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The connection between the Maximum Entropy (MaxEnt) formalism and Restricted Boltzmann
Machines (RBMs) is natural, as both give rise to a Boltzmann-like distribution with constraints
enforced by Lagrange multipliers, which corresponds to RBM parameters. We integrate RBMs into
quantum state tomography (QST) by using them as probabilistic models to approximate quantum
states while satisfying MaxEnt constraints. Additionally, we employ polynomially efficient quantum
sampling techniques to enhance RBM training, enabling scalable and high-fidelity quantum state
reconstruction. This approach provides a computationally efficient framework for applying RBMs to
MaxEnt-based quantum tomography. Furthermore, our method applies to the general and previously
unaddressed case of reconstructing arbitrary mixed quantum states from incomplete and potentially
non-commuting sets of expectations of observables while still ensuring maximal entropy.

INTRODUCTION

Quantum State Tomography (QST) is a crucial pro-
cedure for reconstructing quantum states from measure-
ment data, enabling the validation and characterization
of quantum systems [1-5]. Among the various approaches
to QST, the Maximal Entropy (MaxEnt) formalism [6-
9] is particularly compelling due to its principled founda-
tion: it provides the least biased estimation of a quantum
state consistent with observed measurement statistics.
This method ensures that no unwarranted assumptions
are made about unmeasured aspects of the state, making
it a natural choice for state reconstruction in scenarios
where limited measurement data is available [10-13].

In this work, we explore the use of Restricted Boltz-
mann Machines (RBMs) as an ansatz within the MaxEnt
formalism to perform QST. A computationally efficient
algorithm that retains the core principles of the Max-
Ent method while overcoming any computational bottle-
necks. A significant limitation of the standard MaxEnt
formalism is the challenge of determining the Lagrange
multipliers@For general cases, this involves the exponen-
tiation of large matrices, which is exponentially costly
in both computation and storage. This limitation makes
MaxFnt-based QST intractable for large quantum sys-
tems. Algebraic methods [14] can alleviate some of this
problem but face the challenge of non-commuting ob-
servables. Our approach mitigates this issue by using
an RBM as a variational ansatz for the quantum state.
By leveraging the representational efficiency of RBMs,
we ensure that our state reconstruction protocol remains
computationally feasible, avoiding any exponential scal-
ing in storage or computation.

Our framework provides a two-fold advantage: (i)
the RBM ansatz enables efficient storage of quantum
states using polynomial resources, and (ii) RBMs support

efficient sampling-based optimization techniques, mak-
ing parameter training computationally viable. Neural
Quantum States (NQS), of which RBMs are a subclass,
have been shown to effectively represent a broad class of
quantum states, making them well-suited for our tomog-
raphy protocol.[15]

Our approach reconstructs a quantum state that satis-
fies the imposed measurement constraints, i.e. the re-
constructed state reproduces the expected observables
while maximizing the entropy of state that fulfills these
conditions. Thus, it inherits the desirable properties of
the MaxEnt formalism—yielding the least biased state
possible—while achieving efficient storage and computa-
tion. Moreover, our method is completely general: it can
reconstruct both pure and mixed quantum states from
an arbitrary set of measurement observables, making it
broadly applicable to various quantum systems.

Moreover, while classical sampling-based methods ex-
ist for training NQS in polynomial time and space, they
are often slow. These computations can be further accel-
erated using quantum-assisted sampling techniques. Re-
cent advancements in our group have led to the develop-
ment of efficient quantum algorithms for evaluating and
training RBMs on quantum hardware [16], offering a new
paradigm for scalable, high-fidelity quantum state re-
construction. By integrating these quantum-accelerated
RBM techniques with the MaxEnt formalism, we propose
a novel methodology for performing QST directly on a
quantum computer. This approach not only enhances
the computational feasibility of MaxEnt-based tomogra-
phy but also provides a framework for quantum-native
learning of quantum states.

