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Abstract. Numeration systems are maps between a set of numbers and
a set of words that act as representations of these numbers. One desir-
able property is positionality: the ability to relate positions in the words
to values of the numbers. In general, positionality is hard to decide. In
this article, we obtain a criterion to decide the positionality of so-called
Dumont–Thomas numeration systems, arising from substitutions. Then,
we particularize this criterion to some well-behaved classes of substitu-
tions, allowing us to link the related systems to existing literature.
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1 Introduction

The need of representing natural numbers (or expressing them in writing) has
occupied humans for centuries. In its most general form, this leads to so-called
abstract numeration systems, introduced by Lecomte and Rigo in 2001 [10] (see
also [1, Chapter 3]). Such a numeration system is defined by a triple S = (L,A,≺)
where A is an alphabet ordered by the total order ≺ and L is an infinite regular
language over A (i.e., accepted by a deterministic finite automaton). We say
that L is the numeration language of S. When we order the words of L with the
genealogical order (i.e., first by length, then using the dictionary order) induced
by ≺, we obtain a one-to-one correspondence repS between N and L. The (S-)
representation of the non-negative integer n is then the (n+1)st word of L, and
the inverse map, called the (S-)evaluation map, is denoted by valS . A simple
example is given by the abstract numeration system S built on the language
L = 1∗2∗ over the ordered alphabet {1, 2}. The first few words in the language
are ε, 1, 2, 11, 12, 22, 111. For example, repS(5) = 22 and valS(111) = 6.

In general, a numeration system S = (L,A, S) is positional if the underlying
alphabet A is a set of consecutive integers {0, 1, . . . , c} for some c ∈ N and if there
exists a sequence (Ui)i≥0 of non-negative integers such that the evaluation map is
of the form valS : A

∗ → N, wk−1 · · ·w0 7→
∑k−1

i=0 wiUi. We use the term positional
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because the positions of letters in representations are used to generate numbers.
Observe that the numeration system built on L = 1∗2∗ cannot be positional:
indeed, we have repS(3) = 11 and repS(5) = 22, so there is no hope to find an
integer sequence (Ui)i≥0 such that 3 = 1 · U1 + 1 · U0 and 5 = 2 · U1 + 2 · U0

(see also [1, Example 3.1.12]). We thus raise the following question (see also [1,
Exercise 3.13]):

Question 1. What are the conditions for an abstract numeration system to be
positional?

As this question seems difficult to answer in its full generality, we consider a
particular case with Question 2 below. Roughly, we consider numeration systems
that are derived from substitutions, i.e., maps sending sequences to sequences and
satisfying some mild properties. These numeration systems are due to Dumont
and Thomas [4] in 1989 and are quite classical. See [6,15] for some examples of
applications. In this paper, we exhibit conditions on the underlying substitution
so that the corresponding Dumont–Thomas numeration for Z is positional.

The outline of the paper is as follows. Section 2 gives the necessary back-
ground and preliminary results, including the extension of Dumont–Thomas nu-
merations to all integers and all words lengths. In Section 3, we study which
Dumont–Thomas numeration systems are positional to answer Question 2. We
start with a sketch of the argument in Section 3.1, then we state our main re-
sult in Section 3.2. We turn to particular cases in Section 3.3 and we finish by
discussing the properties of our Dumont–Thomas numeration systems related to
existing literature, e.g., the property of a numeration system to be Bertrand [2,3].
All proofs omitted due to space constraints are available online in [7].

2 Preliminaries

General combinatorics on words. We assume that the reader is familiar
with basic notions of combinatorics on words –alphabet, word, length, factor,
prefix, left- and right-infinite words, lexicographic order– and we refer the unfa-
miliar reader to [1, Section 1.2] for an introduction to these terms. We set some
notation: we let A denote an alphabet, |w| the length of a finite word w, wi the
i-th letter of w (indexed from 0), w[i,j] the factor of w going from positions i to
j included, and ≺lex is the lexicographic order.

