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Assembled structures tend to exhibit nonlinear
dynamic behaviour at high excitation levels due to
the presence of contact interfaces. The possibility of
building predictive models relies on the ability of the
modelling strategy to capture the complex nonlinear
phenomena occurring at the interface. One of these
phenomena, normally neglected, is the fretting wear
occurring at the frictional interface. In this paper, a
computationally efficient modelling approach which
enables considerations of the effect of fretting wear
on the nonlinear dynamics is presented. A multi-
scale strategy is proposed, in which two different
time scales and space scales are used for the contact
analysis and dynamic analysis. Thanks to the de-
coupling of the contact and dynamic analysis, a more
realistic representation of the contact interface, which
includes surface roughness, is possible. The proposed
approach is applied to a single bolted joint resonator
with a simulated rough contact interface. A tendency
towards an increase of real contact area and contact
stiffness at the interface is clearly observed. The
dynamic response of the system is shown to evolve
over time, with a slight decrease of damping and
an increase of resonance frequency, highlighting the
impact of fretting wear on the system dynamics.

1. Introduction
In aerospace applications, high-performance structural
analysis is needed to provide accurate predictions of
the vibratory response levels of various components [1].

2019 The Author(s) Published by the Royal Society. All rights reserved.
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In particular, assembled structures are characterized by contact interfaces which are a source
of damping and can alter the dynamics of the system [2]. For this reason, a standard linear
analysis is not enough, and nonlinear analysis is necessary to capture the more complex dynamic
behaviour. One of the most common approaches to model this class of dynamic problems with
contact relies on the use of harmonic balance method (HBM) solvers to calculate the steady-
state nonlinear response of the system [3]. From initial studies with lumped mass models [4],
and thanks to the development of powerful reduction techniques [5], it has then been possible
to study more realistic structures using large-scale finite-element models. In order to include
the contact nonlinearity in the model, the contact interface is commonly discretized with a grid
of three-dimensional (3D) node-to-node Jenkins elements [6,7] or alternatively either one or a
few micro-slip elements [8,9]. One main simplification of these models is that the interfaces are
smooth, and the contact parameters are simply ‘tuning’ factors. More recent attempts [10,11]
have tried to address this, by developing new approaches to include the effect of roughness
in the dynamic simulations and link the contact parameters to the micro-mechanics of the
contact. Despite the significant research efforts, the vast majority of the proposed modelling
approaches rely on the main simplification that the contact interface does not change over time.
This simplification clearly does not correspond to reality, as fretting wear due to the oscillatory
dynamic loadings will cause a modification of the interface.

A large number of wear models has been developed in the past with the Archard’s law
being a recognized and well-accepted reference [12]. In the last decade, some researchers such
as Fouvry et al. [13] have investigated the link between the wear response and the energy
dissipation of a tribo-system. Starting from the idea that friction and wear are irreversible
processes which disorder a system and generate entropy, several researchers have developed a
variety of thermodynamic models [14,15]. Although these latter approaches can better capture the
complexity of the wear phenomena, the large number of parameters and variables required for
their calculations make their use impractical for many applications. In addition to a wear model,
computational techniques are required to solve the contact problem and predict the amount of
wear. Several different techniques have been used, including finite-element method (FEM) [16],
boundary element method (BEM) [17], finite-discrete element method (FDEM) [18] and molecular
dynamics (MD) [19].

Although the study and modelling of fretting wear is an established research field on its
own, very few attempts have been made to include fretting wear in dynamic models. For this
reason, there is still a lack of understanding concerning the impact that fretting wear may have
on the dynamic response of a system with frictional contacts. Some researchers, such as Sextro
[20] or Pettigrew [21] focused on the evaluation of wear resulting from the vibrations of the
system, rather than the effects of wear on the dynamics. Other studies investigated the effect of
mistuning of bladed discs caused by the wear of underplatform dampers [22,23]. Salles et al. [24]
proposed a multi-scale approach for the numerical treatment of vibrating structures undergoing
fretting-wear. The key idea was the introduction of two different time scales, a slow one for the
contact evolution and a fast one for the dynamic calculation. In this numerical study, the coupling
between the dynamics and tribology caused by fretting wear was highlighted for the first time. It
was shown that even small modifications of the surface (few micrometres) had an impact on the
dynamic response of the system.

In this paper, a multi-scale approach to model the effect of fretting wear on the nonlinear
dynamics of structures with frictional contacts is presented. In addition to the use of two time
scales similarly to [24], two different space scales are also introduced for the contact and dynamic
analysis. For this reason, a BEM-based contact solver is used which allows reproducing the
contact roughness in details without increasing the computational cost required for the dynamic
computation. The general idea of this approach was initially presented in [25], but was limited
to smooth contacts and to a specific damper model application. In this paper, the approach is
generalized to treat rough contacts, as this represents a fundamental step for a more physical
description of contact interfaces. In fact, real engineering surfaces are rough at the micro-scale,
and fretting wear causes a modification of the roughness characteristics of the interface, leading
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to a different normal and tangential contact behaviour. This, in turn, may lead to a different
dynamic response of the system. Therefore, it is believed that for a predictive dynamic model,
surface roughness should be included to better capture the effect of wear on the evolution of the
contact conditions.

