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 A B S T R A C T

The direct parametrisation method for invariant manifolds is adjusted to consider a varying parameter. 
More specifically, the case of systems experiencing a Hopf bifurcation in the parameter range of interest is 
investigated, and the ability to predict the amplitudes of the limit cycle oscillations after the bifurcation is 
demonstrated. The cases of the Ziegler pendulum and Beck’s column, both of which have a follower force, 
are considered for applications. By comparison with the eigenvalue trajectories in the conservative case, it 
is advocated that using two master modes to derive the ROM, instead of only considering the unstable one, 
should give more accurate results. Also, in the specific case where an exceptional bifurcation point is met, 
a numerical strategy enforcing the presence of Jordan blocks in the Jacobian matrix during the procedure is 
devised. The ROMs are constructed for the Ziegler pendulum having two and three degrees of freedom, and 
then Beck’s column is investigated, where a finite element procedure is used to spatially discretise the problem. 
The numerical results show the ability of the ROMs to correctly predict the amplitude of the limit cycles up to 
a certain range, and it is shown that computing the ROM after the Hopf bifurcation gives the most satisfactory 
results. This feature is analysed in terms of phase space representations, and the two proposed adjustments 
are shown to improve the validity range of the ROMs.
1. Introduction

Nonlinear techniques for simulation-free model order reduction 
(MOR) based on the parametrisation method for invariant manifolds, 
show several successful applications in recent years, especially for 
vibrating systems [1–13], but also for different domains like fluid dy-
namics with the Navier–Stokes equations [14] or astronomy [15]. In the 
field of nonlinear vibrations, all these works complement and improve 
the earlier developments defining and using Nonlinear Normal Modes 
(NNMs) as invariant manifolds for accurate derivations of reduced or-
der models (ROMs) [16–22] thanks to the following decisive advances. 
First, the uniqueness of the invariant manifold has been theoretically 
proven in [20] thanks to the parametrisation method, yielding spectral 
submanifolds (SSMs) as the unique smoothest subspace, which are thus 
the sought and already used NNMs of earlier works. Second, arbitrary 
order expansions have been devised, allowing automated powerful 
results with a fine convergence as long as the validity limit of the local 
theory is fulfilled [1,6,23]. Finally, methods that are directly applicable 
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to a Finite Element (FE) discretisation, of broad use for engineering 
structures, have been developed [4,5,24].

In the previously cited contributions, most of the developments 
were concerned with computing the invariant manifolds of a fixed point 
representing the structure at rest. In this realm, NNMs offer a clear 
and direct continuation of the idea of linear normal modes. While the 
majority of the developments for vibrating structures were concerned 
with geometric nonlinearity, recent applications extend the approach 
and consider coupled systems or different physics. For instance, friction 
is considered in [8,25], a weak piezo-electric coupling is addressed 
in [11] and a strong electromechanical coupling with application to 
Micro-Electro-Mechanical Systems (MEMS) is derived in [12].

The treatment of parameter-dependent ROMs using either the centre 
manifold approach or the normal form theory has already been consid-
ered in the past. For example, the idea of adding the parameter as an 
additional state variable with trivial dynamics was already addressed 
in [26] in the context of centre manifold reduction of a simple system 
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experiencing a Hopf bifurcation, and the technique has been applied to 
friction-induced vibration in braking systems in [27]. In the context of 
forced systems, the external forcing has been added as an extra oscil-
lator for the computation of NNMs with the centre manifold technique 
in [28]. Considering now normal form theory, parameter-dependent 
cases in nonlinear vibrations, including bifurcations leading either to 
divergence or flutter, were already investigated in [29,30], where the 
particular case of the Ziegler pendulum was considered. Additionally, 
other treatments in the realm of parameter-dependent systems can also 
be found for example in [31,32], including the case of external forcing.

Now focusing on the more general context of the parametrisation 
method for invariant manifolds, parameter-dependent problems have 
been less frequently addressed. For example, in the non-autonomous 
case, where the excitation frequency can be seen as a varying param-
eter, different treatments have been proposed. In [24], the ROM is 
computed for a single value and then used to compute bifurcation dia-
grams with numerical continuation for slight variations in the vicinity 
of the expansion point. On the other hand, the invariant manifolds are 
computed for each forcing frequency in [33,34]. For rotating systems, 
interpolations between different ROMs computed at selected rotation 
speeds have proven effective in [35]. On the other hand, MOR tech-
niques using manifolds and embeddings that are especially concerned 
with large parameter variations have also been exploited in different 
fields, see e.g. [36–38] and references therein.

The previously cited approaches to deal with parameter-dependent 
ROMs rarely consider the cases where the fixed point, in the vicinity 
of which the NNMs are computed, experiences a bifurcation in the 
considered parameter range. However, bifurcations of the fixed point 
are commonly encountered in diverse mechanical situations [39], for 
instance in the case of buckling, where the position of the structure at 
rest becomes unstable for an increasing value of the load. Another case 
of interest is that of the flutter, where a Hopf bifurcation occurs with 
the birth of limit cycle oscillations. This case is typically encountered 
for a wing subjected to a uniform flow with increasing velocity [40,41], 
but also for pipes conveying fluid [42,43], or structures actuated with 
follower forces as the Ziegler pendulum [44–46] or Beck’s column [47,
48] for instance.

In such a case, the parametrisation method for invariant manifolds 
needs to be revisited to account for this major change in the dynamics. 
For a system encountering a Hopf bifurcation, a first important step has 
been proposed in [49] with application to a pipe conveying fluid. The 
parametrisation method has been computed by selecting the unstable 
mode as the master one, and adjusted by incorporating the bifurca-
tion parameter as an additional variable with trivial dynamics, in a 
treatment resembling the so-called ‘‘suspension trick’’ largely used in 
dynamical systems, see e.g. [24,26,28]. In particular, the parametrisa-
tion method is computed for a given value of the flow velocity, and 
the ROM is then used to predict the amplitudes of the limit cycles 
after the Hopf bifurcation. Interestingly, it has been found that the best 
results are obtained when the parametrisation point is selected after 
the bifurcation, meaning that the unstable invariant manifold of the 
unstable fixed point provides a better approximation of the limit cycles 
than those obtained using the centre manifold computed exactly at the 
Hopf bifurcation parameter value.

This contribution aims to elaborate further on the use of MOR 
techniques for vibrating systems experiencing a Hopf bifurcation, using 
the direct parametrisation method for invariant manifolds (DPIM). The 
bifurcation parameter is introduced as an added variable with trivial 
dynamics, and two distinctive features are addressed as compared 
to [49]. First, it is shown how considering two master modes can 
improve the predictions. The two modes are selected from the inspec-
tion of the undamped or lightly damped problem since this framework 
uncovers the coalescence of frequencies, at the heart of the instability, 
and the presence of a 1:1 resonance between the two bifurcating modes. 
Even if this information is lost when damping is added, it is shown to 
2 
improve the results of the ROM, underlining that the near 1:1 reso-
nance affects the quality of the ROM. Second, in the case of a perfect 
frequency coalescence, degenerate eigenvalues occur and Jordan blocks 
appear in the linear part of the dynamics. In such a case, a numerical 
strategy that enforces the presence of Jordan blocks is tested to improve 
the results. Finally, the findings are numerically assessed in three cases: 
the Ziegler pendulum with two and three degrees of freedom (DOF), 
and a cantilever beam with a follower force (Beck’s column). In the 
latter case, the problem is discretised by the finite element method 
to illustrate an application to a numerical problem featuring a large 
number of DOF.

2. Models and methods

In this section, a general methodology for embedding parameter 
variations in the framework of the DPIM is first introduced, follow-
ing [24,49]. Then, the mechanical models experiencing Hopf bifur-
cations are presented, with a special emphasis on their specificities 
in terms of eigenvalue trajectories as a function of the bifurcation 
parameter. The Ziegler pendulum is here selected as a prototypical 
case. Finally, the adjustments proposed to enhance the ROM’s predic-
tive capacity are detailed based on the understanding of the linear 
behaviour.

2.1. Direct parametrisation method with added bifurcation parameter

This section is concerned with the inclusion of a parameter in 
the formalism of the DPIM. The procedure strictly follows the ideas 
presented in [24,49], such that the presentation is kept minimal. The 
reader is referred to [50] for a general presentation of the parametri-
sation method, and [5,22,24] for its direct application to vibrating 
systems.

For the sake of generality, let us consider a generic parameter-
dependent problem in the form of a differential–algebraic equation 
(DAE) for an unknown state space vector 𝐲 ∈ C𝐷, and a scalar control 
parameter 𝜇. The ROM is constructed from the parametrisation method 
at a given value of the parameter 𝜇0, and aims at predicting the be-
haviour for varying values in the vicinity. In order to accurately embed 
the parameter variations in the formulation, it is taken as an additional 
state variable having trivial dynamics, since it is time independent. 
Note that the main interest is in bifurcating systems, thus a bifurcation 
might occur for 𝜇 = 𝜇0. However, the method as presented in this 
section is general and can be applied with or without specifying that a 
bifurcation occurs at 𝜇0, neither indicating the type of bifurcation. Since 
solutions are searched for in the vicinity of 𝜇0, the system is written as:
𝐁𝐲̇ = 𝐀

(

𝐲0 + 𝐲
)

+𝐐1(𝐲0 + 𝐲, 𝐲0 + 𝐲) +𝐐2(𝐲0 + 𝐲, 𝜇0 + 𝜇)

+𝐐3(𝜇0 + 𝜇, 𝜇0 + 𝜇), (1a)

𝜇̇ = 0. (1b)

The following features have been considered. First, the parameter 𝜇
is added to the original problem by including Eq.  (1b), which has 
trivial dynamics. This step is key to applying the DPIM to an extended 
problem where the bifurcation parameter will be properly dealt with. 
Second, the nonlinearities are supposed to be quadratic and described 
by the smooth and analytical bilinear functions 𝐐1 ∶ C𝐷 × C𝐷 → C𝐷, 
𝐐2 ∶ C𝐷 × R → C𝐷 and 𝐐3 ∶ R2 → C𝐷. The nonlinear terms have 
been split into three parts to take into account quadratic nonlinearities 
involving only the state (𝐐1), only the parameter (𝐐3), or mixed (𝐐2). 
The assumption of only quadratic nonlinearity is not restrictive, as any 
smooth nonlinearity can be transformed into a quadratic one thanks to 
a quadratic recast [51–53].

The same assumptions as in [24] relative to the matrices are con-
sidered: 𝐀 and 𝐁 are real-valued, with 𝐀 of rank 𝐷 and 𝐁 possibly 
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rank-deficient, where 𝐷 is the dimension of the state-space. The fixed 
point 𝐲0 for 𝜇 = 𝜇0 is such that 
𝐀𝐲0 +𝐐1(𝐲0, 𝐲0) +𝐐2(𝐲0, 𝜇0) +𝐐3(𝜇0, 𝜇0) = 𝟎, (2)

with 𝜇 imposing an increment to this 𝜇0 value and 𝐲 a (finite) pertur-
bation around the equilibrium state.

Eq.  (1a) can be simplified by noticing that the following equations 
hold for the quadratic tensors: 
𝐐1(𝐲0 + 𝐲, 𝐲0 + 𝐲) = 𝐐1(𝐲0, 𝐲0) +𝐐1(𝐲0, 𝐈)𝐲 +𝐐1(𝐈, 𝐲0)𝐲 +𝐐1(𝐲, 𝐲) (3a)

𝐐2(𝐲0 + 𝐲, 𝜇0 + 𝜇) = 𝐐2(𝐲0, 𝜇0) +𝐐2(𝐲0, 1)𝜇 +𝐐2(𝐈, 𝜇0)𝐲 +𝐐2(𝐲, 𝜇) (3b)
𝐐3(𝜇0 + 𝜇, 𝜇0 + 𝜇) = 𝐐3(𝜇0, 𝜇0) +𝐐3(𝜇0, 1)𝜇 +𝐐3(1, 𝜇0)𝜇 +𝐐3(𝜇, 𝜇),

(3c)

with 𝐈 ∈ R𝐷×𝐷 the identity matrix. In the above equations, the identity 
matrix is given as an input to the quadratic tensors, which constitutes 
a slight abuse of notation. In order to avoid any misinterpretation, 
the meaning of this operation is detailed in Appendix  A with indicial 
expressions. Inserting Eq.  (3) into Eq.  (1a), cancelling terms with the 
fixed point Eq.  (2), and introducing the augmented state variables 
vector ̃𝐲 =

[

𝐲 𝜇
]𝑇 , the following system is found: 

[

𝐁 𝟎
𝟎 1

]

⏟⏞⏟⏞⏟
𝐁̃

̇[

𝐲
𝜇

]

⏟⏟⏟
̇̃𝐲

=
[

𝐀𝑡 𝐀0
𝟎 0

]

⏟⏞⏞⏞⏟⏞⏞⏞⏟
𝐀̃𝑡

[

𝐲
𝜇

]

⏟⏟⏟
𝐲̃

+
[

𝐐1(𝐲, 𝐲) +𝐐2(𝐲, 𝜇) +𝐐3(𝜇, 𝜇)
0

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐐̃(𝐲̃,𝐲̃)

,

(4)

with 𝐀𝑡 defined by 
𝐀𝑡 = 𝐀 +𝐐1(𝐲0, 𝐈) +𝐐1(𝐈, 𝐲0) +𝐐2(𝐈, 𝜇0), (5)

and 
𝐀0 = 𝐐2(𝐲0, 1) +𝐐3(𝜇0, 1) +𝐐3(1, 𝜇0). (6)

Interestingly, Eq.  (4) has exactly the same shape as the starting 
equations used in [24]. Consequently, the DPIM can be applied to Eq. 
(4) with only minor modifications. The only point needing further 
attention is the matrix 𝐀̃𝑡, which is singular because of its last line, 
a point that was not addressed in [24]. The assumption that the linear 
part of the right-hand side is non-singular is only used to solve the as-
sociated eigenvalue problem. Thus, it is possible to extend the method 
and consider a singular matrix 𝐀̃𝑡 by treating differently the physical 
eigenvectors and the one associated with the bifurcation parameter.