We let AD be the set of words indexed by D for D ∈ {N,Z<0,Z}. We speak
respectively of right-infinite, left-infinite and two-sided words. For convenience,
we separate by a vertical bar the −1-th and 0-th elements of a two-sided word
to indicate the origin, i.e., u = · · ·u−3u−2u−1|u0u1u2 · · · when u ∈ AZ.

Morphisms and substitutions. Given alphabets A,B, a morphism is a
map µ : A∗ → B∗ such that µ(uv) = µ(u)µ(v) for all words u, v ∈ A∗. A mor-
phism is entirely determined by the images of the letters of A. A substitution is
a morphism µ : A∗ → A∗ such that the image µ(a) is non-empty for every letter
a ∈ A and there exists a growing letter a ∈ A, i.e., limn→+∞ |µn(a)| = +∞. A
morphism µ : A∗ → A∗ is primitive if there exists an integer k ∈ N such that
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for all a, b ∈ A, the letter a appears in µk(b). In this case, we also have that a
appears in µℓ(b) for all a, b ∈ A and ℓ ≥ k.

With a morphism µ : A∗ → A∗ and a letter a ∈ A we can associate a directed
ordered tree Tµ,a as follows. The root is labeled by a, and if a node of the tree
is labeled by x and µ(x) = y0 · · · yℓ then that node has ℓ + 1 children labeled
y0, . . . , yℓ, with the edge from x to yi labeled by i. Note that the k-th level of Tµ,a
stores the k-th iteration of µ on the letter a. We say that a node is in column n
if it is the n-th node of its level in the order of the tree (indexed from 0).

Substitutions can naturally be applied to two-sided words by setting

µ(· · ·u−3u−2u−1|u0u1u2 · · · ) = · · ·µ(u−3)µ(u−2)µ(u−1)|µ(u0)µ(u1)µ(u2) · · ·

Let D ∈ {N,Z,Z<0} and consider a substitution µ over A. A word u ∈ AD is a
periodic point of µ if there exists an integer p ≥ 1 such that µp(u) = u. In this
case, p is called a period of the periodic point u. The smallest such integer is
called the period of u. A periodic point of µ with period p = 1 is called a fixed
point of µ. We let PerD(µ) = {u ∈ AD | µp(u) = u for some p ≥ 1} denote the
set of periodic points of µ. If u ∈ PerZ(µ), then the seed of u is the pair of letters
u−1|u0. If both letters of the seed of a two-sided periodic point are growing,
then the periodic point is defined entirely by its seed. More precisely, we have
u = limn→+∞ µnp(u−1)| limn→+∞ µnp(u0), where p is a period of u.

By extension of the tree associated with a substitution and a letter as in the
previous paragraph, we consider two-sided trees as follow. For a substitution µ
over A and two letters a, b ∈ A, the tree Tµ,b|a is obtained by setting a start root
having two children: the left (resp., right) one is reached with an edge of label
1 (resp., 0) and is the root of the tree Tµ,b (resp., Tµ,a). We count depth in the
tree such that the root is at depth −1. There is exactly one increasing bijection
between depth k in this tree and an interval of Z that maps the rightmost node
to

∣∣µk(a)
∣∣− 1. We say that a node is in column n if this bijection maps it to n.

Examples of such trees are given later in the paper.
Numeration systems. A numeration system over the domain D ∈ {N,Z}

is a pair of maps between D and a set of words, i.e., the representation map
rep: D → A∗ for some alphabet A, and the evaluation map val : L → D, where
rep(D) ⊂ L ⊂ A∗, such that val ◦ rep = idD. The set rep(D) is the language of
the numeration system, while L contains some additional, non-canonical repre-
sentations.