2. Modelling approach
In the following sections, the general structure of the modelling approach is presented in details.
The proposed approach unifies techniques that have been used for a while in their respective
fields of nonlinear dynamics and contact mechanics in a new comprehensive framework. The
proposed approach is then applied to a single lap joint resonator (see §3), and a detailed analysis
of the results is shown in §4.

(a) General structure of the multi-scale approach
Fretting wear is a complex multi-scale phenomenon, and therefore a multi-scale approach seemed
natural to tackle this problem. In the proposed multi-scale approach, two different discretizations
of the contact are used for the dynamic and contact/wear analysis. A macro-scale is used for the
dynamic simulations which require capturing the local deformations at the interface, whereas a
meso- or micro-scale is used for the contact analysis, which allows capturing the fine details of
the roughness. The same multi-scale strategy is used in time, where a fast scale is introduced for
the dynamic analysis, whereas a slower scale is used for the tribological phenomena.

The proposed multi-scale approach is based on three separate tools: (i) a dynamic solver based
on the multi-harmonic balance method, (ii) a contact solver based on boundary integral equations,
that allows the inclusion of roughness in the contact analysis, and (iii) an energy wear approach
to compute the contact evolution due to fretting wear. The general structure of the proposed
approach is summarized in figure 1. It is worth noting that two assumptions were made in this
approach for simplification:

— The depth of wear is considered to be very small relative to the characteristic dimensions
of the structures in contact, which is why the changes due to wear of the mass and
stiffness matrices used in the dynamic analysis are neglected. This assumption seems
to be acceptable for most engineering structures apart from special micro- or nano-scale
applications.

— The dynamic and refined contact analyses are solved separately and in an uncoupled
iterative way. Therefore, wear is assumed to remain constant during the dynamic
analysis, and similarly, the nonlinear dynamic contact forces are assumed to remain
constant during the wear computations. This assumption is stronger, but it is necessary
as it allows to significantly simplify the treatment of the problem. More details on the
impact of this assumption are given in §2d(i).

In what follows, the nonlinear dynamic analysis §2b, the contact solver §2c and wear computation
§2d are briefly described, and then their use within the general multi-scale approach is explained
in detail §2e.

(b) Nonlinear dynamic analysis
The nonlinear dynamic response of the system is obtained using a multi-harmonic balance
(MHBM) solver, which is implemented in the in-house code FORSE (FOrced Response SuitE).
A detailed explanation of the methods used in the code can be found in [26,27], and only a brief
overview is presented here. The main advantage of a frequency-based MHBM approach is that it
allows a much faster computation of the nonlinear steady-state response of the system compared
to time-domain approaches. The drawback is that transient phenomena cannot be captured with
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Figure 1. General scheme of the multi-scale modelling approach. (Online version in colour.)

the MHBM, and therefore the contact evolution due to wear cannot be ‘embedded’ directly in the
model, but it needs to be treated separately (see §2e). When frictional interfaces are present in the
system, the equations of motion become nonlinear, and can be written as follows:

Mq̈(t) + Cq̇(t) + Kq(t) + f
[
q(t), q̇(t)

]= p(t), (2.1)

where q(t) is a vector of displacements for all degrees of freedom (d.f.s) in the system;
M C, K, are the mass, damping and stiffness matrices of the linear model; p(t) is the harmonic
external excitation to the system, and f[q(t), q̇(t)] are the nonlinear friction forces at the interface.
The main simplification of the MHBM is that the nonlinear displacements q(t) (and forces) are
approximated by a restricted Fourier series, i.e.

q(t) = Q0 +
n∑

j=1

(
Qc

j cos mjωt + Qs
j sin mjωt

)
, (2.2)

where Qc,s
j are the harmonic coefficients of the degrees of freedom of the system, n is the number

of harmonics that are used in the multi-harmonic expansion, and ω is the fundamental pulsation
of the excitation. In order to allow a faster computation, a hybrid reduction method [27] is used,
which allows to significantly reduce the size of the problem. The flow chart with the different
steps required for the nonlinear dynamics calculations is shown in figure 2a. Prior to the analysis,
a detailed finite-element modal analysis is performed to obtain the modal properties which are
used for the model reduction. Following a common approach in many MHBM solvers, the contact
forces are calculated in the time-domain using the alternating frequency-time method (AFT)
[24,28] as shown in figure 2b. This allows a direct calculation of the contact forces, as well as a
higher flexibility in the code in case different contact laws are implemented.

