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ABSTRACT

Highly slender structures undergoing large displacements, such as cables and hoses
are integral parts of most modern high performance engineering systems and interest
from the industry in the virtual simulation of such systems has strongly increased
in recent years. We focus on distributed line-to-line contact interactions, which are
most appropriate for modeling closely packed slender structures that remain in contact
over extended regions of their length. The modeling of frictional contact interactions,
one of the key aspects for accurate prediction of mechanical behaviour, is particularly
challenging and still a matter of scientific research.

In this thesis we adopt a geometric framework for flexible multibody systems which
is characterized by a rigorous mathematical handling of frame transformations. The
geometrically exact beam finite element framework on the special Euclidean group is
selected for modeling slender structures. The equations of motion are interpreted as
being expressed in the local frame attached to the body resulting in interesting frame
invariance properties.

An essential ingredient of the selected contact model is the formulation of non-penetration
conditions as a unilateral restriction of relative motions between material particles and
the treatment of these conditions in a discrete setting. This work establishes the con-
tact kinematics, including the normal gap and tangential slip, between geometrically
exact beams building on the special Euclidean group formalism. The resulting formu-
lation expresses the contact forces in the local frame and inherits the frame invariance
properties from the chosen geometric framework.

These unilateral constraints may cause nonsmooth effects such as discontinuous spatial
distribution of contact reaction forces, dynamic impacts and frictional stick-slip transi-
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tions which require advanced numerical techniques. First, a quasi-static methodology
is developed using an Augmented Lagrangian technique combined with a nonsmooth
Newton solver. The elaboration of an alternative Gauf-Seidel dual solver is also ex-
plored. Then, the dynamic problem is tackled using the nonsmooth generalized-a time
integration scheme. For quasi-static and dynamic cases we implemented two beam-to-
beam contact elements. The first one is a simple collocation technique. The second one
is the mortar method, where the non-penetration constraints are enforced in a weak
sense. All the developments have been implemented into the open source software Odin
connecting our work to a wide library of finite elements.

Various numerical experiments were performed for the quasi-static and the dynamic
case. These include the static frictionless contact of a cantilever with a rigid wall for
which a novel analytic solution was derived. The examples show the potential of com-
bining all the previously mentioned concepts to form an appropriate framework for
handling geometric non-linearities, discontinuities, and complex frictionless and fric-
tional contact configurations exhibited by cable assemblies.
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INTRODUCTION

The ever-growing need of industries to improve the quality of their products while
reducing costs pushes innovation. Systems become more complex and their manufac-
turing more tricky. A key step during the design phase is the construction and testing
of prototypes. This step is iterative. Indeed, if the prototype does not meet some given
requirements, the engineering team goes back to the drawing board, a new design is
conjured up, and a new prototype is made. The number of cycles in this process can be
drastically reduced with the help of virtual prototyping tools, which in turn saves costs.
A digital model on a computer that simulates the real-world system is used to test out
several design variants, and unsatisfying ones can immediately be eliminated without
the need to actually produce a physical prototype. Examples of popular computer sim-
ulation software packages are Abaqus [1|, LS-Dyna [2], or Ansys [3], to cite a few. These
software packages often come with a range of features that allow one to optimize the
digital prototype on the spot, yielding further time savings. Moreover, a digital model
provides a perfectly controlled environment that allows one to see the in-use behavior
of a design or verify its limits. Especially in industries producing large and complex
systems, such as aerospace, automotive, and construction, these cost savings add up
and become substantial [4].

This thesis is concerned with the mathematical modeling and numerical algorithms for
mechanical systems, which constitute the backbone of the simulation software packages
mentioned above. In particular, we focus on highly flexible slender objects undergoing
large amplitude motion and experiencing frictional contact interactions. There are
numerous examples of engineering applications whose behavior is determined by such
effects and where simulation plays a crucial role. We will discuss some use cases in the



next part of this introduction.

From Wire Harnesses to Textile Braiding

Figure 1 shows examples of electric cables and hydraulic hoses that may be found in
abundance in cars. These cables are generally highly flexible, made of a large number
of thin metallic fibers compressed inside a polymer coating and assembled into wire
harnesses. Software tools used in the industry for computer-aided design and virtual
assembly need data about the mechanical properties of such cables. These are, for
example, the effective bending stiffness F'1, the effective torsion stiffness GJ, and the
effective tension stiffness £ A. For simple cables made of a single heterogeneous material,
these material parameters can be computed knowing the cross-section geometry.

However, in practice, cables and hoses are composite structures, and mechanical prop-
erties have to be determined by measurements. To that end, the Fraunhofer Institute
for Industrial Mathematics developed the MeSOMICS [5] machine, which performs two
tests. The first one is a standard torsion test where both ends of the cable are clamped
and the specimen is twisted. During the test, the torsion angle and the resulting mo-
ment are recorded, from which the torsion stiffness can immediately be identified. The
second one is a bending test that is also valid for finite displacements. For this one,
the two ends are attached to moment-free bearings. By moving one mounting point
towards the other, the specimen forms an arc. The bending stiffness can then be de-
duced from the displacement of the moving mounting point, the bending line, and the
recorded resulting horizontal force. Finally, the tension stiffness can then be calculated
knowing the bending and torsion stiffnesses.

One drawback of the methodology described above is the following. The measurements
have to be repeated for every different type of cable. Moreover, these experiments only
provide limited insight into the physical effects inside the assembly. Ideally, a fully
calibrated digital model could replace experiments to a certain extent. This would
have several advantages. Next to being cheaper and less time-consuming than a phys-
ical experiment, a virtual model gives access to detailed information about contact
interactions or geometric rearrangements of the individual components [6-12].

In Fig. 2 on the left, a textile braiding machine can be seen, which is used to produce
textile fabrics or composite materials. Composite materials made of small yarns give
them very special properties, which is why they are widely used in high-performance
engineering systems [13-15]. Yarn carriers move on a circular trajectory, clockwise
and anticlockwise in an intertwining motion to create a certain braid pattern. The



Figure 1: Application examples of contact between a large number of slender fibers:
Harnesses of electric cables found in cars. Images taken from the THREAD website.

development of (digital) models that can accurately predict the behavior of the braiding
machine is still a matter of ongoing research [16-23|.

Figure 2: Application examples of contact between a large number of slender fibers:
Textile manufacturing and endoscopes. Images taken from the THREAD website.

Further application areas can be discussed. Simulation tools are also employed to
verify that civil engineering structures will be able to withstand the loads they will be
subjected to during their lifetime. The weight of cable-stayed bridges is supported by
wire ropes [24-27].

In the computer graphics community, there is a demand for the realistic animation of
hair [28]. Going several orders of magnitude smaller, similar models can be exploited
in the range of micro- or even nanometers. They have successfully been applied to
polymers, molecular dynamics, as well as DNA strands [29, 30].

We could also mention endoscopes with their complex layered internal composite struc-
ture and their exterior contact interactions with human tissue [31-33]. From a modeling
point of view, the mechanical behavior of endoscopes winding their way through the



human body bears resemblance to drilling problems encountered in the oil drilling in-
dustry [34-37].

Clearly, there is no shortage of application examples. In recent years, general interest
in the simulation of highly flexible systems has increased significantly, as illustrated by
the emergence of THREAD! [38], a European project that provided funding for several
young researchers active in topics directly or indirectly related to the subject of this
thesis.

The common point between the above examples is that these are systems made of
entangled slender structures undergoing frictional contact interactions, which largely
impact their overall behavior. A common approach is to ignore these internal effects
by employing macroscopic models. Macroscopic models are useful in practice but can
be limited in their ability to represent all the complexity of the system of interest. In
any case, involved modeling parameters need to be tuned with the help of additional
information about the system, for example, coming from a detailed mesoscopic numer-
ical model that includes said contact interactions. This thesis aims at making progress
in the latter category of approaches.

Slender Structures as Beam Models

As mentioned in the previous section, we are interested in systems composed of flexible
slender structures or rods. By that, we mean any components that have one geometric
feature that is much longer than the other two. From a mathematical point of view,
it is then possible to reduce a 3-dimensional problem into a 1-dimensional one. Such a
1-dimensional model is referred to as a "beam." The reason is, of course, to decrease
the number of degrees of freedom in a subsequent numerical model and hence the
computational cost. This is a necessary operation if computer calculations need to be
done in a reasonable amount of time. But, as my advisor likes to say: "There is no
free lunch." We are trading computational cost for increased mathematical complexity,
both in the formulation of the mechanical component and the modeling of contact. An
in-depth understanding of the mathematical consequences of the underlying hypotheses
our models are based on is paramount to guide our choice of tools and methods. Even
though beams are the main focus of this thesis, they are not the only constituents of
our applications of interest. Indeed, systems composed exclusively of beams are rare.
In general, the motion is imposed by connecting the beams to rigid bodies through
different joints. Such systems are naturally modeled as so-called flexible multibody

!The European project THREAD investigates novel approaches to model and simulate slender,
highly flexible beam-like structures for a broad variety of industrial applications.



systems. Therefore, the developments in this thesis are embedded into a much more
general multibody framework, which allows making use of powerful tools from previous
works. We will explain them in the next sections.

A Geometric Finite Element Framework

Many formulations of multibody systems, or beams in particular, have been proposed
in the literature. We will follow the generalized finite element method (FEM), as devel-
oped by Géradin and Cardona [39], for its generality and flexibility. In that approach,
the configuration of each body in the system is described by a set of redundant ab-
solute variables expressed with respect to the inertial frame of reference. Kinematic
connections, or joints, are represented by adding algebraic equality constraints, which
are resolved using Lagrange multipliers. This way, the equations may be generated in
a systematic manner. In the age of computers, this is desirable because "systematic"
rhymes with "automatic." The involved system matrices are usually sparse.

Reference configuration

Current configuration

O - TH)

Inertial frame

Figure 3: Kinematic description of multibody components: frame transformations from
the fixed inertial frame to any frame attached to the body.

One of the main difficulties is the handling of large amplitude 3-dimensional motions
including finite rotations and the nonlinearity of the deformation measures. To over-
come these difficulties, Sonneville developed a fully geometric FEM framework [40], in
the spirit of Géradin and Cardona, but connecting the rigorous mathematical ideas to
the description of kinematics in flexible components. A key ingredient of the approach
is the concept of a frame defined by a point and a triad of orthonormal vectors. On top
of the inertial frame of reference, we attach a frame to each point of interest or node of
our mechanical system. One frame suffices for a free rigid body, but it could be more.
Additional frames may be introduced to represent the location of joints or may result
from the FE discretization of flexible bodies. They could also be placed at locations



where contact interactions between different bodies are expected. The configuration of
each frame, i.e., its position and orientation, is represented as the (relative) transfor-
mation from the inertial frame to itself and resolved in the inertial frame, as illustrated
in Fig. 3.

Mathematically, the (relative) position of a frame is a vector of R® and the rotation is
seen as an element of the special orthogonal group SO(3). In the approach by Son-
neville, which we will also follow, frame transformations are considered as elements of
the special Euclidean Lie group SE(3) = R* x SO(3). Lie group theory is a nice and
well-established mathematical toolbox that may be used in a straightforward manner
for the continuous formulation, space discretization, and time integration of multibody
systems with flexible components (beams, shells, etc.) [41]. It provides the insight that
naturally leads to the so-called local frame approach by selecting the left invariant rep-
resentation of the frame derivatives. The resulting equations and numerical methods
have many desirable properties, which justify the increased level of abstraction when
compared to other more established methods in the field of engineering. These will
be discussed in chapter 1 dedicated to a literature review. In SFE(3), rotation and
translation variables are intrinsically coupled. One consequence for the resulting beam
formulation is the absence of the shear locking problems, which are present in many
formulations of flexible components. Motion increments, internal and external forces,
and deformations are expressed in the local frame attached to the body, and the equi-
librium equations are invariant under a superimposed rigid body motion. Finally, the
equations are simpler and less nonlinear as opposed to other formulations, which opens
the door for efficient and easy-to-implement solution algorithms. The reader is referred
to chapter 2 for more information.

The systematic use of frame transformations for the kinematics of mechanical com-
ponents is not new to Sonneville’s work. For example, it has actually been used for
a long time in robotics [42]. However, their application to the formulation of flexible
components and superelements constituted a major step towards a more systematic use
of these notions in the field of structural mechanics.

A Nonsmooth Approach

One important aspect of modeling for engineering systems that shall be discussed now
is contact mechanics, which brings its own set of new difficulties. Similar to joints,
contact conditions characteristically restrict relative motion between two bodies. But
they only do so if the two bodies touch, which they do not necessarily do. Therefore,
contact is translated into unilateral constraints. These should be understood as shown



in Fig. 4. If the gap function g that measures the proximity of material points on
the surface of two bodies is strictly positive, no interaction occurs, and the normal
reaction force Fl induced by one on the other is zero. If the gap function is zero, a
non-vanishing normal reaction force can develop. At least one of the two quantities
always vanishes, and thus their product is always zero. This last constraint is known
as the complementarity condition. Mathematically, the normal contact conditions are
expressed as

g>0, Fy>0, gFy=0. (1)

Models of this type are called "nonsmooth" as opposed to regularized techniques. We
will further discuss both approaches in the state of the art in section 1.2.

Fy
A

B Regularized force law
B Complementarity condition

Figure 4: Contact models: Complementarity condition versus regularization.

There are additional subtleties in contact mechanics that require some more explana-
tion. For a general deformable body, described by the theory of continuum mechanics,
displacements, velocities, and stresses inside the body are continuous with respect to
space [43]. Here we suppose that the surfaces of the bodies are smooth. For contact
mechanics, that means that the contact stresses induced by one body touching the other
should also be smooth. These smoothness properties are ensured due to the absence
of restrictions on the kinematics of the bodies. They are allowed to locally deform
such that the stress field may remain smooth. This no longer holds true in general for
the multibody components we are working with. Indeed, these are based on reduced
kinematics that prevent the deformation modes required for a smooth stress field and
thereby potentially introduce jumps in the stress field as artifacts in the model. In
particular, beam models that suppose rigid cross-sections lead to space discontinuous
contact interactions [44-47], as can be seen in Fig. 5 on the right. The normal contact
force ¢.(s) represented by the black curve is discontinuous. A deformable cross-section
would exhibit behavior as represented by the red curve.
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Figure 5: Smooth contact interactions (time & space) are ensured via local deformabil-
ity. Left: impact of a ball on a rigid surface. Black: rigid body. Red: deformable body.
Right: contact between a cantilever beam and a rigid surface, s is the material coordi-
nate along the centerline. Black: rigid cross-section. Red: Deformable cross-section.

When extending the discussion to dynamics, we enter the realm of mechanical impacts.
As shown in Fig. 5 on the left, the impact of rigid bodies is instantaneous. The
gap ¢(t) represented by the black curve is only closed exactly at the time of impact.
Deformable bodies are able to store elastic energy such that they separate after a finite
duration, which is represented by the red curve. Mathematically, this means that for
the former we are dealing with percussions and measure differential equations, and for
the latter with traditional partial differential equations. Notice that the smoothness of
the behavior of a flexible body only holds under the two following conditions:

e The deformable body is not discretized.
e No kinematic hypotheses are made.

When considering the simulation of beam-to-beam contact, due to the presence of the
rigidity assumption of the cross-section and numerical impacts from the finite element
discretization, nonsmooth phenomena appear [48, 49|, which means that the behavior
shares similarities with the rigid case.

In this thesis, we make the distinction between nonsmooth behavior in time and in
space. Both issues influence numerical models differently due to the fact that during
numerical procedures, time and space discretizations are not performed in the same
manner. This is discussed in more detail in chapters 3 and 4.

On top of the nonsmoothness introduced by the rigidity of beam models in the radial
direction and the discretization procedure, we are also interested in frictional stick-slip
effects modeled by Coulomb’s law of dry friction. It states that when the two bodies are
sliding on each other, the friction force is proportional to the normal force and always
acts in the opposite direction of the relative velocity between two contacting material
points. When the relative velocity is zero, the contact is in a sticking state, and the



friction force is unknown but always below the sliding limit.

Fr
A

UR

B Regularized force law
B Coulomb law

Figure 6: Coulomb law and an example of regularization.

As can be seen in Fig. 6, the friction force is a set-valued function of the relative
velocity. It is non-differentiable at the origin in the classical sense. Again, regularized
approaches exist that transform the friction law into a simple function. However, the
ability to capture sticking is lost. This question will be further developed in chapter 1.
For an extensive overview of contact mechanics for multibody systems, a comparison
of nonsmooth and regularized approaches, different friction laws, and a list of open
challenges, one can refer to Flores [50].

Objectives of the Thesis

The objective of this thesis is to combine the geometric finite element framework for
flexible multibody systems and, in particular, the beam finite element formulation with
nonsmooth algorithms for the simulation of distributed contact interactions between
highly flexible slender structures. One important aspect is friction phenomena.

Outline and Contributions

The manuscript is structured as follows:

e Chapter 1: We start with a chapter about the state of the art for beam models
and beam-to-beam contact. The focus is put on the most common formulations
and numerical techniques applied in the engineering community. The chapter
reviews the advantages and disadvantages of each approach. On this basis, several
modeling choices will be introduced for the purpose of this thesis.

e Chapter 2: We follow with a chapter about the beam finite element formulated on
SE(3), that will be employed in this thesis. It serves as an introduction to the lo-
cal frame approach and sets the notation for the remainder of the manuscript. We



explain all the building blocks of the methodology. These include a brief introduc-
tion to the Lie group SE(3), the interpretation of its elements as frame transfor-
mations, the representation of derivatives, the consequences on the formulation
of equilibrium equations of the beam, and finally the principles of discretizing
equations written on a Lie group. After a presentation of a Simo-Reissner beam,
we also present new Kirchhoff-Love and inextensible Kirchhoff beam elements.
These are extensively tested by means of relevant numerical examples.

e Chapter 3: This chapter describes our contributions to static beam-to-beam con-
tact using a nonsmooth philosophy. The kinematics of contact and the formulation
of the equilibrium conditions in the continuous setting are presented. Since we
simply extend the SE(3) framework, a formulation where the contact forces are
expressed in the local frames emerges, and the contact element inherits some of
the desirable properties from the beam model. Then, we propose two different
discretizations of the contact virtual work: one by collocation and one via the
so-called mortar method. The resulting set of nonlinear equations also contains
inequalities. They are solved by applying an augmented Lagrangian technique
and a semismooth Newton algorithm. The validity of the proposed schemes is
illustrated through a selection of relevant numerical examples. In particular, we
also discuss how the spatial discontinuity introduced by the rigid cross-section
assumption affects the performance of the numerical scheme. To that end, we
derived a novel analytic solution for a beam contact benchmark.

e Chapter 4: In the previous chapter, inertia terms were ignored, and we con-
centrated on spatial aspects of beam-to-beam contact. In this one, we introduce
dynamic effects into the problem. As mentioned in the introduction, this demands
the handling of impacts, and velocities can be discontinuous in time. At the mo-
ment of impact, accelerations are not defined in the classical sense. Therefore,
a formulation of the equilibrium in terms of differential measures is introduced.
This step is followed by a presentation of the nonsmooth generalized-a scheme
(NSGA) applied to the beam-to-beam contact problem. We show that the com-
bination of the mortar approach and the NSGA together with the beam finite
element on SE(3) offers an appropriate framework for the modeling of dynamic
contact interactions among beams. As before, the discrete equations are solved
by an augmented Lagrangian technique combined with a Newton method at each
time step. We also explore the possibility of employing a Gauf-Seidel method as
an alternative to the Newton method.

e Finally, we present the conclusions and make suggestions for future work.
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CHAPTER 1

STATE OF THE ART & LITERATURE REVIEW

In this chapter, existing approaches for the simulation of beam-to-beam contact inter-
actions are reviewed. Since it is difficult to fully dissociate them from the modeling of
the individual beams themselves, we will start by discussing the most relevant classes of
beam models and their implications. We always keep the numerical aspect in mind, i.e.,
a model is the combination of a continuous formulation, if there is one, a subsequent
discretization, and a solution scheme. We end by pointing out gaps in the beam-to-
beam contact literature and lay out our contributions to the subject as an attempt to
fill some of them.

1.1 Beam Models

Our interest lies in the nonlinear theories that allow for large displacements in three
dimensions and that incorporate tension, bending, and torsional deformation modes.
Shear deformation in highly slender structures can generally be neglected. Hence, we
do not make it a prerequisite of our potential beam model.

1.1.1 Simo-Reissner Models: On the Rigidity of Cross-Sections

The two papers by Simo and Vu-Quoc [54,55] have more than 2600 combined citations.
To this day, there are still papers being published every year about how to best solve the
equations Simo proposed. He must have been onto something... and who else to best
explain the reasons for the excitement surrounding this beam theory than the author
himself:
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"Here we proceed directly by constraining the 3-dimensional theory with the introduction
of the kinematic assumption. A basic step is the formulation of the basic kinematics
of the beam in terms of a 3-dimensional orthogonal moving frame defined so that one
of its vectors remains normal to a typical cross-section in any configuration. The re-
sultant force and torque acting on a typical cross-section are then resolved relative to
this moving frame. ... From a computational standpoint, particularly in the context of
the finite element method, such a description allows complete freedom in the best-suited
parametrization of the orthogonal transformation.".

Note that nowhere in the article does it say that cross-sections of beam-like structures
remain rigid. It merely states that the equations governing the behavior of typical (or
average) cross-sections under the action of resultant forces and torques resemble those
describing the dynamics of a rigid body. Still, the analogy is very useful. At a coarse
scale, a beam can be represented as a family of cross-sections that behave like rigid
bodies, i.e., that undergo rigid body transformations (translation & rotation). In other
terms, the configuration variables are elements of R? x SO(3) or SF(3), depending on
the choice of kinematic description. Thus, the beam model constructed by Simo has a
direct connection to the rich mathematical theory of (non-abelian, non-linear, matrix)
Lie groups, which signifies the presence of invariance properties in the equilibrium
equations. Just as Simo pointed out, many questions arise concerning parametrization
and discretization, and this is where most of the differences between later publications
on this topic lie.

At a fine scale, it is clear that cross-sections deform. The inclusion of this type of
localized effect becomes necessary to derive a proper beam theory from continuum
mechanics [56].

Finite Element Formulations on R? x SO(3): These are the most widespread due
to the engineering community’s fondness for finite element codes. The objective is to
embed the implementation into existing FE frameworks and be minimally intrusive
[10,57-62] with the assumption that translation and rotation are independent fields.
As a consequence, the discretizations can also be performed separately, which leaves
great flexibility in the choice of shape functions. This can be of interest if one wants to
achieve a very smooth representation of the centerline in a simple manner. Oftentimes,
a global parametrization of rotation is introduced [63,64], then discretized, and finally,
the equations are solved in the inertial frame of reference. Great care has to be taken
to preserve invariance. Moreover, these elements are prone to locking. Generally, these
two issues are addressed using clever tricks that require an advanced understanding of
the physics and numerics involved. An extensive review of the literature can be found
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in [65].

Finite Element Formulations on SE(3): Borri and Bottasso proposed a helicoidal
approximation of the beam reference line in [66]. In doing so, they coupled translation
and rotation variables and eliminated the locking problem. They justified it by stating
that a helicoidal Ansatz is more "intrinsic" than, for example, a polynomial approx-
imation of the centerline because it is independent of the rotation parametrization,
but without giving a fully detailed explanation. Remarkably, there is no mention of
Lie groups in that article, which they only started to explicitly study in [67]. The in-
terpretation of a formulation of the kinematics on the special Euclidean group SFE(3)
and the systematic development of flexible mechanical components for multibody sys-
tems within that theory only came twenty years later with the work of Sonneville [68],
thereby giving a more precise meaning to the word "intrinsic" employed in [66]. More-
over, [68] introduces the idea of solving the equilibrium equations in the local frame.
We will not go into more detail here, since chapter 3 is dedicated to that topic. The
same formulation was later presented in the context of soft robotics [69]. Similar ideas
have been studied in [70]. The strain and velocity-based approach discussed in [71-73|,
though not explicitly mentioned, is also closely related to a formulation on SE(3).

Geometric Finite Difference Type Methods: A FD discretization scheme on
a staggered grid was proposed by Lang et al. [74]. Rotational degrees of freedom
are assumed uncoupled from translation and parametrized by unit quaternions. Such
a parametrization is known to be computationally efficient and often preferred in
performance-critical situations. The authors enforce the unitarity constraint via La-
grange multipliers, then apply an index reduction method to obtain simple equations.
A quasi-static version that computes the solution from direct energy minimization also
exists. The model has found its way into real-time applications for the automotive
industry.

In [75,76], keeping the idea of describing rotations using unit quaternions, a coupled
formulation of the beam kinematics is chosen as a starting point. By this choice,
locking issues are automatically circumvented, just as the models from the previous
category. Both use variational integrators which are obtained by directly computing the
integrals involved in the variational formulation using some quadrature rules. Instead
of introducing a global parametrization of motion, so-called Lie group methods are
employed which preserve the mathematical structure of the configuration space. The
qualification "of FD type", albeit with special properties, stems from the fact that the
discretized solution is not interpolated. Although robust and very efficient, FD methods
lack a continuous representation of the beam centerline for the approximate solution,
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which makes them less attractive when contact interactions need to be accounted for.

1.1.2 Kirchhoff-Love Models

For very thin rods, shear deformation becomes negligible. Several authors point out that
the performance of numerical solvers and time integration schemes for Simo-Reissner
type beam models deteriorate as the slenderness increases because involved system ma-
trices become ill-conditioned. Indeed, the small amplitude shear deformation modes
are of much higher frequency than the bending modes. Particularly explicit time inte-
gration schemes perform poorly, as they need increasingly smaller time steps to remain
stable. This is especially frustrating since this high-frequency content is seldom of in-
terest anyway. One possible remedy is to fully take shear deformation out of the model.
Basically, the beam cross-section is forced to remain orthogonal to the centerline at each
point. This hypothesis is called the Kirchhoff constraint [77]. An analogous reasoning
can be made for extension modes, leading to so-called inextensible Kirchhoff-Love rods.
We distinguish between two families of Kirchhoff-Love models.

Constrained Simo-Reissner Models: The members of this family take the Simo-
Reissner beam as a starting point with its elegant mathematical structure and then
remove the superfluous degrees of freedom by adding constraints. In the continuous
setting, it is straightforward. The main question is how to enforce this constraint nu-
merically after discretization, which depends on the chosen parametrization and shape
functions. Usually, it is done using Lagrange multipliers. Examples of such strategies
may be found in [62,65,76,78]. In [79], shear vibrations are critically damped out inside
a viscous material law, effectively making the model behave like a Kirchhoff-Love beam.

Intrinsic Kirchhoff-Love Models: Some authors are ready to abandon handy Lie
groups to directly construct a beam model that only includes degrees of freedom re-
lated to centerline translation and torsion of the cross-section [28,65,80-82|, reducing
the number of required nodal parameters from 6 to 4. The Kirchhoff constraint is au-
tomatically satisfied in such cases. Here, the subtlety is generally the definition and
update of a relative twist measure. Only one rotation parameter suffices, such that one
does not have to deal with the nonlinearity of large rotations.

1.1.3 Rotation-Free Models

There are interesting alternatives to the previously presented beam models that do not
rely on the concept of orientation of cross-sections. Their main selling point is the use
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of variables that exclusively live in vector spaces, which significantly simplifies their
mathematical treatment. In some cases, the assumption of rigid cross-sections is too
strong and has to be discarded. We briefly review two popular approaches.

ANCF Models: The Absolute Nodal Coordinate Formulation is a fully discrete the-
ory. As its name suggests, the kinematics is described through positions and slopes at
FE nodes expressed in the inertial frame of reference. It is simple and intuitive but
suffers from numerous locking phenomena [83-85].

Deformable Cross-Section Models: For certain applications, the ability to include
the distortion of the cross-section is critical, but a full 3D numerical model is still too
computationally expensive. For example, this is the case if the Poisson effect is of
importance or if local deformations due to contact interactions have a non-negligible
effect on the system behavior. In such cases, the class of models proposed by Durville
in [12] finds its use. The position of each particle is described via a Taylor expansion
with respect to the transverse coordinates. The higher the order, the more complex
deformation patterns of the cross-section may be represented. The first-order version
suffices in many cases and has a nice interpretation where the position of a point on
a given cross-section is given by two unconstrained variable directors. As a drawback,
the number of degrees of freedom of each mode increases from 6 to 9. For a different
model from the same family and a nice overview of their history, see [86].

1.1.4 Remarks on Our Choice of Beam Models

In most engineering methods, the final discretized equations that are solved involve
three characteristic steps. First, the kinematic description of the body assumes that
translation and rotation are independent, with configuration variables in R* x SO(3).
Second, all quantities are calculated with respect to the inertial frame. Third, the rota-
tion group is parametrized using either a minimal or redundant set of global coordinates
before discretization.

Historically, the engineering community has used this approach because it avoids ab-
stract mathematical concepts. The equations allow for standard discretization pro-
cedures, time integration schemes, and solvers. Not all approaches reviewed in this
section exhibit all these characteristics, but each has at least one, along with associ-
ated challenges. Rotation parametrizations introduce additional nonlinearity. Minimal
parametrizations require reparametrization strategies to avoid singularities, while re-
dundant parametrizations increase the number of degrees of freedom and necessitate
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constraint handling. The separation of translation and rotation can lead to locking is-
sues, often addressed using reduced integration techniques. Another important aspect
is defining appropriate strain measures and ensuring that the equations are invariant
under superimposed rigid body motion. While issues can arise in the continuous setting,
preserving invariance after discretization is particularly challenging.

The mathematical theory of Lie groups provides the necessary framework to address
these challenges and naturally leads to the local frame approach. The beam finite el-
ement on SE(3) introduced by Sonneville et al. [68], presented in Chapter 2, avoids
parametrization singularities and locking, and invariance properties are automatically
conserved. Moreover, the authors also argue that the equations of motion are less non-
linear than in other formulations, indicating potential for performance improvements.
It is therefore the beam model of choice in this work.

1.2 Beam-to-Beam Contact Formulations

Now that we have discussed some of the relevant beam models, we can focus our atten-
tion on reviewing existing approaches for the simulation of contact problems involving
beams undergoing large displacements. We distinguish between regularized and nons-
mooth approaches. Both have their advantages and drawbacks. Interestingly, one has
received much more attention in the beam-to-beam contact literature than the other.

1.2.1 Regularized Formulations

Early Point-to-Point Models: In [87|, Wriggers and Zavarise derive a purely the-
oretical frictionless quasi-static formulation for thin cylindrical beams in the context of
the finite element method. They mostly concentrate on situations with large contact
angles and assume that the force the interacting components induce on each other is lo-
calized at a point. This means that the force is modeled spatially as a Dirac delta in the
equilibrium equations, almost as if at the location of contact, the beams were replaced
by rigid spheres. They propose both a penalty and a Lagrange multiplier method for
the enforcement of the contact constraint. The system of nonlinear equations is solved
using a Newton algorithm. Collision detection relies on a closest point projection. The
same authors extend their work to the frictional case using penalty regularization in [88|
and also show numerical results. Algorithmic difficulties related to the specificities of
contact detection between slender objects are also discussed. Litewka obtains better
behavior of the numerical scheme in the presence of sliding using a smooth representa-
tion of the centerline [89,90] and further improves it for moderate contact angles in [91].
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Konyukhov and Schweizerhof propose a covariant version of a frictional point-to-point
model and discuss the validity of the closest point projection in [92,93]. Interestingly,
they define a curvilinear frame of reference at the contact location and compute all
quantities with respect to this local frame, which leads to computational advantages
due to the effective description of kinematic measures for contact interaction. They
state their preference for the penalty method when frictional contact is involved, inter-
preting it as an additional constitutive law at the contact interface. Also falling into
this category is [94].