Let us assume that the master modes selected to perform the DPIM 
are the first 𝑑 ones. It is here recalled that the method only requires 
the computation of the 𝑑 ≪ 𝐷 master modes. The right eigenproblem 
associated to Eq.  (4) reads 
([

𝐀𝑡 𝐀0
𝟎 0

]

− 𝜆𝑠

[

𝐁 𝟎
𝟎 1

])[

𝐘𝑠
Y𝜇𝑠

]

= 𝟎, 𝑠 = 1,… , 𝑑 + 1, (7)

where the right eigenvector has been partitioned into two parts, respec-
tively 𝐘𝑠 related to the usual state variables, and Y𝜇𝑠  to the bifurcation 
parameter. When 𝑠 ≤ 𝑑, the eigenvalue 𝜆𝑠 is supposed to be non-
vanishing. Thus, the last line of Eq.  (7) implies Y𝜇𝑠 = 0, while the other 
lines reduce to the usual eigenvalue problem 
(

𝐀𝑡 − 𝜆𝑠𝐁
)

𝐘𝑠 = 𝟎 𝑠 = 1,… , 𝑑. (8)

Instead, when the case 𝑠 = 𝑑+1 is considered, 𝜆𝑑+1 = 0 since the control 
parameter does not evolve with time. Then, since the eigenvalues 
normalisation is arbitrary, by choosing Y𝜇𝑑+1 = 1, the following equation 
needs to be solved 
𝐀𝑡𝐘𝑑+1 = −𝐀0. (9)

The solution to this equation exists as long as the matrix 𝐀𝑡 is non-
singular, which is always supposed to be the case for the applications 
treated in this contribution. It should be noticed that, if desired, the 
3 
normalisation of 𝐘𝑑+1 can be altered afterwards, e.g. to respect mass 
orthonormality. Thanks to Eq.  (9), the eigenvector relative to the bifur-
cation parameter added as a state variable can be easily computed and 
the linear master eigenvectors are known. Note that this added eigen-
vector has a physical meaning, see Appendix  E where this is further 
detailed for the specific case of second-order mechanical systems.

The DPIM can thus be applied directly to Eq.  (4). The method 
assumes first that a nonlinear mapping exists, relating the physical 
variables 𝐲 to the so-called normal coordinate ̃𝐳 as 
𝐲 = 𝐖(̃𝐳). (10)

The vector ̃𝐳 is of dimension 𝑑+1, and contains the 𝑑 ≪ 𝐷 usual normal 
coordinates 𝐳, appended with the parameter 𝜇 as added variable: 

𝐳 =
[

𝐳
𝜇

]

. (11)

Interestingly, 𝜇 is discarded from the left-hand side of Eq.  (10) fol-
lowing the idea given in [24], since being a non-physical coordinate 
with trivial dynamics, which must not be confused with the original 
problem. Finally, the reduced dynamics, governing the evolution onto 
the selected (𝑑+1)-dimensional invariant manifold, is introduced as an 
unknown as 
𝐳̇ = 𝐟 (̃𝐳). (12)

Again, the method is derived such that the last line of Eq.  (12) is left 
unmodified and always equal to Eq.  (1b), i.e. 𝜇̇ = 0.

Eqs.  (10) and (12) can be inserted into Eq.  (4) to eliminate time, 
giving rise to the so-called invariance equation, which is then solved 
recursively, by considering polynomial expansions for Eqs.  (10) and 
(12). More specifically, one introduces: 

𝐖(̃𝐳) =
𝑜
∑

𝑝=1

𝑚𝑝
∑

𝑘=1
𝐖(𝑝,𝑘)𝐳̃𝜶(𝑝,𝑘), (13a)

𝐟 (̃𝐳) =
𝑜
∑

𝑝=1

𝑚𝑝
∑

𝑘=1
𝐟 (𝑝,𝑘)𝐳̃𝜶(𝑝,𝑘), (13b)

with the unknown coefficients 𝐖(𝑝,𝑘) and 𝐟 (𝑝,𝑘). The multi-index no-
tation is used, and 𝜶(𝑝, 𝑘) =

{

𝛼1 𝛼2 … 𝛼𝑑+1
} refers to the 𝑘th 

monomial of order 𝑝, 𝑘 ∈ [1, 𝑚𝑝], 𝑚𝑝 being the number of monomials of 
order 𝑝 in 𝑑 +1 coordinates. The monomial associated to 𝜶(𝑝, 𝑘) simply 
reads 𝐳̃𝜶(𝑝,𝑘) = 𝑧𝛼11 𝑧𝛼22 …𝜇𝛼𝑑+1 . Each 𝛼𝑗 is such that 0 ≤ 𝛼𝑗 ≤ 𝑝, and 
collects the power associated to 𝑧𝑗 , such that 

∑𝑑+1
𝑗=1 𝛼𝑗 = 𝑝. The maximal 

order of the polynomial expansion is 𝑜, and the numerical solutions will 
be referred to as order 𝑜 solutions in the remainder.

Introducing the polynomial expansions in the invariance equations 
leads to the so-called homological equations of order 𝑝, which are 
solved recursively. Since Eq.  (4) is exactly in the same format as the 
systems treated in [24], the methodology addressed therein, and specif-
ically the algorithm and expressions for the different terms composing 
the homological equations, can be directly applied to the present case. 
For this reason, neither the assembly of the terms in the homological 
equations nor the solution process of the system of equations will be 
further detailed in this contribution, the interested reader is directly 
referred to [24] for algorithmic details.

An important remark however stands, since the eigenvalue asso-
ciated with the added variable representing the control parameter 
vanishes. As a consequence, numerous new trivial resonances will be 
fulfilled at the nonlinear level, giving rise to much more resonant mono-
mials in a normal form style solution when compared to the case of 
lightly damped mechanical systems. This has important consequences 
on the nature of the ROMs produced, but does not impair the DPIM 
algorithm, which can easily handle such cases thanks to the resonance 
sets used to fill the resonance relationships, see e.g. [6,24] for more 
details.

The mechanical systems under study and their eigenvalues’ de-
pendence upon the bifurcation parameter are now detailed to justify 
the specific choices to consider for a vibrating system experiencing a 
flutter-like instability.
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Fig. 1. Two models of Ziegler pendulum. (a) classical 2-DOF system. (b) A 3-DOF version.
2.2. Hopf bifurcations and Ziegler pendulum

The proposed reduction technique aims to provide an accurate 
estimate of the amplitudes of the limit cycles for mechanical systems 
undergoing a Hopf bifurcation. In order to assess and develop the 
method on a simple example featuring these main characteristics, 
the case of a Ziegler pendulum is selected [44,45,54]. This section 
introduces the equations of motion of the Ziegler problem, and recalls 
some basic results related to the stability analysis, which are key to 
understanding the choices made to derive the ROM.

2.2.1. The Ziegler pendulum
The Ziegler pendulum, initially introduced in [44] and shown 

in Fig.  1(a), is a 2-DOF inverted pendulum excited by a follower force. 
Two rigid bars of length 𝐿 with concentrated masses 𝑚1 and 𝑚2 at their 
ends are connected by springs of stiffness 𝑘1 and 𝑘2. A follower force of 
magnitude 𝑃 , always aligned with the second bar 𝐵𝐶, is the external 
excitation, and 𝑃  is the bifurcation parameter. Angles 𝜃1 and 𝜃2 of the 
bars with the vertical are used as generalised coordinates for the model. 
A 3-DOF version of this system will also be considered in  Section 3.3, 
and is shown in Fig.  1(b).

The equations of motion for the 2-DOF Ziegler pendulum are well-
established in the literature, see e.g. [44,45,54], and up to third-order, 
read 
𝐌𝜽̈ + 𝐂𝜽̇ +

(

𝐊 +𝐊𝐠
)

𝜽 = 𝐅𝑛𝑙 , (14)

with 

𝐌 = 𝐿2
[

𝑚1 + 𝑚2 𝑚2
𝑚2 𝑚2

]

, 𝐊 =
[

𝑘1 + 𝑘2 −𝑘2
−𝑘2 𝑘2

]

, 𝐊𝐠 = 𝑃𝐿
[

−1 1
0 0

]

,

𝜽 =
[

𝜃1
𝜃2

]

, 𝐅𝑛𝑙 = −𝑃𝐿
6

[

(𝜃1 − 𝜃2)3

0

]

.

(15)

An arbitrary damping matrix 𝐂 is introduced in Eq.  (14). In many appli-
cations, a structural Rayleigh damping of the form 𝐂 = 2

(

𝜉 𝐊 + 𝜉 𝐌
)

𝑘 𝑚

4 
is considered, with 𝜉𝑘 and 𝜉𝑚 the amplitudes of stiffness and mass-
proportional terms.

2.2.2. Linear stability analysis
By monitoring the evolution of the eigenvalues with the control 

parameter 𝑃 , a Hopf bifurcation is seen to occur once two complex 
conjugate eigenvalues cross simultaneously the imaginary axis. This 
instability is generally referred to as the flutter instability in aeroelastic 
problems. When damping is not considered, it is characterised by a 
frequency coalescence [41,55–57]: two of the eigenfrequencies of the 
system merge for a given value of the bifurcation parameter. Without 
damping, this point is also exactly that of the Hopf bifurcation since a 
positive real part appears just after the coalescence.

Following the terminology introduced in [57–59], the point where 
the eigenfrequencies coalesce is called an exceptional point (EP): both 
eigenvalues and eigenvectors merge, forming a Jordan block. In other 
words, the algebraic multiplicity of the merging eigenvalues is 2 while 
the geometric multiplicity is 1. The other possible case is that of a
diabolic point (DP): algebraic and geometric multiplicities are equal 
to two, meaning that eigenvalues merge but the eigenvectors remain 
different and stay linearly independent [59]. A complete study of the 
possible cases is investigated in [59]. Interestingly, the appearance of 
diabolic points is not possible for codimension 1 bifurcations, such 
as the Hopf bifurcation, when the Jacobian matrix describing the 
dynamics is real and asymmetric, as in the present case. This implies 
that, as long there is a coalescence of eigenfrequencies, an exceptional 
point is necessarily at hand, and no further check on the dimension of 
the subspace generated by the eigenvectors is needed: the Jordan block 
is present.

Let us illustrate the possible cases and the influence of the damping 
in the linear stability analysis of the Ziegler pendulum. Fig.  2 shows 
four possible cases with different damping scenarios, where all the free 
parameters have been set to unity: 𝑚1 = 𝑚2 = 1; 𝑘1 = 𝑘2 = 1 and 𝐿 = 1. 
Fig.  2(a) shows the conservative case obtained with 𝐂 = 𝟎. Without 
the external follower force, 𝑃 = 0, the eigenspectrum is composed 
of a couple of purely imaginary complex eigenvalues ±𝑖𝜔 ,±𝑖𝜔 , with 
1 2
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Fig. 2. Eigenvalue trajectories for the 2-DOF Ziegler pendulum. Three distinct scenarios are considered: without damping, with mass-proportional damping, and with stiffness-
proportional damping. Parameter values set as 𝑚1 = 𝑚2 = 𝑘1 = 𝑘2 = 𝐿 = 1. (a) undamped system (b) mass-proportional damping with 𝜉𝑚 = 0.2 (c)–(d) cases with stiffness-proportional 
damping, and 𝜉𝑘 = 0.01 or 𝜉𝑘 = 0.1. The black, solid line on the top plots indicates zero.  (For interpretation of the references to colour in this figure legend, the reader is referred 
to the web version of this article.)
(𝜔1, 𝜔2) the two eigenfrequencies of the vibrating system. Increasing 
the load of the follower force, one can observe that the two eigen-
frequencies coalesce at the point 𝑃 = 𝑃𝑐 . This point is also the Hopf 
bifurcation, denoted as 𝑃𝐻 , since a pair of positive real parts appears. 
This is the classical scenario for the flutter instability, characterised 
by an exceptional point at 𝑃𝑐 = 𝑃𝐻 , and the appearance of a Jordan 
block. It is also interesting to note that the two merged imaginary parts 
stay exactly equal until the next bifurcation at 𝑃 = 4. This underlines 
a strong 1:1 resonance between the two modes which have equal 
imaginary (oscillatory) parts, but opposite real parts: one of the two 
modes is unstable, while the other one is stable. At 𝑃 = 4, a divergence 
instability occurs, and this point is referred to as 𝑃𝑑 in the following. 
Here, the imaginary parts vanish and there is no oscillatory motion 
anymore, typical of a divergence instability. The range of parameter 
of interest for our study is thus the whole interval where stable limit 
cycles develop, i.e. for 𝑃𝐻 ≤ 𝑃 ≤ 𝑃𝑑 (here: 2 ≤ 𝑃 ≤ 4).

Let us now illustrate how this classical scenario is modified when 
damping is taken into account. Fig.  2(b) first shows how mass-
proportional damping affects the bifurcation scenario. Since the control 
parameter is only involved in the stiffness term 𝐊𝐠 in Eq.  (14), in 
this particular case adding mass-proportional damping just shifts the 
real parts of the eigenvalues, without fundamentally modifying the 
bifurcation scenario. The main consequence is that the frequency 
coalescence is still exactly verified, but the Hopf bifurcation point 𝑃𝐻
now occurs for a slightly larger value than 𝑃𝑐 . All other characteristics 
are left unchanged: an EP is found at 𝑃 = 𝑃𝑐 and a Jordan block 
appears, and a 1:1 resonance occurs since the imaginary parts are equal. 
The divergence is also observed for larger values at 𝑃 = 𝑃𝑑 .

This slight modification is only possible for the case of mass-
proportional damping, but considering an arbitrary damping matrix 
5 
will substantially modify the bifurcation scenario. This is illustrated 
in Figs.  2(c) and 2(d), where increasing values of stiffness-proportional 
damping are considered. The first case in Fig.  2(c) is that of a small 
damping value 𝜉𝑘, selected to stay close to the conservative case. As 
compared to Fig.  2(a), one can observe that the coalescence of the 
eigenfrequencies is lost, and the EP does not exist anymore. The Hopf 
bifurcation point 𝑃𝐻  of course persists and is located for these specific 
parameter values at 𝑃𝐻 = 1.6. It is interesting to note that only one 
unstable mode appears at 𝑃 = 𝑃𝐻 . However, looking at the eigenvalue 
trajectories and comparing them to the conservative case, one can see 
that the 1:1 resonance between the unstable mode (in green) and the 
stable one emanating from the largest eigenvalue 𝜔2 for 𝑃 = 0, is still 
almost fulfilled. A near 1:1 resonance exists on the parameter range of 
interest where fluttering oscillations develop.

Finally, a large value of the stiffness-proportional damping is shown 
in Fig.  2(d). In that case, the frequency coalescence is completely 
lost. The 1:1 resonance is not fulfilled anymore, but the imaginary 
parts still stay near each other with values in the same range. Nev-
ertheless, the Hopf and divergence points are still present. The case of 
mixed, Rayleigh damping behaves in the same way: the presence of the 
stiffness-proportional term prevents the frequency coalescence and the 
exceptional point, with persistence of the Hopf bifurcation.

