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Part 1: 

Preface

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liège.
And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vinçotte in 1904.
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Everyday, millions of people need to make 
choices …

For engineers, the choices are between:
• devices;
• algorithms;
• methods;
• procedures;
• solutions;
• models;
• etc.

That does not matter!
Let’s call them “entities”

We need to make 
choices!

Hey! Wait a minute! 
There’s no general theory 
for performance-based 
ranking of entities. How 

can we make good 
choices in these 

conditions?

So, let’s develop it!



Example of problem: classification
• There is a set ℂ of classes, ℂ ≥ 2.
• Three types:

1. In soft classification, we predict a confidence value for each class.
2. In binary classification, we predict a Boolean value for each class.
3. In crisp classification , we predict a class:

• there is a ground-truth class 𝑌;
• there is a predicted (estimated) class "𝑌; 
• and we are satisfied if and only if 𝑌 = "𝑌.

• Convention in two-class classification:
• ℂ = 𝑐!, 𝑐" : one class is called negative (𝑐!) and the other is called positive (𝑐").

• We will speak a lot of two-class crisp classification:
• A true negative (𝑡𝑛) occurs when 𝑌 = 𝑐! and )𝑌 = 𝑐!.
• A false positive (𝑓𝑝) occurs when 𝑌 = 𝑐! and )𝑌 = 𝑐".
• A false negative (𝑓𝑛) occurs when 𝑌 = 𝑐" and )𝑌 = 𝑐!.
• A true positive (𝑡𝑝) occurs when 𝑌 = 𝑐" and )𝑌 = 𝑐".



My advisor told me I should 
use Matthews’ correlation 

coefficient 𝜙. But don’t ask 
me why it’s like that!

Should we really worry about 
that? All that matters is that 
we like TNs and TPs, but we 

hate FPs and FNs.

I consider that a FP 
is more critical than 

a FN.

I my application, 
having FNs is a huge 

problem

This guy is speaking about 
some beloved score

These guys are speaking about 
what is important for them

This guy is speaking about 
the classification task



Lost in an ocean of scores ?

rejection rate

detection rate

negative prediction rate

positive prediction rate
prevalence

accuracy

matching coe/icient

error rate

misclassification rate

true negative rate

true positive rate

false positive rate

false negative rate

specificity

selectivity

inverse recall

sensitivity

recall

negative predictive value

inverse precision

positive predictive value

precision

false omission rate

false discovery rate

Jaccard’s coefficient

critical success index

intersection over union

similarity

Tanimoto coefficient

G-measure 

Dice-Sørensen coe/icient

F-one score

standardized negative predictive value

standardized positive predictive value

negative likelihood ratio

positive likelihood ratio

Cohen’s κ statistic

Heidke skill score

bias index

weighted accuracy

balanced accuracy

Youden’s index

informedness

markedness

Peirce skill score

determinant of the confusion matrix

F-Beta score

markedness

Clayton skill score

average conditional probability

And an infinity of others …

Bennet’s S

This is a small part of the
scores produced

by the human 

imagination, 

during a few 

decades,  and

just for the two-class 

classification problems …



The F-one score is defined as the harmonic mean between
the positive predictive value and the true positive rate:

𝐹! =
2 𝑃( 𝑡𝑝 )

𝑃 𝑓𝑝, 𝑡𝑝 + 𝑃 𝑓𝑛, 𝑡𝑝

The Intersection over Union is 
defined as the ratio:

𝐼𝑜𝑈 =
𝑃 𝑌 = 𝑐" ∩ 4𝑌 = 𝑐"

𝑃 𝑌 = 𝑐" ∪ 4𝑌 = 𝑐"

=
𝑃( 𝑡𝑝 )

𝑃 𝑓𝑝, 𝑓𝑛, 𝑡𝑝

The scores 𝐹! and 𝐼𝑜𝑈 induce the same performance ordering as they are linked
by a strict monotonically increasing relationship: 𝐹! =

# $%&
! " $%&

⇒ '(!
'$%&

> 0. 

Some scores are equivalent: example

I like the F-one 
score.

I like the 
Intersection 
over Union.



Some scores are equivalent: example

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

𝐼𝑜𝑈

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0
𝐹!

