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ABSTRACT 
Joints, interfaces, and frictional contact between two substructures can be modelled as discrete nonlinearities that connect the 
substructures. Over the past decade, a number of phenomenologically different approaches to modeling and simulating the 
dynamics of a jointed structure have been proposed. This research focuses on assessing multiple modelling techniques to 
predict the nonlinear dynamic behaviour of a bolted lab joint, including frequency based sub-structuring methods, harmonic 
balance methods, discontinuous basis function methods, and high fidelity FEA approaches. The regimes in which each 
method is best suited are identified, and recommendations are made for how to select a modelling method and for advancing 
numerical modelling of discrete nonlinearities. 
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1. INTRODUCTION 
 
The assembly of single components into a more complex structure always leads to the presence of a joint. A wide range of 
assembly methods are available today, ranging from permanent connections such as welds and adhesives, to separable ones 
such as bolts, rivets or hooked connections. Depending on the selected joint type it represents a change in the design, and has 
an impact on the static and dynamic performance of the assembly. For an accurate prediction of the dynamic behaviour of the 
assembly the special dynamics of the joint of interest must be captured accurately.  
 
One of the most common joint types in today’s engineering applications is the bolted joint connection. The combination of a 
contact surface with a series of bolts to apply the required loading potentially can result in a nonlinear system. The bolts and 
contact stiffness can lead to a reduction in the global stiffness and relative motion in the contact can add amplitude dependent 
damping due to friction effects. An analytical model of an assembled structure should take these effects into account to ensure 
accurate predictions of the dynamic behaviour.  
 
Several different approaches are available to deal with the bolted joint in an analysis. Rigid connections at the joints are the 
simplest approach, ignoring any possible influence of the joint on the response. Using a set of springs to model the reduced 
stiffness in the joint [1] can lead to a good agreement of predicted and measured resonance frequencies, but the damping 
effects due to the nonlinear friction behaviour of the joint are neglected. More advanced approaches not only include the 
stiffness of the bolt but also the energy dissipation due to the friction between the two contact surfaces [2], using experimental 
data to update and tune the model. A slightly different approach is the full three dimensional modelling of the contact 
interface [3] with nonlinear contact elements. It requires input parameters for the contacts, such as friction coefficient and 
contact stiffness [4], a linear modal model of the different components, and the normal load distribution on the contact 
surface.  
 
To gain a better understanding of the capabilities of the different approaches to model the nonlinear dynamic behaviour of 
bolted joints, and in response to a challenge defined during the Third International Workshop on Jointed Structures in 
Chicago in 2012 [5], the 2014 Sandia Nonlinear Mechanics and Dynamics Summer Research Institute included a round robin 
numerical modeling challenge. The round robin challenge includes four different methods for the nonlinear response 

                                                           
1 Sandia National Laboratories is a multi-program laboratory managed and operated by Sandia Corporation, a wholly owned 
subsidiary of Lockheed Martin Corporations, for the U.S. Department of Energy's National Nuclear Security Administration 
under Contract DE-AC04-94AL85000. 
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surface using an Iwan element. This modeling approach replaces the kinematics of the adjacent interfacial surfaces with a 
nonlinear constitutive model. The four parameters for this model generally must be determined from representative 
experimental data; however, a number of uncertainty approaches [10] exist for when there is an insufficient amount of data 
[11].  
 
Two of the methods used by the research groups at Sandia National Laboratories include high fidelity modeling using 
SIERRA [12] (a massively parallel finite element program), and reduced order modeling using the method of discontinuous 
basis functions [13, 14]. The framework for the discontinuous basis function method is established by augmenting the linear 
mode shapes of a system composed of linear substructures defined by the Craig-Bampton method [15] with a series of 
discontinuous basis functions that are smooth everywhere except at the location of the discrete nonlinearity (i.e. joint). The 
mathematical definition of the discontinuous basis functions is based on the research of [16], and inclusion of the 
discontinuous basis functions with the linear basis functions enhances the convergence properties of the system. The resulting 
set of nonlinear, coupled equations of motion are integrated directly in time to calculate the transient dynamic response of the 
system. 
 

2.2. Stuttgart Approach (Harmonic Balance method) 
 
The Stuttgart approach [7] relies on a node-to-node contact model with friction in the tangential direction and a nonlinear 
contact law in the normal direction. For the vibration analysis a linearization based on the HBM is performed and the 
nonlinear response is calculated by an iterative solution technique. The finite element model is reduced to the nonlinear nodes 
and the excitation nodes using the Craig-Bampton method [15]. The equation of motion becomes 
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where the contact forces are defined by  
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Equation 1 is solved by the single harmonic balance method. The contact forces are linearized assuming that the normal 
forces are constant 
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The nonlinear system that defines the frequency response is obtained by introducing (4) in (1) and considering the response of 
the system to be : 
 

 1 ˆˆ ( ˆ )HBM
x H x f,   (6) 

 
The transfer function for the HBM method 
 

 2( ) (( ( )) (ˆ ˆ ˆ( )) ).HBM HBM HBMi     H x K K x D D x M   (7) 

 
The system (6) is then solved using a modified version of a Newton-Raphson solver to obtain the nonlinear dynamic 
response. 
 



