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ABSTRACT

This study focuses on the quasi-static stress and modal anal-
yses of a rotor blade by using classical and nonlocal elasticity
approaches. The finite element method with an additional numer-
ical integration process is used to evaluate the integral equation
of nonlocal contionuum mechanics. The blade is assumed to be
made of a linear elastic material of weak nonlocal characteristic.
Such materials can be composites, metallic foams, nanophased
alloys etc. A full-scale fan blade model is chosen as the test
case to represent the rotor blade for a modern high bypass ratio
turbofan engine. The boundary conditions and loads are cho-
sen based on the steady-state cruising operating conditions of
such blades. The nonlocal stresses are calculated by processing
the calculated local stresses. To calculate the nonlocal stresses,
the integral form of nonlocal elasticity is employed in the dis-
cretised domain. The results of the two cases are compared and
discussed.
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CAD Computer-aided drawing
3D Three dimensional

u Displacement

u  Velocity

a Nonlocal modulus

Y Nonlocal constant
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T Nonlocal constant

a Intrinsic length

| Extrinsic length

o Stress

€ Strain

e¢p Nonlocal material constant
Q Infinite domain

V  Finite domain

rpm  Revolutions per minute
Cij  Stiffness tensor

SS  Suction side

PS Pressure side

F Flapping mode

T Torsional mode

CW Chrodwise mode
Superscripts

nl Nonlocal

1 Local

INTRODUCTION

The idea of using power without humans being involved in
its generation is an idea which has been chased after starting
from ancient times. Aeolipile of Heron is one of the ancestors of
steam powered mechanisms. Furthermore, windmills and water-
mills use the power of wind and water stream to mill the grains.



Later, almost two centuries back from today, internal combus-
tion engines stepped onto the stage and dominated power gener-
ation. Nearly in the same period of time, engineers and scientists
started work on one of the most common power generation meth-
ods nowadays, turbines engines. While the future of the internal
combustion engines is in discussion, with a promising future, gas
turbines engines still attract attention so that even nanoturbines
are being researched [1].

As the first component of a gas turbine engine, the fan is cru-
cial. The fan is responsible for the air intake, which is directly
related to the efficiency of the engine. Furthermore, the fan con-
tributes to 80% of the thrust generated by the engine [2]. Increas-
ing the radius of the fan also increases the thrust [3]. Seeking for
more thrust brings problems with it. The geometry of the fan
blade must satisfy conditions in two different fields, aerodynam-
ics and solid mechanics. The blade must be long and slender
to provide more thrust and better efficiency while being able to
withstand the loads acting on it which are aerodynamic loads,
centrifugal loads and contact at the tip and at the root in steady-
state conditions [4—6]. Therefore, the design of the geometry
of the rotor blades is a multidisciplinary iterative process [7, 8].
The blades are primarily designed and formed based on aerody-
namic or similar fluid dynamics calculations. Then the designs
are checked with structural analysis. There are different struc-
tural modelling techniques for the blades. Based on the geometry
the first technique that comes to mind is to model the blade as a
shell [9]. But in some cases, shells introduce relatively compli-
cated expressions to be solved and usually, they are computation-
ally expensive. Hence, a simpler structure is used as an alterna-
tive modelling method, namely beams [10, 11]. However, simple
beam formulations may not be accurate enough for a detailed fan
blade modelling. Thus, beam formulations are modified to in-
crease the accuracy of the representation of blades by taking the
thin-walled structure of the blades into account [12]. Further-
more, reduced-order modelling is another modelling technique
that is applied to the fan blades as well [13]. Even though there
is research to do improvements on the fan blade geometry, it is a
fact that the shape of the blade is restricted [14]. The reason for
the restriction of the geometry, the design of the blade is mainly
controlled by the fluid flow. So, the design should not disturb the
flow which would lead to reduction thrust and efficiency. Hence,
the design does not offer much flexibility for solid mechanics
part of the system design.