The remainder of this paper is structured as follows:
In the next section, we introduce Restricted Boltzmann
Machines (RBM) and discuss how classical RBMs can be
enhanced using quantum-assisted sampling techniques.
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Figure 1: A schematic illustrating the workflow for reconstructing quantum states using the Maximum
Entropy (MaxEnt) formalism with a Restricted Boltzmann Machine (RBM). The RBM serves as an ansatz
for the state to be reconstructed; it requires only polynomial storage in the system size and supports an efficient,
sampling-based optimization algorithm. The goal is to reconstruct the state of a physical quantum system from
which measurements are obtained during a quantum experiment. These yield a set of observables, which may be
informationally incomplete. These observables serve as constraints for the reconstruction process. Using the MaxFEnt
formalism, a Lagrangian is formulated to maximize the entropy of the quantum state, subject to the constraint that the
expectation values of the observables match those derived from experimental data. The quantum state is represented
using the RBM ansatz, which is capable of modeling mixed states with polynomial computational resources. The
RBM parameters are optimized via gradient descent, iteratively refining the model to satisfy the MaxEnt constraints.
The optimization cycle is depicted by the loop in the schematic: starting from the current RBM parameters, samples
are generated using quantum hardware. These samples are then used to estimate observables and entropy (with
a computational cost that scales polynomially with the number of samples), which are the key components in the
MaxEnt Lagrangian. The Lagrangian is subsequently optimized using a gradient-based algorithm, thereby updating
the RBM parameters. The final RBM-based state representation enables quantum sampling to simulate measurements
or compute state properties. This hybrid approach—combining RBM with MaxEnt—offers an efficient and unbiased
method for quantum state reconstruction, even with an informationally incomplete measurement set.

We then provide a brief overview of the MaxFEnt formal- Restricted Boltzmann Machine
ism and its relationship with RBMs. Then, we outline
how RBMs can be integrated into the QST framework,
ensuring a general and scalable protocol that remains
efficient for arbitrary sets of measurement constraints.
Finally, we present numerical simulations demonstrating
the effectiveness of our method.

Restricted Boltzmann Machines (RBMs) are genera-
tive probabilistic models that represent complex distri-
butions through a bipartite graphical structure consist-
ing of visible and hidden units. As an ansatz for learning
probability distributions, RBMs optimize a set of free pa-
rameters—weights and biases—to accurately model the
underlying distribution. The network consists of two dis-
tinct layers: the visible layer, containing n neurons that



encode the system state, and the hidden layer, consisting
of m neurons that introduce additional degrees of free-
dom to enhance model expressivity.

Mathematically, an RBM defines a joint probability
distribution over visible and hidden binary random vari-
ables governed by an energy function analogous to that of
a classical Ising model with partial connectivity. Given a
system with n visible neurons ¢; € {1, —1} and m hidden
neurons h; € {1, —1}, the energy function is given by

E(E,ﬁ) = —Zaiai—ijhj _ZWijUihja (1)
i J ij

where a; and b; are the bias terms associated with the
visible and hidden neurons, respectively, and W;; repre-
sents the coupling strength between visible neuron 4 and
hidden neuron j. The probability distribution over the
joint visible-hidden state follows the Gibbs distribution:

P(3, ) =  exp(~ (3, 7)) 2)
where Z =} ;- exp(—E(7, h)) is the partition func-
tion ensuring normalization. By marginalizing over the
hidden variables, one obtains the effective probability dis-
tribution over the visible units, which serves as a powerful
generative model for learning complex data distributions,
including quantum states. The visible neurons encode
the system state, while the hidden neurons introduce
additional degrees of freedom that enhance the model’s
expressivity, allowing it to capture higher-order corre-
lations. Notably, the probability distribution obtained
from the RBM ansatz is mathematically equivalent to
the thermal (Gibbs) distribution of the Ising model at
an effective temperature set by the model parameters.
The statistical mechanics formulation of RBMs reveals
a direct analogy with the Ising model: visible and hid-
den neurons correspond to spins, the weights W;; act as
interaction terms, and the biases a; and b; serve as ex-
ternal fields. This connection underscores the deep inter-
play between RBMs and statistical physics, making them
particularly relevant for quantum state reconstruction.