𝑷𝟏 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" 0.70 0.10

𝒀 = 𝒄# 0.10 0.10

𝑷𝟐 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" 0.70 0.05

𝒀 = 𝒄# 0.10 0.15

𝑷𝟑 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" 0.65 0.00

𝒀 = 𝒄# 0.15 0.20

1st3rd 2nd



A few objectives of our research

1. Introducing the first generic mathematical framework to define, 
manipulate, analyze and compare performances.

2. Specify what a meaningful performance-based ranking is.
3. Study in depth the case of two-class crisp classification.
4. Develop practical tools for all researchers.

classificationregression

information retrieval

detectionranking

Our generic theoretical
foundations for 

performance-based ranking

probability theory set theory
order theory



Part 2: 

Our mathematical 
framework

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liège.
And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vinçotte in 1904.
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(Ω, Σ) 𝑃 ≲ 𝜙 𝑆 𝐼 𝑋

The measurable space (𝛀, 𝚺)

We build our framework on top of the probability theory, to address uncertainty.

Our advice:
• start by specifying explicitly a (thought) random experiment for your evaluations;
• the outcomes are the various cases that can happen during the evaluation;
• consider the set of possible outcomes for the sample space Ω;
• and, when Ω is finite, consider the 𝜎-algebra 2) for the event space Σ.

Several choices can be made for the outcomes. For example, in two-class crisp classification:
• Ω = 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑟𝑒𝑠𝑢𝑙𝑡, 𝑖𝑛𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑟𝑒𝑠𝑢𝑙𝑡
• Ω = 𝑐𝑜𝑟𝑟𝑒𝑐𝑡 𝑟𝑒𝑠𝑢𝑙𝑡, 𝑡𝑦𝑝𝑒 𝐼 𝑒𝑟𝑟𝑜𝑟, 𝑡𝑦𝑝𝑒 𝐼𝐼 𝑒𝑟𝑟𝑜𝑟
• Ω = 𝑡𝑟𝑢𝑒 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒, 𝑓𝑎𝑙𝑠𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒, 𝑓𝑎𝑙𝑠𝑒 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒, 𝑡𝑟𝑢𝑒 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒

⚠ See slide about 𝑆:
• the evaluation cannot be any random experiment;
• we cannot choose anything we want as outcome!



(Ω, Σ) 𝑃 ≲ 𝜙 𝑆 𝐼 𝑋

The measurable space (𝛀, 𝚺)

Example.

📣We provide (in the supplementary material of our paper) a little catalog of other problems showcasing the 
use of our mathematical framework for multi-class classification, regression, information retrieval, detection, 
clustering, and ranking (ranking rankings, isn’t this fun?).

source

oracle

descriptor
(e.g., measuring instrument, 

questionnaire, feature extractor)

classifier

decision maker
(e.g., MAP, MLE)

posterior 
estimator

𝑜

𝑦

𝑥 H𝑦

𝑜𝑢𝑡𝑐𝑜𝑚𝑒
(𝑦, H𝑦)



(Ω, Σ) 𝑃 ≲ 𝜙 𝑆 𝐼 𝑋

The performances 𝑷

Performances are modeled as probability measures on (Ω, Σ).
The set of all possible performances, for the measurable space (Ω, Σ), is denoted by ℙ(),,).

Example: in classification, if one takes Ω = ℂ# for all pairs of ground-truth and predicted classes, the 
performance object provides the same information as a normalized confusion matrix.

Interpretation: the performance of an entity (e.g., a classifier) represents the distribution of cases (outcomes) 
that can be encountered when evaluating this entity. 



(Ω, Σ) 𝑃 ≲ 𝜙 𝑆 𝐼 𝑋

The performances 𝑷

Example.

• The probability of observing the outcome 
./0(1",1")
230(1",1#)
2/0(1#,1")
.30(1#,1#)

is 
4 56 078%
4 :; 0<8%
4 :6 0#8%
4 5; 0!8%

• The probability of being right when predicting 1"1# is 
= 𝑡𝑛 𝑡𝑛, 𝑓𝑛 0 ⁄$ %

= 𝑡𝑝 𝑓𝑝, 𝑡𝑝 0 ⁄! &

• The probability of taking the right decision when the ground truth is 1"1# is 
= 𝑡𝑛 𝑡𝑛, 𝑓𝑝 0 ⁄& '

= 𝑡𝑝 𝑓𝑛, 𝑡𝑝 0 ⁄! %

𝑷 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" 0.4 0.3

𝒀 = 𝒄# 0.2 0.1



(Ω, Σ) 𝑃 ≲ 𝜙 𝑆 𝐼 𝑋

The performance orderings ≲

We build our framework on top of the order theory: the performance orderings ≲ are preorders on a given ℙ(),,)
that are interpreted as worse or equivalent than.

