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ABSTRACT

Fretting wear is a very important phenomenon occurring in
bladed disks. It causes that blades must be replaced in turbom
chines during their life-cycle. Methods exist to predict fretting-
wear in quasi-static analysis. However they don’t predict all
the phenomena observed in blade attachments on real turbom
chines. That’s why this study assumes that dynamics plays a
role in fretting-wear. This paper is devoted to the realistic mod-
elling and calculation of fretting-wear and dynamical response
of structures in unilateral contact with friction. Vibration and
wear phenomena present very different scales both in time an
space. Therefore the difficulty is in finding methods that enable
one to solve the non-linear problem with a good compromise be
tween the approximations made about the dynamical aspects an
those linked with fretting-wear issues. Here, phenomenologica
examples are studied. They involve a small number of degree
of freedom with a view to understanding the complex coupling
between vibration and fretting-wear. This way, they will show
the relative importance of parameters.
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NOMENCLATURE

˜ Multiharmonic vectors
T , N Tangential and normal direction
r Relative value

U Time-domain displacement vector.
M, C, K Mass, viscous damping and stiffness matrices.
Zr Reduced dynamic stiffness.
Fc Nodal force of contact.
λ, λ̃ Lagrangian multiplier in time and frequency domains.
W Wear depth.
Kw Wear coefficient in Archard’s law.
η Slow scale of time.

INTRODUCTION
One of the most important sources of nonlinearities in tur-

bine is due to contact with friction at the interfaces. These non-
linearities often have a positive aspect because they introduce
damping in the vibrational response. Especially, designers can
put friction dampers as underplatform damper, ring damper, im-
pact damper,. . . to reduce the amplitude of resonances. But rela-
tive displacements at the interface have a damaging aspect, since
fretting-wear can appear and induce cracking. Recent studies [1]
[2] permit to calculate the vibrational response of bladed disks in
the presence of friction in blade attachments. They can predict
the dissipated energy at the interfaces. On the other hand, most
fretting-wear studies in blade roots are performed in quasi-static

situations. Thus, in the case of planes, they only calculate [3] or



test [4] the take-off or landing situations. Nevertheless, dynamic
wear can also occur when vibrations appear at cruising rate.
quasi-static situations, displacements are more important co
pared with dynamic situations. But in this latter case, in spite o
the fact that only micro-slidings are observed, they are repeat
during a much longer time. Current numerical modelling doesn
match with the real wear observed in turbomachinery. That
why this study assumes that dynamics plays a role in frettin
wear. Because of the complexity it introduces, this hypothesis
very seldom taken into account in literature [5,6].

Wear is a very complex phenomenon because hardne
plasticity, grain structure, temperature,. . . can change wear deb
creation. According to [7] around 180 laws of wear have bee
proposed. Recently, a new model based on dissipated energy
been proposed to quantify wear directly [8]. To quantify wea
the Archard’s model [9] is the most commonly used. It conside
the wear volume is linked to the product of the normal force an
of the sliding displacement. Classically, wear coefficient qua
tification is then performed through the representation of the ev
lution of the worn volume as a function of the normal load. Th
loss of matter can be known through the measurement of the lo
of mass, of the loss of dimensions, of the evolution of Vicker
microhardness imprints or directly by surface profilometry. Thi
model will be used in this paper. Hardness will be considere
constant. The plasticity of the material will be neglected.

Different numerical approaches exist to compute wear o
structures. The most common one is the Finite Element Meth
(FEM) [10, 11]. This tool is efficient to compute wear but it is
necessary to create a very fine meshing to calculate contact n
mal forces. Because mesh updating is necessary to take w
into account, calculations are time consuming. A smart and mo
economical method is based on Winkler’s foundation to predi
wear [12]. Semi-analytical or Boundary Element methods hav
been also developed to predict wear [3,13]. Gallego’s method
an acceleration technique which efficiently improves the conve
gence rate. But these methods are difficult to use when the pro
lem of contact with friction takes dynamics effects into accoun
In this paper we will introduce an approach based on the FEM
predict wear in dynamics. The main assumption is that a period
steady state is reached and that wear will modify this state a l
tle. Thus, it is possible to use methods based on Multi Harmon
Balance and Alternate Frequency Time procedures [14–16].