Quantum-Enabled Restricted Boltzmann Machines

Restricted Boltzmann Machines (RBMs) have demon-
strated remarkable expressivity in approximating com-
plex quantum states. However, their classical training
relies on Markov Chain Monte Carlo (MCMC) sampling,
which suffers from slow convergence due to long auto-
correlation times due to conventional transition propos-
als. Quantum-assisted sampling technique provides a
pathway to accelerate this process and significantly en-
hance the efficiency of training neural-network quantum
states. In our recent work, we developed a quantum-
enabled variational Monte Carlo (Q-VMC) framework

for efficiently training neural-network quantum states,
particularly RBMs, using quantum-assisted sampling
techniques.[16] The core idea is to construct a quantum
circuit that generates samples from a variationally opti-
mized surrogate probability distribution, which approxi-
mates the RBM’s target distribution. This is achieved by
defining a surrogate Ising-like network with an equivalent
Hamiltonian:

Hayy = Z lio? + Z Jijoiol. (3)
7 7,7

where the parameters I; and J;; are learned to best
approximate the probability distribution of the RBM
ansatz. The sampling process is then performed using
a quantum circuit implementing a Trotterized evolution
of the surrogate Hamiltonian,

U(T, '7) — e*i"/HsurTefi(lfv)HzT (4)

where H, = ) .07 acts as a quantum mixing term.
By tuning the evolution parameters 7 and +, this quan-
tum sampling protocol efficiently explores the probability
landscape, overcoming the limitations of classical MCMC
approaches.

The quantum-enabled Variational Monte Carlo (VMC)
method for training NQS offers significant advantages
over classical training methods:

e Faster Convergence: Quantum proposals (e.g.,
Trotterized circuits) exhibit a spectral gap ¢ that
decays three times slower than classical MCMC
proposals (local/uniform sampling), reducing mix-
ing time and yielding less correlated samples. This
accelerates convergence to the target distribution.

e Reduced Variance: The quantum-assisted sam-
pler achieves five times lower lo-norm error in distri-
bution approximation compared to classical meth-
ods, enhancing sample quality. Energy variance is
low and is further reduced by zero-variance extrap-
olation (ZVE) to achieve < 0.5% relative energy
error.

¢ Resource Efficiency: The quantum circuit scales
linearly in number of qubits (O(n)) and depth of
quantum circuit (O(mn)), with O(Ny) circuit ex-
ecutions independent of system size. Trotterized
circuits use O(n?) two-qubit gates per layer, par-
allelized to O(n) depth, making them feasible for
near-term quantum hardware.

By integrating this quantum-assisted sampling into the
training, we achieve a robust and scalable algorithm for
learning quantum states using RBMs.



Maximum Entropy Formalism

The Maximum Entropy (MaxEnt) formalism [17, 18]
reconstructs a quantum state pp;p that both satisfies
constraints imposed by measured observables and maxi-
mizes the Rényi entropy. The Lagrangian governing the
optimization is formulated in terms of the density matrix
p and a set of observables O;:

L = 8a(p) + 20 [Tr(p) = 1]+ 3 A | Te(50) — (On)|
k
(5)

Here, the constraints ensure that the reconstructed
state reproduces the measurement statistics of the tar-
get state. In particular, the constraint O = I enforces
the normalization condition Tr(p) = 1.

In the standard literature, the von Neumann entropy
is most commonly used. Maximizing the Lagrangian an-
alytically with respect to p leads to the well-known ther-
mal (Gibbs) state:

pyvE =2 exp (— ZM@) ,
k=1

where the partition function Z = exp()\g) ensures nor-
malization, and the )\, are Lagrange multipliers enforcing
the constraints, i.e., Tr(pareOk) = (Ok).

The advantage of standard maximal entropy has been
amply demonstrated with special reference to a few par-
ticle systems far away from equilibrium [1, 18, 19]. De-
termining a quantum mechanical density matrix of max-
imal entropy brings these advantages to the age of quan-
tum technologies [10, 12, 20] and time-evolving systems
13, 21, 22].

Despite its success, the standard MaxEnt formalism
has significant limitations when applied to general quan-
tum systems. One major limitation is that it requires the
observables Ok to commute. This restriction arises be-
cause the density matrix must be Hermitian and positive
semi-definite, which in turn requires that it commutes
with the quantum surprisal,

[ W
k=0

This condition holds only when all observables O, mutu-
ally commute, which is often not the case in real quantum
experiments. As a result, the standard MaxEnt approach
is only applicable to a restrictive subset of observables,
limiting its practicality for general quantum state recon-
struction. Another significant challenge in the MaxEnt
formalism is determining the Lagrange multipliers A,
which, for most general cases, requires exponential stor-
age and computation.

Our approach addresses these issues by introducing an
RBM-based ansatz for the mixed-density matrix. Un-
like the state for standard MaxEnt pps g, our RBM-based

ansatz is inherently Hermitian and positive semi-definite
by construction. This is achieved through a purification
technique, where a wavefunction is defined over an ex-
tended Hilbert space, and the mixed state is obtained
by tracing out auxiliary (environment) qubits. Since the
ansatz guarantees the necessary properties of the density
matrix, we are not restricted to using only commuting
observables. This makes our approach significantly more
general and applicable to arbitrary quantum systems.