In general, a numeration system over D = N is positional if the underlying
alphabet A is a set of consecutive integers {0, 1, . . . , c} for some c ∈ N and the
evaluation map is of the form val : A∗ → N, wk−1 · · ·w0 7→

∑k−1
i=0 wiUi for some

sequence U = (Ui)i≥0 ∈ NN. Over D = Z, a numeration system is positional
if the underlying alphabet A is a set of consecutive integers {0, 1, . . . , c} for
some c ∈ N and the evaluation map is of the form val : A∗ → Z, wk−1 · · ·w0 7→∑k−2

i=0 wiUi−wk−1Vk−1 for some sequences U = (Ui)i≥0, V = (Vi)i≥0 ∈ NN. The
sequences U and V are the sequences of weights of the numeration system. Every
position has a given weight, while the presence of an additional sequence V helps
deal with the representation of negative numbers, in a fashion similar to the usual
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two’s complement numeration system. Such a numeration system (see [8, Section
1]) can be defined by the evaluation map wk−1 · · ·w0 7→ −wk−12

k−1+
∑k−2

i=0 wi2
i

together with the language L = A∗ \ (00A∗ ∪ 11A∗) as the evaluation map is a
bijection between L and Z. The system is positional with weights (2i)i≥0.

Dumont–Thomas numeration systems. Dumont and Thomas [4] origi-
nally defined numeration systems based on substitutions and their right-infinite
fixed points for the natural domain D = N. The intuition behind these systems
is that the number n can be represented by the label of the shortest path from
the root to a node in column n. See [7, Section 2.1] for a gentle introduction.
Recently, the authors of [9] proposed an extension of these numeration systems
to all integers (so D = Z) and based instead on some periodic points of substi-
tutions. By relaxing the condition of [9] on the lengths of representations, we
go even beyond and use all periodic points of substitutions to define Dumont–
Thomas numeration systems.

To formally introduce our object of study, we need some additional definitions
and notation. Let µ : A∗ → A∗ be a substitution. Fix a letter a ∈ A and an integer
k. For every i ∈ {0, . . . , k}, we consider a pair (mi, ai) ∈ A∗ × A. The sequence
((mi, ai))i=0,...,k is admissible (with respect to µ) if for every i ∈ {1, . . . , k},
mi−1ai−1 is a prefix of µ(ai). This sequence is a-admissible (with respect to µ)
if it is admissible with respect to µ and mkak is a prefix of µ(a).

Theorem 1 (Extension of [9, Theorem 4.1]). Let µ : A∗ → A∗ be a
substitution with growing letter a ∈ A. Consider a right-infinite periodic point
u ∈ PerN(µ) with u0 = a and period p ≥ 1. Fix a residue r ∈ {0, 1, . . . , p − 1}
modulo p and define vr = µr(u). For every integer n ≥ 0, there exist a unique
integer k = k(n) with k ≡ r mod p and a unique sequence ((mi, ai))i=0,...,k−1

such that the sequence is a-admissible,

mk−1mk−2 · · ·mk−p ̸= ε if k ≥ p,

and (vr)[0,n−1] = µk−1(mk−1)µ
k−2(mk−2) · · ·µ0(m0).

Theorem 2 (Extension of [9, Theorem 4.2]). Let µ : A∗ → A∗ be a
substitution with growing letter b ∈ A. Consider a left-infinite periodic point
u ∈ PerZ<0

(µ) with u−1 = b and period p ≥ 1. Fix a residue r ∈ {0, 1, . . . , p− 1}
modulo p and define vr = µr(u). For every integer n ≤ −1, there exist a unique
integer k = k(n) with k ≡ r mod p and a unique sequence ((mi, ai))i=0,...,k−1

such that the sequence is b-admissible,

µp−1(mk−1)µ
p−2(mk−2) · · ·µ0(mk−p)ak−p ̸= µp(b) if k ≥ p, (1)

and (vr)[−|µk(b)|,n−1] = µk−1(mk−1)µ
k−2(mk−2) · · ·µ0(m0).

From these results, we generalize the definition of Dumont–Thomas numer-
ation systems [4,9].

Definition 1. Let µ : A∗ → A∗ be a substitution and let u ∈ PerZ(µ) be a
two-sided periodic point with growing seed u−1|u0 and period p ≥ 1. Let r ∈
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{0, 1, . . . , p − 1}. Define c = maxa∈A |µ(a)| − 1 and the set D = {0, 1, . . . , c}.
The Dumont–Thomas complement numeration system associated with µ, u and
r is defined by the map repu,r : Z → {0, 1}D∗, n 7→ repu,r(n) where

repu,r(n) =

{
0 · |mk−1| · |mk−2| · · · |m0|, if n ≥ 0;

1 · |mk−1| · |mk−2| · · · |m0|, if n ≤ −1;

such that k = k(n) is the unique integer with k ≡ r mod p and ((mi, ai))i=0,...,k−1

is the unique sequence obtained from Theorem 1 (resp., Theorem 2) applied on
the right-infinite periodic point u|N = u0u1 · · · (resp., the left-infinite periodic
point u|Z<0

= · · ·u−2u−1) with period p. Note that when the context is clear, we
drop the dependence on µ, u and r.

