, the fluid solver computes the heat flux at the interface and passes
it back to the structural solver as Neumann boundary conditions. The structural solver
then uses this heat flux to update the interface temperatures, and the process repeats until
system convergence. The FFTB scheme results in the following root-finding problem:

r = SVfs

{
FVsf

(
Ts

)} − Ts = 0

= T̂s − Ts = 0
(3.64)

Here, Ts is the vector of predicted nodal temperatures provided by the coupling algorithm,
and T̂s is the updated solid temperature returned by the solid solver based on the nodal
heat flux computed by the fluid solver with Ts as Dirichlet BC. It is important to note
that instead of directly transferring the normal heat flux 𝜙 from the fluid mesh to the
solid mesh, we transfer the total heat flux. This approach avoids the need to estimate
nodal normals, which are not clearly defined at the nodes of linear finite elements. The
transferred heat flux qs is then non-ambiguously projected onto the integration points of
the solid’s elements. A summary of different approaches is provided in Figure 76.

S

F

q T

1 – TFFB

S

F

T q

2 – FFTB

S

F

q ℎ ′𝚼

3 – HFFB

S

F

T ℎ ′𝚼

4 – HFTB

Figure 76: Schematic representation of different partitioned thermal coupling ap-
proaches. The HFFB and HFTB schemes indicated on the right, which are described
hereafter for the sake of completeness, are not used in this work.
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In this work, only the FFTB scheme has been implemented, as it is a straightforward adap-
tation of Algorithm 4, originally developed for mechanical coupling. The implementation
involves substituting displacement with temperature and replacing stresses with heat flux.
As a result, the problem (3.64) is solved iteratively at each time step using the same IQN
algorithm as for the mechanical problem:

T𝑘+1 = T𝑘 − J (
r𝑘

)
= T𝑘 − Ĵ−1

𝑘 r𝑘 + r𝑘
(3.65)

Here, the subscript S has been dropped for simplicity. The index 𝑘 refers to the iteration
of the IQN algorithm, and r𝑘 represents the residual interface temperature at the 𝑘-th
iteration. In the IQN-MVJ approach, the inverse of the modified Jacobian matrix Ĵ−1

𝑘 at
each iteration is approximated by updating the inverse Jacobian Ĵ−1

prv obtained at the end
of the previous time step:

Ĵ−1
𝑘 = Ĵ−1

prv + (
W𝑘 − Ĵ−1

prvV𝑘
)
V†
𝑘 (3.66)

with col𝑙 (V𝑘 ) = r𝑙 − r𝑙−1 and col𝑙 (W𝑘 ) = T̂𝑙 − T̂𝑙−1 for 𝑙 = 1, . . . , 𝑘 where the index 𝑙
corresponds to the 𝑙-th IQN iteration of the current time step. If no previous Jacobian is
available, it is set to zero and the IQN-ILS formulation is recovered. Since the temperature
is a scalar field, there is only one degree of freedom per node. Therefore, W𝑘 and V𝑘 are
rectangular matrices with 𝑘 columns and 𝑁s rows, where 𝑁s is the number of interface
nodes in the solid solver. This results in a significantly smaller system compared to the
mechanical problem. The IQN-MVJ iterations are stopped once the following convergence
criterion is satisfied:

𝜀 𝑘t =
| |r𝑘 | |

| |tol + T̂𝑘 | |
< 𝑡𝑜𝑙 (3.67)

Verstraete and Scholl [195] demonstrated that the FFTB scheme is unconditionally stable
if and only if the Biot number satisfies Bi < 1. Conversely, the TFFB scheme is un-
conditionally stable if and only if Bi > 1. However, it is important to understand that
these stability criteria were derived for a simple analytic 1D case. Previous works [30]
have shown that convergence can still be achieved for both the FFTB and TFFB schemes
outside their respective stability limits, when using the BGS coupling method with Aitken
relaxation [196]. Recall that the Biot number is defined as
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Bi =
ℎ

𝑘s
𝐿 (3.68)

Here, 𝑘s is the thermal conductivity of the solid, ℎ is the convective heat transfer coeffi-
cient, and 𝐿 is the characteristic length of the geometry under consideration. Within the
proposed coupling framework, heat fluxes and temperatures are directly exchanged at the
FS interface, eliminating the need for an explicit definition of the heat transfer coefficient.
Instead, it naturally emerges as an effective quantity based on the interface interactions, as
resolved by the solvers. In the next subsection, we demonstrate that convergence can be
achieved even beyond this stability limit using the IQN-MVJ method for unsteady regimes.
A summary of the thermal coupling strategy is provided in Algorithm 5.

T𝑛 𝑘 = 0

q𝑘 = FVsf
(
T𝑘

)
𝑡𝑛 → 𝑡𝑛+1

T̂𝑘 = SVfs
(
q𝑘

)
𝑡𝑛 → 𝑡𝑛+1

T𝑘+1 = T𝑘 − J (
T̂𝑘 − T𝑘

)

𝜀 𝑘+1
t < 𝑡𝑜𝑙

T𝑛+1

✓

✗

𝑘 + 1

Algorithm 5: Strategy for solving partitioned fluid-structure coupling problems with a
FFTB scheme, between time 𝑡𝑛 and time 𝑡𝑛+1. Recall that each call to S and F involves
the solving of a FE system within the current time step.
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The HFFB and HFTB Schemes

As a side remark, two alternative approaches can be found in the literature, the Heat
transfer coefficient-Forward Flux-Back (HFFB) and Heat transfer coefficient-Forward
Temperature-Back (HFTB) schemes. Both are based on the same principle [197, 198].
At the discrete level of the coupled problem, these schemes impose a convective heat
transfer relationship through a Robin boundary condition that combines heat flux and
temperature. In these approaches, an equivalent temperature Υ is computed on the fluid
side of the interface. The Newton’s law of cooling is then applied on the structural side
to compute a new heat flux, which is used as input for the structural solver:

Υ = 𝑇f − 𝒒f · 𝒏f
ℎ′

𝒒s · 𝒏s =
(
𝑇s − Υ

)
ℎ′

(3.69)

Here, ℎ′ represents a numerical heat transfer coefficient, typically estimated using the
fluid temperature from the first cells normal to the interface. Alternatively, a simpler
approach involves imposing a constant ℎ′ whose optimal value is not known a priori and
must be adapted to the specific test case. In practice, the value of ℎ′ primarily affects
the convergence rate of the coupling algorithm, without influencing the final result [195].
The resulting scheme is classified as either HFFB or HFTB, depending on the quantity
provided by the solid solver and subsequently used as input by the fluid solver, as shown
in Figure 76. If we define the numerical Biot number Bi ′ = Bi(ℎ = ℎ′) associated with the
numerical heat flux, Verstraete and Gimenez [195, 199] demonstrated that convergence
is guaranteed if

HFFB :
���� 1
Bi

Bi ′ − Bi
Bi ′ + 1

���� < 1

HFTB :
����Bi ′ − Bi

Bi ′ + 1

���� < 1
(3.70)

In practice, Thomas [30] has shown that the HFFB and HFTB schemes do not offer
significant advantages over the classical ND and DN approaches, even when the coefficient
ℎ′ is well-tuned. In fact, the average number of iterations required to achieve the desired
coupling tolerance with the HFFB and HFTB schemes is, at best, comparable to that of the
TFFB and FFTB schemes, respectively.
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3.4.2 Numerical Examples

This section presents the study of three different test cases. The first case involves
conjugate heat transfer in a hollow cylinder immersed in a laminar cross-flow. The
cylinder is treated as a rigid, fixed body, so the FSI is limited to thermal exchange with
the surrounding fluid. The main goal of this simulation is to assess the convergence
and stability of the FFTB coupling with IQN-MVJ. This is done by varying the solid
conductivity for two different Biot numbers, while keeping all other parameters constant.
The remaining two test cases are used to validate the results against existing literature in
both 2D and 3D.

Hollow Cylinder

An overview of the initial configuration for the hollow cylinder in a cross-flow is shown
in Figure 77. The solid conductivity is marked with an asterisk in Table 15 because it
can take different values in this example. To determine the conductivity that results in
the desired Biot number, one can substitute the known parameters from Table 15 into the
classical definition of the Biot number (3.68):

Bi =
ℎ𝐿

𝑘s
⇔ 𝑘s =

ℎ𝐿

Bi
(3.71)

The characteristic length 𝐿 in most problems is defined as the ratio between the solid vol-
ume and the cooled surface area [200]. For a 2D cylinder with radius 𝑅, the characteristic
length is given by 𝐿 = 𝜋𝑅2/(2𝜋𝑅) = 𝑅/2. The convective heat transfer coefficient ℎ
arises naturally as an effective quantity, determined by the interface interaction resolved
by the solvers, and is therefore not known a priori. To estimate the value of ℎ, one can
use the definition of the Nusselt number:

Nu =
ℎ𝐷

𝑘f
⇔ ℎ =

Nu 𝑘f
𝐷

(3.72)

Here, 𝐷 is the outer diameter of the hollow cylinder. The Nusselt number represents the
ratio between the total heat transfer and the conductive heat transfer at a boundary in a
fluid, but it is not known a priori either. However, Churchill and Bernstein [201] proposed
an empirical relation to calculate the average Nusselt number for forced convection over
a cylinder in cross-flow:
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Figure 77: Initial configuration of the heated cylinder test case whose simulation
parameters are indicated in Table 15. No-slip BC are applied to rigid and deformable
boundaries, and the fluid domain is closed without free surface.

Remesh Fluid Solid Coupling

𝛿 = 0.6 𝜌 = 1 kg/m3 𝑐p = 1 J/K 𝜑 = TPS

𝜔 = 0.6 𝑐p = 1 J/K 𝑘 = ∗ W/mK 𝑅 = 0.2 m

𝛼 = 1.2 𝑘 = 2.5 W/mK Δ𝑡max = 10−4 s

𝛽 = 0.2 𝜇 = 2.5 Pa s 𝑡𝑜𝑙 = 10−6

𝜀 = ∞ 𝛾 = 0 N/m

𝑡𝑜𝑙 = 10−8 𝑡𝑜𝑙 = 10−6

𝜌∞ = 0.01

Table 15: Simulation parameters for the heated cylinder whose initial configuration is
given in Figure 77. The governing equations are solved with the PSPG stabilization and
the edge splitting remeshing with level set.