Here, is investigated the dynamical behaviour of two struc
tures in contact with friction and wear. To start with, a simple
system with two degrees of freedom is treated numerically.
will enable one to understand the phenomena coupling wear a
dynamics. In case of total slip, it would be possible, to a certa
extent, to uncouple the dynamic analysis and the fretting we
calculation. In the family of cases treated here, wear provok
the relaxation of the normal pressure, inducing strong couplin
On bladed disks, this phenomenon occurs especially under p
tial slip conditions, as shown in a subsequent paper [17]. T
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final purpose will be to apply the method introduced here to a
more realistic bladed disk.

1 METHOD OF ANALYSIS
1.1 Equations of Motion and Wear - Variational For-

mulation
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Figure 1. Description of the problem of contact between two solids

Let us consider the case of two elastic solids in contact with
friction figure 1. Both solids occupy two distinct domainsΩl

with smooth boundaries∂Ωl .The boundary∂Ωl is divided into
three disjoint partsΓl

t , Γl
u andΓc. Traction forces are imposed

on the first part of the boundary, displacements on the second
and contact conditions on the third part of the surface. This
part of body is unilaterally constrained in the direction normal
to the surface and the Coulomb’s law constrains the tangential
directions. Moreover the wear phenomena occur on this part of
the body. Following the formalism described by Stromberg [18],
let us build the constitutive equations for an elastic body with a
contact interface in situation of fretting-wear. This formalism
introduces a free energy and a pseudo-potential which corre-
spond to Signorini unilateral contact conditions, Coulomb’s law
of friction and Archard’s law of wear (4). The details about the
way to obtain these free energy and pseudo-potential can be
found in Stromberg [18] and Klarbring [19]. It originates from
the works of Lemaitre and Chaboche [20]. In this paper we
will only present the variational formulation associated with the
dynamical fretting-wear problem.

For each domainΩl , on a time interval[0,T], find u :
[0,T]→ V ,W = pN : [0,T]→KN andpT : [0,T]→F (PN) such
that for each timet ∈ [0,T] :
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∫

Ω
ρüi v̇idV +

∫

Ω
Ei jkl

∂uk

∂xl

∂vi

∂x j
dV

+
∫

Γc

pividA−
∫

Γt

tividA= 0 ∀v ∈ V ,

(1)

∫

Γc

(uN −w−g)(p′N− pN)dA≤ 0 ∀p′N ∈ KN, (2)
∫

Γc

u̇Tα(p′Tα − pTα)+

ẇ
(
W ′−W

)
dA≤ 0 ∀(p′T ,W ′) ∈ F (pN),

(3)

ẇ = kw|pN|‖u̇T‖ , (4)

where,

V = {v|v(x) = 0,x ∈ Γu} ,

KN = {pN|pN(x) ≥ 0,x ∈ Γc} ,

F (pN) =
{
(pT ,W )|(pT(x),W (x)) ∈ F(pN),x ∈ Γc

}
,

These equations are respectively the principle of virtu
work, the equivalent formulation of the Signorini’s unilatera
contact conditions, the inequality defining the complementa
law of Coulomb’s and the law of wear.[0,T] represents the
studied period,W is the dual ofw, F(pN) is a closed convex
set describing the friction and the wear limit criterion such th
F(pN) =

{
‖pT‖−µ|pN|+kwpNW −kwp2

N ≤ 0
}

andkw coeffi-
cient of wear in Archard’s law.Kw must be determinated exper
imentally. Mccoll [10] determines an averaged wear coefficie
from the measured wear profile for a cylinder/flat contact. H
integrates this averaged coefficient in discretized Archard’s l
and simulates wear evolution in a”wear box”(FEM). In our cas
evaluation of averaged wear coefficient can be performed fo
punch plan contact. This coefficient need to be discrtized to
nodes in contact in finite element discretization.