The intuition behind this system is to use the tree Tµ,b|a and represent n
with the label of a shortest path of length congruent to r+1 modulo p between
the root and a node in column n. Note that representations in this system have
length congruent to r + 1 modulo p, and their first digits depend only on the
sign of the represented number. Note that we use a special font for the digits
representing numbers to distinguish them from integers.

Example 1. Consider the substitution µ : a 7→ ccd, b 7→ cd, c 7→ ab, d 7→ a and
its periodic point u ∈ PerN(µ) with growing seed a|a and period p = 2. The
tree Tµ,a|a is depicted in Fig. 1. Depending on the choice of even or odd length
for representations, we obtain different numeration systems as illustrated in the
table of Fig. 1.

The numeration systems with r = 0 were studied in Lepšová’s PhD thesis [11].
Notably, [11, Example 6.5.6] presents two substitutions associated with the silver
mean 1+

√
2 such that one gives rise to a positional numeration system and the

other does not. Lepšová raised the following natural question [11].

Question 2. [11, Question 6.5.7] What are the conditions for a complement
Dumont–Thomas numeration system to be positional?

3 Positional Dumont–Thomas Numeration Systems

In this section, we study when a substitution generates a Dumont–Thomas nu-
meration system that is positional to answer Question 2. We first sketch our
argument, and give some intuition for the statement of the main result (The-
orem 3). After stating the result in the most general form, we present some
corollaries in Section 3.3. We also link our Dumont–Thomas numeration sys-
tems to previous literature.

3.1 Sketch of the Argument

We informally sketch the argument that we used to solve Question 2. We then
present examples where this argument fails, which allows us to motivate the



6 S. Kreczman et al.

start

a

c c d

a b a b a

c c d c d c c d c · · ·
0 1 2 3 4 5 6 7 8

a

c c d

a b a b a

c d c c d· · ·
−1−2−3−4−5

0

0 1 2

0 1 0 1 0

0 1 2 0 1 0 1 2 0 1

1

0 1 2

0 1 0 1 0

0 1 0 1 2

n -4 -3 -2 -1 0 1 2 3 4 5 6 7 8 9
repu,0(n) 101 110 111 1 0 001 010 011 020 00100 00101 00110 01000 01001
repu,1(n) 1111 10 11 12 00 01 02 0010 0011 0100 0101 0102 0110 0111

Fig. 1: The tree Tµ,a|a for the substitution µ : a 7→ ccd, b 7→ cd, c 7→ ab, d 7→ a
and the periodic point u of period p = 2 and seed a|a. Below, depending on the
residue r ∈ {0, 1}, we obtain a Dumont–Thomas numeration system and we give
(repu,r(n))−4≤n≤9 whose lengths are congruent to r + 1 mod p.

technicalities that are introduced in Section 3.2 and to explain the reasoning
without them getting in the way of the explanation.

Sketch 1. We let µ : A∗ → A∗ be a substitution, u ∈ PerZ(µ) be a two-sided pe-
riodic point of µ with growing seed b|a and period p ≥ 1, and r ∈ {0, 1, . . . , p−1}
be a residue. We also consider the corresponding Dumont–Thomas complement
numeration system associated with µ, u and r.

Now consider two words wt0ℓ and w(t+1)0ℓ that label paths in the tree Tµ,b|a
(see Fig. 2, where we have arbitrarily chosen to represent the situation with Tµ,a
instead) and assume these words are the representations of the integers n1 and
n2 respectively, i.e., the paths end in columns n1 and n2, in addition to which
we have some conditions for admissibility. We also let c and d be the letters
attained after reading wt and w(t+ 1) respectively.

