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Abstract

This paper addresses a special class of multibody systems where switching functions trigger instan-
taneous changes in the bilateral constraints, thus leading to a time-discontinuous response. These
switching functions define switching surfaces, that partition the system dynamics into different do-
mains with nonsmooth transitions. Switching surfaces are thus instrumental in the proposed mod-
elling framework, as they orchestrate the geometry of the constraint space. The equations of motion
can either be expressed as hybrid differential-algebraic equations or as an equality of differential
measures with constraints. At switching, an impact law based on an intermediate gradient is intro-
duced and we suggest to determine this intermediate gradient by interpolation between the pre- and
post-switch gradients. Theoretical arguments and numerical results show that the choice of this inter-
mediate gradient drives the energy behavior at switching. The numerical integration demands special
attention, as classical DAE solvers fail to handle discontinuities at switching surfaces. Event-driven
and time-stepping schemes from nonsmooth dynamics are well-suited for this class of problems. We
use a benchmark test to compare the solutions obtained from classical and nonsmooth versions of
the generalized-a method. Further, using the nonsmooth generalized-a method, three examples of
multibody systems with switching bilateral constraints are successfully simulated.

Keywords: Nonsmooth dynamics, Switching bilateral constraints, Differential-algebraic equations, Switching
dynamical systems, Generalized-a method.

1 Introduction

Multibody systems are defined as an assembly of mechanical components, that interact with each other through
kinematic joints, contact conditions, and force elements [1]. Geometric constraints thus play a crucial role in their
modelling, as they restrict the relative motion between the interconnected bodies. These motion constraints can
be of bilateral or unilateral nature. Unilateral or one-sided constraints involve inequalities as they restrict motion
in only one direction [2] and are thus used represent non-penetration conditions during contacts. In this case,
the system switches between unconstrained and constrained states. For instance, the well-studied example of a
bouncing ball involves instantaneous transitions from an unconstrained state (free flight) to a constrained state
(contact with the ground). The system dynamics is thus governed by a conditional statements, that takes the form
of a complementarity condition [3]. In addition, an impact model is essential to obtain the complete equations
of motion. Such orchestration of the first principles of mechanics by switching conditions result in solution
trajectories that are not smooth or differentiable everywhere. Thus the treatment of unilateral constraints have
garnered substantial attention [4-6], due to their inherent complexities, and are a well-established topic of research.

However, it is often assumed that bilateral or two-sided constraints satisfy sufficient continuity and differen-
tiability conditions. This does not necessarily hold, as conditional statements may also trigger abrupt changes
in the algebraic constraint expressions. In such situations, the system maintains a constrained state throughout,
but the instantaneous switch creates a nonsmooth response with jumps in state variables. The system dynamics
is thus dictated by nonsmooth or non-differentiable bilateral constraints. Importantly, the equations of motion of
such multibody systems can be expressed in the form of switched differential-algebraic equations (DAEs) [7, 8],
which differ both from classical DAEs and from systems with unilateral constraints. As a result, the mathemati-
cal modelling and numerical integration require a specialized treatment. However, there is a scarcity of scientific
research to address the problem of switching bilateral constraints in the field of multibody systems. This paper
thus aims to extend the current knowledge, by presenting a general modelling procedure and possible numerical
integration methods for multibody systems with switching bilateral constraints.



The problem of switched DAEs in multibody systems can be related with another class of problems pertaining
to the field of switching dynamical systems [9-13]. Such problems are encountered in electronic circuits, control
systems and optimal control [14], automation, variable structure systems (VSS), sliding mode control [15], etc.
Essentially, the expression of the conditional statements can be based on the definition of switching surfaces [16],
that punctuate the system dynamics into continuous (smooth) and discrete (impulsive) dynamical regimes or
modes. Smooth modes form a continuum, and the switching function is constructed so as to separate them by
switching surfaces. In switched systems, some continuous and discrete time dynamics coexist and interact with
each other, as the solution evolves across the switching surfaces. The switching functions can be constructed either
based on state variables, or exogeneous signals, or a combination of both. Some of these concepts will be exploited
in this paper, and adapted to the treatment of switching bilateral constraints, and fundamental differences will
also be highlighted.

In this paper, we will show that the nonsmooth equations of motion of multibody systems with switching
bilateral constraints can be either developed as hybrid differential-algebraic equations (HDAEs), or formulated
based on an equality of differential measures. The hybrid approach relies on explicit information of the interactions
between continuous and discrete regimes [17-20]. In our case, the HDAE form comprises of two sets of equations:
(i) a standard DAE that holds in the smooth modes, and (ii) an impact equation that defines the impulsive
dynamics at the switching surfaces. Alternatively, the concept of differential measures [21,22] can be exploited to
formulate a unified equation which holds both in the smooth modes and at the switching surfaces. In this work,
we present the equations of motion in both forms, which both lend themselves to particular classes of numerical
schemes.

Further, we also address the formulation of the impact model in the equations of motion. We highlight that
the equations of motion suffer from an indeterminacy in the constraint reaction force at switching surfaces. This
indeterminacy arises from the indeterminacy of the constraint gradient at switching surfaces. For instance, the
reaction force may be assumed to be aligned along the direction of the pre-switch gradient, or along the post-
switch gradient, or along an intermediate gradient. We propose to fix this indeterminacy using an interpolation
parameter, which determines an intermediate constraint gradient at switching by interpolation between the pre-
and post-switch gradients. Then, the impact model is based on this intermediate gradient. For systems with
a single constraint, we show that a simple interpolation formula can be used for that purpose. Theoretical
arguments and numerical results demonstrate that the interpolation parameter drives the behaviour of energy at
the switching surface. Thus, the interpolation parameter is an important parameter of the model, which controls
the system dynamics at the switching surfaces. For more complex cases involving multiple constraints, we show
that standard interpolation formulae are not directly applicable and that more sophisticated approaches using
subspace interpolation methods could be considered.

Special care is required for the numerical integration of switched DAEs [23,24]. Classical DAE solvers fail to
deal with the discontinuities at velocity and acceleration levels which may occur at the switching events. Smooth
approximations can be introduced in the model, but the trajectories may either deviate from the exact solution,
or induce high numerical stiffness. Instead, numerical methods for nonsmooth dynamical systems can be consid-
ered [25]. Systems defined using hybrid models lend themselves to event-driven schemes. Event-driven algorithms
combine classical DAE schemes, a switch-detection with a time-step adaptation, and an update procedure at
each event. A benefit of these algorithms is that higher order DAE schemes can be used in the smooth phases
of motion. However, event-driven schemes suffer from several drawbacks [26], such as when explicit information
on switching cannot be obtained, and when the number of switches is high. Alternatively, formulations based on
an equality of differential measures lend themselves to numerical integration using time-stepping schemes [27,28].
Such schemes accommodate for switching events within a time step and thus do not require special adaptations
of the time step. However, these schemes are limited to first-order accuracy [29], as the impulsive contributions
are not precisely localized within the time step.

In this paper, we will study the classical index-3, index-reduced, event-driven, and nonsmooth versions of the
generalized-a method. A comparison of numerical results obtained using classical and nonsmooth solvers shall
be presented for a benchmark test of a system with a single switching surface. This analysis will reveal that the
nonsmooth generalized-a method (NSGA) [28] is an appropriate choice to handle such class of problems. Further
using the NSGA method, we successfully simulate three additional multibody systems with switching bilateral
constraints: a simplified braiding machine, a wheel rolling over a pothole, and a cam-follower mechanism.

The paper is structured as follows. In Section 2, the role of switching surfaces in the modelling procedure
is demonstrated for a simple benchmark example. Detailed formulations are presented for a system with a
single switching surface, and further generalized to systems with multiple surfaces. In Section 3, we develop
the equations of motion both as hybrid differential-algebraic equations (HDAEs) and based on an equality of
differential measures, along with the impact model. In Section 4, we present several possible numerical time
integration schemes. Numerical examples are addressed in Section 5, and the paper is finally concluded in Section
6, with highlights on future perspectives.

2 Bilateral constraints and switching surfaces

Consider a multibody system whose dynamics evolves with a number m? of switching bilateral constraints



Figure 1: Illustration of smooth dynamical modes 1 and 2, and the possible flow of the equations of
motion crossing the switching surface z(q) = 0.

gz(q(t),t) =0, (1)

where q(t) € R" represents the coordinates. These constraint expressions instantaneously change with respect
to state-dependent conditional statements, also called switching functions, that partition R™ into several open
domains. These switching functions define switching surfaces, that play a vital role in our modelling framework.
The constraint space is the set of all q(t) € R™ which satisfy the constraint equation in Eq. (1). It is a subspace
of R™, but it is not a smooth manifold because of the switching conditions.

In this section, let us first introduce the formulation of bilateral constraints orchestrated by one switching
surface, and further generalize to multiple surfaces.