To allow an accurate physical description of the nonlinearity, the contact interface is discretized
by using a dense grid of node-to-node 3D contact elements (figure 3). A detailed description of
the 3D contact element for which analytical expressions of the stiffness matrix were obtained can
be found in [26]. Each friction element is made of two coupled Jenkins elements [2] to model
a two-dimensional in-plane motion, which are coupled to a spring in the normal direction. Six
parameters characterize its properties: the element area A, the friction coefficient μ, the normal
static load N0, the normal static gap g0 and the tangential kt and normal kn contact stiffness
(also known as ‘penalty’ coefficients). All the contact parameters for each contact elements of
the interface are obtained using the contact solver described in §2c. Only the friction coefficient
is obtained experimentally (or from database), since it is very difficult to have a predictive model
for it, which is largely beyond the scope of the present work.

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

06
 J

ul
y 

20
25

 



5

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A475:20180731

...........................................................

FE model of
linear components

contact interface
description and

parameters

hybrid
reduction
method

contact
analysis

(BEM solver) 

reduced order
model

nonlinear
contact elements

FORSE
MHBM solver with

continuation

harmonic
excitation

nonlinear dynamic
response

iDFTDFT

3D macroslip
contact model 

Newton-Raphson
iteration

(b)(a)

Fnl Q

n

~ ~

n

q(t)Fnl(t)

t t

Figure 2. (a) Flow chart of the forced response analysis, (b) scheme of the alternate frequency-time (AFT) procedure. (Online
version in colour.)
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Figure 3. Contact discretization for the dynamic analysis. (Online version in colour.)

(c) Contact analysis
The contact analysis was performed independently of the dynamic analysis by means of a contact
solver based on the BEM [25,29]. Thanks to the computational speed of the BEM-based contact
solver a very refined contact mesh can be used compared to the mesh used for the dynamics,
which allows to include roughness in the analysis. The contact solver implementation, which
is described in details in [29], is based on the projected conjugate gradient method [30] and a
discrete-convolution fast Fourier transform which speeds up the computation. The half-space
assumption allows the use of the Boussinesq and Cerruti potentials [31,32] to compute the surface
elastic deflections in the normal and tangential directions. The normal displacement uz caused by
a pressure distribution p are described by equation (2.3), whereas equation (2.4) is its discretized
form on a regular grid of Nx × Ny points. Initially, the normal contact problem is solved using
the conjugate gradient method, after which the tangential problem is solved with the Coulomb
friction law as a bound to the shear distribution in the slipping region.

uz(x, y) = 1 − ν2

πE

∫+∞

−∞

∫+∞

−∞
p(ξ , η)√

(ξ − x)2 + (η − y)2
dξ dη, (2.3)

where E and ν are Young’s modulus and Poisson ratio of the material, respectively.

uz(i, j) = Kzz ⊗ p =
Nx∑

k=1

Ny∑
l=1

p(k, l)Kzz(i − k, j − l), (2.4)
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where ⊗ is the discrete convolution product and Kzz(i, j) are the discrete influence coefficients
[25] which are used to obtain the normal displacement resulting from unit pressure on the
element (i, j).

(d) Wear computation
To evaluate the effect of fretting wear on the rough contact interface, the energy wear approach
[13,33] is used. Although more refined wear models exist, as discussed in the introduction, the
energy wear approach was selected as it allows a straightforward and fast calculation of the
wear volume, and for this reason is particularly well suited in the framework of a multi-scale
analysis. The main concept of this approach is that the total wear volume calculated after Ncycles
is considered to be proportional to the dissipated energy:

V = α

Ncycles∑
n=1

Edn, (2.5)

where α is a wear coefficient and Edn is the frictional dissipated energy accumulated during the
nth cycle. In order to perform a refined local contact analysis accounting for wear, a local form of
equation (2.5) is used:

�hij = α

∫T

0

∥∥∥qij(t)
∥∥∥ ∥∥�vij(t)

∥∥ dt, (2.6)

where �hij is the wear depth at each node after one cycle, qij and �vij are the tangential shear
stresses and the relative tangential velocities at the point (i, j), T is the period of the vibration
cycle and ‖ · ‖ is the Euclidean norm. The computed worn volume is removed from the contact
area and the effects of the third body is not considered in this study. One of the drawbacks of this
approach is that the accuracy of the wear computation is highly dependent on the estimation of
the wear coefficient α. For this reason, the ability of the model to predict correct wear evolution
strongly relies on the availability of dedicated fretting wear measurements, where the operating
conditions of the systems studied have to be closely reproduced.