1.2 Finite Element Discretization
The numerical discretization of (1) is based on the FEM

In the case of a dynamical study, a component mode synth
can be coupled with the FEM. However, all the degrees of fre
dom where friction and wear takes place must then be retain
as physical coordinates. When both structures(l = 1,2) are in
contact, we can write the equations of motion for each structu
as:

MÜ (l) + CU̇ (l) + KU (l) +Fc
(l)(U (l)

,U̇ (l)
,W(l)) = F (l)

ex , (5)

Fex is the vector of external forces (periodic excitation at fre
quencyω) andFc represents the non-linear contact forces due
al
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friction and impact. They also depend on the wear and on the ma-
terials in contact. The equation of wear (Archard’s law), which
is continuous, is also discretized by FEM. Wear is calculated at
the nodes (markedM) of the interface:

ẇM =
kw

IM

∣
∣PM

N

∣
∣
∥
∥U̇M

T

∥
∥ , (6)

IM are the weighting factors for each nodeM, PN is the nodal
normal force andU̇M

T is the tangential velocity of the nodeM.
The constraints introduced by Signorini’s contact conditions and
Coulomb’s friction are, in the FEM formalism:

t(UN −W −G)
(
P ′

N −PN
)
≤ 0 ∀P ′

N ∈ K h
N, (7)

t
U̇T
(
P ′

T −PT
)
≤ 0 ∀P ′

T ∈ F h(PN), (8)

whereK h
N =

{
PM

N : PM
N ≥ 0

}
is the approximation ofKN and

F h(PN) =
{
P M

T :
∥
∥P M

T

∥
∥−µ|P M

N | ≤ 0
}

is the approximation of
F (pN) with W M = P M

N .

1.3 Frequency domain formulation
Without wear When wear is neglected the steady-state

motion is assumed to be periodic. We introduce Fourier se-
ries expansions to express displacements and forces as multi-
harmonic vectors.

U(t) = Ũ0 +
Nh

∑
n=1

Ũn,c cos(nωt)+ Ũn,ssin(nωt) (9)

and the multiharmonic vector is

Ũ =
[
Ũ0,Ũ1,c,Ũ1,s, · · · ,ŨNh,s

]T
(10)

A Galerkin procedure is performed to formulate the equations
(5) in the frequency domain. The size of the problem can be re-
duced through two exact reductions in the frequency domain on
the degrees of freedom involved in the contact elements and on
the relative degrees of freedom. This procedure is detailed by
Nacivet et al. [2]. The equations of motion take then the follow-
ing form:

ZrŨr + λ̃ = F̃r (11)

whereŨr and F̃r are the multiharmonic vectors which repre-
sent the relative contact displacements and the reduced external
forces. Zr is the reduced dynamic stiffness. The second reduc-
tion is possible thanks to the assumption of little displacements.



In the node-to-node formulation, the Lagrange multipliersλ̃ are
equal to the unknown contact forces. A non-linear solver is us
to find the zeros of the function:

f (Ũr) = ZrŨr + λ̃− F̃r (12)

Dynamic response with fretting-wear Wear is a very
slow phenomenon and the depth of wear is very small compa
with the dimension of the structures in contact. We can negle
the modifications of the mass and stiffness matrices due to we
Moreover in this paper we will neglect the modifications of th
coefficients of friction and hardness due to wear. Wear appe
here as a permanent normal displacement of the interface at
scale of one period in the response of the system. Therefore,
main idea is to split time into two different scales, indeed we co
sider that wear doesn’t change the aspect of the periodic respo
on a little lapse of time. On this period it’s still possible to de
scribe displacements and contact forces with Fourier series.
a long duration Fourier coefficients will evolve as functions o
a time variable linked with the fretting-wear phenomenon. Th
procedure belongs to the family of multiscale methods, describ
by Nayfeh and Mook [21] and by Meirovitch [22] for a single
harmonic balance. Cusumano and Chatterjee [23] use a ti
scale separation with an averaging procedure to estimate qua
tively the dynamics of damage evolution. Here we will also us
time scales splitting with an averaging procedure on each peri
The Fourier series of (9) becomes:

U(τ,η) = Ũ0(η)+
Nh

∑
n=1

Ũn,c(η)cos(nτ)+ Ũn,s(η)sin(nτ) (13)

whereτ is the fast time scale linked with the periodic respons
andη the slow time scale linked with fretting-wear phenomen
It’s possible to defineη as a multiple of the periodT of fretting-
wear cycles. Fretting-wear doesn’t change the pulsation of t
response because it is ruled by the pulsation of the excitati
which isn’t affected by fretting-wear. Wear depth doesn’t depen
onτ because it doesn’t evolve on a single period, that’s why we
depends only onη.

WM = WM(τ,η) = WM(η), (14)

The evolution of wear after one period is for each node in conta

∆WM(η) =

∫

Period
|λN(η,τ)|.‖U̇T (η,τ)‖dτ (15)

The equation of motion (11) in the frequency domain is
little bit changed:

ZrŨr(η)+ λ̃(η) = F̃r (16)
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The term concerning wear will appear in the augmented La-
grangian used to solve this equation with the constrains of con-
tact with friction. This procedure is described in the next part.

1.4 Calculation of the contact forces

Solving (12) requires to know the expression of the contact
forces in the frequency domain. Unfortunately it’s not possible to
calculate a priori the multi-harmonic vectorλ̃ of Lagrange mul-
tipliers in the Galerkin procedure, indeed the function is very
non-smooth. To undertake this difficulty it is common to use the
Alternating Frequency Time method (AFT). Cameron and Grif-
fin [24] pioneered the development of the AFT. Displacements
and velocities are calculated in the frequency domain and trans-
formed into the time domain using an inverse FFT procedure
(iFFT). In the time domain a non-linear relation gives the con-
tact forces, which are transformed back into the frequency do-
main using a FFT procedure. In the time domain, contact forces
may be evaluated through different methods. The easiest one
is to regularize thesign function, depending on the velocity in
the evaluation of Coulomb’s forces, by another function which is
continuous. It allows a direct computation of the non-linear fric-
tion forces [25,26]. The use of a penalty method is another popu-
lar method [14,26–29]. This penalty softens the contact between
interfaces in the tangential direction (Coulomb’s friction) and in
the normal direction (unilateral constrained contact conditions).
The additional stiffnesses may represent a damper stiffness or
the contact asperities stiffness. In case of the FEM they trans-
late the microslip which occurs in micro-scale to the macro-scale
of finite elements. Moreover these stiffnesses may be linked to
material properties, which are modified due to fretting-wear of
interfaces. These contact penalty strategies require an interac-
tive computation of the friction forces in the time domain where
the separation/stick/slip transitions have to be determined at each
step.

Another method has been proposed by Nacivetet al. [2]
and uses augmented Lagrangians which allow to calculate with-
out any softening of the non-smooth contact law concerning the
friction forces. A time-marching procedure in the time domain
is also required. This Dynamic Lagrangian Frequency-Time
method (DLFT) has been successfully used to predict friction
damping in blade attachments [1] and to quantitfy the efficiency
of friction ring dampers [27]. In this method, the penalty term
is the same as in the augmented Lagrangian and the final (con-
verged) result does not depend on this term, but the stability of
the procedure depends on this term. Good results are generally
obtaind when it is taken equal to the spectral radius of the dy-
namic stiffness matrix.