With restricted geometry, engineers tend to do research on
improvement on the materials for the rotor blades [15]. Tradi-
tional metallic materials are limited for further improvements in
weight reduction and aerodynamic performance on rotor blades
with significant centrifugal loads. Larger densities of materials
cause large stresses in rotating parts. Therefore, higher specific
strengths are required from the material. Whereas modern en-
gineering materials such as foams and composites have much
more flexible and tailorable mechanical properties, relatively bet-

ter specific strength and lightweight in comparison to the tra-
ditional materials [16, 17]. However, mechanical modelling of
those modern materials might require more advanced techniques
than classical continuum theory, due to their nonhomogeneous
internal structures [18,19]. The internal structure of such modern
materials is usually inhomogenous. They are either composed of
multiple materials/phases and/or include cavities. Utilising dif-
ferent materials in the same structure helps to reduce the weight
without losing much of stiffness and strength. Whereas cavity in-
clusion might increase the stiffness and strength of the material
under certain conditions with strain hardening mechanism [20].

Those inhomogeneities limit the capabilities of the classical
continuum theory to handle the media as bulk and homogeneous
materials. Classical continuum theory essentially uses a volume
element to derive the equilibrium equations involving stresses,
body forces and inertial loads where this volume element is in-
finitesmal. Whereas in composites or foams, the volume element
has a minimum size to be representative [21]. This brings out the
need to have a scale dependency for a continuum theory since the
classical theory has no consideration of the scale [22]. Mindlin
is one of the first researchers who claimed the scale effect influ-
ences the material behaviour [23]. This is followed by the formu-
lation of another advanced continuum theory evaluating the scale
effect in atomic/molecular scale. This is called as the nonlocal
continuum theory developed by A. Cemal Eringen [24]. Non-
local continuum theory is one of the most advanced continuum
theories in the literature that are successful in modelling such
inhomogenous media with good accuracy [25]. One important
thing to note about the nonlocal continuum theory applied on
micro/nano continua, it is possible to validate the results of non-
local continuum theory with other methods such as molecular
dynamics [26,27].

To formulate accurately representative structures using non-
local continuum theory is harder in comparison to the classical
continuum theory. This is mainly because of the introduction
of complexities by the fundamental nonlocal integral equation.
Therefore, it more common to work with simpler formulations
such as beams, plates and shells [28-31]. To solve those for-
mulations, usually numerical methods are employed such as fi-
nite element method [32]. It is also possible to derive specific
element formulations for relatively more complicated cases the
same way it is used for classical applications with the nonlocal
terms added [19, 33-35].

This study looks into a problem of 3D quasi-static stress
analysis of a fan blade structure using finite element method. A
full-scale fan blade model is chosen as the test case to represent
the rotor blade for a modern high bypass ratio turbofan engine.
The blade is considered to be made of an isotropic, linear elas-
tic material of weak nonlocal characteristic. The loads and the
boundary conditions are arranged so that they are representative
of steady-state operating conditions. The stress analysis of the
nonlocal blade is done in two main steps. The first step is the



calculation of local stresses in the blade with the classical finite
element procedure. Following this, in the second step the local
stresses are postprocessed and the nonlocal stress components
are calculated by numerical evaluation of the integral equation of
nonlocal continuum theory. The local stress components of each
point in the blade multiplied with the nonlocal kernel function
and integrated over the domain. The results of local and non-
local stresses are compared as well as the natural frequencies.
Even though the industrial applications of such materials do not
currently exist, nanocomposites, nanophased alloys or any other
material which is likely to have nonlocal behaviour, might be-
come usable in the future [36,37].

MODELLING OF THE BLADE

A finite element study is conducted to model the behaviour
of the representative blade structure. The modelling process
starts with the generation of the CAD which is followed by mesh-
ing and preprocessing. Finally, the analysis is run and the stresses
displayed and also exported for further postprocessing. This sec-
tion describes this part of the study in some details. The flowchart
shown in Fig. 1 summarises the strategy.
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FIGURE 1. A SCHEMATIC OUTLINE OF THE STUDY