(e) Multi-scale analysis
The multi-scale approach, summarized in the flow chart in figure 4, is as follows. Initially, the
BEM-based contact solver is used for the contact analysis in order to obtain the static pressure,
gap distributions and normal and tangential contact stiffness of the rough contact interface. The
input necessary for this first contact analysis is the total normal load, known to be transmitted
through the contact area. These initial contact interface parameters are then associated with
each contact element of the coarser mesh used for the dynamic analysis. More precisely, the
pressure distribution of each 3D contact element is the sum of the normal load at each node of the
contact analysis enclosed by the area of the 3D contact element, divided by that area. The contact
stiffnesses are extracted from averaged normal load indentation and hysteresis curves, in which
the normal and tangential loads are summed over all the nodes of the finer mesh, and the relative
displacements are averaged. As for the gaps, the minimum gap value from the finer mesh was
used in the 3D contact element. Subsequently, the MHBM solver is used for the dynamic response
and to obtain the contact loads (force and moments) at the interface corresponding to the unworn
profile. The sum of contact loads at resonance, including the normal force N, the two tangential
forces Tx and Ty, the two bending moments Mx and My and the torsional moment Mz, are then
computed for each harmonic coefficient at the centre of the contact area. These loads are converted
from the frequency domain into the time domain using an inverse discrete Fourier transform, so
that the contact loads over one vibration cycle are obtained. Subsequently, the forces and moments
are used as input for the contact solver to obtain the pressure, shear and slip fields at each time
step of the fretting cycle. By enforcing the residuals of the conjugate gradient to be minimum
within a given tolerance, the convergence of the solution is ensured for each time step. Once the
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shear and slip fields are available at the contact interface, the wear depths are calculated at the
contact interface using the energy wear approach. The wear which results from a single vibration
cycle is too small to appreciate any noticeable change of the contact conditions, and consequently
it would not impact the nonlinear dynamic response in any significant way. For that reason, a new
contact analysis is performed again only after a certain number of cycles Ncycles are accumulated
(wear iteration). This number of cycles, which represents a factor that makes the analysis faster,
is defined as follows:

Ncycles = floor

(
�hmax

max �hij

)
, (2.7)

where �hmax is the maximum allowed wear depth during one wear iteration and max �hij is
the maximum computed wear depth across the contact interface after one fretting cycle. It is
worth noting that, based on this formula, each wear iteration can correspond to a different
number of cycles. This factor is a very critical parameter of the analysis since it will determine
the computational cost of the contact analysis, as well as the stability of the explicit scheme used
to update the contacting surface profile with wear:

hij = hij + Ncycles�hij. (2.8)

A criterion based on the number of wear iterations or total wear volume is used to update the
nonlinear dynamic model. Once an appropriate number of wear iterations has been performed,
the 3D nonlinear contact elements are updated using the static pressure, gaps and stiffnesses
obtained from the contact analysis of the worn profile. Subsequently, a new nonlinear dynamic
response of the system is computed, which allows the extraction of contact forces for the contact
analysis. The entire process is repeated until either the criterion of the maximum number of cycles
or total wear volume is met.

Unlike the initial study performed in [25], the introduction of roughness at the contact
interface in the present work allows the extraction of the contact stiffness values from the contact
solver, which are then used to calibrate the penalty coefficients of the dynamic contact elements.
Therefore, the stiffness distribution can be updated at each iteration as part of the multi-scale
strategy, which is different compared to [25], where this distribution was assumed to be constant
at the interface, and not evolving with the progression of wear.

3. Test case: resonator
The proposed multi-scale approach has been tested on resonator system with a single lap joint
(figure 5) previously proposed and studied by Süß and Willner [34,35]. The set-up consists of
two stainless steel masses which are connected with a bolted lap joint. The second mass is
characterized by an ‘o’ shape, where one side is much thinner and therefore is acting as the elastic
element in the system. The 3D FEM shown in figure 5 was run in Abaqus using a mesh of linear
hex elements for the masses (19 504 elements) and the bolt (7830 elements). A tie constraint was
applied in Abaqus to prevent any motion between the bolt heads and each mass and therefore
the only frictional interface is the lap joint interface. The mode studied in this analysis is the
first ‘breathing’ mode of the leaf spring shown in figure 5 as significant contact shear stresses are
expected at the frictional interface. To allow a more physical interface for the wear analysis, a
rough contact was generated at the lap joint interface. For this test case, a random surface with
a Gaussian distribution was generated using an open source code provided by David Bergstrom
[36]. Figure 6a shows an example of the Gaussian rough surface generated on a grid of 256 × 256
points for the lap joint interface.

Although other statistical distribution could be used, the choice of a Gaussian one seems
reasonable as many freshly machined real surfaces exhibit it. Finally, the dynamic model was
built, starting from the reduced linear models of the two halves of the resonator, and introducing
a regular grid of nonlinear 3D contact elements at the interface (figure 6b). A total of 340 contact
elements was used as a result of a compromise between the computational time and contact
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Figure 6. (a) Simulated rough surface for the joint interface (magnified roughness for visualization), (b) contact mesh used for
the nonlinear dynamic analysis. (Online version in colour.)

refinement needed for the nonlinear dynamic analysis. Three harmonics plus the static term
(harmonic ‘zero’) were used for the nonlinear dynamics analysis, as they were shown to be
enough for capturing the contact nonlinearity. The main input parameters used for the subsequent
simulations are reported in table 1. It is worth noting that the same linear elastic material is used
for the entire structure. Therefore, the normal and tangential contact problems at the interface of
the joint are uncoupled [30].
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Table 1. Summary of the main input parameters for the linear dynamic model, contact model and nonlinear dynamic model.