Since the parametrisation method for invariant manifolds makes im-
portant use of the linear characteristics in order to build a simulation-
free nonlinear ROM, all the features displayed in these eigenvalue 
trajectories will be further discussed and analysed to construct an 
efficient ROM. This is detailed in the next section.
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2.3. Adjustments to the general reduction technique

2.3.1. Two-mode strategy
In the conservative case, and as illustrated with the Ziegler pen-

dulum, the point where the eigenfrequencies coalesce is the Hopf 
bifurcation point. At this EP, all the eigenfrequencies are equal with 
values 𝜔𝑐 and vanishing real parts. Consequently, the centre manifold, 
which captures the dynamics in the neighbourhood of the nonhyper-
bolic fixed point [60], is here four-dimensional. After the bifurcation, 
the four eigenvalues involved in the coalescence scenario have opposite 
real and imaginary parts and read 𝜆𝑗 = ±𝑟𝑐 ± 𝑖𝜔𝑐 , 𝑗 ∈ {1, 4}, see
e.g. Fig.  2(a). One strategy to derive a ROM is to select only the 
mode corresponding to the pair of eigenvalues with positive real parts 
𝜆𝑗 = +𝑟𝑐 ± 𝑖𝜔𝑐 . This strategy has been proposed in [49], and will 
be referred to as the one-mode ROM in the remainder. However, a 
clear 1:1 resonance exists between the oscillatory parts, and this feature 
persists, in the conservative case, as long as the next bifurcation point is 
encountered. Therefore, our proposal is to consider the 2 modes (corre-
sponding to the four eigenvalues 𝜆𝑗 = ±𝑟𝑐 ± 𝑖𝜔𝑐 ) to construct the ROM 
with the DPIM. It is expected that taking the 1:1 internally resonant 
behaviour will lead to more accurate predictions of the post-critical 
regime as well as the bifurcation point.

This statement is only strictly valid as long as the system is con-
servative. However, for lightly damped systems, near-resonances occur 
and the 1:1 resonance between the imaginary parts is not completely 
lost but approximately true. Hence, the two-mode strategy could still 
be helpful in the construction of the ROM for general situations. Nev-
ertheless, it should be noted that its applicability for damped scenarios 
depends on having access to the underlying conservative system at 
hand, in order to identify the two coalescing modes, which might not 
always be possible. In the next sections, this scheme will be tested and 
compared with its one-mode counterpart.

In the remainder of the study, the complex normal form style in the 
parametrisation method is selected [6,22,61]. In order to ensure that 
the monomials corresponding to the 1:1 resonance are present even 
in the case of quasi-resonance, the exact 1:1 relationship between the 
eigenfrequencies is strictly enforced in the calculation. Another strategy 
could be to use the graph style parametrisation.

2.3.2. Inclusion of Jordan blocks
As mentioned in Section 2.2.2, once exceptional points are at hand, 

the linear part of the dynamics can no longer be diagonalised, and 
Jordan blocks appear in the Jacobian matrix.

From a numerical standpoint, when usual routines for eigenprob-
lems are employed, there will never be two perfectly identical eigen-
values, so the resulting eigenvalues matrix is still diagonal, with two 
of its diagonal elements almost equal (for the sake of simplicity, we 
will assume that the maximum eigenvalues multiplicity is 2). These 
almost identical eigenvalues have a two-dimensional eigenspace, and 
correspond to almost identical eigenvectors for the exceptional point 
case. However, working directly with them would render the following 
computations ill-conditioned since they are almost perfectly aligned.

Therefore, an algorithm to create a better-conditioned eigensub-
space starting from the left and right eigenvectors obtained by usual 
numerical routines is devised and is expected to improve the numerical 
outputs of the reduction strategy. The main idea is to artificially impose 
Jordan blocks in the Jacobian matrix and find modified mutually 
orthogonal eigenvectors for each eigenspace.

The details of this technical derivation are reported in Appendix  C, 
for the sake of brevity. Such a treatment is awaited to provide better 
results in the reduction technique only in the case where an exceptional 
point is met. Numerical illustrations are provided in the next section.
6 
2.3.3. Selection of the expansion point to compute the ROM
As explained in  Section 2.1, the ROM is constructed with the DPIM 

at the expansion point 𝜇 = 𝜇0. In the case of bifurcating systems like the 
Ziegler pendulum investigated before, different options are possible to 
select the 𝜇0 value at which the ROM is computed. It could be before the 
instability, exactly at the Hopf bifurcation point, or after the instability.

In the numerical examples, the consequences of this choice will 
be investigated and further commented on. In particular, it will be 
shown that, thanks to the two-mode strategy, the expansion point can 
be selected before the bifurcation and the ROM is then able to predict 
the value of the bifurcation point. Furthermore, if one is interested in 
an accurate prediction of the amplitudes of the limit cycles developing 
after the Hopf bifurcation, it will be shown that the best results are 
obtained when the ROM is computed for 𝜇0 values that are slightly 
larger than the bifurcation point, i.e. when the fixed point is unstable. 
This result, already commented on in [49], will be here analysed in 
terms of phase space representations.

3. The Ziegler pendulum

In this section, the results of the different reduction strategies are 
compared for the case of the Ziegler pendulum. Since the two-mode 
strategy proposed to improve the results leads to keeping the same 
number of coordinates in the ROM for the 2-DOF Ziegler, the results 
are then extended to a 3-DOF pendulum. A continuous problem is 
investigated in  Section 4.

3.1. A 2-DOF Ziegler pendulum

In this section, the 2-DOF Ziegler pendulum, shown in Fig.  1(a) and 
introduced previously to illustrate some key concepts, is used to test 
the proposed approach. The length of the bars is fixed to 𝐿 = 1. The 
stiffness and masses are not taken here as unity, contrary to the results 
shown in  Section 2.2.2. Instead, their values have been optimised 
to repel the divergence stability point far from the Hopf bifurcation, 
to ensure the largest possible range of control parameter values for 
which limit cycle oscillations develop. This leads to select the following 
parameter values 

𝑘1 = 𝛿2𝑘2, 𝑚1 = 𝛾2𝑚2, 𝑘2 = 𝑚2 = 1; with 𝛾2 = 25∕4, and 𝛿2 = 41∕4.

(16)

Regarding damping, three scenarios are considered: in two of them, 
mass-proportional damping is selected, with 𝜉𝑚 = 0.01 and 𝜉𝑚 = 0.2, 
whereas in the third stiffness-proportional damping with 𝜉𝑘 = 0.1 is 
considered. It is emphasised that the case of mixed damping, usual 
in the analysis of mechanical systems, is not particularly illustrated 
as its behaviour corresponds to that of the stiffness-damped case. The 
eigenvalue trajectories for these three cases are illustrated in Fig.  3. 
The same general comments made on Section 2.2.2 apply to this 
example. It should be noted that from Figs.  3(a) to 3(b) the increase 
in damping moves the points where the eigenvalues coalesce and the 
Hopf bifurcation occurs further apart. Also, it should be noted that the 
divergence bifurcation in Fig.  3 occurs at much larger values of the 
control parameter than for the systems in Fig.  2.

For the analysis, parametrisations with increasing orders from 3 to 
9 are considered. Furthermore, the expansion point 𝑃𝑒 around which 
the parametrisation is computed is also varied. Note that the control 
parameter was denoted as 𝜇 in  Section 2.1 presenting the general 
methodology, but is now referred to as 𝑃 , corresponding to the bifur-
cation parameter in this problem. For systems with mass-proportional 
damping, the coalescence point 𝑃𝑐 and the Hopf bifurcation point 𝑃𝐻
are chosen, as well as expansions around 0.95𝑃𝑐 and 1.05𝑃𝐻 . For the 
stiffness-proportional damping system, points 0.95𝑃𝐻 , 𝑃𝐻  and 1.05𝑃𝐻
are selected to compute the ROM. Bifurcation diagrams for the differ-
ent scenarios are computed using a numerical continuation procedure 
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Fig. 3. Eigenvalue trajectories for the 2-DOF Ziegler pendulum with 𝐿 = 1 and other parameters as given by Eq.  (16).
embedded in the Matcont package [62]. Fig.  4 summarises the obtained 
results where a full-order solution taken as reference is shown with a 
red line. Figs.  4(a), 4(c) and 4(e) show ROMs computed around the 
bifurcation point with different expansion orders, while Figs.  4(b), 4(d)
and 4(f) show ROMs computed at different expansion points but with 
a fixed expansion order, equal to 9.

The main point of interest is to investigate if the two adjustments 
to the method proposed in  Section 2.3 improve the ROM’s ability to 
provide an accurate prediction of the limit cycles’ amplitudes. As a first 
remark, the ROM computed by retaining only the unstable mode has 
been found unable to detect the Hopf bifurcation point and compute 
the bifurcated branch if the expansion point is selected before or at the 
coalescence point. On the other hand, the two-mode strategy allows 
finding the Hopf bifurcation point in any case, which thus constitutes 
a first advantage. Second, one can observe as a general trend for all 
the results reported in Fig.  4 that adding the companion mode in the 
ROM leads to an important improvement. Indeed, in most cases, using 
only the unstable mode in the reduction leads either to no bifurcated 
branches found, or to approximations that are valid for small parameter 
variations. It should however be noted that when two master modes 
are selected, no reduction of the system actually takes place, which 
might be relevant to the results. This fact will be commented further in 
Sections 3.3 and 4, where it will be highlighted that the results found 
here still hold for systems with larger dimension where a reduction 
occurs when selecting two master modes.

Regarding the strategy to enforce Jordan blocks proposed in Sec-
tion 2.3.2, numerical results underline that this adjustment is mean-
ingful and needed only when an exact coalescence is found and the 
parametrisation is performed around the EP. Indeed, in such cases, 
ROMs computed without enforcing Jordan blocks could not compute 
the bifurcated branch. On the other hand, in all other cases where the 
expansion point is not taken to be the EP, enforcing the Jordan blocks 
has no influence on the results and is not needed.

Considering now the different tested orders for the ROMs, it can 
be seen from Figs.  4(a), 4(c) and 4(e) that an order 9 parametrisation 
seems sufficient to provide a comfortable range of parameter variation 
where the limit cycles’ amplitudes are correctly predicted. Also, from 
Figs.  4(b), 4(d) and 4(f), it is possible to see that when 2 master modes 
are kept the choice of the expansion does not influence importantly 
the quality of the ROM. When only 1 mode is retained, it seems more 
beneficial to parametrise after the bifurcation point, a result that is in 
agreement with [49].

Another interesting comment concerns the effect of other bifur-
cation points on the validity limit of the ROMs. Since the method 
is fundamentally local in nature, and an expansion point around the 
Hopf bifurcation is selected, the quality of the approximation should 
worsen as the control parameter approaches values at which other 
bifurcations occur. An example of this statement can be seen for the 
Ziegler pendulum, as the system approaches the divergence bifurcation 
occurring for larger values of the load. In order to illustrate this, 
the case depicted by Fig.  2(b), where all parameters have unitary 
values, is considered. The bifurcation diagrams obtained for this case 
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are reported in Fig.  5. Comparing this case with the previous one 
shown in Fig.  4, where the parameters have been selected to repel the 
divergence bifurcation far from the Hopf one, the validity limit appears 
to be smaller in Fig.  5. Indeed, denoting by 𝑃𝑣 the maximum load 
value for which a good agreement between the ROM and the reference 
solution can be obtained, one finds by visual inspection that 𝑃𝑣 −𝑃𝐻 ≈
0.5 in Fig.  5(b) and 𝑃𝑣 − 𝑃𝐻 ≈ 4 in Fig.  4(d). However, these values 
should only be meaningful when compared to the size of the interval 
between the divergence and the Hopf bifurcations. Defining 𝑃𝑑 as the 
divergence load, this length is equal to 𝑃𝑑 −𝑃𝐻 ≈ 2 in the first case and 
𝑃𝑑 − 𝑃𝐻 ≈ 16 in the second. Therefore, the ratio 𝑃𝑣−𝑃𝐻∕𝑃𝑑−𝑃𝐻 remains 
approximately constant for both situations. For the other examples in 
this contribution, parameters such that the divergence bifurcation is 
repelled will be chosen whenever possible, in order to have a larger 
absolute range of validity of the expansion.

3.2. Geometrical interpretation in phase space

This section aims to justify the choice of expansion point to compute 
the ROM after the bifurcation point. With such a choice, the method 
computes the unstable manifold of the unstable fixed point, and it is 
found that this ROM correctly predicts the limit cycle location in phase 
space after the Hopf bifurcation.

A geometrical interpretation for the 2-DOF Ziegler pendulum is pro-
vided using partial 3-dimensional views of the complete 4-dimensional 
phase space. A key idea in dynamical systems theory is that the unstable 
manifold of a saddle point is generally connected to another stable 
fixed point via a heteroclinic orbit (see e.g. [60,63] or [64,65] for 
illustrations) or spirals to a limit cycle if the associated stable attractor 
is of that kind (see e.g. the case of van der Pol oscillator or the 
predator–prey model). In the same line and in the case of chaotic 
dynamics, the strange attractor is contained in the closure of the 
unstable manifold [66–68].

If an exact computation of the unstable manifold is achievable, 
in our present case it will always converge to the stable limit cycle 
and thus provide an excellent prediction for the amplitudes of the 
bifurcated solutions. However, since asymptotic expansions are used 
in the calculations, and since the limit cycle moves further away from 
the unstable fixed point when the bifurcation parameter is varied, the 
validity limit of the approximation will, at some point, be smaller than 
the distance from the fixed point to the limit cycle, and the method will 
then fail in providing an accurate prediction.

This phenomenon is illustrated in Fig.  6, where the 2-DOF Ziegler 
pendulum with all coefficients taken equal to 1 is considered, see 
the results shown in Fig.  5. Fig.  6 considers a ROM computed af-
ter the bifurcation point: the expansion point retained is at 1.05𝑃𝐻 , 
corresponding to the cyan curve in Fig.  5(b). The unstable manifold 
computed with the order 9 expansion is compared to the exact limit 
cycle obtained from the full model in the space (𝜃1, 𝜃̇1, 𝜃2). The un-
stable manifold of the ROM has been computed by selecting a family 
of small-amplitude initial conditions spanned by the master unstable 
eigenvectors. These initial conditions are then integrated in time with 
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Fig. 4. Bifurcation diagrams for the 2-DOF Ziegler pendulum with 𝐿 = 1 and other parameters as given by Eq.  (16). The amplitude of the limit cycle for 𝜃2 is given as a function 
of 𝑃 − 𝑃𝐻 . 𝑃𝑒 denotes the parametrisation point, 𝑃𝑐 the point of eigenfrequencies coalescence and 𝑃𝐻 the Hopf bifurcation point. (a), (c) and (e): solutions for increasing orders 
when the parametrisation is computed for 𝑃𝑒 = 𝑃𝐻 . (b), (d) and (f): solutions for a fixed order 9 of the parametrisation and different values for the expansion point 𝑃𝑒. Each line 
corresponds to a different damping scenario. Full-order solutions computed by numerical continuation implemented in the package Matcont [62] in red. Dashed line for unstable 
solutions. Stability is reported for the full-order model only.  (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this 
article.)
the reduced dynamics, and the nonlinear mapping Eq.  (10) is then used 
to come back to the full phase space. Since the fixed point is a saddle, all 
initial conditions other than the ones aligned with the stable manifold 
of the fixed point will generate orbits that almost immediately lie in the 
unstable manifold [60], which can then be obtained by interpolation of 
these orbits. By doing so, the approximated unstable manifold obtained 
from the ROM can be shown as a surface. A colour code corresponding 
to the time of the trajectories is used to highlight the manifold.
8 
Two values of the bifurcation parameter are tested: in Fig.  6(a), the 
case 𝑃 − 𝑃𝐻 = 0.5 is used, for which the ROM has been found to give 
an excellent prediction of the limit cycle. The figure shows that, as 
expected, the order 9 approximation of the unstable manifold exactly 
converges to the exact limit cycle of the full system. On the other 
hand, Fig.  6(b) considers a larger value of the bifurcation parameter: 
𝑃 −𝑃𝐻 = 0.8. As reported in Fig.  5(b), in this case the prediction of the 
ROM departs from the full order solution, and this is retrieved in the 
phase space representation. As awaited, the limit cycle moved further 
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Fig. 5. Bifurcation diagrams for the 2-DOF Ziegler pendulum with 𝑚1 = 𝑚2 = 𝑘1 = 𝑘2 = 𝐿 = 1, 𝜉𝑘 = 0 and 𝜉𝑚 = 0.2. The amplitudes of the limit cycles for 𝜃2 are shown as a function 
of 𝑃 −𝑃𝐻 . 𝑃𝑒 denotes the parametrisation point, 𝑃𝑐 the point of eigenfrequencies coalescence and 𝑃𝐻 the Hopf bifurcation point. (a) Solutions for increasing orders when 𝑃𝑒 = 𝑃𝐻 . 
(b) Solutions for fixed order 9 and different expansion points.  (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of 
this article.)
Fig. 6. Unstable manifolds for the 2-DOF Ziegler pendulum with 𝑚1 = 𝑚2 = 𝑘1 = 𝑘2 = 𝐿 = 1, 𝜉𝑘 = 0, 𝜉𝑚 = 0.2 and expansion about 1.05𝑃𝐻 . (a) and (b) show the unstable manifolds 
obtained from the reduced order model for 𝑃 − 𝑃𝐻 = 0.5 and 𝑃 − 𝑃𝐻 = 0.8, respectively. The stable limit cycle emanating from the Hopf bifurcation, obtained by continuation 
of the full-order model (FOM), is also shown in red. The colourmap ranges from blue to green with increasing time if a trajectory starting at the fixed point and going to the 
limit cycle is considered. The borders of the manifold, obtained by numerical integration of the ROM considering the limits of the family of initial conditions for determining the 
unstable manifold, are shown in cyan.  (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
from the unstable fixed point, and the order 9 approximation fails to 
exactly converge to the full-order limit cycle, as ascertained by the gap 
between the periodic orbit and the approximated unstable manifold in 
Fig.  6(b).