Finite Element Modelling of the Blade
Modelling of the blade starts with preparing the CAD. The
overall geometry and the main dimensions are kept similar to a

real fan blade which is as shown in Fig. 2. Hence, it is expected
to be a representative solid model. The CAD is drawn in Solid-
works and exported in universal CAD formats for further pro-
cessing in the finite element softwares. The prepared solid model
is shown in Fig. 3. The blade and the disc are considered as a
single body system for the sake of simplicity to remove contact
nonlinearities from the system. The contact introduces friction
to the system. This changes the static stress and displacements
significantly. Hence it is also to be stated the dynamic behaviour
is also affected dramatically [5].
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FIGURE 2. A FAN ASSEMBLY OF TRENT 500 DISPLAYED IN
DEPARTMENT OF MECHANICAL ENGINEERING AT IMPERIAL
COLLEGE LONDON

Following the preparation of the solid model, the CAD data
is migrated to the software Hypermesh for mesh generation.
Since the geometry is relatively complicated, quadratic tetrahe-
dral elements are used to mesh the structure. 47 419 elements and
78 266 nodes are generated as the result of the meshing process.
Doubling the node numbers, increased the stress levels by up to
3%. Therefore, it is judged that convergence is achieved. Tak-
ing note that the shear behaviour is to be captured by inserting
two rows of quadratic elements throughout the blade thickness.
Fig. 4 displays the final mesh. Pre-processing is done in the
same software. The material is taken as a titanium alloy Ti-6Al-
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FIGURE 3. CAD MODEL OF THE BLADE

4V, which has the elastic modulus of 110 GPa, Poisson’s ratio
of 0.31 and the density of 4600 kg/m>. The boundary conditions
and the loads are selected so that they represent the steady-state
operating conditions with caution. Hence, the rotational speed is
taken as 2000 rpm. The steady-state aerodynamic loads consist
of the pressure, due to the airflow. The aerodynamic pressure
distribution is calculated by using CFD computations.

FIGURE 4. BLADE MODEL AFTER MESH PROCESSING

Static pressure on the blade surface is obtained through
steady Reynolds-Averaged Navier-Stokes (RANS) computa-
tions. The software relies on edge-based finite-volume method
to solve 3D compressible RANS equations on unstructured grids
with Spalart-Allmaras turbulence model [38]. The chosen oper-

ating point corresponds to peak efficiency of the low-speed fan
at the nominal rotational speed. The pressure distribution on the
pressure side is given in Fig. 5.
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FIGURE 5. PRESSURE DISTRIBUTION ON THE PRESSURE
SIDE (UNITS IN [Pa])

Cyclic symmetry is applied at the boundaries of the disc sec-
tor [39].

After preprocessing is done, the model is exported from Hy-
permesh and imported to Abaqus. Using Abaqus, a static analy-
sis is run to obtain the stresses in the blade. The obtained results
are visualised and exported for further processing. The exported
stress data is used to calculate the nonlocal stress components.

For the modal analysis, the prestressed model is put through
the procedure and natural frequencies and mode shapes are ob-
tained. The effect of stress on natural frequencies is investigated.

NONLOCAL CONTINUUM THEORY

The nonlocal continuum theory assumes that the stresses of
the individual points depend on the strains of all the points that
lie within the whole domain. This dependency is defined over
a kernel/attenuation function which peaks when the distance be-
tween the points are zero and approaches to infinity when the
distance between the points increase. There are three essential
constants to define the attenuation function: material constant,
intrinsic and extrinsic lengths. This section covers basic details
of the nonlocal continuum theory applied within the scope of this



study, some details of the attenuation function and how it is to be
chosen as well as the calculation of inertial properties.

Integral Form of Nonlocal Elasticity

To explain the nonlocal elasticity theory it is a good start
to give the relation between the classical elasticity and nonlocal
elasticity in cartesian coordinates [26]. In Equation 1, the stress-
strain relation of a linear elastic material within the boundaries
of the classical theory of elasticity is given. The relation between
the local and the nonlocal elasticity theories is given in the Equa-
tion (2).
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ot (x) = /Q i (xxf) el (x) dQ 2)

In this equation, C;ji; represents the stiffness tensor of the
fourth-order, o f I the local stress tensor, & 7; , the nonlocal stress
tensor, &;j; represents the classical/local strain tensor and oy a
kernel tensor of the fourth order from which the kernel function
is to be built. Also, x/,x are the field points and the points of
interest respectively. These concepts are used in the definition
of the kernel function, which is handled in the following section.
The superscripts nl and [ refer to nonlocal and local respectively.
In isotropic continua, it is possible to distribute the kernel tensor
uniformly to the components of the stiffness tensor and a scalar
function remains as a factor within the integral. This is called
the kernel function. Executing the distribution, the equation be-
comes as shown in the Equation (3).

