université

¢ LIEGE
&

Holder Regularity and
Fractal Aspects of the
Thomae Function

Deuxiémes journées de I'axe AMA
Thomas Lamby
June 24,2025



"Nowhere Regularity" QU

» Nowhere Continuous Functions:

1/25



"Nowhere Regularity" QU

» Nowhere Continuous Functions:

ifx € Q,
if x isirrational.

D(X) = xolx) = { ;

1/25



"Nowhere Regularity" QU

» Nowhere Continuous Functions:

ifx € Q,
if x isirrational.

D(x) = xq(x) = {

» Nowhere Differentiable Functions:

1/25



"Nowhere Regularity"

» Nowhere Continuous Functions:

1 ifxeQ,
D(x) = =
() = xa(x) { 0 ifxisirrational.

» Nowhere Differentiable Functions:

1 ifx =0,
T(x) = g~! ifxisrationalwithx = p/q,gcd(p,q) = 1,
0 if x is irrational.
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Thomae’s-type functions Ll

Letd > 0,

1 ifx =0,
To(x) =< q=? ifxisrational withx = p/q,gcd(p,q) = 1,
0 if x is irrational.

Figure 1: Representation of the function Ty on (0,1) ford = 1/2,1and 2.

2/25



Periodicity QoL

Proposition

The Thomae function is periodic with period 1.

Proof.

> |Ifxisirrational,soisx + 1.

> Ifx=p/q,thenx+1= %. But, p and g coprime implies (p + g) and g coprime, hence the conclusion.
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Rational-Irrational Dichotomy Qb

Proposition

The function Ty is discontinuous at rational points and continuous at irrational points.

Proof.

> If xis rational, let s be an irrational number, and define x; = x 4 s/j forj € N. Clearly x; — x, but since x; is irrational
forallj, To(x;) # To(x).

> Ifxisirrational, assume x € (0,1). Givene > 0, choose n € N be suchthatn=? < e. Forj € {1,...,n}, define
m; = sup{m € No : m < jx}, and set

m
6 = inf{lx — |, x — —1}.
! j j

Letd = infy<j<p ¢;. If y = p/qisrationalandy € (x — 0,x + 6),theng > n,so Ty(y) < n=? < e.Ifyisirrational,
To(y) = 0 < e. Thus, [x — y| < § implies |To(x) — To(y)| < &, proving that T is continuous at x.
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Differentiability QoL

Proposition

Let f be a function on R that is positive on the rationals and 0 on the irrationals. Then, there is an uncountable dense set
of irrationals on which f is not differentiable.

Proof.

Let (r;) be an enumeration of the rationals and let x; € Q. Find a closed interval /; such that for allx € /1,
f(x1) > |x1 —x|.

Having defined I, and xp, define x,4+1 and /41 such that:
1 .
Int1 C In, ,C(In+1) < ;, Ij ¢ Iny1forj=1,....n, Xpt1 € 1N Q

andforallx € I,41,
f(Xn+1) 2 o1 — x|

Theintervals (/n)52; are nested nonempty intervals whose diameters converge to zero. O
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Differentiability QoL

Proof (continued).
Thus,

mln:{a}

wherex; — aand a ¢ Q. If f were differentiable at a, then by irrational approximation of a, the derivative would have to
be zero. However, since a € Ij,
f(x;) — f(a f(x;
If0g) — Fa)l _ FOg)
Ixj —al b —al

forallj € N. Thus, f is not differentiable at a. A look at our construction shows that the set A of all points found in this
manner is dense.
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Differentiability QoL

Proposition

Let (a;); be a sequence of R \ Q. Then there exists a function that is positive on the rationals, zero on the irrationals, and
differentiable at each point a;.

Proof.

For allj, define g;(n) = min {|2 — g;| : m and n are coprime} and g(n) = minj<, g;(n). The function

0 ifx e R\ Q,
f(x) = ¢ (g(n))* ifx = 2 with m and n coprime,
1 ifx=0,

is differentiable on {g; : j € N}. To see this, fixj € N. For m and n coprime withn > j,

If(m/n) —f(ap)l _ _f(m/n) _ (9(n))? . (g;(n))?
|m/n — aj |m/n—a| = gj(n) — gj(n)

= gj(n) —= 0.
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Rational Approximations QoL