156



Nu = 0.3
0.62 Re1/2Pr1/3[

1 + (0.4/Pr)2/3
]1/4

[
1 +

(
Re

282000

)5/8
]4/5

(3.73)

This correlation is claimed to be valid for Pr Re > 0.2. Here, Re is the Reynolds number,
which represents the ratio of inertial forces to viscous forces, and Pr is the Prandtl number,
defined as the ratio of momentum diffusivity to thermal diffusivity. The interest of equation
(3.73) is that it allows for the estimation of the Nusselt number without directly knowing
the heat transfer coefficient. Using the parameters from Figure 77, we have Re = 40 and
Pr = 1, which fall within the range of validity for this correlation. By substituting the
values of Re and Pr into Equation (3.73), and then injecting the resulting Nusselt number
into Equation (3.72), one has

Nu = 3.83

ℎ = 9.573 W/m2K
(3.74)

The first simulation is conducted with Bi = 0.2, where the solid conductivity is set
to 𝑘s = 11.967 W/mK. The second simulation corresponds to Bi = 5, with the solid
conductivity set to 𝑘s = 0.478 W/mK, which lies outside the theoretical stability limit of
the FFTB scheme. The simulation duration is set to 1 second, ensuring that the steady
state is reached before the simulation ends. Lastly, the mesh size-field on the fluid side is
determined by the function

ℎ
(
𝒙
)
= min

{
ℎ0 + 0.05 𝑑 (𝒙)2, ℎ∞

}
(3.75)

where ℎ0 = 2 cm, ℎ∞ = 20 cm and 𝑑 (𝒙) is the distance to the FS boundary. The
solid body is meshed using regular quadrilateral elements with a characteristic size of
ℎs = 2 cm at the exterior boundary. Initially, the two meshes are matching, but the edge
splitting remeshing may trigger refinement of the fluid elements at the FS interface and
disrupt the mesh alignment. Consequently, an interpolation method is required to map
nodal quantities between the fluid and solid interfaces. A comparison of the steady-state
temperature distribution over the wetted surface of the cylinder with numerical results
obtained using Ansys Fluent [183] is shown in Figure 78.
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These results demonstrate that our coupling framework converges and provides accurate
results for both Bi < 1 and Bi > 1 in the cases presented. On average, 2 and 2.8 coupling
iterations per time step are needed for Bi = 0.2 and Bi = 5, respectively, to reach the
coupling tolerance. Snapshots of the velocity profile in the fluid are shown in Figure 79,
while the temperature distribution in the fluid and inside the hollow cylinder is depicted
in Figure 80.

Flexible Beam

A case of convection in a 2D square cavity with a flexible beam is used to verify the
accuracy of the thermo-mechanical coupling and compare it with pure mechanical cou-
pling. This test case was first introduced and simulated by Long and Yang [202] using a
Smoothed Finite Element Method (S-FEM) combined with SPH. The initial configuration
is shown in Figure 81. The cavity is filled with fluid, and its density variation is modeled
using the Boussinesq approximation. The deformable beam is modeled using the finite
strain linear elastic law (3.45). It is important to note that gravity acts on the fluid but not
on the solid, in line with the setup presented in the literature. The mesh size-field for the
fluid is governed by

ℎ
(
𝒙
)
= min

{
ℎ0 + 0.05 𝑑 (𝒙), ℎ∞

}
(3.76)
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Figure 78: Temperature of the fluid-structure interface for the heated cylinder test case
in 2D, as a function of the angular coordinate. The first figure holds for Bi = 0.2 and the
second figure holds for Bi = 5.
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Bi = 0.2 Bi = 5

Velocity [m/s]

0 30 60 90 120

Velocity [m/s]

0 30 60 90 120

Figure 79: Snapshots of the particle finite element solution for the heated cylinder test
case whose initial configuration is given in Figure 77, at time 𝑡 = 1.0 seconds. The
parameters from Table 15 have been used.

Bi = 0.2 Bi = 0.2

Bi = 5 Bi = 5

Temperature [K]

285 298.75 312.5 326.25 340

Temperature [K]

285 301.25 317.5 333.75 350

Figure 80: Snapshots of the particle finite element solution for the heated cylinder test
case whose initial configuration is given in Figure 77, at time 𝑡 = 1.0 seconds. The
parameters from Table 15 have been used.
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Figure 81: Initial configuration of the flexible beam test case whose simulation parame-
ters are indicated in Table 16. No-slip BC are applied to rigid and deformable boundaries,
and the fluid domain is closed without free surface.

Remesh Fluid Solid Coupling

𝛿 = 0.6 𝜌 = 1 kg/m3 𝜌 = 103 kg/m3 𝜑 = TPS

𝜔 = 0.6 𝑐p = 1 J/K 𝑐p = 1 J/K 𝑅 = 0.1 m

𝛼 = 1.2 𝑔 = −10 m/s2 𝑔 = 0 m/s2 Δ𝑡max = 10−3 s

𝛽 = 0.2 𝑘 = 1 W/mK 𝑘 = 1 W/mK 𝑡𝑜𝑙 = 10−6

𝜀 = ∞ 𝜇 = 0.71 Pa s 𝜈 = 0.3

𝛾 = 0 N/m 𝐸 = 4 × 106 Pa

𝛼 = 0.071 K−1 𝛼 = 5 × 10−4 K−1

𝑡𝑜𝑙 = 10−6 𝑡𝑜𝑙 = 10−6

𝜆 = 0.5 𝜌∞ = 0.01

Table 16: Simulation parameters for the flexible beam whose initial configuration is
given in Figure 81. The governing equations are solved with the fractional step and the
edge splitting remeshing with level set.
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Here, ℎ0 = 5 cm, ℎ∞ = 20 cm and 𝑑 (𝒙) is the minimum distance between 𝒙 and the
solid boundary. The flexible beam is discretized using regular quadrilateral elements with
a characteristic size of ℎs = 5 cm. Both the fluid and structure are initially at rest and
isothermal, with a temperature of 600 K, while the top and bottom walls are adiabatic. The
beam deforms due to the thermal-induced motion of the fluid and due to its own thermal
expansion, as the temperature field inside the beam becomes non-homogeneous.

Figure 82 shows the time history of the vertical displacement at point 𝐴 (see Figure 81)
for two coupling scenarios. The first scenario disables thermal coupling, treating the
FS interface as adiabatic, but still synchronizes the displacement and surface tractions
between the two solvers. The second scenario enables both thermal and mechanical
coupling through FSPC, ensuring that the beam displacement, surface tractions, interface
temperature, and heat fluxes are synchronized at the FS interface. In both cases, our
results align with those in the literature. An overview of the temperature and velocity
fields for the solid and fluid are presented in Figures 83 and 84, respectively.

Floating Sphere

The 3D test case is adapted from the work of Oñate et al. [203], which employs a
Lagrangian formulation where the governing equations for the fluid and the structure are
expressed in a unified manner using the PFEM. The simulation involves a solid sphere,
initially at 270 K, falling and warming in a cylindrical tank initially at rest, filled with hot
water at 340 K.
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Figure 82: Tip 𝑦-displacement for the flexible beam test case in 2D. The initial position
of the tip is indicated by the point 𝐴 in Figure 81. The first figure enables mechanical
coupling. The second figure enables thermo-mechanical coupling.
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Mechanical Thermo-mechanical

Temperature [K]

564 579 594 609 624

Temperature [K]

564 579 594 609 624

Figure 83: Snapshots of the particle finite element solution for the flexible beam test case
whose initial configuration is given in Figure 81, at time 𝑡 = 35 seconds. The parameters
from Table 16 have been used.

Mechanical Mechanical

Thermo-mechanical Thermo-mechanical

Temperature [K]

100 350 600 850 1100

Velocity [m/s]

0 5.5 11 16.5 22

Figure 84: Snapshots of the particle finite element solution for the flexible beam test case
whose initial configuration is given in Figure 81, at time 𝑡 = 35 seconds. The parameters
from Table 16 have been used.
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Mechanical coupling occurs primarily through the Archimedes force applied to the sphere,
which is sufficiently stiff to render strains negligible. The initial configuration is shown in
Figure 85. The solid sphere is modeled as a linear elastic material and discretized using
tetrahedral elements with standard integration and uniform characteristic size. The mesh
size-field in the fluid domain is defined by

ℎ
(
𝒙
)
= min

{
ℎ0 + 0.1 𝑑 (𝒙), ℎ∞

}
(3.77)

Here, 𝑑 (𝒙) represents the minimum distance between the point 𝒙 and either the free surface
or the solid body. Two mesh discretizations are used: A coarse mesh with ℎ0 = 0.3 cm,
ℎ∞ = 1 cm, ℎs = 0.2 cm and a fine mesh with ℎ0 = 0.2 cm, ℎ∞ = 0.5 cm, ℎs = 0.1 cm.
Figure 86 compares the temperature evolution at the central node of the sphere, along with
its vertical coordinate, to reference results from the literature. The simulation results show
close agreement with the data reported in [203], with only minor discrepancies depending
on the mesh resolution. Figure 87 displays the mesh configuration of the free surface
and solid sphere at different time intervals, while Figure 88 illustrates the corresponding
temperature field over time.

7.
65

cm
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•𝐴

Figure 85: Initial configuration of the floating sphere test case whose simulation param-
eters are indicated in Table 17. No-slip BC are applied to rigid and deformable boundaries,
and the initial free surface is outlined in bold.

163



Remesh Fluid Solid Coupling

𝛿 = 0.8 𝜌 = 103 kg/m3 𝜌 = 600 kg/m3 𝜑 = TPS

𝜔 = 0.4 𝑐p = 103 J/K 𝑐p = 400 J/K 𝑅 = 0.01 m

𝛼 = 1.7 𝑔 = −9.81 m/s2 𝑔 = −9.81 m/s2 Δ𝑡max = 10−3 s

𝛽 = 0.2 𝑘 = 50 W/mK 𝑘 = 500 W/mK 𝑡𝑜𝑙 = 10−6

𝜀 = 0.1 𝜇 = 0.01 Pa s 𝜈 = 0

𝛾 = 0 N/m 𝐸 = 107 Pa

𝑡𝑜𝑙 = 10−6 𝑡𝑜𝑙 = 10−6

𝜆 = 0.5 𝜌∞ = 0.01

Table 17: Simulation parameters for the floating sphere whose initial configuration is
given in Figure 85. The governing equations are solved with the fractional step and the
edge splitting remeshing with level set.
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Figure 86: Temperature and 𝑦-coordinate of the floating sphere test case in 3D. The
initial position of the tracked node is indicated by the point 𝐴 in Figure 85. Note that the
position of the sphere was not available in [203] for comparison.
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1 – 𝑡 = 0.1 seconds 2 – 𝑡 = 3.0 seconds

Figure 87: Outline of the free surface for the floating sphere test case whose initial
configuration is given in Figure 85, at different time intervals. A zoom on the region
outlined by the red rectangle is also presented below.