Collocation Line-to-Line Models with Penalty: In a large number of applica-
tions, slender structures do not simply interact at individual discrete points but rather
along line segments of finite length. To cope with such situations, so-called line-to-line
contact formulations have been developed. In the continuous setting, these assume
distributed (lineic) contact pressures or forces per unit length between beams. The
additional question concerning the discretization of the contact pressure arises, and
there are different options. The most straightforward one is a simple collocation. The
contact integral is replaced by a sum of point forces at a certain number of well-chosen
locations found through a mix of geometrical calculations and numerical heuristics. A
prime example is the framework developed by Durville [12,95-97|, capable of comput-
ing the static equilibrium of assemblies with an extremely large number of fibers. The
algorithm is based on the definition of contact zones and the construction of an average
centerline that serves as a backbone for the determination of the contact kinematics.
A penalty regularization is introduced for the normal and tangential constraints. The
beam model with deformable cross-sections additionally smoothes the solution. A com-

bination with isogeometric analysis can be found in [98], and a version based on an
ANCF beam model in [99,100].

Gaufs Point Line-to-Line Models with Penalty: The distributed contact pressure
can also be integrated numerically, leading to Gauf point type formulations [101-103].
Meier et al. combine such a line-to-line model with a point-to-point model in an all-angle
beam-to-beam contact formulation [104,105]. In [106], a method of this type is applied
to the frictional problem. A sufficient level of smoothness, typically a C'-continuous
centerline representation at element boundaries, the combination with penalty, and
special segmentation algorithms are required to obtain a satisfactory precision for the
integration of the contact pressure, which is necessary to preserve optimal spatial con-
vergence rates.
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1.2.2 Nonsmooth Formulations

Bertails et al. simulate hair dynamics for computer graphics applications, combin-
ing a finite difference Kirchhoff rod that uses curvatures as primary variables with a
nonsmooth time integration scheme that enforces contact constraints at the velocity
level [107]. Errors due to the drift of contact constraints at the position level are ad-
missible because the interest mainly lies in the overall behavior of a large system of
fibers and its visual rendering. A semismooth Newton scheme was used for finding
the solution to the contact problem at each time step. Multiple contact situations can
occur, which might give trouble to the Newton scheme. Indeed, in such situations,
the Jacobian matrix becomes singular. Therefore, Daviet et al. developed an iterative
Gaufk-Seidel-like method for robustly computing the solution [49,108|. The model can
deal with many different contact configurations. However, line-to-line interactions are
simply taken into account using a collocation method in which the contact points are
introduced by means of smart collision detection algorithms. A similar approach is
taken in [109].

1.2.3 Commercial Finite Element Codes

It is often difficult to know the exact numerical algorithms implemented in commercial
codes. For the interested reader, we can mention that beam-to-beam contact problems
are solved with their help [27,110-115].

1.2.4 Remarks on Our Choice of Contact Model

As the reader may have noticed, the vast majority of beam-to-beam contact algo-
rithms found in the computational mechanics literature are regularized penalty-type
approaches. It is true that they are simpler to implement since they are non-intrusive
in the sense that the nature of the governing equations does not change from the
contact-free case. Thus, standard solution methods are applicable, and mature FE
codes do not need to be rewritten. The interpretation of the penalty parameter (or
contact stiffness) as local material compliance is a widely appreciated feature in the
engineering community that turns out to be handy in practical settings. Unfortunately,
the solution of the problem generally depends on the contact stiffness. The larger the
stiffness, the smaller the penetration, but the more ill-conditioned the matrices become,
which may compromise the convergence of Newton solvers in implicit time integration.
Additionally, the time step depends on the scale of the modeled dynamic effects. It
needs to be small to obtain stable results of acceptable accuracy, which contributes
to the ill-conditioning of the system. Therefore, the penalty stiffness simultaneously
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plays the role of a numerical parameter that needs tuning to obtain a solution and a
modeling parameter that affects the result. From a scientific point of view, such mixing
might be controversial. Finally, the solutions resulting from such a formulation will
always be smooth. Inherently nonsmooth mechanisms, such as stick-slip transitions or
discontinuous velocities, cannot be represented.

In this thesis, we propose to follow a nonsmooth formalism which: avoids the use of
compliance parameters, enforces the constraints exactly, and allows the use of time
steps independent of the time scale of the contact interactions. As opposed to the
works described in section 1.2.2, we focus on methods relevant for the simulation of
mechanical systems in engineering applications as explained in the introduction.
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CHAPTER 2

BEAM FINITE ELEMENT FORMULATION ON SE(3)

In this chapter, essential concepts concerning the local frame approach for flexible
components are illustrated by deriving three beam finite elements formulated on the
special Euclidean group SE(3). The first one is a reformulation of the Simo-Reifiner, or
as it is often called, geometrically exact model as it was first presented in [68|. The other
two are a Kirchhoff-Love and an inextensible Kirchhoff model obtained by imposing
additional constraints. We briefly introduced these new formulations in [47], but in
this chapter, we take the opportunity to give more details. We also set the framework
and notations that will be employed throughout the remainder of this thesis. The
existing beam model in the research code Odin [116] was extended by the Kirchhoff
and inextensibility constraints from Eq. (2.80) in collaboration with the co-authors
of [47] and its behavior in the presence of large precurvature was improved. Moreover,
all numerical examples were implemented therein.

It starts with an introduction to Lie groups and the Lie group SE(3) in particular in
Section 2.1. We connect the mathematical theory to the kinematic description of multi-
body components. Section 2.2 focuses on the continuum formulation of the equilibrium
equations for beams. Unlike in most approaches, the equations of motion are expressed
in the local frame. Section 2.3 addresses the consistent discretization of equations writ-
ten on a Lie group and on SE(3). This is where the main differences lie compared
to other geometrically exact formulations. For the space discretization, we employ the
finite element method. The same geometric framework can be used to derive time inte-
gration schemes. In this thesis, we apply the generalized-ae method. Finally, in Section
2.4, several numerical tests are performed to validate and compare the proposed beam
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models.

This chapter is mainly based on [68,117-120| concerning the baseline formulation of
the beam element. It is also interesting to mention that the local frame approach is not
limited to beams. It has been used for the formulation and optimization of mechanical
components such as rigid bodies, mechanical joints, shells, and superelements [121-124].

2.1 The Lie Group SE(3) and the Local Frame Phi-
losophy

We start by recalling some fundamental notions about matrix Lie groups. We will
particularize these concepts to SO(3) and SE(3) later. Concise overviews about this
topic can be found in [125-127].

Definition: A Lie group is a C*° (smooth) manifold that is also a group such that
the composition and inverse operations are C'*°.

Definition: The general linear group, denoted GL(d), is the set of invertible R¥*4
matrices with the matrix multiplication as the composition rule.

GL(d) = {A e R™?: det(A) # 0} . (2.1)

When talking about matrices, we will always assume that the matrix multiplication
comes with it automatically from now on. Though Eq. (2.1) is strictly speaking written
as a set, the implicit presence of the matrix multiplication makes it a (Lie) group in
our eyes and we will sometimes use the terms set and group interchangeably.

Let us show that the general linear group is indeed a Lie group. Since G L(d) is a smooth
open subset of R%*? it is a manifold. The matrix multiplication and the matrix inverse
are C'°° operations. Finally, it is also a group as it verifies the four group axioms:

e Closure: the composition of two elements A, Ay € GL(d) yields an element
A3 =AA; € GL(d,R).

e Associativity: Aj(AsA3) = (A1Ay)As;.

e Existence of a neutral element I € GL(d) which is the identity matrix: TA =
AL = A,VA € GL(d).

e Existence of an inverse element A~' € GL(d) : A™'A = AA™' =1,VA € GL(d).
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In this work, we are only interested in the Lie groups SO(3) and SFE(3), see Sections
2.1.1 and 2.1.2, or Lie groups appearing as their direct products. These are finite-
dimensional Lie groups that always admit a representation as a subgroup of GL(d).
We will generically denote a Lie group G if the given developments hold for any such
group. For the remainder of this work, the provided definitions will hold for the general
linear group and its subgroups.

A special map can be defined in that case. For X € G denote by Ix — G,Ix(A) = XA,
which we call the left translation by X on G.

expy,

Figure 2.1: Illustration of a Lie group as a nonlinear space with its Lie algebra and the
exponential map.

The element A;'A,, which expresses the relative transformation between two elements
of GG, is invariant under left translation on G. The qualification "invariant" stems
from the fact that A7'A, does not vary under left multiplication of A; and A, by an
arbitrary Ay € G. Indeed,

(Iao (A1) ag(As) = (AgA1) la, (A1) la, (Az) AgA, (2.2)
=A7' (AjTAg) A,
= A tA,.

The tangent space at A € G is denoted TAG. In particular, the tangent space at
the identity element I is denoted g and called the Lie algebra. It is isomorphic to R™
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through an invertible linear map:

S(e):R" — g, a— S(a), (2.3)

where n denotes the dimension of the Lie algebra.

In Eq. (2.3), we depart from earlier publications [51,68| that used @ to denote this map.
We will give the tilde a different meaning in the context of the dynamic simulation of
nonsmooth systems, see Chapter 4.

Owing to the composition rule, the tangent space at any element A € G is directly
related to the Lie algebra through a linear operation. As a consequence, the derivative
of a curve A(a) € G with a € R, denoted d,(A) € TAG can be written as

dy(A) = AS(a), (2.4)

where the vector field represented by S(a) € g is left invariant. In this way, the
derivative is represented in the Lie algebra by S(a) and in R™ by a. Again, one verifies
easily for an arbitrary Ay € G independent of the parameter a that the derivative of
the curve [5,(A) is represented as

da(lag(A)) = la,(A)S(a)s (2.5)

and

S(a) = (AgA)dy(ApA)
— A7 (A7 Ay) du(A)
= A"'da(A)
= S(a). (2.6)

A second, right-invariant, representation of the derivative exists: d,(A) = S(a)A. It
leads in the end to a different formulation that will not be considered in this work.
Borri et al. [66] suggested this choice for a beam model formulated on SE(3). The
interested reader may find more details in [40].
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The adjoint representation is a linear map:

Ada(e):g— g, S(a) = Ada(S(a)) = AS(a)A~". (2.7)

Since g is isomorphic to R™, we also use the following abuse of notation Ada (e) : R” —
R™, i.e., the adjoint representation is seen as a map from vector to vector. This map
describes the transformation rule from one representation of the derivative to the other.

Derivatives in the general case do not commute. Consider a surface A(a,b) € G
parametrized by a,b € R. The cross derivatives of the vector fields are related by
a compatibility equation that is a consequence of the non-commutative nature of G:

dy(S(a)) = da(S(b)) + [S(a), S(b)], (2.8)

where we introduced the Lie bracket

[0, 0] - g x g —g,[5(a),5(b)] = S(a)S(b) — S(b)S(a). (2.9)
Eq. (2.8) can be expressed in terms of vectors in R™:

dy(a) = d,(b) + ab. (2.10)

The hat operator ® is a linear map that transforms a vector in R™ into a matrix of
dimensions R™*™,

The Exponential Map

Equation (2.4) can be seen as a first-order differential equation on G. If a is assumed
constant and given the initial condition A(0) = Ay, its solution is

A(a) = Agexpg (aS(a)). (2.11)

The exponential map takes an element from the Lie algebra and projects it onto the
Lie group. For matrix Lie groups, it matches the definition of the matrix exponential,
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ie.,

expa(e) 1 g — G, S(a) — exps (S(a)), (2.12)

with

— Ly
expe (S E —' : (2.13)
k=0

From now on, we will often employ the following shortcut notation: exp(e) : R” — G.
In this way, the exponential map directly takes a vector as an entry and maps into the
Lie group, skipping the notation of the S(e) operator. The inverse of the exponential
map is the logarithm map:

log.(e) : G — g, A — log. (A). (2.14)

We will also make use of the shortcut: log.(e) : G — R". The general series expression
of the logarithm map is given by

logg (A) = (A —-T)". (2.15)

Figure 2.1 shows a graphical illustration of a Lie group with its Lie algebra and the
exponential map. The exponential map defines a system of coordinates a(a) € R”
(here we consider a curve parametrized by a again) around the neutral element I for
elements of the Lie group G. By left translation, a local system of coordinates can be
constructed around any Ay € G akin to Eq. (2.11) as

A = Ajexpg(a). (2.16)

Derivation of Eq. (2.16) with respect to the parameter a yields

du(A) = AS (To(a)da(a)) (2.17)
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where one identifies

a=Tg(a)d,(a), (2.18)

and where the tangent operator

Tg(e) : R" - R a — Te(o) (2.19)

can be seen as the linearization of the exponential map. It gives a relationship between
the derivative of the coordinates a involved in the description of A and the vector a
used for the representation of derivatives as defined in Eq. (2.4). The series expansion
of the tangent operator is given by

+o0 ~Fk
Qa
T =) (=1)f 2.20
We may invert Eq. (2.16) to obtain
a =log; (Ay'A). (2.21)
Taking the derivative yields an expression equivalent to Eq. (2.18):
do(a) = T (a)a. (2.22)
and the inverse of the tangent operator emerges:
T, (o) : R" — R o — Ty (). (2.23)

Similar to the tangent operator, we may interpret its inverse as the linearization of the
logarithm map. It gives the inverse relation between the derivative of the coordinates
a and the vector a. The series expansion is

+oo ~k

_ e
T (a) = Z(_l)kBkﬁ’ (2.24)

k=0 ’

where the By, are the Bernoulli numbers of the first kind [128].
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The series expansions of the exponential map, the logarithm map, the tangent operator,
and the inverse tangent operator are also valid for every subgroup of the general linear
group, i.e., they may also be used for the Lie groups we will present in the next sections.

The Cayley Transform

The exponential map is not the only way of mapping an element from the Lie algebra
to the Lie group [129]|. An alternative is provided by the Cayley transform:

cayz(e) : g — G, S(a) — cay,(S(a)) (2.25)

with

&Wcﬂﬂa»::(I—%S@ﬁ>_l(l+%S@ﬂ). (2.26)

In the subsequent geometric discretization methods, it could be used instead of the
exponential map. Since it does not involve an infinite sum or transcendental functions,
its computation is cheaper and necessary derivatives have simpler expressions. Note
that, unlike the exponential map, the Cayley transform is not a solution of Eq. (2.4).

2.1.1 S0O(3)

We call SO(3) the group of 3D rotations. It is abstractly (meaning in the geometrical,
coordinate-free sense) defined as the set of direct isometries of the three-dimensional
vector space V3, with the rotation composition, which is a geometric construction, as
the group operation. In a given basis, it can be shown that there is a one-to-one bijective
relation between the set of rotations and the set of 3 x 3 proper orthogonal matrices.
Hence, we will identify SO(3) with its representation as a subgroup of GL(3), i.e.,

SO(3) = {R € R*?: R"R = I3, det(R) = +1} . (2.27)

The orthogonality conditions form a set of six quadratic constraints and SO(3) is thus
a nonlinear space.

The Lie algebra of SO(3) is the set of skew-symmetric matrices:
s0(3) = {S(0) e R*: 5(0) + S(0)" = 0}, (2.28)
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which is isomorphic to R? through the linear map S(e):

01 0 —0; 0,
0= 92 € RB — S(O) = 93 0 —91 € 50(3). (229)
05 —6, Oy 0

The hat operator @ is equivalent to S(e) and for the adjoint representation we have:

Adr(S(0)) =RS(OR" or Adr(0) = R6. (2.30)

According to Eq. (2.4), the variation of an element R € SO(3) is then represented by:

5(R) = RS(60), S(60) € s0(3). (2.31)

The series expansion of the exponential map admits an analytic expression known as
the Rodrigues formula:

_ sin([|6]) 1 — cos(||6]])
exPgo(3) (0) = Lsxs + 11| 5(6) + 1012 5(0)5(6). (2.32)

Similar considerations hold for the other operators. The logarithm map can be com-
puted as:

¢

= o A AN, (2.33)

logsos)(A)

where ¢ = arccos(1/2(trace(A) — 1)). However, it is only defined in the range —m <
¢ < w. The tangent operator can be obtained from:

sin(||@ 0| + cos(||@]]) — 2
Ts0(3)(0) = Isxs + #5(0) + 6] ||9|(|JJ ) S(0)5(0) (2.34)
and there is also a closed-form expression for the inverse:
1 2 — cot(]|0]|/2
T5003)(0) = Tsxs + 55(0) + 2Hé||’!2 I/ )5(9)5(0). (2.35)

Upon inspection, one notices a singularity in Eqs.(2.32) to (2.35) when a = 0. It
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can be removed by replacing the above formula by a truncated version of the series in
Eqgs.(2.13), (2.15), (2.20), and (2.24) [130, 131].

Sp(1)

A different way of representing rotations is the group of unit quaternions:

Sp1)={p=po+pP:p€R, peR’ || =1}, (2.36)

where the quaternion composition is given by p, g € Sp(1):

Pq = pogo — P a4+ poq + qp + S(p)q € Sp(1), (2.37)

It is locally isomorphic to SO(3). The Euler map provides a double cover of SO(3):

R(p) = (2p5 — 1)Isxs + PP’ + 2p0S(p). (2.38)

In the implementation of the Lie group methods presented in this thesis, only relative
rotations are ever computed, for example, the relative rotation between two successive
finite element nodes or the relative rotation between two identical nodes evaluated at
successive time steps. One can assume them to be of moderate amplitudes. We therefore
consider Sp(1) as equivalent to SO(3). Since Sp(1) is isomorphic to the special unitary
group SU(2), which is a matrix Lie group, the principles presented in Section 2.1 can
be applied when taking certain notational precautions. The Lie algebra of Sp(1) is the
set of pure quaternions:

sp(l) ={0e€Sp(1):6=0+86}. (2.39)

It is interesting to point out that the Lie algebras so(3), su(2), and sp(1) are all iso-
morphic to each other and hence also isomorphic to R3.

Similar closed-form expressions exist for the different operators. For example, the
exponential map is given by:

expgy1y (0 + 0) = cos(]|0]]/2) + ”‘%H sin(]|0]|/2). (2.40)

Unit quaternions are very popular in practical applications due to their efficiency. For
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example, the open-source software Odin [116], to which this thesis contributes, uses
them. In practice, it is always possible to transform a quaternion-based parametrization
into a rotation matrix if needed. However, one has to be careful when performing the
inverse operation, since for every rotation matrix there are two unit quaternions. This
may be a source of bugs in software implementations.

2.1.2 SE(3)

The group of rigid body motions SE(3) = R? x SO(3) is defined as the group of direct
isometries in Euclidean space £3. The symbol x denotes the semidirect product. Just
as for SO(3), this definition is geometric and independent of any coordinate system.
After the introduction of a reference frame, such a motion may be written under the
form of 4 x 4 matrices and we make the identification:

R x
01><3 1

SE(3) = {H(X, R) = { } :R e SO3),xe R3} : (2.41)

The group operation is the matrix product:

R1R2 X1 + R1X2

H H, =
2 {om 1

] , H,,H, c SE(3). (2.42)

The operation is composed of a position translation x and a change of orientation (or
rotation) R. In Eq. (2.42), we observe that rotation and translation are intrinsically
coupled when working on SE(3).

The Lie algebra of SE(3) is defined as the following set of 4 x 4 matrices:

se(3) = {S(W) _ Efei ’(ﬂ . 5(6) € s0(3), x € R3}, (2.43)

which is isomorphic to R® through the linear map S(e):

= m e RS — S(m) = {ﬁfg ﬂ € 5e(3). (2.44)

We always write the S(e) in the same manner for all Lie groups. The context should
be sufficient to understand the specific meaning of this operator. Indeed, it can always
be deduced from the variable it takes as an entry.
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The hat operator is:

J
I

50) S(x)
[03><3 5(9)]. (2.45)

The adjoint is given by:

Adg(S()) = HS(m)H' or Adu(r) = [ RS (X)R} x (2.46)
03><3 R
The variation of an element H € SFE(3) is written as:
R ox R x| [S(00) ox
=H = 2.47
JH S(om), S(dm) € s¢(3) & {leg 0} {leg 11 {leg O} , ( )

such that we can identify dx = RTdx and S(60) = RTJR.

Just as for SO(3), the series expansions of the exponential, logarithm, and tangent
operators have closed-form expressions. There is the exponential map:

exp 0) TL . (0)x
N 2a5)
X
and the logarithm map:
S(O) T L. (0)x
loggp(s) (H) = [01 , SO%) ) (2.49)
X
where S(0) = loggos) (R).
The tangent operator on SFE(3) is:
Tso)(0) Tyer (X, 0)
T = 2.50
sB(@3) (™) { Oss Tso@(6) | (2.50)

where the off-diagonal term coupling rotation and translation is:
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sin(b) . [bl2+ cos(|[b]) -2
— S(a
o] @ e
bTa (2 — 2cos(|/b) - Ib] sin(HbH))
+ S(b
Tk Nk (b)
bTa (5cos<||b||> — 5+ 3]Ib] sin(|/b|)
e e

Tyo+(a,b) = (5(a)S(b) + 5(b)S(a))

) S(b)S(b), a,b e R,
(2.51)

Finally, the inverse tangent operator is written as:

T30 (0) Ty-(x,0)

_ , 2.52
Ovs  Tibis(6) (232)

TE}E(?))(TF) =

where a similar coupling term as in Eq. (2.51) appears:

2 — cot(||bll/2)
2|[b]?
4|[b|* + [[bl| sin(|b]])
2(1 = cos([|b[))[b}*

Ty (a,h) =3 5(a) + (S(a)S(b) + S(b)S(a))

(b"a) S(b)S(b), a,beR’ (2.53)

Remarks

e The concepts presented in this section may seem rather abstract and the operators
are indeed a bit complex at first glance, but they are actually always the same
and reappear several times. More importantly, we gave them clear mathematical
interpretations which should help reduce any initial aversion towards them. Now
that we have written them down once, we have the building blocks for a powerful
and flexible range of tools and discretization methods that Lie group theory can
offer.

e In this thesis, we chose to do a presentation in terms of the 4 x 4 matrix represen-
tation of SFE(3) since there exists a one-to-one relation between matrices of this
type and the abstract group of rigid body transformations. Other equivalent or
almost equivalent representations are of course applicable such as R x SO(3) or
R3 x Sp(1). The abstract operators are general and remain the same and so do
their interpretations. They simply need to be adapted to a given representation.
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2.1.3 Kinematics of the Rigid Body

Let ¢ denote time. The configuration of a rigid body can be described as the relative
transformation between an inertial frame of reference {O} and a frame {C(¢)} attached
to a reference point on the rigid body, see Fig.2.2. Formally, it is given by the map
R — SE(3) :t — H(x(t),R(1)).

Pose of the body

Sk

y {C}

/
H .
— -~

{0}

Inertial frame

Figure 2.2: Schematic illustration of a frame transformation being used to compute the
pose of a rigid body.

Any superimposed Euclidean transformation can be represented by a left multiplica-
tion on SE(3) as in Eq. (2.42). The relative configuration between two rigid bodies
represented by their poses H; and H is an element of SE(3). It is expressed as:

Hy,=H'H,, H; H,c SE3). (2.54)

Owing to Eq. (2.2), it is invariant under superimposed Euclidean transformation.

We define the velocity vector v € R® from the representation of the time derivative
which we introduced in Egs. (2.4) and (2.6) as follows:

S(v) = H'H € s¢(3). (2.55)

Taking the time derivative of Eq.(2.41) and solving for the velocity vector in Eq.(2.55)
yields:

(1] - B

We recover the classical definition of the angular velocity vector vy = S~'(RTR) and we
identify v, = RTx as the linear velocity of the reference point where the frame {C'} is
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attached with respect to the inertial frame of reference {O} but expressed in the current
frame {C'}. It introduces the concept of local frame representation of the velocity. It is
the only representation of the velocity that is invariant under superimposed Euclidean
transformations [68].

A change of basis of the velocity is conveniently handled via the adjoint operator defined
in Eq. (2.7). For example, the velocity can be expressed in the inertial frame {O} by:

v? = Adg(v). (2.57)

To conclude, the Lie group formalism applied to the rigid body in this section gives
direct access to frame-invariant velocities. These reside in the local frame. As will be
seen in the next chapter, the same procedure can be applied to handle spatial derivatives
of frames, allowing the kinematic description of flexible mechanical components.

2.2 Continuum Beam Formulation

Let t denote time and suppose the centerline of a beam to be parametrized by s € [0, L],
where s is the centerline arclength coordinate in a straight reference configuration and L
the total length. An orthonormal frame is attached to each of its points, as schematically
represented in Fig. 2.3.

Initial configuration

Current configuration

v {Ci(s)}

€3
€2
Reference state €]

{0y

Inertial frame

Figure 2.3: Description of beam kinematics as frame transformations from the inertial
to the local frame.

The configuration is given by the map R* — SE(3) : s,t — H(s, ), which corresponds

to the transformation from the inertial frame {O} to the local frame {C(s,t)}. Defor-

mation measures and velocities follow from the representation of the derivative on the
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Lie algebra:

x' = Rf
H =HS X 2.58a
e {R/:RS(fg), S(fy) € 50(3), ( )
H=HS(v) & {% =Ry (2.58D)
R =RS(vy), S(vy) € s0(3).

Analogous to the kinematic description of the rigid body, the variable S(v) € se(3) in
Eq. (2.58b) is interpreted as the velocity field expressed in the local frame {C'} attached
to the cross-section. In particular, v, ; is the velocity component along the reference
curve and v, 2, v, 3 are the velocities in the directions of the cross-section axes. The
components vy 1, Up,2, Vg3 represent the rotational velocities of the cross-sections along
the respective aforementioned directions.

In Eq. (2.58a), we constructed the deformation gradient:
Iy RTx
= = , 2.59
! { 0 STHRTR) (2:59)

Just as for the velocity field, this deformation gradient is expressed in the local frame
{C} and invariant under superimposed Euclidean transformation. It can also be ex-
pressed in the inertial frame {O} using the adjoint operator from Eq. (2.7) as follows:

O = Adu(f). (2.60)

Interestingly, the classical sectional strains are recovered by a simple linear relation:

e=f—f; = m . (2.61)

The deformation gradient in the initial and undeformed configuration is denoted f;.
It can be obtained by constructing the Frenet triad on a given centerline curve. We
will skip the details concerning initially curved beams for the sake of conciseness and
clarity. These can be looked up in [40]. Still, some numerical examples in Section 2.4
will have precurvature. For an initially straight beam, which is regularly encountered
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in practice, f; = [1 0000 O}T and we have:

m = {Rgil;el} . (2.62)

One recognizes 7y, as the extensional strain along the reference curve, 75,73 as the
shear strains, k1 as the torsion about the reference curve, and ks, k3 as the bending
curvatures. For the Kirchhoff-Love beam, shear strains are supposed to vanish:

Y2 =73 = 0. (2.63)

In addition, inextensibility would be written as:

Kirchhoff-Love models and inextensible Kirchhoff models can be achieved in different
ways which are often separated into two types. The first family of models were called
intrinsic in the state of the art, because a minimal set of variables is defined in such a
way that shear deformation and elongation modes are impossible. However, the config-
uration variables are not elements of SE(3) in that case. These models are not consid-
ered in this thesis [28,80-82,132]. We will focus on the second family of models, i.e.,
constrained Kirchhoff-type models. These generally start from the advantageous math-
ematical structure of the Simo-Reifner beam model and then, as the name suggests,
impose Eqgs. (2.63) and (2.64) as algebraic constraints via Lagrange multipliers. The
practical implementation depends on the chosen interpolation technique. Therefore, we
defer this discussion after the description of the spatial discretization procedure.

The starting point for a finite element method is the weak form of the equations of
motion which is deduced from Hamilton’s principle and given by:

SW = / ’ ((5m)" [Mb 5" Mo — ] — (5 Ke) ds =0, (265)

where 7 € R% is a virtual displacement as defined in Eq. (2.47).

In this thesis, we will exclusively work with circular cross-sections of uniform radius
R and linear elastic materials. The stiffness properties of the beam are encoded in
the constant and diagonal 6 X 6 stiffness matrix K = diag(EA,GA,GA,2GI, EI, EI),
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where E is Young’s modulus, G is the bulk or shear modulus, A = 7R? is the cross-
section area, and [ = (7/4)R* is the moment of inertia. Off-diagonal terms related to
precurvature are negligible for small to moderate cross-section radii and will always be
ignored in this thesis.

The mass matrix M is independent of the configuration. Just as the stiffness matrix, it
only depends on the initial configuration of the beam. Under the same considerations as
for the stiffness matrix, it is purely diagonal and writes M = diag(pA, pA, pA, 2pl, pl, pI),
where p is the material density. The second term in Eq. (2.65) corresponds to gyro-
scopic effects. It takes a special form which is characteristic for local frame formulations.
The externally applied forces £ also have to be expressed in the local frame. Eqgs.
(2.58a), (2.58b), and Eq. (2.65) need to be solved. The solution also needs to verify
the compatibility equation that was mentioned in Eq. (2.10):

v — € = Ve (2.66)

The first two terms in Eq. (2.65) as well as Egs. (2.58b) and (2.66) are simply ignored
in the static case.

Remark

e The usual deformation measures for the Simo-Reifsner beam appear naturally
from the representation of the derivative by left translation on SFE(3) (i.e., quan-
tities are interpreted as residing in the local frame) and not from a formulation
on R3 x SO(3) in the inertial frame. The reason why they are the default defor-
mation measures appearing in all Simo-Reifiner type models is because they are
invariant under a superimposed rigid body motion. They allow the definition of a
quadratic potential deformation energy by making a small deformation assump-
tion in the derivation of the beam model. All other representations of spatial
derivatives contain information about large amplitude motion which makes the
small deformation assumption inaccurate [40]. Most formulations solve the equa-
tions of motion expressed in the inertial frame after a separate discretization of
translation and rotation.

2.3 Geometric Discretization Methods

In this section, we focus on time and space discretization of the equations of motion.
This is not straightforward, as they are formulated on a non-linear and non-commutative
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space. As hinted at in the state of the art, the classical engineering approach is to
first introduce a global parametrization of motion (rotation in particular) and then
subsequently discretize the equations which raises the following issues:

e The global parametrization induces additional non-linearity.

The global parametrization induces potential singularities.

The strain operator is non-linear.

There is a risk of breaking the geometric structure of the configuration space and
losing invariance properties.

Modern Lie group solvers and geometric interpolation methods avoid the need for a
global parametrization and ensure that the non-linear configuration space is preserved.
They thereby avoid the aforementioned drawbacks.

2.3.1 Finite Elements in Space

A two-noded beam element of length L. is defined as shown in Fig. 2.4. A frame {A}
is attached to the node at s = 0 and a frame {B} is attached to the node at s = L..
The configuration of the element is contained in the variable ¢. = (H4, Hp) € SE(3)>.
We employ an interpolation scheme accounting for the nonlinearity of the configuration
space. The first step is the computation of the discrete relative configuration vector:

S(dap) = loggps) (H;'Hp) (2.67)

which yields an element of the Lie algebra. We distinguish between a translational part
dap, € R? and a rotational part dspy € R?® with dap = [dZ;B’X dﬂBﬂ]T. Since the
Lie algebra is a vector space, scaling the relative configuration vector by a real number
is allowed such that we can simply interpolate it linearly. The interpolation formula for
the frame is then constructed as:

S

H(s) = Haexpgps) (L_ES(dAB)) : (2.68)

Equation (2.68) only depends on the relative configuration and is thus frame invariant.
Taking the derivative of Eq. (2.68) with respect to s and doing some manipulations
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yields the elementwise strain:

d,p—d
€ = |:’Y‘| — AB AB,I (269)

K L. ’

where d 45 s is the relative configuration vector in the initial configuration. The strain €
is constant along the span of the element and the discretization scheme defines helicoidal
shape functions. The discretized expressions of the infinitesimal motion and the velocity
are given by:

om(s) = Q (s, dap) om., (2.70a)
v(s) = Q(s,dag) ve, (2.70b)
where
Q(s,dap) = [Iixe — T*(s,dap) T*(s,dap)] (2.71)
and
T*(s,dag) = (s/Le) Tsns)(sdan/Le) Ty (da). (2.72)

For the discrete deformation, we have:

1
e = L_P (dap) ome (2.73)
with
P(dap) = [—Tgé(g,)(—dAB) ng(g)(dAB)] : (2.74)

Note that the same matrix Q appears in both virtual displacement and velocity in-
terpolations. Through this procedure, the kinematic relation in (2.58a) is verified by
construction and also ensures compatibility of the derivatives.