linear dynamic model

Young’s modulus [GPa] 198.4
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Poisson ratio 0.3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

density [kg m−3] 7949

contact analysis model
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

nr. ele contact mesh 256 × 256
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

Rq roughness [µm] 0.5, 1, 5, 10
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

correlation length x, y [mm] 0.5
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

friction coefficient 0.6

nonlinear dynamic model
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

nr. 3D contact element 340
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

nr. of harmonics 0, 1, 2, 3
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

nr. of modes in the reduced model 30
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

4. Results
In this section, the multi-scale modelling approach presented in §2, is applied to the test case of
the single bolted joint resonator described in §3. Four different surfaces having an initial RMS
roughness of 0.5, 1.0, 5.0 and 10 µm are analysed. Fretting wear simulations were run for each
surface profile, up to 10 million vibration cycles, which was shown to be enough to reach a
steady state. Fretting wear is having cascading effects on (a) the contact surface geometry (§2b),
(b) the contact conditions (§2c) and (c) the nonlinear dynamic response (§2d). Owing to the fact
that a similar behaviour was observed for all profiles, and to improve clarity, most of the results
presented here are the ones associated with the profile having an initial RMS roughness of 5 µm.

(a) Input parameters
As described in §2, the wear simulations are controlled by two key parameters. The first one
is the wear coefficient α that links the volume of wear to the frictional dissipated energy (see
equation (2.5)). Owing to the lack of relevant experimental data, the wear coefficient used here
is based on the previous work of Leonard [37], and is equal to 2 × 103 µm3 J−1 for a steel-
steel fretting contact. The second key parameter is the maximum allowed local wear depth per
iteration. Its value must be small enough to ensure the stability of the wear scheme and at the
same time as large as possible to speed up the computations. A value of 0.01 µm was found to be
optimal for the profiles with an initial RMS roughness of 0.5 and 1 µm. A value of 0.1 µm has been
used for the two other profiles. This second parameter leads to the use of an acceleration factor,
which is the number of fretting cycles that can be accumulated before the maximum allowed
local wear depth is attained, at which point the surface profile is updated and the refined contact
analysis is performed again.

The other input data are the normal and tangential loads applied to the contact interface.
Following the procedure described in §2e, an initial static contact analysis is performed by
imposing a 30 kN load which simulates the axial force of the bolt. Subsequently, the dynamic
analysis is run to extract the dynamic contact loads from the frequency response functions (FRFs)
at resonance. The initial FRFs corresponding to each unworn rough surface under a 1000 N
excitation are shown in figure 7. The necessary inputs for the contact analysis are the contact
loads and displacements at resonance. More precisely, the input of the normal contact problem
is the summation of the normal forces at each nonlinear friction element. For this particular test
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Figure 8. (a) Average tangential relative displacement at the joint interface, (b) total dynamic normal force at the joint
interface. (Online version in colour.)

case, the bending moments were found to be negligible, as the mode excited is mainly causing
shear stresses at the interface. The simulations of the tangential contact problem are displacement-
controlled to allow macro-slip. The necessary input is therefore the average of the tangential
relative motions over the contact interface. Before proceeding to the required summation and
averaging, the data are converted from the frequency domain into the time domain using an
inverse discrete Fourier transform. The resulting tangential and normal loadings, corresponding
to each surface profile, are given in figure 8a,b.

As discussed in the authors’ previous work [11], higher values of roughness lead to a more
localized contact, which overall tends to lower the global stiffness of the interface. This generally
was found to lead to larger relative tangential displacement, and in turn to higher energy
dissipation. As for the normal contact, some significant changes could be observed in the local
distribution across the interface depending on the initial value of roughness. Despite the local
different distribution, the total normal load transmitted is equal to the bolt load (30 kN) plus
a small harmonic oscillation due to the dynamic load, as shown in figure 8b. Using the input
parameters described in this section, fretting wear simulations were run on each surface up to 10
million cycles at resonance frequency, without any update of the nonlinear dynamic model along
the way. The effects of wear on the contact surface geometry and on the contact conditions are
discussed in the next two sections.

(b) Effects of wear on the contact surface geometry
The first effect of wear is the change of the contacting surface geometry. Figure 9 shows the
total wear depth obtained after 10 041 928 cycles for the profile having an initial RMS roughness
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Figure 9. Cumulated wear depth in (millimetre) after 10 041 928 cycles, blue line: section of the profile. (Online version in
colour.)
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Figure 10. The evolution of surface profile with wear. Blue line section of figure 9. (Online version in colour.)

of 5 µm. The wear simulations were run using one CPU of an Intel Core i7-4700HQ 2.40 GHz.
Each fretting cycle took approximately 70 s to run, but thanks to the acceleration factor, only 231
iterations were needed to reach 10 million cycles, which took approximately 4 h 29 min. Figure 10
shows the evolution of the surface profile with wear along the blue line drawn in figure 9.