𝑡 = 0.0 seconds 𝑡 = 0.5 seconds

𝑡 = 1.0 seconds 𝑡 = 3.0 seconds

Temperature [K]

330 332.5 335 337.5 340

Temperature [K]

330 332.5 335 337.5 340

Figure 88: Snapshots of the particle finite element solution for the floating sphere test
case whose initial configuration is given in Figure 85, at different time intervals. The
parameters from Table 17 have been used.
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3.5 Computation Times

Computation time is an important performance metric used to assess whether an algorithm
can run within an acceptable time frame. This section presents an overview of the
computation times for FSPC and PFEM3D across representative 3D test cases. The tests
were conducted on an AMD Ryzen Threadripper 3970X processor with 32 cores, running
Debian 12. PFEM3D relies on Eigen [204] for linear algebra operations and is compiled
using Intel MKL [205]. Specifically, the parallel direct sparse solver interface from MKL
is employed to solve the PSPG finite element system via LU factorization. When using the
fractional step scheme, the finite element matrices are symmetric and positive definite,
allowing the system to be solved with a Conjugate Gradient (CG) solver. This typically
offers better performance than a general LU factorization, particularly for large 3D meshes.
Parallel operations, such as assembling the global FE matrices, are handled using OpenMP
[206]. On the other hand, Metafor uses Intel TBB [207] for parallelization and MKL [205]
with LU factorization for the linear solver.

As a reminder, FSPC is a Python code that relies on efficient C++ and Fortran routines pro-
vided by the Scipy library [208]. In this study, Scipy is linked with MKL, which provides
multithreaded, optimized implementations of BLAS and Lapack routines. Specifically,
the computation of the inverse Jacobian (3.37) in the IQN-MVJ is performed using the
SVD decomposition algorithm DGESDD from Lapack [209]. The predictor update (3.37)
is computed with the least squares solver DGELSY, which finds the minimum-norm solu-
tion by performing a complete orthogonal factorization of the matrix. This least squares
approach is required because V is rectangular.

The RBF interpolation system (3.54) is symmetric and solved using the Bunch-Kaufman
LDLT factorization [210] with diagonal pivoting, implemented by the DSYTRF and
DSYTRS routines from Lapack. The key advantage of using a direct solver for RBF
interpolation, rather than an iterative solver, is that the factorization of A is computed
once per remeshing. This factored matrix can then be reused for multiple interpolations
(i.e. for each IQN iteration) at minimal cost, significantly reducing the overall execution
time. From our experience, the DSYTRF routine offers comparable accuracy and faster
computation than other Lapack routines, as long as the linear system is not nearly singular.
This is typically the case for most 3D configurations when the PFEM mesh at the interface
is unstructured. However, when A is singular or nearly singular, the DGELSD routine can
provide the least squares solution and handle rank-deficient matrices, albeit at the cost of
significantly higher computation time.
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Aortic Valve

This first study illustrates the dynamics of blood ejection from the left ventricle into the
aorta. We consider a simplified 2D plane strain model of the aortic valve, as described
by Delhez in [101]. The initial configuration of the problem is shown in Figure 89. The
fluid domain includes the left ventricle, two sinuses, and the initial section of the aorta.
The aortic valve is represented by two flexible leaflets, modeled using a linear elastic law
(3.45). It is important to note that this setup is a significant simplification of real heart
valves. In reality, aortic valves have three leaflets in a 3D geometry, each opening into
its respective sinus cavity. Furthermore, realistic leaflet models often incorporate fiber-
reinforced materials to capture the behavior of collagen fibers embedded in the tissue.
The primary objective of this test case is to replicate the fluid-structure interaction and
valve closure that separates the fluid domain into two distinct regions. This represents
a non-trivial configuration for evaluating the performance of the numerical codes. For
a more comprehensive analysis of blood flow and its interaction with arterial walls, the
reader is referred to the study [101], also conducted using FSPC.

The fluid is initially discretized with 3.4 × 104 triangles of characteristic sizes ℎf = 0.5
mm and 1.7 × 104 nodes of which 𝑁f = 244 are located on the FS interface. The solid is
discretized with 3039 quadrangle elements and 3464 nodes of which 𝑁s = 820 are located
on the FS interface. The blood flow is driven by imposing the temporal pressure variation
shown in Figure 90 on both the inlet and the outlet. This BC has been obtained from the
work of Nobari et al. [211] who measured clinical values of average coronary flow [212].
Inlet and outlet boundary conditions are applied using a single layer of Eulerian nodes
with prescribed pressure. These nodes remain fixed in space, effectively simulating fluid
entering and exiting the computational domain without requiring physical movement of
the inlet and outlet boundaries.

1.25 cm

2.5 cm 2.15 cm

1.6 cm

𝑊 = 0.05 cmin ou
t

Figure 89: Initial configuration of the aortic valve test case whose simulation parameters
are indicated in Table 18. No-slip BC are applied to rigid and deformable boundaries, and
the fluid domain is closed without free surface.
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Remesh Fluid Solid Coupling

𝛿 = 0.6 𝜌 = 1050 kg/m3 𝜌 = 1060 kg/m3 𝜑 = TPS

𝜔 = 0.6 𝑔 = 0 m/s2 𝑔 = 0 m/s2 𝑅 = 0.01 m

𝛼 = 1.2 𝜇 = 3.8 × 10−3 Pa s 𝜈 = 0.3 Δ𝑡max = 10−4 s

𝛽 = 0.2 𝛾 = 0 N/m 𝐸 = 107 Pa 𝑡𝑜𝑙 = 10−6

𝜀 = ∞

𝑡𝑜𝑙 = 10−8 𝑡𝑜𝑙 = 10−6

𝜌∞ = 0.01

𝑘n = 108 N/m2

Table 18: Simulation parameters for the aortic valve whose initial configuration is given
in Figure 89. The governing equations are solved with the PSPG stabilization and the edge
splitting remeshing with level set.
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Figure 90: Time series of the inlet (ventricle) and outlet (aorta) pressures during a
cardiac cycle. To compensate for the impact of the 2D geometry, a modified inlet pressure
is applied to ensure that the valve resists the applied pressure difference.
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Mathematically, pressure BC are not enforced as Dirichlet conditions on the primary
unknowns but are instead introduced as Neumann conditions in the weak formulation of
the PSPG, by adding the following surface traction contribution to the right-hand side of
the finite element system:

∫
ΓΣ

N3t 𝑑𝒙 = −
∫
ΓΣ

N3 𝑝(𝑡)n 𝑑𝒙 (3.78)

Here, ΓΣ denotes the Neumann boundary of the fluid domain, which holds for the inlet
and the outlet surfaces in Figure 89, 𝑝(𝑡) is the prescribed pressure defined Figure 90 at
a given time, and n is the outer unit normal to the fluid domain. As a reminder, N3 is
the matrix of shape functions associated with a 3D vector field introduced in the previous
chapter, and whose full expression is given in the Annex A. Note that, in the present test
case, the fields are defined in 2D.

Due to the simplified 2D geometry of the problem, the valve’s ability to block reverse
flow is significantly reduced compared to real-life configurations. To compensate for
this geometric limitation, a modified inlet condition is applied to ensure the valve can
withstand the imposed pressure difference. Additionally, a sticking contact condition is
enforced between the two leaflets to prevent sliding, keeping the valve closed as long as
the net normal force acts in the opposite direction to their outer normal vector.

Snapshots of the solution at various time intervals during a cardiac cycle are shown in
Figure 91. Figure 92 breaks down the total simulation time into its main computational
components. In these figures, TPS refers to the time spent on interpolation using the Thin
Plate Spline basis function, including both matrix assembly and interpolation. Solver
represents the time required to solve the fluid and structural equations at each time
step. MVJ denotes the time attributed to the coupling algorithm, while Update accounts
for additional operations needed to prepare the FE solvers for the next time step, such
as remeshing in the PFEM-LS, reinitializing boundary condition vectors, or storing the
equilibrium solution in memory.

Note that the MPI processes shown in Figure 92 run in parallel using a combination of
blocking and non-blocking operations. This parallelism complicates precise attribution
of execution time to individual components. For instance, the solution of the FE system,
grouped under the Solver category, requires coordinated execution and cannot be per-
formed concurrently by both processes. In contrast, both solvers can perform the Update
step in parallel, meaning the total time spent by FSPC on this step is less than the sum of
times reported by each process.
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𝑡 = 0.0 seconds 𝑡 = 0.15 seconds

𝑡 = 0.25 seconds 𝑡 = 0.8 seconds

Pressure [mmHg]

75 86.25 97.5 108.75 120

Velocity [m/s]

0 0.325 0.65 0.975 1.3

Figure 91: Snapshots of the particle finite element solution for the aortic valve test
case whose initial configuration is given in Figure 89, at different time intervals. The
parameters from Table 18 have been used.
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Figure 92: Shares of the total computation time (1.6 hours) for the aortic valve test case
using the PSPG formulation for the fluid. The initial configuration is given in Figure 89
and the simulation parameters are given in Table 18.
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Similarly, interpolation matrices can be assembled and factorized independently on each
process. As a reminder, the interpolation operators Vfs and Vsf are frequently updated to
reflect mesh configuration changes following remeshing. In practice, the majority of the
interpolation time is spent reconstructing the interpolation matrices A and B, as defined
in Equations (3.50) and (3.51), and performing the LDLT factorization of A. These
tasks collectively account for approximately 3% of the total execution time. Since the
interpolation matrices are assembled in parallel across both processes, this cost remains
relatively low compared to the overall simulation time.

A more detailed breakdown of computation times within the PFEM-LS solver is presented
in Figure 93. The figure shows that, when using the PSPG stabilization, most of the
execution time is spent on the linear solver, followed by the global matrix assembly.
In contrast, remeshing, which includes Delaunay tessellation and finite element mesh
initialization, accounts for approximately 5% of the total execution time. These operations
roughly correspond to Step 3 in the remeshing procedure described in the previous chapter.
More importantly, edge splitting refinement using the LS criterion, represented by the
categories Edge split and Level set, and corresponding to Steps 1, 2, and 4, accounts for
only 2% of the total computation time. Notably, our implementation of the LS criterion
using a ray-casting algorithm has a negligible impact on remeshing time, representing a
significant improvement over earlier approaches in the literature [79].
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Figure 93: Shares of the total computation time (1.6 hours) for the aortic valve test case
using the PSPG formulation for the fluid. The initial configuration is given in Figure 89
and the simulation parameters are given in Table 18.

171



The Build mesh category corresponds to Step 6 in the remeshing process, where the
tessellation is converted into a finite element mesh. The Assembly category includes the
computation of element matrices and their insertion into the global FE matrix. Finally,
Solve refers to the LU solver, including both matrix factorization and substitution steps.