In the next equations, the termη is omitted in the expression
of Fourier coefficients. In the frequency domain, the Lagrange
multiplier λ is formulated as a penalization of the equations of



motion on the tangential and normal directions:

λ̃T = F̃ T
r −ZrŨr + εT

(
ŨT

r − X̃T
r

)
, (17a)

λ̃N = F̃ N
r
−ZrŨr + εN

(
ŨN

r
−W − X̃N

r

)
, (17b)

εT andεN are penalty coefficients,̃Xr is a new vector of rel-
ative displacements, which is computed in the time domain.
will be seen that it corresponds to the relative displacemen
which fulfill the contact and friction law in the time domain. The
pair

(

λ̃,X̃r

)

is determinated through anAFT procedure. Equa-

tion (12) reduces tof (Ũr) = ε
(
Ũr −W − X̃r

)
. The conver-

gence ensures that the time domainX̃r and frequency domain
Ũr match with respect of wear condition.

1.5 Prediction/correction in the time domain

Ũr

Penalty form. Eq. (18)
λ̃ = λ̃U − λ̃X

Prediction Eq. (19)
nλpre = nλU

Correction Eq. (21-23)
friction & contact laws

+ −

λ̃ f
(
Ũr
)

= ZrŨr + λ̃− F̃r

iFFT

nλpre

nλU

nλX

FFT

Figure 2. Computation of the Lagrangian vector with wear

Now let us present the prediction/correction procedure in t
time domain summarized in figure 2. The contact forces are c
culated in time domain where the transition criteria between t
It
ts

he
al-
he

three possible states are easily formulated. Equation (17) is re-
formulated as:

λ̃ =
λ̃T

λ̃N

)

= F̃r −ZrŨr + ε
(
Ũr −W

)

︸ ︷︷ ︸

λ̃u

−εX̃r
︸︷︷︸

λ̃x

, (18)

The period is split intoN time steps. In this time domain each
multi-harmonic vector has a counterpart.λ̃,λ̃u and λ̃x have re-
spectively{λn}n=1..N, {λn

u}n=1..N and{λn
x}n=1..N as time domain

equivalents. These vectors are obtained from frequency domain
variables through an iFFT procedure. A prediction/correction is
used to compute the contact forces. At each time increment it
assumes that the contact node is in stick situation, thus the node
doesn’t move andλn,T

x = λn−1,T
x and λn,N

x = 0. The predicted
contact forces are:

λn,T
pre = λn,T

u −λn−1,T
x , λn,N

pre = λn,N
u , (19)

The corrected contact forces will be:

λn = λn
u−λn

x (20)

λn
x will we be calculated to satisfy the contact and friction laws.

1. Separation:λn,N
pre ≥0, the contact is lost and the forces should

be zero

λn
x = λn

u, (21)

2. Stick:λn,N
pre < 0 and

∥
∥
∥λn,T

pre

∥
∥
∥< µ

∣
∣
∣λn,N

pre

∣
∣
∣

In this case, the prediction verifies the contact conditions:

λn,N
x = 0, λn,T

x = λn−1,T
x , (22)

3. Slip: λn,N
pre < 0 and

∥
∥
∥λn,T

pre

∥
∥
∥≥ µ

∣
∣
∣λn,N

pre

∣
∣
∣

Again,there is no normal relative displacement. The correc-
tion is made assuming that the tangential contact force has
the same direction as the tangential predicted force. The def-
inition of relative velocity and the respect of the Coulomb’s
law give:

λn,N
x = 0, λn,T

x = λn−1,T
x + λn,T

pre 1−µ
|λn,N

pre|

‖λn,T
pre‖

)

, (23)

The final step consists of transforming back the time domain up-
dated Lagrangian in the frequency domain using FFT algorithm.



PŨr

Penalty form. Eq. (18)
P λ̃ = P λ̃U −P λ̃X

λ̃(ηk) = λ̃U(ηk)− λ̃X(ηk)

Prediction/Correction
cf Fig. (2)

updated̃λ(ηk)

Wear Calculation Eq.(24)

k = Nf inal

P λ̃ ZrPŨr +P λ̃−PF̃r

P−1

iFFT

FFT

YES:P

NO

k=k+1

Figure 3. Computation of the Lagrangian vector

1.6 Calculation of the wear depth
As soon as the non-linear solver has converged, we obt

the multiharmonic vectors of displacements and contact forc
and also their corrected equivalents in the time domain. The
values allow us to calculate the wear rate for one period usi
equation (15). The easiest strategy to compute wear evolution
to calculate wear after each period and to update vectorW for
the next period.