The expressions for Q and P involve the tangent operator and its inverse. These
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Figure 2.4: Two-noded interpolation of motion.

operators always remain the same; simply, the way they are computed differs if the
exponential map in Eq. (2.68) is replaced by another local parametrization (63,64, 68,
118, 120].

Next, the following nodal derivatives are introduced:

(SH] == H[S(57T]), (275&)
H[ = H[S('U[) (275b)
where [ € (A, B) and we note:
Sme = {5’”‘} L v = {"A} e R2 (2.76)
571'3 VB

Inserting Eqs. (2.70a), (2.70b), and (2.73) into Eq. (2.65) yields the equations of motion
for the beam element:

M., ¥, + f. = 0, (2.77)
where
LE
M.(dag) = Q'MQds, (2.78a)
0
Le . 7

Cldanv) = [ Q" (MQ- Qv MQ) s (2.78D)

0

Le
f.(ge, Ve, t) = Cov, + Ke€ — / QTfext s, (2.78¢)
0
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and where K, = PTKL,. These equations can then be assembled in standard finite
element fashion to obtain an expression of the form:

M(q)v +£(q, v,t) =0, (2.79)

where ¢ € SE(3)" contains all nodal frames, N is the total number of nodes, and v is
the vector of nodal velocities. We denote by o the composition rule of the Lie group
SE(3)N, which is simply the matrix product. We reuse M to denote the assembled mass
matrix and write the assembled damping matrix C. The expression for Q may be found
in the appendix. Eq. (2.75b) and Eq. (2.79) form a set of ordinary differential equations
on a Lie group which can be solved with appropriate Lie group time integration schemes
which we will discuss in the next section. If the intention is to compute a sequence of
static equilibria, the first terms in Eqs. (2.77) and (2.78c) are ignored.

Kirchhoff-Love Model and Inextensibility

The beam model presented in [68] includes shear and extension deformation modes.
In this section, we present two novel beam models within the Lie group framework.
These are a Kirchhoff-Love model that excludes shear deformation and an inextensible
Kirchhoff model where we additionally exclude axial tension deformation. The moti-
vation to develop these two beam models is that for very thin beams, the shear and
extension modes may lead to numerically ill-conditioned problems. An extensive ex-
planation of the numerical advantages of Kirchhoff-Love beam theories can be found
in [65]. The Kirchhoff constraint and the inextensibility constraint can be implemented
straightforwardly by simply imposing the bilateral constraints v = v3 = 0 and 7, =0
for each finite element respectively using the standard Lagrangian multiplier technique
described in [47]. Since these three strain measures are elementwise constant for the
beam model on the special Euclidean group, this is straightforward. Let us introduce
. the elementwise Lagrange multiplier associated with the bilateral constraints. These
are additional variables that will be determined as part of the solution. They can be
interpreted as the forces necessary to fulfill the constraints. For the Kirchhoff-Love
beam, it is of dimension 2 and for the inextensible Kirchhoff model, it is of dimension
3. The constraints are written under the form:

ge g DeLe = 0, (280)

where D = [ngg ngg} when inextensibility is included. Otherwise, the first row is
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simply removed. The constraint gradient follows as:

6ge = DP(dAB) 671‘,3. (281)
G

The equations of motion of the beam element now are:

M. +f. — GIA, =0 (2.82)

which are to be solved together with Eq. (2.80). After assembly, the full system of
equations is:

M(q)o +f(q,v,t) = G (¢)A =0
g(q) =0, (2.83)

with g and A simply containing the constraints and Lagrange multipliers for the entire
discretized beam.

Remarks

e In the resulting formulation, all the sectional forces, constraint forces, deforma-
tion measures, and other kinematic quantities are expressed in the local frame.
Nonlinearities stemming from large amplitude rigid body motions are, in some
sense, filtered out and we are left with a set of simple equations where all the
complexity is hidden modularly in the local parametrization of the Lie group and
the interpolation operators. In particular for SFE(3), closed-form expressions and
robust implementations exist. These can be looked up in the literature [40,68,76].

e The exponential map serves as local parametrization of SFE(3) for the relative
transformation between nodes A and B. The beam can then be described using
the element of se(3) constructed in Eq. (2.67). The influence of nonlinearity
reduces with mesh refinement.

e As reported in [68|, the coupling of translation and rotation variables which is
conserved after the geometric discretization procedure circumvents the typical
locking issues of classical Simo-Reissner beam implementations without the need
for reduced integration techniques. More details can be found in Section 2.4.1
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where we show that the Lie group framework leads to the same property for the
Kirchhoff-Love and the inextensible Kirchhoff models.

The interpolation formula with the Cayley transform would be:

H(s) = Hacay (Lis<dAB>) | (2.84)

e

where

S(dap) = cay ' (H;'Hp) . (2.85)

If unit quaternions are used for the parametrization of rotation instead of rotation
matrices, the Lie group Q that is considered is R x Sp(1). The configuration of
one beam element is given by H4, Hg € Q and the interpolation is performed as
follows:

H(s) = Haoexpg (Lis(dAB)) , HeQ, dap €R°, (2.86)

e

where

S(dap) =logg(H, o Hg), S(dap) € q. (2.87)

Here the group operation is not the matrix product, but an operation denoted
o. Some notations would need to be adapted, but as mentioned before, the main
interpretations and conclusions remain the same. The interested reader may refer
to [76] which contains useful information about the Lie group ) in the context of
beam models.

Equation (2.83) formulates the vanishing shear and inextensibility constraints
exclusively at the position level. Index reduction methods expressing constraints
at position and velocity level or additionally at acceleration level have been the
subject of extensive research [133-136]. These will not be considered for bilateral
constraints in this thesis. In Chapter 4, we will however exploit them to deal with
contact constraints as these are the main focus of this work.
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2.3.2 Time Integration

Now that we have derived the equations of motion, we turn our attention towards their
integration in time. The key point is the avoidance of a global parametrization of mo-
tion just as it was successfully achieved at the space discretization step. Naturally,
similar principles are applicable when considering time integration, but additional cri-
teria have to be taken into consideration. Equations resulting from the finite element
discretization of structural components are stiff and implicit time integration schemes
are required. This will be especially important in the next chapters, when we will
add contact constraints with the wish to avoid rather small time steps. Some dissi-
pation of artificial high-frequency vibrations that might appear for fine meshes is also
desirable. Popular suitable time integration algorithms in structural mechanics are the
Newmark scheme, the Hilbert-Hughes-Taylor (HHT) scheme, and the generalized-«
method. They were, however, originally designed for linear spaces.

The earliest publications about Lie group solvers devised two families of methodologies.
These are also based on the exponential map and the exploitation of the linear structure
of the Lie algebra. In [137], local coordinates are constructed at each time step and
the ordinary differential equation is reformulated in the Lie algebra. Explicit Runge-
Kutta time integration methods of any order can be constructed systematically on
any Lie group. However, the execution of this approach for implicit time integration
schemes is complicated, because the tangent operator is involved in the integration
formulae and these need to be linearized when using Newton-type solution methods.
Therefore, a balance between the complexity of the implementation and the need for
higher order accuracy needs to be struck in practical settings. The approach by Crouch
and Grossman [138] interprets the exponential map as the solution to the differential
equation for a fixed velocity field and this field is allowed to be a linear combination
of velocities evaluated at different time steps. In the present work, we employ the
Lie group version of the generalized-a scheme developed in [139-141] that follows the
latter approach of freezing the velocity for the duration of the time step. Second-order
convergence, which is sufficient for the simulation of mechanical systems, was proved,
even in the presence of bilateral constraints typical for multibody system dynamics
formulations, for example, to impose vanishing shear or inextensibility.

If the subscript n in t,, refers to the last time instant where the solution is known and
h denotes the time step size then the solution at t,,; is obtained from the following
system of equations:

Gn+1 = Gn © eXPgp@Ev (S(ani1)), (2.88a)

46



M(Qn+1>’i)n+1 + f(Qn+17 VUn+1, thrl) - GT(Qn+1))‘n+1 = 07 (288b>

g(qnt1) =0 (2.88¢)

and the generalized-a integration formulae:

a1 = hv, + (1/2 — B)h*a, + Bhla,. 1, (2.89a)
Vpi1 = Uy + (1 —7)ha, +vha, 1, (2.89b)
(1 —am)ants + ana, = (1 — ap)V, + oo, (2.89¢)

The numerical parameters are related to the spectral radius p,, € [0, 1[ which can be
tuned to achieve a desired amount of numerical dissipation:

Poo 2pc — 1 (v + 1/2>2
PREEE P [2+af —am; [ 1

Qg (290)

The acceleration-like variable a,,, is different from the true acceleration v,,;. The
classical generalized-a method can be recovered by considering ¢ in RY with the simple
addition as the composition operator. Note that ¢,.; is never computed. Instead, all
of the linear combinations required for the integration formulae are performed in the
Lie algebra as a1 € se(3)", where they make sense. At each time step, a nonlinear
system of equations has to be solved for the unknowns ¢, 1, @p11, Vpi1, Vsy1 Which is
done by a Newton-Raphson procedure. This requires the linearized equations of motion.

We note A(e) a finite variation. The linearization of the configuration writes according
to Eq. (2.18):

Aan = TSE(g)N<an+1)Aan+1, S(Aqn+1) c SQ(S)N. (291)
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Linearizing and combining Eqs. (2.89) gives:

Av, = 7/A0n+17 Avyp = 6,Aan+17 (2-92)

with ¢/ = 7/(Bh) and ' = (1 — a,,)/(Bh*(1 — y)). Let us now introduce the residual
function by aggregating Eqs. (2.88b) and (2.88c) into the form r = [r} r]]" = 0. Its
linearization is:

Dyry - Adny1 = KrAgur = KrTgp@n (@) Aa o, (2.93a)
Dyry-Av, = CrAv, 1 =7 CrAay, 1, (2.93b)

Dyry - Avyy = MrAv, 1 = fMrAa, 1, (2.93¢)
Dyt A = GTAN 1, (2.93d)

where Kr is the tangent stiffness matrix, Cr the tangent damping matrix, and Mrp
the tangent mass matrix. In the case of the beam model, My coincides with M. We
use C defined in Eq. (2.78b) for the tangent damping matrix and compute the tangent
stiffness matrix by assembling the following elementwise contributions:

1
2

e

Kr.=—K.P, (2.94)

where the geometric stiffness has been neglected [68]. The constraint equation (2.88c)
is linearized as:

quc . Aqn+1 = GTSE(g)N(an+1)Aan+1. (295)

The motion and Lagrange multiplier increments are computed at each step of the
Newton-Raphson procedure by solving:

JAN s T LY
S, [ AMJ _ H (2.96)
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where the total tangent matrix is given by:

B'Mr ++'Cr + K Tgp@n (an1) GT

S, =
' GTSE(3)N (Qnt1) 0

(2.97)

Algorithm 1 computes all variables at time step t,,1 given their values at time step ¢,.

Algorithm 1 [g,11, Vyi1, Vnt1, Ans1, @ns1] = solveGenAlphaTimeStep(qy, vy, Uy, a,)
A1 =0
Uy =0
apt1 = (apv, — apay,) /(1 — o)
Vi1 = v, + h(1 —y)a, + vha,
Qi1 = hv, + (1/2 — B)h*a, + fha,
for k € [1, MaxIter] do
Gn1 = Gn © eXPgpn (S(Qny1)) > Lie group update of the configuration

compute ry, r.

if Convergence(ry) A Convergence(r.) then
break

end if

compute S; > Involves tangent operator: Tgp(s)v (Qtni1)
S
A)\nJrl ‘ ! re
Qpi1 = Oty + Ay
Vg1 = Vpy1 + 7V A,
V1 = Upy1 + A1
Ant1 = A1 F AN
end for
ant1 = an1(1 —ap) /(1 — ) Vnia

Remarks

e At no moment did we introduce any global parametrization of motion. The ex-
ponential map is used as a local parametrization over one time step.

e Tangent stiffness matrices enjoy invariance properties which can be exploited in
view of efficient Newton-type solution methods.
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2.4 Numerical Illustrations

This section aims at illustrating the behavior of the beam finite element formulated on
SE(3), especially its new shear-free and inextensible variants using constraints. Special
attention is given to the absence of shear and membrane locking, spatial convergence
rates, robustness under a large range of geometric and material parameters, predefor-
mation, and dynamic effects.

The convergence criterion for the Newton algorithm is:

Convergence(r,) = Relative Residual < tol, V Absolute Residual < tol,, (2.98)

where the absolute residual is simply:

Absolute Residual(r,) = ||r.|| (2.99)

and the relative residual is defined as:

[rll
2l

kel 4 1012
N,

Relative Residual(r,) = (2.100)

We denote by r¥ the unassembled residual of element & and by tol, and tol, relative and
absolute tolerances. Convergence is evaluated separately for the equilibrium of forces
r; and the constraints r. such that the actual convergence criterion is given by:

Convergence(ry) A Convergence(r,). (2.101)

In all of the numerical examples, we used tol, = 10~7 and tol, = 10~*.

In all examples, we will compare and discuss each of the three beam models formulated
on SE(3), i.e., the Simo-Reifiner (SR), Kirchhoff-Love (KL), and inextensible Kirchhoff
(IK) beams.
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2.4.1 Absence of Locking

A recurring subject in many works concerning displacement-based beam finite elements
is their propensity for locking. This thesis will be no exception.

Pure Bending Example

Locking can be discussed considering a pure bending example which consists of a can-
tilever beam subject to a moment at its free end. The exact solution is characterized by
vanishing shear and axial strains which should be reproduced by the numerical model.
Locking occurs when the element is unable to do that. We speak of shear locking if the
issue is related to shear and of membrane locking if it is related to extension modes.
For classical beam elements (i.e., not the SE(3) formulations), locking can occur for
the following reasons:

e Shear locking for classical Simo-Reifsner type beam elements: The separate inter-
polation of the position and rotation field coupled with a naive exact numerical
integration yields an overestimation of the shear strain energy producing an ele-
ment stiffer than expected. The element cannot represent the coupling between
translational and rotational degrees of freedom. The problem can be removed by
reduced integration or other techniques.

e Membrane locking for classical Kirchhoff type beam elements: Similar to the
Simo-Reifiner model, the issue appears when the element cannot handle the cou-
pling between the axial tension mode and rotational kinematic quantities. As
described in [105], membrane locking can be seen as the consequence of an over-
constrained system of equations. A practical criterion based on the constraint
ratio is used to predict if a given beam element is prone to locking. It is defined
as the ratio between the total number of equilibrium equations and the number
of constraints. In the continuum case, it is ¢, k1, = 3 for the Kirchhoff-Love beam
model and ¢, ;x = 2 for the inextensible Kirchhoff beam. These correspond to
the ideal constraint ratios which should ideally be preserved in the formulation of
discrete beam elements.

Locking effects are observed in different ways. Typically, for highly slender beams,
one obtains parasitic stresses that are not supposed to appear according to the exact
solution. For the Simo-Reissner model on SE(3), let us compute the internal forces
appearing inside the finite element "by hand". In a static setting, Eq. (2.77) reduces
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to:

Le
K.e = / QT ™" ds. (2.102)
0

Applying a pure bending moment M produces a circular arc of curvature k = M/(EI)
which can be exactly represented by the interpolation formula in Eq. (2.68). The
discrete relative configuration vector is dyp = [Le 0 00O /{:L]T which yields the

discrete strain vector € = [0 0000 k:]T. The nodal internal forces become:

031 O5x1
_TT —d Ke w —FTI
K.e = 50(3)( AB0)Kewk _ k (2.103)
03><1 05><1
Tho (dase)Kewk ETk

matching the analytic solution. Note the absence of shear and extensional forces in
the beam element. If we look at a Kirchhoff-Love or inextensible Kirchhoff models on
SE(3), we observe that the constraints e = €3 = 0 are automatically satisfied and
no extensional forces appear. Let us also compute the discrete constraint ratio of our
Kirchhoff-Love element on SE(3):

6Ny +6

lim =3= Cr KL- (2104)

Neg—+oo 2Ny
A similar calculation gives exactly 2 for the inextensible Kirchhoff element on SE(3).
These theoretical properties are already quite convincing, but still need to be verified
in a numerical test. For a numerical criterion, one checks the spatial convergence
rates which deteriorate with increasing slenderness [65] for locking elements. Since the
shape functions employed here describe piecewise circular arcs, the numerical solution is
expected to match the analytic solution exactly, as can be seen in Fig. 2.5a, and checking
spatial convergence rates does not make sense. We refer to ulterior test cases for that.
Locking also affects the convergence of the Newton method in implicit schemes [68].
Figure 2.5b shows the convergence of the relative residual for a very slender beam with
a square cross-section of side b = 107*|m|, a length of L = 1|m|, a Young’s modulus of
E = 210[GPa], an applied moment M = Eb'r/(96L), and an indicative discretization
of 5 elements. No issue is observed in the iterative Newton process and indeed the exact
solution is matched for all three studied beam models. No additional numerical trick
such as, for example, reduced integration was necessary. This demonstrates that the
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(a) Centerline position. (b) Convergence of the Newton method.

Figure 2.5: Pure bending results for a discretization of 5 elements. Color code: Simo-
Reifner (red); Kirchhoff-Love (green); inextensible Kirchhoft (blue); exact solution
(black).

three beam models on SFE(3) are inherently locking-free in the pure bending case.

Helix Under Gravity

The second test case consists of a beam lying in the xy-plane, clamped at one end, left
free at the other end, and subjected to gravity in the z-direction. Its initial shape is a
circle of radius r = 0.05[m|. It has a circular cross-section of radius R = 0.005|m], a
length L = 1|m], a density p = 750lkg/m3], a Young’s modulus of F = 6|[MPa|, and a
Poisson’s ratio of v = 0.25. The full load is applied in 100 steps. The resulting geometry
is a helix with increasing slope towards the clamped end as can be seen in Fig. 2.6a. In
Fig. 2.6b, we observe for all three models the expected second-order convergence rate
of the relative L?-error [51], which is given by:

L
Jo Ixe —x¢'|* ds

Error = T
Jo x> ds

: (2.105)

where x¢ is the position of the centerline. The reference is the numerical solution for a
very fine mesh of 640 elements.
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(a) Typical beam geometry for a discretization (b) Convergence of the relative Lg-error in
of 40 elements. function of the mesh size.

Figure 2.6: Helix under gravity results. Color code: Simo-Reifiner (red); Kirchhoff
(green); inextensible Kirchhoff (blue).

2.4.2 Physical Validation Examples

Romero et al. [142] proposed a framework consisting of four benchmark tests for phys-
ical validation of simulation tools for slender elastic structures in computer graphics.
These benchmarks were specifically designed such that they may be experimentally
verified in a reliable manner. Adimensional scaling laws are used to robustly check the
proper physical behavior of the numerical model across a large range of geometrical
and material parameter combinations. In the next two examples, we investigate within
their validation framework the behavior of all three beam elements. In [53], it was only
done for the unconstrained SE(3) beam finite element.

The main driving force of each test case is gravity. Depending on the slenderness of
the beam-like structure and the material it is composed of, the object under study
will settle into a certain equilibrium shape. The situation can be summarized by one
single adimensional quantity that measures the relative importance of gravitational and
bending effects. It is given by:

_ pAgL?®

r
ET

(2.106)

We may interpret I' as the ratio of the gravitational force pALg and the internal bending
moment ET/L?. Typical values for I" in mechanical engineering applications range from
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Figure 2.7: Cantilever results for a discretization of 50 elements. Color code: Simo-
Reifner (red); Kirchhoff (green); inextensible Kirchhoff (blue); exact solution (black).

10 to 200.

Cantilever Bending

The cantilever planar bending test, first studied in detail by Bickley [143], is a standard
method for obtaining elastic material parameters in soft matter physics. We clamp
the object of interest at one end and leave the other end free in a straight initial
configuration along the z-axis. Under the influence of gravity, the specimen bends
downwards in the negative y-direction. The amount of bending is portrayed by the
coordinate ratio Y = —ygp / :cgp measured at the end point of the beam in the deformed
state. This ratio depends on the gravito-bending parameter I'.

A logarithmic plot of the gravito-bending parameter against the coordinate ratio is
given in Fig. 2.7a. The simulations align well with the semi-analytic master curve
from [142] which was derived for the inextensible Kirchhoff model. Though present in
the two extensible models, the effect of elongation defined as:

Lﬁnal — L

; (2.107)

Elongation = 100 x

is negligible, as shown in Fig. 2.7b. The results we provide here are for a cable made of
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rubber of initial length L = 1|m|, cross-section radius R = 0.01|m|, Young’s modulus
5[MPa], density p = 1100[kg/m?|, and Poisson ratio v = 0.5. We modify the gravity ¢
to obtain the desired values for I' in each simulation.

For values of I' larger than those shown in the plot, i.e., larger than 200, the downward
pull becomes extremely large and the cable experiences high tension forces giving rise to
unrealistic amounts of elongation for the two extensible models. The inextensible model
struggles with convergence due to the ill-conditioning originating from the extremely
high constraint forces that are supposed to counteract the cable’s tendency to elongate.

Bend-Twist Bifurcation

Numerical simulation of the bend-twist coupling of rods is a challenging task. The
present benchmark aims at verifying the ability of the SFE(3) beam elements to properly
capture this effect. It consists of a precurved rod possibly experiencing twist under the
effect of gravity. In its natural shape, the rod is a twist-free circle of radius r lying in the
xz-plane. It is clamped at one end and left free at its other end while it deforms under
the effect of gravity applied in the negative z-direction. Depending on the geometric and
material parameters, the planar (2D) solution is stable or not and a small perturbation
(as would occur in the real world) would induce the rod to buckle into a helix-like shape

(3D).

Note about the involved parameters: For this benchmark, we vary the parameters ) =
L/(27r) and X = (r/L)~/T. The first one fixes the initial geometry of the beam. The
second one is obtained by tuning the gravity g and keeping the rest fixed. Realistic
I" values for this use case lie in [10%,10%]. The corresponding X-values are )[2,5]/7.
Thus, the interesting parameters for cable simulation lie in a corridor around XY = 1,
which is a straight line in the logarithmic phase diagram connecting (0.1, 1) and (1, 10).

The semi-analytic reference solution from [142] separates the phase diagram into two
distinct zones: one where the 2-dimensional solution is stable and one where it is
not. The validation procedure consists in sweeping the X'Y-plane and checking if the
numerical solution is planar or not. To that end, we compute the integral of the
absolute value of the Frenet torsion along the final curve. Since in the present case the
deformation is elementwise constant, we may compute it as follows [40]:

L Ne
)= / I7llds => L'l (dape)” dapyll- (2.108)
0 e
The quantity above vanishes for a planar curve [144]|. We will consider a curve to be in
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a 3-dimensional state when ¥ > 1073, To perturb the system, we apply a gravitational
acceleration in the y-direction with a magnitude of 1072 x g, before actually switching on
gravity. This perturbation is ultimately removed before considering the final deformed
state of the rod.

We obtain the phase diagram shown in Fig. 2.8b. However, the results are rather
sensitive to the threshold chosen for /. Therefore, we also illustrate the results as a
height map in Fig. 2.8a which we believe reflects the results more truthfully. We show
the results for the unconstrained beam element.
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(b) Bend-Twist phase diagram with ground
(a) Integrated torsion of the equilibrium shape truth in the background and simulations as
displayed in a height map. The red wall cor- diamond shapes. Green and orange represent
responds to the master curve. 3D and 2D states, respectively.

Figure 2.8: Bend-Twist results computed with 100 x ) elements for the unconstrained
(SR) beam model. Each simulation corresponds to a given value for the aspect ratio
L/r and the parameter (r/L)+v/T. The simulations were made with a length L = 1[m], a
cross-section radius R = 0.0025]m]|, a Poisson ratio v = 0.3, a density p = 1273[kg/m?],
a bending stiffness EI = 1[Nm?], a torsion stiffness GJ = 0.77[Nm?|, and a tensional
stiffness EA = 16|MN].

Similar figures can be obtained for the constrained (KL) and (IK) beam elements. The
issue raised in the previous section concerning the elongation of the beam for extremely
large values of I is still valid here.

2.4.3 Dynamic Examples

In this section, we illustrate the behavior of the proposed beam elements in a dynamic
setting. We start with a planar initially undeformed example and finally, we finish this
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chapter with a tridimensional test case where the beam is predeformed.

Flexible Pendulum

We reproduce the same exact situation as described by Lang et al. [74]. A flexible
rubber rod of length L = 1|m]|, cross-section radius R = 0.005|m|, Young’s modulus
E = 5|MPa], Poisson ratio v = 0.5, and density p = 1100[kg/m?] in an initially straight
configuration along the z-axis is fixed by a revolute joint at one end and left free at
the other. It is subject to the gravitational acceleration g = 9.81|m/s?| in the negative
z-direction. The beam is discretized into 10 elements of equal length. We use a time
step of At = 0.001[s|] and a spectral radius of py = 0.

The graphs provided in Fig. 2.9 show the non-trivial position and rotation components
of the pendulum taken at three different locations being s = 0, s = 0.5, and s = 1. They
very closely match the reference solution computed by ABAQUS [74]. It is interesting
to note that the cross-section orientation of the inextensible Kirchhoff beam element
slightly departs from the other two towards the end of the simulation.

In Fig. 2.10, we show non-trivial deformation measures. We make a first reassuring
observation: the extensional strain in Fig. 2.10b vanishes for the inextensible beam
model and the shear strains in Fig. 2.10c vanish for the two Kirchhoff models during
the entirety of the simulation. We also notice that for such a long and slender structure
the main deformation mode is bending, shown in Fig. 2.10a, and the three beam
elements only slightly differ from one another in that regard since for such structures
extension and shearing are anyways negligible.

The attentive scientist will notice discrepancies between the bending curvature and
shear deformation we obtain for our unconstrained beam element and the reference so-
lution given in [74]. Thankfully, the reason is also explained therein. Indeed, ABAQUS
uses different deformation measures than the classical ones introduced by Simo [54,68|
which are only equivalent for extension. Figure 2.10b is therefore the only one that
matches the reference closely.
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Figure 2.9: Results flexible pendulum for 10 elements and a time step At = 0.001[s].
We always show the solution at s = 0, s = 0.5, and s = 1. Here director means the
non-trivial basis vector of the rotation matrix perpendicular to the cross-section normal.
Color code: Simo-Reifner (red); Kirchhoff (green); inextensible Kirchhoff (blue).

Wilberforce Pendulum

In the spirit of a publication by Harsch et al. [62], we chose as the last example the
Wilberforce pendulum. It is an interesting object that has been the subject of several
experimental and analytical works in the past [145,146]. It consists of a steel spring
fixed at one end and loaded with a steel cylinder at the other end. The cylinder initially
starts vibrating vertically under the action of gravity. Due to a coupling of bending
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Figure 2.10: Results flexible pendulum for 10 elements and a time step At = 0.001[s].
We always show the solution at s = 0, s = 0.5, and s = 1. Color code: Simo-Reifiner

(red); Kirchhoff (green); inextensible Kirchhoff (blue).

and torsion effects in the spring, the cylinder exhibits an additional periodic torsional
motion. The material and geometry parameters may be tuned in such a way that the
vertical and torsional vibrations have an exact phase shift of 7/2. Thereby we can verify
in a simple manner the proper behavior of the proposed beam elements in a complex
situation where initial curvature, bending and torsional coupling, and dynamic effects
are involved. See Fig. 2.11 for a schematic illustration of the pendulum.

We use the following parameters. The cylinder is modeled as a rigid body of mass
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Figure 2.11: Schematic representation of the Wilberforce pendulum

m = 0.469|kg|, and matrix of inertia J = diag(1.2,1.2,1.4) x 10~%[kg m?|. The spring
is made of steel with a density p = 7850[kg/m?|, Young’s modulus F = 199[GPal, bulk
modulus G = 81|GPa|. Its initial shape is a helix made of Nje;, = 3 coils, with a helix
radius of Rpeir = 0.0016|m], a helix pitch of pper = 0.001|m], and a wire cross-section
radius of R = 0.001|m|. We use 50 Simo-Reissner-SE(3) beam elements of the same
length to model the spring. With these elements, the initial helicoidal geometry can
be represented exactly such that no optimization procedure for the generation of the

initial beam geometry, as explained in [62], is necessary.

In Fig. 2.12, the expected phase shift between the vertical and torsional oscillations can
be seen. The total simulation time is 7' = 9[s|, we use a time step of A = 1073[s], and
a spectral radius at infinity of p,, = 0.8 for the generalized-a time integration scheme.

2 [em]

Figure 2.12: Z-component of the position and the rotation quaternion of the rigid
cylinder’s center of mass in function of time. The beat phenomenon typical for the
Wilberforce pendulum can be observed together with a phase shift of half a period.
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2.5 Concluding Remarks

Chapter 2 focuses on the development and the detailed derivation of a beam finite
element on the special Euclidean group SFE(3), emphasizing the local frame approach
for flexible components. It is a reformulation of the classical Simo-Reiffner model. The
chapter builds on earlier research by highlighting important properties, setting notations
for subsequent chapters as well as extending the SFE(3) formalism to the Kirchhoff-Love
and the inextensible Kirchhoff models.

The chapter begins with an introduction to Lie groups, particularly SF(3), connecting
them to the kinematic descriptions of the rigid body and the flexible beam. The de-
formation measures are interpreted as being expressed in the local frames attached to
the cross-sections and are invariant under a superimposed Euclidean transformation.
Consequently, the equilibrium equations enjoy the same interpretation and invariance
property. A key aspect to preserve these properties lies in the consistent spatial and
temporal discretization of these equations on the Lie group using the finite element
method, paired with the Lie group generalized-a time integration scheme which we
have described in this chapter.

Various numerical tests validate and compare the proposed beam models, exploring
their convergence and behavior under different conditions. The examples include the
investigation of locking phenomena, helix deformation under gravity, and cantilever
bending tests. They demonstrate the absence of locking phenomena and highlight the
models’ robustness and accuracy.
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CHAPTER 3

STATIC BEAM-TO-BEAM CONTACT

In this chapter, frictional contact between the SFE(3) beam elements derived in chapter
2 is considered. The common point between all application examples and also in par-
ticular in the case of wire harnesses in the automotive industry in Fig. 1 we presented
in the introduction of this thesis is the following: the structures of interest are slen-
der rods with circular cross-sections. We will exploit this fact to simplify the contact
kinematics. Under certain conditions the full formulation can even be done in terms of
relative positions of the beam centerlines only. The extension to arbitrary cross-section
shapes does not fundamentally change the nature of the methodologies presented in this
chapter. However, it can potentially complexify the contact kinematics. Inertia effects
are ignored for now, but there are already enough subtleties to study in the (quasi)
static case. For a treatment of dynamic effects the reader is referred to chapter 4.