📣 This prevents from comparing apples with oranges: there is no performance ordering that considers 
performances on (Ω!, Σ!) and performances on (Ω#, Σ#)with Ω!, Σ! ≠ (Ω#, Σ#).

📣 This is very practical: with a single homogeneous binary relation ≲, we have “mechanically” the others:
• equivalent to: 𝑃!~𝑃# ⇔ (𝑃!≲ 𝑃#) 𝑎𝑛𝑑 (𝑃# ≲ 𝑃!)
• worse than: 𝑃! < 𝑃# ⇔ (𝑃!≲ 𝑃#) 𝑎𝑛𝑑 𝑛𝑜𝑡 (𝑃# ≲ 𝑃!)
• better than: 𝑃! > 𝑃# ⇔ 𝑛𝑜𝑡 (𝑃! ≲ 𝑃#) 𝑎𝑛𝑑 (𝑃# ≲ 𝑃!)
• incomparable with: 𝑛𝑜𝑡 (𝑃! ≲ 𝑃#) 𝑎𝑛𝑑 𝑛𝑜𝑡 (𝑃# ≲ 𝑃!)

📣 It is possible to induce a performance ordering ≲? from any score 𝑋 as follows:

𝑃! ≲? 𝑃# ⇔ S𝑋 𝑃! ≤ 𝑋 𝑃# 𝑎𝑛𝑑 𝑃! ∈ 𝑑𝑜𝑚 𝑋 𝑎𝑛𝑑 𝑃# ∈ 𝑑𝑜𝑚(𝑋)
𝑜𝑟 𝑃! = 𝑃#

One can prove that these binary relations have 
the properties needed to be interpreted like 
this, because  we know that ≲ is a preorder.



(Ω, Σ) 𝑃 ≲ 𝜙 𝑆 𝐼 𝑋

Modeling the evaluation by a function 𝝓

Let us assume that some performances 𝑃!, 𝑃#, …𝑃/ are achievable.
In this case, are we sure that we are able to achieve a performance 𝑃?

Answering this question is the purpose of the idempotent function 𝜙: 2ℙ(),+) → 2ℙ(),+):

𝑃 ∈ 𝜙 𝑃!, 𝑃#, …𝑃/ ?

Example. When the entity is used only once during the realization of the random experiment, we can take

𝜙 = 𝑐𝑜𝑛𝑣𝑒𝑥 − ℎ𝑢𝑙𝑙

This is because, if we use a hybrid entity 𝑒 that applies a non-deterministically chosen entity among 𝑒!, 𝑒#, … 𝑒/, 
then we obtain a performance 𝑃 that is convex combination of 𝑃!, 𝑃#, …𝑃/ with 𝑃A = 𝑒𝑣𝑎𝑙(𝑒A); the combination 
weights being equal to the probabilities of choosing the respective entities.



(Ω, Σ) 𝑃 ≲ 𝜙 𝑆 𝐼 𝑋

Modeling the evaluation by a function 𝝓

Question.

We have a classifier 𝑐! such that 𝑒𝑣𝑎𝑙 𝑐! = 𝑃!.
We have a classifier 𝑐# such that 𝑒𝑣𝑎𝑙 𝑐# = 𝑃#.
During the evaluation, the classifier is used only once.
Can we obtain the performance 𝑃?

Answer.

It turns out that 𝑃 = 0.25 𝑃! + 0.75 𝑃#. So, we can achieve the performance 𝑃 by using the classifier 𝑐! with 
probability 0.25 and the classifier 𝑐# with probability 0.75.

𝑷𝟏 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" 0.50 0.10

𝒀 = 𝒄# 0.30 0.10

𝑷𝟐 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" 0.80 0.05

𝒀 = 𝒄# 0.00 0.15

𝑷 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" 0.725 0.0625

𝒀 = 𝒄# 0.075 0.1375



(Ω, Σ) 𝑃 ≲ 𝜙 𝑆 𝐼 𝑋

Modeling the task as a random variable called Satisfaction (𝑺)

📣We have seen that performances are probability measures. But not all probability measures are 
performances! Besides, we do not aim at ordering any probability measures. The satisfaction is the key.

The measurable space (or the random experiment) should be such that one can
specify the degree of satisfaction that is obtained by each sample (outcome).

𝑆 ∶ Ω → ℝ ∶ 𝜔 ↦ 𝑆(𝜔)

The satisfaction is related to the task.
⚠ Our advice: always specify explicitly the satisfaction, otherwise the task is undefined!