Instead of explicitly solving for the Lagrange multipli-
ers, in our approach, we directly optimize the Lagrangian
numerically using an augmented Lagrangian tech-
nique. This involves defining a modified cost function
such that its minimization leads to the maximization of
entropy and enforcing the constraints through a penalty
term.

C=-S(p)+ Z & [<Oz)p — Ofm'get} 2 ©)

The constraints are controlled by hyperparameters &,
which adjust the strictness of the constraint enforcement.
Unlike Lagrange multipliers, these hyperparameters do
not need to be precisely determined for the optimiza-
tion to be effective, greatly simplifying the process. In
practice, The £’s are kept small initially to ensure that
the cost function doesn’t explode as the estimated values
of operators could be far from the target; as the train-
ing progresses, the values of ¢’s increased gradually to
ensure that the constraints are tight and the entropy is
maximized accordingly.

Another key difference in our approach is the use of a-
Rényi entropy instead of von Neumann entropy (VNE).
There are two primary reasons for this choice: (a) Rényi
entropy can be efficiently computed using sampling tech-
niques, compared to VNE. [23] (b) Higher-order Rényi
entropies (S, for a > 2) provide a lower bound on VNE.
This means that maximizing S indirectly maximizes the
VNE. Therefore, even when working with VNE, most
of the optimization can be performed using S, with
only fine-tuning using VNE estimates towards the end
of training is sufficient.

By addressing these fundamental limitations, our
method provides a flexible and computationally efficient
alternative to the standard MaxEnt formalism. It allows
for the use of non-commuting observables and eliminates
the need to solve for Lagrange multipliers.

Relationship between RBM and MaxEntropy

One can show the relationship between Restricted
Boltzmann Machines (RBMs) and the ansatz used in
MaxEntropy formalism. Both ansatzes share the same
fundamental origin as they describe thermal states de-
fined over specific energy functions. In the case of RBMs,



the energy function is given by a parameterized interac-
tion between visible and hidden units. In the MaxEnt
framework, the energy function is effectively determined
by the constraints imposed in the Lagrangian.

The equivalence emerges by choosing Oy as Pauli-Z
operators corresponding to the RBM’s visible and hidden
units. Specifically, the RBM density operator satisfies
the constraints:

Tr(premoy;) = (6%), Tr(premol;) = (67),
Te(prEMO%0%;) = (62:6%;). (7)

Comparing with the MaxEnt formulation, the La-
grange multipliers {\;} map directly onto the RBM pa-
rameters:

A & a;, )\j Ad bj /\ij A4 Wl]

This mapping establishes RBMs as an implicit realiza-
tion of the MaxEnt principle, where the RBM parame-
ters act as the driving forces that encode statistical con-
straints.

INTEGRATING RBM INTO THE QST
FRAMEWORK

Building upon the equivalence between RBM and Max-
Ent formalism, we perform quantum state tomography
(QST) by using RBM as a probabilistic model for quan-
tum states. Tracing out the hidden units of RBM yields
a probability distribution over the visible neurons, pro-
viding an ansatz that approximates the quantum state
while satisfying measurement constraints. Since a quan-
tum state can have complex coeflicients, in general, the
parameters of RBM (6 = {a,b,W}) are kept complex,
and the distribution over the visible neurons is derived
by marginalizing the hidden neurons from the joint RBM
distribution. Equation (2) defines the full RBM state,
while summing over the hidden units leads to the de-
scription of the quantum state [¢):

%Zexp Zai0i+2bjhj+zwijaihj

1 h T - J )

Eexp (Z aiai> H 2cosh (b; + Z W;;0:)8)
i j=1 i

This formulation shows that the effective probability
distribution over the visible units retains an RBM struc-
ture but without explicit dependence on hidden variables.
By utilizing this ansatz, we construct a quantum state
that adheres to the constraints imposed by MaxEnt while
benefiting from the RBM’s representational power. This
approach allows us to bypass the strict structural limita-
tions of the original RBM—MaxEnt equivalence, making

[%0(7))

Figure 2: Graphical representation of the Restricted
Boltzmann Machine (RBM) used to represent a mixed
density matrix. The visible layer (blue) encodes the state
of the physical system, while the other two layers are used
to describe the mixing due to the environment (red) and
to capture the hidden correlations between the physical
degrees of freedom (green).

it a more flexible and scalable alternative for quantum
state reconstruction.