2.1 Single switching surface

Let us consider a single switching surface which is defined by all q(t) € R™ such that

where the function z(q) : R™ — R is the so-called switching function.

The function z(q) shall govern the bilateral constraint g=(q(t),t) = 0, and the surface z(q) = 0 punctuates
the system dynamics into two continuous or smooth modes 1 and 2 defined by z(q(t)) < 0 and 2(q(t)) > 0
respectively, as illustrated in Figure 1. As the state travels across the switching surface z(q) = 0, the geometry
of the constraint space defined by Eq. (1) may exhibit some nonsmoothness. The state-dependent switching
constraints are thus represented in a conditional form as

g (a(1).1) = 0 i 2(a(t)) <0,
8%(a(t), )= { J(eF(alt), 1) +F (al0). ) = 0 if 2(a) =0, Q
gz (a(t),t) =0 if 2(q(t)) > 0,

where the functions gZ(q(t),t) and gZ (q(t),t) are assumed to be sufficiently smooth and differentiable.
Alternatively, we can reformulate Eq. (3) to combine the pre- and post-switch constraints g (q(t),t) and
gZ (q(t),t) along with the switching function z(q) into a generalized algebraic form as

g“(a(t),t) = (1-s"(z(a))g? (a(t),t) + 5" (2(q))gz (a(t).t) = 0, (4)

where the switching function z(q) is now orchestrated by the Heaviside step function s*(e) as shown in Figure 2
and defined as
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Figure 2: Hyperbolic tangent approximation s™(z) ~ 0.5(1 + tanh(oz)) of the Heaviside step function

st(x).

1 ifz>0,
st(@)=41/2 ifz=0, (5)
0 ifx<o0.

However, classical DAE solvers rely on continuity and differentiability of gZ(q(t),t). These requirements are

satisfied in the modes z(q(t)) < 0 and z(q(t)) > 0, but not necessarily at z(q) = 0. Due to discontinuities
introduced by sT(x) at x = 0, numerical difficulties are expected along the switching surface z(q) = 0.
In this regard, smooth approximations of s*(z) are sometimes performed, e.g., using the hyperbolic tangent

function as shown in Figure 2. Indeed, we have

s*(z) = lim %(1 + tanh(ow)). 6)

Unfortunately, the smoothing parameter o considerably influences the solution. For low values of o, the resulting
constraints will deviate from the exact constraints, and as o increases, the sharp transitions will induce high
numerical stiffness resulting in a stiff system of equations. In this paper, such smooth approximations are therefore

not considered.
In the field of nonsmooth dynamics and switched DAEs, several methods have been proposed to handle the

discontinuities induced by s*(z). For instance, the value of s*(z) at = 0 can be specified by a convex relaxation
of switching constraints, that relies on a set-valued Heaviside step function [24,30] S*(e) defined as

{1} if x>0,
ST(x)={ [0,1] if =0, (7)
{0} if z <0.

Other relaxation methods such as closed convex hull (CCH) or switching constraint connected (SCC) as proposed
in [24] may also be considered.

However, in the context of this paper, convex relaxation methods are less relevant because glz (q(t),t) and
—gZ(q(t),t) represent the same constraint space. Therefore, non-convex combinations of gZ (q(t),t) and gZ (q(t), t)
have the same legitimity as convex ones, and there is no strong argument to limit oneself to convex approximations.

2.1.1 Definition of the switching surface

It is noteworthy that the switching surface z(q) = 0 plays a crucial role in the modelling framework. In particular,
z(q) = 0 orchestrates the geometry of the constraint space across the switching interface. Let use a motivating
2D example to illustrate this concept. This example shall also serve as a benchmark test throughout the paper.
Motivating example: consider a material point which evolves on a nonsmooth track defined by two intersecting
linear portions as shown in Figure 3. Let 6 be the kink angle between the two portions. In the coordinate system
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(a) Case 1 (8 = w/4) : the switching function can be (b) Case 2 (6 = —3n/4) : the switching function can be
defined as z(q) =z — [. defined as z(q) = —y + tan 0/2(z — 1).

Figure 3: Material point on a nonsmooth track represented in red solid line. The track defines the
constraint space. Depending on the kink angle, different switching functions can be considered.

shown in Figure 3, the position of the point is defined by q(t) = [=(t) y(t)]T € R?, and is subjected to one
algebraic constraint gZ(q(t)) = 0 € R', i.e., m® = 1. The initial position of the point is defined for ¢t = 0 as
z(0) = y(0) = 0, and a consistent initial velocity £(0) = v, and §(0) = 0 is imposed. The intersection point is
localized at = = [, y = 0. The scalar constraint g=(q(t)) = 0 is defined by Eq. (3) (or Eq. (4)) with the functions

y(0), (8)
g5 (a(t) = y(t) — tanO(x(t) —1). 9)

Two cases are considered. In case 1, let us consider § = 7/4 and a choice of switching function as

z(q) =x — L. (10)
In case 2, let us consider § = —37/4 and a choice of switching function as
tan 6
z(q) = —y + (z —1). (11)

As tan(m/4) = tan(—3w/4), the expression of g7 (q(t)) and g3 (q(t)) in Egs. (8) and (9) is strictly identical in
the two cases. The two cases solely differ by the definition of the switching surface, which selects the constraint
according to the position q(¢). Thus in conclusion, we can state that the definition of the switching surface
z(q) = 0 controls the geometry of the constraint space. Numerical results presented in Section 5 will further
validate this proposition.

Let us formalize the requirements for the definition of the switching function in a general setting. Firstly and
obviously, the two portions of the constraint space should intersect at the switching surface. This means that
Vq(t) satisfying both gZ(q(t),t) = 0 and z(q) = 0, we require gZ (q(t),t) = 0. Conversely, Vq(t) satisfying both
g2 (q(t),t) = 0 and z(q) = 0, we require g7 (q(t),t) = 0. In this way, we ensure that the switching between
gZ(q(t),t) and gZ(q(t),t) is well-defined at the switching surface z(q) = 0.

It is also clear from Figure 4, that the switching surface z(q) = z — ! = 0 cannot be tangent to the con-
straint space. This implies that the gradients of pre- and post-switching constraints denoted as G7 (q(t)) =
997 (q(t))/0q(t) = [0,1] and GZ (q(t)) = dgZ (a(t))/dq(t) = [—tan(h), 1], and the gradient of the switching sur-
face Z(q) = 9z(q)/0q should be linearly independent. In a general setting, the switching function z(q) : R® — R
should be such that the matrices

Gty o ity

are full rank on the switching surface z(q) = 0.
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Figure 4: Linear independence of pre and post-switch gradients Glz (q) and GQZ (q) and the gradient of
switching surface Z(q).

2.2 Constraints at velocity level

We now take the formulation of constraints at the velocity level, as the velocities q(t) should also be compatible
with the constraints. In the smooth phases of motion z(q(t)) < 0 and z(q(¢)) > 0, a first time differentiation of
the constraint in Eq. (4) results in the constraints at velocity level

g”(a(t),t) = G*(a(t), t)a(t) + &7 (a(t),t) = 0, (13)

where GZ (q(t),t) = dgZ (q(t),t)/dq(t) € R™ X" is the constraint gradient, and the term g7 (q(t),t) = dg= (q(t),t)/0t.

In the smooth modes, the constraint gradient is defined in a standard manner, but this definition does not
hold at the switching surface z(q) = 0 because of the lack of differentiability of the step function. In particular,
if z(q(t)) < 0 for t < ¢; and z(q(t)) > 0 for ¢ > t;, then the left and right limits exist at ¢; (as a consequence of
the differentiability of gZ (q(t),t) and gZ (q(t),t)), but have different values as

G (q(t:), i) = dm G (a(v),7) = G5 (a(ti). t:), (14)
G* (a(t:) t:) = lim _ GZ(a(7),7) = GT (alts), ). (15)

In the above expression, we considered a situation where the system switches from mode 1 to mode 2.

Notice that at the switching surface z(q) = 0, we have an indeterminacy in the constraint gradient GZ, as
one may consider GZ = G%, or GZ = GZ, or an intermediate value between both.

In the special case when the motion is fully-constrained, GZ(q(t),t) is a square matrix. In this case, assuming
that GZ(q(t),t) and G5 (q(t),t) are invertible, the velocities ¢(t) can be evaluated in the smooth modes as
a(t) = —(G®) H(a(t), t)gf (a(t),t). At the switching surface z(q) = 0, velocities ¢(t;) are discontinuous but the
left ¢~ (¢;) and right g (¢;) limits exist as

q"(t) = L dmat), (16a)
= —(G3) "(a(t:), ti)gs.(alti), ti), (16b)
a ()= Jm_ a(y), (172)
= —(GT) "(a(t:), ts)gt, (alti), ts). (17b)

and have different values. Therefore, the velocity jump is defined by gt (t;) — ¢~ (¢:).