7(x) = sup {u : Jan infinity of coprime pairs (p,q) € Z x N : ’X — g‘ < q%} .
Dirichlet’s Theorem
Let x be a real number and n a positive integer. Then there is a rational number p/q with 0 < g < n, satisfying

_ 4
(n+1)q°

x—E'g

q

Corollary

Given any real number x, there exists a rational number p/q such that

1
< —

X — — qz.

q

g
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Rational Approximations QoL

Theorem
Letx € R\Q, then there are infinitely many rational numbers p/q such that

Hurwitz’s Theorem

(i) Letx € R\Q, there are infinitely many rational numbers p/q such that

1
V5q2

x-2|<
q

(i) Ifv/5isreplaced by C > /5, then there are irrational numbers x for which statement (i) does not hold.
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Rational Approximations QoL

Theorem

Lete > 0. For almost every x € [0, 1], there exist only finitely many rational numbers p/g such that

p 1
X_al q2+8'
Proof.
Set
1 p 1
=[0,1n U[* g gl

We want to show that £((,>1 UysqAk) = 0. Since L(Aq) < 327, qz+s = Z(SZLI) ,weget >, L(Ag) < coetwe
conclude by Borel-Cantelli. |
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Differentiability QoL

Proposition
For 6 € (0, 2], Ty is not differentiable at any point.

Proof.
Let x be an irrational number. By Hurwitz’s Theorem, there exists a sequence (x;);cn of rational numbers converging to x,
such that x; = p;/j with p; and j coprime and |x — x;| < 7@ . Then

To(x) — To(x) i’ 2-6
o P heEn SV

This ensures that DTy (x) cannot be equal to zero. However, by irrational approximation, if DTy (x) exists, it must be
zero. O
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Differentiability at 0 QoL
We put Ty (0) = 1in order to have the periodicity. Consider

?H(X) _ g% ifxisrationalwithx = p/q, gcd(p,q) = 1,
0 if x isirrational orx = 0.

As one might expect, Ty becomes continuous at 0 and the dichotomy no longer holds. A more interesting fact is that To
becomes differentiable at 0 for 6 > 1.
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Differentiability at 0 QoL

We put Ty (0) = 1in order to have the periodicity. Consider

?H(X) _ g% ifxisrationalwithx = p/q, gcd(p,q) = 1,
0 if x isirrational orx = 0.

As one might expect, Ty becomes continuous at 0 and the dichotomy no longer holds. A more interesting fact is that To
becomes differentiable at 0 for > 1. Indeed, if the derivative at 0 exists, it must be equal to 0. Thus, we must show that if
e > 0, there existsa d > 0such that

To ()
X

To(x) — To(0)

x € (—6,0) = 0
X —

<e.

If x is irrational, then this difference quotient is equal to 0 < e. Suppose x is a nonzero rational number. There exists a

positive integer n such that ,,9171 < e. There exists a § > 0 such that every nonzero rational number in the interval (-4, §)

has denominator g > n. Thus, ifx = g with ged(p, g) = 1, then for |x| < § we have g > n, and hence:

To(x)
X

<e€
p/q

B

1
"~ pg??

Therefore, the difference quotient is less than ¢ for allx € (=4, §), and the derivative of?@ at 0 exists and equals 0.
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Regularity of Ty Qs

» Ty isdiscontinuous at rational points and continuous at irrational points.
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Regularity of Ty Qs

» Ty isdiscontinuous at rational points and continuous at irrational points.
> For6 € (0,2], Ty is not differentiable at any point.

> Exact regularity of Ty at each of its points ?
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Pointwise Regularity QU

Letxy € RY, e > 0, afunction f € L3 isin A% (xo) if there exist a constant C > 0 and a polynomial P of degree strictly

smaller than « such that
Ilf — Pllioo B(xg,r)) < Cr*

for sufficiently smallr.
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Letxy € RY, e > 0, afunction f € L3 isin A% (xo) if there exist a constant C > 0 and a polynomial P of degree strictly
smaller than « such that
If = Pllioo (Bxg,ry) < Cr”
for sufficiently smallr.
Holder-exponent
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Pointwise Regularity QU

Letxy € RY, e > 0, afunction f € L3 isin A% (xo) if there exist a constant C > 0 and a polynomial P of degree strictly
smaller than « such that
If = Pllioo (Bxg,ry) < Cr”
for sufficiently smallr.
Holder-exponent

he(xo) :=sup{a > 0:f € A%(x0)}.