WM(ηk+1) = WM(ηk)+ ∆WM(ηk+1), (24)

Even though HBM/AFT is a fast method compared with tem
poral integration, the calculation of frequency responses for
dustrial applications can last hours (even without fretting-wea
ain
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Therefore, calculating wear evolution with a direct time integra-
tion method will be very long. Presently, this method is used
to understand the coupling phenomena between dynamics and
fretting-wear. But another method is proposed to calculate the
global response onτ andη. The idea is close to the principle
of HBM, indeed we use a basis of Fourier series functions to
represent the time evolution inτ, which allows to transform the
non-linear equations in an algebraic problem. The same idea is
applied withη but it gives a basis of monomial series. Thus all
the Fourier coefficients and wear are defined as

W(η) = W0 +W1η+W2η2 + · (25)

λ̃(η) = λ̃0 + λ̃1η+ λ̃2η2 + · · · (26)

Ũ(η) = Ũ0 +Ũ1η+Ũ2η2 + · · · (27)

Let us introduce operatorP and its inverseP−1, such as
PŨr is the vector of the multi-harmonic polynomial coefficients.
Its size is(2∗Nh +1).(m+1), wherem designates the degree of
the polynomial.

PŨr =
[
Ũ,, · · · ,Ũ,m,Ũ1,0,c,Ũ1,0,s, · · · ,ŨNh,m,s

]T
(28)

The first subscript is the harmonic order and the second subscript
corresponds to the degree of the monomial in the polynomial.
Equation (16) is transformed as:

Zp
r PŨr +P λ̃ = PF̃r (29)

The procedure of prediction/correction to calculate contact force
and wear is conserved, but there are new steps. Indeed, now two
time scales are considered. The procedure is illustrated in fig-
ure 3. Thus, the predicted forces are predicted from equation(29)
the same way as in the precedent part, but now we have a double
discretisation in the time domain: one for each period and one
for long times, both are linked withη. Each time step is defined
by a pair(tn,ηk). To transform the variable of equation (29) a
calculation of the multiharmonic coefficient function must first
be performed at eachηk and, then, an iFFT procedure must be
used. At each time step(tn,ηk) contact forces are corrected to
satisfy the contact and friction conditions. At the end of period
k wear is updated for the next period. At the end of the loop on
(n,k) = (N,Nf inal), we have obtained the dynamical evolution
on each period (time scale:τ), the evolution of contact forces
due to wear (time scale:η) and wear at each contact node. This
vectors are transformed in the frequency domain using FFT and
the coefficients of polynomial from the value of multiharmonic
coefficient at eachηk usingP :. The new values are introduced
in equation (29) to verify the convergence.



2 Numerical example
The method developed above is applied to a simple mod

with two degrees of freedom which allows one to understand th
coupling between wear and dynamics.

2.1 2-DOF with wear

u0

kn

k1

c1
k2

c2

Fexm1

m2

x1

x2

Figure 4. 2-DOF model

To start with, let us study a system made of two masses
contact with friction. The movements are only in the tangen
tial direction. On the normal direction is applied a displaceme
which constrains a spring. The system is represented in figure
The non-linear dynamics equations are only on the tangential
rection. On the normal direction, only the first mass will wea
and the wear depth leads to the relaxation of the spring and t
normal contact force decreases. The equations of this system

m1ẍ1 +c1ẋ1 +k1x1 +Fnl = Fex, (30a)

m2ẍ2 +c2ẋ2 +k2x2−Fnl = 0, (30b)

∆w(nT) = Kw

∫ (n+1)T

nT
FN ‖ẋ2− ẋ1‖dt, (30c)