This formalism can be generalized to a density matrix,
and our quantum-enabled algorithm can efficiently han-
dle this case. To obtain a mixed-density matrix of the
system, we would need to extend the size of the state
by appending some additional degrees of freedom. We
would have a larger pure state, which, when ancillas are
traced out, leaves behind a mixed state for the system.
In figure [2] the composite state pg®“ is pure, and there-
fore pg®* = [4hg)(1bg|, with a neural network wave func-
tion [1g) = >, Ye(0,a)|o) ® |a). The density matrix
is simply obtained by tracing out the auxiliary system

po = Tra{|v)(tol},
Po (Ua UI) = Z () (U’ a)yy (U/7 a)

Observable estimation: To estimate the expecta-
tion values of the observables O, we sample from the
probability distribution p}, using Markov Chain Monte
Carlo (MCMC) methods. Our quantum-enabled algo-
rithm accelerates this process by reducing the number of
samples required to evaluate the expectation values. The

expectation value of an observable O is computed as:

(0) = Tr(p0) =Y p¥ (72”/ S?Og/)

= Z PoO1oc(V) = (Oloc(v)) oo (9)

is the local observable at

’
v OU
where Ojoc(v) = Z“'Z#

state v. The estimation of Ojoc(v) is conventionally done
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explicitly under the assumption that the operator O is
sparse and for a given configuration v, the connected con-
figurations v’ scale only polynomially with system size.

Entropy estimation The most challenging part in
the optimization of the Lagrangian in the MaxEnt for-
malism is entropy estimation. Though in the standard
MaxEnt formalism, Von Neumann entropy (VNE) is
maximized, computing VNE is relatively difficult com-
pared to other Rényi entropies. [23] Since we just need
to maximize the entropy of the system, and we know that
the second-order Rényi entropy (S2(p)) lower bounds
VNE, maximizing Sa(p), in turn, maximizes S1(p). So, in
our work, we maximize the So(p) as it’s relatively cheaper
to compute to optimize the Lagrangian.

Here, we explore some of the sampling-based tech-
niques to estimate various Rényi entropies for NQS build-
ing on the works by [23]. Estimating second order Rényi
entropy is relatively straightforward, as it can be ob-
tained by estimating the SWAP operator [24]

S2(pa) = —log[Tr(p}h)] = —log((Y @ Y|SW APl @ 1))

Now since we are working with a mixed density matrix
which is derived from a pure state in the extended Hilbert
space, estimating the Rényi entropy at the partition be-
tween the system and environment qubits will give us the
desired entropy of the mixed state for the system. In the
above equation, the SWAP operator acts as shown in the
figure 3:

Just like Rényi entropy of second order, other higher
orders can be estimated by using permutation operators
as mentioned in [23]. Estimation of Von Neumann en-
tropy can be performed using the polynomial approxi-
mation :

S1(p) = Tr(plnp) = 2 anTr(p"]. (10)

Where n. is the cutoff polynomial degree. The coef-
ficients of the polynomial («a,,) are described in the Ap-
pendix.

Once entropy and observables are estimated, the La-
grangian could now be optimized to reconstruct the state
following the MaxEntropy formalism. The optimization

of entropy while following the constraints of the prob-
lem is done by the augmented Lagrangian cost function
defined in Eq. [6]

Resource requirements

Our approach makes use of both quantum and classical
resources. First, samples are generated using quantum
circuit executions, and then classical post-processing is
used to estimate the desired expectation values and gra-
dients. The number of samples, Ny, required to estimate
observables is determined by the desired precision and
follows the relation N, ~ O(Var(O)/e%,,). This high-
lights that the sampling complexity is directly influenced
by the variance of the observable and the targeted accu-
racy.