If the numeration system is positional, then n2 − n1 must equal Uℓ, the
weight in position ℓ, as the representations of n1 and n2 differ only by one unit
in position ℓ. However, n2−n1 is the number of columns between those two nodes
in the tree, which is

∣∣µℓ(c)
∣∣, i.e., the number of level-ℓ descendants of c in the tree

(see again Fig. 2). Since this reasoning could be applied to any letter c that has a
sibling to its right in Tµ,b|a, this points towards the following implication: If the
Dumont–Thomas numeration system associated with µ, u, and r is positional,
then

∣∣µℓ(c)
∣∣ = Uℓ for every letter c that has a younger sibling in Tµ,b|a.

The converse implication is also justified, almost by definition of a Dumont–
Thomas numeration system. If the positive integer n ≥ 1 is represented by
the word 0 · wk−1 · · ·w0, this means that there is an a-admissible sequence
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((mi, ai))i=0,...,k−1 such that

µr(u)[0,n−1] = µk−1(mk−1) . . . µ
0(m0) (2)

and |mi| = wi for every i ∈ {0, . . . , k − 1}. Because all letters in mi have ai as
a younger sibling, their image by µℓ has length Uℓ by assumption. Taking the
length in Eq. (2) yields n =

∑k−1
i=0 Uiwi, which corresponds to the numeration

system being positional with weights (Ui)i≥0. The case of negative numbers is
similar, with one correcting term corresponding to the value of Vk−1.

Tµ,a

µi−1(a)

µi(a)

µi+ℓ(a)

i − 1

a

x

w

c d

0 . . . . . .t t + 1

0ℓ

µℓ(c)
n1

0ℓ

µℓ(d)
n2

Fig. 2: Comparing the values of wt0ℓ and w(t+ 1)0ℓ in the right part of Tµ,b|a.

The above sketch leads us to formulate the next conjecture: The Dumont–
Thomas numeration system associated with µ, u, and r is positional if and only
if c 7→

∣∣µℓ(c)
∣∣ is constant on all letters c that have a younger sibling in Tµ,b|a, in

which case this constant is the weight Uℓ. However, trying to prove this conjecture
reveals two issues with Sketch 1, which the following examples highlight.

Example 2. Recall the substitution µ from Example 1. The letters having a
younger sibling in Tµ,a are a and c, but the sequences of the lengths of their
consecutive images under µ are (

∣∣µj(a)
∣∣)j≥0 = 1, 3, 5, 13, 21, 55, 89, 233, 377, . . .

and (
∣∣µj(c)

∣∣)j≥0 = 1, 2, 5, 8, 21, 34, 89, 144, 377, . . . respectively. Despite this, the
corresponding Dumont–Thomas numeration system is positional for both values
of r, with weights 1, 2, 5, 8, 21, 34, . . . for r = 0 and 1, 3, 5, 13, 21, 55, . . . for r = 1.

This example illustrates that, in the case where µ is not primitive, we may
only control some image lengths among all different letters. Since a and c are
never both present on some level of the tree, they may have different behaviors.
Fixing this is the purpose of the sets Ej in Definition 2.

Example 3. Consider the substitution µ : a 7→ bca, b 7→ bb, c 7→ b and the as-
sociated numeration system with the seed a|b. The letters b and c both appear
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in the tree with a younger sibling, and they have images of different lengths.
However, the numeration system is still positional, with weights Ui = 2i and
V0 = 1, Vi = 3 · 2i−1 for every i ≥ 1.

Our sketched argument fails, because if wt is a path to a node labeled by c
in the tree, this node is in column −2. Then, w(t+1) leads to a node in column
−1 and w(t + 1)0ℓ is never the representation of any number, due to Eq. (1)
from Theorem 2. Thus we cannot constrain the lengths of the images of c. This
case and some similar ones may occur when a letter appears only in column −2,
which motivates the separate treatment of column −2 found in Definition 3.