Computational contact mechanics for general deformable bodies has been studied ex-
tensively in the literature. For an introduction and an overview see [147-153]. The
most popular approaches, due to their solid mathematical foundation and advanta-
geous numerical properties, are probably the mortar method and its variants. These
are characterized by contact constraints enforced in a weak sense and a saddle point
formulation of the problem. It began as a method for ensuring optimal information
transfer between non-matching finite element grids [154-156]. It turned out that sim-
ilar principles are applicable in the context of contact problems. Thus the mortar
method found its way into computational contact mechanics [157-179]. Mathematical
proofs of stability and convergence properties can be found in [180-184]. Some research
has also been done on efficient implementation strategies [185].
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Contact interactions between purely rigid bodies historically has also received significant
attention!. As we saw in the state-of-the-art (1.2), publications on beam-to-beam
contact however remain rather scarce, even though their number has been increasing in
recent years. Nonsmooth formulations based on Lagrangian multipliers are especially
rare. One of the reasons is the complexity of the topic which boils down to the following
reason: the beam model we presented in the previous chapter lies somewhere in between
a fully deformable and a rigid object. It is potentially highly flexible, but there is some
rigidity in the model due to the presence of the kinematic restriction on the cross-section.
Unfortunately, the beam-to-beam contact problem inherits many of the difficulties that
arise in both classes of models.

Additionally, due to the particular geometric features, modeling contact between thin
beams with circular cross-sections has many specificities. For example the appearance
of contact forces of different nature. In the region of large contact angles, i.e. when two
beams cross each other, interactions can be understood as point-to-point contact and
the situation ressembles rigid body contact at first glance. However, the beam elements
deform under the action of the contact forces and finding the location of contact points
is much more difficult than for purely rigid bodies. Questions about the existence and
uniqueness of the contact points arise. Beams also have the ability to slide over each
other and deform at the same time. When the contact angle is sufficiently small along
larger beam segments, the interaction should rather be described as a distributed force
per unit length.

Let us look again at Figs. 1 and 2 from the introduction to help us guide our choice
of beam-to-beam contact model. The cables or fibers are generally closely packed and
touch each other along the majority of their length. We therefore assume that so called
line-to-line contact models are the most appropriate. Our main focus will be on the
latter type of contact description. Therefore it makes sense to draw inspiration from
contact mechanics for general deformable bodies and attempt the use of mortar methods
for beam-to-beam contact. Since those are not the easiest to implement, we also explore
a simpler collocation-type approach.

The kinematics of contact and the space continuous formulation of the equilibrium
conditions are given in section 3.2. As teased by the title of the thesis, we opt for a
nonsmooth formulation in terms of inequality constraints enforced via Lagrangian mul-
tipliers playing the role of the distributed contact forces. This then raises the question
of discretization which is adressed in section 3.3. As mentioned before, we propose two
approaches. The first one is a collocation method. The distributed contact force is sim-

!Since the issues related to rigid body contact are mainly encountered in the dynamic case, we
postpone its literature review to the relevant chapter.
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ply replaced by a set of point forces at well chosen locations. The second one is a mortar
finite element method. The non-penetration constraints become weighted integrals that
involve the interpolation functions of the Lagrangian multiplier field. In section 3.4,
an augmented Lagrangian method combined with a semismooth Newton algorithm is
applied to obtain a solution to the system of nonlinear discretized equations. Finally,
in section 3.5, the numerical performance of the proposed methodology is studied. We
show optimal spatial convergence rates as expected for the mortar method, without
the need for envolved integration schemes, nor a smooth representation of beam cen-
terlines, even in the presence of spatial discontinuities in the distributed contact force.
Interestingly, the combination with the geometrically exact beam formalism on the Lie
group SF(3) leads to a constraint gradient and a tangent stiffness invariant under rigid
body transformations for the contact element.

This chapter is based on the author’s own work in [51]. Compared to that publication,
derivations have been simplified and streamlined, yielding a more robust implentation.
Moreover, the formulation is extended to the frictional case and the comparison with
the collocation approach was added. A similar mortar algorithm was later also studied
for static frictionless beam-to-beam contact by Tomec and Jelenic in [186].

3.1 Contact kinematics

Let us start with some notations. We will do all the developments for a two-beam sys-
tem, but they may be generalized to an arbitrary number of beams. The configuration
of each individual beam is given by the frame variables (H¢(s1), Hp(s2)) € SE(3)?
which are defined at their respective centerlines. We introduce their variations from
the left trivialized derivative on SFE(3) as

(SHC = Hcs(éﬂ'c), 5(571'0) € 52(3), (31)
(SHF = HFS(57TF), 5(571'}7) < 52(3)

and which we collect in the vector

57 (s1, 52) = Bxgzi] . (3.3)

Intuitively everyone understands that contact interactions exclusively happen at the
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Figure 3.1: Graphical illustration of contact kinematics between two flexible beams:
cross-section view for a given centerline coordinate.

surface of the two bodies of interest, in our case beams. Therefore, one of our goals
in a later stage will be to construct the contact frames ¢ = (Hy, Hy) € SE(3)? which
are variables that express the configuration on the boundary of the beams under study.
These will be handy for introducing the appropriate kinematic quantities used in the
description of frictional contact. We write their variations

oH; = HLS((57TL), 5(571'[,) € 52(3),
5HK:HKS((57TK>, S((STFK> 656(3).

At every location of the potential contact surface v, which is defined on the so-called
"slave" body, a location on the opposing "master" body is defined by means of a
geometrical projection, see Fig. 3.1. This association of two points that might enter
into contact can be straightforward or rather complex depending on the shape of the
cross-section and the degree of precision that we desire to achieve. In the next section
we shall profit from the fact that we restrict ourselves to thin circular cross-sections to
keep the formulation simple.

For the remainder of this thesis the pair of frames ({L}, { K'}) will always be considered
as associated via the above-mentioned projection. They are thus functions of the slave
surface centerline coordinate i.e. we have ¢ = ¢(s1) and also d = d7(s1).

The configuration of the individual beams are given by the variables defined in the local
frames (H¢o, Hp) attached to the beam centerlines and not the surface, where variables
related to contact i.e. (Hp,Hg) are expressed. However, by means of well-defined
operations on SFE(3) we can switch from one representation to the other effortlessly.

A non-penetration constraint is a unilateral restriction of relative motion that we write
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in its most general form as

gyv(Hrk) > 0. (3.6)

It is a pointwise condition that has to hold for every point on the potential contact
surface. The function gy is called the normal gap and serves as a signed measure of
proximity between the two bodies. When the normal gap equals zeros, the two beams
touch, when it is strictly positive, there is no contact and penetration i.e. a strictly
negative gap function is mathematically prohibited by Eq. (3.6). The subscript NV labels
variables defined along a direction perpendicular to the potential contact surface. If no
friction is considered these are the only ones that matter.

The second important kinematic quantity involved in friction models is the tangential
slip velocity ur(Hpk, vpi). It only truly intervenes when the two bodies are already
in contact. They are said to stick to each other when the tangential slip velocity
vanishes and slip/slide otherwise. Since in this chapter we are concerned with quasi-
static simulations, talking about velocities does not make sense. But, we can simply
replace the slip velocity ur by a tangential slip increment [187] over a pseudo-time
interval At as

Agr(t — At,t) = /t—At ur(7)dr. (3.7)

and we also define its infinitesimal counterpart

dgT = AhtI_I)lO AgT = lleT. (38)

In Eq. (3.8) note the appearance of the tangential gap dgr(Hpk,dm k). This effec-
tively shifts the description of contact states from velocities to position increments.
Next to being necessary in the present quasi-static case, it also has some importance
for the time integration schemes discussed in chapter 4.

Let us list all possible kinematic contact states in terms of the values taken by the
normal gap and the tangential slip increment:

e No contact. There is a finite distance between the two objects: gy > 0.
e Contact. The bodies touch and the distance is zero at these locations: gy = 0.

— The two bodies stick: ||dgr|| = 0.
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— Two two bodies slide over each other ||dgr| > 0.

The quantity Hyx = Hle i describes the relative configuration (or transformation)
between the two contact frames. We call x; the contact vector. It is the translation
part of Hyx, which appears as the difference between the position of frame {L} and
frame { K} expressed in frame {L}. Later, when we will introduce the virtual work we
will be in need of its arbitrary variation

oxK = G(Hp)om — {GN} 5. (3.9)
Gr

This implicitly introduces the constraint gradient G as the direction of the contact force
expressed in the local frames {C'} and {F'} attached to the respective centerlines, since
these serve as primary variables of our problem. Thanks to the Lie group framework
its derivation is straightforward. The term constraint gradient in the present case is
an abuse of language that we use to align with vocabulary from the field of Multibody
Dynamics with bilateral constraints.

In the previous chapter we saw that a relative configuration between frames is frame
invariant and hence any constraint gradient of the form Eq. (3.9) will be so too. This
property should naturally carry through the discretization process. We have split the
constraint gradient into a normal part Gy and a tangential part G which will be
useful in later developments. Note that in Eq. (3.9) the variation of the contact vector
is expressed in terms of arbitrary motions of the reference frames {C} and {F'}. Thus
the constraint gradient incorporates the information relating 07w, and dmwg to dmw. One
could imagine less common contact mechanisms explicitely involving rotational degrees
of freedom, for example when formulating specialized joints with clearance. These
would be incorporated easily into the above formalism.

3.1.1 Friction between thin beams with circular cross-sections

The purpose of this section is to construct Hy x and deduce all relevant variables for the
formulation of frictional contact. To keep notations as simple as possible without losing
the most essential features of the formulation we restrict ourselves to thin beams with
circular cross-sections. R; and R, denote the two cross-section radii. We consider them
constant here and shearing is neglected in the kinematics of contact. An analogous
procedure can be applied to arbitrarly shaped beams. We start by explaining the
projection procedure we hinted at in the previous section.
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Figure 3.2: Notations for beam-to-beam contact.

Projection

Everytime contact forces have to be computed, two points on the two beams have to
be associated. Generally a point s; € [0, L] at the position x¢(s1) on the slave beam is
known. For example because we are evaluating an integral at a Gaufs point on the slave
beam. We then seek to determine a point S on the master beam located at Xp(s2).
The overbar means that it is a quantity that was found by the projection step and
satisfies the following condition:

P (52) = (Xp(S2) — xc(sl))T m(s;) =0, (3.10)

where m = Rge; is the normal of the cross-section on the slave beam and e; =
[1 0 O}T. Thus, given a point on the slave beam, the associated point on the master
side will be the intersection between the plane defined by the cross-section on the slave
side and the centerline curve of the master beam. Eq. (3.10) is solved by a Newton-
Raphson procedure. To that end the derivative with respect to the unknown sy is
computed as:

OPn,

P (RpNf ) m, (3.11)

where N = [ngg ngg}. It can be generalized to more complex cross-section shapes
by introducing additional terms in the N matrix.
Integration boundaries

The potential contact region vo = [Sq, S € [0, Le] is defined by the set of values s
such that Eq. (3.12) has a solution where 5, € [0, Lp]. Therefore, as represented on
Fig. 3.2, an integration boundary s, with k = a, b, is either given by a node of the slave
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beam or by the projection of a master node onto the slave depending on what is most
restrictive. This projection is given by:

P = (x5 — xc(s)) m(se) =0, f=D,E (3.12)

where x5 denotes the position of a master node. The solution to Eq. (3.12) is again
obtained via a Newton-Raphson scheme. Contrary to the previous case the unknown
here is a point on the slave beam. Thus the Jacobian required for numerical method is

oP

Dsy = —(ReNfo) ' m + (xr — x0)" (ReS(NFe)) e (3.13)

Note that this way of computing the potential contact region fails when the two beam
elements are perfectly orthogonal. The overbar will be dropped from now on.

The local contact frame

The next step is the definition the local contact frame {L} on the surface of the slave
beam as shown in Fig. 3.2 and described by the variable

R, xg

H, =
B |:01><3 1

] e SE(3), (3.14)

where Ry = [n ty tg]. The normal vector n is introduced as

n= L %C_ (3.15)
[xp — xcl|
This normal is well-suited when beams are almost parallel along the potential contact
region. It might become problematic in the range of large contact angles. In such a
case an alternative definition of the contact normal is necessary, an aspect that has
been studied in detail in [12]. The frame {L} is located at

X7, = Xco + Rll’l. (316)

One needs to be careful when defining the first tangent vector t;. It should be perpen-
dicular to n. Looking at Eq. (3.10) a natural candidate would be m. To ensure that
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the first tangent vector is truly perpendicular to n we slightly correct it by projecting
it onto the plane perpendicular to n. Hence it is give by the formula

T

t=m — (TIILHI;) n. (3.17)

The second tangent vector is simply the cross product between Egs. (3.15) and (3.17)

S(n)t1
to = ——-——. 3.18
> = TSl (3.18)
We introduce the frame
Hy = {RL XK} € SE(3), (3.19)
01><3 1

which is simply the frame Hy, but translated onto the surface of the master beam with
the position vector

Xg = Xp — RQII. (320)

The relative configuration between the two contact frames is

€ SE(3). (3.21)

H _ |:RLK XLK] o [I3x3 Rg(XK —XL)
LK = =
01><3 1 01><3 1

A scalar measure of proximity is given by the signed distance function, also called
normal gap. It is immediately obtained as the first component of the translation part
of H LK

gy =elxpx =n’ (xp —x¢) — R — Ry, (3.22)

where we recognize the usual expression for thin circular beams [102]. Due to their
geometric shape, pure normal (or frictionless) contact can be entirely written in terms
of variables located at the centerline without performing additional transformations.
This is no longer true in the presence of friction. The main difficulty is the proper con-
struction of the tangential slip increment. The advantage of embedding the formulation
in a Lie group setting is the direct access to any kinematic information.
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An infinitesimal perturbation of the frame defined in Eq. (3.21) is given by

dHLK = HLKS (dﬂ'fK)
=S (drix)Hig, S(dmfg).S (dmig) € se(3), (3.23)

where the superscript indicates in which frame the infinitesimal perturbation is rep-
resented. This is the only time we make it appear explicitely. A left trivialized rep-
resentation of the frame derivative yields tangential slip measures and contact forces
computed in frame { K'}. Chosing a right trivialized representation produces a formula-
tion in frame {L}. When the two beams are in contact both approaches are equivalent.
To be consistent with what was done in chapter 2 we go for the left trivialized repre-
sentation here.

For an infinitesimal motion, the tangential slip increment is simply identified as the
second and third translational components of the infinitesimal translation perturbations

_ldgn | eg K _ eQT K _ K
dgr = d = | p|dxpg = | 7| Ndmwp, = Npdmpy, (3.24)
g, €3 €3
where
N_eQT N_OlOOOO (3.25)
T lell " oo 100 0] '

We can relate the infinitesimal tangential slip to perturbations of the centerline frames
as

dx}x = N [-Adn,, Adgg,| dr. (3.26)

=G

The adjoint was defined in section 2.1.2. Its presence here is not surprising since it
is the operator that relates derivatives expressed in different reference frames which is
also precisely how we defined the constraint gradient in Eq. (3.9).

For the sake of completeness we also provide the expression in the frame {L}

dxjx =N [-Adg,. Adg,,]dsw. (3.27)
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We will not use it in the actual implementation.

Invariance of the constraint gradient

Let us write down the constraint gradient from Eq. (3.26) explicitly:

~RIR: S (RE(xc — RIR; S (RL(xp —
G(H,x) = HT’ﬁ_C, 5( K(Xf xic)) &T,_F, ( K(Xj’ )| (3.28)
1 T2 3 Ta

One rapidly verifies the invariance to a left translation of the involved matrices and
vectors (see section 2.1). Indeed, applying an arbitrary transformation Hy € SE(3) to
the term 77 yields

Tiwr = —RE (R{Ro) Re
= -RIR¢
=T (3.29)

and to the term 75 yields
757” == S (R%RE(R()(XC — Xo) — RQ(XK — XQ)))
=S5 (R (R{Ro) (xc — xx + (X0 — X0)))
=5 (Rﬂ(xc — XK))

=T (3.30)

Similar operations may be performed on the third and fourth term such that we indeed
have the constraint gradient Gy, after left translation that verifies
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3.2 Space continuum formulation

The attention now turns towards formulating the equilibrium equations. The dis-
tributed contact force A(sq,t) which has the dimensions of a force per unit length
is defined over the potential contact region 7. on the slave beam. We decompose it
in the local contact frame {L} as A = [)\N Ay )\TQ]T. It plays the role of Lagrange
multiplier in the formulation and has to be determined as part of the solution. The
virtual work produced by the contact force is

oW, = / (6x) " Ady
Ye

= / (6m)" GTAdy. (3.32)

Ye

This contribution is to be equilibrated by the weak form of the equilibrium equations
in Eq. (2.65):

SW = §W,. (3.33)

Equation (3.33) holds for all admissible 07w and hence we identify the contribution of
the contact interaction to the equilibrium of forces and moments as

f"(Hyg, A) = (G(Hpx))" A
~RZR-A
S (RE(xc —xk)) A
RERpA
S (RE(xp —xk)) A

(3.34)

Under this form the interpretation of the individual terms should be clear. The first and
third terms are the contact force acting on the translational degrees of freedom of the
two beams respectively. They are expressed in the local frames attached to the beam
centerlines. The second and fourth terms are moments resulting from the action of the
contact force at the surface of the beam with respect to a point on the centerline. This
effect only matters in the presence of friction. Indeed, a purely normal contact force
is of the form A = Ayn. Introducing it into Eq. (3.34) and writing out the moment
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acting on the slave beam in that case yields

S(nT(XC — XK)))\NII = 07 (335)

since the cross-product of parallel vectors is the null vector?. This explains why in the
frictionless case surface effects may be ignored and a fully centerline-based formulation is
possible [102,186]. Strictly speaking, this is no longer true when adding friction forces
to the problem. One could however argue that the moments induced by tangential
contact forces are negligeable for very thin beams, since the lever arm is small.

3.2.1 Mathematical preliminaries

Convex analysis is devoted to the study of convex functions and convex sets. It helps
with the understanding of set valued force laws as they appear in contact mechanics
and explains how to express them as inclusions. Convex analysis also encompasses
convex minimization theory which opens the door to powerful solution algorithms. In
this section we quickly introduce the terminology relevant for the formulation of the
Coulomb contact law [188-191].

We denote by 1s the indicator function of a set S. It is zero when an element x belongs
to the set S and infinite otherwise. In particular, the indicator function of the real half
line S = R, shown in fig. 3.3a, is defined as

0 itz >0

) (3.36)
+oo fz<0

Yr+(7) = {

The subdifferential, a generalization of the derivative to convex functions which are
not necessarily differentiable everywhere, is a set valued function denoted 0dvs. The
subdifferential of 1¥r+ has the expression

0 ifz>0
O+ (x) = ] —00,0] ifx=0. (3.37)
0 ifz <0

2The same calculation can be made for the master beam.
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(a) Indicator function of the real half line.  the real half line.

Figure 3.3: Graphs of ¢+ and 0¢g+.

When its argument z is strictly positive, 0yg+ returns the value 0, when its argument
is exactly 0 the subdifferential can take any negative value. Negative values of = are
not allowed and O+ is thus the empty set in that case. The graph of Jyg+ exactly
describes, up to the minus sign, the normal contact force law that we hinted at in the
introduction in Fig. 4.

The Coulomb disk section of the Coulomb cone is defined as

C(An) = {2z Az < pAn}, (3.38)

where © € R*. Hence, 9¢(;,) shown in Fig. 3.4a is the indicator function of the
Coulomb disk and the subdifferential, illustrated in Fig. 3.4b, is the set-valued function

0 if pAy — [|Az| >0
o) (Ar) =] —00,0] if uAy — ||Az|| =0 . (3.39)
0 if pAy = [[Ar]| <0

3.2.2 Coulomb frictional contact law

In Sect. 3.1.1 it was stated that two bodies cannot penetrate. This kinematic condition
is ensured by the appearance of a purely compressive reaction force per unit length. A
vanishing normal gap with a finite compressive contact force and a vanishing contact
force when the normal gap is strictly positive are mutually exclusive states. Hence,
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impenetrability in its strong, pointwise form is written

)\N Z 0, gn Z 0, )\NQN = 0, Vsl. (340)

This multivalued contact law is sometimes called Signorini or Karush-Kuhn-Tucker
(KKT) condition. A graphical illustration is given in Fig. 4. The last equation is the
complementarity condition. Equivalently, one can write a variational inequality of the
type [183]

AN EMN, (SWN:/ ((5>\N—>\N>gNd’}/ZO, V(S)\N GMN (3.41)
Yc

Such a weak form opens the door to mortar discretization schemes?® that we will discuss
in subsequent sections. My is a functional space that expresses that its elements have
to be positive in a weak sense on the potential contact surface. For a formal definition
see [173,183]. It may also be shown that the KKT conditions in Eq. (3.40) derive from
non-smooth pseudo-potentials which allows for alternative compact notations using
inclusions

—gn € 81/)R+(/\N) or — Ay € 8¢R+(QN)- (342)
where ¢r+ and 0Yr+ were defined in the previous section. Egs. (3.40), (3.41) and (3.42)
are equivalent formulations of the contact conditions valid in the absence of friction.

In Coulomb’s model additional tangential effects are taken into account. If the two
beams are in contact i.e. if gy = 0 they can either fully stick to each other, in which

3Also called variationally consistent discretization schemes
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case lateral movement has to be prevented by an opposing tangential force smaller than
the friction treshold. Or, the beams slide over each other while the tangential contact
force equals the friction treshold. Again, these states are mutually exclusive such that
they are expressed similarly to Eq. (3.40) with a complementarity condition as depicted
in Fig. 6

pAN = Azl =0, lldgzll (pAn = [Azl]) = 0, Vs (3.43a)

dgr||Arl| = —||dgr|| Az, (3.43b)

where Eq. (3.43b) forces the tangential reaction to oppose movement. One important
aspect of the Coulomb model, is that the friction treshold is proportional to the normal
contact force. The coefficient of proportianality is the friction coefficient p. Here
we present the quasi-static formulation of the Coulomb model in terms of the slip
increment. In the original version its place is actually taken by the relative velocity.

As for the frictionless case, we can write an equivalent variational inequality [183]

A1 € MT, Wr = / [(6)\T — )\T)T dgT] d’)/ >0, O € M. (344)
ale

M is a functional space that ensures that the tangential Langrange multipliers satisfy
the Coulomb model in a weak sense [173,183]. In terms of inclusions Eq. (3.43) are
written [188-191]

dgr € dop(Ar) or Ar € Ik (der). (3.45)

The contact laws that were formulated in this section, be it their pointwise explicit
form in Egs. (3.40) and (3.43), the inclusions from Eqs. (3.42) and (3.45) or the
weak variational inequalities (3.41) and (3.44) have to be verified by the solution while
satisfying the equilibrium in Eq. (3.33).

3.2.3 Numerical treatment of the slip increment

In quasi-static simulations a pseudo-time ¢ € R* is introduced and the solution proce-
dure consists in finding static equilibria at each discrete pseudo-time instant ¢y, ¢y, ... ¢.
Given a known contact configuration from a previous equilibrium Hyg,, = Hpk(t,)
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we construct the tangential gap at a current load step ¢,.1 by applying a simple finite
difference scheme that assumes the contact velocity v&, constant for the duration of
the load step. Starting from the definition in Eq. (3.7) and introducing Eq. (3.24):

tn+1 tn+1
AgT<tn7 tn—i—l) = / dgT = NT/ d’ﬂ'é(K (346)
tn tn

The motion increment is related to the change in Hy i by the geometric finite difference
formula involving the logarithm map akin to Eq. (2.67). This results in the following
expression for the discretized tangential gap:

AgT (tm tn+1)
~ Nr 10%513(3) (HZII(,nHLK,n-H)
= Nr 1OgSE(3) (HZIl(n)

ell
- Lé’] ng(3)(9)R€K,nXLK,n (3.47)

where 6 = loggqs) (RgKm). Since the tangential gap only needs to be computed when
the normal gap is closed we made use of the fact that gy 1 = 0 implies Hy i 5,41 = Lyxa.
This can be shown by combining Egs. (3.15), (3.16), (3.20) and setting Eq. (3.22) to

Z€ero.

Note that Hy ,, denotes the relative configuration between the two contact frames {L}
and {K'} evaluated at the current material points s; and s,. These material points are
defined from the projection Eq. (3.10) at instant ¢, 1. It is computed as follows

Hixn=H,),  HonHe HenHy  Hicn (3.48)

Equation (3.48) takes a simple form for small load steps. In that case one can assume
that R¢,, = Re 1 and Ry, = Ry 41 which yields:
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Rrixn Xk n:|
Hpg, = ’ ’
LI |: 01><3 1
_ |:H3><3 Rf,nﬂ [(Xc,n+1 - XF,n+1) - (XC,n - XF,n)]:|

3.49
01><3 1 ( )

Introducing Eq. (3.49) into Eq. (3.47) and using the definition of Ry in Eq. (3.14) we
can write a simplified expression for the tangential gap at the level of the centerlines as

tT _ _ _
Agp = { #n-‘y—l [(XF,n—i—l XC,n-i-l) (XF,n XC,n)]} ' (3.50)
tont1 [(XFnt1 — Xcmt1) = (XEn — Xom)]

By inspection we indeed notice that if the relative contact location has not moved along
a given tangential direction the associated component of Agy vanishes. Conversely, if
relative motion occured between two load steps, it will be captured by the quantity
defined in Eq. (3.47). In what follows we will denote the discrete tangential gap Agyr
simply as gr to lighten the presentation, but it should be kept in mind that it is a motion
increment that depends on the previous and the current time step. From a practical
point of view, we noticed that keeping t; ,+1 and ts,41 for the duration resulted in a
more stable algorithm.

3.2.4 Slip-free rolling of two discs

In this section we do a simplified analysis to convince ourselves that a finite difference
formula on SFE(3) provides an appropriate measure for the tangential slip for beams with
circular cross-sections of equal radii. Let us consider two discs of radii Ry = Ry = R
and suppose a pure rolling motion. In such a case the tangential gap always remains
zero. We will define 7 =t,,1 and 7 — A1 = t¢,,.

A schematic drawing of the situation is given in Fig. 3.5a. At time 7 the unique contact
point where the frames { L} and { K'} coincide is taken as the origin of the inertial frame.
Without loss of generality we assume that body 1, on which the frame {L} is attached,
is fixed. Hence we have {L}(7) = {L}(7 — A7) = {K}(7), located at the origin and
with the same orientation. Therefore, we have

HLK<T) = I4><4. (351)
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The only non trivial information that we still need for the computation of a tangential
slip is the location and orientation of the frame {K}(7 — A7). It corresponds to the
material point on body 2 that is in contact at time 7, but evaluated at a previous time
instant 7 — A7. If body 2 has rolled over body 1 by an angle 6 over the duration AT,
the location of {K'}(7 — A7) is given by

—R —2Rcos(f) + R cos(m — 26)
xg(T — AT) = —2Rsin(f) + Rsin(m — 260) (3.52)
0

and the relative orientation of the contact frames at the previous step is simply

Rk (T — AT) = expgo) (20) - (3.53)

We compare three different tangential slip measures to this exact analytical solution.
These are the approximation Axyx in Eq. (3.50), the geometric finite difference for on
SE(3) formulation in frame {K} as defined in Eq. (3.47) and the alternative SE(3)
formulation expressed in frame { K’} which can be obtained through a similar discretiza-
tion procedure. Results are shown in Fig. 3.5b. There are two important points to
highlight here. As expected, for small rotation increments all slip measures collapse
onto the exact one and hence the simplification in Eq. (3.50) is justified. Unlike the
approximation Axy g the tangential slip measures obtained from a finite difference on
SE(3) as computed in Eq. (3.47) match the exact one for two circular discs with equal
cross-section radii also in the large rotation case.

3.3 Spatial discretization

In this section we present two methods for discretizing the contact forces and constraints
such that they may be implemented in a computer algorithm. We start in Sec. 3.3.1
by a straighforward collocation method. Such an approach is attractive due to its
simplicity and modularity. However, it suffers from certain drawbacks:

e Potential locking or over-constraint.
e High sensitivity to the number and distribution of contact points.
e Difficulties to deal with sliding over nonsmooth surfaces.

Still, when employed with some precautions it yields reasonable results that would

81



Slip error [mm]

0 0.1 0.2 0.3 0.4 0.5
Rotation increment [rad]

(b) Comparison of different ways of computing
(a) Geometry and notations considered for an- the slip increment. Here for a cross-section
alytic example. Two discs of equal radii. radius of R = 1[cm)].

Figure 3.5: Pure rolling example.

probably be sufficiently accurate for many practical applications. Collocation tech-
niques have already been employed for line-to-line contact [49,97|, but never in the
context of the local frame approach.

The simple collocation also opens the door towards more sophisticated discretization
schemes that do not have the above mentioned issues, like the mortar finite element
method that we present in Sec. 3.3.2. As mentioned in the introduction, mortar
methods can be considered as the state of the art in the field of contact mechanics for
general deformable bodies, but their application to beam-to-beam contact has not been
attempted before.

{C(s} B}

=
n

\

\

{A} s I o)
(D} {F(s2)}
Figure 3.6: Notations for the contact element.
Suppose the two beams are discretized using the two-noded beam elements presented

in the previous chapter, as seen in Figs. 3.2 and 3.6. We denote by ¢ the set of all nodal
variables. One contact element is composed of two beam elements i.e. of four nodes

82



with six degrees of freedom each. Its configuration is given by a subset of ¢ denoted

g = (Ha,Hp,Hp, Hg) € SE(3)". (3.54)

The infinitesimal motions are discretized as follows

dme(s1) = Q(s1,dag) 0me,, (3.55a)
Q
C

577}7(82) = Q(SQ, dDE) (371'82 (355b)
Q

and collected in a 24 x 1 dimensional vector. We write the field of infinitesimal motion

™A
5”(517 52) = Qedﬂ-& Qe = |:%C QOF:| ) (571-6 = :i (356)
TE

3.3.1 Collocation method

For ease of presentation and implementation, but also to decrease the risk of over-
constraint we restrict ourselves to one single contact point per contact element located
at s; = s{, on the slave beam and sy = s, on the master. The question of how
to obtain these contact points is deferred to a later section. Introducing Eq. (3.56)
into Eq. (3.32) and evaluating the integral at the chosen collocation point yields after
assembly

OWe = (0ma)" QI(s5 ., 55.)GT (55 ., 55.) Ae
=Y (om.)" GIA
=> (om)" £

=II"B'A
= JTI7feor, (3.57)
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where A, = [)\‘]3\, X}]T is a discrete Lagrange multiplier associated to the elementwise
constraint and A its assembled analogue. It gives the magnitude of the contact reaction
forces (and moments). The orientation of these forces, expressed in the respective
local frames of the beams, is given by what we identified as the elementwise discrete
interpolated constraint gradient

Ge - G(S(ie, S;,e)Qe(stlj,ev S;,e)’ (358)

The vector 0IT regroups all arbitrary nodal variations of the beam elements associated
to the contact elements and B is the assembled constraint gradient matrix. The vector
feon = BT A represents the discretized contact forces in the local frame. They enter the
global equilibrium of forces in Eq. (2.79). Ignoring inertia terms yields the following

equilibrium equations to be solved at each load step

f(q) = £°" (¢, ). (3.59)

The normal contact law becomes

gh>0, My>0, gXy=0, Vi=12 ., Ng, (3.60)

where N¢ is the total number of discrete contact constraints. Note that here, since we
only allow for a maximum of one contact constraint per beam element pair we have
j = e. This switch of indices is introduced to match ulterior unified notations. The
tangential constraints are: if gf\, < 0, enforce

P = 1N 20, llghll (e = IX1) =0, ¥i=12.sNe  (361a)

g7 N7l = gt I A7 (3.61b)

Contact point search

One simple choice of contact point is to fix s§ . = L./2 on the slave beam and then find
s5 . by projection onto the master beam for example as in Eq. (3.10). The procedure
may be further simplified by considering the beam centerline as elementwise straight
segments, in which case s5 . may be computed explicitely [192]. Although rather crude,
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this approach is often sufficient for test cases of moderate complexity, robust and fast.
The literature on collision detection is vast and the intricacies of finding the best algo-
rithms tailored to slender flexible structures are out of the scope of this thesis. However,
their importance should not be underestimated. Actually, it is our belief that one of
the secrets to large scale reliable simulations lies in proper collision detection. To that
purpose we refer the interested reader to [12,107,193,194|.