FN = kn.(u0−w), (30d)

Fnl designates the tangential friction forces which must respe
Coulomb’s law. To solve the non-linear problem, the DLFT is
used with different numbers of harmonics to test the influenc
of this parameter. The choice of relaxing the normal force whe
wear increases is due to the fact that in a real 3D problem t
whole contact area is not in situation of stick-slip, that is wh
areas will remain without wear (total sticking zone). The resu
is the decrease of normal pressure in the area of wear. In t
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Figure 5. Frequency response of massm1 for several levels of excitation
force

system, unit masses have been chosen,k1 = π2, k2 = 7π2 and the
viscous damping ratio is 0.1%. Thus, the two modes (stick situ-
ation and massm1 free) are respectively at 1Hz and 0.5Hz. An
initial normal force of 10N (kn = 1.107Nm−1, u0 = 1.10−3mm)
and a friction coefficientµ = 1 are imposed. The coefficient of
wear rateKw is arbitrarily chosen equal to 1.010−6. We impose
an excitation force in cosine and we will study three cases for the
amplitude of excitation:6N,10N,14N. Indeed there are three

possible situations depending on the ratior =
(

Fex
µFN

)

if the ex-

citation is too small the massesm1 and m2 are all the time in
sticking situation, if the ratio is bigger than a certain value (not
calculated but depending on the dynamical properties of the sys-
tem) the massm1 is during one period often in sliding situation,
and the third case occurs if the sliding situation appears but the
sticking duration is longer in one period. These three cases mod-
ify the dynamic response and the wear evolution. The first case
isn’t studied because wear doesn’t occur.

With this model let us consider the evolution of wear as a
function of the number of fretting cycle and for different fre-
quencies. We plot the frequency response function of massm1 as
a function of the number of fretting cycles. A test has been per-
formed to determine the influence of the number of harmonics
on the precision of the results, the reference is given by a direct
time integration. 21 harmonics are finally used . The results in
figure 5 and figure 6 give the calculated FRFs for different ratios
of excitation force.

Figure 5 shows that for certain ratios subharmonics reso-
nances exist. Let us consider the behaviour of the modal response
of the system in the presence of wear.
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Figure 6. Frequency response of relative displacement for several leve
of excitation force

2.1.1 DLFT method and direct time integration on
the slow time scale First we impose a level of excitation
force of 6N. The evolution of the wear depth is calculated as
function of the frequency and of the number of fretting cycles
The results are reported in figure 7a.

We can see what happens in figure 8 where are reported F
of massm1 free, massm1 andm2 in stick situation and pseudo-
FRF for non-linear(NL) system at the initial cycle and after 10
normalized fretting-wear cycles.

They show that for this ratio of excitation wear doesn’t ap
pear in all the ranges of frequency. The plateau after a certa
number of cycles exists. The functions giving the evolution o
wear have points of maximal slope. We can separate evolution
three steps. First wear evolution is low because the relative spe
is low. After that there is an area where the wear evolution acce
erates because of the increase of relative displacement due to
decrease of the normal force and at the end of the evolution t
displacement is important but the normal force is nearly zero a
wear stops. The point of maximal slope corresponds to the ma
imum of wear rate. This figure shows the influence of dynamic
on wear evolution. Figure 9a illustrates the influence of wear o
the dynamic response. In this figure two resonances appear w
the increase of wear. Due to wear, the behaviour changes. W
wear augmentation, massm1 is more and more in slip situation
and the system tends to a system where massm1 is free.

The second imposed excitation force is 14N. Figures 9c
and 7c show respectively the pseudo-FRF of massm1 and wear
evolution. For this ratio of excitation force, the frequency slo
where wear appears is more important and there is a frequen
where wear evolution functions don’t have point of maxima
ls

a
.