It can be observed that due to the process of material removal caused by fretting wear, the
higher peaks of the rough profile are progressively being flattened. Owing to this change of
geometry, the roughness parameters of the surface are also affected, so that after only a few
wear cycles, the four Gaussian rough surfaces used here are no longer Gaussian. In order to
better describe the evolution of each surface, two additional roughness parameters, which are
the skewness and kurtosis, will be used here as well. Skewness tells whether the shape of the
surface height distribution is symmetric or skewed to one side. Its value can be computed using
the following formula:

Sk = m3

m3/2
2

, (4.1)

where m3 = (1/n)
∑

(h − h̄)3 and m2 = (1/n)
∑

(h − h̄)2. h̄ is the mean of the heights and n is the
number of points. m3 is called the third moment of the data and m2 is the variance, i.e. the square
of the standard deviation.

A Gaussian profile, being perfectly symmetric, is characterized by a skewness equal to 0. For
non-Gaussian profiles, the skewness typically ranges from −2 to +2. The second parameter used
to describe a non-Gaussian surface is the kurtosis which characterizes the sharpness of the central
peak of the height distribution. High values of kurtosis are an indication of a higher and sharper

 D
ow

nl
oa

de
d 

fr
om

 h
ttp

s:
//r

oy
al

so
ci

et
yp

ub
lis

hi
ng

.o
rg

/ o
n 

06
 J

ul
y 

20
25

 



12

royalsocietypublishing.org/journal/rspa
Proc.R.Soc.A475:20180731

...........................................................

0 2 4 6 8 10
−2.0

−1.5

−1.0

−0.5

0

no. cycles (×106)

sk
ew

ne
ss

0 2 4 6 8 10
2

4

6

8

no. cycles (×106)

ku
rt

os
is

0 2 4 6 8 10
−3

−2

−1

0

m
ea

n 
he

ig
ht

 (
m

m
)(

×
10

−
3 )

0 2 4 6 8 10
2

3

4

5

R
M

S 
ro

ug
hn

es
s 

(m
m

)(
×

10
−

3 )

(a) (b)

(c) (d)

Figure 11. Evolution of (a) mean height, (b) RMS roughness, (c) skewness and (d) kurtosis withwear. (Online version in colour.)

central peak, whereas low values are an indication of a lower, less distinct peak. Kurtosis is linked
to the fourth moment of the data m4 via the following expression:

Ku = m4

m2
2

, (4.2)

where m4 = (1/n)
∑

(h − h̄)4.
A Gaussian rough surface has a kurtosis equal to 3. A statistical analysis was carried out

in order to show the evolution of the mean height, the RMS roughness, the skewness and the
kurtosis of the lap joint surface with wear.

It can be seen that all roughness parameters of the surface are strongly affected by wear,
as shown in figure 11. As the surface wears out, its RMS roughness tends to decrease. The
couple skewness-kurtosis starts from (0,3), which is characteristic of a Gaussian rough surface,
to different values, which confirms that the surface is no longer Gaussian. The evolution of the
skewness indicates that the distribution of heights becomes negatively skewed as the surface
wears out. This negative skewness is caused by the asymmetric effect of wear, which only affects
the peaks of the profile (in contact), while the valleys (not in contact) maintain their shape. At the
same time, due to the material removal, the profile distribution is closer to its mean value and
therefore the kurtosis is increasing with wear (figure 11).

(c) Effects of wear on the contact conditions
The changes of contact geometry described in §4b have an impact on the contact conditions. In
particular, the contact pressure is significantly affected, as shown by its evolution with wear in
figure 12. As the surface wears out, the asperities are progressively removed, the contact area
increases and consequently, the peaks of pressure are decreasing until nearly flat patches of much
lower pressure are obtained.

The real contact area evolution for different values of initial RMS roughness is shown in
figure 13. It can be observed, that smoother profiles start with a much larger real contact area
compared with rougher profiles. In the range studied (up to 10 millions cycles), the smoother
profiles are characterized by a more rapid initial increase followed by an asymptotic behaviour,
compared to the rougher ones which exhibit a quasi-linear increase. Wear is also affecting another
key parameter for the nonlinear dynamic analysis which is the contact stiffness. Figure 14a shows
the evolution of the global normal contact stiffness for each rough profile. Two distinct phases
can be observed: a running-in phase during which the contact stiffness rapidly increases and a
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Figure 12. Evolution of contact pressure with wear. Blue line section of figure 9. (Online version in colour.)
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Figure 14. (a) Evolution of global normal contact stiffness with wear, (b) evolution of global tangential contact stiffness with
wear. (Online version in colour.)

steady phase during which it keeps increasing, but at a much lower rate. During the running-in
phase, there is an increasing number of asperities that come into contact which leads to more
and more peaks of pressure which are associated with high values of contact stiffness. Then, as
the peaks are progressively turning into larger patches of much lower pressure, the local values
of contact stiffness are decreasing, but the overall contact stiffness keeps increasing because the
global contact area does so. The results also seem to indicate that the global contact stiffness tends
to the same value no matter what the initial RMS roughness is. The same observations can be
made on the global tangential contact stiffness, which is plotted in figure 14b.
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Figure 15. (a) Evolution of the wear rate for different update criteria, (b) evolution of global normal contact stiffness with wear
for different update criteria. (Online version in colour.)