Example. In two-class crisp classification, by convention,

𝑆 𝑓𝑝 = 𝑆 𝑓𝑛 = 0 and        𝑆 𝑡𝑛 = 𝑆 𝑡𝑝 = 1

📣 There is no constraint on satisfaction values: they can be negative, zero, or positive.

We like TNs and 
TPs, but we hate 

FPs and FNs.



(Ω, Σ) 𝑃 ≲ 𝜙 𝑆 𝐼 𝑋

Modeling the application as a random variable called Importance (𝑰)

The importance encodes some application-specific preferences.

📣 There is a constraint on importance values: they should be zero or positive.

I consider that a FP 
is more critical than 

a FN.

I my application, 
having FNs is a huge 

problem Please, be more 
precise: quantify the 
importance you give 
to the TNs, FPs, FNs, 

and TPs !



(Ω, Σ) 𝑃 ≲ 𝜙 𝑆 𝐼 𝑋

The scores 𝑿 are real functions of performances

𝑋 ∶ 𝑑𝑜𝑚 𝑋 → ℝ ∶ 𝑃 ↦ 𝑋(𝑃) with     dom(X) ⊆ ℙ(),,)

⚠ It is essential to avoid confusions between the value taken by a score and the performance.

Somes scores have a probabilistic meaning, others not. Examples:
• the expected satisfaction is the score

𝑃 ↦ 𝐸=[𝑆]
• in two-class classification, the accuracy is the score 

𝐴 ∶ 𝑃 ↦ 𝐴 𝑃 = 𝑃 𝑆 = 1 = 𝑃({𝑡𝑛, 𝑡𝑝})
• in two-class classification, the true positive rate is the score

𝑇𝑃𝑅 ∶ 𝑃 ↦ 𝑇𝑃𝑅 𝑃 = 𝑃 𝑆 = 1 𝑌 = 𝑐" = 𝑃({𝑡𝑝}|{𝑓𝑛, 𝑡𝑝})
• in two-class classification, the positive predictive value is the score

𝑃𝑃𝑉 ∶ 𝑃 ↦ 𝑃𝑃𝑉 𝑃 = 𝑃 𝑆 = 1 4𝑌 = 𝑐" = 𝑃({𝑡𝑝}|{𝑓𝑝, 𝑡𝑝})



Part 3: 

Our axiomatic 
definition of 
performance-
based rankings

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liège.
And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vinçotte in 1904.
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Axiom 1

Motivation: does it make sense ?
𝑷𝑪 $𝒀 = 𝒄" $𝒀 = 𝒄#

𝒀 = 𝒄" 0. 761 0.139

𝒀 = 𝒄# 0.019 0.081

𝑷𝑩 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" 0.532 0.368

𝒀 = 𝒄# 0.010 0.090

𝑷𝑨 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" 0.759 0.141

𝒀 = 𝒄# 0.028 0.072

Classifier TPR TNR PPV NPV F-one Mean Rank

Classifier C 0.8100 [2] 0.8456 [1] 0.3682 [1] 0.9756 [2] 0.5062 [1] [1.4]

Classifier B 0.9000 [1] 0.5911 [3] 0.1965 [3] 0.9815 [1] 0.3226 [3] [2.2]

Classifier A 0.7200 [3] 0.8433 [2] 0.3380 [2] 0.9644 [3] 0.4601 [2] [2.4]

Classifier TPR TNR PPV NPV F-one Mean Rank

Classifier A 0.7200 [2] 0.8433 [1] 0.3380 [1] 0.9644 [2] 0.4601 [1] [1.4]

Classifier B 0.9000 [1] 0.5911 [2] 0.1965 [2] 0.9815 [1] 0.3226 [2] [1.6]

⚠

Can we report perennial

conclusions in our papers ?



Axiom 1

Any performance-based ranking should be
derived from a performance ordering ≲.

📣We provide a rigorous, 
mathematical, writing of 
this axiom in our paper.



Axiom 2
Motivation: ensure these requirements, and more.

• Achieving the minimal satisfaction for sure is the worst we can do:

$
𝑠%&' = min

(∈*
𝑆(𝜔)

𝑃 𝑆 = 𝑠%&' = 1
⇒ ∄𝑃+: 𝑃+ < 𝑃

• Achieving the maximum satisfaction for sure is the best we can do:

$
𝑠%,- = max

(∈*
𝑆(𝜔)

𝑃 𝑆 = 𝑠%,- = 1
⇒ ∄𝑃+: 𝑃+ > 𝑃

• If we achieve for sure the same satisfaction with two performances, then these 
performances are either equivalent or incomparable.