2.3 Constraints at acceleration level

We take the formulation of constraints at the acceleration level, as the accelerations §(t) should also be compatible
with the constraints. In the smooth phases of motion z(q(t)) < 0 and z(q(t)) > 0, a second time differentiation
of the constraint in Eq. (4) result in the constraint at acceleration level

&% (a(t),t) = GZ(a(t), a(t) + G~ (a(t), a(), Ha(t) + &7 (a(t), a(t),t) = 0. (18)

In the smooth modes, the accelerations §(t) can be evaluated in a standard manner, but this definition does not
hold at the switching surface z(q) = 0. As velocities §(¢) undergo jumps, the accelerations q(¢) are defined almost

everywhere. This implies that the accelerations §(t) are not defined at the switching surface z(q) = 0.

2.4 Multiple switching surfaces

We further extend the formulation of switching bilateral constraints gZ(q(t),t) = 0 that are punctuated by
multiple switching surfaces. Let us denote k as the number of switching surfaces.

First of all, for the case of a single switching surface, i.e., k = 1, we can define z1(q) = —z(q), and 22(q) =
+2(q), and consider that R™ is partitioned into two disjoint sets as

Xi ={a(t) e R" | zi(q) >0}, (19)

where i = 1, 2.
Then the generalized constraint in Eq. (4) can be rewritten as

g7(a(t), t) = (1 = s (22())s" (z1(@)g7 (a(t), 1) + (1 = 57 (21(a)))s " (22(a))g5 (alt), O)- (20)

Now we consider a dynamical system, with a number of k switching surfaces. In this case, the system dynamics
is separated into k + 1 dynamical modes. Each mode i corresponds to a set X; C R™ defined as in Eq. (19), and
based on the function z;(q) with ¢ = 1,--- ,k + 1. Following the approach proposed in [24, 31], the switching
constraints and their conditional statements are thus unified into a generalized algebraic form as

k41
g“(at),t) = [ [I(0 - s"(zi(a®)) | s"(zi(a(®)))e? (a(t).t) = 0. (21)
i=1 \j#i

The partitioning of R™ into sets X; should be performed in a meaningful and non-overlapping manner. Thus, the
following partition properties should be satisfied

e Global coverage of R™: |JX; = R™, where X; is the closure of X;,
e Non-empty interior: int(X;) #0, Vi,

e Disjoint boundaries: 0X; N OX; = 0, for i # j, where OX; represents the boundary of X;.

For the sake of conciseness, we do not present the constraints at velocity level % (q(t),t) = 0 and acceleration
level 2 (q(t),t) = 0 in the general case, but they are similarly obtained by first and second time differentiation
of Eq. (21) as presented in Sections 2.2 and 2.3.

3 Equations of motion

The equations of motion for multibody systems subjected to non-differentiable bilateral constraints can either be
expressed as hybrid differential-algebraic equations (HDAEs), or be based on an equality of differential measures.
In this section, we present both forms, which further lend themselves to a particular choice of the time integration
scheme.



3.1 Hybrid differential-algebraic equation

A hybrid form of the equations of motion (HDAESs) involves a continuous-time set of differential equations, and a
finite automaton that defines the behaviour of the system at switching. In our context, the HDAE shall involve:
(i) a standard DAE set of equations that holds in the smooth modes, and (ii) a set of impact equations that
exclusively defines the switching dynamics, and thus holds at the switching surfaces.

For almost every time, the equations of motion of a multibody system with non-differentiable switching
constraints takes the standard index-3 DAE form
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In these equations,

e g(q(t),t) € R™ with m = m® 4+ m® is the set of bilateral constraints, which includes the switching
(generalized) constraint gZ(q(t),t) € R™ defined in Eq. (21), and its complementary set, i.e., the set of
smooth constraints g=(q(t),t) € R™. The full set of constraints C = 2 UZis

o= [

e Further, G(q(t),t) € R™*™ is the matrix of constraint gradient, and A(t) € R™ is the set of Lagrange
multipliers such that

Gla.0 =[S @00 a0 =30 (26)

e The term GT(q(t),t)A(t) in Eq. (23) denotes the constraint reaction force,

e q(t) € R™ denotes the generalized coordinates,

e v(t) € R" denotes the generalized velocities,

e M(q(t)) € R™*" is the symmetric positive semi-definite mass matrix,

o f(q(t),v(t),t) € R™ is the resultant of gyroscopic, and other forces and torques.

The initial conditions shall take the form q(to) = q, and q(to) = q,-

On the switching surfaces, one cannot describe the dynamics based on Eqgs. (22-24) for the following reasons.
Firstly, the value of G is not determinate at the switching surface. For instance as illustrated in Figure 5, the
reaction force may be assumed to be along the direction of pre-switch gradient G~, or along the post-switch
gradient G, or along an intermediate gradient such as the bisector. In addition, the reaction force is expected to
be impulsive at the switching surface, as the velocities §(¢;) may be discontinuous. This means that an additional
set of equations should be introduced to describe the behaviour on the switching surface. The switching dynamics
is thus expressed by the impact equation which involves the velocity constraint

M(q(t:))(v(ti) — v (t:)) + R =0, (27)
G(a(t:), ti)v(ti) = —g(a(t:), ti), (28)

with the short notation v(t;) = vt () and G(q(t;),t;) = GT(q(t:),t:), and where R is the impulse of the
constraint reaction force.

In order to obtain a complete impact model, we may introduce an additional assumption on the direction of
R based on the knowledge of G™(q(¢:),t;) and G(q(t:),t;). For that purpose, we can construct an intermediate
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Figure 5: Possible models for the direction of reaction force at switching surface: along the pre-switch
gradient G, along the post-switch gradient G, or along an intermediate gradient such as the bisector.

constraint gradient G¢ by interpolation between G~ (q(¢:), t;) and G(q(t;),t;). For instance, one may be tempted
to consider the interpolation formula

Ge = (1-&6)G™ (q(ti), ts) + EG(a(ts), i), (29)

where £ € [0, 1] is the interpolation parameter. Unfortunately, this formula is not applicable in general, and we
will see that more sophisticated interpolation schemes should be considered. Let us simply accept for the moment
that an intermediate gradient G is specified in the model. Then, we assume that R is expressed as

R = G}A. (30)

In summary, the impact model is
M(q(t:))(v(ti) = v (t:)) + Ge A = 0, (31)
G(q(ti), ta)v(ti) = —g.(a(ti), t:). (32)

3.2 Equality of differential measures

The HDAE form is based on two sets of equations: the DAE form in Egs. (22-24), and the impact equation in
Eqgs. (31-32). Alternatively, the equations of motion can be expressed in terms of differential measures as follows

q(t) = v(t), (33)
M(q(t))dv — G£di = f(q(t), v(t), t)dt, (34)
g(a(t),t) =0. (35)

This unique set of equations holds in the smooth modes, and also at the switching surfaces. In Eq. (34), G¢ is
the intermediate gradient between G~ (q(t:),t;) and G(q(t;),t;), as discussed in the previous section. Notice that
in the smooth modes, Ge¢ = G7(q(t:),t:) = G(q(t:),t:). Equations (33-35) are subjected to initial conditions
q(to) = gy and q(to) = 4.

Equation (34) is defined as an equality of differential measures. In this equation, di is the impulse measure of
the constraint reaction forces, dv is the differential measure associated with velocity v(t), and d¢t is the Lebesgue
measure. Neglecting singular measures, the measures dv and di can be decomposed as
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(a) Choice of G¢ as post-switch gradient. Gv~ is (b) Choice of G¢ as bisector between the gradients G~ and G
the component of v~ orthogonal to the post-switch and the property of orthogonality G,2(v +v~) = 0.
constraint.

Figure 6: Choice of constraint gradient at switching surface.

dv =Vdt + > (v(t:) = v (t:))ddr,, (36)

di = Adt+ > p,dd,, (37)

where p, is the impulse (percussion) at switching computed at ¢;, and dds, is the Dirac delta supported at t; as
1, if t; € t1,t2],

/ do; = . (11,12 (38)
(t1,t2] 0, if ¢ ¢ (tl,tz].

Introducing Egs. (36-37) into Egs. (33-35) leads to: (i) the standard DAE form of the equations of motion as
stated in Egs. (22-24) for almost every time, and (ii) to an impact equation at the switching time ¢; as defined in
Egs. (31-32).