(d) Effects of wear on the nonlinear dynamics
(i) Criterion for the update of the nonlinear dynamic model

Up to this point, the coupling between fretting wear and nonlinear dynamics has been neglected.
The nonlinear dynamic response depends on the local values of normal load, normal and
tangential contact stiffness which drive the stick-slip phenomena taking place at the contact
interface. However, in order to have one parameter usable as a criterion for the update of the
nonlinear dynamic model, the global contact stiffness was chosen, leading to the following
criterion: the nonlinear dynamic model, and more precisely the parameters of the friction
elements which are the normal load, the gap and contact stiffness, are updated after a certain
variation of the global contact stiffness is obtained in the wear simulations. The value of that
variation depends on the system and the sensitivity of its dynamic behaviour to changes of contact
conditions. For the present system, three values of 5, 10 and 20%, chosen arbitrarily, have been
tested. Figure 15a shows the evolution of the wear rate for different update criteria of the nonlinear
dynamic model. First of all, similar to the observations made on the contact stiffness, a running-
in phase and a steady phase can be observed. Secondly, a jump in the wear rate is obtained after
each update of the nonlinear dynamic model. This can be explained by the fact that the increase
of contact stiffness with wear leads to smaller tangential relative displacements at the contact
interface, and therefore to a lower energy dissipation, and a lower wear rate. The influence of the
update is noticeable in the running-in phase, during which the largest differences can be observed
between the blue curve and the others. But these differences nearly vanish during the steady-state
wear: after only one million cycles, the three update criteria are yielding to nearly the same wear
rate. Figure 15b depicts the evolution of the contact stiffness for the different update criteria. As
can be seen, the global contact stiffness is barely affected by the updates, and all of them are
yielding to nearly the same stiffness during all simulated cycles. Based on these observations, the
nonlinear dynamic response after these 10 million cycles is expected to be the same for all update
criteria, which is confirmed by the FRFs shown in figure 16.

As a result, for this particular test case, no update of the nonlinear dynamic model is needed
to discuss the effects of roughness and wear on the dynamic response up to 10 million cycles.
This indicates that the coupling between the contact evolution and dynamics is minimal. For
that reason, all subsequent presented results have been obtained without updating the nonlinear
dynamic model.

(ii) Effects of wear on the nonlinear dynamics

Finally, the impact of fretting wear on the dynamic response of the system was analysed, and
the FRFs at different number of cycles are shown in figure 17a. The results discussed in §2c,
where surface roughness was seen to decrease due to the fretting process, can help to explain the
behaviour observed here. In fact, this loss of roughness results in a global stiffening of the contact
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Figure 16. FRFs after 10 million cycles for different update criteria. (Online version in colour.)
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Figure 17. (a) Evolution of FRFs with wear for Rq = 5µm, (b) evolution of dissipated energy per cycle with wear for Rq =
5µm. (Online version in colour.)

interface, which drives the slight tendency towards higher resonance frequencies observed in
figure 17a. At the same time, a higher amplitude of the FRFs can be observed with the wear
progressing, which indicates a lower energy dissipation due to friction at the contact interface.
To better understand this energy dissipation mechanism, the contact hysteresis loops due to the
oscillatory loading were extracted for the whole contact interface, as shown in figure 17b. As the
number of fretting cycle increases, the stick part of the loop increases its slope (stiffness), and
the micro-slip transition to sliding becomes sharper, leading to a lower enclosed area of the cycle
(energy dissipated). A clear shift of the loops due to the static component of the dynamic response
can be observed as well. Figure 18a shows the FRFs of the worn surfaces obtained after 10 million
cycles. By comparing it with figure 7, it can be observed that due to wear, the responses are getting
closer to each other and are nearly identical after 10 million cycles. This result is supported by
figure 14a and figure 18b which show that after 10 million cycles, all initial rough surfaces tend to
have similar global contact stiffness and wear rate. It can also be observed from figure 18b, that the
higher the initial RMS roughness, the higher the wear rates, and that the wear rate decreases to a
steady-state value, which has been previously observed by Ghosh & Sadeghi [38]. These findings
have also been observed experimentally by Kubiak et al. [39].