3.3.2 Mortar method

In the mortar method, a key question is the choice of interpolation functions for the
Lagrange multiplier field. The main criterion is the verification of the discrete inf-sup
condition that guarantees stability of the saddle point formulation [156,183]. Rigorous
mathematical proofs for friction free small displacement contact problems exist showing
that combining linear finite elements with linear interpolation functions for the Lagrange
multipliers yields a stable mortar method [180]. Beyond that, the right interpolation
functions are found by what scientists call "intuition informed trial and error". Since
we use a first order interpolation in the Lie algebra in Eq. (2.68) we also use linear
shape functions for the Lagrange multipliers. These are defined over the slave beam.
In this thesis, the nodes of the slave beam and the nodes of the Lagrange multiplier
field coincide as depicted in Fig. 3.2 and the notation is simplified accordingly. For one
contact element one writes:

A(s1) = @c(s1)Ae, (3.62a)

SA(s1) = d,(51)0Ae, (3.62b)

T T
where Ao = [Aya Afa Avp ALp] and A= [6Ana OAL 4 SAnp O6ALp] are
vectors that collect the nodal values of the Lagrange multipliers for contact element e
and their variations respectively. The interpolation matrix is given by

S1 S1
-2 9 o X o0 o0
L, . L
1 1
Pe(s1) = 0 L - I. 03 0 L f . (3.63)
0 0o 1-2 o o Z*
L. L.

The discretized version of the virtual work produced by the contact forces is obtained by
replacing the continuous fields involved in formulation (3.32) by their finite dimensional
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counterparts. The contribution of one element writes

W, = (0m.)" [ / QG ¢, dy} .

= (0m.)" GT A,
= (6m,)" £oon, (3.64)

These are assembled in standard finite element fashion

We=>_ We,

= SII"BTA
= OTI7feon, (3.65)

The local (weak) constraint gradient of the contact element was identified as

cl - [ QicTe.m (3.66)
Ye

and we denoted the global weighted constraint gradient B. Similar to the collocation
approach, it expresses the orientation of the weighted nodal contact forces and moments
in the respective local frames of the beam centerlines. As a consequence, f** = BTA
represents the associated weighted forces and moments. They are simply added to Eq.
(2.79). We reused the definition of the vector dII that contains all the arbitrary nodal
position and rotation variations and of A that collects the nodal values of the Lagrange
multiplier field. Note that here their unit is a force per unit length.

Numerical integration of the constraint gradient

The integral in (3.66) has moving boundaries. Indeed . = [sq4, sp], is configuration
dependent. In this section we show how to compute this integral using Gauf points.
First the mapping ((n) : [=1,1] — [sq, Sp] : 7 — s1 is introduced to rescale the integral.
Its expression is

Cln) =5 (L= m)si+ 5 (14 m) s (3.67)

1
2
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and the associated jacobian is given by

Jnat = =2 ; @ (3.68)
Integral (3.66) is then computed as
G. = /_ 1 Q: (¢ () GT (¢ () @ (C (1) Tnat (50, 5,77) drp (3.69)
~ Y wikQ! (¢ () G (C () b (C (M) Jnat- (3.70)
k=1

The integration boundaries s, and s, are found through the projection procedure de-
scribed in Eq. (3.12). Similarly, in Eq. (3.70), the projection explained in Eq. (3.10) is
used to associate points on the master beam to Gauss points on the slave beam, where
the integration is performed. In practice a number of integration points Ng, = 2 is
sufficient as it allows for exact integration of polynomials up to order 3. Other integrals
involved in the formulation are computed in the same manner.

Discrete mortar kinematics

Now that we know how to compute the contact forces we turn our attention to the con-
tact kinematics. To derive the normal mortar gap one starts from the weak variational
inequality in Eq. (3.41) and introduces the discrete fields therein

W = (OAne = Ane)” [ / DN 9N d%}
Ye

e

=3 (0Ave — Ane) 80

= (AN —AN)" g% >0, VAN € My, (3.71)

where we reused My to denote the space of admissible discrete normal Lagrange mul-
tiplier. For a formal definition see [173,183|. Since the shape functions are linear, each
contact element has exactly two contributions to the global (assembled) normal vector
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of weighted normal constraints gi™"

gNe = / DN IN . (3.72)
Ve

With ¢y, = [1 — % %], the block of shape functions associated to the normal
Lagrange multipliers of element e is meant. The vectors Ay and Ay are the com-
plementary global nodal vectors of normal Lagrange multipliers and their arbitrary
variations. Eq. (3.71) is a finite dimensional variational inequality [195]. It can equiva-
lently be broken down into individual conditions of the exact same form as Eq. (3.60).

The subtle differences are the following:

e The gf\, are the components of gi?". The discrete normal gaps that the mortar

method wants to set to zero in the case of contact are weighted integrals. Lo-
cally penetration is allowed. Instead of checking penetration at certain localized
points, the information is smeared over the element. This ensures a variationally
consistent enforcement of constraints and gives the mortar method its theoretical
advantageous numerical properties, such as the preservation of spatial convergence
rates in the presence of contact.

e The )\g\, are the components of Ay. They are the nodal values of the Lagrange
multipliers. Since we interpolate with linear shape functions, a sufficient condi-
tion for the normal Lagrange multiplier field to be positive everywhere is for the
nodal values to be positive which is what the normal discrete mortar constraint
expresses.

e As opposed to the collocation method, the number of constraints N¢ is not ar-
bitrary. Rather it is a consequence of the finite element space chosen for the
discretisation of the Lagrange multipliers. This makes sure that the right amount
of constraints are enforced by the method to avoid locking and over-constraint.
In the present case N¢ is simply the number of slave beam nodes.

We proceed exactly the same way to derive the tangential mortar slip increment. Eq.
(3.44) becomes
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5WT:Z(6)\T€ )\Te [/ ¢)TegTd’y}

= Z (6A7e — )\Te> 8Te

= (5/\7* — AT) con >0, YoAr € Mr. (373)

The introduced notations have the same meaning as for the normal case, but adapted
to the tangential components of the different vectors and matrices. In particular, Mp
denotes the space of admissible discrete tangential Lagrange multipliers. The attention
is brought to the fact that the discrete tangential slip measure is also an integrated and
assembled quantity within the mortar method. Each element contributes with

gin = /cb?,egTdv- (3.74)
Ye

2" contains the assembled welghted tangential slip and we stack the two

The vector g5
components associated to the slave node j in g7.. Likewise, AJT contains the two tangen-
tial components of Ap associated to node j and we defined tangential shape functions

as

S1

1—— 0 — 0

_ L. L.
Pre = 0 1— St 0 St
L. L.

The finite dimensional variational inequality in Eq. (3.73) is equivalent to the discrete
KKT-conditions of the same form as Eq. (3.61).

Additional notations concerning the constraint gradient matrix

The assembled (weighted in the case of mortar) constraint gradient matrix B has
dimensions 6/Ng; ¢ X 3N¢, where Ng; ¢ is the total number of slave nodes involved in
the beam elements for which contact elements were created. Each beam finite element
node has 6 degrees of freedom and the Lagrange multipliers associated to each constraint
have 3 components. The number of discrete contraints N¢ is arbitrary in the case of
the collocation method. For the mortar method with linear shape functions it is exactly
equal to the number of slave beam finite element nodes No = Ng; ¢ included in the
potential contact region.
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Figure 3.7: Structure of the assembled constraint gradient matrix and notations.

con,j __

. . ) T
The Lagrange multiplier A’ is associated to the gaps? g [95\7 (ggp)T} , which we

conand are related to a certain number of nodal degrees of

regrouped in the vector g
freedom schematically illustrated via the non-vanishing vertical overlap of the assembled
constraint gradient matrix blocks (BY )T as depicted in Fig. 3.7. The extension of the
overlap depends upon which beam elements contribute to a given mortar constraint.

We also split the individual blocks into normal (Bg\,)T and tangential parts (BZ;F)T.

For the collocation approach we simply have B/ = G, and we consider j = e. It is
slightly more complicated for the mortar method. In that case we have

(BJ’)T—/ (Q)" GT¢/ dy. (3.75)

In what follows the reader has to be aware of some notational subtleties. We write
¢’ the shape function of the Lagrange multiplier field associated to the slave node
j which is not exactly the same as ¢, which is the shape function associated to the
Lagrange multiplier field over the contact finite element e. It has local support over
slave elements adjacent to node j, meaning that the contribution to the integral of
non-adjacent elements is always zero. Similarly, using a slight abuse of notation, by
Q’ the interpolation functions of the beam elements involved in the assembly of the
constraint at slave node j is meant. At each load step a system of nonlinear equations
with inequality constraints has to be solved for the unknowns ¢ and A.

4assembled in the case of mortar
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Compact notation of the discrete contact problem

Using the notation in terms of inclusions introduced in Eqs. (3.42) and (3.45) the
discrete contact to be solved a each load step can be written

f(g) +£"(¢, A) = 0,
G2 € e (V).
g;:)n,J c awC(AQ)<)\%)’ Vi=1,2,...,N¢c. (3.76)

with (¢, A) = Blg)A Note that in the dynamic case a similar discrete contact
problem appears after time discretization. It is thus a fundamental building block of
any contact solution algorithm.

3.4 Contact solvers

At this stage it is still possible to regularize, or smoothen, the problem by introducing
penalty type constitutive laws at the contact interface. The main advantage being the
removal of the inequality constraints which allows the use of standard nonlinear equation
solvers. This is especially useful in practical (meaning industrial) applications, as most
of the time new developments in simulation codes should be non intrusive, for example
when adding contact to an existing code, and robust i.e. one rarely implements a solver
by oneself. For smoothed formulations of beam-to-beam contact see (97,102,104, 105]
and for an implementation of a regularized approach in the context of mortar finite
elements with beam-to-beam contact see [196].

In this work we follow a different philosophy. The contact remains unregularized, or
nonsmooth, and specialized solution algorithms need to be applied. As loosely shown
through in the previous section there are different equivalent mathematical formulations
of the discrete contact problem. We started with an explicit formulation of the contact
constraints. These could be equivalently written as variational inequalities and inclusion
problems. Other equivalent formulations exist, such as quasi-variational inequalities,
nonsmooth equations and optimization problems. Each allows the use of different types
of solution schemes with their advantages and disadvantages. Usually a choice is made
through a tradeoff between speed, robustness and ease of implementation. Sometimes,
the existence of certain mathematical properties is also a criterion. Mathematicians did
extensive research in the linearized case. Indeed, such a simplified setting helps to prove
well-posedness of formulations and convergence of different algorithms. For a review
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on these methods the reader is referred to [197] and the references therein. Part I of
Daviet’s thesis [108] is also an interesting read on this topic. The study of linear methods
is highly relevant to us, since oftentimes nonlinear solvers are based on iterative schemes
where a sequence of linearized equations is solved. Thus the core of every approach is
finding the solution to a linearized discrete contact problem. Alternatively, certain
methods that only have convergence proofs when applied to linear problems are still
applicable in the nonlinear case, there is simply no guarantee that a solution will be
found.

The exact derivation and the linearized equations that are ultimately solved may differ
from approach to approach. For information and because it opens the door to the
application of the tools in the references above, let us derive the reduced linearized
version of Eq. (3.76) in the next section.

3.4.1 Linearized discrete contact problem

Given an equilibrium configuration (g, Ay) at iteration k of an iterative method, we
are looking for a solution (qgi1,Axy1). The subscript k& denotes a function evaluation
at step k. For example: ffo" = f°"(¢;, Ay). First, the contact force is linearized around

(Qk7 Ak)
con con aB T
fih =677 + . AL TrAagyr + By (Agyr — Ay)
k

= Bl A, (3.77)

where we used the expression of the contact force in Eq. (3.57) or Eq. (3.65) and
where the crossed out term which represents the second derivative of the constraints is
neglected and considered zero in linearized dynamics. We also observe the emergence
of the tangent operator of the exponential map on SE(3)" evaluated at iteration k and
denoted Ty = Tgp@)n () as a consequence of Eq. (2.18). The second step is the
linearization of the internal and external forces around g:

forr =i + KrpTrAog (3.78)
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and finally the linearization of the constraint vector around g:

81 =8 + BiTr A (3.79)

Introducing these linearized expressions back into Eq. (3.76) yields the following lin-
earized frictional contact problem:

£, + K TrAay1 + B{ Ay =0,
81 =8 +BiTrAagy,
95?2’11 S awR—O‘g\f,kH);

gCTorlizl < awcugv)()‘z.ﬁkﬂ)’ Vi=12,.. Nc. (3.80)

where K is the tangent stiffness matrix (see Chapter 2). We call this formulation the
linearized frictional contact problem. To be exact, only the equilibrium equation and
the contact kinematics are linearized. The contact laws are kept in their nonlinear form.
The system of equations needs to be solved for gi;, A1 and Acgy. In the following
we list the main classes of techniques applicable to the statement in Eq. (3.80):

e Facetted friction cone: The friction cone C ()\3\,) is approximated by a facetted
pyramid such that the frictional contact laws become linear which allows for a
simplified treatment. The reformulation results in a linear complementarity prob-
lem (LCP) and can then be solved by a variety of techniques [198]. The obvious
drawback is the modification of the model. A solution to the facetted Coulomb
problem is not always a good approximation of the original one. Moreover, the
number of constraints increases with the number of facets. Note that the friction-
less problem is also an LCP.

e Optimization: The discrete Coulomb friction problem in Eq. (3.80) can be
reformulated into a nonsmooth and nonconvex optimization problem. Since it
is difficult to solve, the general idea of optimization based methods is to find
associated, well-posed and well-understood optimization sub-problems that are
solved sequencially [199-201].

e Fixed point methods for variational inequalities: Eq. (3.80) is equivalently
written as a variational inequality. Then, an associated nonsmooth function is
introduced whose roots correspond to solutions of said variational inequality and
a classical fixed point algorithm is applied [202,203].
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¢ Semismooth Newton methods: One introduces a nonsmooth function whose
roots correspond to the solution of Eq. (3.80) and applies a Newton method.
Since the function is nonsmooth, the Jacobian from the standard Newton-Raphson
method is replaced by the generalized Jacobian. The most popular are the com-
plementarity function used by Wohlmuth [179,183], the Fischer-Burmeister [204]
function and the one introduced by Alart and Curnier [187]. These functions are
also applicable when the equilibrium equations are nonlinear as in the formulation
in Eq. (3.76). In that case, the Newton method solves the nonlinearity stemming
from the equilibrium of forces and the Coulomb constraints monolithically. The
latter methodology is often employed in the field of computational mechanics
when dealing with contact between general deformable bodies.

In this section we have derived the linearized frictional contact problem as it opens the
door to a wide range of well-studied solution algorithms. We will present two methods
in the following sections that solve Eq. (3.76). In Sec. 3.4.2 we present the dual
formulation of the linearized contact problem which would allow the use of a robust
Gauf-Seidel algorithm. In Sec. 3.4.3 we present a Augmented Lagrangian formulation
of the fully nonlinear system combined with an efficient monolithic nonsmooth Newton
method which is described in Sec. 3.4.4.

3.4.2 Dual formulation and Gaufs-Seidel algorithm

In [49] Daviet et al. argue that a highly robust solution strategy is necessary for the
upscaling of beam-to-beam contact problems to a large number of fibers. Prior tests
led them to conclude that a monolithic nonsmooth Newton methods works well for
systems with a limited number of contacts, but often fails to converge in the case
of over-constraint systems such as densely packed fiber assemblies [107|. Therefore,
they developed a specialized hybrid Gaufs-Seidel algorithm which splits the solution
procedure into a series of local one-contact Coulomb friction problems. They solve
the local Coulomb friction problem by applying a Fischer-Burmeister formulation with
an analytical fail-safe to ensure the robustness of the method. In the following we
will develop the theoretical framework necessary for the application of the Gauf-Seidel
algorithm to our formulation of beam-to-beam contact. To that end, we will cast the
system in Eq. (3.80) into a form that is suitable for a Gauf-Seidel type approach. See
appendix 4.5 for a description of the classical Gauf-Seidel technique for linear systems
of equations.

Premultiplying Eq. (3.80) by BkKilk to eliminate Aayy1 and the tangent operator
yields the following dual frictional contact problem:
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gion = DpAygr + by,
g}:\(/),lllcil S 3¢R*(>‘§V,k+1)a

gty € Moy Nopr)s Vi=1,2,.., No. (3.81)

We have defined the Delassus operator

D = -BK,'B" (3.82)

and the vector

b = g*" — BK;'f. (3.83)

These two depend on ¢, and are thus fixed. The problem may now be solved for g%
and Ay, directly.

The Delassus operator has a sparse block structure where each block D¥ describes the
change of relative motion at contact number 7 due to a force applied at contact number
7, see Fig. 3.7. This structure can be exploited by decomposing the Delassus operator
as D = Dy +Dy where the lower diagonal part of the Delassus operator is Dy, = D;s—;
and its upper part Dy = D;.;. The equations associated to the lower diagonal part
are solved implicitly and the equations associated to the upper diagonal part of the
Delassus operator are solved explicitly by a fixed point iteration:

gilt = DVAL + ) DAL+ ) DYAL 4 b

i<j 1>
Inwis € Or-(Ay k1)
grii1 € 0oy Arpp), ¥i=1,2,... Ne. (3.84)

Moreover, each contact is resolved individually and then substituted into the yet unre-
solved equations. This results in a sequence of "one-contact problems" of the form:
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gCOHJ = DIAI + b’
gjc\(f)n’j € a@DR* ()\g\f)v
gr "~ € 8¢C(Ag'v)()‘]T)- (3.85)

where D’/ is a 3 X 3 matrix. The solution to the problem statement in Eq. (3.85) is
easier to find. Any of the methods mentioned in the previous section can be applied.

Daviet et al. implemented their hybrid Gaufs-Seidel algorithm into their open source
software so-bogus [205]. Odin features a connection to so-bogus which is adapted to rigid
body contact elements. These contact elements are created dynamically via the third
party collision detection software bullet [206]. Algorithm 2 describes the methodology
we propose for solving the beam-to-beam contact problem. It combines Odin’s Lie
group framework with so-bogus’ contact solver and has shown promising results for
rigid body contact [207]. Odin currently lacks a dynamic collision detection algorithm
for beam-to-beam contact. Beam-to-beam contact elements are created at the onset
of the simulation and persist for the full duration of the simulation similar to the
finite elements of the mechanical components. Therefore, a change in the datastructure
of Odin’s current beam-to-beam contact elements necessary before coding the actual
Gauf-Seidel beam-to-beam contact elements. This could be addressed in future work.

Algorithm 2 [g,.1, A, 1] = solveStaticLoadStepGS(qy,)

An+1 =0
an =0 D> qnt1 = qn
for k € [1, MaxIter] do

Gnt1 = Gn €XPgp 3~ (S(Qny1)) > Lie group update of the configuration

compute ry, r.
if Convergence(ry) A Convergence(r.) then

break
end if
compute D, b > Eqgs. (3.82) and (3.83)
A, 11 = so-bogus (D, b, MaxIterGS) > Use hybrid local solver in [49]
compute A, ;1 > Eq. (3.80)
Qi1 = Qi + Aoy
end for
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3.4.3 Augmented Lagrangian formulation

Introduced by Rockafellar [208] in the context of constrained optimization the aug-
mented Lagrangian is a popular technique for solving variational inequalities such as
they appear in computational contact mechanics applications [136, 171,175, 187, 203,
209-211|. The reason is most likely that it has a sufficiently solid mathematical foun-
dation, while at the same time allowing an intuitive and systematic treatment of contact
constraints in mechanical systems. Indeed, it may simply be understood as additional
nonsmooth energy terms contributing to the total potential energy of the system and
where the final equations elegantly derive from. In a numerical context scaling and
penalty parameters permit tuning to improve algorithmic performance without influ-
encing the converged solution.

We will ignore the contributions not related to contact interactions from now on. To
set up the augmented Lagrangian, we start by defining the augmented multipliers for
normal and tangential directions.

& = kNy —pak, & = kN — pgh. (3.86)

The original Lagrange multipliers are scaled by a factor £ > 0 and p is a penalty
coefficient whose meaning will become apparent right after. These parameters do not
have to be identical in the normal and tangential direction, but we will consider them
so for ease of presentation. The augmented Lagrangian functional is

N¢
N 1 .
Lla,A) = D —kgyXy + 5(90)" = 5odist” 6 R]
j=1
—kj-Aj—l—gHjllz—idistQ[jCl (3.87)

where it is understood that the dependence on ¢ is hidden in the gap and slip functions
and the dependence on A is in the augmented multiplier. The function dist(a, 7)
computes the distance between a point a € R™ and a convex set Z [212]. The penalty
terms proportional to p convexify the functional far from its optimum which improves
convergence properties of iterative solution methods. The scaling factor £ aims at
improving the conditioning of the involved system matrices. For the normal direction
we have
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Figure 3.8: Schematic representation of the friction cone and the augmented friction
cone.

—&, if &, <0 no contact

0 if & >0 contact (3.88)
N —

dist [¢4,RT] = {

In Eq. (3.87), C’ng is an augmented convex set allowing fﬁv to take negative values [187],
see Fig. 3.8. In the tangential direction the term related to the distance function
explicitly writes

jf if &y <0 no contact
dist €], Cyy | = Q&) — pehr? it |€4] > ek slip (3.89)
0 i €] < el stick
J
where 7/ = H;TH is the direction of tangential contact force which is opposed to the
T

sliding motion.

A solution (g, A) to Eq. (3.76)° is characterized by the stationarity condition:

5L(g,A) = 0. (3.90)

The computation of the variation of the Lagrangian functional includes taking the
variation of squared distance terms. These are in the normal direction

5Ignoring f
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1 A 1660 it <0 tact
5 (_dlstQ [f?\”R-}—]) _ §N §N 1 SN no contac ‘ (391)
2p 0 if & >0 contact

and in the tangential direction

1 Ejf . 55% if &y <0 no contact
0 (2—pdist2 & %D = q (151l — ney) 77 - 085 it [|€7] > péy slip - (3.92)
0 if ||| < pél  stick

Hence Eq. (3.90) becomes:

N¢

5£(q,/\)=Z[(5nJ)T A, ((W'T)T] F£I

][2511)7’ (5A)T} F~
0.

(3.93)
Eq. (3.90) has to hold for all (6II,0A), which is true if

F*%(q,A) = 0. (3.94)

The vector of generalized contact forces and constraints F~7 is conjugated to the vari-
ation of the generalized degrees of freedom [(57‘-1')T Ny (5}%)? associated to the

contact number j. It is assembled into the total vector of generalized forces and con-
straints F¥. We identified it as
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if &y <0 no contact

. T . T .

y " - (BY) & —n&h (By)
F’(Qy/\): FN = _kgj . j j .

F% I ‘ N A if |€7]] > p&y  slip
i)
(B € - (B))" ¢ -
—kg if |€7] < péy  stick

\ _kg%“

(3.95)

Eq. (3.94) is a nonlinear algebraic equation which has to be solved at each load step.
The operator F# is only piecewise continuous, or semismooth, and therefore not differ-
ential everywhere [187]. Indeed, depending on the state of & it takes different values.

For instance, when the contact law number j indicates that there is no contact, no
contribution is added to the equilibrium of forces and the scaled Lagrange multiplier
in the normal and tangential direction are set to zero. When the contact is in a sliding
state, a generalized normal contact force of magnitude 55\, and in the direction of B?Q
contributes to the equilibrium of forces together with a friction force of a magnitude
exactly equal to the friction treshold ,ufjjv and oriented along the direction ij. The
scaled normal gap is forced to zero and the tangential Lagrange multipliers to the value
taken by the frictional contact force. Finally, if the status of the constraint is stick, the
full vectorial gap is zero and a contact force perpendicular to the constraints enters the
equilibrium of forces.

At the singular points where the derivative of F* does not exist in the classical sense
it possesses a so-called generalized Jacobian. The existence of this weaker notion of
differentiability suffices to construct Newton type methods that solve Eq. (3.94) as we
will show in Sec. 3.4.4.
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3.4.4 Nonsmooth Newton Method

Many popular methods for solving constrained optimization problems such as the one
derived in the previous section, decouple primal and dual variables such as Uzawa’s al-
gorithm [213] for example. They are based on a double loop in which the (augmented)
Lagrange multiplier is kept fixed during an iteration of the outer loop to solve the non-
linear equation in the inner loop. Once the inner loop has converged the (augmented)
Lagrangian multiplier is updated. These methods are stable, but converge rather slowly.

In this thesis, we go for a monolithic treatment of the primal and dual variables by
means of a Newton type approach. As nicely explained by Qi and Sun in [214], the
Newton-Raphson method for solving a set of nonlinear equations can be generalized to
a nonsmooth setting by using the generalized Jacobian instead of the derivative. They
also prove local convergence of order p €]1,2] for such a nonsmooth Newton method
when applied to augmented Lagrangian formulations.

Algorithm 3 [g,1, Any1] = solveStaticLoadStep(g,,)

An+1 =0
a1 =0 > Gn+1 = qn
for k € [1, MaxIter] do

Gnt1 = Gn €XPgp 3~ (S(Qny1)) > Lie group update of the configuration

compute ry, r.
if Convergence(ry) A Convergence(r.) then

break
end if
compute S, € OF* > Generalized Jacobian in subdifferential of F*
AO‘n+1 — _S—l -rf
A/\n—&—l . t _rc

Oyl = Oyl + AOfn—i—l
An+1 = An+1 + A/\n—i-l
end for

Alg. 3 describes a Lie group version of the nonsmooth Newton method applicable in
the context of the static simulation of multibody systems with rotational degrees of
freedom involving contact constraints. Given the configuration at the previous load
step ¢, = q(t,) it computes the current configuration ¢,.; = ¢(t,+1) and the Lagrange
multiplier A, 11 = A(t,41). Here, the residual for the equilibrium of forces r is obtained
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by stacking the F7 in Eq. (3.95)

ry = Fj(Qn+1aAn+1) (3-96)

and the residual for the constraints is

r. =

FJ{T(Qn+17An+1) ) (397>
F%“(Qrﬂrla An+1)

The remaining part of this section will exclusively be concerned with computing the
generalized Jacobian S;. Roughly speaking it is obtained by simply taking the classical
derivative where F¥ is differentiable and picking the derivatives of one of the differen-
tiable branches adjacent to a non-differentiable singularity. For the remainder of this
section we will write the linearization of the configuration Amw = Tgp3)ne (Qny1) Aoty
We define the Jacobian for individual constraint j from the linearization of Eq. (3.95)

AFJ A7rd
AFS = |AF | =S] [AAY ] (3.98)
AF/, AN,

Let us start by writing the linearization of the generalized forces F7:

0 if &y <0 no contact
i | A B - (BL) ad - uag, (B) 1
A (B 7 — g, (B A if ||€5] > pé slip
~A(BA) g - (BY) Ag - A(B)) & — (B)) Ag if )] < ) stick
(3.99)

We continue with the linearization of the normal contact law F%:
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k2
——ANy if &y <0 no contact
p

AFY =13 _kAgl,  if €] > p&l slip (3-100)
—kAgy  if |5l < ugl  stick

and finally the linearization of the tangential contact law sz

]{32

——A)\gp if &y <0 no contact
AFT = = (kAN - pAGT — e AT) i ghl = ph stip - (310D
—kAg) if [|€7]) < u&l  stick

In what follows we will only provide the detailed expressions for the mortar method, as
they are the most intricate. The same procedure and hypotheses hold for the collocation
approach.

One fundamental building block of the total linearized form is the linearization of the
augmented multiplier given by

AL = kANy — pAgly, A& = kAN, — pAg), (3.102)

which makes the linearization of the normal and tangential gap appear. In the normal
direction we have

. 1 A 1 NV ! iNT
Agh = A (@ gn Tnar dn + / (ﬁbgv) Agn Jnar dn + (d)j NAJnar dip,
~1

~ By, Anl. (3.103)

where the integral has already been rescaled. The first term involves the linearization
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of the Lagrange multiplier shape functions

d (i)

A(eh)' = —& A (3.104)

( is a quantity related to the slave beam and its linearization can immediately be
obtained from Eq. (3.67) as

1 1
A = 5(1 —n)AsS + 5(1 +n)As;. (3.105)

Thereby, it is linked to the linearizations of the integration boundaries. The same holds
for the jacobian of the natural transformation. Its linearization is given by

€ €
Asp — AsS

Ajmzt = 9

(3.106)
AsS and As; come from the varying domain of the integral. They can be expressed
in terms of the configuration increments A7w. As detailed in the section discussing the
projection procedure, the integration boundaries may be slave nodes, in which case we
have Asf = 0, where k = a,b. In the applications we have in mind this is the case
most of the time. Therefore we neglect their contribution in Eq. (3.103) altogether,
but provide the expressions in the non-vanishing case for completeness.

If the integration boundaries are implicitly defined by the projection of a master node
onto a slave beam, Eq. (3.12) is linearized. The aim is to find the operator that
links the linearization of the the boundary to the linearization of the configuration as
Asf = AyAm, where k = a,b. The projection condition is of the form

,P = P (Qe7 5k(Qe)) =0. (3107)

By the implicit function theorem its linearization is given by

AP =P,Am + op Asy =0, (3.108)

(951 S1 :si

where P, is the derivative of P with respect to the configuration variables. Solving for
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Asf gives

-1
e oP
Asy = — (6_31 Slse) P, AT (3.109)
e -
and thus A, = — <8_ ) P,. Finally, the derivatives are computed as
51 |, =ge
T
P —e
Fyolh : 3.110
95, {S(ex)ng] fo (3.110)
and
Py=[~e. S(e)xcp RiRce; 0], (3.111)

where x§. = RL(xr — x¢) is the relative configuration vector expressed in the local

frame of the slave beam.

Similar considerations yield for the linearization of the tangential constraints

1
; T
Agr = / (07) Agrna dn (3.112)
-1
for the tangential gap. The linearization of Eq. (3.47) gives

AgT = NTTEE‘(S)(X) [—adHKC adHKF] AT&', (3113)

where x = logg B(3) (HZ}(nH I Knﬂ). For small load increments we can assume

Tgé(g)(x) ~ [Isxs Isxs) (3.114)

such that

Agl ~ BLAn. (3.115)
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Then there is the term related to the sliding direction for which linearizes as

AE,

ATl = (]13><3 . ®7‘j) e
€7

(3.116)

The discrete weighted constraint gradient is linearized as follows

1
AB’ = / (AQY)" GT ¢ Sy dny
-1
1
+ / (@) AGT ¢ Ty dn
-1
1
+/ (Qj)TGTA¢jJnatd77
-1

1
+/1 Q)" GT¢/ Ay dn, (3.117)

where A¢’ and AJ,,; have already been derived previously and are neglected as before.
A closed form expression for AQ’ may be found in [68]. However, as suggested therein,
it is negligeable for moderate curvatures. Finally, the linearization of the term G
involves taking the derivative of the orientation of the contact frame R, which is advised
against in [12]. Indeed, in our experience the inclusion of this term in S/ almost never
accelerates convergence. Moreover, the procedure was found to be more robust in
absence of this term. Similar arguments are put forward when considering bilateral
constraints stemming from the formulation of mechanical joints in [40]. For all the
reasons mentioned above all numerical examples shown in this thesis consider

AB) ~0, ABJ 0. (3.118)

Remarks

e The use of Lie group tools streamlined the derivation of the contact kinematics.
In particular, the use of a left invariant representation on SE(3) yielded a local
frame formulation of the beam-to-beam contact problem. It also led to an exact
slip increment for beams with circular cross-sections of equal radii.

e We proposed a simple collocation method and a mortar discretization method.