𝑷 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" 0 …

𝒀 = 𝒄# … 0

𝑷 $𝒀 = 𝒄" $𝒀 = 𝒄#
𝒀 = 𝒄" … 0

𝒀 = 𝒄# 0 …



Axiom 2

The performance ordering ≲
should be consistent with the task (modeled by 𝑆).

📣We provide a rigorous, 
mathematical, writing of 
this axiom in our paper.



Axiom 3

Motivation: magic doesn't exist!

It should not be possible to obtain a 
performance worse than the worst one 
with a “blind” combination.

It should not be possible to obtain a 
performance better than the best one 
with a “blind” combination.𝑃#

𝑃!

𝑃B
𝑃C

𝑃7

𝑃D

𝑃<

𝑃E

better J

worse L

𝜙 𝑃!, 𝑃#, …𝑃D



Axiom 3

It should be safe to say that this 
performance is worse than all the ones that 
could be obtained with a “blind” 
combination of the ones depicted in black.

It should be safe to say that this 
performance is better than all the ones that 
could be obtained with a “blind” 
combination of the ones depicted in black.

𝑃#
𝑃!

𝑃B
𝑃C

𝑃7

𝑃D

𝑃<

𝑃E

better J

worse L

𝜙 𝑃!, 𝑃#, …𝑃D



Axiom 3

The performance ordering ≲
should be consistent with the evaluation (modeled by 𝜙).

📣We provide a rigorous, 
mathematical, writing of 
this axiom in our paper.
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Our ranking scores
When	𝜙 = 𝑐𝑜𝑛𝑣𝑒𝑥 − ℎ𝑢𝑙𝑙, the axioms are satisfied when the performance 
ordering ≲ is induced by any of the ranking	scores:

𝑅r ∶ 𝑃 ↦ 𝑅r 𝑃 =
𝐸s[𝑆𝐼]
𝐸s[𝐼]

=
∑t∈u𝑆 𝜔 𝐼 𝜔 𝑃( 𝜔 )
∑t∈u 𝐼 𝜔 𝑃( 𝜔 )

• 1st example. The expected satisfaction, 𝐸𝑃[𝑆], is a particular case of ranking 
score. In classification, it is known as the accuracy.

• 2nd example. When the satisfaction and the importance are binary, the 
ranking scores are the probabilities of being satisfied given that the 
encountered outcome is important, that is:

𝑅𝐼 𝑃 = 𝑃(S=1|I=1)

𝐼 ≠ 0
𝐼 𝜔 ≥ 0∀𝜔 ∈ Ω



Our canonical ranking scores
Let us consider the case of a binary satisfaction, i.e., 𝑆 𝜔 ∈ 0,1 .

Property. If two ranking scores 𝑅0F and 𝑅0G are such that

;𝐼1 𝜔 ∝ 𝐼2 𝜔 ,𝜔 ∈ 𝑆31 0
𝐼1 𝜔 ∝ 𝐼2 𝜔 ,𝜔 ∈ 𝑆31 1

then the performance orderings induced by 𝑅0F and 𝑅0G are identical.

We get rid of this redundancy by introducing the canonical ranking scores:
>

(∈4HF 5
𝐼 𝜔 = 1

>
(∈4HF 1

𝐼 𝜔 = 1



Part 5: 

The Tile

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liège.
And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vinçotte in 1904.



Bibliography
This part of the presentation is based on the 
following paper:

Sébastien Piérard, Anaïs Halin, Anthony Cioppa, 
Adrien Deliège, and Marc Van Droogenbroeck. The 
Tile: A 2D map of ranking scores for two-class 
classification. arXiv, abs/2412.04309, 2024. URL 
https://doi.org/10.48550/arXiv.2412.04309.