ot (x) = /Q a(x,x',r) Cijuel, (x) dQ 3)

Here C;ji; represents the stiffness tensor of an isotropic and
linear elastic material whereas & becomes the scalar kernel func-
tion. Combining the Equations (1) and (2) we get the relation
between the local and nonlocal stresses for a linear elastic mate-
rial. The form in the Equation (4) is obtained. This is called the
integral form of nonlocal elasticity [26].

ol (x) :/Qa (x,xl,r> ol (xl) aQ “4)

This integral is evaluated for each point of interest by scan-
ning the entire domain. The point of interest (x) is fixed while

the points of the field (X/) are floating and so the field is scanned.
During this scanning process, for each field point, the distance
between the point of interest and the field point is calculated and
used as input for the evaluation of the integral. The numerical
evaluation of the integral is shown in Fig. 6.

FIGURE 6. SCHEMATIC EVALUATION OF THE INTEGRAL

The Kernel Function and its Constants

Kernel function also called as the attenuation function, is the
key of nonlocal continuum theory. It is defined as a function of
the distance between field points, which are noted as x/, and the
point of interest which are noted as x, as well as the media it-
self. So the value of ¢ changes while scanning the domain for
integration, as it depends on the distance between points. More-
over, structural characteristics also have a dominant effect on the
function. Those structural factors can be summarised as follows:

Y : Size parameter

eq : Material constant

a : Characteristic intrinsic length
[ : Extrinsic length

7 : Nonlocal constant

Some of those concepts have relations which are shown in
Equations (5) and (6).

Y= eoa &)
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The nonlocal function o must satisfy the conditions below:



- When 7 — 0, o must converge to the form of a Dirac
delta function, which means the local and nonlocal elastic-
ity theories converge to each other and calculate the same
results for the same cases.

- Nonlocal tensor shows symmetry with respect to the field
X.

- The nonlocal modulus reaches its peak where x = X and
approaches to 0 as the distance between the point and the
field points increase.

- In an infinite space domain Q, the integral of ¢ in the do-
main is equal to 1. This is called the normalisation condition
and is shown in Equation (7).

/Qa (x,x//c) Q=1 )

- If calculations are to be done in a finite domain V which is
embedded in Q, the normalisation condition turns out to the
way shown in Equation (8).

/ro (x,x’,r) av' =1 )

Some of the constants of the kernel function, as mentioned
earlier, are material dependent and known, such as eg. But a and
[ are to be chosen based on the structure. The nonlocal constants
in this equation are chosen taking care of the normalisation con-
stant.

This normalisation condition alongside the limit condition
of the kernel function, when the distance goes to infinity, T —
0 also leads to a practical concept. A radius can be defined
where the nonlocal function has a significant effect on the actual
stresses.

In this study, the extrinsic length is chosen as the average
thickness of the blade, which is around 5 mm. Therefore [ is as-
sumed to be 5 mm. Since, in the scope of this paper, no specific
material is handled, the nonlocal size parameter 7 is used in the
calculations, which is the multiplication of the intrinsic length a
and the material constant ey. The chosen attenuation function,
which is a Gaussian function, is given in the Equation (9) [40].
It is also to be noted that the attenuation function has the dimen-
sions of force  length™.

/ _(x=x?
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Calculation of Inertial Properties and Nonlocal
Stresses

Proceeding to the mass/inertia properties, inertia terms are
modified by generating the relevant nonlocal component and
summing it with the classical local inertial terms [23,41]. Ki-
netic energy per unit volume 7 is expressed in Equation (10).

fpu il +W/ p" i i ldV' (10)

Here p is the density of the material and # is the velocity in
local and nonlocal theories to be distinguished based on the su-
perscripts. The relation between local and nonlocal components
of the density is given in Equation (11).

p" =p'y (11)

Plugging this relation into the Equation (10).

= fpu i +2—V,y2/ pldi1ii1av’ (12)

As the next step, the total energy is to be calculated by inte-
grating through the finite domain V. That integration is formu-
lated in Equation (13).