This illustrates the gain in parametrising the ROM after the bifur-
cation point, since the unstable manifolds are able to provide a correct 
approximation of the stable attractor of the system which is here the 
searched limit cycle. On the other hand, the asymptotic expansion, 
being a local theory, has a validity limit and fails to uniformly converge 
to the exact limit cycle for large values of the bifurcation parameter, 
when the limit cycle is too far from the unstable fixed point where 
the ROM is effectively computed. This bound gives a validity limit of 
the method that could not be outperformed by simply augmenting the 
expansion order of the asymptotic approximation.

3.3. A 3-DOF Ziegler pendulum

In this section, a 3-DOF version of the classical Ziegler pendulum is 
studied. The system is depicted in Fig.  1(b). It is an extension of the 
pendulum shown in Fig.  1(a) with an additional bar CD, a spring of 
stiffness 𝑘  and a mass 𝑚 .
3 3
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A detailed derivation of the equations of motion for this system is 
shown in Appendix  B. Their final form is the same as Eq.  (14), with 
matrices and vectors now given by 

𝐌 = 𝐿2

⎡

⎢

⎢

⎢

⎣

𝑚1 + 𝑚2 + 𝑚3 𝑚2 + 𝑚3 𝑚3

𝑚2 + 𝑚3 𝑚2 + 𝑚3 𝑚3

𝑚3 𝑚3 𝑚3

⎤

⎥

⎥

⎥

⎦

𝐊 =

⎡

⎢

⎢

⎢

⎣

𝑘1 + 𝑘2 −𝑘2 0
−𝑘2 𝑘2 + 𝑘3 −𝑘3
0 −𝑘3 𝑘3

⎤

⎥

⎥

⎥

⎦

𝐊𝐠 = 𝑃𝐿

⎡

⎢

⎢

⎢

⎣

−1 0 1
0 −1 1
0 0 0

⎤

⎥

⎥

⎥

⎦

𝜽 =

⎡

⎢

⎢

⎢

⎣

𝜃1
𝜃2
𝜃3

⎤

⎥

⎥

⎥

⎦

𝐅𝑛𝑙 = −𝑃𝐿
6

⎡

⎢

⎢

⎢

⎣

(𝜃1 − 𝜃3)3

(𝜃2 − 𝜃3)3

0

⎤

⎥

⎥

⎥

⎦

.

(17)

Following the discussion in  Section 3.1, the choice of the numerical 
parameters for the 3-DOF system must be such that the divergence 
bifurcation is repelled away from the Hopf point. For that purpose, the 
parameters are selected as: 

𝑘 = 𝛿2𝑘 , 𝑘 = 𝛿2𝑘 , 𝑚 = 𝛾2𝑚 , 𝑚 = 𝛾2𝑚 , 𝑘 = 𝑚 = 1, (18)
1 2 2 3 1 2 2 3 3 3
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Fig. 7. Eigenvalue trajectories for the 3-DOF Ziegler pendulum with 𝐿 = 1 and other parameters as given by Eq.  (18).
with 𝛿 and 𝛾 as given by Eq.  (16). Once again, three distinct damping 
scenarios are considered: two situations with mass-proportional damp-
ing (𝜉𝑚 = 0.01 and 𝜉𝑚 = 0.2), and a case with stiffness-proportional 
damping (𝜉𝑘 = 0.1). A linear stability analysis is performed, whose re-
sults are depicted in Fig.  7. Once again, the cases with mass-
proportional damping display the coalescence of the eigenfrequencies 
and a divergence bifurcation, both of which are not present in the 
situation with stiffness-proportional damping for the variation interval 
of the control parameter considered here (𝑃 ∈ [0, 20]).

For the three selected cases, bifurcation diagrams exhibiting the 
amplitude of the limit cycle of the pendulum tip angle are presented 
in Fig.  8. They are obtained by numerical continuation of the reduced 
system determined by the parametrisation method, and are compared 
with the continuation of the full-order model, presented in red, where 
dashed lines depict unstable regions.

The convergence of the method relatively to the polynomial degree 
of the expansion can be observed in Figs.  8(a), 8(c) and 8(e), where 
the parametrisation point was selected at the Hopf bifurcation point, 
𝑃𝑒 = 𝑃𝐻 , and the expansion order was varied. Again, an order 9 
parametrisation appears to be sufficient to retrieve the full-order results 
in the convergence region of the approximation.

In line with the previous case, we also remark that the two-mode 
strategy provides an improvement as compared to a ROM computed 
from the unstable mode only, in all tested cases. In some cases, see
e.g. Fig.  8(a), the 1-mode ROM is even unable to locate the Hopf bifur-
cation point and cannot produce branches of bifurcated periodic orbits. 
On the other hand, the 2-mode reduction always gives satisfactory 
results and can predict the Hopf point.

As mentioned previously, the Jordan block strategy proposed in 
Section 2.3.2 proved to be necessary only when the expansion was 
performed around the point of coalescence of eigenfrequencies 𝑃𝑐 . 
Without such adjustment, bifurcated branches are not retrieved by the 
ROM. For all other cases, its application does not change the results. 
Figs.  8(b), 8(d) and 8(f) showcase the behaviour of the solution when 
the expansion point is varied and the expansion order is fixed at 9. 
Differently than in Section 3.1, the choice of parametrisation point 
𝑃𝑒 has an impact on the results even when the two-mode strategy is 
chosen, which can be explained by the fact that reduction is effectively 
performed here, since the initial problem has 3 DOF.

The results are now qualitatively in line with those in Section 3.1 
for a one-mode expansion: parametrisations performed after the bi-
furcation point generally produce a better approximation of the limit 
cycles’ amplitudes on a larger range of parameter values. This phe-
nomenon is more relevant for certain damping scenarios than others, 
and obviously a maximum value for the expansion point, beyond which 
results deteriorate, is present. In the studied situations it corresponded 
to approximately 𝑃𝑒 = 1.3𝑃𝐻 . Visually, the convergence radius of the 
approximation seems to vary between 3 and 4 times 𝑃𝐻 .

It should be noted that the full-order model bifurcation diagrams 
for the mass-proportional damped systems present a more complicated 
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behaviour than those of the 2-DOF system. Specifically, Neimark–
Sacker bifurcation points are present, which indicate the birth of quasi-
periodic solutions. In the second case where 𝜉𝑚 = 0.2, this important 
change of behaviour occurs for 𝑃 − 𝑃𝐻 ≃ 8, a large value for which 
the validity limits of the ROMs are already exceeded, such that no 
change of stability has been found for any of the ROMs produced. 
For the case 𝜉𝑚 = 0.01, the Neimark–Sacker bifurcation occurs earlier, 
for 𝑃 − 𝑃𝐻 ≃ 4. In general, this bifurcation has not been retrieved 
by the different ROMS tested, except in a single case, but for which 
the location of the Neimark–Sacker point was far from the full-order 
solution, and has consequently not been reported in the figure for the 
sake of simplicity.

4. Beck’s column: a cantilever beam with a follower force

In this section, the case of a continuous problem discretised by the 
finite element method and undergoing a Hopf bifurcation is considered, 
in order to highlight the application of the proposed procedure to a 
large dimensional finite element problem. Specifically, the cantilever 
beam illustrated in Fig.  9, modelled as a 2D solid in plane-strain 
conditions, is submitted to a non-conservative follower force at its tip. 
The current and reference configurations are denoted by 𝛺 and 𝛺0, 
respectively. Additionally, the follower force is supposed to be constant 
throughout both the current and reference boundaries, denoted 𝜕𝛺 and 
𝜕𝛺0, and is divided into two parcels, 𝑝0 and 𝑝, the first of which is 
chosen as an expansion point for the parametrisation method.

4.1. Equations of motion and finite element discretisation

In order to derive the equations of motion for the continuous 
system, the principle of virtual power is employed. It can be stated as 

𝛿𝑖𝑛𝑒𝑟 − 𝛿𝑖𝑛𝑡 = 𝛿𝑒𝑥𝑡, (19)

with 𝛿𝑖𝑛𝑒𝑟, 𝛿𝑖𝑛𝑡 and 𝛿𝑒𝑥𝑡 denoting the virtual powers of inertial, 
internal and external forces, respectively. It is assumed that the follower 
forces are the only external load applied to the system. Note that 
considering other external forces can be easily implemented with the 
present formalism but is not investigated here for the sake of concision. 
A Lagrangian approach is followed. The expressions for each of the 
virtual power terms are 

𝛿𝑖𝑛𝑒𝑟 = ∫𝛺0

𝐯̃ ⋅ 𝜌0𝐮̈d𝛺0, (20a)

𝛿𝑖𝑛𝑡 = −∫𝛺0

(

𝜺[𝐯̃] + ∇̄[𝐯̃,𝐮]
)

∶ 𝐒d𝛺0, (20b)

𝛿𝑒𝑥𝑡 = ∫𝜕𝛺0

𝐯̃ ⋅
(

𝑝0 + 𝑝
)

(

𝐧0 +
𝐞3 × 𝐮,𝑎
𝐽𝑠0

)

d𝑠0, (20c)

with operators 𝜺[𝐯̃] and ∇̄[𝐯̃,𝐮] defined by 

𝜺[𝐯̃] = 1 (

∇𝐯̃ + ∇𝑇 𝐯̃
)

, ∇̄[𝐯̃,𝐮] = 1 (

∇𝑇 𝐯̃ ⋅ ∇𝐮 + ∇𝑇 𝐮 ⋅ ∇𝐯̃
)

. (21)

2 2
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Fig. 8. Bifurcation diagrams for the 3-DOF Ziegler pendulum with 𝐿 = 1 and other parameters as given by Eq.  (18). The amplitude of the limit cycle for 𝜃3 is given as a function 
of 𝑃 − 𝑃𝐻 . 𝑃𝑒 denotes the parametrisation point, 𝑃𝑐 the point of eigenfrequencies coalescence and 𝑃𝐻 the Hopf bifurcation point. (a), (c) and (e): solutions for increasing orders 
when the parametrisation is computed for 𝑃𝑒 = 𝑃𝐻 . (b), (d) and (f): solutions for a fixed order 9 of the parametrisation and different values for the expansion point 𝑃𝑒. Each line 
corresponds to a different damping scenario. Full-order solutions computed by numerical continuation implemented in the package Matcont [62] in red. Dashed line for unstable 
solutions. Stability is reported for the full-order model only.  (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this 
article.)
Additionally, 𝐮, 𝐯̃ ∈ (𝟎) denote the real displacement and virtual 
velocity fields,1 𝜌0 the initial material density and 𝐒 the second Piola–
Kirchhoff stress tensor [69]. In order to relate stresses and strains, we 
express the deformation gradient tensor as a function of displacements 
as 
𝐅 = 𝐈 + ∇𝐮, (22)

1 Note that, for simplicity, non-homogeneous Dirichlet boundary conditions 
are not considered, even though they could be accounted for with minor 
technical modifications.
11 
and assume a Saint Venant–Kirchhoff material, where the relation 
between 𝐒 and the Green–Lagrange strain tensor 

𝐄 = 1
2
(

𝐅𝑇 ⋅ 𝐅 − 𝐈
)

= 1
2
(

∇𝐮 + ∇𝑇 𝐮 + ∇𝑇 𝐮 ⋅ ∇𝐮
)

= 𝜀[𝐮] + 1
2
∇̄[𝐮,𝐮], (23)

is linear and given by 
𝐒 = C ∶ 𝐄, (24)

with C the fourth-order constitutive tensor, and expressions for 𝜀[𝐮] and 
∇̄[𝐮,𝐮] given in Eq.  (21).

Moreover, the operator ∇ represents the gradient in the reference 
configuration, 𝑎 a curvilinear coordinate along the boundary and 𝐽
𝑠0
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Fig. 9. Beam subjected to follower force at its tip. Current and reference configurations 𝛺 and 𝛺0 are shown, together with the inward normals to the section at the end of the 
beam, 𝐧 and 𝐧0. The force is divided as the sum between a reference value 𝑝0, corresponding to the expansion point for the parametrisation method, and an increment 𝑝, and is 
assumed constant along the section.
the length Jacobian. The pull-backs of Eqs.  (20a) and (20b) from the 
current configuration are detailed in [7,11], while that of Eq.  (20c) is 
given in Appendix  D.