3.3 Analysis of the impact model

In this section, we study the impact model, and in particular the influence of the choice of G¢ on the energy
behaviour at switching. Let us drop the functional arguments of the different variables for the sake of notational
simplicitly. The analysis is restricted to scleronomic systems (the constraints do not explicitly depend on time)
with an invertible mass matrix. We obtain from Eq. (31)

v=v —M 'GZA. (39)
Substituting in Eq. (32), we obtain
Gv.  —GM 'GfA =o0. (40)
Defining Dg = GM'GZ, we obtain,
A=D;'Gv . (41)
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Notice that if G¢ = G, D¢ is symmetric and coincides with the classical Delassus operator D = GM™'G7T. But
if Gg¢ # G, D¢ is not symmetric. Further we evaluate the change in energy as

E—E — %(V)TMV - %(v*)Mv*, (42a)
= SV V)M - vO), (42b)
- 7%(v+v7)TG§A, (42¢)
- —%ATGg(v +vo), (424)
= (V)G Ge(v + V). (42¢)

These developments are valid for any choice of Gg¢. To go deeper in the analysis, we need to exploit a more
precise expression of Gg, which was not specified yet. As the definition of G¢ by interpolation is not trivial in
the general case, we continue the developments in two special cases.

3.3.1 Special choice: G¢ =G

As a special case, let us consider the definition of the intermediate gradient as the post-switch gradient G¢ = G.
We can use the property Gv = 0 to obtain

F—E — —%(Gv*)TD*Gvi (43)

Since D is symmetric positive definite, the matrix D~! is also symmetric positive definite so that

E—-E <0, Vv (44)

The choice G¢ = G thus implies some dissipation of energy. This dissipation is proportional to Gv~, which
is the velocity component of v~ orthogonal to the post-switch constraint (or the normal component of incident
velocity) as illustrated in Figure 6a. This orthogonal component of v~ shall simply be dissipated at switching.

3.3.2 System with a single constraint

In the special case of a single constraint, we suggest the following interpolation formula:

Ge = @G’ + §G, (45)
a a
with the normalization factors a~ = /G "M }(G)-T and a = VGM 'G7. The choice of the sign & should be

made according to a directional condition that will be introduced later in this section.
The energy drop E — E~ in Eq. (42e) involves G¢(v + v ) which can be developed as

Ge(v+v )= (%)vaﬂ: gGvf. (46)
Since we have
v=v —M 'GfA, (47a)
=v —-M 'GID;'Gv", (47b)
we obtain
Ge(v+v )= (— <1CL_7_6)G’M’1G§D§1 + §>Gv*. (48)

11
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Substituting De = GM™!GZ, we obtain

Ge(v+v )= ( — (1 — g)G*M*IGE(GM*IGE)*1 + §>Gv*. (49)

a—

If we consider the value & = 1/2, i.e., if the reaction force is assumed to act in the direction of the bisector, we
get,

N 1 G M 'G], ([GM 'G],\ ! 7
G =—( - +1)G 50
alv vy = o (= ST (FEE) e (50)
where
_ G M YGHT  aMH(G)T
—(G™M'G{)) = + 51
a ( 1/2) 2((1_)2 2(a_)a ) ( a’)
1, GM'G"
- -+ il 1b
2 2a~a '’ (51b)
1 1T GM'G~ , GM'G”
-(GM™'G = + 2
2 7)) = HmSE, (522)
GM'G™ 1
=——+ - 2b
2aa~ 2’ (52b)
= i(a%G*M*IGIT/z). (52¢)
Finally, we have
_ 1 _
Gipp(v+v) = %(:Fl:l:l)Gv =0, (53)
which implies that E — E~ = 0, i.e., the energy is conserved. Thus, if the reaction force is oriented along the

bisector (as illustrated in Figure 6b), the impact model results in a conservation of energy. Such a conservative
model might be relevant for cases as in Figure 7, where the nonsmooth track represents the limit case of a smooth
track with a radius R — 0. The condition in Eq. (53) can be interpreted as an orthogonality condition between
the intermediate gradient and the average velocity, which is illustrated in Figure 6b.

Let us come back to the choice of the sign in Eq. (45). We propose to define it based on a directional
condition illustrated in Figure 8. We see that the post-switch gradient can either be represented by G or by —G.
Both vectors span the same subspace, but their choice may influence the interpolation, as (1 — £)G~ + £G and
(1-&)G™ — £G do not span the same subspace. We propose to fix the choice of the sign in order to ensure that,

12
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Figure 8: Directional condition.

in the case £ = 1/2, the system will cross the switching surface, and continue in the next mode with the same
energy. Thus, the directional condition takes the form

(Zv~)(Zv) > 0, (54)
which can be reformulated using Eq. (47b) as
(Zv™)(Zv™ —ZM 'G],5(GM 'G{;,) 'Gv™) > 0. (55)

3.3.3 General case

In the case of a single constraint, we have already seen that the interpolation of the constraint gradient is not a
trivial problem. From a geometric view point, the subspace spanned by the constraint gradient is not affected by a
scaling or a change in the sign of G. It is important that the interpolation procedure remains invariant with respect
to scaling or sign changes across the switching surface. Equation (45) satisfies this requirement. The question can
be generalized to problems with several constraints. However, the adaptation of the direct interpolation formula
given in Eq. (29) becomes very cumbersome, as one needs to ensure invariance with respect to normalization and
sign changes for the columns of GT (as discussed in the previous section), but also invariance with respect to
column permutations, as the column sequence might differ in (G)~7 and G, but these permutations do not alter
the spanned subspaces. In that context, observing that the linear subspace spanned by GT is an element of a
Grassmann manifold [32], one may resort to interpolation methods on Grassmann manifolds [33-35] to establish
a consistent interpolation procedure. However, we will not further elaborate on this question in the context of
the present paper, and leave this extension as a perspective. All numerical examples treated in this paper fall in
one of the special cases discussed in Sections 3.3.1 and 3.3.2.

4 Numerical time integration

The exact solution of the equations of motion should satisfy the constraints at position, velocity, and acceleration
levels. Using classical DAE time integration schemes, a numerical approximation can be obtained in the smooth
modes, but it may not necessarily capture the discontinuous behaviour at the switching surfaces. Methods based
on smooth approximations heavily rely on the appropriate choice of a smoothing parameter, as discussed in
Section 2.1, and may suffer from high numerical stiffness. They will be not be studied here. In contrast, we shall
focus on methods from nonsmooth dynamics such as event-driven and time-stepping schemes.

We propose to study several possible time integration methods for this class of problems. On the one hand,
the index-3 form and index-reduced forms of the classical generalized-« scheme will be considered to illustrate the
behaviour and limitations of standard DAE solvers. On the other hand, event-driven and time-stepping versions
of the generalized-a scheme will be analyzed in detail.

4.1 Classical DAE schemes

4.1.1 Index-3 generalized-a method

The index-3 generalized-a method can be considered to solve the index-3 DAE in Egs. (22-24). Following the
procedure described in [36], the discrete system at time step t,+1 is formulated as
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where we drop the functional arguments for sake of conciseness with My, 11 = M(q,, ), GL,, = GT(an, tnt1),
froi1 = f(dpy1s Vati,tnt1), and g,y = g(dy41,tnt1). Equations (56 - 58) are accompanied by the difference
formulae

AQn+1 = 9 + hv” + h2(05 - ﬂ)a’ﬂ + h’2/3371+17 (59)
Vntl = Vn + h(l - V)an + hyan+1, (60)
(1 — am)anti + aman = (1 — af)Vat1 + QfVa, (61)

where a, is an auxiliary acceleration variable which is initialized as ap = q,. The numerical parameters o, ay,
B, v can be selected as

Ay, = ———, af = s 62
poo +1 ! Poo +1 ( )
¥ =054+ as — am, B =0.25(y+0.5)%, (63)

where poo € [0, 1] is the desired spectral radius at infinity, with poo = 1 indicating no dissipation, and psc = 0
meaning a complete annihilation of the high-frequency oscillations. Equations (57) and (58) are nonlinear and a
Newton procedure shall be required. As explained in [36], the computation of corrections for the unknowns q,,_ 1,
Vn+1, Vnt1, and Apy1 requires an iteration matrix S; which is defined as

M,118 + Cey' + Ky GT
S, — +1 tY t +1 (64)
Gt 0

where K¢ = 0(Mp4+1Vnt1 — fnp1 + GZH)\,H_l)/aan is the tangent stiffness matrix and Cy = O(—fn41)/0Vni1
is the tangent damping matrix. The parameters 8’ and 4’ are computed as

;o 1— am r_ 0
O ap) T ()

Notice that in Egs. (56-61), the velocity and acceleration level constraints are not imposed, i.e., they are hidden
constraints.
4.1.2 Index-2 generalized-a method

The index-2 generalized-a formulation is obtained by substituting the constraint in Eq. (58) by its first time
derivative. The dynamic equilibrium is thus solved at time t,4+1 as

qn+1 = Vn+1, (66)
M, t1Vpt1 + GZ:+1>\n+1 =fn41, (67)
Gnt1Vat1 = =8 15 (68)

where the short notation g, ,, | = g,(d,,41,tn+1). Equations (66 - 68) are accompanied by the difference formulae
in Egs. (59-61). The iteration matrix is not presented for the sake of conciseness, but is trivially obtained by the
linearization of Eqgs. (67) and (68).