Ranking scores for two-class classification

𝑅! ∶ 𝑃 ↦ 𝑅! 𝑃 =
𝐸"[𝑆𝐼]
𝐸"[𝐼]

=
∑#∈%𝑆 𝜔 𝐼 𝜔 𝑃( 𝜔 )
∑#∈% 𝐼 𝜔 𝑃( 𝜔 )

Ω = 𝑡𝑛, 𝑓𝑝, 𝑓𝑛, 𝑡𝑝
𝑆 = 𝟏 {tn,tp}

𝑅! ∶ 𝑃 ↦ 𝑅! 𝑃 =
𝐼 𝑡𝑛 𝑃 𝑡𝑛 + 𝐼 𝑡𝑝 𝑃( 𝑡𝑝 )

𝐼 𝑡𝑛 𝑃 𝑡𝑛 + 𝐼 𝑓𝑝 𝑃 𝑓𝑝 + 𝐼 𝑓𝑛 𝑃 𝑓𝑛 + 𝐼 𝑡𝑝 𝑃( 𝑡𝑝 )

📣 This continuum of scores contains some redundancy from the ranking point of view …



Ranking scores for two-class classification

🤯 If two ranking scores 𝑅!" and 𝑅!# are such that
!"('()

!" '* +!"('()
= !#('()

!# '* +!#('()
and        !"(,*)

!" ,( +!"(,*)
= !#(,*)

!# ,( +!#(,*)

then the performance orderings induced by 𝑅!" and 𝑅!# are identical.

🥳Great! This means that we can map the performance orderings induced by the ranking 
scores on the 2D square 0,1 - with the parameterization

𝑎 𝐼 =
𝐼(𝑡𝑝)

𝐼 𝑡𝑛 + 𝐼(𝑡𝑝)

𝑏 𝐼 =
𝐼(𝑓𝑛)

𝐼 𝑓𝑝 + 𝐼(𝑓𝑛)



The Game-Changer

𝑃 4𝑌 = 𝑐I = 1

𝑃 4𝑌 = 𝑐" = 1

1 − 𝑇𝑁𝑅

𝑇𝑃
𝑅

0

0

1

1

🙂

😡

🫥
no-skill 

🫥

ROC space
Receiver Operating Characteristic

Since 1941

In this “space”, performances are 
projected as points.

≲J ≲$%&
≲(!

≲==K

≲L=K

≲MLN

≲M=N

𝑎 𝐼 =
𝐼(𝑡𝑝)

𝐼 𝑡𝑛 + 𝐼(𝑡𝑝)

𝑏
𝐼
=

𝐼(
𝑓𝑛
)

𝐼
𝑓𝑝

+
𝐼(
𝑓𝑛
)

0

0

1

1

83 years later, we innovate with
Our Tile

Since 2024

In this “space”, canonical ranking scores, performance 
orderings, and rankings are projected as points.



The Tile

Let us take:
• 𝐼 𝑡𝑛 = 1
• 𝐼 𝑓𝑝 = 1
• 𝐼 𝑓𝑛 = 1
• 𝐼 𝑡𝑝 = 1

We obtain:

𝑅! 𝑃 =
𝑃 𝑡𝑛 + 𝑃( 𝑡𝑝 )

𝑃 𝑡𝑛 + 𝑃 𝑓𝑝 + 𝑃 𝑓𝑛 + 𝑃( 𝑡𝑝 )
= A(P)

📣 This is the accuracy 𝐴 ∶ 𝑃 ↦ 𝑃(𝑆 = 1).
Synonym: matching coefficient

≲J ≲$%&
≲(!

≲==K

≲L=K

≲MLN

≲M=N

𝑎 𝐼 =
𝐼(𝑡𝑝)

𝐼 𝑡𝑛 + 𝐼(𝑡𝑝)

𝑏
𝐼
=

𝐼(
𝑓𝑛
)

𝐼
𝑓𝑝

+
𝐼(
𝑓𝑛
)

0

0

1

1



The Tile

Let us take:
• 𝐼 𝑡𝑛 = 1
• 𝐼 𝑓𝑝 = 1
• 𝐼 𝑓𝑛 = 0
• 𝐼 𝑡𝑝 = 0

We obtain:

𝑅! 𝑃 =
𝑃 𝑡𝑛

𝑃 𝑡𝑛 + 𝑃 𝑓𝑝
= TNR(P)

📣 This is the true negative rate 𝑇𝑁𝑅 ∶ 𝑃 ↦ 𝑃(𝑆 = 1|𝑌 = 𝑐.).
Synonyms: specificity, selectivity, inverse recall

≲J ≲$%&
≲(!