106



The latter enforces weak normal and tangential constraints to ensure variational
consistency of the numerical scheme.

e In Sec. 3.4.3 we propose to solve the discrete friction problem using a combination
of an augmented Lagrangian formulation with a nonsmooth Newton method. In
practice, it boils down to an active set method, where the augmented multiplier
&7 is used to distinguish between active and inactive sets, as can be observed in
Eq. (3.95). According to Briils et al. [140] this is more robust than directly using
AJ. Other solution methods such as those briefly introduced in Sec. 3.4.1 could
also be applied.

e The expressions of the Jacobian are rather involved. However, due to the partic-
ularity of beam-to-beam contact and the local frame approach, many terms could
be ignored without worsening the convergence of the Newton method.

e The Gauk-Seidel algorithm can be used as an alternative to the nonsmooth New-
ton solver. Notably, it does not require the computation of the generalized Jaco-
bian S; which simplifies the implementation of the contact element.

3.5 Numerical examples

This section aims at illustrating proper behaviour of the beam-to-beam contact finite
elements formulated on SFE(3) in a quasi-static setting by studying four test cases. It
starts with a classical sliding patch test in Sec. 3.5.1. In Sec. 3.5.2 we present a
benchmark made of a cantilever beam in frictionless contact with rigid wall. The third
example is the twisting of two initially underformed beams in Sec. 3.5.3. Finally in Sec.
3.5.4, we look at an example that reproduces the loadcase of the Mesomics machine
described in the introduction of this thesis. The machine performs torsion and bending
tests which we both present here.

The collocation and the mortar method were implemented in the software Odin, along
with all the examples presented in this section.

The convergence criterion for the Newton algorithm is:

Convergence(r,) = Relative Residual < tol, V Absolute Residual < tol,, (3.119)
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Figure 3.9: Schematic description of the sliding patch test.

where the absolute residual is simply

Absolute Residual(r,) = ||r.|| (3.120)

and the relative residual is defined as

Relative Residual(r,) = [

DA '
! 41012
N,

(3.121)

We denote by r¥ the unassembled residual of element k and by tol, and tol, relative and
absolute tolerances. Convergence is evaluated separately for the equilibrium of forces
ry and the constraints r. such that the actual convergence criterion is given by:

Convergence(ry) A Convergence(r,). (3.122)

In all of the numerical examples we used tol, = 10~7 and tol, = 107%.

3.5.1 Frictional sliding patch test

A frictionless version of this test was described in [102,186]. As shown in Fig. 3.9, it
consists of two beams of cross-section radii Ry = Ry = 5|mm]|, Young moduli E; =
Ey = 10'°Pal, Poisson ratios vy = v, = 0.3 and densities p; = p, = 1200|kg/m?3|. The
lower beam is kept fixed and discretized into three elements of lengths 0.9|m|, 0.3|m]
and 0.8m|. The top one is discretized into two elements of length 0.4|m| and moved, by
imposing the horizontal position x;(t) = ¢/100[m]| of its first node. It is also subjected
to a constant distributed vertical load of magnitude p = 1|N/m]| that presses it onto
the lower beam. The total simulation time is "= 100[s|. In the exact solution, the gap
function remains zero everywhere and at all times. The lower beam exerts an upward
distributed contact force of magnitude A = p on the top beam. Fig. 3.10 shows the
evolution of the relative position error in function of time as it is defined in Eq. (2.105).
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Figure 3.10: Left: Relative error on the gap for different combinations of models and
parameters. Right Top: Vertical distributed contact force. Right bottom: Tangen-
tial distributed contact force. Red: Mortar, 4 = 0. Blue: Mortar, u = 0.2, Other:
Collocation, p = 0.

We give results for static simulations in the absence and in the presence of friction with
i = 0.2. The relative error quickly drops to extremely small values independent of
the number of Gauf points used, as long as it is more than one. For comparison we
also provide results for a collocation method where the collocation points are chosen
at locations s/ = L.1/2. Here, the relative error is modulated by the chosen relative
tolerance for the constraints, which is tol, = 10~* for this example. The distributed
contact force obtained via the mortar algorithm perfectly matches the exact solution
for all ¢. The interpretation of the Lagrange multiplier computed by collocation is less
immediate. It has the dimensions of a force as opposed to a force per unit length.
Dividing it by the length of the associated beam element yields a value of the order of
magnitude of p.

3.5.2 Frictionless contact of a cantilever with a rigid wall

In [47] we presented a benchmark for static frictionless beam-to-beam contact with
an analytic solution. The main goal was to explain the origin of spatial discontinuities
induced by a Simo-Reiftner and a Kirchhoff-Love beam model in the solution of a beam-
to-beam contact problem and how finite element implementations based on such models
behave in their presence. We compared our mortar finite element implementation to
novel analytic solutions for a cantilever beam in contact with a rigid wall. We derived
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this solution for the linear 2D versions of the above mentioned beam theories. In this
section we reproduce these developments in detail and complete the analysis by also
showing the results obtained with the collocation method.

Description of the benchmark

Fig. 3.11a shows a semi-infinite cantilever beam clamped at x = 0 and left free at the
other end. It is subjected to a constant vertical distributed load p|N/m| and a contact
reaction force r(z)[N/m|. The applied forces are counted positively in the upward
direction. The vertical displacement is denoted by w(z) and the initial gap by g[m].
They are taken positive in the downward direction. The beam enters in contact with
the rigid substrate at * = d. The length of the free region, d, is a priori unknown.
It separates the problem into two domains: the free region, where z € [0,d] and the
contact region where x € [d, +00].

r=d §=90
p 1
EXFXRXIRIRIXITTLIRIRS, EXIXIXIRRRIIITTAIRIRS,
yw(z) ! !
(€) ! ]
g EEITIIXNN
p(€)
(a) Dimensional variables (b) Dimensionless variables

Figure 3.11: Schematic illustration of the proposed benchmark.

Euler-Bernoulli model

In the linear, small displacement setting, the equation governing the Euler-Bernoulli
beam [39] is

=P
El’

//l/(

) (3.123)

where ET[Nm?| is the constant bending stiffness. It combines the equilibrium of the
beam in the free region with a linear constitutive law. After solving Eq. (3.123) the
internal bending moment and the shear force are computed as

M(z) = —FEIuw"(x), T(z)=—FIuw"(x). (3.124)
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In our conventions the internal bending moment is positive in the clockwise direction
and the shear force in the vertical upward direction. Note that the equation for the
shear force follows from the equilibrium of moments and thus only holds at equilibrium.
Equation (3.123) needs to be solved in the free region, where the applied load is known.
The boundary conditions at the clamp are w(0) = w’(0) = 0. We enforce continuity of
the displacement and its slope at the transition point, i.e. w(d) = g and w'(d) = 0, since
the beam geometry is imposed by the rigid wall in the contact region. The length of the
free region is obtained by imposing the continuity of the bending moment, M (d) = 0,
since the bending moment in the contact region is zero.

Timoshenko model

Under the same hypotheses as in the previous section, but allowing for shear deforma-
tion, the equations to be solved in the free region are [39]

_ B

1 D 1 D / o
w™ (z) 0" (x) w'(z) = 0(x) A

= 7 =7 (x), (3.125)

where 6 is the cross-section rotation angle and GA[N] is the constant shear stiffness.
The last equation is a kinematic condition that combines constitutive equations for the
bending moment and the shear force with the equilibrium equations. The boundary
conditions on the transverse displacement, w(0) = w'(d) = 0, w(d) = g, are comple-
mented by (0) = 0 at the fixed end and 0(d) = 6,. The quantity 6, was introduced to
explicitly translate the continuity of the beam angle through the transition point. In
the contact region, where w(z) = 0, the governing equations are

0_1//<x> _ p— T<:B), é(l‘) _ %

= §"(z) =0, (3.126)

which have to be solved for § and 7 together with the boundary conditions 0(d) = 6,
and § — 0 as z — +00. A technical difference to the Euler-Bernoulli model concerning
the solution approach is that a governing equation has to be solved in the contact region
where not all kinematic quantities are trivially obtained. Notice that the overhead bar
refers to variables in the contact region. As before, the extent d of the free region is
determined by enforcing the continuity of the bending moment at x = d. The shear
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forces and bending moments at equilibrium are given by

M(x) = —EI0(z), T(z)=—-EI(z), M(z)=—EIf(x), T(x)=—-FEIf"(x),

(3.127)
in each region respectively.
Dimensionless variables
The problem is characterized by the following two length scales
B\ VA
uy =g, uy= (g_) : (3.128)
p

The first one is the initial gap. It is the maximal transverse deflection of the beam.
The second one is a longitudinal lengthscale, which is a characteristic beam length
with maximal transverse displacement ¢ for given bending stiffness and applied load.
Therefore, it is natural to scale the variables of the problem as £ = x/uj and § = d/uj}.
The dimensionless transverse displacement of the beam is defined as

v(§) = “’[“””Eg”. (3.129)
Uy
The angle 6(z) is related to the slope w’(x) of the neutral axis. It is thus naturally
scaled by
* 3 1/4
U by
0 = L = (&L 3.130

such that the dimensionless angles

9() = , 9() = (3.131)

are of order 1. The characteristic bending moment and shear force are chosen as T* =
pus and M* = pu§2, such that the dimensionless analogue of Eq. (3.124) is

M(§) = =—V"§), T = =—"(¢) (3.132)



and for Eq. (3.127) we get

M(&) =-V(), T =-9"€), M(E&=-7(), T =-v"). (3.133)

In the Timoshenko model, the reaction r(z) along the wall plays an important role. It is
naturally scaled by p. Thus, we define its adimensional counterpart as p(§) = r[z(£)]/p.
Finally, the dimensionless relative shear deformability of the Timoshenko beam will
naturally appear as

., BI _ (Elgp’)'*
GAus® GA

(3.134)

An illustration of the problem with adimensional variables is given in Fig. 3.11b.

Analitical solution of the Euler-Bernoulli model

Under the change of variables introduced in section 3.5.2 the Euler-Bernoulli beam is
governed by

V"(E) =1, £€]0,d] (3.135)

with v(0) = v/(0) = v/(§) = 0,v(d) = 1. The solution is

v(§) = gz (523 >£3 (3 Sz)é (3.136)

The continuity of the bending moment yields § = 72'/4. The dimensionless shear force
has the following simple expression

T = —£+5< ﬁ) . (3.137)

such that at the boundaries one has

T(0) =35, T(5)=—36. (3.138)
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Since (§) = 1 in the contact region, the shear force at the boundary is given by

T(5) = 0. (3.139)

Unlike the bending moment, the shear force is thus discontinuous at £ = 6. As a
consequence, the contact reaction includes a point load of magnitude

fs=T(0)—T(6) = %5. (3.140)

Hence, one third of the distributed load applied to the beam in the free region ends
up as a point contact reaction force at the contact boundary. The other two thirds are
transmitted into the clamp. The distributed contact force in the region & > ¢ is simply

p(€) = 1.

Analytical solution of the Timoshenko model

Free region: After the change of variables Eqgs. (3.125) become

I/H//(f) — 1) 19///(5) — 17 V/(f) — 19(5) _ 6219//(€) (3141)

and the boundary conditions are v(0) = v/(6) = 0, v(§) = 1 for the adimensional
transverse displacement and 9(0) = 0, ¥(J) = s for the adimensional beam angle.
From the first two equations and the clamping conditions one knows that the deflection

y@:g_;((g)ZA(g)ZB(g)ZC(g)), 142

and that the beam angle is of the form

9(€) = %3 <<%_)3 +D (%)2 +E (%)) . (3.143)

The five constants A, B, C', D and F may be obtained using the two boundary conditions

is of the form
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at the contact interface, together with the third equation in (3.141). These are

24
A= -=-2A (1 + ﬁ) , (3.144a)
3 8 24
B_—5 (1+5) +4A (1+ﬁ)’ (3.144b)
24
C=-2 (1 + §> (A —1), (3.144c)
3 24
D= —§A <1 + ﬁ) , (3.1444)
5 1 12
E:_§+Z+2A+ﬁ<4A_1)’ (3.144e)
62
where we defined an additional adimensional parameter A = 6 The shear force
€
and the bending moment may now be computed
T =—¢- 0. mo=-5 - tpe-"p (3.145)
B 37 2 3 6 ‘

Note that one can verify that 7(0)—7(d) = 0, such that vertical equilibrium is satisfied.

Contact region: The adimensional equations are

7€) =1 pl&),  I(E) — () = 0. (3.146)

We start by solving the third equation for (&) together with the boundary conditions
9(8) = 95 and ¥ — 0 as & — +oo. The solution is given by

V(&) = V5e0=9/e, (3.147)
The internal bending moment and shear force in the contact region follow as

Te) = — B0/ py(e) = Y -ore (3.148)

€2 €
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Finally, from the second equation in (3.146) the adimensional distributed contact force
exerted on the beam is computed as

p(€) = ﬁ—ge“—@/f —1. (3.149)
€

The total contact reaction force over a region £ € [0, £] is

L
795 — €
fo= /5 P&y = 5 (1 =) + (L -0). (8.150)
04
— =€y
. — e=Adepey
\S/O.O - €= 1061‘cf
----Euler-Bernoulli
1_
04
s
1
<"
=
24 :
0 2 4 6 8

Figure 3.12: Transverse displacement, bending moment, shear force. The markers
denote the first contact point.

Subtracting the constant part of the contact force and taking £ — oo yields an equiv-
alent contact force in the transition region which may be compared to the point force
from the Euler-Bernoulli case in Eq. (3.140). It is equal to

9
fi==. (3.151)
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Figure 3.13: Distributed contact force.

For small ¢, this resultant force is concentrated in a thin boundary layer of length € and
located close to the transition point [215].

Transition point: The beam angle at the transition point is

A

s = 555

5t + 126%€* — 24) . (3.152)

The continuity of the bending moment is used to derive the following equation for the
adimensional free length

6% 4 6€6° + 30620 + 726%6% 4+ 72(e* — 1)6% — 144e(6 +¢€) = 0 (3.153)

By Descartes’ rule of signs the above equation has a unique positive solution. The
value of § from the Euler-Bernoulli model may be used as initial guess for an iterative
solution procedure. Interestingly, it can be verified that 7(6) — 7(6) = 0 and thus,
unlike in the Euler-Bernoulli case, the shear force is continuous and no additional point
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load at the contact boundary appears.

Figure 3.12 shows the transverse displacement, bending moment and shear force for
different values of the relative shear deformability e. We can already observe that
increasing € shortens the length of the free region, which is bounded from above by its
value taken in the Euler-Bernoulli case. For a better understanding of the magnitude of
the quantities involved, realistic dimensional parameters were chosen. These are given
in table 3.1 and represent a thin circular steel rod.

To judge the shear stiffness of the Timoshenko beam we may compute a slenderness
ratio of the beam in the free region as R/dpy, = 0.0097. Notice that L denotes the
finite beam length considered in the numerical models, whereas L — oo in the analytic
case. We assume that boundary effects are negligeable such that both solutions can
be compared. The resulting reference value for the shear deformability is €,.; = 0.023.
The value of € is increased by chosing a larger shear stiffness GG, while keeping all
other parameters fixed. The same parameter set will be used for all remaining figures
throughout this section.

Parameter Value Unit

R 1 min
g 0.01 mm
L 0.3 m
P 1 N/m
1 0.79 mm?
E 200 GPa
A 3.1 mm?
Gref 77 GPa

Table 3.1: Numerical values of the dimensional quantities used to generate all figures
throughout this section.

The distributed contact reaction force p for different values of the relative shear de-
formability, is represented in Fig. 3.13. It is also compared to the Euler-Bernoulli
model. As e decreases, the contact force gets more concentrated around the transition
region and tends towards a point load. Indeed, one can show analytically that when €
becomes negligeable

lim p(d) = +o0. (3.154)

e—0
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Numerical results and discussion

A good agreement between the exact and the numerically computed transverse displace-
ment, v, is obtained for both beam models and both contact discretization methods,
as may be seen in Figs. 3.14. This stays true for a small number of finite elements, as
shown by the discretization error in Fig. 3.15a, which is defined as

Ji 1n(®) — v(©)F dg
Jy v(€)?dg

(3.155)

The spatial convergence rate of 2, characteristic for constant deformation elements, is
conserved for all cases.

Since the mortar formulation assumes distributed contact forces and interpolates them,
in this case with linear shape functions, the method cannot represent the point contact
force that appears in the exact solution of the Euler-Bernoulli case. To compare with the
collocation method directly on the same graph, we divided the pointwise contact forces
by the length of the associated beam finite element. The point forces are always located
in the middle of the slave element. Far from the transition region the simple collocation
method yields satisfying results, but it also suffers from the oscillation phenomenon
close to the discontinuity. One possible explanation is that that the location of the first
contact point rarely coincides with the location of the discontinuity and when it does, it
is in the middle of an element that is incapable to represent a discontinuous curvature.

Similarly, the discontinuity followed by a potentially sharp gradient in the Timoshenko
case induces oscillations in the interpolated contact force. Note that this does not affect
the optimal spatial convergence rate. As may be seen in Figs. 3.14, these oscillations
may be reduced by mesh refinement. An important parameter is the ratio between
the element length h and the characteristic length of the boundary layer, which is
given by the relative shear deformability e. When the latter is decreased, the peak in
the distributed contact force is sharper, resulting in a problem with more numerical
difficulties.

Discretizations too coarse to represent the short spatial scales in the boundary layer, i.e.
such that h > € (see Fig. 3.14c), will result in a poor approximation of the distributed
contact force. Outside this transition region, the distributed contact force is equal
to the applied load and the numerical solution agrees with the exact one. Another
interesting quantity to look at is the numerical resultant contact force acting on the
beam and denoted f,, obtained by integrating the distributed contact force along the
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Figure 3.14: Comparison between analytic and numerical solutions of the transverse
displacement and distributed contact reaction force for a coarse and a fine mesh.

contact region.

Figure 3.15b shows the relative error with respect to the analytic solution which is
defined as

e; = Mo = Jel (3.156)

fe

We observe second order convergence only for the mortar method. Since the represen-
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lines represent the analytic value.

tation of contact forces is highly dependent on the number and location of the contact
points in the case of the collocation approach, it is difficult to conclude about conver-
gence. There is no doubt however, that the convergence behaviour is not as good as

for the mortar method.

Figure 3.15¢ shows the evolution of the numerical free length ¢; as the mesh is refined.
We take it as the average location of the first non-vanishing node and the maximum in

the distributed contact force.
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Remarks

e The Euler-Bernoulli model leads to a point contact force at the boundary of the
contact region and the shear force is discontinuous. For the Timoshenko beam
however, a purely distributed load is exerted by the wall, and the shear force is
continuous. The observed spike in the distributed contact force increases when
the shear deflection decreases, such that the solution for the Timoshenko model
tends towards the solution of the Euler-Bernoulli model.

e The discontinuity and high intensity of the contact forces at the contact boundary
are difficult to be captured by a numerical model, since they occur over extremely
short spatial scales. Indeed, the typical size of these short boundary layers is € in
the Timoshenko model and 0 in the Euler-Bernoulli model. As was shown in other
works, these local effects are a consequence of the selected kinematic hypothesis of
the underlying beam model and would not occur if a 3D continuum model of the
beam was adopted. Generally, such local effects are of no importance to multibody
system simulations, where reduced beam models, as they were studied here, are
often employed. For such applications, the interest lies in the overall behaviour of
assemblies of components. From that point of view, both the collocation and the
mortar approach provide a reasonable approximation of the distributed contact
forces. Indeed, the optimal spatial convergence rates for the displacements are
not affected.

e On the displacement graphs the solution for the collocation and mortar approaches
are indistinguishable. The same holds for distributed contact forces far from the
transition region. A major difference may be observed in the convergence be-
haviour of the total contact force, where the collocation method does not perform
as good as the mortar method while still yielding reasonable results in absolute
terms.

3.5.3 Twisting of two initially undeformed cantilever beams

In this example the twisting of two beams as described by Tomec et al. in [186] is
studied. Similar variants were also proposed in [51,102]. The beams are both initially
straight, of length L = 5[m] and cross-section radii R; = Ry = R = 107?|m], and they
are separated by a distance of H = 1073[m|. Their Young’s modulus is 1|GPa] and
they have a Poisson ratio of 0.3. We fully clamp them on one end and fix them to a
common rigid body on the other end of which we control the movement. First some
pretension is applied by imposing an axial displacement of d = 0.05|m| to prevent the
two beams from buckling as soon as the twisting motion is applied. Then the rigid
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body is rotated around the same axial direction by an angle ¢ = 27. In that manner
the end nodes of the beam travel on an imposed circular path. The two beams take
a shape that approaches a double helix and contact occurs along a continuous line. A
graphical representation of the load case can be found in Fig. 3.16 and some snapshots
of the simulation at relevant time instants are given in Fig. 3.19.

y L

2R+H§+U¢

7. FI,GA =Y

Figure 3.16: Schematic description of the twisting example.

Frictionless case

We will start by analyzing the frictionless case in detail. The results are summarized
in Fig. 3.17. We compare the distributed contact force in Fig. 3.17a. Oscillations
are observed near the transitions between contact and no-contact states, which can
be attributed to the presence of a discontinuity in the exact contact pressure as in
the previous test case. These are less pronounced for the collocation method. Due
to the absence of interpolation in the Lagrange multipliers and the fact that, in the
collocation method, constraints are imposed at discrete points rather than through
integrated, assembled quantities, the degrees of freedom are less coupled. As a result,
the influence of any discontinuity in the exact solution becomes more localized, reducing
the propagation of numerical oscillations across the domain. Far away from the the
influence of the transition region both solutions match perfecly. The proposed method
is able to handle the nonsmooth distributed contact force at the cost of oscillations.
These can be reduced by tuning numerical parameters, but will never fully disappear.
Note that the symmetry of the problem is well reflected in the result.

In Figs. 3.17b and 3.17c we study the number iterations of the Newton algorithm in
function of the number of elements and the number of load steps. As an indication
the average number of Newton iterations using 100 elements within 100 load steps is
a reasonable 1.96 in the case of mortar and 2.72 for the collocation approach. For
this study the terms related to the linearization of the shape functions and the normal
vector were neglected in the tangent stiffness matrix.

In the present example a spatial convergence rate slightly above 2 is obtained, see Fig.
3.17d. This superconvergence could be due to the SFE(3) interpolation scheme, which
approximates the beam centerline by piecewise helices [66,68]. These are particularly
well-suited for this kind of problem. We also highlight the fact that the convergence rate
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slightly deteriorates when number of contact points is high for the collocation method.
The reference solution is simply the result obtained for a very fine discretization of 1600

elements.
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Figure 3.17: (a) Distributed contact force for the 3D twisting example using 100 finite
elements for each beam. Color code: Mortar (red); Collocation (blue) (b) Average
and maximum number of Newton iterations for the mortar method.(c) Average and
maximum number of Newton iterations for the collocation method. For the influence
of the discretization the number of load steps is set to 100. For the influence of the load
step the number of elements is set to 100. For both analyses the beams are submitted
to one turn. (d) Spatial convergence study.
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Frictional case

We redo the same simulation, but this time the friction coefficient is set to pu = 0.3.
Our current implementation of the mortar method suffers from robustness issues and
convergence of the Newton algorithm could only be obtained for very specific combi-
nations of numerical, material and geometric parameters. Therefore, we only provide
results for the collocation method in this section which can be seen in Fig. 3.18. Ex-
trapolating conclusions from earlier results, we do not expect major differences between
the two methods. In Fig. 3.18a a spatial convergence rate of 2 can be observed. Here
the reference solution was obtained using a discretization of 250 elements.

Fig. 3.18b shows the final normal and tangential distributed contact force. We notice
that the normal contact force is very similar to the normal contact force in the friction
free case. Frictional effects are concentrated at the two extremities of the contact
region. The tangential contact force almost vanish in the central region away from the
boundaries. The absolute value of the tangential contact forces are always strictly below
the sliding treshold indicating that all elements are in a sticking state. The tangential
contact force along the direction of the centerline tangent (in blue in Fig. 3.18b) also
suffers from numerical oscillations in the transition region. It is more pronounced close
to the fixed boundary. Such oscillations are not observed for the tangential contact
force in the transverse direction.
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Figure 3.18: Results for the twisting example with a friction coefficient of 1 = 0.3 using
the collocation method. (a) Spatial convergence study. (b) Final distributed contact
force as a function of the arc length parameter using 100 finite beam elements.
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(a) First twist (b) Second twist

(¢) Third twist (d) Fourth twist

Figure 3.19: Graphical illustration of the results obtained for the twisting of two beams.
Here we show a simulation with up to four twists.
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3.5.4 The twisted pair

The goal of this chapter’s final section is to demonstrate our method’s ability to simulate
a torsion and a geometrically nonlinear bending experiment akin to the load cases of the
MESOMICS machine developed at the Fraunhofer Institute for Industrial Mathematics
in Kaiserslautern. The purpose of the machine is the robust measurement of mechanical
properties of cable bundles and hoses. Numerical simulations have been carried out by
Hawwash et al. in [114,115,216|. These experiments involve the torsion and bending
of a so-called unshielded twisted pair [217]. Twisted pairs consist of two intertwined
conductors. Their particular structure reduces electromagnetic radiation and cross-
interference. Commonly used in wire harnesses of automotive onboard electronics, the
electrical properties of twisted pairs are negatively affected by torsion, tensile strain or
accute bending deformation [218| which explains the interest of car manufacturers in
understanding their mechanical properties.

Figure 3.20: Typical specimen of a twisted pair.

A typical specimen used in the experiments can be seen in Fig. 3.20. One additional
complication stems from the initial deformation of the specimen. We model it as a
perfect double helix with radius r, = 0.65[mm| and pitch p;, = 20[mm)].

Torsion

A pure torsion test is performed on the twisted pair. At one end both wires are fully
clamped. At the other end they are connected to a revolute joint that imposes a rotation
0. along the x-axis. A schematic description of the experiment can be seen in Fig. 3.21.
A cyclic procedure is applied where the torsion angle is increased up to 12° and then
goes back to its original value of 0°. The reaction torque M, is measured as a function
of 6,. The following material and geometric parameters were used in the simulation of
the torsion test:

Parameter | Value | Unit
E 5610 | [MPa)
G 1870 | [MPa]
p 6.03 | [g/cm?]
r 0.65 [mm]|
l 10 [cm]
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We start by analyzing the case without frictional forces. Figure 3.25 compares the
normal contact force obtained from the collocation method with the distributed contact
forces resulting from the mortar method at the maximum applied rotation. These
results were obtained using 150 elements for each wire. For the collocation method
the contact patch was discretized into 50 contact points for stability reasons. We find
good agreement between the solutions resulting from both methods. All constraints are
active along the span of the contact line.

M, ﬂ 0.

T

Figure 3.21: Schematic description of the torsion test.

We redo the same simulation, but this time the friction coefficient is set to p = 0.2.
Our implementation of the mortar method suffers from robustness issues. Therefore,
we only provide results for the collocation method in this section which can be seen
in Fig. 3.26. Frictional interactions occur at the extremities of the contact region.
The tangential contact forces are almost always strictly below the sliding treshold, thus
indicating that most elements are in a sticking state.

In Fig. 3.22c, we present the torque-angle curves for the mortar method and the
collocation method with and without friction. We make the following observation. The
torsional stiffness of a single fiber with helicoidal initial shape is slightly higher than an
initially straight fiber. The torsional stiffness of the twisted pair when ignoring contact
interactions is exactly twice the stiffness of the single helicoidal fiber. The presence
of contact interactions between the two fibers results in an increase of the torsional
stiffness of the twisted pair.

A second observation is related to hysteresis. In their comparative study between Ansys
simulations and experimental results, Hawwash et al. successfully reproduced hysteresis
effects of similar magnitude to those observed in the experiments with their numerical
model [216]. Notably, their model did not include material plasticity, leading them
to conclude that hysteresis is primarily dominated by interwire friction. In contrast,
our friction model exhibits only negligible amounts of hysteresis. As can be seen in
Fig. 3.22d, the difference of the reaction force AM, between a simulation including
and excluding frictional effects is of the order of 1072. The discrepancy between our
results and those from the literature may be attributed to the nonsmooth nature of our
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Figure 3.22: Top: Contact forces along the span of the contact line at maximum applied
rotation of the torsion of the twisted pair simulation. Bottom: Analysis of the reaction
torque. We use 150 finite elements per beam. The full simulation is split into 100 load
steps. The Newton method converged after 1.92 iterations on average for p = 0.2.

friction model, where all contacts remain in a sticking state throughout the simulation,
resulting in no energy dissipation. It is important to note that a regularized approach
cannot accurately represent sticking. Consequently, all contacts in such an approach

are perpetually in a sliding state.
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Geometrically nonlinear bending

The bending test emulates the load case of the MESOMICS machine. The boundary
conditions for this bending experiment are derived from the second case of Euler buck-
ling [219] applied to a multiwire system. At one end both wires are rigidly connected
to a fixed revolute joint and at the other end they are connected to a sliding revolute
joint. The experiment has two phases to bypass the critical Euler buckling load:

e Initial Phase: A volumic load Fj is applied in the negative y-direction to the
specimen to induce buckling, displacing the roller-supported joint on the right side
slightly by Azq. In practice, this is done by hand on the MESOMICS machine.
Then the right side joint is kept fixed while the vertical load is removed.

e Cyclic Phase: A displacement in the negative z-direction Az is imposed in-
crementally on the righ side joint in steps reaching a maximum of 3 times the
diameter of the twisted pair assembly, followed by an unloading back to the ini-
tial position Azxy. We use a total of 100 load steps.

This setup creates a symmetric bending configuration, with zero bending moments at
the supports and maximum moments at the midpoint. The final evaluation of the
experiment consists in measuring the horizontal reaction force F), necessary to achieve
the displacement Az. A schematic description of the test case can be found in Fig.
3.23. Fig. 3.24 shows snapshots of the simulation at different time instants.

The following material and geometric parameters were used in simulation of the geo-
metrically nonlinear bending test:

Parameter | Value | Unit
E 1050 | [MPa|
v 0.50 | [MPal
p 6.03 | [g/cm?]
r 0.65 [mm]|
l 10 [cm]

y D
Ax
X

Figure 3.23: Schematic description of the bending test.
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(a) Initial state (b) After applying the vertical load Fp.

(c) Max displacement reached after 50 load

steps. (d) Final state

Figure 3.24: Snapshots of the bending of the twisted pair simulation at relevant time
instants. We use 150 finite elements per beam. The full simulation is split into 250
load steps. The Newton method converged after 3.25 iterations on average for p = 0.2.
The transverse dimensions of the wires have been scaled in these pictures for graphical
illustration purposes.

As for the previous example, we start by analyzing the case without frictional forces.
Figure 3.25 compares the normal contact force obtained from the collocation method
with the distributed contact forces resulting from the mortar method. These results
were obtained using 150 elements for each wire. For the collocation method the contact
patch was discretized into 50 contact points. Fig. 3.25a shows the contact forces at the
moment the vertical load Fj is applied which match for both methods. All constraints
are active along the span of the contact line. On the contrary, during the cyclic phase
of the experiment, contact interactions concentrate on the boundaries, as can be seen
in Fig. 3.25b. Amplitude peaks are more pronounced for the mortar method. This
could simply be due to the finer discretization of the contact patch.

We redo the same simulation, but this time the friction coefficient is set to u = 0.2. As
for the torsion test, our implementation of the mortar method suffers from robustness
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Figure 3.25: Contact forces along the span of the contact line at different time instants
during the bending of twisted pair simulation.

issues. Therefore, we only provide results for the collocation method in this section
which can be seen in Fig. 3.26. Similar conclusions can be drawn. The normal contact
force is indistinguishable from the normal contact force in the friction free case and
tangential contact forces are almost always strictly below the sliding treshold, thus
indicating that most elements are in a sticking state.