A variant of this formulation which involves the intermediate gradient Gg will also be considered in the
numerical examples in Section 5. In this version, the discrete system at time step ¢,41 is formulated as
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Ani1 = Vnti, (69)
An+1 = fn+17 (70)
Gri1Vntl = =8¢ nq1 (71)

- T
Mn+1vn+1 + GE,‘

sm41

along with the difference formulae in Eqgs. (59-61). The iteration matrix can be obtained by the linearization of
Egs. (70) and (71) but is not presented for the sake of conciseness.

4.1.3 Index-1 generalized-a method

The index-1 generalized-a formulation is obtained by substituting the constraint in Eq. (58) by its second time
derivative. The dynamic equilibrium is thus solved at time t,+1 as

Qpi1 = Vntl, (72)
Myt1Vas1 + G£+1>\n+1 =f+1, (73)
Gn+1‘.’n+1 + Gn+1vn+1 = 7gt,n+1v (74)

along with the difference formulae in Egs. (59-61). The iteration matrix can be obtained by the linearization of
Egs. (73) and (74).

4.2 Nonsmooth DAE schemes

4.2.1 Event-driven generalized-a method

The HDAE formulation that explicitly defines the modal transitions is best suited to be solved using event-driven
schemes [26]. Such schemes are fundamentally classical DAE solvers, combined with an event-detection and a
time-step adaptation strategy. This strategy can be developed based on the classical generalized-a scheme with
constraints at position level in Egs. (56-61). Switch detection procedures can rely on the switching time 77, that
is either computed analytically or using root-finding procedures. A time-step adaptation is performed so that the
discrete time t,+1 coincides with the switching time T7.

The integration is paused for an update of the state variables. In particular, the update of velocities v(t) can
be done by exploiting the impact equation which involves the velocity constraint. In this way, the post-switch
velocity v(t) is compatible with the post-switch constraint. The integration is restarted using the updated initial
conditions. This update procedure ensures that q(¢) and v(¢) are compatible with the post-switch constraints at
position and velocity levels.

4.2.2 Nonsmooth generalized-a method

Time-stepping (also known as event-capturing) schemes have been developed to obtain the solution of the equa-
tions of motion in terms of differential measures as in Eqgs. (33-35). They can deal with discontinuities inside the
time step, so that the time step should not be calibrated to each switching event.

In the nonsmooth generalized-a (NSGA) scheme, the position and velocity constraints are simultaneously
enforced following a similar approach as proposed by Gear, Gupta, and Leimkuhler [37]. In the case of impulsive
contributions, this scheme is first-order accurate. We present the decoupled version of NSGA [28] which is based
on the decomposition of the position and velocity fields as

Qpt1 = an+1 + Un+17 (75)
Vil = Vg1 + Whgyt, (76)

where q,,,; and V11 are smooth positions and velocities, and U1 and W41 are the position corrections and
velocity jumps. At each time step, a sequence of three subproblems should be solved.
_ Firstly, the smooth motion at time step ¢,41 is computed using the smooth constraints at velocity level

gz(an+1vtn+1) =0as
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Apyr = Va1, (77)

M, 41V i1 + éffiforl =foi1, (78)
GV = —Bonsn, (79)

Ao =0, (80)

where we adopt the short notation M, = M(q,,41) éffl =G (dpy1stntr), Fa— f(Apy1, Vort, tnya),
and §5n+1 = gf(am_p tnt1)-

The variables q,, 1, Vat1, and {.;n+l should also satisfy the generalized-a integration formulae as in Egs. (59-
61). It is important to observe that the switching constraints are ignored in the definition of the smooth motion
according to Egs. (77-80). This is a fundamental difference compared to the classical index-3, index-2, and index-1
versions of the generalized-a scheme. Notice that q,,; and V,y1 are decoupled from Uny1, Wayt1, q, 4, and

~ ~ ~ zZ . .
Vn41. The nonlinear system is solved for q,,, 1, Va+1, 9,41, Ant1, and a, 41 using a Newton-Raphson technique.
Secondly, the position correction U1 is computed at time step ¢,+1 such that q,,; is compatible with the
set of smooth and switching bilateral constraints g(q,,1,tn+1) = 0 as

Qn+1 = Vn+1, (81)
I\A/in+1Un+1 + Gg,n+1yn+1 = h2f€l+1’ (82)
gntr1 = o, (83)

where £} 1 = £(d, 41, Vit 1, tnt1) = £(Qpgrs Vg1, tngr) + (GZ+1(qn+17 tnt1) — G£+1(an+1a tn+1))Ant1, and Vagr
is the contribution of constraint forces to the position correction. A Newton semi-smooth method can be used to
solve for Uyy1, 4,41, and vni1. In Eq. (82), Ge is evaluated using a different procedure whether the time step
includes the switching events or not:

Ge =G if zi(q,)zi(An 1) >0, Vi,
Ge¢ is defined by interpolation between Gy, (84)

and G,,+1 otherwise.

Thirdly, the velocity jump W41 is computed at time step t,+1 such that the velocities vi41 satisfy the
smooth velocity constraints g7 (q,,,,tn+1) = 0 as

qn+1 = Vn+1, (85)
M1 Wit + GE 1 Anyt = hE Ly, (86)
Gni1Vat1 = —8Bintls (87)

where ffz-&-lv =f(dpy1> Vart, tnp1)—f(Qpyy, Vart, tn+1)+(G£+l(qn+17 tn+1)—G£+1((~ln+17 tnt1)) An+1—(M(d, 1) —
M(q,,;1))Vn+1. Further A, 41 represents the impulse of the constraint forces. In Eq. (86), G is obtained as per
the procedure in Eq. (84).

5 Numerical examples
In this section, we shall present the analysis and comparison of solutions obtained using the classical and non-
smooth integration schemes of Section 4 for the benchmark test introduced in Section 2.1.1. Afterwards, the

NSGA method will be used for three additional examples: a simplified braiding machine, a wheel rolling across a
pothole, and a cam-follower mechanism.
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Figure 9: Material point on nonsmooth track: numerical results for the trajectory x(t) and y(t) for two
different definitions of the switching function. Case 1: z(q) = x — . Case 2: z(q) = —y + tan0*/2(x — 1)
with 6* = —3m/4.

5.1 Material point on a nonsmooth track

Consider the benchmark problem introduced in Section 2.1.1 with 6 = /4. Let us assume that the material point
has a mass my. The mass matrix is thus defined as M = diag [mp mp] € R?*2,
In the HDAE form, the system dynamics comprises of the index-3 DAE system in the smooth modes

=0
mply(t) + A =0 if z(q(t)) < 0,

along with the impact equation at the switching surface z(q) =0

mp(ve — vy ) — Atan(fg) =0
(v — vy) + A =0 if 2() = 0, (39)
vy — tan(f)v, = 0,

where ¢ is the angle used to evaluate the intermediate constraint gradient Ge.

In this example, the number of smooth constraints is m® = 0 and the number of switching (nonsmooth)
constraints is m® = 1.

The physical parameters are chosen as mp = 1 kg, [ = 3 m, and v, = 1 m/s. The numerical parameters for
the generalized-a scheme are chosen as spectral radius po = 0.98, time step size h = 0.002 s, total simulation
time ¢y = 6 s, tolerance for Newton iterations as 107%, and maximum Newton iterations set to 20. The numerical
parameters for the NSGA scheme are identical to the generalized-a scheme.

5.1.1 Evaluation of the energy drop

From the theoretical observations in Section 3.3.1, the choice of Gg¢ = G (so here 0¢ = 6) should lead to a

dissipation in energy. The energy drop can be evaluated using the expression in Eq. (43). Since the constraint

gradient is G = G = [—tan(f) 1] = [-1 1], the Delassus operator is obtained as D = GM™'G” = 2. Using
T

v = [’Uz vy] = [1 O]T, we obtain the energy drop from Eq. (43) as

F-E = 7%(v‘)TGTD_1GV_ = —0.25. (90)

A dissipation of energy of —0.25 J is thus expected, which represents a 50% energy drop, as E~ = 0.5 J. In
contrast, if Ge = Gy/2 (so here 8¢ = 0,5 = (7 + 0)/2), we expect that the energy is conserved.
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Figure 10: Material point on nonsmooth track for § = 7/4 and z(q) = x — I: comparison of numerical
results obtained from classical index-3, index-2, and index-1 generalized-a methods.

5.1.2 Influence of the switching function

Let us study the influence of switching function as a follow-up of the discussion in Section 2.1. Figure 9 illustrates
the numerical solution obtained using the index-2 generalized-« method for positions z(¢) and y(t) for two choices
of the switching functions. In the case 1, the solution evolves along the constraint space defined by the pre-switch
constraint y(¢) = 0 for z(q(t)) < 0, and the post-switch constraint y(t) = tan(0)(z(t) — ) for z(q(t)) > 0.