≲==K

≲L=K

≲MLN

≲M=N

𝑎 𝐼 =
𝐼(𝑡𝑝)

𝐼 𝑡𝑛 + 𝐼(𝑡𝑝)

𝑏
𝐼
=

𝐼(
𝑓𝑛
)

𝐼
𝑓𝑝

+
𝐼(
𝑓𝑛
)

0

0

1

1



The Tile

Let us take:
• 𝐼 𝑡𝑛 = 0
• 𝐼 𝑓𝑝 = 0
• 𝐼 𝑓𝑛 = 1
• 𝐼 𝑡𝑝 = 1

We obtain:

𝑅! 𝑃 =
𝑃( 𝑡𝑝 )

𝑃 𝑓𝑛 + 𝑃( 𝑡𝑝 )
= TPR(P)

📣 This is the true positive rate TPR ∶ 𝑃 ↦ 𝑃(𝑆 = 1|𝑌 = 𝑐+).
Synonyms: sensitivity, recall

≲J ≲$%&
≲(!

≲==K

≲L=K

≲MLN

≲M=N

𝑎 𝐼 =
𝐼(𝑡𝑝)

𝐼 𝑡𝑛 + 𝐼(𝑡𝑝)

𝑏
𝐼
=

𝐼(
𝑓𝑛
)

𝐼
𝑓𝑝

+
𝐼(
𝑓𝑛
)

0

0

1

1



The Tile

Let us take:
• 𝐼 𝑡𝑛 = 1
• 𝐼 𝑓𝑝 = 0
• 𝐼 𝑓𝑛 = 1
• 𝐼 𝑡𝑝 = 0

We obtain:

𝑅! 𝑃 =
𝑃 𝑡𝑛

𝑃 𝑡𝑛 + 𝑃 𝑓𝑛
= NPV(P)

📣 This is the negative predictive value NPV ∶ 𝑃 ↦ 𝑃(𝑆 = 1| G𝑌 = 𝑐.).
Synonym: inverse precision

≲J ≲$%&
≲(!

≲==K

≲L=K

≲MLN

≲M=N

𝑎 𝐼 =
𝐼(𝑡𝑝)

𝐼 𝑡𝑛 + 𝐼(𝑡𝑝)

𝑏
𝐼
=

𝐼(
𝑓𝑛
)

𝐼
𝑓𝑝

+
𝐼(
𝑓𝑛
)

0

0

1

1



The Tile

Let us take:
• 𝐼 𝑡𝑛 = 0
• 𝐼 𝑓𝑝 = 1
• 𝐼 𝑓𝑛 = 0
• 𝐼 𝑡𝑝 = 1

We obtain:

𝑅! 𝑃 =
𝑃( 𝑡𝑝 )

𝑃 𝑓𝑝 + 𝑃( 𝑡𝑝 )
= PPV(P)

📣 This is the positive predictive value PPV ∶ 𝑃 ↦ 𝑃(𝑆 = 1| G𝑌 = 𝑐+).
Synonym: precision

≲J ≲$%&
≲(!

≲==K

≲L=K

≲MLN

≲M=N

𝑎 𝐼 =
𝐼(𝑡𝑝)

𝐼 𝑡𝑛 + 𝐼(𝑡𝑝)

𝑏
𝐼
=

𝐼(
𝑓𝑛
)

𝐼
𝑓𝑝

+
𝐼(
𝑓𝑛
)

0

0

1

1



The Tile

Let us take:
• 𝐼 𝑡𝑛 = 0
• 𝐼 𝑓𝑝 = 1
• 𝐼 𝑓𝑛 = 1
• 𝐼 𝑡𝑝 = 1

We obtain:

𝑅! 𝑃 =
𝑃( 𝑡𝑝 )

𝑃 𝑓𝑝 + 𝑃 𝑓𝑛 + 𝑃( 𝑡𝑝 )
= IoU(P)

📣 This is the Intersection over Union IoU ∶ P ↦ 𝑃(𝑆 = 1|𝑌 = 𝑐+ ∨ G𝑌 = 𝑐+).
Synonyms: Jaccard’s coef., Tanimoto coef., similarity, critical success index, G-measure

≲J ≲$%&
≲(!

≲==K

≲L=K

≲MLN

≲M=N

𝑎 𝐼 =
𝐼(𝑡𝑝)

𝐼 𝑡𝑛 + 𝐼(𝑡𝑝)

𝑏
𝐼
=

𝐼(
𝑓𝑛
)

𝐼
𝑓𝑝

+
𝐼(
𝑓𝑛
)

0

0

1

1



The Tile

Let us take:
• 𝐼 𝑡𝑛 = 0
• 𝐼 𝑓𝑝 = 1
• 𝐼 𝑓𝑛 = 1
• 𝐼 𝑡𝑝 = 2

We obtain:

𝑅! 𝑃 =
2𝑃( 𝑡𝑝 )

𝑃 𝑓𝑝 + 𝑃 𝑓𝑛 + 2𝑃( 𝑡𝑝 )
= F/(P)

📣 This is the F-one score 𝐹/ = ⁄/ -𝑃𝑃𝑉./ + ⁄/ -𝑇𝑃𝑅./ ./.
Synonym: Dice-Sørensen coefficient

≲J ≲$%&
≲(!