Upon a finite element discretisation of the problem, the equations 
of motion are given by 

𝐌𝐔̈𝑡 −
(

𝑝0 + 𝑝
)

𝐑0 +
(

𝐊 − 𝑝0𝐑𝑢 − 𝑝𝐑𝑢
)

𝐔𝑡 +𝐆(𝐔𝑡,𝐔𝑡) +𝐇(𝐔𝑡,𝐔𝑡,𝐔𝑡) = 𝟎,

(25)

where 𝐌 and 𝐊 represent the usual finite element mass and stiffness 
matrices, the nonlinear quadratic and cubic tensors 𝐆 and 𝐇 stem 
from the internal forces expression, and 𝐑0 and 𝐑𝑢 come from the 
follower forces term. Detailed expressions for these quantities are given 
in Appendix  D. Additionally, 𝐔𝑡 = 𝐔0+𝐔 denotes the total displacement 
vector, with 𝐔0 and 𝐔 being the displacements at the expansion point 
𝑝0 and its perturbation due to the parameter increment 𝑝. Since 𝐔0 is a 
fixed point of the system, it verifies the equilibrium equation 
(

𝐊 − 𝑝0𝐑𝑢
)

𝐔0 +𝐆(𝐔0,𝐔0) +𝐇(𝐔0,𝐔0,𝐔0) = 𝑝0𝐑0. (26)

Eliminating the static displacements in the same way as described in 
Section 2.1, the equations of motion can be rewritten as 

𝐌𝐔̈ + 𝐂𝐔̇ +𝐊𝑡𝐔 − 𝑝𝐑𝑡 +𝐆𝑡(𝐔,𝐔) − 𝑝𝐑𝑢𝐔 +𝐇(𝐔,𝐔,𝐔) = 𝟎, (27)

with 𝐊𝑡, 𝐑𝑡 and 𝐆𝑡 defined by 

𝐊𝑡 = 𝐊 − 𝑝0𝐑𝑢 + 2𝐆(𝐔0, 𝐈) + 3𝐇(𝐔0,𝐔0, 𝐈), (28a)

𝐑𝑡 = 𝐑0 − 𝐑𝑢𝐔0, (28b)

𝐆𝑡(𝐔,𝐔) = 𝐆(𝐔,𝐔) + 3𝐇(𝐔0,𝐔,𝐔), (28c)

and where mechanical dissipation has been added in the form of 
Rayleigh damping 𝐂 = 𝛼 + 𝛽𝐊𝑡.2 These equations could be further 
modified by transforming the system in its first-order formulation and 
by the addition of support variables, in order to render all nonlinearities 
quadratic, so that they would be in the same format as in Eq.  (4). 
This path is not taken, as it would unnecessarily increase the size of 
the system. Instead, a specific treatment considering the second-order 
nature of the equations, the presence of cubic nonlinearities and the fact 
that there are no quadratic nonlinearities on the parameter is presented 
in Appendix  E.

2 When comparing ROMs calculated for different expansion points, it is 
convenient to have a single matrix 𝐊𝑡 for all of them, in order to keep a 
consistent damping. Therefore, in this contribution the tangent stiffness matrix 
calculated at the bifurcation point was chosen for all of the models.
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4.2. Numerical results

The cantilever beam selected for the numerical computations has a 
length 𝐿 = 30 and a height ℎ = 2, with fictitious material properties 
chosen as 𝐸 = 1000, 𝜈 = 0 and 𝜌 = 0.1. All units are chosen to be 
consistent with one another. For the discretisation, a mesh consisting 
of quadratic isoparametric triangular elements is selected, resulting in 
77 elements and 153 nodes in total. The first step was to perform a 
stability analysis, whose results are reported in Fig.  10 for the following 
three damping scenarios: two cases with mass-proportional damping 
(𝜉𝑚 = 0.01 and 𝜉𝑚 = 0.2), and a case with stiffness-proportional damping 
with 𝜉𝑘 = 0.1. The damping ratios relate to the damping coefficients 
by 𝛼 = 𝜔0

2 𝜉𝑚 and 𝛽 = 1
2𝜔0

𝜉𝑘, with 𝜔0 a reference frequency, in this 
case chosen to be 𝜔0 = 0.68, approximately the eigenfrequency at the 
bifurcation.

The figures underline that the main features of the stability analysis 
of the Ziegler pendulum are retrieved in the case of mass-proportional 
damping: the frequency coalescence is exactly verified, with a tendency 
of getting apart from the bifurcation point with increasing damping. 
However, the eigenvalue trajectories for stiffness-proportional damping 
do not resemble the ones for the Ziegler pendulum, and are much 
more similar to the mass-proportional cases. In this case, one can 
even remark on the existence of an almost coalescence just before the 
bifurcation point.

Bifurcation diagrams showing the amplitude of limit cycle oscilla-
tions for a node at the tip of the beam are depicted in Fig.  11. The order 
of the expansion in the DPIM has been set to 9 in this case, according 
to the previous studies, and only the effect of considering different 
expansion points is studied. Once again, both the one and two-mode 
strategies are considered, and compared to full-order model simulations 
obtained by direct numerical integration of the equations of motion to 
obtain the limit cycles’ amplitudes.

The two cases with mass-proportional damping, Figs.  11(a) and
11(b), highlight a good agreement between the reduced order model 
with two master modes and the reference solution, up to a range 𝑝 −
𝑝𝐻 ≈ 1. This corresponds to approximately 15% of the bifurcation load, 
a value smaller than the corresponding one for the Ziegler pendulum. 
This can be explained by the higher complexity of the present system, 
and by the fact that this value of load corresponds to moderately large 
transverse displacements, of the order of 0.4𝐿, or 6ℎ. In each case, the 
two-mode strategy produces much more accurate results. In particular, 
it allows one to finely predict the location of the bifurcation point no 
matter the selected expansion point. In contrast, keeping only one mode 
in the ROM leads to an incorrect estimate of the bifurcation point when 
the expansion point is selected after the bifurcation, and leads to even 
miss the Hopf bifurcation for 𝑝𝑒 ≤ 𝑝𝐻 , in Fig.  11(a), and for 𝑝𝑒 ≤ 𝑝𝑐 , in 
Fig.  11(b), leading to the absence of a bifurcated branch in the plots. 
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Fig. 10. Eigenvalue trajectories for Beck’s column.
Fig. 11. Bifurcation diagrams for Beck’s column. The maximum amplitude of the limit cycles of the vertical displacement of a node in the tip of the beam is given as a function 
of 𝑝− 𝑝𝐻 , where 𝑝𝐻 denotes the Hopf bifurcation point, 𝑝𝑒 denotes the parametrisation point and 𝑝𝑐 the point of eigenfrequencies coalescence. ROMs are computed with an order 
9 parametrisation and varying expansion points. Reference results obtained by direct time integration and shown with black dots. (a) mass-proportional damping with 𝜉𝑚 = 0.01. 
(b) mass-proportional damping with 𝜉𝑚 = 0.2. (c) stiffness-proportional damping with 𝜉𝑘 = 0.1.
Finally, it is worth highlighting that the choice to parametrise after the 
bifurcation point, thus approximating the unstable manifold, provides 
better results with the two-mode strategy, with optimal parametrisation 
points located between 1.05𝑝𝐻  and 1.15𝑝𝐻 .

The stiffness-proportional case in this situation shows an interesting 
behaviour, typical of a generic Hopf bifurcation scenario where the 
quintic terms in the normal form are dominant as compared to the cubic 
ones. A supercritical Hopf bifurcation is still at hand but the range over 
which stable limit cycles develop corresponds to a small variation of 
the load 𝑝. For 𝑝 − 𝑝𝐻 ≃ 0.018, a fold bifurcation occurs giving rise to 
a branch of unstable limit cycles. This behaviour is correctly predicted 
by the ROMs computed with two master modes, for the different values 
of the expansion points tested and shown in Fig.  11(c), with a very 
accurate prediction of the location of both the Hopf bifurcation point 
and the fold bifurcation. Interestingly, a perfect match for this very 
small branch of stable solutions is found with the full-order model 
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(FOM), which has been in this case numerically integrated in time. 
Since no continuation procedure has been developed for the full-order 
model, the complete solution branch is not available. Nevertheless, 
stable limit cycles developing for values 𝑝 − 𝑝𝐻 > 0.018 have been 
found with direct time integration and have a very large amplitude with 
𝑢𝑚𝑎𝑥 ≃ 7, highlighting the presence of the stable branch in this very high 
amplitude range. Since this branch is too far for the unstable fixed point 
where the parametrisation is computed, it has not been found by the 
different tested ROMs, that were also unable to locate the second fold 
bifurcation.

On the other hand, when applying the one-mode strategy, none of 
the expansions are able to properly capture the Hopf bifurcation point, 
when the expansion points are selected with negative values of 𝑝− 𝑝𝐻 . 
Using an expansion point after the bifurcation also leads to bifurcated 
branches that are very badly located as compared to the full-order 
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model, again underlining the importance of considering two master 
modes in the construction of the ROM.

5. Conclusion

This contribution is devoted to extending the applicability range 
of the parametrisation method for invariant manifolds to parameter-
dependent systems, by focusing on the case of mechanical systems 
experiencing a Hopf bifurcation in the range of the parameter varia-
tion. To do so, the bifurcation parameter is included in the method’s 
framework as an additional variable, following the so-called suspension 
trick [17,26] that has already been considered in the parametrisation 
method in [24,49]. The main novelty lies in the specific adjustments 
proposed in order to enhance the predictive capability of the obtained 
ROM.

A first adjustment has been introduced which consists in taking 
into account the possible ill-conditioning of the resulting linear sys-
tems when a frequency coalescence occurs at the Hopf bifurcation 
point, a case generally observed for fluttering instability in conservative 
problems. A careful treatment of the Jordan blocks has been shown 
to be efficient but meaningful only in this very particular case of an 
exceptional point (EP). Otherwise, this strategy is not needed.

A second adjustment is to select two master modes in the ROM 
instead of keeping only the unstable mode. This choice has been 
justified by the study of the underlying conservative system, which 
has a centre manifold of dimension four at the bifurcation point in 
this situation and shows either exact 1:1 resonance when there is a 
perfect frequency coalescence, or near 1:1 resonance when damping 
is added. Thus, the choice to retain the two master modes in near 1:1 
resonance to construct the ROM, has been proposed. This strategy has 
been systematically compared to its counterpart where only one mode 
is retained in the parametrisation, a choice proposed in [49].

In order to assess the performances, three examples were consid-
ered: Ziegler pendulums with 2- and 3-DOF and Beck’s column, discre-
tised by finite elements. Reduced order models calculated at a single 
expansion point in phase space were used to find bifurcation diagrams 
by means of numerical continuation. Different damping scenarios, and 
orders of expansion of the parametrisation and parametrisation points 
(before, at and after the bifurcation) were considered.

It was shown that the two-mode strategy is able to accurately pre-
dict the bifurcation point for all of the considered scenarios, no matter 
the location of the parametrisation point. This is an important finding, 
as it allows the use of the derived ROMs to predict bifurcations without 
necessarily knowing their occurrence point a priori. This is not the case 
for the one-mode strategy: when it is employed, if the parametrisation 
is performed before the bifurcation the numerical continuation is not 
able to find the Hopf point.

Furthermore, it has also been demonstrated that selecting two mas-
ter modes for the parametrisation improves its validity range as com-
pared to its one-mode counterpart. Considering the two Ziegler pendu-
lums, the convergence region of the method ranged from approximately 
2 to 3 times the bifurcation load. Considering Beck’s column, this value 
is smaller, corresponding to 15% of the bifurcation load, but is already 
associated with moderately large transverse displacements, of the order 
of 0.4𝐿, or 6ℎ.

Lastly, comparing the different choices of parametrisation points, it 
has been observed that parametrising after the bifurcation yields ROMs 
that offer the best predictions in terms of parameter variation. This 
result is in agreement with [49], and a phase space interpretation has 
been here provided. In summary, computing the ROM after the Hopf 
bifurcation yields correct results since the unstable manifold of the 
unstable fixed point connects to the stable limit cycle that is searched 
for. Therefore, as long as the periodic orbit is inside the convergence 
region of the asymptotic expansions of the parametrisation method, it 
can be properly reproduced by the ROM.
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Appendix A. Nonlinear tensors and their expressions in Cartesian 
components

In Section 2.1, the identity matrix is given as an input to tensor 𝐐1. 
To clarify the notation, the following full indicial expressions are given, 
where the Einstein convention of repeated indices is used: 
[

𝐐1(𝐮, 𝐯)
]

𝑝 = (𝑄1)𝑝𝑖𝑗𝑢𝑖𝑣𝑗 , (A.1a)
[

𝐐1(𝐀, 𝐯)
]

𝑝𝑞 = (𝑄1)𝑝𝑖𝑗𝐴𝑖𝑞𝑣𝑗 , (A.1b)
[

𝐐1(𝐮,𝐁)
]

𝑝𝑞 = (𝑄1)𝑝𝑖𝑗𝑢𝑖𝐵𝑗𝑞 (A.1c)

with 𝐮, 𝐯 ∈ C𝐷 and 𝐀,𝐁 ∈ C𝐷×𝐷. It can be seen that the result of the 
application of 𝐐1 to two vectors is a vector, while its application to a 
vector and a matrix gives a matrix. Analogously, for 𝐐2 we define 
[

𝐐2(𝐮, 𝜇)
]

𝑝 = (𝑄2)𝑝𝑖𝑢𝑖𝜇, (A.2a)
[

𝐐2(𝐀, 𝜇)
]

𝑝𝑞 = (𝑄2)𝑝𝑖𝐴𝑖𝑞𝜇, (A.2b)

with 𝜇 ∈ R. For all of the above expressions, indexes 𝑖, 𝑗, 𝑝, 𝑞 range from 
1 to 𝐷. Note in particular that these definitions allow writing

𝐐1(𝐲0, 𝐲) = 𝐐1(𝐲0, 𝐈)𝐲, (A.3)

𝐐1(𝐲, 𝐲0) = 𝐐1(𝐈, 𝐲0)𝐲, (A.4)

𝐐2(𝐲, 𝜇0) = 𝐐2(𝐈, 𝜇0)𝐲, (A.5)

with 𝐈 ∈ R𝐷×𝐷 the identity matrix. These expressions are used in Eq. 
(3) to pull out 𝐲 from the argument of the tensors and sum the matrices 
𝐐1(𝐲0, 𝐈), 𝐐1(𝐈, 𝐲0) and 𝐐2(𝐈, 𝜇0) in order to define the tangent linear part 
of the dynamics, 𝐀 , in Eq.  (5).
𝑡
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𝑑
𝑑𝑡

(

𝜕
𝜕𝜽̇

)

= 𝐿2
⎡

⎢

⎢

⎣

𝑚1 + 𝑚2 + 𝑚3
(

𝑚2 + 𝑚3
)

cos
(

𝜃1 − 𝜃2
)

𝑚3 cos
(

𝜃1 − 𝜃3
)

(

𝑚2 + 𝑚3
)

cos
(

𝜃1 − 𝜃2
)

𝑚2 + 𝑚3 𝑚3 cos
(

𝜃2 − 𝜃3
)

𝑚3 cos
(

𝜃1 − 𝜃3
)

𝑚3 cos
(

𝜃2 − 𝜃3
)

𝑚3

⎤

⎥

⎥

⎦

̈
⎡

⎢

⎢

⎣

𝜃1
𝜃2
𝜃3

⎤

⎥

⎥

⎦

+𝐿2
⎡

⎢

⎢

⎣

0
(

𝑚2 + 𝑚3
) (

𝜃̇2 − 𝜃̇1
)

sin
(

𝜃1 − 𝜃2
)

𝑚3
(

𝜃̇3 − 𝜃̇1
)

sin
(

𝜃1 − 𝜃3
)

(

𝑚2 + 𝑚3
) (

𝜃̇2 − 𝜃̇1
)

sin
(

𝜃1 − 𝜃2
)

0 𝑚3
(

𝜃̇3 − 𝜃̇2
)

sin
(

𝜃2 − 𝜃3
)

𝑚3
(

𝜃̇3 − 𝜃̇1
)

sin
(

𝜃1 − 𝜃3
)

𝑚3
(

𝜃̇3 − 𝜃̇2
)

sin
(

𝜃2 − 𝜃3
)

0

⎤

⎥

⎥

⎦

̇
⎡

⎢

⎢

⎣

𝜃1
𝜃2
𝜃3

⎤

⎥

⎥

⎦

.