Rolling Tank

The second study investigates the execution times for the simulation of a hanging plate in
a rolling tank in 3D, originally proposed by Souto-Iglesias et al. [213] in an experimental
setup. The benchmark has later been analyzed numerically in [214] with the SPH method
for the fluid, and a Volume-Compensated Particle Method (VCPM) for the solid. The
initial configuration of the problem is shown in Figure 94. The tank is subjected to a
smooth periodic rotation 𝜃 (𝑡) around the axis 𝑂 given by the following function:

𝜃 (𝑡) = 4 sin




2𝜋 𝑡

𝑄
(
1 + 𝑒𝑆−𝐾𝑡 ) + 𝑅 −𝑄

1 + 𝑒𝑡 +
(𝑅 −𝑄)𝑒𝑆−𝐾𝑡

1 + 𝑒𝑡




(3.79)

The parameters in Equation (3.79) were obtained by fitting experimental measurements
of the roll angle reported by Souto-Iglesias et al. [213], resulting in 𝐾 = 4.9, 𝑆 = 2.144,
𝑅 = 2.278, and 𝑄 = 1.278. The fluid domain is initially discretized with 1.5 × 105

tetrahedral elements of characteristic size ℎf = 0.5 cm, and consists of approximately
4.4 × 104 nodes, of which 𝑁f = 493 are located on the FS interface. The solid domain is
discretized using 780 regular hexahedral SRIPR elements and 1320 nodes, with 𝑁s = 969
nodes lying on the FS interface. In this study, structural deformation is modeled using a
Neo-Hookean material, characterized by the following strain-energy function:

Ψ =
𝐺0
2

(
tr C̄ − 3

) + 𝐾0
2

(
ln 𝐽

)2 (3.80)

Here,𝐾0 denotes the initial bulk modulus,𝐺0 is the initial shear modulus, 𝐽 = det(F) is the
determinant of the deformation gradient tensor, and C̄ is the modified right Cauchy-Green
deformation tensor with unit determinant. The deformation of the plate is analyzed by
tracking the horizontal displacement of the point 𝐴 indicated in Figure 94. A comparison
with results from the literature is presented in Figure 95 along with the mass variation
of the fluid. Snapshots of the mesh close to the FS interface and of the full solution are
presented in Figures 96 and 97.
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Figure 98 shows the fraction of total simulation time allocated to different components of
the software. The results confirm the earlier conclusion drawn from the 2D case. Both
the interpolation and the IQN-MVJ coupling consume only a small portion of the total
computation time, even when frequent remeshing operations are involved.
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Figure 94: Initial configuration of the rolling tank test case whose simulation parameters
are indicated in Table 19. No-slip BC are applied to rigid and deformable boundaries, and
the initial free surface is outlined in bold.

Remesh Fluid Solid Coupling

𝛿 = 0.8 𝜌 = 917 kg/m3 𝜌 = 1100 kg/m3 𝜑 = TPS

𝜔 = 0.4 𝑔 = −9.81 m/s2 𝑔 = −9.81 m/s2 𝑅 = 0.01 m

𝛼 = 1.7 𝜇 = 5 × 10−2 Pa s 𝐺0 = 2.2 × 106 Pa Δ𝑡max = 10−3 s

𝛽 = 0.2 𝛾 = 0 N/m 𝐾0 = 107 Pa 𝑡𝑜𝑙 = 10−6

𝜀 = 0.02

𝑡𝑜𝑙 = 10−6 𝑡𝑜𝑙 = 10−6

𝜆 = 0.5 𝜌∞ = 0.01

Table 19: Simulation parameters for the rolling tank whose initial configuration is given
in Figure 94. The governing equations are solved with the fractional step and the edge
splitting remeshing with level set.
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This finding also supports the observations of Thomas [30], who reported negligible
interpolation times during steady aeroelastic simulations of AGARD wings using SU2
[215]. In that test case, the mesh consisted of 2.48 × 105 fluid elements, with 𝑁s =

797 and 𝑁f = 6281 interface nodes. It is important to note, however, that SU2 is
not a PFEM solver. Therefore, no remeshing is performed during the simulation, and
the interpolation matrices remain unchanged. This significantly reduces the relative
computational cost of interpolation compared to total execution time. A more detailed
breakdown of computation times within the PFEM-LS solver is provided in Figure 99. In
the fractional step scheme, most of the execution time is spent on global matrix assembly,
followed by the linear solver.
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Figure 95: Horizontal displacement of the point 𝐴 indicated in Figure 94 and mass
variation of the fluid for the rolling tank test case in 3D. The dashed line refers to
experimental measurements by Souto-Iglesias.

1 – 𝑡 = 0.0 seconds 2 – 𝑡 = 5.0 seconds

Figure 96: Zoom on the fluid-structure interface mesh for the rolling tank test case
whose initial configuration is given in Figure 19, at different time intervals. Only the
bottom boundary of the fluid mesh is displayed.
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𝑡 = 0.0 seconds 𝑡 = 2.0 seconds

𝑡 = 2.2 seconds 𝑡 = 2.5 seconds

VM stresses [MPa]

0 0.065 0.13 0.195 0.26

VM stresses [MPa]

0 0.065 0.13 0.195 0.26

Figure 97: Snapshots of the particle finite element solution for the rolling tank test
case whose initial configuration is given in Figure 94, at different time intervals. The
parameters from Table 19 have been used.
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Figure 98: Shares of the total computation time (8.5 hours) for the rolling tank test case
using the fractional step for the fluid. The initial configuration is given in Figure 94 and
the simulation parameters are given in Table 19.
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In contrast, less than 10% of the total execution time is consumed by the remeshing
library, which manages Delaunay tessellation and mesh optimization (primarily to reg-
ularize slivers). These tasks roughly correspond to Steps 3 and 5 of the remeshing
procedure described in the previous chapter. Edge splitting refinement using the LS cri-
terion accounts for less than 3% of the total computation time, further demonstrating the
method’s efficiency in 3D.

In Chapter 2, two stabilizations have been presented. The PSPG stabilizes the system
by reformulating the continuity equation to relax the strict incompressibility constraint,
and leads to a monolithic formulation where the velocity and the pressure of the fluid are
solved together in a unified system. On the other hand, the fractional step scheme is a
projection method designed to break down the original Navier-Stokes system into smaller
sub-problems by decoupling the pressure and velocity variables, which introduces an
implicit stabilization effect by separating the momentum and continuity equations. While
the PSPG tends to produce more stable and accurate results, the fractional step has the
major advantage of being less computationally expensive due to the smaller size and the
symmetry of the sub-problems, allowing for a CG solver to be used. Evidences of this
are presented in Figures 100 and 101, where the PSPG has been used for simulating the
hanging plate in a rolling tank. Notably, the fractional step approach is roughly twice
faster than the PSPG for the present test case, and this difference is expected to increase
with the number of degrees of freedom in the fluid mesh.
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Figure 99: Shares of the total computation time (8.5 hours) for the rolling tank test case
using the fractional step for the fluid. The initial configuration is given in Figure 94 and
the simulation parameters are given in Table 19.
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Indeed, LU solvers typically exhibit O(𝑛3) complexity, where 𝑛 is the size of the matrix.
In contrast, the CG method has a typical complexity of O(𝑛𝑘), where 𝑘 is the number of
iterations required for convergence, and is generally much smaller than 𝑛. While these
estimates are characteristic of dense (i.e. non-sparse) matrices, they still illustrate the
superior scalability of the CG method as the system size increases.
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Figure 100: Shares of the total computation time (18.5 hours) for the rolling tank test
case using the PSPG formulation for the fluid. The initial configuration is given in Figure
94 and the simulation parameters are given in Table 19.
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Figure 101: Shares of the total computation time (18.5 hours) for the rolling tank test
case using the PSPG formulation for the fluid. The initial configuration is given in Figure
94 and the simulation parameters are given in Table 19.
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Obstructed Pipe

Until now, the test cases have featured solids with a relatively small number of nodes
compared to the fluid mesh, as well as a limited number of FS interface nodes on the
solid side. For example, in the rolling tank test case, the ratio between the number of FSI
nodes on the solid side and those in the fluid volume was around 0.65%. Given this, it is
worth exploring a case where this disparity is less pronounced. To this end, we analyze
the deformation of an obstacle obstructing a pipe. A time-dependent flow rate is imposed
at the pipe’s inlet, and the incoming fluid progressively fills the pipe, pushing the solid
obstacle out of the cavity. The initial configuration of the problem is shown in Figure
102. The solid structure is modeled using the hyperelastic strain-energy function (3.80).
The contact between the obstacle and the rigid pipe is governed by the Coulomb law of
friction.

The solid is discretized using a structured mesh of 14420 hexahedral SRIPR elements
and 𝑁s = 7772 nodes on the FS interface. The fluid mesh uses a uniform characteristic
size of ℎf = 1 cm and includes 𝑁f = 3888 nodes on the FS interface. As the simulation
advances, more fluid enters the pipe cavity, increasing the number of degrees of freedom
on the fluid side. The inlet velocity is initially zero and a constant acceleration of 𝑎 = 20
m/s2 is imposed. This profile enables the calculation of the mass flow rate into the pipe
and, in turn, the evolution of the total fluid mass:

𝑚(𝑡) = 𝜌𝜋𝑅2𝑎𝑡2

2
(3.81)

Here, 𝑅 = 5 cm is the inlet radius. Figure 103 shows the time evolution of both the
total fluid mass and the number of nodes in the fluid mesh, illustrating the good mass
conservation achieved by the PFEM-LS solver. In this simulation, the total number of
nodes in the fluid mesh remains lower than the number of nodes on the solid interface
until 0.3 seconds. As a result, the relative computational cost of the coupling algorithm
across the FS interface is expected to be more significant. Snapshots of the solution at
various time intervals are shown in Figures 104 and 105. Note that the rigid pipe boundary
is omitted from these visualizations. The total computation time for the obstructed pipe
test case was approximately 23 hours.
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18 cm

52
cm

21 cm 10 cm

4 cm 6 cm

48
cm

20 m/s2

1 – Top view

22 cm

18 cm 26 cm

2 – Back view

Figure 102: Initial configuration of the obstructed pipe test case whose simulation
parameters are indicated in Table 20. No-slip BC are applied to rigid and deformable
boundaries, and the initial free surface is outlined in bold.

Remesh Fluid Solid Coupling

𝛿 = 0.8 𝜌 = 103 kg/m3 𝜌 = 600 kg/m3 𝜑 = TPS

𝜔 = 0.4 𝑔 = −9.81 m/s2 𝑔 = −9.81 m/s2 𝑅 = 0.1 m

𝛼 = 1.7 𝜇 = 10−3 Pa s 𝐺0 = 2.2 × 106 Pa Δ𝑡max = 10−4 s

𝛽 = 0.2 𝛾 = 0 N/m 𝐾0 = 107 Pa 𝑡𝑜𝑙 = 10−7

𝜀 = 0.05 𝜇c = 0.15

𝑡𝑜𝑙 = 10−8 𝑡𝑜𝑙 = 10−6

𝜆 = 0.5 𝜌∞ = 0.01

𝑘n = 107 N/m3

Table 20: Simulation parameters for the obstructed pipe whose initial configuration is
given in Figure 102. The governing equations are solved with the fractional step and the
edge splitting remeshing with level set.
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Analytical Fluid mesh
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Figure 103: Evolution of the total mass of the fluid in the obstructed pipe and total
number of nodes in the fluid mesh. The numerical results are compared to the analytical
expectation from Equation (3.81).