The quantum circuit requirements for our model are
primarily characterized by the qubit count, gate count,
and circuit depth. The number of qubits required cor-
responds to the visible layer size (n) and is independent
of the hidden layer size (m). The gate count and circuit
depth primarily arise from Trotterization. The initial
state preparation consists of O(n) single-qubit o, gates,
which can be executed in parallel, leading to a depth of
O(1). The Trotterization process introduces a more sig-
nificant depth overhead, with each Trotter layer requir-
ing O(n) single-qubit gates, O(n?) two-qubit R, gates
(equivalent to O(2n?) CNOTS), and an overall depth of
O(n) per layer. The total number of Trotter steps, Nirot,
determines the accuracy of the circuit. It is important to
note that perfect accuracy is not necessary for generating
samples, as these samples are subsequently filtered using
the Metropolis-Hastings criterion. In practice, a reason-
ably noisy circuit with a finite number of Trotter steps is
sufficient. For a more detailed analysis of the quantum
resource requirements, see [16].

Once the required samples are generated using quan-
tum circuit executions for a given set of parameters pf
RBM, estimating the expectation values of k observables
requires O(kN;) time. For entropy estimation, we gen-
erate samples from the state twice, incurring a time cost
of O(2Ns), and compute the SW AP, for each sample
in O(1) time. Consequently, the second-order Rényi en-
tropy computation scales as O(Nj;), while higher-order
a-Rényi entropy calculations require O(«aN;) time. The
polynomial approximation of the von Neumann entropy
(VNE) up to degree ayq, requires O(a2, Ny) time.
Here, the coefficients of the polynomials are precomputed
and stored. The computation cost arises from the esti-
mation of all the Renyi entropies up to order a,q, for
VNE estimation. The max time required for cost func-
tion evaluation thus scales as O((a2,,, + k)Ns).

Gradient estimation benefits from the availability of
analytical gradient expressions, allowing us to reuse the
generated samples. Given that there are O(2(n + m +



nm)) parameters in the RBM (accounting for real and
complex components), the gradient computation scales
as O(nm(a? .. +k)N;). Therefore, overall, each training
step incurs a total computational cost of

Tepoch = O(nm(aZ,,, + k)NsTy + N,T,)

max

where Ty, is the time required for a single quantum circuit
execution and T; is the time required for a single unit of
post-processing computation on classical hardware. The
dominant factor in practice is the time required for quan-
tum circuit execution, which is heavily dependent on the
quality of the quantum device. All the classical post-
processing, i.e., computations of expectation values and
gradients, can be heavily accelerated by parallelization,
thereby making T,; small.
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Figure 4: Progression of the median of cost function and
negative of second order Renyi entropy [log, T'r[p?]] of
the reconstructed quantum state during training. The
median is computed over 10 experiments run for recon-
structing 6 qubit mixed-states (system qubits = 6, envi-
ronment qubits = 4, hidden units=4, number of observ-
ables = 6)

RESULTS AND DISCUSSION

In this section, we present the outcomes of quantum
state tomography (QST) applied to a random n-qubit
quantum state using both Restricted Boltzmann Ma-
chines (RBM) and the Maximum Entropy (MaxEnt) for-
malism. Previous work has demonstrated that MaxEnt
enables the reconstruction of quantum state density ma-
trices by utilizing measured expectation values of vari-
ous operators as constraints. Whether the set of Hermi-
tian operators is informationally complete or incomplete,
MaxEnt consistently yields the least biased mixed quan-
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Figure 5: The figure depicts the final results obtained
after training the RBM to reconstruct the given den-
sity matrix using Maximal Entropy Formalism. The fig-
ures shows (top) final entropy (Sa(p) = —log2Tr[p?]) and
(bottom) the observable constraint ((O;), — OX*"9) ob-
tained post-training 10 different state reconstruction ex-
periments. Each state had a different set of target density
matrices, known observables, and initial parameters for
RBM. For every System Size (IN), we also include the
results for various Environment Sizes (A < N). The re-
sults from various environment sizes are shown by differ-
ent colors clustered around the system size. The dashed
black line in the entropy plot shows the upper bound of
entropy for a given system size. Note: For experiments
where the environment sizes (A) are less than the system
size, the size of the environment qubit dictates the max-
imum amount of entanglement generated, i.e. Sa(p) < A

tum state that aligns with the imposed constraints.[10-
12]

Our goal is to reconstruct a general n-qubit mixed
density matrix, given access to k observable values. To
achieve this, we ensure that the state represented using
RBM after training estimates these observables as closely
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Figure 6: A circuit for generating a chosen N-qubit states
that need to be reconstructed using State Tomography.
This generates a pure state in the extended space, which
leads to a mixed state for the system when the environ-
ment qubits are traced out.

as possible to their actual values while simultaneously
maximizing the entropy of the state.