(B.6)

Box I. 
Appendix B. Equations of motion for the 3-DOF Ziegler pendulum

This Appendix is aimed at establishing the equations of motion 
for the 3-DOF Ziegler pendulum investigated in Section 3.3, using 
a Lagrangian formalism. For a non-conservative problem, the Euler–
Lagrange equations write 
𝑑
𝑑𝑡

(

𝜕
𝜕𝐪̇

)

− 𝜕
𝜕𝐪

= 𝐐𝑛𝑐 , (B.1)

with 𝐪 = 𝜽 = [𝜃1, 𝜃2, 𝜃3] the vector of generalised coordinates, 
 = 𝑇 − 𝑉  the Lagrangian, with 𝑇  and 𝑉  the kinetic and potential 
energies, respectively, and 𝐐𝑛𝑐 the generalised non-conservative forces. 
The kinetic and potential energies for the system read 

𝑇 = 1
2
[

𝑚1
(

𝑥̇21 + 𝑦̇21
)

+ 𝑚2
(

𝑥̇22 + 𝑦̇22
)

+ 𝑚3
(

𝑥̇23 + 𝑦̇23
)]

, (B.2)

and 
𝑉 = 1

2

[

𝑘1𝜃
2
1 + 𝑘2

(

𝜃2 − 𝜃1
)2 + 𝑘3

(

𝜃3 − 𝜃2
)2
]

. (B.3)

In Eq.  (B.2), Cartesian coordinates are used. From the geometry shown 
in Fig.  1(b), and thanks to standard trigonometric relationships, one 
has 
𝑥̇1 = 𝐿𝜃̇1 cos 𝜃1, 𝑥̇2 = 𝑥̇1 + 𝐿𝜃̇2 cos 𝜃2, 𝑥̇3 = 𝑥̇2 + 𝐿𝜃̇3 cos 𝜃3,

𝑦̇1 = −𝐿𝜃̇1 sin 𝜃1, 𝑦̇2 = 𝑦̇1 − 𝐿𝜃̇2 sin 𝜃2, 𝑦̇3 = 𝑦̇2 − 𝐿𝜃̇3 sin 𝜃3.
(B.4)

The expression for the kinetic energy becomes

𝑇 = 𝐿2

2
[(

𝑚1 + 𝑚2 + 𝑚3
)

𝜃̇21 +
(

𝑚2 + 𝑚3
)

𝜃̇22 + 𝑚3𝜃̇
2
3 + 2

(

𝑚2 + 𝑚3
)

𝜃̇1𝜃̇2 cos
(

𝜃1 − 𝜃2
)

+2𝑚3
(

𝜃̇1𝜃̇3 cos
(

𝜃1 − 𝜃3
)

+ 𝜃̇2𝜃̇3 cos
(

𝜃2 − 𝜃3
))]

. (B.5)

The different terms in Eq.  (B.1) can be computed. The first term on 
the left-hand side reads as Eq.  (B.6) in Box  I. In a similar fashion, the 
second term is found to be 

𝜕
𝜕𝜽

= −

⎡

⎢

⎢

⎢

⎣

𝑘1 + 𝑘2 −𝑘2 0
−𝑘2 𝑘2 + 𝑘3 −𝑘3
0 −𝑘3 𝑘3

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝜃1
𝜃2
𝜃3

⎤

⎥

⎥

⎥

⎦

+ 𝐿2

⎡

⎢

⎢

⎢

⎣

0
(

𝑚2 + 𝑚3
)

sin
(

𝜃2 − 𝜃1
)

𝑚3 sin
(

𝜃3 − 𝜃1
)

(

𝑚2 + 𝑚3
)

sin
(

𝜃1 − 𝜃2
)

0 𝑚3 sin
(

𝜃3 − 𝜃2
)

𝑚3 sin
(

𝜃1 − 𝜃3
)

𝑚3 sin
(

𝜃2 − 𝜃3
)

0

⎤

⎥

⎥

⎥

⎦

×

̇
⎡

⎢

⎢

⎢

⎣

𝜃1
𝜃2
𝜃3

⎤

⎥

⎥

⎥

⎦

⊙

̇
⎡

⎢

⎢

⎢

⎣

𝜃1
𝜃2
𝜃3

⎤

⎥

⎥

⎥

⎦

,

(B.7)

with ⊙ denoting the Hadamard, i.e. entry-wise, product. As for the 
generalised forces, they can be found by computing 

𝐐𝑛𝑐 =
(

𝜕𝐫3
𝜕𝜽

)𝑇
𝐏, (B.8)

with 
𝐫 = 𝐿

[ ]𝑇 (B.9)
3 sin 𝜃1 + sin 𝜃2 + sin 𝜃3 cos 𝜃1 + cos 𝜃2 + cos 𝜃3 0
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the position vector of the third mass, and 
𝐏 = −𝑃

[

sin 𝜃3 cos 𝜃3 0
]𝑇 (B.10)

the load vector. After computations, one finds 

𝐐𝑛𝑐 = 𝑃𝐿
⎡

⎢

⎢

⎣

sin
(

𝜃1 − 𝜃3
)

sin
(

𝜃2 − 𝜃3
)

0

⎤

⎥

⎥

⎦

. (B.11)

With Eqs.  (B.6), (B.7) and (B.11) at hand, it is possible to establish 
the equations of motion by substituting these expressions into Eq.  (B.1). 
Before that, however, in order to have a system with only polynomial 
nonlinearities, the sines and cosines are substituted by their series 
representation. Additionally, the quantities 𝜃𝑖, 𝜃̇𝑖 and 𝜃̈𝑖, with 𝑖 =
{1, 2, 3}, are assumed to be of (𝜀), with 𝜀 a small parameter, and their 
differences of (𝜀2), such that when retaining only terms up to the third 
order the equations of motion are found to be

⎡

⎢

⎢

⎣

𝑚1 + 𝑚2 + 𝑚3 𝑚2 + 𝑚3 𝑚3
𝑚2 + 𝑚3 𝑚2 + 𝑚3 𝑚3

𝑚3 𝑚3 𝑚3

⎤

⎥

⎥

⎦

̈
⎡

⎢

⎢

⎣

𝜃1
𝜃2
𝜃3

⎤

⎥

⎥

⎦

+
⎡

⎢

⎢

⎣

𝑘1 + 𝑘2 −𝑘2 0
−𝑘2 𝑘2 + 𝑘3 −𝑘3
0 −𝑘3 𝑘3

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝜃1
𝜃2
𝜃3

⎤

⎥

⎥

⎦

+ 𝑃𝐿
⎡

⎢

⎢

⎣

−1 0 1
0 −1 1
0 0 0

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎣

𝜃1
𝜃2
𝜃3

⎤

⎥

⎥

⎦

= −𝑃𝐿
6

⎡

⎢

⎢

⎢

⎣

(

𝜃1 − 𝜃3
)3

(

𝜃2 − 𝜃3
)3

0

⎤

⎥

⎥

⎥

⎦

, (B.12)

where it is possible to identify the general form of Eq.  (14) and the 
expressions given in Eq.  (17).

Appendix C. Inclusion of Jordan blocks: calculation details

In this Appendix a numerical procedure to determine a properly 
conditioned eigenspace associated to the coalescing eigenvalues of an 
exceptional point is described. The main objective is to guarantee 
that the two eigenvectors corresponding to this block, obtained by 
standard numerical routines, are not almost aligned, and thus properly 
generate a two-dimensional eigenspace, without the risk of incurring 
in numerical conditioning problems. To do that, a Jordan block will be 
artificially imposed in the eigenvalues matrix, and new eigenvectors 
spanning the desired eigenspace will be determined. For this, consider 
the original eigenvalue problem that is solved numerically: 
𝐁𝐘𝐃 = 𝐀𝑡𝐃, (C.1a)

𝐃𝐗∗𝐁 = 𝐗∗𝐀𝑡, (C.1b)

with ∗ denoting the Hermitian transpose, and where, following the 
discussion at the end of the introduction of Section 2.1, only the first 
𝑑 eigenvalues are considered. The triplet (𝐃,𝐘,𝐗) found by solving the 
eigenproblem consists of the eigenvalues matrix 𝐃, with size 𝑑 ×𝑑, and 
of the left and right eigenvector matrices 𝐗 and 𝐘 with size 𝐷×𝑑. They 
are obtained by employing a traditional numerical eigenvalue solver to 
the problem. Since numerically two eigenvalues are never exactly the 
same, matrix 𝐃 will be diagonal, but such that, in the presence of an 
exceptional point, 𝐷𝑖𝑖 ≈ 𝐷𝑗𝑗 for the two indices 𝑖 and 𝑗 related to the 
degenerate eigenvalues, with 𝑖 < 𝑗, and the eigenvectors corresponding 
to them will be nearly aligned. Our goal is then to find a triplet (𝜦, 𝐘̄, 𝐗̄)
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that also satisfies the eigenproblem, but to impose the desired Jordan 
block at the new eigenvalues matrix 𝜦, such that it reads 
diag(𝜦) = diag(𝐃) (C.2a)

if 𝐷𝑖𝑖 ≈ 𝐷𝑗𝑗 and 𝑖 < 𝑗 ∶ 𝜦𝑖𝑗 = 𝜏𝑖𝑗 , (C.2b)

which, for the block relating to the indexes 𝑖 and 𝑗, yields 

𝜦[

𝑖𝑖 𝑖𝑗
𝑗𝑖 𝑗𝑗

] =
[

𝜆𝑖 𝜏𝑖𝑗
0 𝜆𝑗

]

, (C.3)

with 𝜏𝑖𝑗 not assumed equal to 1 for the sake of generality. Since (𝜦, 𝐘̄, 𝐗̄)
solves the eigenproblem given by Eq.  (C.1), it follows that 
𝜦𝐗̄∗𝐁𝐘̄ = 𝐗̄∗𝐀𝑡𝐘̄ = 𝐗̄∗𝐁𝐘̄𝜦, (C.4)

and since 𝜦 is imposed to be non-diagonal, the equality of the leftmost 
hand side and the rightmost hand side imposes 𝐗̄∗𝐁𝐘̄ and 𝐗̄∗𝐀𝑡𝐘̄ to be 
diagonal. In particular, one can choose 
𝐗̄∗𝐁𝐘̄ = 𝐈, (C.5a)

𝐗̄∗𝐀𝑡𝐘̄ = 𝜦. (C.5b)

In order not to change the span of the subspaces generated by 𝐘
and 𝐗, 𝐘̄ and 𝐗̄ are sought as linear combinations of them, namely 
𝐘̄ = 𝐘𝝁 and 𝐗̄ = 𝐗𝝂, with 𝝁 and 𝝂 two 𝑑 × 𝑑 matrices. By inputting 
these definitions into Eq.  (C.4), it is possible to see that they have to 
respect 
𝝁𝜦 = 𝐃𝝁, (C.6a)

𝝂 = ((𝐗∗𝐁𝐘𝝁)∗)−1. (C.6b)

One notices that the definition of 𝝂 stems directly from that of 𝝁, 
and that 𝝁 can be defined with an arbitrary amplitude since Eq.  (C.6a) 
has the structure of an eigenvalue problem. For each non-degenerate 
eigenvalue, say the 𝑙th, Eq.  (C.6a) is solved by imposing the 𝑙th column 
of 𝝁 to be equal to the unit vector 𝐞𝑙. However, for the pair of two 
degenerate eigenvalues 𝑖 and 𝑗
[

𝜇𝑖𝑖 𝜇𝑖𝑗
𝜇𝑗𝑖 𝜇𝑗𝑗

] [

𝜆𝑖 𝜏𝑖𝑗
0 𝜆𝑗

]

=
[

𝜆𝑖 0
0 𝜆𝑗

] [

𝜇𝑖𝑖 𝜇𝑖𝑗
𝜇𝑗𝑖 𝜇𝑗𝑗

]

, (C.7)

which is solved by

𝜇𝑖𝑗 =
𝜏𝑖𝑗

𝜆𝑖 − 𝜆𝑗
𝜇𝑖𝑖, (C.8)

𝜇𝑗𝑖 = 0, (C.9)

where 𝜏𝑖𝑗 , 𝜇𝑖𝑖, and 𝜇𝑗𝑗 are still arbitrary. In order to fix a choice, we 
impose 𝜇𝑖𝑖 = 1 so that the 𝑖th eigenvector stays in the basis unchanged: 
𝐘̄𝑖 = 𝐘𝑖. The value of entry 𝜇𝑗𝑗 remains to be determined, and is done 
by imposing a condition ensuring that the new eigenvector, 𝐘̄𝑗 , has as 
norm similar to the other ones, as follows. At present, the expressions 
for the eigenvectors are given by 

𝐘̄𝑖 = 𝐘𝑖, 𝐘̄𝑗 =
𝜏𝑖𝑗

𝜆𝑖 − 𝜆𝑗
𝐘𝑖 + 𝜇𝑗𝑗𝐘𝑗 , 𝐗̄𝑖 = 𝐗𝑖 −

𝜏𝑖𝑗
𝜆𝑖 − 𝜆𝑗

1
𝜇𝑗𝑗

𝐗𝑗 , 𝐗̄𝑗 =
1
𝜇𝑗𝑗

𝐗𝑗 .