𝑡 = 0.35 seconds 𝑡 = 0.45 seconds

𝑡 = 0.35 seconds 𝑡 = 0.45 seconds

Velocity [m/s]
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Velocity [m/s]
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Figure 104: Snapshots of the particle finite element solution for the obstructed pipe test
case whose initial configuration is given in Figure 102, at different time intervals. The
parameters from Table 20 have been used.
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𝑡 = 0.35 seconds 𝑡 = 0.45 seconds

𝑡 = 0.35 seconds 𝑡 = 0.45 seconds

VM stresses [MPa]

0 0.03 0.06 0.09 0.12

VM stresses [MPa]

0 0.03 0.06 0.09 0.12

Figure 105: Snapshots of the particle finite element solution for the obstructed pipe test
case whose initial configuration is given in Figure 102, at different time intervals. The
parameters from Table 20 have been used.
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Figure 106: Shares of the total computation time (22.8 hours) for the obstructed pipe
test case using the IQN-MVJ coupling. The initial configuration is given in Figure 102
and the simulation parameters are given in Table 20.
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Figure 106 shows the distribution of simulation time across different software components
for each MPI process. Notably, a significant portion of the runtime is spent on IQN steps,
indicating potential for further optimization. In the IQN-MVJ method, most of this time
is devoted to computing and operating on the inverse Jacobian in Equation (3.37). One
potential strategy to reduce this cost is to skip the update of the previous Jacobian and
instead rely solely on current time-step information, effectively reducing the method to
IQN-ILS iterations. However, as shown in Figure 107, the total execution time for the
IQN-ILS simulation is approximately 20% longer than for IQN-MVJ, primarily because
the latter averages 3.6 coupling iterations per time step, whereas the IQN-ILS requires
an average of 6.6 iterations to reach the same coupling tolerance, offsetting the time
saved by omitting the explicit Jacobian computation. To address this issue, matrix-free
variants of the IQN-MVJ, or IQN-ILS augmented by Surrogate Models (IQN-ILSM), have
been proposed in the literature [97, 216] with the aim to combine the no-tuning property
of the IQN-MVJ with the linear time complexity of the IQN-ILS method, while reusing
information from previous time steps to improve convergence.

Nevertheless, the execution time for the structural solver increased significantly compared
to the rolling tank test case, primarily due to the higher number of degrees of freedom and
the contact interaction with the pipe’s rigid boundary. Indeed, interaction between solid
bodies is enforced by introducing a stiffness-like term that penalizes interpenetration.
This method increases numerical cost because it modifies the system’s stiffness matrix,
making it more ill-conditioned and harder to solve.
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Figure 107: Shares of the total computation time (27.3 hours) for the obstructed pipe
test case using the IQN-ILS coupling. The initial configuration is given in Figure 102 and
the simulation parameters are given in Table 20.
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A more detailed breakdown of the execution times is provided in Figures 108 and 109.
In the second figure, the Contact category refers to the detection of contact between
the deformable body and the rigid boundaries, the Forces category accounts for the
computation of internal, external, and inertial forces, and Restart represents the time
required to save and load the last equilibrium solution into the current model.
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Figure 108: Shares of the total computation time (22.8 hours) for the obstructed pipe
test case using the IQN-MVJ coupling. The initial configuration is given in Figure 102
and the simulation parameters are given in Table 20.
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Figure 109: Shares of the total computation time (22.8 hours) for the obstructed pipe
test case using the IQN-MVJ coupling. The initial configuration is given in Figure 102
and the simulation parameters are given in Table 20.
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3.6 Material Rupture

Several finite element methods have been developed to model the complex physics of
fracture. One example is the Element Deletion Method (EDM), which simulates mate-
rial failure by removing elements that meet a predefined fracture criterion, such as the
Hancock and Mackenzie criterion [217], the Johnson and Cook criterion [218] or the
Bao-Wierzbicki criterion [219]. This method is easy to implement and computationally
efficient, making it ideal for large-scale simulations. Additionally, EDM can effectively
simulate material ejection or fragmentation resulting from impact and failure. However,
the method’s reliance on element removal introduces issues like mesh dependency, artifi-
cial mass loss, and challenges in accurately capturing crack paths and branching. Notably,
crack branching occurs when a single crack divides into multiple paths, creating distinct
fracture surfaces. In the following, we note by R the boolean function which indicates
whether the finite element meets the given rupture criterion. In other words, the finite
element 𝑒 is removed from the structural mesh if

R(𝑒) = True (3.82)

In contrast, the Interelement Crack Method (ICM) [220, 221] confines crack propagation
to predefined element edges, with crack separation governed by a cohesive law. ICM
is especially effective for modeling crack-face interactions, representing the interaction
between material parts that were once connected, and for capturing fracture energy
dissipation. While it offers a structured approach to crack evolution, its accuracy is highly
dependent on how well the mesh aligns with the crack path, which is unknown a priori.
Other examples of approaches for modelling material rupture include the Extended Finite
Element Method (XFEM), which incorporate special enrichment functions that allow the
modeling of cracks and discontinuities without requiring mesh refinement or remeshing
[222, 223]. In this work, we will use the EDM already implemented in Metafor.

3.6.1 Element Deletion Method

Within the partitioned FSI framework of FSPC, the rupture of the solid material can only
be triggered at the end of a coupling time step. This means that no solid elements are
deleted from the mesh until the IQN method has fully converged to an equilibrium solution
for the current time step.
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This limitation is primarily technical, since changes in the number of solid elements,
and consequently in the number of solid interface nodes, during the Newton-Raphson
iterations can cause a dimension mismatch between the matrices used in the algorithm.
For example, the IQN method depends on the least squares approximation of the Jacobian
matrix, which is constructed by assembling intermediate matrices, V and W, from the
difference in nodal quantities between successive iterations. If material rupture occurs
between iterations, the number of interface nodes may change, preventing the proper
computation of columns in V and W. Additionally, material rupture requires updating
the RBF interpolation matrices to reflect the new interface topology, which can become
computationally expensive if done repeatedly. At each FSPC time step, the following
operations are performed sequentially:

• First, the root-finding problem (3.28) is solved iteratively using either the IQN-MVJ or
the IQN-ILS procedure, depending on the availability of an initial Jacobian, to determine
the new fluid-structure equilibrium at time 𝑡𝑛+1. During the nonlinear iterations, the
solid deforms due to its interaction with the fluid, but material rupture is not triggered
by the structural solver.

• Once the equilibrium configuration at 𝑡𝑛+1 has been obtained, Metafor loops on its
finite elements. For each element 𝑒 in the solid mesh, the rupture criterion R(𝑒) is
evaluated. Broken elements are removed from the structural mesh, and the FS interface
on the solid side is updated to reflect the new mesh topology. This is done by retrieving
the set of surface elements E located on the new solid boundary (i.e. after material
rupture), and update the vector of nodal displacements us accordingly.

• Then, the updated set of surface elements E is communicated to the fluid solver, which
uses this information to rebuild its own FS interface based on the solid mesh topology.
Remeshing of the fluid domain is then performed using the edge splitting technique,
and the next time step is started.

• If topological changes in the FS interface are detected by FSPC, the mesh interpolation
operators Vfs and Vsf are recomputed based on the current configuration of the FS
interface nodes. Furthermore, if the detected changes are due to material rupture on
the solid side, the initial Jacobian Jprv used in the IQN-MVJ is reinitialized to zero in
order to avoid dimension mismatch in (3.36).
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Fluid Interface Update

The reconstruction of the FS interface on the fluid side, following material rupture on the
solid side, is performed using the set of solid surface elements E which is communicated
to the PFEM-LS solver. In practice, FSPC iterates over the fluid interface nodes and, for
each node, computes its projection onto the solid surface. If the distance between the
projected point and the original node exceeds a specified tolerance, the node is removed
from the FS interface. It is important to clarify that removing a node from the FS interface
does not mean removing it from the fluid mesh. Instead, the node’s FS interface tag is
cleared, effectively reclassifying it as a regular PFEM node. Such nodes typically become
part of the free surface, where their displacement is no longer prescribed by the solid
interface.

The second step involves iterating over the solid elements in E. For each of these elements,
including surfaces newly exposed to the fluid due to the element deletion algorithm, FSPC
generates new FS interface nodes on the surface defined by these elements, provided such
nodes do not already exist.

• • • •

Fluid mesh

Solid body

1 – Initial configuration

• • • •

Fluid mesh

✗✗

2 – Material rupture

• • • •
𝑑 > 𝑡𝑜𝑙

3 – Projection test

• •

• • •

•

4 – Rebuild interface

Figure 110: Example of FS interface reconstruction on the fluid side following material
rupture on the solid side. The free surface is drawn in bold, boundary nodes are drawn in
black and free surface nodes are drawn in white.
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This step effectively reconstructs the missing portion of the FS interface on the fluid side
following material rupture. If the characteristic mesh sizes of the fluid and solid differ at
the interface, the new fluid nodes must be created to conform to the target size field of
the PFEM mesh. As a result, the number of interface nodes generated per element in E
depends on the mismatch between the solid element size and the desired density of fluid
nodes at the FS interface. An illustration of this reconstruction process is provided in
Figure 110.

Before discussing the applications, it is important to revisit the concept of exclusion
zones introduced in the previous chapter. An exclusion zone is defined as a closed loop
discretized by segments in 2D, or a closed surface discretized by polygons in 3D. In the
PFEM-LS code, nodes and finite elements are not permitted within an exclusion zone.
As a result, the remeshing algorithm automatically deletes any simplex generated inside
this closed surface during tessellation. The primary purpose of exclusion zones is to
prevent unintended fluid penetration into the solid domain, or more generally, to stop the
fluid from crossing walls. This becomes especially important when dealing with thin
solid structures, where tessellation may inadvertently create simplices inside the structure
by connecting boundary nodes. Without exclusion zones, distinguishing these invalid
simplices from legitimate fluid elements can be challenging.

In FSI simulations involving material rupture, the fluid may propagate into cracks. How-
ever, the specific geometry of these cracks, particularly the staircase artifacts introduced
by the EDM method on regular hexahedral meshes, can increase the likelihood of remesh-
ing generating spurious elements within regions of the solid that have not fractured. These
unintended elements can be effectively eliminated using exclusion zones. To achieve this,
the set of elements E, which defines the updated solid boundary after rupture, is also
used to update the PFEM exclusion zone. This ensures that the exclusion zone accurately
reflects the current geometry of the solid, thereby preventing the creation of spurious
fluid elements within intact material regions. This mechanism relies on an efficient
implementation of ray-casting and AABB trees, as discussed in the previous chapter.