In the case 2, the solution evolves along the constraint space defined by the pre-switch constraint y(¢) = 0 for
z(q(t)) < 0, and the post-switch constraint y(t) = — tan(0)(x(t) — ) for z(q(t)) > 0. It is clearly evident that the
geometry of the constraint space is controlled by the choice of switching function, as per the theoretical analysis
in Section 2.1. From now, the analysis will focus on the case 1 with switching function z(q) = = — [.

5.1.3 Comparison of results from classical and nonsmooth schemes

Let us compare the classical and nonsmooth schemes for the case 0 = 6.

Figure 10a illustrates the evolution of positions q(¢), i.e., z(t) and y(¢) of the material point across the kink.
The trajectories obtained using the index-3 and index-2 methods evolve along the track. This observation is
consistent with the fact that the index-3 solution satisfies the position constraint up to machine precision. The
index-2 solution may not necessarily satisfy the position constraint with the same precision, as it may suffer
from a constraint drift-off effect (which is later observed in Figure 10g and remains small in this case). The
index-1 solution misses the kink and drifts away after the switching, and thus goes completely off the track.
This demonstrates that the index-1 solution is incorrect and not acceptable. Intuitively, this behaviour can be
explained because the index-1 scheme computes the position solution through the integration of the acceleration
field, which remains 0 in each phase of motion. This can be confirmed from the results obtained for velocities in
Figures 10b and 10c.
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Figure 11: Material point on nonsmooth track: numerical results obtained using the NSGA method.

The evolution of velocities & and y with time are illustrated in Figures 10b and 10c respectively. Spurious
oscillations of numerical origin are triggered at switching in the index-3 solution, which reflects that the numerical
solution does not satisfy the hidden velocity constraints after the switching. The amplitude of the oscillations
gradually decreases for z(q(¢)) > 0, thanks to the numerical damping of the generalized-a method. On the other
hand, an index-2 formulation enforces the hidden velocity constraint, and results in a compatible solution for &
and y as observed in Figures 10b and 10c. As expected, the index-1 method leads to constant velocities i.e., £ = 1
m/s and §y = 0 m/s for all time.

Further, the evolution of the kinetic energy (KE) with time is presented in Figure 10d. A dissipation of energy
is observed at switching in the index-3 and index-2 solutions. This is in agreement with the analysis presented
in Section 3.3.1. In Figure 10d, the KE drops from 0.5 J to 0.25 J, which is in agreement with the theoretical
value of Egs. (90). As the velocities obtained from the index-2 scheme are discontinuous, the decay of energy is
instantaneous, whereas the decay is progressive in the index-3 solution.

Figure 10e shows the evolution of acceleration components & and §. The index-3 and index-2 solutions, whose
definition do not involve the acceleration constraints, are affected by numerical oscillations after the discontinuity.
The oscillations gradually decrease due to numerical damping. On the contrary, the accelerations obtained from
the index-1 scheme is & = §j = 0. Similar observations as the accelerations are made in the evolution of the
Lagrange multiplier A in Figure 10f.

In Figure 10g, the evolution of the norm of the residual of the position level constraint ||g(q(t))|| is presented.
The index-3 method satisfies the position constraint up to machine precision in this case. A numerical disturbance
effect at position level of the order of 1072 at the discontinuity is observed in the index-2 solution. On the contrary,
for the index-1 formulation, the error increases linearly after the kink. Similarly in Figure 10h, the evolution of
the norm of the residual of the velocity level constraint ||g(q(¢))|| is presented. A jump from 0 to 1 is noticed
at the discontinuity in the index-3 and index-1 solutions. After the discontinuity, this residual error decays to 0
using the index-3 method, but remains at the value of 1 using the index-1 method. The residual of the velocity
constraint obtained using the index-2 method reflects that, by construction, this solution exactly satisfies the
velocity constraint.

Figure 11 shows the results obtained using the nonsmooth generalized-a (NSGA). Figure 11a shows that the
NSGA solution evolves on the track, and satisfies the position constraints. In Figure 11b, the velocity jump at
the kink can be observed, which is consistent with the fact that the numerical solution also satisfies the velocity
constraints. In Figure 11c, a 50% dissipation in the kinetic energy is observed, in agreement with the theoretical
value of Eq. (90). Finally, in Figures 11d and 11e, the evolution of the Lagrange multipliers for position correction
v and velocity jump A is presented. At the kink, an impulse is observed in v and A.

From this analysis, we can conclude that the index-3 and index-1 generalized-a methods suffer either from
intense numerical oscillations or from completely wrong solutions, and therefore are not well-suited to handle
the discontinuities induced at switching. We thus exclude them from further analysis. On the contrary, the
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Figure 12: Kinetic energy (KE) for different values of the interpolation parameter £.

index-2 generalized-a method provides acceptable solutions for the positions and velocities. The NSGA method
provides accurate solutions, and is robust in handling the switch-induced discontinuities. For this example, the
results obtained using the event-driven generalized-a scheme, are in agreement with the NSGA solution. Thus,
we continue our analysis only for the index-2 generalized-a and the nonsmooth schemes.

5.1.4 Effect of gradient interpolation on energy behaviour at switching

In this section, we choose the gradient at impact G¢ as an intermediate value between G~ and G according to
Eq. (45). In particular, for £ = 1/2, the gradient G¢ coincides with the bisector and we expect a conservation of
energy. The extreme case £ = 1 coincides with the choice Gg¢ = G, which was studied in the previous section.

Figure 12a represents the energy using the variant of the index-2 generalized-o method which involves the
intermediate gradient Gg. For £ = 0.9, we observe an energy loss at the kink, while the values £ = 0.7 and 0.5
result in an increase in energy. This is clearly an unacceptable numerical artifact of the index-2 generalized-o
scheme.

This behaviour can be avoided by considering a purely implicit scheme with the values of v = 1, a,, = 0,
oy =0, and 8 = 0.5 in the index-2 integration procedure. The integration formulae become

2

h
dy11 =94, + hvn + ?an-%la (91)
Vptl = Vi + hant1, (92)
Ant1 = Vntl, (93)

with the special property that they do not involve the preceding accelerations in v, and a, anymore. This
property is favourable in handling instantaneous changes in dynamical regimes. Figure 12b represents the results
obtained using this fully implicit integration. Figure 12b shows that consistent results are then obtained, and
that a conservation of energy can indeed be achieved for £ = 0.5. From these results, we can say that the classical
index-2 generalized-a method is generally not applicable to systems with switching bilateral constraints, unless
very specific and non-optimal coefficients are selected. Actually the choice o, = 0, oy =0, vy =1, = 0.5 is
known to induce very high levels of numerical dissipation, and is only first order accurate even for smooth ODEs
and DAEs.
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Figure 13: Multibody model of a braiding machine.

Notice that the energy behaviour as illustrated in Figure 12b can also be obtained by introducing an explicit
computation of the velocity jump at z(q) = 0 in the index-2 algorithm, in the spirit of an event-driven strategy.
This can be done by explicitly introducing the impact equation that is presented in Eqs. (31-32) in the index-2
algorithm, leading to an event-driven generalized-a scheme. Thus, we can state that the event-driven generalized-a
scheme leads to an energetically acceptable numerical solution.

The NSGA procedure naturally incorporates the impact model in a robust manner. Figure 12c shows that the
numerical solution satisfies the conservation of energy for £ = 0.5. Therefore, we can conclude that the NSGA
method stands out as a suitable integration method, which is able to handle the nonsmooth dynamics of switching
bilateral constraints in an efficient and robust manner. The next examples shall therefore be solely treated using
the NSGA method.

5.2 Multibody modelling of a braiding machine

In this section, we consider a slightly more complex example of a multibody system with both smooth and
switching bilateral constraints.

Let us consider a simplified braiding machine with a bobbin carrier C' of mass m¢ (which includes the mass
of textile yarn), radius r¢, and inertia jo about its axis of rotation. The carrier interacts with two opposite
rotating horn gears G and G’ as shown in Figure 13 to produce the desired motions in a braiding process. Let us
assume that the gear G is controlled by the motor and is thus the driving gear. Horn gears G and G’ have masses
meg and mgs (we assume mg = mgr), radii rg and rgs, and inertia jo and jgr about their respective axes of
rotations. We assume that the centers of horn gears G and G’ are fixed at [acc; yg] and [mgr ygl] respectively
with z¢ = ye = ygr =0 and xgr = —r¢ — g’

Let q(t) = [zc(t) yo(t) ¢c(t) ¢alt) d)Gf(t)}T € R® describe the configuration of the 1 DoF system,

where [zc(t) ye (t)]T is the position of the carrier, and [¢c(t) ¢a(t) qSG/(t)}T are the angles defining the
orientation of these three bodies. Thus we introduce 4 algebraic constraints g(q(t)) = O4x1. The initial condition
on the horn gears for ¢ = 0 are defined as ¢ (0) = 0, ¢/ (0) = 0. The initial conditions on the carrier for ¢t = 0
is defined as ¢c(0) = ¢c(0) + dac where e is a fixed angle between the gear G and carrier C. The position
of the carrier C is initialized as z¢(0) = rg cos(¢c(0)), and yc(0) = rasin(¢c(0)). An initial velocity for ¢ = 0
is introduced for the driving gear G as gi)g;(()) = wg. Consistent values of initial velocities are introduced for the
carrier and gear G’ as q;c(O) = wg, and (ﬁgl(O) = —wg, 2¢(0) = 0, and yc(0) = war cos(¢pc).