(C.10)

One should then notice that 𝐘𝑗 can always be expressed as 

𝐘𝑗 = 𝛾𝑖𝑗𝐘𝑖 − 𝛥𝐘𝑖𝑗 , (C.11)

with 𝛥𝐘𝑖𝑗 orthogonal to 𝐘𝑖, and 𝛾𝑖𝑗 a normalisation constant that can 
be found from 

𝛾𝑖𝑗 =
𝐘∗
𝑖 𝐘𝑗

𝐘∗
𝑖 𝐘𝑖

. (C.12)

Now, since the difference between 𝜆𝑖 and 𝜆𝑗 is small and the same can 
be said of the norm of 𝛥𝐘𝑖𝑗 , as 𝐘𝑖 and 𝐘𝑗 are almost perfectly aligned, 
the new eigenvector 𝐘̄𝑗 can be chosen as 𝐘̄𝑗 ∝

𝛥𝐘𝑖𝑗 , so that the ratio 

𝜆𝑖 − 𝜆𝑗
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of two small quantities should give a finite valued vector orthogonal to 
𝐘̄𝑖. This is achieved by choosing 

𝜇𝑗𝑗 = −
𝜏𝑖𝑗

𝛾𝑖𝑗 (𝜆𝑖 − 𝜆𝑗 )
, (C.13)

such that the expression for the new eigenvector is finally found as 

𝐘̄𝑗 =
𝜏𝑖𝑗

𝜆𝑖 − 𝜆𝑗

(

𝐘𝑖 −
𝐘𝑗

𝛾𝑖𝑗

)

. (C.14)

The parameter 𝜏𝑖𝑗 serves as a scaling factor, and will affect the 
norm of the new eigenvectors. It can then be chosen to maintain all 
of them with lengths of the same order of magnitude. However, an 
automatic procedure to do so is not simple, and its optimal choice 
might often depend on previous knowledge of the problem at hand. 
In this contribution, we always choose 𝜏𝑖𝑗 = 1, as is the standard for 
the definition of Jordan blocks. This value was verified not to cause 
numerical instabilities for the problems at hand.

Additional terms in the homological equations. 
The introduction of off-diagonal entries due to the presence of 

Jordan blocks in the matrix of eigenvalues will create new terms in 
the homological equations that are solved recursively in the parametri-
sation method. This development aims at focusing on the new terms as 
compared to the regular one, already treated and developed in [24]. For 
a complete understanding of all the terms involved in the process, the 
interested reader is thus referred to [24]. Herein, only the new terms 
are detailed. At order 𝑝, the homological equation stemming from Eq. 
(4) reads: 

𝐁
[

∇𝐳̃𝐖(̃𝐳)𝐟 (̃𝐳)
]

𝑝 = 𝐀𝑡
[

𝐖(̃𝐳)
]

𝑝 +
[

𝐐(𝐖(̃𝐳),𝐖(̃𝐳))
]

𝑝. (C.15)

In this equation, the only term involving the reduced dynamics is 
[

∇𝐳̃𝐖(̃𝐳)𝐟 (̃𝐳)
]

𝑝, being therefore the sole affected by the off-diagonal 
terms. Its expression can be rewritten as

[

∇𝐳̃𝐖(̃𝐳)𝐟 (̃𝐳)
]

𝑝 =
𝑑+1
∑

𝑠=1

[

𝐖(1,𝑠)[𝑓𝑠 (̃𝐳)
]

𝑝

+

(𝑑+1
∑

𝑗=1
𝑓 (𝑖,𝑗)
𝑠 𝑧𝑗

)

𝜕
[

𝐖(̃𝐳)
]

𝑝

𝜕𝑧𝑠
+
⎡

⎢

⎢

⎣

𝜕
[

𝐖(̃𝐳)
]

> 1
< 𝑝

𝜕𝑧𝑠

[

𝑓𝑠 (̃𝐳)
]

> 1
< 𝑝

⎤

⎥

⎥

⎦𝑝

⎤

⎥

⎥

⎦

. (C.16)

Out of the three parcels in the sum, which will be called respectively 
𝐍1 (̃𝐳), 𝐍2 (̃𝐳) and 𝐍3 (̃𝐳), following the same notation as in [24], only 
𝐍2 (̃𝐳) is modified, such that the other terms are not further expanded 
here. It will be responsible for new terms in the homological equations, 
that can be calculated as 

𝐍̃2 (̃𝐳) =
𝑑
∑

𝑠=1

𝑑+1
∑

𝑗=𝑠+1

𝑚𝑝
∑

𝑘𝑊 =1
𝛼𝑠(𝑝, 𝑘𝑊 )𝑓 (1,𝑗)

𝑠 𝐖(𝑝,𝑘𝑊 )𝐳̃𝜶(𝑝,𝑘𝑊 )−𝐞𝑠+𝐞𝑗 , (C.17a)

𝜶(𝑝, 𝑘) = 𝜶(𝑝, 𝑘𝑊 ) − 𝐞𝑠 + 𝐞𝑗 . (C.17b)

When solving the homological equation for the monomial numbered 
𝜶(𝑝, 𝑘), the nonlinear mapping coefficient 𝐖(𝑝,𝑘𝑊 ) is involved, and 
should be known at this stage of the solution process provided that 
a suitable ordering of the monomials is chosen, due to the upper-
triangular structure of the 𝐟 (1) matrix. ̃𝐍2 (̃𝐳) thus contributes to the RHS 
of the equations, and can be simply summed to the expression of 𝐍2 (̃𝐳)
given in [24].

Appendix D. Weak from of the power of external forces in the 
reference configuration and finite element discretisation

In this Appendix, a derivation of the pull-back of the virtual power 
of the external (follower) forces, Eq.  (20c), from the current to the 
reference configuration is detailed. This renders explicit geometric  
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nonlinearities concealed in the fact that in the former case the integrals 
are evaluated in the current, evolving configuration of the body. In the 
end, explicit expressions for the matrices related to this term on the 
finite element equations of motion are given.

In current configuration, the virtual power of the external forces is 
given by 

𝛿𝑒𝑥𝑡 = ∫𝜕𝛺
𝐯̃ ⋅

(

𝑝0 + 𝑝
)

𝐧d𝑠, (D.1)

with 𝐧 an inward unit normal vector in the current configuration, 
as depicted in Fig.  9. In order to simplify calculations, a curvilinear 
coordinate 𝑎, attached to the boundary where the follower force is 
applied,3 is introduced, such that 
d𝑠 = 𝐽𝑠d𝑎, d𝑠0 = 𝐽𝑠0d𝑎, (D.2)

with 𝐽𝑠 = ‖

‖

𝐲,𝑎‖‖ and 𝐽𝑠0 = ‖

‖

𝐱,𝑎‖‖, where 𝐲 and 𝐱 denote the current and 
reference positions, respectively. Then, the vector 
𝐭 = 𝐲,𝑎 = 𝐱,𝑎 + 𝐮,𝑎, (D.3)

is tangent to the boundary, whose positive orientation is assumed to 
be counterclockwise. It can be rotated of 90◦ counterclockwise and 
normalised in order to find 

𝐧 =
𝐞3 × 𝐲,𝑎
‖

‖

𝐲,𝑎‖‖
= 1

𝐽𝑠
𝐞3 ×

(

𝐱,𝑎 + 𝐮,𝑎
)

. (D.4)

Thus 

𝐧d𝑠 = 1
𝐽𝑠

𝐞3 ×
(

𝐱,𝑎 + 𝐮,𝑎
)

𝐽𝑠 d𝑎 = 1
𝐽𝑠0

𝐞3 ×
(

𝐱,𝑎 + 𝐮,𝑎
)

d𝑠0 =
(

𝐧0 +
𝐞3 × 𝐮,𝑎
𝐽𝑠0

)

d𝑠0,

(D.5)

where 𝐧0 =
𝐞3×𝐱,𝑎
𝐽𝑠0

 is the inward unit normal vector in the reference con-
figuration. With this, the expression for the virtual power contribution 
finally becomes 

𝛿𝑒𝑥𝑡 =
(

𝑝 + 𝑝0
)

∫𝜕𝛺0

𝐯̃ ⋅ 𝐧0 d𝑠0 +
(

𝑝 + 𝑝0
)

∫𝜕𝛺0

𝐯̃ ⋅
𝐞3 × 𝐮,𝑎
𝐽𝑠0

d𝑠0, (D.6)

where the two integrals above will contribute to 𝐑0 and 𝐑𝑢 in Eqs.  (27) 
and (28), respectively.

Finite element discretisation

In this section, the finite element discretisation of the power of 
external forces will be performed. In order to do so, the real displace-
ment and virtual velocity fields are written as a function of the nodal 
parameters by using shape functions matrix 𝐍: 
𝐮 = 𝐍𝐔, 𝐯̃ = 𝐍𝐕̃, (D.7)

with 𝐔 and 𝐕̃ denoting the nodal displacements and virtual velocities 
for a numbering of degrees of freedom such that directions 𝑥 and 𝑦
alternate for increasing node numbers. It should be noted that, since 
the integrals to be computed are defined only on the boundary of 
the domain, the elements that will be considered are line elements on 
the boundary, such that the shape functions above depend only on a 
parametric coordinate 𝑎 associated to those elements. The derivatives 
of the displacements and positions (the former appearing implicitly in 
the vector 𝐧0) in Eq.  (D.6) can thus be written as

𝐮,𝑎 = 𝐍,𝑎𝐔, (D.8)

𝐱,𝑎 = 𝐍,𝑎𝐗. (D.9)

3 At this level, 𝑎 can be whatever desired curvilinear coordinate, but in 
what follows it will be the one stemming from the finite element discretisation 
without a change of notation.
17 
Expressions for the matrices 𝐍 and 𝐍,𝑎, are explicitly defined as 

𝐍 =

[

𝑁1 0 ⋯ 𝑁𝑛 0
0 𝑁1 ⋯ 0 𝑁𝑛

]

, 𝐍,𝑎 =

[

𝑁1,𝑎 0 ⋯ 𝑁𝑛,𝑎 0
0 𝑁1,𝑎 ⋯ 0 𝑁𝑛,𝑎

]

,

(D.10)

with 𝑛 the number of nodes per line element. Moreover, vector 𝐗
collects the nodal coordinates in the reference configuration. The cross 
products on Eq.  (D.6) can be represented with the help of matrix 𝐄3 =
[

0 −1
1 0

]

, such that

𝐞3 × 𝐮,𝑎 = 𝐄3𝐍,𝑎𝐔, (D.11)

𝐧0 =
1
𝐽𝑠0

𝐄3𝐍,𝑎𝐗. (D.12)

With these definitions, the integrals in Eq.  (D.6) can be computed 
for a generic line finite element 𝑒 as

∫𝜕𝛺0

𝐯̃ ⋅ 𝐧0 d𝑠0 = 𝐕̃𝑇
∫𝛺̂𝑒

𝐍𝑇𝐄3𝐍,𝑎𝐗d𝑎 = 𝐕̃𝑇𝐑𝑒
0, (D.13)

∫𝜕𝛺0

𝐞3 × 𝐮,𝑎
𝐽𝑠0

d𝑠0 = 𝐕̃𝑇

(

∫𝛺̂𝑒

𝐍𝑇𝐄3𝐍,𝑎d𝑎
)

𝐔 = 𝐕̃𝑇𝐑𝑒
𝑢𝐔, (D.14)

where now the integration is performed over a reference line element 
of domain 𝛺̂𝑒, and in practice is computed via numerical integration. 
The quantities 𝐑𝑒

0 and 𝐑𝑒
𝑢 are the elemental level counterparts of 𝐑0 and 

𝐑𝑢 in Eq.  (27), and can be obtained through the standard finite element 
procedure of assembly, see e.g. [70,71].

Appendix E. Simplification for second-order mechanical systems

In order to transform the equations of motion stemming from vibrat-
ing structures from second to first-order in time to fit the framework 
of Section 2.1, the velocities of each node are introduced as auxiliary 
variables to the problem, such that a set of additional equations is 
appended to the system, doubling its size and increasing the time 
needed to build the reduced-order model. These equations, however, 
are trivial, and this fact can be taken into account by substituting the 
velocity mappings as a function of the displacement ones, halving the 
size of the system to be solved. Additionally, even though the treatment 
of the equations proposed in Section 2.1 is general, as all analytic 
nonlinearities can be transformed into quadratic ones, it is once again 
not the most computationally efficient one in the present situation, 
as the introduction of auxiliary variables is needed in order to apply 
quadratic recast to the cubic nonlinearities present in Eq.  (27). This 
can be quite expensive for high-dimensional finite element systems. 
Therefore, this section is concerned with the specialisation of the 
DPIM algorithm to mechanical systems of the form given by Eq.  (27). 
Specifically, quadratic terms 𝐐3(𝜇, 𝜇) from Eq.  (4) will be neglected, 
since this corresponds to all of the situations treated in this paper. 
Departing from Eq.  (27), it can be put into first-order format as 

⎡

⎢

⎢

⎢

⎣

𝐌 𝟎 𝟎
𝟎 𝐌 𝟎
𝟎 𝟎 1

⎤

⎥

⎥

⎥

⎦

̇
⎡

⎢

⎢

⎢

⎣

𝐔
𝐕
𝑝

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝟎 𝐌 𝟎
−𝐊𝑡 −𝐂 𝐑𝑡

𝟎 𝟎 0

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝐔
𝐕
𝑝

⎤

⎥

⎥

⎥

⎦

+

⎡

⎢

⎢

⎢

⎣

𝟎
𝐆𝑡(𝐔,𝐔) − 𝑝𝐑𝑢𝐔

0

⎤

⎥

⎥

⎥

⎦

+

⎡

⎢

⎢

⎢

⎣

𝟎
𝐇(𝐔,𝐔,𝐔)

0

⎤

⎥

⎥

⎥

⎦

,

(E.1)

where the first equation connects velocities 𝐕 and displacements 𝐔. In 
what follows, the nonlinear mappings for the unknowns are expanded 
as 

𝐔 = 𝐔(𝐳) =
𝑜
∑

𝑝=1
[𝐔(𝐳)]𝑝 =

𝑜
∑

𝑝=1

𝑚𝑝
∑

𝑘=1
𝐔(𝑝,𝑘)𝐳𝜶(𝑝,𝑘), (E.2a)

𝐕 = 𝐕(𝐳) =
𝑜
∑

[𝐕(𝐳)]𝑝 =
𝑜
∑

𝑚𝑝
∑

𝐕(𝑝,𝑘)𝐳𝜶(𝑝,𝑘). (E.2b)

𝑝=1 𝑝=1 𝑘=1
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Eigenproperties of the second-order system

In order to particularise the eigenvalue problem to the second-order 
scenario, the left and right eigenvectors are divided into their parts 
corresponding to displacements, velocities and to the pressure (external 
bifurcation parameter), as 

𝐘𝑠 =
⎡

⎢

⎢

⎣

𝐘𝑈
𝑠

𝐘𝑉
𝑠
Y𝑝𝑠

⎤

⎥

⎥

⎦

, 𝐗𝑠 =
⎡

⎢

⎢

⎣

𝐗𝑈
𝑠

𝐗𝑉
𝑠
X𝑝𝑠

⎤

⎥

⎥

⎦

, 𝑠 = 1,… , 2𝑑 + 1. (E.3)

When 𝑠 ∈ [1,… , 2𝑑], by employing Eq.  (8) the usual expressions 
for the left and right eigenproblems stemming from a second-order 
mechanical system are recovered: 

𝐘𝑉
𝑠 = 𝜆𝑠𝐘𝑈

𝑠 (E.4a)
(

𝜆2𝑠𝐌 + 𝜆𝑠𝐂 +𝐊𝑡
)

𝐘𝑈
𝑠 = 𝟎, (E.4b)

and 
(𝐗𝑈

𝑠 )
∗𝐌 = (𝐗𝑉

𝑠 )
∗ (𝜆𝑠𝐌 + 𝐂

)

(E.5a)

(𝐗𝑉
𝑠 )

∗𝐊𝑡 = −𝜆𝑠(𝐗𝑈
𝑠 )

∗𝐌, (E.5b)

with Y𝑝𝑠 = 0 and X𝑝𝑠 = 0. These equations reflect the fact that the 
velocities are trivially related to the displacements as their derivative 
in time, and thus impose simple relationships between the parts of the 
eigenvalues corresponding to these two quantities, as already observed
e.g. in  [6,24]. Additionally, when considering the part of the eigenprob-
lem associated with the bifurcation parameter 𝑝, such that 𝑠 = 2𝑑 + 1, 
Eq.  (9) can be specialised to this case, yielding 
[

𝟎 𝐌
−𝐊𝑡 −𝐂

]

[

𝐘𝑈
2𝑁+1

𝐘𝑉
2𝑁+1

]

=
[

𝟎
−𝐑𝑡

]

⇒ 𝐘𝑈
2𝑁+1 = 𝐊−1

𝑡 𝐑𝑡, 𝐘𝑉
2𝑁+1 = 𝟎,

(E.6)

and Y𝑝2𝑑+1 = 1. This equation reveals a clear physical interpretation for 
the eigenvalue related to the control parameter. It represents a static 
deformation under the scalar load 𝑝 for the linearised problem about 
the equilibrium state corresponding to 𝑝0.