The proposed technique is highly general and can re-
construct any arbitrarily mixed density matrix using any
set of known observables provided by the user. For ver-
ification of the protocol in this study, we generate sim-
ulated data using the following procedure. We imple-
ment a random circuit in an extended space (system +
environment) and estimate the expectation values of ob-
servables by measuring on an appropriate basis. The
random circuit consists of multiple layers of randomly
chosen single-qubit unitary gates, interleaved with cas-
cades of CNOT gates, which are repeated several times.
We consider a general scenario in which the measured ob-
servables can be any arbitrary set. In our experiments,
we randomly select Pauli observables chosen from P,,
where P € {I,X,Y, Z} represents the set of Pauli ma-
trices. We conduct various tests with different sets of
observables to validate the algorithm’s efficacy.

In this quantum state tomography protocol, we em-
ploy classical optimization techniques to fine-tune the
parameters (@,b, W) within the analytical framework of
the probability distribution. The objective of this opti-
mization process is to obtain a probability distribution
that satisfies the given constraints. As depicted in Fig-
ure 4, we begin from an arbitrary initial state and itera-
tively optimize the cost function until all constraints are
satisfied and the entropy of the state is maximized. As
shown in Figure 5, the reconstructed density matrix ob-
tained through RBM successfully maximizes the entropy
across various system sizes while maintaining consistency
with the given observables. The total deviation of the es-
timated expectation values from the target expectation

values remains below 0.3, demonstrating the effectiveness
of our approach.

To conclude, we have introduced a hybrid framework
that combines the principles of the Maximum Entropy
formalism with the expressive and computationally effi-
cient ansatz of Restricted Boltzmann Machines for quan-
tum state tomography. Our method extends the applica-
bility of MaxEnt to scenarios involving tomographically
incomplete and non-commuting observables—a class of
problems that have remained largely unaddressed in pre-
vious approaches. By leveraging RBMs, we circumvent
the computational bottlenecks traditionally associated
with MaxEnt, enabling scalable reconstruction of both
pure and mixed quantum states. The successful numer-
ical validation of our protocol highlights its robustness
and versatility, setting the stage for practical deployment
in near-term quantum experiments and offering a promis-
ing direction for quantum state tomography in larger
quantum systems.
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APPENDIX
Derivation of Maximum Entropy State from Lagrangian

For classical systems, we construct a Lagrangian over the probability distribution:

L= pilnpi+Xo | Y pi— 1]+ [ > piOi(i) = (O1)] +--- (11)
Taking the derivative with respect to p; and setting it to zero:
oL )
:lnpi+1+)\0+)\101(2)+"':0 (12)
Opi
Solving for p;:
i = lHe—Akokm (13)
(2 Z ;

Ezxtension to Quantum Systems: For quantum systems, the Lagrangian is defined in terms of the density
matrices (p) and operators (O;):

L =Tr(pInp) + Ao [Te(p) — 1] 4+ Ay | Te(pO1) — (O1) ] + - -- (14)

The quantum Maximum Entropy formalism differs from its classical counterpart because quantum observables
that serve as constraints need not commute. In the classical case, the constraints ensuring probabilities are real
and non-negative are inherently satisfied and do not further restrict the entropy. In contrast, the quantum case
requires the density matrix to be Hermitian and positive semi-definite. The quantum density matrix looks like its
classical counterpart, Z = exp(Ao), Op = 1 and the \,’s are the Lagrange multipliers that enforce the constraints,
Tr(pmeOr) = (Ok),

pue =2 texp ( Z Ak0k>
=1

The Hermiticity condition implies that the density matrix and the quantum surprisal I=-— Y ko MO commute.
Since both I and pm e are Hermitian, they can be diagonalized simultaneously, simplifying the determination of the
Lagrange multipliers. To ensure the density matrix remains Hermitian under variation, we impose 6 = i[6W, p| for an
arbitrary Hermitian matrix WW. This introduces an additional variation term in the Lagrangian: 3", i\, Tr(6W [p, Ox]).
By the cyclic property of the trace, this term vanishes when p commutes with ), MOk Thus, the validity of the
density matrix form is contingent on the set of measured observables {O} to be commutative amongst each other.



Calculating Renyi entropy using SWAP operator method

Lemma .1

S2(pa) = —In(Tr(p)) = — In((SWAP.)).