2.3. Imperial approach 

 
The Imperial-developed code, FORSE, used for the analysis of the nonlinear response of flange joints is based on the 
multiharmonic representation of the steady-state response and allows large scale realistic friction interface modelling. Major 
features of the methodology were described in [8] and only an overview of the analysis is presented in this paper. The 
equation of motion consists of a linear part, which is independent of the vibration amplitudes, and the nonlinear part due to 
the friction interfaces at the interface joint. The nonlinear equation of motion can be written as  
 
 ( ) ( ) ( ) ( ( )) ( )t t t t t     Kq Cq Mq f q p 0 ,  (8) 

where q is a vector of displacements; K, C, and M are stiffness, damping and mass matrices, respectively, of the linear model; 
f is a vector of nonlinear friction interface forces, which is dependent on displacements and velocities of the interacting nodes, 
and p is a vector of periodic exciting forces. The variation of the displacements in time is represented by a restricted Fourier 
series, which can contain as many harmonic components as it is necessary to approximate the solution, i.e.  
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
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In Eq. 9, Q are vectors of harmonic coefficients for the system degrees of freedom (DOFs), n  are numbers of harmonics that 

are used in the multiharmonic displacement representation, and   is the principal vibration frequency. The flowchart of the 
calculations performed with the code is presented in Fig. 2. The contact interface elements developed in [17] (see Fig. 1.c) are 
used for modelling of nonlinear interactions at contact interfaces and analytical expressions for the multiharmonic 
representation of the nonlinear contact forces and stiffnesses. The nonlinear algebraic system of the reduced model is obtained 
using a hybrid method of reduction developed by Petrov [17, 18]. The nonlinear system in the frequency domain is 
 

  ( ) ( )nlA    Q F F Q ,  (10) 

 

with  defined as the vector of the Fourier coefficients of the displacements at the interface,  the frequency response,  
is the vector of the Fourier coefficients of the excitation force and  is the vector of the Fourier coefficients of the nonlinear 
contact forces. 
 
  

 

Figure 2 Scheme of the forced response analysis 
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decrease and the damping increases for the first and second modes. This suggests that the joint becomes less stiff and energy 
dissipation increases as more energy is added to the system, which is expected. The exception to this trend appears to occur 
around a 10,000 N excitation since both the first and third modes show a marked decrease in damping from the 1000 N case; 
however, this anomaly could be the result of a simulation error or further evidence of the nonlinearity of this system, and 
warrants further attention. 

 

 
Similar to Fig. 8, Fig. 9 shows the displacement FRF for the Iwan-reduced simulations. The nearly identical responses suggest 
that none of the load cases (with a maximum of 1 kN) added enough energy to the system to excite the nonlinearity in the 
joint. Further simulations at higher excitation amplitudes are necessary to study the effect of the joint dynamics on the 
response of the system. 

 
Figure 9: Reduced model displacement frequency response functions for different forcing amplitudes. Figure suggests 

too little energy is put into the system for the given force amplitudes to excite nonlinearity in the joint. 
 

Figure 10 shows the FRF near the first natural frequency obtained by the HBM-Stuttgart model with 712 contact nodes. 
Results for four different bolt preloads (1, 5, 10 and 15kN) and a harmonic excitation of 100N are shown in Fig. 10(a). These 
results show that the behavior is nonlinear for the considered loading, in contrast to the Iwan-reduced predictions. It is 
interesting to observe, that the damping seems to increase with an increase in bolt load, which could potentially indicate more 

 
Figure 8: Iwan-full model displacement frequency response functions for different forcing amplitudes, showing the 

evolution of the first three natural frequencies as the excitation magnitude is increased. 
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5. CONCLUSION 
In this paper four approaches have been tested on a numerical benchmark to evaluate the current state of the art to model 
bolted lap joints. Two of them are frequency domain methods with contact elements based on Jenkins elements, while the 
other two are based on microslip Iwan elements, solved with a transient time domain analysis.  
 
The selected lap joint beam had a strong nonlinear behaviour and it is consequently a good but quite challenging test case for 
the round robin exercise. Stick-slip and separation areas are present in the beam, providing a challenging task for the different 
approaches to capture the nonlinear response correctly.  All investigated methods are able to predict a nonlinear response due 
to the contact surface, also some variations were observed especial between the time and the frequency domain approaches. 
The time domain approach seems to be unable to predict significant nonlinearity until dynamic force excitations up to three 
orders of magnitude higher than those of the frequency domain approach. The two methods based on frequency domain 
approaches give similar results for a single harmonic simulation but it could be observed that higher harmonics may be 
needed to capture the nonlinear dynamic behaviour of the joint correctly. The round robin exercise shows that the model 
reduction method of the contact interface can have a strong effect on the resulting nonlinear response and must be 
considered with care.  
 
Since different methods (frequency domain and time domain) with different excitation approaches are used for this 
preliminary round robin, a direct comparison of the results is rather difficult, and a new strategy is required to efficiently 
compare the different approaches. This study should be seen as a first step for a numerical round robin initiated by the ASME 
Joints Research Group to develop a proper benchmark for the validation of future nonlinear dynamic codes.  
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