(iii) Effects of plasticity

Surface roughness reduces significantly the real area of contact and therefore leads to localized
peaks of pressure. These local pressures can exceed the yield strength of the material and thus
plasticity may occur on the contacting surfaces and inside the bulk materials. In order to take into
account plasticity in the contact analysis, a very simple elastic-perfectly-plastic model, previously
used by Spinu [40], has been implemented here. It consists in preventing the contact pressure
from exceeding the yield strength of the material. As a result, the constraint that must be enforced
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Figure 18. (a) Final FRFs for different initial RMS roughness, (b) wear rates for different initial RMS roughness. (Online version
in colour.)
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on the contact pressure in the algorithm is now:

pmax ≥ pij ≥ 0, gij = 0, (i, j) ∈ AC

and pij = 0, gij ≥ 0, (i, j) /∈ AC,

⎫⎬
⎭ (4.3)

where pmax is the compressive yield strength of the material. In order to illustrate the effects of this
modification to the contact algorithm, a Hertzian contact is studied here by adding a maximum
pressure value. Figure 19 shows the contact pressure obtained for the elastic contact, and for
the elastic-perfectly-plastic contact for three different values of limiting pressure (600 [MPa],
500 [MPa] and 450 [MPa]). A circular region of plasticity, in which the pressure is equal to the
imposed limited value, is observed and leads to a redistribution of contact pressure in the elastic
region surrounding it. A small extension of the overall contact area can also be observed. These
results are consistent with the ones obtained by Spinu [40]. The same approach has been used
here to evaluate the potential influence of plasticity on the wear analysis of the lap joint rough
interface with an initial RMS roughness of 5 µm. The hardness limit was set to 600 MPa, which
is an average value of compressive yield strength for steel materials. Figure 20 shows the initial
pressure distribution for the elastic, and the elastic-perfectly-plastic contacts. It can be seen that
the pressure distribution is strongly affected by the hardness limit: the numerous peaks that were
higher than 600 MPa in the elastic contact, are now all equal to 600 MPa. Similarly to the Hertzian
contact case, a slight increase of contact area could be observed, as shown in figure 21a. Another
parameter which is affected by plasticity is the normal contact stiffness, as shown in figure 21b.
When the asperities reach the plastic limit, their stiffness tend to drop, but at the same time, more
and more asperities come into contact due to the re-distribution of contact pressure. These new
asperities in contact will partially contrast this tendency of decrease in stiffness due to plasticity.
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Figure 20. Initial contact pressure [MPa] for the elastic (a) and elastic-perfectly-plastic with pmax = 600 MPa (b) contact.
(Online version in colour.)
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Figure 22. Cumulated dissipated energy for elastic and elastic-perfectly-plastic behaviour. (Online version in colour.)

Looking at the stiffness evolution with wear shown in figure 21b, it is clear that in the initial phase,
when the surface roughness is still high, the contact with plasticity exhibits lower stiffness. As
the fretting cycles increase, and some roughness is lost due to wear, the global stiffness tend to
become nearly equal to the elastic case, since less and less asperities reach the plastic limit, as
previously shown in figure 12 of §c. Similar observations can be made on the evolution of the
cumulated dissipated energy, depicted in figure 22. In fact, the wear rates, which are equal to the
slope of these curves multiplied by the wear coefficient, show a significantly different behaviour
during the initial phase, until they reach a similar value after approximately 2 million cycles.
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Therefore, these results suggest that a more realistic contact analysis which includes plasticity
should be performed in case the initial running-in phase is of particular interest for the study.

5. Conclusion
In this paper, a novel multi-scale method is presented to model the effect of fretting wear on
the nonlinear dynamics of assembled structures. The proposed approach uses a multi-harmonic
balance solver for the dynamics of the system, and a BEM-based contact solver in conjunction
with an energy wear approach for the fretting wear analysis. Two different time scales are used,
a fast one for dynamics and a slow one for contact. Similarly, two space scales are introduced to
allow a refined mesh for the contact analysis, while keeping a coarser mesh for the dynamics. As
a result of this, surface roughness can be directly included in the contact analysis, allowing a more
physical description of the wear evolution.

The modelling approach is then evaluated on a single bolted joint resonator with a rough
contact interface. Fretting wear is first shown to have a strong impact on the contacting surface
geometry, and in turn, affecting the contact conditions. In fact, an increase of contact area, and a
re-distribution of contact pressure is observed, which leads to an overall increase of the contact
stiffness of the interface. In order to evaluate the coupling between the contact and dynamic
analyses, a criterion which allows to update the dynamic model after a certain variation of
the global contact stiffness is proposed as well. For the present application, it is found that the
coupling is very low, as the different update values tested do not result in any noticeable change
of the nonlinear dynamic response of the system. From a wear perspective, higher wear rates
are observed for higher values of initial roughness, which result in initial significant differences
between the various surfaces tested. However, after the loss of the initial roughness due to wear,
a steady-state phase can be observed during which the wear rates reach nearly the same value for
all surfaces.

Finally, the evolution of the nonlinear dynamics of the system with wear is evaluated. A slight
increase of the resonance frequency can be observed, which is driven by the stiffening of the
contact interface. This frequency shift is also accompanied by a slightly higher amplitude of
response due to a lower energy dissipation at the frictional interface. The effect of plasticity is
also briefly analysed using a simplified approach based on the introduction of a hardness limit
in the contact solver. As a result of the plastic limit, a difference in terms of pressure distribution
and stiffness is observed in the initial phase, which then vanishes at a higher number of fretting
cycles.
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