3.6.2 Numerical Examples

As an introductory example, we revisit the 2D dam break with obstacle presented earlier.
The initial geometry is shown in Figure 52, and the simulation uses the same parameters
listed in Table 6. However, a rupture criterion is now introduced into the structural model.
This criterion is based on a critical threshold of equivalent plastic strain within each
element. Specifically, a solid element is removed from the mesh at time 𝑡𝑛+1 when the
equivalent plastic strain 𝜀vp exceeds a user-defined limit:
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𝜀vp
(
𝑡𝑛
) + ∫ 𝑡𝑛+1

𝑡𝑛

√︂
2
3

Dvp : Dvp 𝑑𝑡 > 0.1 (3.83)

Here, Dvp denotes the viscoplastic strain rate tensor. The equivalent plastic strain is
computed at the integration points of each element, with the element-averaged value used
in the rupture criterion. It is important to note that equation (3.83) is not intended to model
a realistic material rupture, but rather to demonstrate the capability of our FSI framework
to handle significant topological changes in the solid structure. Snapshots of the solution
at various time intervals are shown in Figure 111. As observed, rupture initiates at
the base of the obstacle near the clamped region, where stress concentration and plastic
deformation are the highest due to constraints and fluid-induced reaction forces. After
rupture, the detached portion of the obstacle is carried by the fluid and eventually contacts
the ground. This contact is modeled using the Coulomb law (3.17) with 𝜇c = 0.15.

𝑡 = 0.0 seconds 𝑡 = 0.2 seconds

𝑡 = 0.28 seconds 𝑡 = 0.37 seconds

Velocity [m/s]

0 0.75 1.5 2.25 3

Velocity [m/s]

0 0.75 1.5 2.25 3

Figure 111: Snapshots of the particle finite element solution for the dam break test
case whose initial configuration is given in Figure 52, at different time intervals. The
parameters from Table 6 have been used.
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Water-Jet Cutting

The capability of FSPC to handle material rupture using EDM is further evaluated through
a water-jet cutting test case. Water-jet cutting is a manufacturing process that uses a high-
pressure stream of water, often mixed with abrasives, to erode and cut through materials
with precision. It is especially valued for producing no heat, making it ideal for cutting
temperature-sensitive materials. In this simulation, the solid undergoes extreme erosion,
leading to rapid degradation of the contact region between the fluid and the solid. This
scenario presents a challenging test case for FSI frameworks, as it involves significant and
continuous topological changes in the solid surface.

However, water-jet cutting typically operates in a hypersonic regime, where the assump-
tion of incompressible or weakly compressible Newtonian flow no longer holds. Conse-
quently, the governing equations presented in Chapter 2 are not applicable in this scenario.
Nonetheless, a fictitious test case can still be created as a proof of concept. Specifically,
the following example highlights our framework’s ability to simulate the progressive ero-
sion of material through its strong interaction with the fluid flow, but does not aim to
replicate real-life water-jet cutting scenarios.

The initial configuration of the problem is shown in Figure 112. The simulation is
carried out using an axisymmetric formulation, with the axis of symmetry aligned along
the vertical axis. Additionally, rigid-body motion and rotations of the structure are
constrained. The prescribed fluid velocity at the inlet is initially zero and a constant
acceleration of 1000 m/s2 is imposed. The solid structure is modeled as an elastoplastic
material, whose isotropic hardening is governed by the Swift law:

𝜎y = 𝜎0
y + 𝐻 𝜀 𝑛vp (3.84)

Here, 𝜎y denotes the current yield stress, 𝜎0
y is the initial yield stress, 𝐻 and 𝑛 are user-

defined material parameters, and 𝜀vp is the effective plastic strain. Two uniform mesh
refinement levels are considered. The coarse mesh uses a characteristic size of ℎf = 1.5
cm for the fluid and ℎs = 1 cm for the solid. The fine mesh adopts a uniform size of
ℎf = ℎs = 0.5 cm. The solid domain is discretized using a structured grid of regular
SRIPR quadrilateral elements. For simplicity, the rupture criterion applied is the same as
defined in Equation (3.83).
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Figure 112: Initial configuration of the water-jet cutting test case whose simulation
parameters are indicated in Table 21. No-slip BC are applied to rigid and deformable
boundaries, and the axis of symmetry is outlined in bold.

Remesh Fluid Solid Coupling

𝛿 = 0.6 𝜌 = 1000 kg/m3 𝜌 = 2700 kg/m3 𝜑 = TPS

𝜔 = 0.6 𝑔 = −9.81 m/s2 𝑔 = −9.81 m/s2 𝑅 = 0.1 m

𝛼 = 1.2 𝜇 = 10−3 Pa s 𝜈 = 0 Δ𝑡max = 10−4 s

𝛽 = 0.2 𝛾 = 0.07 N/m 𝐸 = 7 × 1010 Pa 𝑡𝑜𝑙 = 10−7

𝜀 = 0.1 𝐻 = 375 Pa

𝜎0
y = 106 Pa

𝑛 = 0.2

𝑡𝑜𝑙 = 10−6 𝑡𝑜𝑙 = 10−5

𝜌∞ = 0.01

Table 21: Simulation parameters for the water-jet cutting whose initial configuration is
given in Figure 112. The governing equations are solved with the PSPG stabilization and
the edge splitting remeshing with level set.
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Snapshots of the FS contact region obtained using the fine mesh are shown in Figure 113.
These images demonstrate that the fluid interface update procedure, outlined in Figure
110, effectively tracks the evolving solid boundary as Metafor removes elements that
satisfy the rupture criterion. In real-world water-jet cutting, the cut width is not perfectly
uniform but typically stays within a predictable range. This behavior is captured in the
numerical results shown in Figure 113. Pure water jets, which rely solely on high-pressure
water, tend to produce narrower cuts.

0.099 sec 0.105 sec 0.116 sec 0.123 sec

Velocity [m/s]

0 30 60 90 120

Velocity [m/s]

0 30 60 90 120

Figure 113: Snapshots of the particle finite element solution for the water-jet cutting
test case whose initial configuration is given in Figure 112, at different time intervals.
The parameters from Table 21 have been used.
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In contrast, abrasive jets, enhanced with abrasive particles, can cut through harder or
thicker materials and distribute force over a wider area, resulting in broader cuts. Figure
114 illustrates the time evolution of the hole’s depth and volume within the solid material.
Those results show that the depth of the hole is highly dependent on the mesh density.
Indeed, EDM leads to strain localization into the smallest admissible region allowed by the
mesh, typically a single or a few elements. As the mesh is refined, the effective region over
which failure localizes decreases, and so does the total energy dissipated, unless special
regularization is introduced. This results in mesh-dependent fracture energy, with finer
meshes producing more brittle responses and coarser meshes overestimating ductility or
toughness.
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Figure 114: Time evolution of the depth and volume of the hole excavated by the fluid
into the solid structure, for different mesh sizes. The volume is computed by a rotational
extrusion of the hole’s area around the axis of symmetry.

3.7 Example – Weak Compressibility

In a test case simulated by Anger et al. [224], an initially cylindrical hyperelastic body in
2D plane strain is compressed through a hyperelastic ridge by the force of the surrounding
fluid flow. In [224], this setup was designed to evaluate the formulation’s ability, using
a monolithic non-interface-fitted cut finite element method, to handle strong interactions
between the FS interface and the contact interface, including large contact areas and sig-
nificant topological changes. The initial configuration is shown in Figure 115. Following
[224], all physical quantities are nondimensional. The imposed normal velocity 𝑣̄n at the
inlet boundary follows a parabolic profile:
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𝑣 n
=
𝑣
(𝑦
)
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Figure 115: Initial configuration of the squeezed disk test case whose simulation param-
eters are indicated in Table 22. No-slip BC are applied to rigid and deformable boundaries,
and the fluid domain is closed without free surface.

Remesh Fluid Solid Coupling

𝛿 = 0.6 𝜌0 = 10−6 [-] 𝜌 = 10−6 [-] 𝜑 = TPS

𝜔 = 0.6 𝑔 = 0 [-] 𝑔 = 0 [-] 𝑅 = 0.1 [-]

𝛼 = 1.2 𝜇 = 10−5 [-] 𝐸d = 100 [-] Δ𝑡max = 10−4 [-]

𝛽 = 0.2 𝛾 = 0 [-] 𝐸w = 200 [-] 𝑡𝑜𝑙 = 10−6

𝜀 = ∞ 𝐾0 = 100 [-] 𝜈 = 0.3

𝐾 ′ = 1 [-] 𝜇c = 0.15

𝑡𝑜𝑙 = 10−6 𝑡𝑜𝑙 = 10−4

𝜌∞ = 0.01

𝑘n = 104 [-]

Table 22: Simulation parameters for the squeezed disk whose initial configuration is
given in Figure 115. The governing equations are solved with the PSPG stabilization and
the edge splitting remeshing with level set.
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𝑣
(
𝑦
)
= 𝑣max

[
1 − (𝑦 − 𝐻/2)2

(𝐻/2)2

]
(3.85)

Here, 𝑦 denotes the vertical coordinate, 𝐻 is the height of the pipe, and 𝑣max = 100.
The primary challenge in this test case, within our partitioned framework, arises from the
interplay between the boundary conditions and the fluid’s constitutive model. Specifically,
the setup includes an imposed velocity at the inlet, no-slip boundary conditions on
both rigid and deformable walls, and a solid body obstructing the outlet. Under these
conditions, the fluid between the inlet and the obstructed outlet becomes fully constrained
by Dirichlet BC on velocity, as illustrated in Figure 116. For an incompressible fluid,
this configuration demands exact compatibility between the prescribed inlet velocity
and the structure’s predicted velocity. Any mismatch would result in fluid compression
or expansion, leading to infinite pressure due to the incompressibility condition. In our
partitioned FSI framework, such compatibility may not be achieved until the fluid-structure
system reaches equilibrium. As a result, the coupling scheme can become unstable as
soon as the disk begins to obstruct the outlet [225].

One way to address this issue is to use the weakly compressible fluid formulation intro-
duced in the previous chapter. Allowing for slight compressibility relaxes the compati-
bility constraint between the inlet velocity and the structural displacement, enabling the
IQN iterative coupling to reach an equilibrium state more effectively. The solid structure
is modeled using the Neo-Hookean strain-energy function (3.80). Although Anger et al.
[224] do not provide the values of𝐺0 and 𝐾0 directly, they can be derived from the elastic
modulus 𝐸 and Poisson’s ratio 𝜈 given in the study, using the following relations:

𝑣̄n = 𝑣(𝑦)

𝒗
=

0 𝒗
=

0

𝒗̄ = 𝒗fsi

𝒗̄ = 𝒗fsi𝒗̄ = 𝒗fsi

Figure 116: Fluid domain located between the inlet of the pipe, the rigid walls and the
obstructed outlet, achieved once the disk enters into contact with the ridge. In such case,
all boundaries of the fluid are constrained by Dirichlet BC for the velocity.