_ 1 . l-njy-n
T—/V [zpu 2v'7’2/ plilli ldv}dv (13)

The local stresses are calculated with the classical finite el-
ement model is used. The local stress data is exported. This
discrete data is numerically integrated to obtain the nonlocal
stresses. Here, it is important to note that the local strain field
is assumed to be the same as the nonlocal strain field and the
system is assumed to be weakly nonlocal.

RESULTS
Calculation of Local Stresses

The finite element model is used to calculate the stress and
strain distribution of the blade under quasi-static loading. The
blade is found to be safe under the prescribed loads and boundary
conditions as a result of the quasi-static analysis. In other words,
the maximum principal stress is below the standard range of yield



stress values of such materials. However, to evaluate the long-
term safety, an extensive research on the fatigue characteristics
of the blade structure is required.

Fig. 7 shows the logarithmic maximum principal strain dis-
tribution. The maximum logarithmic principal strain is approx-
imately 0.5 %. The strain values increase significantly towards
the root around the trailing edge of the blade, especially on the
pressure side. For the rest of the blade, the strain field is rela-
tively smooth.
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FIGURE 7. LOGARITHMIC MAXIMUM PRINCIPAL STRAIN
DISTRIBUTION

Similar comments can be made on the maximum principal
stress distribution. The stress distribution is presented in Fig. 8.
The stress concentrates around the same region, on the pressure
side, around the root, at the trailing edge. The maximum value
lies around 638 MPa which is safely below the yield strength of
the material Ti-6A1—4V titanium which is supposed to be around
1 GPa [14]. The existence of that stress concentration can be
explained with loads and geometry. The centrifugal load causes
tension as well as pressure causing bending which leads to more
tension on pressure side. Due to the non-uniform pressure dis-
tribution and geometry, there is a resultant twisting moment. So
there are shear stress components resulting from torsional defor-
mation. In terms of geometry, the trailing edge is sharper than
any other edge on this solid model. Higher curvature, of course,
creates higher stresses [14]. This combination generates a greater
value of principal stress. In the design process of a real fan blade,
this stress concentration must have been observed. Therefore, the
thickness around the root, and especially at the edges, increase
significantly, as shown in Fig. 9.

Furthermore, there is a region on the suction side where rel-
atively higher stresses are observed. This is interpreted to oc-
cur due to the higher curvature of the blade which causes stiffer
bending behaviour. Additionally, twist introduces shear stress of
significant magnitude as well. Therefore, the principal stresses
there, are higher, whereas, around the root at the suction side,
lower stress values are observed. This is caused by the introduc-
tion of stresses of opposite characters by the external loads. The
centrifugal loads introduce tension around that region whereas
the pressure leads to compression due to bending. These two op-
posite characteristic of stresses reduce the resultant stress value.
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FIGURE 8. LOCAL MAXIMUM PRINCIPAL STRESS DISTRI-
BUTION (UNITS IN [Pa])

FIGURE 9. THICKNESS CHANGE AROUND THE ROOT



Calculation of Nonlocal Stresses

As explained in some details in the previous section, the cho-
sen attenuation function is plugged into the normalisation equa-
tion and the necessary constants are calculated. Fig. 10 is the
plotted normalised attenuation function that is used to calculate
the nonlocal stresses. This function fulfils each and every condi-
tion which is described by the nonlocal continuum theory.

To introduce a practical concept, the expression “influence
radius” is used in this paper. This concept describes the max-
imum distance between the field points and the points of inter-
est, at which the nonlocal attenuation function has practically
nonzero values to make significant changes in the resultant non-
local steess when not included in the integral. It is to be observed
that there is a practical influence radius, which is around 2 times
the extrinsic length /. To note that /, is chosen as S mm based on
an average thickness value of the blade. So the radius where this
integration makes a significant difference lies about 12.5 mm.

Change of Attenuation Function with Distance
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FIGURE 10. NONLOCAL ATTENUATION FUNCTION IN NEAR
NEIGHBOURHOOD

The stress data is exported from the finite element simulation
of the blade and imported into Python for further processing. The
integral given in Equation (4), is discretised and the local stresses
are put through that triple integration process being multiplied
with the attenuation function. The results, the nonlocal stress
components are taken and the maximum principal stresses are
calculated. Fig. 11 displays the nonlocal principal stresses.