Order 1 parametrisation

The order 1 homological equation for this case writes 
[

𝐁 𝟎
𝟎 1

] [

𝐖̄(1)𝐟 (1) 𝐖̄(1)𝐟 (1,𝑑+1)
𝟎 0

] [

𝐳
𝑝

]

=
[

𝐀𝑡 𝐑̄𝑡
𝟎 0

] [

𝐖̄(1) 𝐖(1,𝑑+1)

𝟎 1

] [

𝐳
𝑝

]

,

(E.7)

with the linear part of the nonlinear mappings divided as 
[

𝐖(̃𝐳)
]

= 𝐖(1)𝐳̃ =
[

𝐖̄(1) 𝐖(1,𝑑+1)]
[

𝐳
𝑝

]

, (E.8)

and where the augmented (with the addition of the velocity variables) 
external forces vector 𝐑̄𝑡 =

[

𝟎 𝐑𝑡
]𝑇 . It should be noted that the last 

line of Eq.  (E.7) is a tautology. This is a consequence of the fact that 
the bifurcation parameter is excluded from the nonlinear mappings and 
that its reduced dynamics is known, which in turn makes the last equa-
tion redundant. Splitting now the first line into its parts corresponding 
to usual normal variables and to the parameter, we obtain for the part 
related to 𝐳: 
𝐁𝐖̄(1)𝐟 (1) = 𝐀𝑡𝐖̄(1), (E.9)

where we recognise the usual structure of the right eigenvalue problem, 
such that 
𝐖̄(1) = 𝐘 (E.10a)

𝐟 (1) = 𝐃. (E.10b)
18 
In the above expressions, it is assumed that no Jordan blocks are 
present in the linear parts of the dynamics. When this is the case, one 
simply has to impose 𝐖̄(1) = 𝐘̄ and 𝐟 (1) = 𝜦. Considering now the part 
of Eq.  (E.7) related to the parameter 𝑝, we have 
𝐀𝑡𝐖(1,𝑑+1) = 𝐁𝐘𝐟 (1,𝑑+1) − 𝐑̄𝑡. (E.11)

This equation is underdetermined, since both 𝐖(1,𝑑+1) and 𝐟 (1,𝑑+1) are 
unknowns of the problem, and thus several different choices are pos-
sible for the values of these parameters. Specifically, if one chooses to 
employ the normal form style [6,7], as will be done for the develop-
ments that follow, we have 
𝐖(1,𝑑+1) = −𝐀−1

𝑡 𝐑̄𝑡, (E.12a)

𝐟 (1,𝑑+1) = 𝟎. (E.12b)

At this point, a few clarifying comments are in order. In the first 
place, it is interesting to highlight that Eq.  (E.11) corresponds exactly to 
Eq. (39) of [24] with 𝜆̃ = 0 and 𝐂 = 𝐑̄𝑡. This is so because the treatment 
of the bifurcation parameter in this contribution and of the forcing 
in [24] is analogous, such that arriving at the same kind of equation is 
natural. In particular, the results in Eq.  (E.12) could have been obtained 
by solving Eq. (42) of the previously mentioned paper [24]. Indeed, 
the fact that 𝜆̃ = 0 means that no resonances are present at order one 
(since it is assumed that all modes have non-vanishing eigenvalues), 
making the kernel of 𝜆̃𝐁 − 𝐀𝑡 of dimension 0 and the set  defined 
in [24] empty, enabling Eq.  (E.12) to be retrieved. Finally, comparing 
Eq.  (E.12a) with Eq.  (9), it can be noted that 𝐖(1,𝑑+1) = 𝐘𝑑+1, as in this 
scenario 𝐀0 = 𝐑̃𝑡.

From this remark, using the splitting between the displacement and 
velocity parts of the eigenvalues and of the mappings, the following 
equations hold: 
𝐔(1) = 𝐘𝑈 (E.13a)

𝐕(1) = 𝐃𝐘𝑈 , (E.13b)

and thus the linear part of the mappings is determined only from the 
right eigenvalues associated to displacements.

Order s homological equation

The order 𝑠 homological equation assumes the following modified 
format, already neglecting the last line, related to the bifurcation 
parameter, as it will once again result in a tautology:
𝐁
[

∇𝐳̃𝐖(̃𝐳)𝐟 (̃𝐳)
]

𝑠 = 𝐀𝑡
[

𝐖(̃𝐳)
]

𝑠 +
[

𝐆̃𝑡(𝐖(̃𝐳),𝐖(̃𝐳))
]

𝑠

− 𝐑̃𝑢
[

𝑝𝐖(̃𝐳)
]

𝑠 +
[

𝐇̃(𝐖(̃𝐳),𝐖(̃𝐳),𝐖(̃𝐳))
]

𝑠
. (E.14)

Then, by introducing expansions 
[

𝐖(̃𝐳)
]

𝑠 =
𝑚𝑝
∑

𝑘=1
𝐖(𝑝,𝑘)𝐳̃𝜶(𝑝,𝑘), (E.15a)

[

𝐆̃𝑡(𝐖(̃𝐳),𝐖(̃𝐳))
]

𝑠
=

𝑚𝑝
∑

𝑘=1
𝐆̃(𝑝,𝑘)

𝑡 𝐳̃𝜶(𝑝,𝑘), (E.15b)

[

𝐇̃(𝐖(̃𝐳),𝐖(̃𝐳),𝐖(̃𝐳))
]

𝑠
=

𝑚𝑝
∑

𝑘=1
𝐇̃(𝑝,𝑘)𝐳̃𝜶(𝑝,𝑘). (E.15c)

Where 𝑚𝑝 denotes the number of order 𝑝 monomials and 𝜶(𝑝, 𝑘) is a 
multi-index indicating the normal variables exponents and the term 
in Eq.  (E.15b) can be computed in exactly the same fashion as the 
quadratic term in [24].

Assuming that no Jordan blocks are present in the linear part of the 
dynamics, the left-hand side part is given by 
[

∇𝐳𝐖(̃𝐳)𝐟 (̃𝐳)
]

𝑝 = 𝐍1 (̃𝐳) + 𝐍2 (̃𝐳) + 𝐍3 (̃𝐳), (E.16)

with expressions for 𝐍1 (̃𝐳), 𝐍2 (̃𝐳) and 𝐍3 (̃𝐳) defined in [24]. In order to 
consider a non-diagonal linear dynamics, term ̃𝐍 (̃𝐳) given in Eq.  (C.17) 
2
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has to be included in the calculations. Additionally, for the cubic term 
in Eq.  (E.15c), its coefficients can be determined by

𝐇̃(𝑝,𝑘) =
𝑝−2
∑

𝑝1=1

𝑝−𝑝1−1
∑

𝑝2=1

𝑚𝑝1 ,𝑚𝑝2 ,𝑚𝑝3
∑

𝑘1 ,𝑘2 ,𝑘3=1
𝐇̃(𝐖(𝑝1 ,𝑘1),𝐖(𝑝2 ,𝑘2),𝐖(𝑝3 ,𝑘3)) (E.17)

𝑝3 ∶ 𝑝3 = 𝑝 − 𝑝1 − 𝑝2
𝑘 ∶ 𝜶(𝑝, 𝑘) = 𝜶(𝑝1, 𝑘1) + 𝜶(𝑝2, 𝑘2) + 𝜶(𝑝3, 𝑘3)

Finally, the parcel depending on the parameter in Eq.  (E.14) can be 
calculated by noticing that all terms 𝑝𝐖(𝐳) of order 𝑝 are obtained by 
having 𝐖(𝐳) of order 𝑝 − 1. Thus, its expression is of the form

[𝑝𝐖(𝐳)]𝑝 =
𝑚𝑝−1
∑

𝑘𝑊 =1
𝐖(𝑝−1,𝑘𝑊 )𝑝𝐳̃𝜶(𝑝−1,𝑘𝑊 ) =

𝑚𝑝
∑

𝑘=1
𝐖(𝑝−1,𝑘𝑊 )𝐳̃𝜶(𝑝,𝑘), (E.18)

𝑘 ∶ 𝜶(𝑝, 𝑘) = 𝜶(𝑝 − 1, 𝑘𝑊 ) + 𝐞𝑑+1.

With 𝑘𝑊  uniquely defined if 𝑘, 𝑘𝑊  verify the second line in Eq.  (E.18) 
and 𝐖(𝑝−1,𝑘𝑊 ) taken as null otherwise. It should be noted that all 
the quantities in Eq.  (E.18) are known when solving for order 𝑝, and 
therefore this term contributes to the right-hand side of the homological 
equations.

With this, the system of equations to be solved in order to determine 
the vectors of unknowns corresponding to the 𝑘th monomial of order 𝑝
is the one given by Eq. (79) of [24]: 

⎡

⎢

⎢

⎣

𝜎(𝑝,𝑘)𝐁 − 𝐀𝑡 𝐁𝐘 𝟎
𝐗∗
𝐁 𝟎 𝟎
𝟎 𝟎 𝐈

⎤

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝐖(𝑝,𝑘)

𝐟 (𝑝,𝑘)
𝐟 (𝑝,𝑘)
◁

⎤

⎥

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝐑(𝑝,𝑘)

𝟎
𝟎

⎤

⎥

⎥

⎦

, (E.19)

where 𝜎(𝑝,𝑘) = 𝜶(𝑝, 𝑘) ⋅ diag(𝜦) is defined in order to check resonance 
conditions,  is the set of monomials resonant to monomial (𝑝, 𝑘), i.e.
such that 𝜆𝑟 ≈ 𝜎(𝑝,𝑘), and 𝐟 (𝑝,𝑘)  and 𝐟 (𝑝,𝑘)

◁
 are the reduced dynamics 

coefficients of resonant and non-resonant monomials. Also, in order to 
employ the above equation in the present context, the expression for 
𝐑(𝑝,𝑘) needs to include the newly defined terms: 

𝐑(𝑝,𝑘) = 𝐆̃(𝑝,𝑘)
𝑡 + 𝐇̃(𝑝,𝑘) − 𝐁

(

𝐍(𝑝,𝑘)
2 + 𝐍̃(𝑝,𝑘)

2 + 𝐍(𝑝,𝑘)
3

)

+ 𝐑̃𝑢𝐖(𝑝−1,𝑘𝑊 ). (E.20)

Finally, to take advantage of the trivial relationship between dis-
placements and velocities for the mechanical problem, the right-hand 
side vector can be divided into two parts according to 

𝐑(𝑝,𝑘) =
[

𝐌𝝁(𝑝,𝑘)

𝝂(𝑝,𝑘)

]

. (E.21)

Where it is possible to factor out the mass matrix in the first line of 
the equation due to Eq.  (E.20) and the structure of 𝐁, 𝐆̃(𝑝,𝑘)

𝑡 , 𝐇̃(𝑝,𝑘) and 
𝐑̃𝑢. With this, by substituting 𝐖(𝑝,𝑘) =

[

𝐔(𝑝,𝑘) 𝐕(𝑝,𝑘)]𝑇 , employing Eq. 
(E.13) and the definitions of matrices 𝐀𝑡 and 𝐁 the first line of Eq. 
(E.19) can be split into 

𝐕(𝑝,𝑘) = 𝜎𝐔(𝑝,𝑘)+
∑

𝑟∈
𝑓 (𝑝,𝑘)
𝑟 𝐘𝑈

𝑟 − 𝝁(𝑝,𝑘) (E.22a)

(

𝜎2 + 𝜎𝐂 +𝐊
)

𝐔(𝑝,𝑘)+
∑

𝑟∈
𝑓 (𝑝,𝑘)
𝑟

[(

𝜎 + 𝜆𝑟
)

+ 𝐂
]

𝐘𝑈
𝑟 = 𝜩 (𝑝,𝑘), (E.22b)

with 

𝜩 (𝑝,𝑘) = 𝝂(𝑝,𝑘) + (𝜎 + 𝐂)𝝁(𝑝,𝑘), (E.23)

and where the superscript (𝑝, 𝑘) has been dropped in 𝜎 in order to 
lighten notation. Analogously, the second line in Eq.  (E.19) is trans-
formed into 

𝐗𝑉 ∗
𝑟

[(

𝜎 + 𝜆𝑟
)

+ 𝐂
]

𝐔(𝑝,𝑘) +
∑

𝑠∈
𝑓 (𝑝,𝑘)
𝑠 𝐗𝑉 ∗

𝑟 𝐌𝐘𝑈
𝑠 = 𝐗𝑉 ∗

𝑟 𝐌𝝁(𝑝,𝑘), ∀𝑟 ∈ ,

(E.24)
19 
such that the final, halved in size, system of equations to be solved is 
given by 

⎡

⎢

⎢

⎢

⎣

𝜎2 + 𝜎𝐂 +𝐊
[(

𝜎𝐈 +𝜦
)

+ 𝐂
]

𝐘𝑈
 𝟎

𝐗𝑉 ∗


[(

𝜎𝐈 +𝜦
)

+ 𝐂
]

𝐗𝑉 ∗

 𝐌𝐘𝑈
 𝟎

𝟎 𝟎 𝐈

⎤

⎥

⎥

⎥

⎦

⎡

⎢

⎢

⎢

⎣

𝐔(𝑝,𝑘)

𝐟 (𝑝,𝑘)
𝐟 (𝑝,𝑘)

◁

⎤

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎣

𝜩 (𝑝,𝑘)

𝐗𝑉 ∗

 𝐌𝝁(𝑝,𝑘)

𝟎

⎤

⎥

⎥

⎥

⎦

,

(E.25)

with the velocity mappings 𝐕(𝑝,𝑘) found a posteriori by use
of Eq.  (E.22a).

Data availability

A Julia package that implements the proposed technique is available 
at

MORFE_follower (Original data) (Github)
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