Holder-spectrum

dr(h) = dimz ({x € RY : hs(x) = h}).
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Pointwise Regularity of T Qo LEeE

Theorem
Let & > 0; then

hm(x){ O e

0/7(x) otherwise,

where
7(x) = sup {u : an infinity of coprime pairs (p,q) € Z X N :

1
x78’<—}.
al = ¢

> If6 < 2, Ty is nowhere differentiable.
T, is nowhere differentiable and hr, = 1 almost everywhere !

> When 6 > 2, Ty is differentiable at xo when 7(xo) < 6. For example, Ty is differentiable at algebraic irrationals
numbers, e, m, 2, In(2).
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Proof.

E
We consider 6§ < 2. Since Ty is not continuous at rational numbers, we can suppose that x € (0, 1) is irrational. 3
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Proof.

We consider 6§ < 2. Since Ty is not continuous at rational numbers, we can suppose that x € (0, 1) is irrational. If

y € (0,1) is also irrational, we naturally have Ty(x) — Tg(y) = 0. Let 7(x) < oo, & > 0and x > 0 such that

K(0/T(x) —€) < eT(x),ifyn = ’;7: € (0, 1) with p, and gn coprime, then there exists N € N such that for all foralln > N,
one has

[To(yn) = To(x)| 1/48

|,Vn ,X|9/7—(x)—s |,Vn ,X‘G/q—(x)

— < a;’ qu(X)+H)(9/T(X)*€)7

sothat Ty € A9/7()—¢(x),
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Proof.

We consider 6§ < 2. Since Ty is not continuous at rational numbers, we can suppose that x € (0, 1) is irrational. If

y € (0,1) is also irrational, we naturally have Ty(x) — Tg(y) = 0. Let 7(x) < oo, & > 0and x > 0 such that

K(0/T(x) —€) < eT(x),ifyn = 57: € (0, 1) with p, and gn coprime, then there exists N € N such that for all foralln > N,
one has

[To(yn) — To(x)| _ 1/qp

|,Vn ,X|0/7—(x)—s |,Vn ,X‘G/q—(x)

— < a;’ qu(X)+H)(9/T(X)*€)7

sothat Ty € A%/7(0)==(x).If /7(x) = 1 (which can only occur when 8 = 2), it follows that hr, (x) is equal to 1, as T is
not differentiable at x. Otherwise, lete > 0 be such thate + 6/7(x) < 1 and consider the convergents p;/q; of x. For
sufficiently large j, we have

» (r(=e)(3%5+e)
ITo(x) = To(pi/a)| _ 9 9i _ Be
e . 2 0 =9
|x —pj/qj| 7® Ix — pj/qj| 7® 9
_0
with B > 0.Asqg; — oco,wegetTyp & A7® +£(x). O
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Spectrum of Ty T

LetA C R,ife > 0,7 € Rand§ € [0, 1], we set
HY = inf <Z diam(4;)° |Iog(diam(A,-))|'V> ,
I

where the infimum is taken over all coverings R of A by bounded sets {A;}cy whose diameter is less than e.

Forallé € [0,1] and v € R, we define the (6, v)-Hausdorff outer measure of A by

HOV(A) = lim HEY.

e—0t
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Spectrum of Ty T

LetA C R,ife > 0,7 € Rand§ € [0, 1], we set
HY = inf <Z diam(4;)° |Iog(diam(A,-))|'V> ,
1
where the infimum is taken over all coverings R of A by bounded sets {A;}cy whose diameter is less than e.

Forallé € [0,1] and v € R, we define the (6, v)-Hausdorff outer measure of A by

HOV(A) = lim HEY.

e—0t

We set
dimy (A) = inf{6 > 0: H>%(4) = 0} = sup{d > 0: HOO(A) = oo}.
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Spectrum of Ty T

Jarnik’s Theorem
Leta,b € Rwitha < b. ForallT > 2, we set

Er = {XG [a,b] :

1
X — B‘ < — for an infinity of coprime pairs (p, q)} .
q q’

Then 5
dimy(E-) == and H>T2(E;) > 0.
T
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Spectrum of Ty T

Jarnik’s Theorem
Leta,b € Rwitha < b. ForallT > 2, we set

Er = {xe [a,b] :

1
X — B‘ < — for an infinity of coprime pairs (p, q)} .
q q’

Then 5
dimy(E-) == and H>T2(E;) > 0.
T

Theorem

The Holder-spectrum is given by

dr, (h) =
ro (h) —oo  otherwise.