The distribution is generally similar but the values of stress
generally increase. This is visible in Fig. 11. The maximum
stress increases more than 20%. The peak of the maximum prin-

cipal nonlocal stress is calculated as 789 MPa whereas the local
respective value is 638 MPa.
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FIGURE 11. NONLOCAL MAXIMUM PRINCIPAL STRESS DIS-
TRIBUTION (UNITS IN [Pa])

It is also to be noted that there is no constant ratio between
local and nonlocal stresses, as this is a relatively complicated in-
tegral operation. The ratio of nonlocal and local stresses grows
with the magnitude of the local stresses. This increases the differ-
ence between nonlocal and local stresses around stress concen-
trations. In other words, the stress concentration factors increase.
Fig. 12 displays the maximum principal stress distributions for
both local and nonlocal theories around the stress peak near the
root on the pressure side. Fig. 13 and 14 are plotted for bet-
ter visualisation of this fact of this phenomena. The local and
nonlocal stress values that are taken from the local finite element
points are compared to the nonlocal stresses taken from the same
locations. Fig. 13 is taken from the stress concentration region,
whereas Fig. 14 is taken from where the stress levels are signifi-
cantly lower. It is to be seen that the increase is more significant
around the stress concentration than a location where stresses are
less. This also affects the design of the blade, as the safety in-
spections are usually done with the maximum values.

Modal Analysis of the Blade

After manipulating the mass properties to improve the accu-
racy of the nonlocal dynamic calculations and with the obtained
nonlocal stress field, it is possible to run some modal analyses on
the blade with nonlocal properties. In both, local and nonlocal
cases, the stress fields are kept as well as the boundary condi-
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tions. With varying rotational speeds and pressure distributions
as the pressure distribution mainly depends on the rotation speed
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FIGURE 14. COMPARISON OF LOCAL AND NONLOCAL
MAXIMUM PRINCIPAL STRESS DISTRIBUTIONS NEAR TIP

of the fan, modal analyses are run. The first five natural frequen-
cies and mode shapes are included in this manuscript. The first
five mode shapes of the blade are presented in Fig. 15

The comparison of natural frequencies depending on the ro-
tation speed is presented in Fig. 16. It is to be seen that the
frequencies decrease as the nonlocality takes effect. Therefore,
the lower natural frequencies belong to the results of calculations
with nonlocal theory fields. The nonlocal stiffness and mass ma-
trices both are greater then the local properties. Even though,
a frequency shift occurs. This is because of the components of
the mass matrix grow more significantly in comparison to the
components of the stiffness. Although the difference is approxi-
mately between 2 and 5 %. The first This can be explained with
the weak nonlocal characteristics of the material considered in
this study.

CONCLUSIONS

In this study, the stress and modal analysis of a representa-
tive structure of an aero-engine’s fan blade is investigated. To do
the analyses, local and nonlocal theories are employed and their
results are compared.

The nonlocal stresses are obtained by postprocessing the lo-
cal stresses using the discretised version of the integral equation
of the nonlocal continuum theory while the mass properties are
manipulated by generating the nonlocal terms and adding those
to the classical mass properties.

The first five natural frequencies are found to be slightly
lower in nonlocal theory in comparison to the local theory. How-
ever, the nonlocal theory calculated the stresses to be relatively
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FIGURE 15. MODE SHAPES OF THE BLADE

higher than the local theory. But it crucial to note that the
strongly nonlocal a system gets, those changes get more dra-
matic. Therefore the new generation materials that obey the con-
stitutive laws of nonlocal theory, are to be handled in engineering
designs with more care and caution.

In the future, it is planned to investigate the effect of the
variation of the nonlocal modulus on the behaviour of the sys-
tem. It is also aimed to include the nonlocal damping properties
for the mechanical systems, as the damping also needs to be re-
viewed as the mass and stiffness properties. Including damping
in engineering calculations is crucial for accurate predictions of
mechanical characteristics and behaviour of the systems. Fur-
thermore, frequency-domain modelling is also to be done to be
able to analyse the dynamics of nonlocal systems.
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