Initially, the carrier is constrained to horn gear GG, which defines the mode 1. The following bilateral constraint
is satisfied for z(q(t)) < 0

zc(t) —xg — ra cos(pc(t))
gi (a(t) = | ye(t) — yo — rasin(o(t) | = 0sx, (94)
oo (t) — ¢a(t) — pac

The switching function is selected as z(q) = ¢g — w. At z(q) = 0, as the carrier is transferred to horn gear
G’ which defines the mode 2, the expression of the bilateral constraint instantaneously changes. The following
bilateral constraint is satisfied for z(q(¢)) > 0

zc(t) — xgr + rar cos(pe(t))
g5 (a(t)) = |yc(t) — yor +rarsin(éc(t)) | = Osx1, (95)
po(t) — dar(t) — derc

where, ¢q/¢ is the fixed angle between gear G and carrier C.
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At the switching surface z(q) = 0, the impact model involves the intermediate gradient which is chosen as
G¢ = G. From this choice, a dissipation of energy is expected at carrier transfer. At switching, a continuity
requirement at position level is introduced for a smooth transfer of the carrier. From Egs. (94) and (95), the
condition of intersection of the two portions of the constraint space can be formulated as

dat) + dpac = ¢ar (t) + darcs (96)

which should be fulfilled for z(q) = 0, i.e., ¢c(t) = 7 and ¢/ (t) = —m, so that we get the condition ¢pgc =
pce + 2m. B

Notice that in addition to the switching constraints gZ(q(t)), a smooth constraint gZ(q(t)) represents the
coupling of the rotation of the two horn gears as

g (a(t) = [pc(t) + der (8)] = O1x1, (97)

In this example, the number of smooth constraints is m? = 1 and the number of switching (nonsmooth) constraints
is mZ = 3. The inertia matrix is defined as M = diag [mc mc  Jjc Ja jG/] c RSXS, where the inertia of
the carrier is defined as jo = 1/2mc1%7 and the inertia of the horn gears G and G’ is jg = 1/2mgré and
jar = 1/2meair,, respectively.

5.2.1 Results and discussions

The physical parameters are chosen as mc = 2 kg, rc = 0.5 m, mg = mg = 15 kg. Let us assume that rg = 2
m. We shall present two cases for rqs = r¢ and rg = 0.5rg. The fixed angle between gear G and carrier C' is
¢cc = 0. The initial angular velocity of the horn gear G is wg = 1.6 rad/s. The total simulation time is t;y =4 s
and h = 0.001 s. The numerical parameters for the NSGA scheme are chosen as in Section 5.1.

Figure 14 represents the results obtained using the NSGA scheme for carrier switching between equiradial horn
gears (r¢ = rgr). In Figure 14a, the position coordinates z¢(t) and yc(t) appear to be continuous everywhere,
so that the transfer of carrier between horn gears seems rather smooth. In Figure 14b, a kink is observed in the
evolution of ¢¢c(t). Such a nonsmooth behaviour reflects the discontinuity of the angular velocity (;'Sc(t) at the
transfer. Similarly, the angular evolution of horn gears gears ¢¢(t) and ¢g(t) is continuous but not necessarily
differentiable, as a small velocity jump occurs in the evolution of horn gears at the transfer point.

In Figure 14d, a jump is noticed for ¢¢ (t). Similar velocity jumps of small amplitude (that are barely visible
in the plots) are present in the evolution of ¢ (t) and ¢q/(t). Furthermore, the behaviour of the tangential
and normal components of linear velocity, i.e., ©c(t) and ¢c(t) across the switching surface, along with its norm
[|Z(t) + 92 (t)|| are shown in Figure 14c. If the equiradial horn gears rotate with constant angular velocities,
the linear velocities should be smooth and continuous. However, this is not necessarily true, as the impulsive
switching behaviour contaminates the system dynamics. Therefore jumps of small magnitude (that are barely
visible in the plots) are present in the linear velocities.

Figure 14e shows the evolution of the kinetic energy (KE) with time. As expected, a dissipation of energy
is observed at switching, as the intermediate gradient is chosen to be the post-switch gradient. The evolution of
Lagrange multipliers for position correction v(t) and velocity jump A(t) is presented in Figures 14f and 14g. As
the constraint expressions instantaneously switch, an impulse is observed in the constraint forces. The smooth
Lagrange multiplier involved in the smooth problem B\?(t) =0.

Let us also analyze the case a carrier switching between horn gears of radii rg» = 0.57¢, which nevertheless
rotate with the same angular velocity ¢or = —dg. Figure 15a shows that the trajectory of carrier zc(t) and ye (¢)
is continuous. Next, Figure 15b illustrates the evolution of linear velocities ¢ (t), yc(t), along with its norm
[|£Z(t) + 9&(t)||. A large jump is noticed in the tangential component of velocity yc(t) at the transfer. Indeed
the tangential velocity of the carrier ¢ jumps from g = 77‘(}@5@ to yo = 2r0q50/ with ()Z'SG/ = *éc. Finally, a
dissipation of energy at z(q) = 0 is noticed in Figure 15c.

5.3 Wheel rolling across a pothole

In this section, we analyze a planar mechanical system whose dynamics is punctuated by multiple switching
surfaces.

Consider a wheel of radius r, having mass m, and inertia j about its axis of rotation. In this model, we assume
that the wheel remains always in closed contact with the ground, and that it rolls without slipping. The ground
has, however, a nonsmooth geometry with a pothole as shown in Figure 16a. When the wheel enters the pothole,
we assume that it remains in non-slipping contact with the upper left corner until it enters in contact with the
upper right corner. Then, the wheel continues the motion to leave the pothole, and finally rolls without slipping
along the right portion of the ground.
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Figure 16: Illustration of the model for wheel rolling across a pothole and definition of switching surfaces.

Let us describe the 1-DoF system using a set of 3 coordinates q(t) = [z(t) y(t) ¢(t)]T € R**! which
satisfy 2 algebraic constraints g(q(t)) = Oz2x1. The initial conditions of the wheel are defined for ¢ = 0 as
z(0) = 0,y(0) = r,¢(0) = 0. Consistent initial velocities for ¢ = 0 are introduced as #(0) = vz, y(0) = 0, and
#(0) = v, /r. The gravitational force is taken into account in this example. It should be noted that v, should be
sufficiently small to avoid loss of contact between the wheel and the ground.

The wheel is initially rolling without slipping and constrained to a horizontal track of length ! (mode 1). At
z(t) = I, the rolling wheel starts rotating about a pivot point, as it falls under gravity into the pothole of length
I, < r (mode 2). Instantaneously at z(t) = (I + l,)/2, the pivot point switches to z(t) = [ + [, (mode 3). The
final phase of motion x(t) > I + I, is defined by the wheel rolling on a horizontal track (mode 4). The system
dynamics is thus punctuated into 4 modes defined by 4 switching functions as

z(q) = [21(qQ) z2(q) z(q) z(q)]. (98)

Referring to Figure 16b, the switching functions are defined as

z1(q) = —z + 1, (99)
2a(a) = (@ — (@ — L= 1,/2), (100)
2a(@) = —(@ — L= Lp/2)(x — L 1,), (101)
za(@Q)=x—1—lp. (102)

In this case, they only depend on the coordinate z, and not on y and ¢. Notice that z1(q) = 0 and z4(q) = 0 are
linear surfaces, while 22(q) = 0 and 23(q) = 0 are quadratic switching surfaces.