194



𝐺0 =
𝐸

2(1 + 𝜈)
𝐾0 =

𝐸

3(1 − 2𝜈)
(3.86)

𝑡 = 0.0018 [-] 𝑡 = 0.0098 [-]

𝑡 = 0.0107 [-] 𝑡 = 0.0134 [-]

𝑡 = 0.0145 [-] 𝑡 = 0.0183 [-]

Velocity [-]

0 300 600 900 1200

Velocity [-]

0 300 600 900 1200

Figure 117: Snapshots of the particle finite element solution for the squeezed disk test
case whose initial configuration is given in Figure 115, at different time intervals. The
parameters from Table 22 have been used.
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The simulation parameters for the weakly compressible fluid and the hyperelastic structure
are summarized in Table 22. Here, 𝐸d and 𝐸w represent the elastic moduli of the disk
and the flexible walls, respectively, while the Poisson’s ratio 𝜈 = 0.3 is common to both
structures. Snapshots of the simulation at various time intervals are shown in Figure
117. As in the aortic valve test case, and as previously noted by Anger et al. in [224],
the topology of the fluid domain evolves from a single connected region to two separate
fluid regions once the structures come into contact. The fluid domain comes back to a
single-connected region once the disk exits the ridge structure.
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Chapter4
Conclusions
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4.1 Overview

In this thesis, the PFEM-FEM partitioned FSI framework was extended to support 3D
configurations, addressing key limitations of the PFEM and enabling simulations of com-
plex, dynamic loading conditions on the solid structure, including thermo-mechanical
interactions. Particular attention has been given to the performance and scalability of
the implementation. The proposed framework has been validated against a wide range
of experimental and numerical benchmarks from the literature. These benchmarks in-
clude the sloshing of a water tank, splashing and droplet separation, a dam break with
an elasto-viscoplastic deformable obstacle, the flow-induced deformation of hyperelastic
structures, the floating and warming of a solid sphere in a water tank, the dynamics of
blood ejection from the ventricle into the aorta, the large deformation of obstructing struc-
tures into a pipe, including solid-solid contact interactions, and a test case of water-jet
cutting featuring extreme topological changes induced by material rupture. The variety
of test cases and their agreement with published results in both 2D and 3D confirm the
robustness of the approach.

Related Works

To further illustrate the applicability of the method on real-life test cases, this subsec-
tion highlighting how the FSI coupling framework and PFEM3D, enhanced through the
contributions of this work, have been adopted by other researchers. A curated list of
publications and related projects is thus provided to showcase additional applications of
the codes and to guide readers interested in exploring these extensions. A first study by
Février et al. [100] presents a simulation of melt pool dynamics in the laser powder bed
fusion process, including phase changes and vaporization using PFEM3D alone. A second
publication by Fernández et al. [132] models melt pool dynamics in aluminum-to-steel
welds via friction melt bonding. Examples of experimental setup and of the melt pool
dynamics are presented in Figures 118 and 119. The simulations have been performed
by coupling PFEM3D and Metafor through FSPC. More recently, Delhez et al. [101,
226] investigated the interaction between non-Newtonian blood flow and arterial walls,
including aneurysm rupture and blood ejection, using the present FSI framework. An
example of rupture of cerebral aneurysm, taken from the study, is presented in Figure
120. Finally, Claeskens [227] studied thermal battery charging involving a phase-change
material, also achieved by coupling PFEM3D and Metafor through FSPC.
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4.2 Conclusions of Chapter 2

Chapter 2 introduced the PFEM-LS as a robust framework for solving fluid dynamics
problems involving large deformations and free surface flows. The methodology was
presented in detail, beginning with the discretization of the Navier-Stokes equations using
the PSPG and fractional step methods. The second part of the chapter focused on the
remeshing procedure, addressing three primary objectives. To the best of the author’s
knowledge, the proposed solutions represent original contributions to the PFEM field.
Each has been validated through a series of 2D and 3D benchmark tests drawn from the
existing literature. The conclusions for each objective are summarized below:

1 – Experimental setup 2 – Numerical setup

Figure 118: Example of experimental setup where a rotating tool is used to weld two
metallic plates. On the right, the 3D numerical setup presented in the study of Fernández
et al. [132]. The arrow indicates the direction of the tool displacement.

Temperature [◦C]

650 667.5 685 702.5 720

Velocity [mm/s]

0 0.7 1.4 2.1 2.8

Figure 119: Example of temperature and velocity profiles of the fluid inside the melt
pool of the aluminum plate located between the two steel plates. The figures have been
taken from the work of Fernández et al. [132].
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1 – Improved Mesh-Refinement in 2D/3D

The first objective focused on developing an automatic mesh refinement and coars-
ening procedure between successive remeshing steps, applicable to both 2D and 3D
geometries. As nodes are displaced by the flow, mesh resolution within the fluid do-
main becomes uneven, creating sparse regions where finer resolution is needed, and
dense areas where it is not. The proposed method, based on edge splitting, generates
higher-quality elements than the traditional centroid insertion approach and produces
smoother free surfaces. It also ensures that node distribution, and therefore mesh
resolution, follows a user-defined size-field ℎ(𝒙). This size-field is typically designed
to provide finer resolution near critical regions, such as free surfaces, and coarser
resolution elsewhere. In many industrial applications, especially in 3D, the use of
ℎ(𝒙) is crucial for reducing the number of degrees of freedom, and thus execution
time, without sacrificing solution accuracy.

The edge splitting refinement method relies on several user-defined parameters. The
parameter 𝛽 sets the minimum allowable distance between a fluid node and a solid
boundary. While it has little effect on mesh quality or density within the fluid,
using 𝛽 = 0.2 helps prevent nodes from inadvertently crossing into solid regions. In
contrast, 𝛾 and 𝜔 are key to controlling node density. Results show that 𝛾 = 0.6 and
𝜔 = 0.6 in 2D, and 𝛾 = 0.8 and 𝜔 = 0.4 in 3D, yield the closest match between the
user-defined size field and the actual element sizes in the mesh. These optimal values
were identified based on meshes generated using the Gmsh software [93].

Velocity [m/s]

0 1.25 2.5 3.75 5

Velocity [m/s]

0 0.8 1.6 2.4 3.2

Figure 120: Example of velocity field in a cerebral aneurysm obtained with the present
PFEM-FEM coupling framework. The second figure shows the rupture of the vessel’s wall
due to internal pressure. The figures have been taken from the work of Delhez [101].
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2 – Regularization of Mesh Degeneracies

The second objective addressed the regularization of degenerate tetrahedra (slivers)
that arise during Delaunay tetrahedralization of fluid nodes in 3D. Delaunay tessella-
tion is a key step in the remeshing process, as it updates mesh connectivity to maintain
well-shaped elements throughout the simulation. Regularization is achieved through
local edge and face flips, which adjust connectivity between neighboring elements,
and vertex smoothing, which repositions vertices away from flat configurations to
reshape slivers into better-formed tetrahedra. In this work, the open-source libraries
Gmsh [93] and TetGen [136] was used to successfully perform Delaunay tessellation
and mesh regularization.

3 – Improved Mass Conservation

The third objective addressed the issue of mass variation introduced by the remeshing
process. When two free surfaces come into proximity, the Delaunay tessellation may
generate connecting simplices, allowing separate fluid bodies to merge upon contact.
However, this can lead to artificial mass creation, as these newly formed elements
do not correspond to any actual volume in the last-known configuration of the fluid.
To mitigate this issue, an efficient implementation of the PFEM-LS approach was
proposed and extended to 3D geometries. This method introduces a signed distance
function as an additional filtering criterion to constrain the Delaunay tessellation,
using the previous fluid domain as a reference. As a result, it delays the merging
of fluid bodies until they are sufficiently close, significantly reducing spurious mass
generation compared to the classical PFEM formulation.

The PFEM-LS introduces two user-defined parameters, referred to as 𝛼 and 𝜀. The
first corresponds to the conventional 𝛼-shape criterion and is typically set to 𝛼 = 1.2
in 2D, as supported by the literature. By analogy, this work shows that 𝛼 = 1.7 offers
a comparable level of tolerance in 3D. The second parameter is associated with the
LS criterion and plays a critical role in controlling mass variation. Its optimal value
generally falls between 𝜀 = 0 and 𝜀 = 0.1 for free surface flows, depending on the
specific test case, and cannot be determined in advance. In theory, setting 𝜀 = 0 is
expected to yield the most physically accurate results, as it prevents fluid domains
from merging until they are in direct contact. This is achieved by disallowing the
creation of elements whose centroids lie outside the most recently identified fluid
domain. However, while the PFEM-LS approach effectively reduces artificial mass
gain, it does not address non-physical mass loss resulting from fluid separation.
Consequently, an excessively small 𝜀 may lead to gradual fluid loss over time due to
an imbalance between mass gain and loss.
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4.3 Conclusions of Chapter 3

Chapter 3 introduced the Dirichlet-Neumann (DN) partitioned coupling strategy as an
effective framework for simulating complex and dynamic loading conditions on a 3D solid
structure. These include thermo-mechanical interactions, free surface flows, material
rupture, and fluid flow through fractured zones. The methodology was presented in a
structured manner, beginning with an overview of the C++/Python multi-code coupling
software developed in this work, followed by a detailed explanation of the IQN method
in its ILS and MVJ variants. Each contribution to the FSI framework was validated using
a series of 2D and 3D benchmark tests from the literature. The conclusions for each
objective are summarized below:

4 – Multi-Vector Jacobian Coupling

A Python implementation of the IQN-MVJ coupling algorithm was evaluated against
the IQN-ILS method with Haelterman filtering, using benchmark tests from the lit-
erature. Although the IQN-MVJ method itself is not original to this thesis, its im-
plementation and evaluation within a 3D PFEM-FEM partitioned coupling framework
represent a meaningful contribution to FSI research. For the benchmark cases consid-
ered, the IQN-MVJ method showed a convergence rate comparable to, or better than, a
well-tuned IQN-ILS, without requiring filtering or manual tuning of input parameters.
The main drawback of the MVJ approach is the need to explicitly compute the Jaco-
bian matrix. When the number of structural interface nodes 𝑁s is small compared to
the total number of nodes in the fluid and solid domains, this overhead is negligible.
However, as 𝑁s increases and becomes comparable to the overall node count, the
cost of computing the approximation of the inverse Jacobian becomes significant.
Ultimately, the choice between IQN-MVJ and IQN-ILS involves a trade-off between
the cost of computing the inverse Jacobian, and the need for filtering and manual
tuning. Nevertheless, the IQN-MVJ remains advantageous in most cases. As a side
remark, alternative IQN methods have been recently proposed in the literature [97,
216] with the aim to combine the no-tuning property of the IQN-MVJ with the linear
time complexity of the IQN-ILS method.