RF

0

-
in
f
in
ed
l-
the
he
nd
x-
s
n
ith
ith

t
cy
l

0

0.5

1

1.5

0

50

100
0

0.2

0.4

0.6

0.8

1

x 10
−3

Excitation frequency(Hz)
Cycle numbers

W
ea

r 
de

pt
h 

[m
m

]

(a)

0

0.5

1

1.5

0

50

100
0

0.2

0.4

0.6

0.8

1

x 10
−3

Excitation frequencyCycle numbers

W
ea

r 
de

pt
h 

[m
m

]

(b)

0

0.5

1

1.5

0

50

100
0

0.2

0.4

0.6

0.8

1

x 10
−3

Excitation frequencyCycle numbers

W
ea

r 
de

pt
h 

[m
m

]

(c)

Figure 7. Wear depth evolution on a frequency range forFex = 6N
(a),Fex= 10N (b) andFex= 14N (c)
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Figure 8. pseudo-Frequency response of vibration amplitude of mas
for 4 cases

slope. In this case for initial fretting cycle, sliding period long
more than sticking period in one vibration period and wear ra
is maximum in this cycle and decrease with fretting-wear cyc
For this excitation force the system is closer to sliding mode th
sticking mode, that’s why wear is faster at about 0.5Hz where
there is maximum relative displacement. Figure 9b and 7b rep
sent vibration response and wear evolution forFex = 10cos(ωt).
It is an intermediate situation where the resonance without w
is at 1Hz and when wear increases resonance appears at 0.5Hz.
Theses three examples show how coupling between wear and
bration can be illustrated for a 2-DOF oscillator.

Now lets us consider the importance of the number of ha
monics on the results. We have calculated for different h
monics number and drawn the wear evolution in figure 10 w
Fex = 10N and f = 0.7Hz. This figure shows that the conver
gence increases with the harmonics number. A large numbe
harmonics is not necessary to have an acceptable result. Ind
for more complex structures with a lot of degrees of freedom i
interesting not to increase harmonics number but to decrease
calculation time.

2.1.2 Polynomial approximation of wear evolution
Now lets us present the results obtained with the method wh
the evolution inη is assumed to be polynomial. We have select
Nh = 3 and a degree of polynom equal to 4. The level of excit
tion force is 10N. The wear evolution is illustrated in figure 11
for direct time integration, for the DLFT with integration inη
and polynomial DLFT. Figure 12 shows wear evolution, resu
looks like results found with DLFT and for direct time integra
tion in η in figure 7b. To compare both, the evolution of relativ
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Figure 9. pesudo-Frequency Response of vibration amplitude of mass
1 for Fex = 6N (a),Fex = 10N (b) andFex= 14N (c)
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Figure 10. Wear depth evolution with different harmonics orders

0   20 40 60 80 100
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1
x 10

−3

Cycle numbers

W
ea

r 
de

pt
h 

[m
m

]

 

Direct integration

Polynomial DLFT  Nh=3 Dp=4

DLFT Nh=3 + integration

Figure 11. Wear depth evolution with three methods

displacement in frequency andη are drawn. The DLFT results
are in figure 13 and the results from polynomial approach in fi
ure 14. Our new method allow us to approximate results fou
with multiple DLFT with one non-linear calculation for each fre
quency. Nevertheless polynomial approximation isn’t the m
adapted function to fit wear evolution and future work will try t
use other functions as Weibull function or similar functions us
in maintenance engineering.
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Figure 12. Wear depth evolution with polynomial approach forFex =
10N
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Figure 13. Relative displacements with DLFT & integration

CONCLUSIONS
Two methods to predict wear and vibration response have

been proposed. The efficiency of the first numerical method -
DLFT & time integration - is proved for simple examples. It
would be slow for industrial structures but has allowed us to un-
derstand the coupling between wear and dynamics. The second
method - with polynomial projection - needs more developments
to be adapted for industrial structures. The future works will fo-
cus on developing new functions to formulate wear on the slow
time scale, especially above the point of maximal slope.A special
attention will be paid to convergence issues
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Figure 14. Relative displacements with polynomial DLFT
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