Let us develop the bilateral constraint expressions for each mode. The constraint expression for mode 1 is
formulated as

g2 = [0 T — 0 itaga) >0 (103)

The condition z1(q) = 0 is reached when = [ which implies, using Eq. (103), that ¢ = ¢* ={/r. In this phase,
the angle thus evolves in the range ¢(t) € [0, ¢*[.
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In mode 2, the constraint equations are reformulated for the wheel pivoting about the point to z =1, y = 0.
The following bilateral constraint is satisfied for z2(q(¢t)) > 0

z z(t) =l —rsin(¢(t) — ¢7)

8> (a(t)) = y(t)_rcos(qb(t)_:b*) = 021, (104)

The condition z2(q) = 0 is reached both when z =1 (and ¢ = ¢") and when = [ + [,/2. In the second case,
using Eq. (104), the angle ¢ = ¢** is such that

L 41,/2 =1+ rsin(¢™ — ¢), (105)
so that
¢ = arcsin b + " (106)
a 2r ’

In this phase, the angle evolves in the range ¢(t) € |¢*, ¢*"[.
In mode 3, the angle evolves in the interval ¢(t) € |¢**,¢***[. A symmetry condition between phase 2 and 3

implies that ¢™" — ¢" = ¢ — ¢"*, which is used to compute the expression of ¢"** as

¢™" = 2arcsin (é—i) +¢". (107)

Then in mode 3, the following bilateral constraint is satisfied for z3(q(t)) > 0

z _x@®) =1 =1, —rsin(e(t) — ™) _
g3 (q(t)) - |: y(t) _ TCOS(¢(t) _ ¢***) :| — 02><17 (108)

where ¢™* < ¢(t) < ¢™**. Finally in mode 4, the bilateral constraint is similar to mode 1 and is satisfied for
zi(a(t) > 0

2 (a(t)) = [ac(t) - l;(t_) T_(f(t) - ¢***)} — O, (109)

At the switching surfaces, the impact model is defined using the post-switch gradient as Ge¢ = G, and thus a
dissipation of energy is expected.

The inertia matrix is defined as M = diag [m, m,j] € R¥*3® where j = 1/2mr?. The external force vector
includes the gravitational forces as f** = [0 —mg 0] T, which contributes to the potential energy of the system
as V(q(t)) = —a(t) £

In this example, the number of smooth constraints is m? = 0 and the number of switching (nonsmooth)
constraints is m? = 2.

5.3.1 Results and discussions

The physical parameters are defined as m =5 kg, 7 = 1.5 m, [ =2 m, I, = 1 m, g = 9.81 m/s?, and v,(0) = 1.4
m/s. The total simulation time is t; =4 s and h = 0.001 s. The numerical parameters for the NSGA scheme are
chosen as in Section 5.1.

Figure 17a shows the trajectory of the wheel z(¢) and y(t). At z(t) =1+ 1,/2, i.e., at the switching between
modes 2 and 3, a kink is observed, which indicates the presence of a discontinuity at velocity level. Figure 17b
illustrates the evolution of linear velocities & and gy, and angular velocity (;3 A strong discontinuity in the evolution
of §(t) is noticed also at the bottom of the hole, i.e., at the switching between modes 2 and 3. In Figures 17¢c
and 17d, the evolution of the Lagrange multipliers v and A exhibit impulsive behaviours at switching. Finally,
in Figure 17e, we observe that some energy is dissipated at the transition of modes 2 and 3.
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Figure 17: Numerical results for wheel across pothole with 4 switching surfaces.

Figure 18: Cam and follower mechanism.
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5.4 Cam and follower mechanism

Finally, we study a planar mechanical system in which the switching surfaces are defined periodically.

Consider a cam and follower mechanism where the cam rotates about a fixed axis, which produces a recipro-
cating translational motion of the follower. Let m be the mass of the cam and j be the inertia about the camshaft.
Let us describe the system using coordinates q(t) = [y(t) 9(75)]717 where 0(t) is the cam rotation, and y(t) rep-

resents the linear motion of the follower. We choose polar coordinates [¢(6(t)) r(¢>(t))}T in the cam-attached
frame to define the cam geometry as shown in Figure 18. The geometry can be defined by a periodic function
r(9).

The motion of the follower is determined by the radial coordinate 7(¢) at the upper point of the cam, i.e.,
the point at polar angle ¢(t) such that ¢(t) + 6(t) = 7. In the interval ¢ € |—m,7[, (i.e., § € |0, 27[), we choose
r(¢) = ro+acos(¢/2), where 1o and a are constant. Out of this interval, the radius pattern is repeated periodically.
The initial conditions are defined for the cam as #(0) = 0 and ¢(0) = 7 — 6(0) = m, r(0) = ro + acos(¢(0)/2).
The initial conditions of the follower are y(0) = r(0). A consistent initial velocity is introduced for the cam as
6(0) = w and 5(t) = rf(t). A downward external force f, also acts on the follower.

The algebraic expression of the switching constraints g (q(t)) can be based on the functions

0 T
s7a) = o) - —acos (14 7).
g a) =) - —acos (- 7). (110)
0 i
g7a) = ()~ —acos (0= ).
and defined in periodic form as
gt (a(t)) | if —2m <6(t) <0,
g”(a(t)) = { &5 (a(t)) if 0 < 6(t) < 2m, (111)
g2 (q(t)) if 21 < O(t) < 4.

Alternatively, the nonsmooth evolution across z(q) = 0 can be defined by the modulo operator denoted by %,
which shall normalize the evolution of 6(t) between [0, 27]. The generalized constraint is thus represented as

(112)

(9%2;)4),

gZ(q(t) = y(t) — ro — acos (

and the switching surfaces are defined by the condition § = 2pm with p € Z. The impact model at the switching
surfaces is defined using the post-switch constraint Gg = G, which indicates that a dissipation of energy is
expected.

The inertia matrix is defined as M = diag [m  j] € R**?. The potential energy V(q(t)) = —q(t)” f*** shall

include the contribution of the applied force f, as f* = [—fy O]T.

In this example, the number of smooth constraints is m?*

constraints is m? = 1.

= 0 and the number of switching (nonsmooth)

5.4.1 Results and discussions

The physical parameters are chosen as m = 1kg, 7o =2, a =1, 0 =0 rad, w =4 rad/s, f, = —5 N. The total
simulation time is ty = 4 s and A = 0.001 s. The numerical parameters for the NSGA scheme are chosen as in
Section 5.1.

Figure 19a illustrates the evolution of the linear coordinate of the follower y(t) with respect to the angular
coordinate of the cam 6(t). Kinks are present at the switching angles 0 and 27, which indicate the presence of
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Figure 19: Numerical results for cam and follower mechanism.

discontinuities at velocity level. This can be confirmed in Figure 19b, which represents the evolution of linear and
angular velocities.

Furthermore, Figures 19c¢ and 19d illustrate impulsive contributions in the Lagrange multipliers v and A.
Finally, the evolution of kinetic (KE), potential (PE), and total energy (KE + PE) is presented in Figure 19e,
and a dissipation of energy is observed at the switching times.

6 Conclusions and future perspectives

This paper addresses the modelling and numerical integration of multibody systems whose bilateral constraints
abruptly change with respect to switching functions and thus exhibit some nonsmoothness in time. These switch-
ing functions define switching surfaces, that punctuate the system dynamics into smooth and nonsmooth dynami-
cal regimes or modes. Different definitions of switching surfaces may result in distinct constraint spaces. Switching
surfaces are thus important elements of the model, as they control the geometry of the constraint space.

We present the nonsmooth equations of motion of switched multibody systems in two forms: as hybrid
differential-algebraic equations (HDAE), or based on an equality of differential measures. An HDAE comprises
two sets of equations: (i) a classical index-3 DAE that holds in the smooth modes, and (ii) an impact equation that
defines the impulsive dynamics at switching surfaces. Alternatively, based on the theory of differential measures,
a unified set of equations that holds in the smooth modes and at switching surfaces is obtained. These two forms
lend themselves to particular choices of time integration schemes.

Regarding the impact law, there is an indeterminacy in the constraint gradient at the switching surface,
which affects the expression of the constraint reaction forces. We propose to define the impact law based on an
intermediate gradient between the pre- and post-switch gradients. Theoretical arguments and numerical results
prove that the choice of this intermediate gradient drives the energy behaviour at switching. Particularly, we
show that when it is simply defined as the post-switch gradient, a dissipation of energy occurs. On the contrary,
when it is chosen as the bisector of pre- and post-switch gradients, the energy is conserved at switching, at
least for systems with a single constraint. For systems with a single constraint, an interpolation formula is
presented to parameterize the intermediate gradient using an interpolation parameter. The generalization of such
an interpolation to systems with multiple constraints is not trivial but some relevant suggestions were given in
the paper.

Next, we perform an analysis and comparison of several possible numerical schemes that could be considered for
this class of problems. We choose several versions of the generalized-a method, that include index-3, index-2, and
index-1 classical forms, as well as event-driven and time-stepping versions of the generalized-a (NSGA) scheme.
In a benchmark test, we observe that the index-3 solution is contaminated with spurious oscillations, while the
index-1 solution gives inaccurate results. Using the index-2 and nonsmooth schemes, we further study the energy
behaviour at switching. The index-2 solution gives unacceptable results, unless a specific set of coefficients are
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selected. The nonsmooth generalized-a method (NSGA) gives accurate results and can handle the nonsmooth
dynamics of switching bilateral constraints in a robust and efficient manner.

The NSGA was successfully applied to them simulation of three additional models of mechanical systems
with switching bilateral constraints: the model of a braiding machine, which shows the existence of smooth and
switched constraints, the model of a wheel rolling across a pothole, which shows the formulation of systems with
multiple switching surfaces, and a cam-follower mechanism with a periodic definition of switching surfaces.
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