5 – PFEM-FEM with Non-Matching Meshes

This contribution focused on simulating FSI with non-matching meshes, accounting
for frequent topological changes at the interface. These changes primarily stem from
two sources: The remeshing process, which may add, remove, or reorder nodes, and
topological modifications in the solid mesh due to material rupture.
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Although the Radial Basis Function (RBF) interpolation method is not original to
this thesis, its implementation and evaluation within the 3D PFEM-FEM partitioned
coupling framework represent a meaningful advancement in FSI research. A key
conclusion from this work is that consistent interpolation is generally preferable
to conservative interpolation, an observation that aligns with findings reported by
de Boer et al. [193] in quasi-1D settings. The consistent approach avoids non-
physical oscillations in interpolated nodal loads, which often arise when the target
mesh is as fine as, or finer than, the source mesh. This behavior occurs because
conservative interpolation tends to concentrate loads on solid nodes adjacent to fluid
nodes, leaving others unloaded. When solid elements are smaller, the magnitude of
these concentrated loads increases to conserve total energy at the interface. The sole
exception to this guideline arises when the solid mesh lacks sufficient resolution to
capture local variations in fluid loads at the FS interface. In such cases, conservative
interpolation can be beneficial, as it redistributes excess loads to neighboring nodes,
thereby improving the conservation of total work.

The second major conclusion concerns the choice of the RBF. Among those tested,
the Thin Plate Spline (TPS) demonstrated the most robust performance, consistently
delivering accurate results across a wide range of characteristic radius values (𝑅/ℎf =

0.01 to 20). Increasing 𝑅 generally improves the condition number of the TPS
interpolation matrix. In comparison, the C2 function achieves acceptable accuracy
only when 𝑅/ℎf > 6 and can enable the construction of sparse matrices. The level
of sparsity is proportional to 𝑁r/𝑁 , where 𝑁r is the number of nodes within the
cut-off radius, and 𝑁 is the total number of interface nodes. In the context of PFEM-
FEM coupling, TPS is particularly advantageous, as its accuracy remains unaffected by
variations in 𝑅, making it well-suited for non-uniform and evolving node distributions
at the FS interface. In contrast, the C2 function would require dynamically adapting
𝑅 to local node densities or using a globally large 𝑅, the latter of which diminishes
the primary benefit of C2 by reducing the sparsity of the resulting matrices.

The execution time for the interpolation remains negligible when the number of nodes
on the FS interface is small relative to the total number of nodes in the fluid and solid
meshes. However, it accounts for a larger percentage of the total simulation time as
𝑁s and 𝑁f approach the overall mesh size. Frequent changes in mesh topology can
further increase the cost of updating the interpolation matrices and their factorizations.
Nonetheless, interpolation time remained low across all tested configurations when
using the DSYTRF and DSYTRS routines from Lapack [209].
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6 – Thermo-Mechanical FSI Coupling

Thermo-mechanical PFEM-FEM coupling has been achieved by applying the same
DN strategy used in the mechanical interface, substituting nodal temperatures for dis-
placements and nodal heat fluxes for tractions. This approach, referred to as the FFTB
scheme, has been implemented in FSPC throughout this thesis to extend and validate
the proposed framework across a wider range of applications. Thermo-mechanical
equilibrium is reached iteratively using the IQN-MVJ method. A key advantage of
this unified coupling strategy is that thermal and mechanical quantities, temperatures
and displacements, heat fluxes and loads, can be exchanged simultaneously between
the fluid and solid solvers with minimal additional computational cost. This enables
seamless and efficient thermo-mechanical simulations. The FFTB scheme has been
successfully validated against several benchmark cases from the literature.

4.4 Perspectives

Despite the progress in FSI with the PFEM described above, numerous opportunities for
further improvement remain, and the PFEM continues to be an active area of research
with known limitations. One such limitation concerns mass conservation. While the
proposed PFEM-LS approach offers improvements, it does not fully resolve mass vari-
ation during remeshing. Another challenge lies in computational efficiency. Although
the PFEM is based on the standard Lagrangian finite element formulation, enabling the
use of dedicated, optimized numerical solvers, the need for automatic remeshing, the
frequent changes in mesh connectivity and node count reduce the method’s scalability on
computing clusters. These changes require frequent updates to the finite element matrix
pattern and the domain decomposition, which limits performance gains from paralleliza-
tion. Nevertheless, research is currently conducted on massively parallelized remeshing
on GPU [228, 229, 230]. This final section outlines a non-exhaustive list of potential
developments that, to the best of the author’s knowledge, warrant further investigation
and deserve priority in future research.

Boundary Representation

In the PFEM-LS code, boundaries are represented as sets of nodes that are part of the
fluid mesh only when they are wet (i.e. in contact with the fluid). When the boundary
is dry (i.e. not in contact with the fluid), these nodes behave as free nodes, disconnected
from any mesh element, and their motion is governed either by Newton’s second law or
by prescribed Dirichlet BC on the associated boundary.
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This boundary modeling strategy introduces mass variation, as elements must be dynami-
cally created to connect the boundary to the fluid domain, even though these elements are
absent in the last-known configuration of the fluid. Additionally, it can lead to irregulari-
ties and small non-physical oscillations at the free surface, particularly in 3D simulations.
These artifacts arise primarily from the initial position of boundary nodes, which often do
not align smoothly with the evolving free surface, resulting in a non-smooth interface.

In a recent study, Leyssens et al. [87] employed an external representation for the wet
boundary, independent of the fluid mesh. In this approach, the boundary is treated as
an analytical surface with which fluid nodes enter into contact, eliminating problems
related to node misalignment and to the creation of connecting elements with the walls.
For complex wall geometries, the analytical surface can be replaced by an external,
independent surface mesh M that serves as the fluid’s contact interface. This method
provides an elegant and effective, albeit more complex, way to model FS contact. The
main challenge with using an independent surface mesh is enforcing free-slip BC, as fluid
nodes must be constrained to move along an arbitrary, potentially non-smooth, discrete
surface. By contrast, implementing no-slip BC in PFEM3D with an external surface mesh
M is relatively straightforward. In practice, one can simply loop over the fluid nodes
at each remeshing or time step, and check if their smallest projection distance onto M
falls within a specified tolerance. If yes, the fluid node is projected on M, and becomes
a boundary node, assigned to the corresponding boundary tag. Whenever a boundary-
projected node detaches from the rest of the fluid, it is removed from the database. The
projection step can be optimized by using a KD-tree, as discussed in a previous chapter.
When performing FSI with a flexible solid boundary, the interface displacement computed
by the solid solver in response to the applied fluid load is interpolated onto the vertices
of M using the RBF method. These interpolated displacements then define the motion of
the fluid nodes in contact with the interface mesh.

Delaunay Refinement

In parallel with the work conducted during this thesis on the PFEM-FEM partitioned
coupling, Leyssens et al. [87] developed a Delaunay refinement algorithm with theoretical
quality guarantees, which has proven effective in maintaining stable and smooth free
surface geometries in 2D. Building on Chew’s method [82], the algorithm introduces a
size-field constraint to control element sizes. Although still under development, it has
been extended to 3D [95] and integrated into the Gmsh [93] library. A key advantage
of this implementation over other remeshing tools is that it is specifically designed and
optimized for use with the PFEM.
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Moreover, the development teams at UCLouvain (Gmsh) and ULiège (PFEM3D) are
already working in close collaboration. In our PFEM-LS code, Gmsh is already used
to generate the initial fluid mesh and to perform the tessellation of the cloud of nodes.
Therefore, once the new algorithm is officially released in Gmsh for 3D cases, integrating
it into PFEM3D should require minimal additional effort.

Explicit Coupling Strategy

To the best of the author’s knowledge, the IQN-MVJ coupling strategy remains the most
advanced implicit, fully partitioned technique available in the literature. However, Meduri
et al. [184] successfully applied the so-called Gravouil-Combescure [231, 232] explicit
coupling strategy for fluid-structure interactions. This method couples the solid and fluid
solvers using Lagrange multipliers, which help avoid stability issues caused by the added-
mass effect. The Lagrange multipliers can be physically interpreted as the interaction
forces at the FS interface. The main limitation of this approach is that both the fluid and
solid solvers must be modified to incorporate the Lagrange multipliers, preventing the
method from being fully partitioned. Nevertheless, when both solvers are in-house codes,
this modification is feasible and can potentially deliver better performance than the IQN
approach.

Decreasing CPU Times

There are many instances where computation time is the critical factor that determines
whether a simulation is feasible. Moreover, faster computations may indirectly enhance
accuracy, as they allow for the use of more refined meshes within the same time constraints.
For example, refining the mesh at the free surface of the fluid is a strategy to improve
mass conservation in the PFEM [78]. In this work, a NR iterative method is used to
solve the discretized formulation of the Navier-Stokes equation at each time step. The
resulting linear system is solved using an LU solver from Intel MKL when the monolithic
PSPG stabilization is employed. However, direct solvers are known to be computationally
expensive for large 3D systems. The fractional step method significantly speeds up
computations, as discussed in Chapter 3. However, it is generally less robust and accurate.
A promising direction for improving the fluid solver is to explore alternatives to the LU
solver, such as implementing (or interfacing with) an efficient, highly parallel GMRES
[233]. If the hardware supports it, utilizing GPU-accelerated linear solvers could further
enhance performance [234].
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Beyond the computational efficiency of the PFEM-LS, we have demonstrated that the FSI
coupling in FSPC can become computationally expensive in certain scenarios. Alternative
linear solver libraries could be explored to address this issue. However, it is important
to note that FSPC is written in Python. While Python is a highly versatile language for
scripting, pure Python loops and operations tend to be slow, as shown in Figure 121.
Additionally, the Global Interpreter Lock (GIL) limits Python to executing bytecode with
a single thread at a time, which prevents true parallel execution of CPU-bound tasks.
The limitations of Python’s multithreading can be overcome through multiprocessing,
as provided by the MPI interface for Python, a method successfully implemented in
[89]. However, its reliance on pure Python loops for parallel array assembly introduce
performance bottlenecks.

In this work, we made extensive use of Numpy vectorization [235] to avoid explicit loops
and improve computational efficiency. In contrast, languages such as C/C++ or Cython
offer more direct control over execution, enabling explicit loop implementation while
preserving high performance. Re-implementing FSPC in C/C++ or Cython could allow
for more natural optimization and parallelization, reducing the reliance on forced vector-
ization. Specifically, Cython provides a compelling alternative by combining Python’s
flexibility with performance levels close to C [236]. This approach could significantly en-
hance efficiency, especially for iterative computations requiring fine-grained performance
tuning.
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Figure 121: Comparison of the time needed by pure Python, Numpy, and Cython
implementations for computing the standard deviation of a million floats. A typical
C/C++ implementations with -O2 optimization is displayed for reference. The bar plot
has been reproduced from https://notes-on-cython.readthedocs.io.
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Annex A – Elemental Matrices
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