{ 2 ifh e [0,0/2],
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Proof.
Leta,b € Rwitha < b,and forall T > 2,set Fy = {x € [a, b] : 7(x) = t} . We want to prove that

2
dImH(F[) = ? Vt (S [27 +OO] o

Lett € [2, o], one has

ﬁ:ﬂa\Ua.

T<t T>t

Therefore, forall r < t,
2
dimy (F¢) < dimy(E-) = —.
T

But, F; contains the set G; = Et\ U7->t E. Since the sets E- are nested decreasingly, the union U7>t E can be rewritten

as a countable union. By Jarnik’s theorem, this union consists of sets of zero H2/t2.measure. Therefore, we have
HZ/t,Z(F[) > HZ/I,Z(Gt) — Hz/t’z(Et) > 0.
By consequence,

2
dimy (Ft) = a3
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Bigger class of Thomae’s type functions L

We consider continuous functions ¢ : (0,1) — (0, co) such that

o(ts) _ — (ts)
= f =
0 < o(t) = in (),¢m SUP ) ;
forany t < 1. The lower and upper indices of ¢ are defined by
_ o logd(t) log ¢(t)
s(¢) = lim log { and 5(¢) = lim —=—- logt -
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Bigger class of Thomae’s type functions L

We consider continuous functions ¢ : (0,1) — (0, co) such that

o P(ts) _ — (ts)
0 < ¢(t) := inf —= < ¢(t) :=su < 00,
20:= 1050 =0T e
forany t < 1. The lower and upper indices of ¢ are defined by
log o(t &
s(¢) = lim e2t) g 5(6) = lim 1280
t—0 logt t—0 logt

We define

1 ifx =0,
To(x) =19 ¢(1/q9) ifx=p/q,

0 if x is irrational,
where s(¢) = 5(¢) = 6 € (0, 2].
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Bigger class of Thomae’s type functions L

For example, one can consider

1 ifx =0,
Tog) =4 42 ifx = p/q,
0 if x is irrational.

Figure 2: Representation of the function T,z on (0, 1).
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Bigger class of Thomae’s type functions L

> Whatabouts(¢) < 5(¢)?
> Negatives indices ?

> Interchange the dichotomy ?
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Different indices T
For example, define

ot ifte(o,s],
‘W){ t#ift e (s,1).

~ Only few particular points. A more complex example : consider the increasing sequence (ji ), defined by
jO = 07
jl =1,
Jan = 2jan—1 — jan—2,

Jang1 = 2,

Then, define

- 220 if jon <j < Jjoant1,
/ Qngi=kner if o <j < jonya.

The sequence o oscillates between (j); and (2/);. By setting
1/oj —1/0; ; j j
o) = YUY ey e te 2L,
2’ "

we have s(¢) = 0ands(¢) = 1. ~ Partial Results: hr (x) € [s(¢)/7(x),5(¢)/7(x)] if x € R\Q.
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0 <0

00

—10n(0,1).

Representation of the function T

3

Figure

> Easy construction of a nowhere locally bounded function.
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0 <0 Qo L

00 02 04 06 08 10

Figure 3: Representation of the function T_; on (0, 1).

> Easy construction of a nowhere locally bounded function.
> [o To(x)dx = fR\@ To(x)dx = 0.
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0 <0 Qo L

P A A U S S SR S A AR
00 02 04 06 08 10

Figure 3: Representation of the function T_; on (0, 1).

> Easy construction of a nowhere locally bounded function.

> [o To(x)dx = fR\@ To(x)dx = 0. ~» Notion of p-exponents not adapted.
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Interchange the dichotomy? QU

Is there a function that is continuous on the rational numbers and discontinuous on the irrational numbers ?
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Is there a function that is continuous on the rational numbers and discontinuous on the irrational numbers ?
~~ No, since the set of discontinuities of a function R — R is always a F,-set.
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Interchange the dichotomy? QU

Is there a function that is continuous on the rational numbers and discontinuous on the irrational numbers ?
~~ No, since the set of discontinuities of a function R — R is always a F,-set.
Starting from a F, subset of R, A := | J,, Fn, we define

1/n if x rational and nis minimal s.t. x € Fp,
Ta(x) = —1/n ifxirrational and nis minimals.t. x € Fy,
0 ifx ¢ A

The set of discontinuities of T, is given by A.
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Thank you for your attention !
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