In Fig. 3.26¢, we present the force-displacement curves for the mortar method and the
collocation method with and without friction. For the same reasons as for the torsion
experiment, our friction model exhibits only negligible amounts of hysteresis. As can
be seen in Fig. 3.26d, the difference of the reaction force AF, between a simulation
including and excluding frictional effects is of the order of 1075,

3.6 Concluding remarks

This chapter presented a formulation of frictional beam-to-beam contact within the
SE(3) Lie group framework. The contact kinematics was expressed in the local frame
of reference attached to the beam centerline. A finite difference formula on SE(3)
provided an exact measure of tangential slip for beams with circular cross-sections.
The resulting contact elements depend only on the relative motion of the two beams
ensuring that the constraint gradient and the tangent operator are invariant under rigid
body transformations.
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Figure 3.26: Top: Contact forces along the span of the contact line at different time
instants during the bending of the twisted pair simulation. Bottom: Analysis of the
reaction force.

Two spatial discretization strategies were introduced for the contact line: a collocation
technique that enforces the contact law at discrete locations and is straightforward to
implement and a mortar finite element method that enforces the contact law in a weak
sense through integration over the contact region. The resulting discrete nonsmooth
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problem was addressed using an augmented Lagrangian formulation combined with a
semismooth Newton method. In parallel, progress was made towards incorporating a
Gauss-Seidel algorithm to enable contact-by-contact resolution strategies.

Numerical examples, including benchmark tests and beam twisting, were used to assess
the behavior and accuracy of the proposed approaches. Novel analytic solutions were
derived to that end. We conclude that the Euler-Bernoulli model leads to a point contact
force at the boundary of the contact region and the shear force is discontinuous. For
the Timoshenko beam however, a purely distributed load is excerted by the wall, and
the shear force is continuous. We show optimal spatial convergence rates as expected
for our frictionless mortar implementation.
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CHAPTER 4

DYNAMIC BEAM-TO-BEAM CONTACT

Chapter 3 was concerned with the spatial aspects of discretizing contact. Now, the
semi-discretized system is chosen as a starting point and we turn our attention towards
time integration. We take the same beam elements as before and we make the same
assumptions on the kinematics of contact. As discussed in the introduction, situations
might occur, where impacts between beams cause instantaneous jumps in the velocity.
These modeling effects are well understood in the field of rigid body dynamics. They
have been studied extensively and specialized numerical methods have been devised to
handle these challenges, see [188-191,212,220,221|. The case of beam-to-beam contact
is less obvious. These discontinuities in time have different origins. Two are in the
model and due to the radial rigidity of our chosen beam formulation or result from
frictional stick-slip transitions. A third one is a consequence of the finite element space
discretization. When contact occurs exactly at the location of nodes, the numerical
model becomes analoguous to the impact of rigid bodies. Indeed, finite element nodes
have finite mass associated to them. We therefore speak of numerical impacts. In any
case, the conclusion is the same. At the moment of impact, the acceleration is not
defined in the classical sense.

For that reason, a general nonsmooth formalism that has its roots in the nonsmooth
rigid body dynamics literature and valid both for the smooth parts of motion and at im-
pact time is appropriate. Such a formulation was first introduced by Moreau and Jean
in [222-224|. The equilibrium equations are written as equalities of measures instead
of ODEs, which opens the door to time stepping schemes for nonsmooth mechanical
systems. The Paoli and Schatzman scheme in [225,226] is also very popular. In sec-
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tion 4.2 we present the formulation in the particular case of beam-to-beam contact.
In the Moreau-Jean time integration scheme, the non-penetration constraints are only
enforced at velocity level. As a consequence, this scheme suffers from numerical drift.
Moreover, it cannot capture vibration phenomena accurately, since it only uses first
order numerical approximations of the involved differential operators. For the simula-
tion of flexible multibody systems these are major issues. Indeed, vibrations play an
important role in many systems that contain flexible components and though not the
subject of this thesis, the presence of bilateral constraints for the modeling of joints
should not be forgotten. Time integrators allowing numerical drift are not well suited
at all in such situations. The recent trend has been the development of integrators that
impose position, velocity and potentially also acceleration constraints simultaneously
and that use higher order approximations for the free part of the motion. These start
from a Gear-Gupta-Leimkiihler (GGL) type stabilization of the equations of motion.

The decoupled nonsmooth generalized-a (NSGA) scheme by Cosimo et al. [136] is one
example, see section 4.3. It is particularly well suited for systems involving flexible
components and is therefore the method of choice in this work. Not only does it
remedy the drifting problem, it also allows for second order integration of the smooth
part of the motion and fine control over numerical dissipation. Two properties which
are appreciated in the structural mechanics community. The generalized-a scheme was
initially constructed for solving the equations of free motion [227| and later extented
to constrained mechanical systems [228] and formulations on Lie groups [139-141].
Most recent efforts were dedicated to the inclusion of unilateral constraints, beginning
with frictionless contact [134,135,229|, and then allowing for multiple impacts and
friction [209,210,230-232|. This lead to the development of a few different versions
of the NSGA. They are all characterized by a suitable splitting of the variables into
smooth and impulsive (nonsmooth) contributions. The main difference between the
different NSGA methods is the choice of this splitting. In the version by Cosimo et al.
the resulting algorithm solves a sequence of three uncoupled problems at each time step,
starting by a smooth prediction that excludes any contact constraints and followed by
two projection steps. One that corrects for the non-penetration constraint at position
level and one for the velocity jump.

The chapter starts by introducing the nonsmooth formalism for contact dynamics in
Sec. 4.1. In this first formulation, non penetration constraints are expressed at position
level. In Sec. 4.2 we describe the formulation at velocity level and the derivation of
the NSGA follows in Sec. 4.3. In section 4.3.5 we discuss the augmented Lagrangian
formulation with a semismooth Newton method and a direct linear solver. Finally, in
section 4.4, we show the validity of the proposed algorithms by means of some numerical
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examples. The goal of this chapter is to demonstrate that together with the SFE(3) local
frame approach, these methods can deal with all the difficulties related to the simulation
of beam-to-beam contact in an elegant manner.

4.1 Formulation at position level

Here, we introduce the basic ideas underlying nonsmooth contact mechanics. The
final goal is to present a first formulation of the dynamics with contact constraints
simply appearing as an extension of the position contraints we encountered in the
previous chapter. This version of the equations of motion will be our starting point for
constructing the nonsmooth algorithm.

4.1.1 Mathematical preliminaries

We start by introducing some important mathematical concepts necessary for the un-
derstanding of nonsmooth formalisms [190,191,197,222].

Definition: A function f : I — R"” is absolutely continuous on the interval I if, for
every € > 0, there exists a 0 > 0 such that,

> () — £(ar)] < (4.

for any m and every finite collection of pairwise disjoint intervals [a;, b;] € I satisfying

m

> (b —a;) < 6. (4.2)

=1

For a real valued function f on an interval I = [a,b] the following statements are
equivalent:

e f is absolutely continuous.

e The derivative of f, written f’, exists almost everywhere and is Lebesgue inte-
grable, and we have

£(t) = £(a) + / £(r)dr (4.3)



forallt e I.

Definition: A function f : I — R” is called a step function when it takes a finite
number of values on the domain I, such that it can be written as

£(t) = Dl (t), (4.4)

where m € N, a; € R and Wy, is the indicator function of the set Z; that takes the
value 1 if t € Z; and is zero otherwise. A graphical example of a step function is shown
in fig. 4.1a.

For illustrative purposes let us briefly study the simple example shown in fig. 4.1c: the
Heaviside or unit step function. All step functions can be written as a linear combination
of the Heaviside function. We define it as

1, t>0

H(t) = {0 o (4.5)

In some definitions, the value of H(0) is left unspecified or defined as H(0) = 1. We
will use H(0) = 0.5. It is also defined as the derivative of the ramp function

d
H(t) = &max(t, 0) fort#0. (4.6)
The derivative of the Heaviside function vanishes everywhere except at the origin where
it is infinite, which is exactly one of the properties of the Dirac Delta function §(t). To
make sure that the integral of the Dirac Delta function is indeed the Heaviside function
its definition contains a normalization condition such that we write

400 ift=0 oo
i(t) = {O 10 , /Oo o(t)dt =1 (4.7)

138



and we can hence also write the Heaviside function as

H(t) ::/ d(7)dr. (4.8)

Definition: A function f : I — R" is of locally bounded variation if and only if

sup Z I£(t;) — £(t;i_1)|| < o0 (4.9)

for every compact subinterval [a, ] € 1.

For a function of a single variable it can be visualized as the vertical distance travelled
by a point that follows the graph always remains finite. This also means that the
function is allowed to exhibit jumps as long as these are finite. Fig. 4.1b shows a
classical counter example.

A function of locally bounded variation f may be decomposed as

f=1f,+f;+1., (4.10)

where

o f,, is a singular function. It is continuous, non-constant and has a vanishing
derivative almost everywhere.

e f; is a step function.

e f,. is absolutely continuous.

4.1.2 Nonsmooth mechanical systems

As discussed in the introduction of this chapter contact interactions between beams
can cause jumps in the velocity and accelerations that are not defined in the classical
sense. As a consequence we cannot write the equations of motion as DAEs since they
are not valid at the precise moments where impacts occur.

We will see below that the equations of motion can be written in terms of measure dif-
ferential inclusions. Solutions of measure differential inclusions are defined as functions
of locally bounded variation i.e. solutions of measure differential inclusions contain
the contribution of a step function, which can account for jumps in the evolution of
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Figure 4.1: (a) Example of a step function. (b) Example of a continuous function that
is not of locally bounded variation: f(t) = tcos(10/t) for t €]0,1]. (c) Graph of the
ramp function, the Heaviside function and the Dirac Delta function.

the state variables such as for example the velocity. Hence, they are the appropriate
mathematical framework to express the dynamics our mechanical system.

The pose of a space discretized mechanical system ¢ is assumed absolutely continuous in
time. The velocity is of locally bounded variation. Therefore it admits a decomposition

analogous to Eq. (4.10)

V= Vg + Vg (4.11)
The smooth part of motion is contained in v,. whereas the nonsmooth part related to
impact effects is contained in vy, see fig. 4.2. The singular function was left out as it

is not necessary in the context of mechanical systems. Moreover, the velocity always
admits a right and a left limit

vi(t)= lim wv(r), v (t)= lim wo(7). (4.12)
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Figure 4.2: Decomposition of the velocity into a step function and an absolutely con-
tinuous function.

To simplify notations we will consider v(t) = v™(t) from now on.

In a nonsmooth formalism, the time derivative of the velocity is replaced by the dif-
ferential measure dv. Similarly, the contact force becomes the impulse measure di.
Following Eq. (4.11) the velocity measure is decomposed as

dv = dvy + dvg.
=odt+ Y (v(t;) — v ())&, (4.13)

i

We denote ¢;, the Dirac delta supported at impact time ¢; and d¢ > 0 is the standard
Lebesgue measure for time. In a similar fashion the impulse measure is split as

di=Adt+ ) pidy,, (4.14)

The variable A is a Lagrange multiplier associated to smooth motion and the p; is the
impulse reaction force caused by an impact at time t;. The equilibrium equations of a
system of beams with contact conditions in terms of differential measures are

Mdv — BYdi + fdt =0 (4.15)

under the contact laws formulated at position level:

gh € O (diy),
ifgy <0 v+ epoy € W (dif), Vi=1,2,...,Ne. (4.16)

141



At impact time t; we prescribe the change of velocity using the Newton impact law. In
the normal direction it writes

vl = =\l (4.17)

where the normal contact velocity is defined as

v}, = Biyw. (4.18)

In the tangential direction it is

vl = —el vl (4.19)

where the tangential contact velocity is defined as

v}, = Blwv. (4.20)

The restitution coefficients express the amount of energy that is lost during an impact.
They take values between 0 and 1 for ey and between —1 and 1 for er. They can
be measured experimentally or derived through analytic considerations. For flexible
bodies one usually takes egv = egp = (0. This means that if the pre-impact velocity is
finite, the change in velocity is sudden i.e. v(t;) — v~ (¢;) # 0. We speak of a velocity
jump.

Remarks

e The kinematic equations in Eq. (2.75b) also hold for every nodal frame.

e Particularizing notations to a two-beam system we introduce the following defi-
nitions. M(q) = diag(M;, M) is the total mass matrix, which depends on the
relative configuration between the nodal frames. M; and My are the assembled
mass matrices of the slave and master beam respectively, as they are found in Eq.

(2.79). Similarly, f(q,v,t) = Ej is total force vector. Akin to Eq. (2.78c¢), it

contains the assembled internal, external and gyroscopic forces of both beams.

dv
o dv = [ q 1} contains the differential measure associated to the velocity of every
2

node.

142



e The gf\,(q) are simply the normal (weighted) gaps, g%(q) are the tangential (weighted)
gaps and B(q) is the assembled constraint gradient as it was defined in Chapter
3, which has a normal contribution BY, and a tangential contribution B/ to a
given contact j.

. di . .
o di = { dZ'Nl denotes the impulse measures of the contact force associated to the
1T
whole set of contacts.

e Asin the previous chapter, ¥r+ is the indicator function of R™ and dyg+ its subd-
ifferential. Moreover, ¥)c(q;y) is the indicator function of a section of the Coulomb
friction cone such that Eq. (4.16) represents frictional contact conditions. The
inclusions in Eq. (4.16) are shortcuts for dip+ (X)) and Mo, )(A7) during the

smooth part of motion and dyg+ (ply) and 8wc(ij)(pgT) at impact time ;.

e N is the total number of discrete constraints. For the mortar formulation it is
related to the order of the shape functions used to interpolate the distributed
contact pressure. For a collocation type approach it is simply the number of
collocation points.

4.2 Formulation at velocity level

The Newton impact law can be directly embedded into into the equations of motion
by writing the constraints at velocity level [209,210,222-224|. From now on, the de-
velopments are particularized to the case ey = er = 0, which is usually accepted for
contacts between flexible bodies. The equivalence between the velocity formulation
and the formulation presented in the previous section is ensured by Moreau’s viability
Lemma. The equations write:

Mdv — B”di + fdt = 0, (4.21)

under the contact laws at velocity level:
—vl € Mg+ (dily), if gh <0, VYj=1,2,...,N¢ (4.22a)

—0 € Mgy (dif), if gy <O Vj=1,2.. Ne. (4.22D)
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Let us write the explicit form of the contact laws for clarity. The impenetrability in
Eq. (4.22a) are expressed at the level of the normal contact velocity: if gy <0

v}, >0, dil, >0, oldil, =0. (4.23)

In the time-continuum setting it is equivalent to the normal position constraints in Eq.
(4.16) [189,190] together with the impact law in Eqgs. (4.17) and (4.19).

Note that at velocity level we have the inequality g% < 0 in Eq. (4.22a) and not the
equality g3 = 0 as one could expect. It appears as part of Moreau’s proof of his viability
Lemma.

Coulomb’s law in Eq. (4.22b) is most naturally expressed in terms of the tangential
contact velocity. Explicitly it writes:

vpl|dir| = —[lvplldif, pdiy —|[diz]| >0, [loz] (pdiy — [|diz]) =0.  (4.24)
In the smooth part of the motion the friction conditions are

V7Nl = = llop Az, Xy = Il >0, ozl (nXy = IX7]]) =0 (4.25)

and when gf\, = 0 at impact time t = ¢; a friction law of similar form holds:

vrllplzl = ~llvplple,  moly = Pl = 0, vl (uwiy — lIpfll) = 0. (4.26)

4.2.1 Particular cases of the equations of motion

In the static case, the first term in Eq. (4.21) is ignored and the impulse measure boils
down to its smooth contribution as di = Adt such that the equilibrium of forces is
given by

(f—B"A)dt =0, (4.27)

which is true when the expression in brackets vanishes. The frictional contact con-
straints are expressed by Eq.(4.25), but v7 is replaced by the slip increment dg/. as we
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showed in Chapter 3. Hence we recover quasi-static algorithms as a particular case of
the present formulation.

In the absence of impacts the equilibrium equations fall back to traditional ordinary
differential equations

Mo —B'A +f =0, (4.28)

that hold together with Eqs (4.25). In many computational mechanics applications it
is the above model that is considered [147-149,153,160,183]. These are also covered as
a particular case of the formulation in terms of measure differential equations.

4.3 NSGA time integration scheme

The nonsmooth generalized-a method we will present in this section is an extension of
the classical algorithm by Chung and Hulbert [227]. It is designed for an absolutely
continuous configuration variable that is part of a Lie group. In this thesis we follow
the works of Cosimo et al. [210]. Let us also mention a version of the NSGA that
includes constraints at acceleration level by Briils et al. [135] and Capobianco [232] and
the progress made by Wang [233] in introducing the mortar method in a nonsmooth
framework.

4.3.1 Representation of motion

Since in the present case the configuration ¢ is an element of a Lie group G = SE(3)"
and we work with a representation of derivatives in the Lie algebra by left translation,
a slight adaptation of the derivation presented in [134] is necessary, as briefly presented
in discrete form in [210]. Here, we present a complete derivation of the NSGA for
mechanical systems on a Lie group starting from the continuous time formulation. We
consider a time interval Z =|t,, t,,+1] and suppose that the variables ¢(t,,) and v(t,) are
known at t = t,,. In chapter 2 we saw that the configuration ¢ at some time ¢t € Z may
be represented by an increment vector a¢ making use of the exponential map

q(t) = q(tn) expg (S(a(t))) , (4.29)
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The time derivative of the increment vector is related to the velocity

a =T (a)v. (4.30)

Eqgs. (4.29) and (4.30) are kinematic equations that always hold for the duration of the
considered time interval.

4.3.2 Velocity splitting

Following [134-136,209], we introduce a splitting of variables to separate impulsive from
smooth contributions to the motion. In the considered time interval Z, let v(t) be a
function of bounded variations. It plays the role of a smooth acceleration. The smooth
part of the velocity field, written 9(t), is obtained by integrating it with the initial value
v(t,) = v(t,). The velocity measure is decomposed as

dv = dw + vdt. (4.31)

The variable dw contains all discontinuous contributions to the velocity resulting from
any impacts during the considered time interval. The smooth configuration ¢(¢) and
velocity v (t) are defined as the solution to the following contact free initial value problem

G = q(tn) expg (S(@)), (4.32a)
a =T (&), (4.32D)
M(§)v — £(§,v,t) = 0. (4.32c)

with initial values ¢(¢,) and ©(t,). Note that the problem defined above only includes
smooth variables. It is independent of the total configuration and the total velocity
which will naturally result in a time integration scheme where the different subproblems
are uncoupled. Eq. (4.32b) is a consequence of Eq. (4.32a). These two equations are
thus not independent, but we write them down explicitly here to show that these
relations must hold for the smooth motion. Isolating dw in Eqgs. (4.31), (4.32) and
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(4.21) yields an equation for the nonsmooth variables

M(q)dw — BTdi — f*(q, v, §, , v, t)dt = 0. (4.33)

together with the contact constraints in Eqs. (4.22a) and (4.22b) and with the vector
of forces of which smooth contributions were subtracted as

f*(q,v,4,0,0,t) = f(q,v,t) — £(4,9,t) + (M(§) — M(q)) v. (4.34)

4.3.3 Gear-Gupta-Leimkiihler formulation

The impenetrability constraints in Eq. (4.22a) are written at velocity level. As men-
tioned in the section 4.2, the exact solution of the problem as formulated in Eqs. (4.21)
and (4.22) also satisfies the constraints at position level in Eq. (4.16). This is no longer
true after time discretization. A time integration algorithm based on the problem for-
mulation presented in the previous section with constraints only enforced at velocity
level will not satisfy the position constraints due to a numerical drift effect. For that
reason Briils et al. [134] proposed a Gear-Gupta-Leimkiihler type reformulation [133]
of the equations of motion that includes the velocity and position constraints explicitly.
This strategy leads to a discretization procedure that simulatneously satisfies impen-
etrability at position and velocity level. It can be interpreted as an index reduction
operation for systems with inequality constraints. A similar technique can be applied
to add information about the contact problem at acceleration level. [135,232].

The idea is to add the constraints at position level to the kinematic equation above.
To keep a well posed problem, we relax Eq. (4.32b) by multiplying both sides by the
mass matrix and introducing an additional Lagrange multiplier ¢ analogous to A

M(q)Te(a)é — B¢ = M(q)o. (4.35)

For the exact solution, ¢ is supposed to vanish since the velocity and position constraints
are redundant. Eq. (4.30) is thus technically not satisfied if ¢ = 0. However, we have

a(t) = alt,) + /t u(r) dr. (4.36)
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The full set of EOMs now is (i) an equation for the smooth motion

(ii) a problem at position level

M(q)Ta(a)a — B¢ = M(q)v,
with associated position constraints

—gh € O+ (¢}), Vi=1,2,...N¢

and (iii) an equation for the nonsmooth contributions

M (q)dw — BYdi — f*(q, v, 4, ¥, ,t)dt = 0,

with the original constraints at velocity level

—vl, € O+ (dihy), if gl <0, Vj=1,2,.. Ngo

—v € Mogap ) (dih), 1 gh <O Vj=1,2,... No.

(4.37)

(4.38)

(4.39a)

(4.39b)

(4.40)

(4.41a)

(4.41D)

The representation of motion in Eq. (4.29) also still holds. When setting ¢ = 0 Egs.
(4.37) to (4.41b) are equivalent to Eqs. (4.31) to (4.33) together with the kinematic
relation in Eq. (4.30) and the constraints at velocity level in Eq. (4.22a) and (4.22b).
When all constraints are active, the equations reduce to Gear-Gupta-Leimkiihler for-

malism for DAEs. Analogous to the position constraints in the quasi-static setting, the

tangential position constraints in Eq. (4.39b) are written in terms of increments to be

able to capture the irreversible nature of friction.
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4.3.4 Time integration method

Now that all preparations have been made we can turn our attention towards the actual
time discretization. The idea is that since by construction ¢(¢) and o (t) are sufficiently
smooth to be integrated by a higher-order time integration formula. In our case we
employ the generalized-a scheme which is of order two. Then nonsmooth correction
terms are defined such that the contact constraints are satisfied. We start with the
velocity jump which is defined by

t
W(tn;t):/ dw, (4.42)
tn
which satisfies

W(tnt) = v(t) — v — 0(t) + 7 = v(t) — b(2). (4.43)

The terms cancel out due to our assumptions on the initial configuration and the intial
velocity. The position correction is defined as

Uty t) = /t & — TS (@)] dr, (4.44)

satisfies

Ult:t) = alt) — alty) — / &)bdr
— a(t) - alte] - alt) + al]

= a(t) — a(t), (4.45)

Qz

where we used Eqs. (4.36) and (4.32b) and we have W(t,;t,) = U(t,;t,) = 0. We
additionally define the multipliers

Altn;t) = / t di, (4.46)
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and

V(1) = / C(r) + Alty: 7] dr. (4.47)

The time step size is written h = t¢,,; — t, and discretized approximations of the
variables are denoted by a subscript as in ¢,11 ~ q(tni1), Vi1 = V(tne1) etc. We
also introduce the discrete nonsmooth variable W, .1 ~ W (t,;t,.1) (and U, 1 =~
Uty tni1), A1 = Atp;tnt1), Vne1r = V(L tay) respectively) and A, 1 = A(t,y1)
(and v, 41 =~ v(t,11) respectively).

The time integration scheme is based on a discrete approximation of Eqs. (4.38) and
(4.40). We start by Eq. (4.40) which is discretized as:

M(Q(tn+1))wn+l = Bz—i-lAnJrl + hf;:-&-l + O<h)' (4'48)

Indeed, integrating Eq. (4.40) over |t,, t] and keeping in mind that ¢ is continuous gives

t t t
Oz/M(q)dW—/BTdi—/ f*dr
tn tn tn

t t

— M(q) / dw —B” / di —hf* + O(h) VteT. (4.49)
t’ll tn
=W =A

Then, Eq. 4.48 is obtained by setting ¢t = ¢,,,1. Note the appearance of the velocity
jump W, in Eq. (4.48). Now we focus our attention to the discretization of Eq.
(4.38) for which the following holds:

M (Gns1)Unsr = BL, vy + B35, + O(h), (4.50)

This property is obtained by integrating Eq. (4.38) over the time step Z and introducing
Eq. (4.50) and Eq. (4.43) as follows:
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0

/;W (M(¢)Te(a)a — B¢ — M(q)v) dt

/t " (M(@)Te(@) (& - To (@)d) — BTC — hf*) dt

n+1

(M(q)Te(e) (& — Tg'(a)p) — B (C+ A) — hf* + O(h)) dt

tn

tni1 tnt1
= M(¢pt1) / (e — TG (a)v) dt —B) 4 / (¢ + A) dt —h*f* + O(h?).
tn tn

J/ N J/
- -~

=Upt1 =Vn+1

(4.51)

In the final step of the derivation we used M(q) = M,,;1 + O(h), B(q) = B,41 + O(h),
To(a) =14+0(h) and Te(a) = T(a)+O(h) which is a consequence of the continuity
of ¢q. The three terms in the equation above are interpreted as nonsmooth contributions
since they appear as the difference between the total and the smooth motion. For the
first term it is obvious. The second term contains A which is the discrete multiplier
associated to the nonsmooth velocity problem. As shown by Eq. (4.34) the third term
also involves the difference between contributions from the full and the smooth motion.

Smooth motion

The smooth motion, we simply solve Eq. (4.37) using the generalized-a scheme, as in
Sec. 2.3.2

Gn+1 = @ expg (S(Qn11)), (4.52a)

M(dn-‘rl)’bn—kl - f((jn-i-l? f’n—f—h tn—i—l) =0. (452b)

Unsurprisingly, it is the exact same set of equations as described in Eq. (2.88). The
equations only involve the smooth variables ¢,11, &, 11, V11 and %]n+1. They can hence
be solved completely independently of any information about the contact state stored
in the position correction U, 1, the velocity jump W, or the full kinematic variables

Gn+1 and v, 4.
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Position correction

After the computation of the smooth motion the configuration of the system is corrected
using Eq. (4.44) evaluated at t,,1 as

Qpt1 = &n+1 —+ Un+17 (453)

where U, is obtained by solving a discrete contact problem satisfying the normal
and tangential constraints at position level. This position correction step ensures the
absence of numerical drift that notoriously plagues velocity based time integration
schemes.

The dependence of f* on v in Eq. (4.50) signifies a coupling between the equation
above that we intend to solve for U, and the problem at velocity level. Cosimo et
al. [136,210] argue that the f* operator is much more sensitive to changes in ¢ than v
such that the actual equation they propose to solve for the position correction is

M(Gp11)Up — P2 =By, = 0. (4.54)

where £ | = f(¢ui1, Ons1, tns1) — £(Gngt1, Ong, tos), effectively neglecting inertial ef-
fects and fixing the velocity to its smooth contribution while computing the position
correction. This modification gave satisfying results on academic test cases including
flexible systems. Therefore we will employ the same simplification.

As in [134,210] we impose discrete position contraints based on the integrated quantity
v, 1 and with the gap functions evaluated at ¢, 1

_g?\ﬂn.l,_l € 8wR+(V]jV,n+1)7 Vj = 17 2a Sy NC' (455&)

—8) i1 € awc%m)(ug'pmﬂ), Vj=1,2,.., Nc. (4.55b)

If contact occurs during the time interval Z, G;,,n 41 > 0and A?Vm 41 > 0, hence from Eq.
(4.47) we also have that 1/{\,771 41 > 0. Similar considerations are true in the tangential
direction. This justifies the use of Eqgs. (4.55). Eq. (4.54) implies that if v, # 0
then U, # 0 i.e. if the constraints in Eqgs. (4.55) are activated, then a non-vanishing
position correction will be computed and the motion will deviate from the smooth
trajectory as expected.
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We could have opted for discrete versions of (i and ¢, as suggested by the actual time
continuum constraints in Eqs. (4.39). Since they are not immediately accessible by the
algorithm which uses integrated values they need to be computed through a numerical
integration step which is polluted by large numerical errors in the presence of impacts.
This choice is thus not recommended.

Eq. (4.54) with the constraints (4.55) is to be solved for the unknows U,,;; and v,,;;.
The problem has the same mathematical structure as the quasi-static discrete friction
problem presented in Eq. (3.76) and we can reuse the same solution algorithms, see
Sec. 3.4. In this thesis we employ the augmented Lagrangian method. The augmented
Lagrangian for the unilateral position constraints is given by

N¢
. . Dy 1 .
Ep(UnH, Vni1) = Z - kpgg\/,n—i-lyg\/,n—l—l + Ep(ggv,nH)Q - %dlStQ [fgv,mm Rﬂ
j=1 P

. , [ N
- kpg%ﬂ,n-i—l ’ V%ﬂ,n—i—l + Ep||g%“,n+1|| - %dlSt [ ‘le“,n—s—l? C g\f,n+1:| s
(4.56)
where we introduced the augmented multipliers 5{% = ka]{,,n = ppgfv,n 41 and

Tmgl = kplﬂf’n 1 ppg]in 41+ As already detailed in Chap. 3 the solution to the position
contact problem is then obtained by stationarity of the augmented Lagrangian:

5£p(Un+1, Vn+1) = 0. (457)

Dual formulation for the position subproblem

In Sec. 3.4.2 we discussed the possility to solve discrete frictional contact problems using
a Gauk-Seidel type technique as presented in [49]. Therefore we provide linearized dual
form of the position contact problem in Eqgs. (4.54) and (4.55) here. Following the
same procedure as in Sec. 3.4.1 and 3.4.2 we obtain the following expressions.

The Delassus operator for the position subproblem is

D, = B [M(G,y1) — h*K5] ' BT, (4.58)
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where

Dferl ’ Aqn—i-l - K%AQn—H (4'59)

and we define the vector

~ -1 ~ con
by = —B [M(Gus1) = BK5] " [M(Gos1)Upir — B8] + 0. (4.60)

con
n+1

gaps evaluated at time ¢ = t,,,1. The linearizion of Eq. (4.54) yields an expression for
the position correction analogous to Eq. (3.80):

Just as in the quasi-static setting, the vector g¢°" stacks all the normal and tangential

1

AU, 1 = — [M(Got1) — PPK5Te] " [M(Gui1)Upir — R0 —BTyyyq] . (4.61)

Velocity jump

After finding the pose ¢,.1 of the system, the velocity jump W, is computed. To
that end we solve the approximation of Eq. (4.48):

M(¢n1)Wyp1 = B7:1F+1An+1 + hf;+1(vn+l) (4.62)

while enforcing the following discrete constraints at velocity level
_U]J\‘[,TH-I S awR-" (Agl\f,n—‘,-l)? v] = ]-7 27 EERE) NC (463&)

_’v']I‘jJH-l € 81/10(1\3\] (A%ﬂn—f—l)? vj - ]-7 27 ) NC' (463]3)

7'n,«&»l)

The augmented multipliers for the augmented Lagrangian technique are af\,m b=
k‘vAg\,’n = pvv]ij 41 and a']f’n = kvAZ‘f,n 1= pvv{’p’n 41~ Different scaling and penalty
factors may be employed for the velocity and the position problem. The augmented
Lagrangian functional associated to the velocity problem writes
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Ng
Ly(Wpg1, Apyr) = Z - ka]]V,n+10—?V,n+1 + E(Ujjv,nﬂ)z - gdlstQ [U?V,nJrl? R+]
=1 !

. . Do 1 . ;
- kvv%“,n-l—l ’ a%,n-l—l + ?H’U’JT,n—i—l ”2 - 2]% dlSt2 |:0-']T,n+17 C‘Tg.\f,n+1i|
(4.64)
and the solution is obtained by requiring:
6£U(Wn+17 Un+1> = 0. (465)

Dual formulation for the velocity subproblem

Again, we can write the dual formulation introduced in Sec. 3.4.2 of the velocity
problem allowing the use of the solution algorithms in [49].