Proof:

The action of the SWAP operator over the product of two states across a partition A.

SWAP 4 Z Ca17ﬁ1|a1>|ﬂ1> & Z Da2752‘062>|62>

a1,B1 az,fB2
= Y Carpy Y Das(j02)[B1)) @ (Jan)|Ba)).
a1, az,B2

Therefore, the expectation value of SWAP 4 over copies of the same state state would be

(¢ @ Y[SWAP [y @ )
= Z Ca, C_’a2;51 Cas,p, éa17ﬂ2

a1,a2,81,82

= Z (pA)Ch,Oéz(pA)az,al = Tr(p,%;),

1,02

where (p4)ay,as = g, Car,pu Coa, 5, denotes a matrix element of py.

[I“’L)IHIIJQIJ [IIGJQIHIWEQIJ

SWAP, =

[ ©,) H 0, } [ 1w, H 0, }
[ 11 [ 1T1

T LT

Figure 7: A tensor network representation of the action of SWAP operator over a product of two states (1) ® |¢))
across the region A.

Calculating (SWAP,) using sampling

Lemma .2

P(u)p(u)
(SWAPs) ~ Y (L)
L (Server)

where bitstring {u,v} are sampled from the distribution ||, and SWAP4|u,v) = |u’,v")



Proof:

(¢ @ Y|SWAP 4] @ ¢)
= Y (¥ @Ylu,v)(u,v[SWAP A", v")(u”, 0" ¢ @ ¢)

w,v,u’’ v’

Let SWAP4|u,v) = |[u,v")
= S ek o), vl o )

w,v,u’’ v’

=> (¥ @ plu,v)(u, 0| @)

= v v OYw)

= S e ()

Calculating (u',v") is trivial for a set of bitstrings (u,v). One just exchanges the bits in region A amongst the
bitstrings. Then, computing the coefficients of the wavefunction corresponding to these new bitstrings can be done

trivially as the analytical expression of the wavefunction is known.

S waz(%az%)

BWAP.) = zwwu To(0)




Gradient of Cost Function w.r.t RBM parameters

Cost Function:

o ge 2
C = —S(p) + Zfz |:<Oz>p — Of%g t:|
i
where (O;), = Tr(pO;)
Derivative of the observable term (Cps):
Apply the chain rule:

800 s arge 8<01>
5, Z 2 ((04), — 0;"")

¢ 8:5,

Lemma .3

T
where the ‘©7 represents element-wise Hadamard product between matrices.
* Refer to Supplementary info of [16] for proof

Lemma .4 0,,p(v,v") = Dy, (v,v") @ p(v,v"). The matriz Dy, (v,v") for various parameters x; is given as follows:

T DY, (x;)
Re(ay) —B (g + vy,)
Im(ag) —if (v — v},)
Re(by) | 6] tanh (86, + 851, Wipv:)

+ tanh (Bb; +4 Z?:l VV;;)U;)

Im(by,) zﬁ{ tanh (8b, + B> i Wipvs)
— tanh (8b}, + 831, W) }

B{ tanh (8b, + B> 1, Wijvi) vk

+ tanh (805 + 81, W) ”fc}

Tm(Wiy) |6 tanh (86, + 8521, Wipei) v
— tanh (Bb; + B0, W) o) }

Re(Wkp

~

ip Ui

* Refer to Supplementary info of [16] for proof

Derivative of the second order Renyi entropy:

SQ = —ln((SWAPA>)

1

O = SWAP,)

0y, (SWAP 4)

(Y @ Y|SWAP 4|9 @ 9)
‘A —
(SWAP4) W @Yl @ P)




The derivative of the numerator

0z, (Y @ Y|SWAP 4] @ ¢)

The derivative of the denominator

=0, > _ YT (W (W)Y (u)p(v)
=0, Zp(uvu’)p(v v

_ Z { )+ D(v,0)| © plu,u)o(v,v)

O, (Y Y|P @ ¢)

Oy, (SWAP 1) =

= azz Z p(u’ U)p(’U, U)

—Z[ u,w) + D(v,0)| ® plu, w)p(v, v)

Ou; (0 © YISWAPA[p @) (SWAP )0, (¢ @ Y[Y @ )

<w®¢|¢®w> - XKD

T 2o [P0+ D] @ oo
@ww>

- W Z {D(u,u) + D(v,v)} ® p(u,u)p(v,v)

u,v
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