3.2 Main Result

To state the main result, we need to define some particular sets of letters. We
again consider a substitution µ : A∗ → A∗ and a two-sided periodic point u ∈
PerZ(µ) of µ with growing seed b|a and period p ≥ 1. We draw the tree Tµ,b|a. For
a fixed residue r ∈ {0, . . . , p− 1}, we also consider the corresponding Dumont–
Thomas numeration system repu,r : Z → {0, 1}D∗ from Definition 1.

Definition 2. Let j ∈ {0, . . . , p− 1}. We let Ej be the set of letters c ∈ A such
that there exist some integer k ≥ 1 and some sequence ((mi, ai))i=0,...,k−1 ∈
(A∗ ×A)k that verifies the following:

– the sequence ((mi, ai))i=0,...,k−1 is a- or b-admissible;
– we have k ≡ j mod p;
– the letter c appears at the end of the word m0;
– if ((mi, ai))i=0,...,k−1 is b-admissible, then µk−1(mk−1) · · ·µ0(m0)a0 ̸= µk(b).

Thinking in terms of the tree Tµ,b|a, the first three conditions simply describe
letters that appear in the tree at some level congruent to j mod p and have a
younger sibling on that level. The last condition excludes letters c that only
appear in column −2 in the tree Tµ,b|a. To deal with these letters, a dedicated
condition is required, as follows.

Definition 3. Let j ∈ {0, . . . , p − 1}. On level j in the tree Tµ,b|a, we let c be
the letter in column −2 and d be the letter in column −1 (i.e., d is immediately
to the right of c). If c and d share the same parent, we consider two cases to
modify Ej. If

∣∣µp−j(d)
∣∣ > 1, then we add c to Ej if it was not already present.

If
∣∣µp−j(d)

∣∣ = 1 and j ≤ r < p, then we add the following condition:∣∣µr−j(c)
∣∣ must be equal to

∣∣µr−j(e)
∣∣ for every letter e ∈ Ej. (3)

Example 4. For the substitution µ from Example 1, consider its two-sided peri-
odic point with seed a|a and period p = 2. In this case, we obtain E0 = {a} and
E1 = {c}. Condition (3) must only be checked for r = 1 and the letter c, and it
is trivially satisfied.

Consider the substitution µ : a 7→ bcd, d 7→ ba, b 7→ b2, c 7→ b and its two-
sided periodic point with seed a|b. If we go only by Definition 2, we will find
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E0 = E1 = {b}, but if we add Definition 3, c is added to E1, and we now
correctly find that the system is not positional (which we can also see from the
representations of −5, −3 and −2).

Theorem 3. Let µ : A∗ → A∗ be a substitution and let u ∈ PerZ(µ) be a two-
sided periodic point with growing seed b|a and period p ≥ 1. The Dumont–Thomas
complement numeration system associated with µ, u, and r is positional if and
only if for every j ∈ {0, . . . , p− 1}, the map c 7→

∣∣µℓ(c)
∣∣ is constant over Ej for

every ℓ such that ℓ + j ≡ r mod p, and condition (3) is satisfied for the letters
where it was added.

In this case, the sequences U, V of weights of the numeration system are
given as follows: for every ℓ ≥ 0, we define Uℓ =

∣∣µℓ(c)
∣∣ for a letter c ∈ Ej

where j ∈ {0, . . . , p− 1} and ℓ+ j ≡ r mod p; and Vℓ =
∣∣µℓ(b)

∣∣ for every ℓ ∈ N.

Remark 1. It may be, although rarely, that Ej is empty. (For example, consider
the case of µ : a 7→ b, b 7→ aa and the set E1.) In this case, if Condition (3) applies
to some letter c, we may give the weight

∣∣µr−j(c)
∣∣ to position r − j. Otherwise,

this means that only the digit 0 appears at positions congruent to j mod p in this
numeration system, and as such the weight given to these positions is arbitrary.

Remark 2. Replacing the substitution by one of its powers may lead to the loss
of positionality. This is the case of the substitution µ from Example 1 and its
square, for which the numeration systems associated with seed a|a are once
positional, once not positional (consider e.g. the representations of 5 and 8).