The Delassus operator is

D, = B [M(gn.1) — hKy] ' BY, (4.66)
where
Df:;Jrl . Aqn+1 = K%Aqn_;'_l (467)
and we define the vector
by = —B [M(gus1) — hK3] ™ [M(gui) Wit — b5, ] + 00 (4.68)

con oy i . oy i
The vector v;2 stacks all the normal velocities vy, ,, and tangential velocities vz, ;.

The linearizion of Eq. (4.54) yields an expression for the velocity jump analogous to
Eq. (3.80):

AW, 11 = — [M(qni1) — BKS TG [M(Gui1)Wogr — bE2 —BTA, ] (4.69)
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4.3.5 Numerical implementation of the NSGA

The three subproblems in Eq. (4.52), Eq. (4.57) and Eq. (4.65) have to be solved at
each time step. These correspond to a smooth prediction, a position correction and a
velocity jump and are computed sequentially in a fully decoupled manner. For each
subproblem we employ a semismooth Newton solution scheme as presended in Chap.
3. The algorithm is summarized in Alg. 4. The smooth motion is integrated using the
generalized-a formulas. Therefore, the corrections Ai)nﬂ and Aa, 1 can be expressed
in terms of Av,1, W,1 and U, 4, as

A'Un+1 - A'{]n+1 + AWn+1, (470&)
AV, = (1 —am)/ (1 = a)yh) Av, i, (4.70b)
Aan+1 = 1/’}//A;l}n+1 + AUn+1. (470C)

We denote the residuals of the different subproblems r’;} for the force equilibrae, r?, r?

cr-c

for the constraints and the tangent matrices S!, where i = s, p,v. The criterion used
for checking the Newton scheme convergence in each sub-problem is denoted simply as

r’} < tol, fori = s, p, v, (4.71)

where tol is a composed tolerance. It is given by

tol = tol, (Z e k]l + tolf> : (4.72)
k

where tol, is a relative tolerance set by the user, rjﬁk is the kth term contributing to
the residual 1%, toly is a reference tolerance and || - || denotes the Ly norm.

The solution does not depend on the value of parameters ks, k,, k,, ps, pp, and p,.
However, the conditioning and consequently the convergence rate do depend on them.
Therefore, the iteration matrices are scaled as follows [234]:

m
h
where m is a characteristic mass of the problem.

ks:ps: 7kp:pp:makv:pv:m (473)
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We also provide a description of the solution scheme when replacing the nonsmooth
Newton solver by the Gauf-Seidel algorithm in Alg. 5.

4.4 Numerical examples

We present four numerical examples to show the potential of combining the beam-
to-beam contact finite element formulated on SE(3) with the NSGA time integration
scheme and the semismooth Newton method. We start by a dynamic version of the
sliding patch test in Sec 4.4.1. The second example is the bouncing of a flexible beam
on a rigid substrate in Sec. 4.4.2 which is followed by the bouncing of two flexible
beams in Sec. 4.4.3. Finally, in Sec. 4.4.4 we study the twisting of two beams.

4.4.1 Sliding patch test

We redo the exact same test as for the quasi-static case in Sec. 3.5.1 with an imposed
constraint at velocity level and show the results in Fig. 4.3. Similar conclusions can be

drawn.
10° 1.5
E
=
% 11 * L 3 X
10-° =
=
s 0.5
= 0.2 AL
10-10 = //’ \\\
=01 e >~
5 -~ ™
= |« N
10—15 : (= na nd
0 20 40 60 80 100 0 0.2 0.4 0.6 0.8
Timels| s[m]
(a) Relative error. (b) Contact reaction forces.

Figure 4.3: Left: Relative error on the gap for different combinations of models and
parameters. Right Top: Vertical distributed contact force. Right bottom: Tangential
distributed contact force. Red: mortar with g = 0. Blue: mortar with p = 0.2, Other:
Collocation with 1 = 0.2 (only on the left).
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Algorithm 4 [g,11,A,41] = solveNonsmoothGenAlphaTimeStep(q,,)

'bn-l—l =0, Vnt1 = O>An+1 =0, Un+1 =0, Wn+1 =0
apt1 = (apv, — anay,) /(1 — o)
Vni1 = Upi1 = U, + W1 —7)a, + vha, 41
Qi1 = hv, + (1/2 — B)h2a, + Bha,
Step 1 (smooth motion):
for k € [1, MaxIter| do
n+1 = qn eXpSE(3)N(S(an+1))
compute r
if Convergence(r}) then break end if
compute S7
Aay, 1 = —St_lrj;
Oyl = Olpy + Aa’n+1
"?n+1 = i)nJrl + ’}/AanJrl
'bn—o—l = ;i)n—i-l + BlAan—l—l
end for
Step 2 (position correction):
for k € [1, MaxIter] do
An+1 = Gn CXPgE(3)N (S(etnt1))
compute r’, 17
If Convergence(r’) A Convergence(r?) then break end if
compute S
p
|:AUTL+1:| — (Sf)_l |:rf:|
A’/n—l—l I-IC7
Un+1 = Un+1 + AUnJrl
Qi1 = Oy + A.U-nJrl
Vpi1 = Upg1 + Avpgg
end for
Step 3 (velocity jump):
for k € [1, MaxIter] do
Qn+1 = qn eXpSE(3)N<S(an+1))
compute ry, r;
If Convergence(r}) A Convergence(r;) then break end if
compute Sy
AW, | -1 |TF
N =

C

W, =W, + AW, 4,

Vny1 = Upp1 + AW,y

Apyr =AM + AN
end for

ant1 = ap1 + (1 —ay)/(1 - ) Vi1
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Algorithm 5 [g,+1, Ayy1] = solveNonsmoothGenAlphaTimeStepGS(g,,)

i.}nﬂ =0, Vpy = 00A,,1=0,U, ;=0 W, ;=0
apt1 = (apv, — apay,) /(1 — o)
Vpi1 = Opi1 = v, + h(1 —y)a, + vha, 1
a1 = hv, + (1/2 — B)h*a, + Bh*a, .
Step 1 (smooth motion):
for k € [1, MaxIter] do
In+1 = Gn €XPgp(3)n (S(Qni1))
compute r
if Convergence(r}) then break end if
compute S}
Aay, 1 = —St_lr;
Qni1 = Qi1 + Ay
Vpi1 = Upy1 + v Aan i
Vg1 = Vpg1 + Ay
end for
Step 2 (position correction):
for k € [1, MaxIter] do
n+1 = Gn €XPgp(3)~ (S(Qnt1))
compute r’, r?
If Convergence(r’) A Convergence(r?) then break end if

compute D,, b, > Eqs. (4.58) and (4.60)
Vyt+1 = so-bogus (D,, b,, MaxIterGS) > Use hybrid local solver in [49]
compute AU, > Eq. (4.61)
U1 = Uy + AU,
Qi1 =0 + AU,

end for

Step 3 (velocity jump):

for k € [1, MaxIter] do
n+1 = Gn €XPgp(3)~ (S(Qnt1))
compute ry, ry
If Convergence(r}) A Convergence(r;) then break end if
compute D,, b, > Eqs. (4.66) and (4.68)
A, 11 = so-bogus (D,, b, MaxIterGS) > Use hybrid local solver in [49]
compute AW, > Eq. (4.69)

Wi =W + AW,

Uny1 = {771—1—1 + Aan—i-l
end for _
ant1 = ant1 + (1 —ap) /(1 — ) Vnpa
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4.4.2 Frictionless bouncing flexible beam

This example intends to study the ability of the proposed methods to deal with dynamic
impacts and to compare the behaviour of the mortar discretization and the collocation
approach in such a situation. To that end a beam discretized by 21 elements is simply
supported at both ends above a rigid ground and we define one single contact element at
the central beam element. The material parameters are the following: Young’s modulus
E = 210[MPa], beam length L = 1|m], Poisson ratio v = 0.3, density p = 7200[kg/m?],
the beam has a circular cross-section of area A = 10~*[m?| and the centerline is initially
located at a height H = 4R. The friction coefficient is set to © = 0. At the onset of
the simulation the full gravitational load is applied and then maintained until the end
of the simulation at 7" = 1.5 [s]. The time step is & = 0.001[s|. As an indication, the
maximum number of Newton iterations per subproblem did not exceed 3.

AN AN V{E
1 contact element

Figure 4.4: Bouncing flexible beam.

In a first phase the motion is fully unconstrained and smooth as can be observed in
Fig. 4.5a showing the vertical position of the reference node on the beam centerline.
Therefore it overlaps with the contact free case. Then a first impact occurs where the
vertical velocity of the reference node, depicted in Fig. 4.5b, instantly drops from a finite
value to zero. The beam enters into a contact phase where the position and velocity
constraint is switched on and off, before the beam fully takes off again. Initially the
collocation method and the mortar method provide very similar results for the position,
velocity and acceleration, but as the simulation progresses discrepancies appear and
increase with time. The contact reaction forces computed by division of the impulse A
by the time step h are shown in Fig. 4.5d. For the mortar method these are obtained
by integrating the position Lagrange multipliers along the element. They indicate that
indeed several impacts occur during the contact phases.

160



0.2
0.02
0.1
0
E =
= = 0
—0.02 S
—0.04 mortar mortar
collocation collocation
no contact —0.2 no contact
—0.06
0 0.5 1 1.5 0 0.5 1 1.5
t[s] tfs]
(a) (b)
mortar
60 collocation
no contact
) 40
£ <
v =
S <
20
mortar
collocation
—40 no contact 0 ,
0 0.5 1 1.5 0 0.5 1 1.5
tfs] t[s]
(c) (d)

Figure 4.5: Frictionless bouncing flexible beam results. The reference node is the first
beam finite element node used in the contact element. It is located slightly to left of the
beam middle point: (a) Vertical position of the reference node. (b) Vertical velocity of
the reference node. (c¢) Vertical acceleration of the reference node. (d) Contact reaction
force.

4.4.3 Bouncing flexible on flexible beams

The previous examples showed the correct treatment of contact forces for non-matching
grids and as nodes slide over each other, which did not deteriorate in the presence of
friction nor dynamic effects, as well as the ability of the algorithm to handle the impact
of a beam with a rigid ground. The present one focuses on the dynamic behaviour of
two flexible beams that bounce on each other with the intention to verify the proper
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modeling of impacts in a line-to-line contact configuration using the mortar and the
collocation approach. To that end, we take inspiration from [235] and set up the
following example: two initially straight beams of lengths L; = Ly = 0.5|m]|, radii
Ry = Ry, = 5|lmm|, Young moduli E; = E, = 10°[Pa/, Poisson ratios v; = v, = 0.3 and
densities p; = ps = 7200[kg/m3| are placed such that the initial gap is gy = 10[mm].
The lower beam is clamped at both ends while the upper one drops down under the
effect of gravity. We first study the frictionless case with a friction coeflicient © = 0,
then we apply p = 0.2. We use a time step of h = 107%[s| and spectral radius at infinity
of poo = 0.8.

Time =0 [s] =450
2,40
)
= §3l)l)
—150
0 L.
Time = 0.1 [5] .
]
|
= I
_ T
e —————— — ) |
eee—————s ————— =] i
< 10 |
= |
= | .
= |
—10
(a) 0 0.125 0.25 0.375 05
Timels]

(b)

Figure 4.6: Results for the bouncing flexible on flexible beams example. (a) Deformation
at the first impact. (b) Top figure: Integrated normal contact force: [ Ay/hds [NJ|.
Bottom figure: Integrated tangential contact force: [ ||Ar||/hds [N]. Blue: 1= 0. Red:
=02

Fig. 4.6a shows the initial configuration and the state of the system same time after
the first impact. The evolution of the integrated contact force can be observed in Fig.
4.6b. At the moment of impact the weighted gap in Fig. 4.7 and the weighted relative
velocity suddenly vanish which can also be highlighted by the kink in the displacement
field or the instantaneous jump of the velocities in Fig. 4.7. This generates an impulse
in the normal direction. One then observes an alteration of separation and contact
phases. After some time, the system settles and both beams vibrate in phase. The
addition of friction by setting p = 0.2 does not greatly affect the overall motion as
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expected for this test case. However, as can be observed in Fig. 4.6b the tangential
contact force is non-zero due to the different bending curvatures of the two beams.

20 10
Es5
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H\/ \f/}\\/\uf\\/ AL
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0.25 '
= 0 = 0
= =
—0.25
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0 0125 02 057 05 0 0025 005 0075 01
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(c) (d)

Figure 4.7: Results for the bouncing flexible on flexible beams example. (a): Position
of the beam middle points. Blue: Top beam, collocation with ¢ = 0 Red: Top beam,
mortar with g = 0. Magenta: Top beam, mortar with p = 0.2. Black: Lower beam,
collocation with p = 0. Yellow: Lower beam, mortar with g = 0. Green: Lower beam,
mortar with g = 0.2. (b): Imposed position and velocity constraints associated to the
slave middle node i.e. the weighted gap and the weighted relative velocity are divided
by the element length for better comparison between the mortar and the collocation
method. (c): Velocity of the beam middle points. (d): Zoom on the instants of impact.
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4.4.4 Two-fiber dynamic twisting

The goal of this test case is to illustrate the ability of the method to deal with complex
three dimensional deformations, inertial effects, friction and impacts. To that end we
take inspiration from the quasi-static twisting example in Sec. 3.5.3. Two initially
undeformed beams are clamped at one end and position controlled at the other end.
These are of length L; = Ly = 1|m|, cross-section radii Ry = Ry = R = 1|mm],
Young moduli £y = Ey = 5 - 105, Poisson ratios v; = 15 = 0.3 and densities p; =
p2 = 1100[kg/m?3]. We use a time step of h = 0.001[s| and a spectral radius at infinity
Poo = 0.8. The beams are discretized into 12 finite elements each. The time step is
h = 0.001][s].

L
> T

Figure 4.8: Initial and final configuration of the two-fiber twistig example.

The two beams are initially placed apart by a distance of R. During the simulation,
the moving end nodes travel on a circular path of radius Ry.,; = 1.5R. They do a full
revolution within 12[s|. We apply some physical damping to stabilize the simulation.

Fig. 4.9 shows the vertical position component of the top and lower middle beam
point. Fig. 4.10 shows its velocity and Fig. 4.11 its smooth acceleration component.
The beams demonstrate intricate dynamics attributed to the combination of frictional
forces and inertial effects as can be observed in Fig. 4.12. A wave propagates within
the slender structure due the imposed displacement at one extremity. Then, the first
impact occurs after a simulation time of 3 seconds and we observe successive contact
and detachement phenomena. Consequently, the middle points of the structure do not
return to their initial positions by the conclusion of the simulation. The effect of the
presence of friction in the model is more prominent for the collocation method than
for the mortar approach. The mortar method distributes the contact constraints and
forces more smoothly across the contact interface which is necessary for variational
consistency [158]. The present example is highly non-linear. Our results indicate that
the the global response of the beams is sensitive to the differences in the distribution
of the frictional contact force between the collocation and the mortar method.
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Figure 4.9: Results for the two-fiber twisting example. (a) z-component of the top
beam middle point position. (b) z-component of the lower beam middle point position.
Blue: Collocation with © = 0. Red: Mortar with 4 = 0. Magenta: Collocation with

= 0.2. Green: Mortar with p = 0.2.
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Figure 4.10: Results for the two-fiber twisting example. (a) z-component of the top
beam middle point velocity. (b) z-component of the lower beam middle point velocity.
Blue: Collocation with p = 0. Red: Mortar with © = 0. Magenta: Collocation with

= 0.2. Green: Mortar with p = 0.2.
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Figure 4.11: Results for the two-fiber twisting example. (a) z-component of the top
beam middle point smooth acceleration. (b) z-component of the lower beam middle
point smooth acceleration. Blue: Collocation with p = 0. Red: Mortar with pu = 0.
Magenta: Collocation with g = 0.2. Green: Mortar with u = 0.2.

4.5 Concluding remarks

Chapter 4 is dedicated to the simulation of dynamic beam-to-beam contact. Due to
the presence of nonsmooth effects in the model, accelerations are not defined in the
classical sense. To address this, we develop a nonsmooth mechanical framework using
measure differential inclusions to describe able to deal with the smooth and nonsmooth

components of the motion.

Time integration is performed using the nonsmooth generalized-a (NSGA) scheme,
which separates smooth and impulsive contributions and applies two projection steps
to enforce contact constraints at position and velocity levels. We redevelop the NSGA
for systems on a Lie group, starting from the continuous time formulation. Then,
within this framework, we developed the contact elements using the collocation and
mortar discretization presented in the previous chapter for the position and the velocity

subproblems.

The discrete frictional contact problem, arising at the position and velocity subprob-
lems at each time step share an identical mathematical structure as one load step in
quasi-static analysis. We chose an augmented Lagrangian formulation of the discrete
constraints paired with a monolithic nonsmooth Newton solver for its efficiency.

Several numerical examples were performed to make a first evaluation of the approach.

166



» \

)= 0 )t = 2fs]
) t = ls| ) t=06ls]
)t =10]s| )t =12]s]

Figure 4.12: Snapshots of the two-fiber dynamic twisting simulation. We use 12 finite
elements per beam. Simulation time is 7' = 12[s| with a time step h = 0.001[s|. The
transverse dimensions of the wires have been scaled in these pictures for graphical
illustration purposes.

The full numerical procedure was implemented and we show credible results. These
demonstrated the handling of impacts, friction, non-matching meshes, and three-dimensional
beam deformations. This chapter shows the potential of combining Lie group methods,
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the NSGA formalism, and the either the collocation or mortar discretization approach
to address the nonlinear and nonsmooth effects in dynamic beam contact problems.
The next step would be to validate the approach by performing convergence analyses
on test cases with an analytic solution.
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CONCLUSION

In this thesis, we have investigated mathematical modeling and numerical algorithms
for the simulation of mechanical systems involving highly flexible slender structures and
their contact interactions. Throughout our exploration, we have advocated for the inte-
gration of both geometric finite element techniques and nonsmooth contact mechanics
to address the complexities brought about by frictional interactions in such systems.
The following discussion summarizes the contributions of this work, and outlines po-
tential future directions for research.

Summary

The thesis starts by a detailed review of existing beam models and beam-to-beam
contact algorithms. We highlighted the strengths and weaknesses of the most prominent
approaches and identified how a nonsmooth local frame formulation complements what
can be found in the scientific literature. The main contributions are:

¢ Kirchhoff-Love and inextensible Kirchhoff beam model: Building upon
the established local frame philosophy for geometrically exact beams (Chapter
2), which utilizes rigrous Lie group concepts, this thesis presents extensions to
a Kirchhoff-Love and an inextensible Kirchhoff beam model. These formulations
inherit the advantages of the underlying framework — as demonstrated numer-
ically, these include locking-free behaviour, reduced non-linearity, no need for
reparametrization, and simple handling of initial deformation.

e Local contact formulation on SE(3): We presented the development of fric-
tional beam-to-beam contact kinematics within the local frame approach. Ex-
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ploiting the SE(3) Lie group framework, the contact conditions are formulated as
unilateral restrictions on the relative motion between beams. The direction of con-
tact forces, including friction, in the local frame is determined by the associated
constraint gradient, which depends solely on relative motion. As a consequence,
the equations benefit from the expected frame invariance properties.

A beam contact benchmark with analytic solution: We derived a closed-
form solution for a semi-infinite cantilever beam under a constant distributed load
in frictionless contact with a rigid substrate. In the Euler-Bernoulli model, the
contact force equals the applied load except at the boundary. In the Timoshenko
model, the substrate exerts a distributed load that decays exponentially from
the contact point, with a rate dependent on shear deformability. The transverse
shear force, discontinuous in the Euler-Bernoulli model, becomes continuous in
the Timoshenko model.

The mortar technique for static beam-to-beam contact: Drawing inspira-
tion from the field of contact mechanics for general deformable bodies a mortar
method was developed for beam-to-beam contact interactions involving a dis-
tributed force per unit length. The non-penetration constraint is formulated in
a weak sense and becomes a set of weighted integrals in the discretized setting.
Interestingly, the combination with the geometrically exact beam formalism on
the Lie group SE(3) leads to a frame invariant tangent stiffness for the contact
element. For the frictionless case, we show numerical experiments with optimal
spatial convergence rates as expected for the mortar method, even in the presence
of spatial discontinuities in the distributed contact force. While the frictionless
implementation shows promising results, the current implementation in the fric-
tional case lacks robustness when curved beams are involved.

The collocation approach for static beam-to-beam contact: We also de-
veloped a simple and easier-to-implement collocation method to discretize the
contact region. This method, provided the location density of the contact points
is well chosen, yielded a robust scheme that delivered satisfying results, even when
including friction. We discussed our numerical results for the collocation method
compared to the mortar method in the presence and absence of frictional effects.
In particular, we compared our numerical results to our analytic solution of the
beam contact benchmark, and to experimental results of the torsion and bending
of a twisted pair.

NSGA combined with the mortar and collocation technique for dy-
namic problems: When non-penetration conditions are strictly enforced, the

170



acceleration is not defined in the classical sense at the moment of impact. To ad-
dress this challenge, this thesis employs a general nonsmooth formalism rooted in
rigid body dynamics. We employ the nonsmoothe generalized-a scheme (NSGA)
initially proposed flexible multibody systems with impacts. It uses anevaluation
of the smooth part of the motion followed by the evaluation of two nonsmooth
contributions: a position correction and a velocity jump. This prevents constraint
drifting and ensures second-order accuracy of the smooth motion. To that end, we
developed the collocation and mortar beam-to-beam contact elements at position
and velocity levels within the NSGA framework. This includes the derivation of
the discrete equilibrium equations and constraints at both levels and the compu-
tation of the tangent operators.

Augmented Lagrangian formulation and nonsmooth Newton solver:
The discrete frictional contact problems, arising at each load step in quasi-static
analysis and for the position and velocity subproblems at each time step in the
dynamic simulation, shares an identical mathematical structure. To solve this
problem, we developed and implemented an augmented Lagrangian formulation
of the discrete constraints paired with a monolithic nonsmooth Newton solver for
its efficiency.

Towards a Gaufi-Seidel-type solver: A prerequesite for large-scale simula-
tions is a robust solution scheme, motivating our exploration of an alternative
Gauh-Seidel-type algorithm which yielded promising results for solving friction
problems in rigid body dynamics. All the necessary derivations to adapt it to
beam-to-beam contact have been performed in this thesis, which paves the way
for a future implementation in simulation codes.

Implementation in the open source software Odin: All the formulated con-
tact elements developed within this thesis have been implemented in the open-
source software Odin. These are the collocation and mortar discretizations of
the beam-to-beam contact element both in the quasi-static and dynamic settings.
Our contributions are thereby connected to a wide library of finite elements for
the simulation of flexible multibody systems. We have performed various numer-
ical experiments including: a quasi-static and a dynamic sliding patch test and
the twisting of two fibers with and without frictional effects, the static frictionless
contact of a cantilever with a rigid wall, the quasi-static nonlinear bending of a
twisted pair with friction, the frictionless bouncing of flexible beam on a rigid wall
and the bouncing of two flexible beams. The examples show the potential of com-
bining all the previously mentioned concepts to form an appropriate framework
for handling geometric non-linearities, discontinuities, and complex frictionless
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and frictional contact configurations exhibited by cable assemblies.

Further work

In this thesis, we focus on distributed contact interactions between slender rods with
rigid circular cross-sections. We chose a nonsmooth Lie group formalism to capture
the kinematics and dynamics to model such systems. The following aspects could be
improved in future developments.

e The implementations of the beam-to-beam contact elements presented in this
thesis lack an efficient collision detection algorithm which slows down performance
considerably. A specialized contact search for slender objects would open the door
to large scale simulation involving an increased number of fibers such as full wire
harnesses or textile braiding machines.

e All the derivations adapted to our beam-to-beam contact elements for offering
an alternative to Odin’s nonsmooth Newton method with so-bogus’ Gauss-Seidel
(GS) type algorithm have been presented in this thesis. Implementation efforts to
connect the datastructure of Odin’s beam-to-beam contact elements to so-bogus
are necessary before coding the actual GS beam-to-beam contact elements. These
will be simpler, since the computation of the generalized Jacobian is not required.

e The bending load case from the MESOMICS experimental setup for a twisted
pair with complex initial geometry has been implemented and the simulated de-
formed configurations passed the eye-test. No significant hysteresis effects were
observed. The experimentally observed hysteresis is therefore not explained by
our simulations. This point deserves further investigation.

e We focused on beam models with rigid cross-sections and restricted the contact
model to circular beams. Though these hypotheses are justified in many practical
situations and are a good place to start any investigation related to beam-to-
beam contact, they might face limitations at some point. Non-circular cross-
sections would complexify the contact search, but not fundamentally change the
approach. The additional compliance provided by models with deformable cross-
section might add robustness to the model. Such more detailed models may also
permit to better investigate hysteresis within wire harnessess.

e The robustness and results obtained from the frictional mortar method for non-
trivial three dimensional test cases are not satisfactory and calls for deeper anal-
ysis. In particular the implementation of the weighted tangential contact con-
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straints deserves more detailed investigations.

e The general validation of the robustness and accuracy of the proposed contact
element in the dynamic case could be further investigated by performing a wider
range of test cases for which reference solutions would be available.
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APPENDIX

Odin

Odin is a research code developed by Cosimo et. al. [116] for the simulation of nons-
mooth flexible multibody systems which uses geometric methods for the description of
the motion, for the spatial discretization of flexible components and for the time inte-
gration. The contact elements were implemented into a seperate development branch
that is currently not available to the public.

DOI: https://zenodo.org/records/7468114
Public Gitlab repository: https://gitlab.uliege.be/am-dept/odin
Documentation: https://obruls.gitlabpages.uliege.be/doc4odin/

Example of the two-fiber twist

from odindpy import *
import numpy as np
import json
initialize_odin()

json_file = json.load(open("BeamContactTwist.json"))

ps = create_physical_system()
analysis = ps.get_mech_analysis_ref ()
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nodes_list = ps.get_nodes_list_ref ()

r = 0.001

1 =1

A = 3.141516 * r * r

E = 200e9

mu = 0.2
G=E/ (2% (1 + mu))

I =0.25 % 3.141516 * r**4

params = prepro.BeamParams_EA()
params.EA = E

params.GA_1

params.GA_2
params.GJ =

params.EI_1

[
Mmoo Q@ Q %
* ¥ N ¥ * =
H oH X% = =

params.EI_2

prop_ground = RigidBodyProps()

# create beam elements' properties

beam_props = prepro.create_Beam_Props_from_parameters(params)
beam_props.with_tg_operator = True
beam_props.with_geom_stiffness = True

32 # num_ele_A >= num_ele_B
32

n_0 = np.array([0, 1, 0])

b_0 = np.array([0, 0, 1])

num_ele_A

num_ele_B

# first beam
eps = 0.5 * r

start_point = np.array([0, 0, 0])
end_point = np.array([l, 0, 0])
id_start = 0

elabel = 0O

prepro.straight_beam(start_point, end_point, num_ele_A, elabel, id_start, n_0,
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b_0, beam_props, ps, -1)
elabel += num_ele_A

nodes_list.insert_nodal_frame(num_ele_ A + 1 + num_ele B + 2, 1, 0, 0)

ps.create_element("Rigid_Body", elabel, [num_ele_A + 1 + num_ele_B + 2],
prop_ground)

elabel += 1

s_prop_Al = SphericalJProps()

s_prop_Al.s = ScalingNonsmooth(1l, 1, 1)
s_prop_Al.position = end_point
ps.create_element ("Sphericall", elabel,
[num_ele_A, num_ele_A + 1 + num_ele B + 2], s_prop_Al)
elabel += 1

h = json_file["Time_Integrator"] ["parameters"] ["time_increment"]
hinge_propA = DrivenRevoluteJProps()
hinge_propA.alpha_imposed = lambda t: np.array([h])
hinge_propA.axis = np.array([l, 0, 0])
hinge_propA.position = np.array([1l, O, r + 0.5 * eps])
ps.create_element ("Driven_Ground_RevoluteJ", elabel,

[num_ele_A + 1 + num_ele_B + 2], hinge_propA)
elabel += 1

# second beam

start_point = np.array([0, 0, 2 * r + eps])
end_point = np.array([l, 0, 2 * r + eps])
id_start = num_ele_A + 1

prepro.straight_beam(start_point, end_point, num_ele_B, elabel, id_start, n_0,
b_0, beam_props, ps, deg_ele)
elabel += num_ele_B

nodes_list.insert_nodal_frame(id_start + num_ele B + 1, 1, 0, 2 * r + eps)

ps.create_element("Rigid_Body", elabel, [id_start + num_ele_B + 1],
prop_ground)

elabel += 1

s_prop_B1 = SphericalJProps()
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s_prop_Bl.s = ScalingNonsmooth(l, 1, 1)
s_prop_Bl.position = end_point
ps.create_element ("Sphericall", elabel,
[id_start + num_ele_B, id_start + num_ele_B + 1], s_prop_B1)
elabel += 1

hinge_prop = DrivenRevoluteJProps()

hinge_prop.alpha_imposed = lambda t: np.array([h])

hinge_prop.axis = np.array([1, 0, 0])

hinge_prop.position = np.array([1l, O, r + 0.5 * eps])

ps.create_element ("Driven_Ground_RevoluteJ", elabel,
[id_start + num_ele_B + 1], hinge_prop)

elabel += 1

# creation of contact pairs
contact_prop = BeamContactProps()
contact_prop.r_1 =r
contact_prop.r_2 =r

for i in range(0,num_ele_A,1):
ps.create_element ("Beam_Contact", elabel,
[i + num_ele_ A + 1, i + num_ele_A + 2, i, i + 1],
contact_prop)
elabel += 1

# Boundary conditions
bc_clamp = BCValue(O, 0, 0)
bc = analysis.get_essential_bcs()
bc.insert (0, BC.Motion,
[bc_clamp, bc_clamp, bc_clamp, bc_clamp, bc_clamp, bc_clamp])
bc.insert(num_ele_A + 1, BC.Motion,
[bc_clamp, bc_clamp, bc_clamp, bc_clamp, bc_clamp, bc_clamp])

# compute for the solution
analysis.set_analysis_type(AnalysisType.NonSmoothMortarStatic)

analysis.compute_solution(json_file)

finalize_odin()
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Gauls-Seidel algorithm

The Gaufs-Seidel algorithm [236] is an iterative method to solve linear systems of equa-
tions of the type:

Ax =D, (4.74)

where A is a known square n-dimensional matrix, b is a known vector and x is the
unknown. The convergence of the Gauf-Seidel algorithm is guaranteed if A is sym-
metric positive-definite or strictly diagonally dominant, which is typically the case in
beam-to-beam contact applications.

The matrix is decomposed into a lower triangular and a strictly upper triangular part
A = A; + Ay. Let us use the subscript k£ to denote the k-th iteration of x. The
solution is obtained by a fixed point iteration via

Xk+1 = Azl (b - AUXk) (475)

and using forward substitution to compute each row j of x;.; sequentially with the
most up-to-date values:

‘ 1 i i :
x?chl = CL_ (b] B Zajiajk+1 - Z ajixk> , J=L2,..n (476)
77

i<j i>=j

The algorithm ends when a criterion is met on the residual is met. It is detailed in Alg.
6
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Algorithm 6 Gauss-Seidel Method

Input: A, b, ¢, MaxIter
Initialize xy with an initial guess
for k € [0, MaxIter] do
for j € [1,n] do
o:=0
for i € [1,n] do
if i # j then
o=0+ ajz-x};

end if
end for
141 = (bj — 0)/ay
end for
if ||xg41 — xx|| < € then
break
end if

end for
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