3.3 Particular Cases

We now highlight some general cases where the technicalities of Section 3.2 do
not occur, leading to results that are more concise and legible. We also dis-
cuss possible simplifications of the substitution at play, as well as a parallel to
Bertrand numeration systems.

From now on, we assume that the alphabet A of the substitution µ is minimal,
i.e, all the letters in A are present in µn(b|a) for some n. Given a substitution µ,
we say that a letter c is non-final if there exist d ∈ A, x ∈ A∗, and y ∈ A+ such
that µ(d) = xcy. We let Eµ denote the set of non-final letters of µ. For example,
with the Fibonacci substitution µ : a 7→ ab, b 7→ a, we have Eµ = {a}.

When D = N and the substitution µ has a fixed point or when µ is primitive
(even over D = Z), the reasoning in Sketch 1 holds, as stated in the next results.

Corollary 1. Let µ : A∗ → A∗ be a substitution and u = u0u1 · · · be a right-
infinite fixed point of µ with growing seed a. Then the Dumont–Thomas numer-
ation system (for N) associated with µ, u and r = 0 is positional if and only if
the map c 7→

∣∣µℓ(c)
∣∣ is constant over Eµ for every ℓ, in which case the sequence

of weights is equal to Uℓ =
∣∣µℓ(a)

∣∣ for every ℓ ≥ 0.

Corollary 2. Let µ : A∗ → A∗ be a primitive substitution and let u ∈ PerZ(µ) be
a two-sided periodic point with growing seed b|a and period p ≥ 1. The Dumont–
Thomas complement numeration system associated with µ, u, and r is positional
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if and only if the map c 7→
∣∣µℓ(c)

∣∣ is constant over Eµ for every ℓ ≥ 0. In this
case, for every ℓ ≥ 0, Uℓ is the constant value of

∣∣µℓ(·)
∣∣ over Eµ and Vℓ =

∣∣µℓ(b)
∣∣.

In both of these cases, we may use the following lemma to simplify the sub-
stitution at play by reducing the number of non-final letters to one.

Lemma 1. Let µ : A∗ → A∗ be a substitution such that the map c 7→
∣∣µℓ(c)

∣∣ is
constant over Eµ for every integer ℓ ≥ 0. Then there exist B ⊆ A, a substitution
ν : B∗ → B∗ with |Eν | = 1, and a′, b′ ∈ B such that the trees Tµ,b|a and Tν,b′|a′

differ only by their labeling. These objects can be computed effectively.

Example 5. Consider the primitive substitution µ : a 7→ ab, b 7→ ba (often re-
ferred to as the Thue–Morse substitution). We note that both a, b are non-final
letters and

∣∣µℓ(c)
∣∣ = 2ℓ for c ∈ {a, b} and for every ℓ ≥ 0. The substitution given

by Lemma 1 is ν : a 7→ a2. The corresponding Dumont–Thomas numeration
system (over N) is the usual binary system.

We now link some of our numeration systems to existing literature. Our target
numeration systems represent natural numbers and use words of every length,
so they correspond to Corollary 1. Due to Lemma 1, it is enough to consider
substitutions with only one non-final letter e, which must be the seed of the fixed
point. The image of any letter is defined only by the number of repetitions of e
and the choice of final letter. As a result, if we operate on the minimal alphabet,
the substitution is equivalent to one of the form

µ : a1 7→ ad1
1 a2, a2 7→ ad2

1 a3, . . . , an 7→ adn
1 ak, (4)

where n ≥ 1 is an integer, {a1, . . . , an} is the alphabet, k ∈ {1, . . . , n}, d1 > 0 and
di is a non-negative integer for every i ∈ {1, . . . , n}. An example is the Tribonacci
substitution τ : a 7→ ab, b 7→ ac, c 7→ a, for which n = 3, a1 = a, a2 = b, a3 = c,
d1 = d2 = 1, d3 = 0, and k = 1. The similarity with the substitutions studied
by Fabre in [5] is striking, so we call Fabre-like the substitutions of the form (4).
We now study this particular class of substitutions in additional detail.

We quickly recall some other milestones of numeration systems. For the
reader not familiar with the classical theory, see, e.g., [1, Chapter 2] and [13,
Chapter 2]. In 1957, Rényi [14] introduced β-numeration systems to represent
positive real numbers with a real base β > 1. We let dβ(1) (resp., d∗β(1)) denote
the β-representation (resp., quasi-greedy β-representation) of 1. Of particular in-
terest are the so-called Parry numbers, which are real numbers β such that dβ(1)
is either finite (β is then a simple Parry number) or ultimately periodic [12].
An article of Bertrand-Mathis [2], later corrected by Charlier, Cisternino and
Stipulanti [3], studies the greedy positional numeration systems such that the as-
sociated language L verifies w ∈ L ⇔ w0 ∈ L. As it turns out, these systems are
exactly those that verify the relation Ui = d1Ui−1+d2Ui−2+ . . .+diU0+1 for all
i ≥ 1, where d1d2 · · · is either d∗β(1) for some β > 1 (called canonical Bertrand
numeration systems), or dβ(1) for some simple Parry number β (called non-
canonical Bertrand numeration systems and introduced in [3]), or d1d2 · · · = 10ω
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(called the trivial Bertrand numeration system, also from [3]). In 1995, Fabre [5]
introduced another way to approach canonical Bertrand numeration systems. If
β is a Parry number with d∗β(1) = d1 · · · dn(dn+1 · · · dn+m)ω for some m,n, we in-
troduce the substitution µβ mapping 1 7→ 1d12, . . ., (n+m−1) 7→ 1dn+m−1(n+m),
and (n + m) 7→ 1dn+m(n + 1). Note that simple Parry numbers correspond to
n = 0. Fabre then shows that |µℓ

β(1)| is the integer Uℓ defined for the canonical
Bertrand numeration system, and his [5, Theorem 2] establishes the equality
between the Dumont–Thomas numeration system associated with µβ and the
canonical Bertrand numeration system associated with β.

Let us now go back to the study of our Dumont–Thomas numeration sys-
tems based on Fabre-like substitutions. We first note that Bertrand numeration
systems based on a Parry number are a particular case of Dumont–Thomas
numeration systems (and not just the canonical ones as proven by Fabre).

Proposition 1. Every Bertrand numeration system associated with a Parry
number is equal to some Dumont–Thomas numeration system associated with
a Fabre-like substitution.

Although our Dumont–Thomas numeration systems verify the property w ∈
L ⇔ w0 ∈ L that characterizes Bertrand numeration systems, the converse
of Proposition 1 is not true, as we see in the following example.

Example 6. Consider the Fabre-like substitution µ : a 7→ aab, b 7→ aaaa with
fixed point u = aabaabaaaa · · · . The corresponding Dumont–Thomas numera-
tion system is positional, with the sequence of weights starting by 1, 3, 10, 32, . . ..
We note that repr,0(9) = 23, but this cannot happen in a Bertrand numeration
system as the representation of 9 would be 30 with the given weights.

This is because our systems are not greedy in the usual sense. This phe-
nomenon can be understood with an adaptation of the Parry condition. To recall,
this condition (first seen in [12, Corollary 1]) states that a word d1d2 · · · is equal
to dβ(1) for some β > 1 if and only if d1d2 · · · ≻ 10ω and d1d2 · · · ≻ didi+1 · · · for
every i ≥ 1. In the case of Example 6, if the substitution µ were the Fabre substi-
tution associated with some Parry number β, we would have d∗β(1) = (23)ω and
dβ(1) = 240ω, which contradicts the Parry condition. Thus the system cannot
be equal to a Bertrand numeration system. In fact, the Parry condition (adapted
for use with d∗β(1) instead of dβ(1)) is all that is necessary to guarantee that the
system is greedy and thus equal to a Bertrand numeration system.

Proposition 2. Let µ be a Fabre-like substitution as in (4). Construct the right-
infinite word d1d2 · · · = d1 · · · dk−1(dk · · · dn)ω. The Dumont–Thomas numera-
tion system associated with µ and the seed a1 is equal to a Bertrand numeration
system if and only if we have didi+1 · · · ≼lex d1d2 · · · for each i ≥ 1.
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