≲==K

≲L=K

≲MLN

≲M=N

𝑎 𝐼 =
𝐼(𝑡𝑝)

𝐼 𝑡𝑛 + 𝐼(𝑡𝑝)

𝑏
𝐼
=

𝐼(
𝑓𝑛
)

𝐼
𝑓𝑝

+
𝐼(
𝑓𝑛
)

0

0

1

1



How do ranking scores rank-correlate with 
each other ?
Example:
• uniform distribution of performances;
• Kendall’s 𝜏.

📣We see that all performance orderings 
induced by ranking scores are diOerent:

we need a 2D space to organize them.

📣 This is the case for  most distributions of 
performances.



Operations on performances

What if I change a little bit 
the random experiment 
used for the evaluation?

But should I recompute 
the Tile or have I already 

all the information?

The performances will 
change: an operation is 

applied to them.

Let’s see!



Operations on performances

𝑆𝑤𝑎𝑝 𝑡ℎ𝑒 oracle and
classi�ier 𝑜𝑢𝑡𝑝𝑢𝑡𝑠

𝑌 ↔ 4𝑌

Change	the	ground-truth	class
𝑌 = 𝑐I ↔ 𝑌 = 𝑐"

Swap	the	classes
𝑐I ↔ 𝑐"

Change	the	predicted	class
4𝑌 = 𝑐I ↔ 4𝑌 = 𝑐"

180°

≲

≲

≲

≲≲

≳

≲

≳

𝑎 𝐼𝑎 𝐼

𝑎 𝐼 𝑎 𝐼

𝑏
𝐼

𝑏
𝐼

𝑏
𝐼

𝑏
𝐼

When these operations are applied to
all compared performances, there is no
need to recompute the Tiles: applying
geometric transforms suqice.



Operations on performances
A shift of class priors moves the performance orderings (and thus the rankings) on the Tile.



About no-skill performances

ℹNo-skill performances 𝑃 are such that 𝑌 ⊥" G𝑌
⇔ 𝑃 𝑌 = 𝑐/, G𝑌 = 𝑐- = 𝑃 𝑌 = 𝑐/ 𝑃 G𝑌 = 𝑐- ∀ 𝑐/, 𝑐- ∈ ℂ

📣 Some ranking scores put all no-skill performances on an equal footing (they become 
equivalent) if one restricts the compared performances to some given class priors or to some 
given prediction rates: see the curves below.



Canonical ranking scores

Objective: having a sole score in 
each point of the Tile.

Definition: the canonical ranking 
scores are the ranking scores

𝑅W with % 𝐼 𝑡𝑛 + 𝐼 𝑡𝑝 = 1
𝐼 𝑓𝑝 + 𝐼 𝑓𝑛 = 1

𝐴 𝐼𝑜𝑈
𝐹!

𝑃𝑃𝑉

𝑁𝑃𝑉

𝑇𝑁𝑅

𝑇𝑃𝑅

𝑎 𝐼 = 𝐼 𝑡𝑝 = 1 − 𝐼(𝑡𝑛)

𝑏
𝐼
=
𝐼
𝑓𝑛

=
1
−
𝐼(
𝑓𝑝
)

0

0

1

1



Part 6: 

The Flavors

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liège.
And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vinçotte in 1904.
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The Tile and its Flavors



Example of Flavor: Correlation Tiles

For a theoretical 
analyst

« What is the behavior of this particular score? »

Suggested interpretation. The score is not perfectly rank-correlated 
with any of the ranking scores. This is usually the sign that it cannot be 
used to establish meaningful performance orderings. However, it has a 
correlation of about 0.85 with the accuracy (center of the Tile), which is 
quite high.



Example of Flavor: Value Tiles

For a method 
designer

« What are the strengths and weaknesses
of the method I'm developing? »

Suggested interpretation. The values taken by the canonical ranking 
scores show that the strength of the method is when importance is put 
on the TNs and FPs and its weakness is when the importance is put on 
the TPs and FNs. Moreover, the region of the Tile where no-skill 
classifiers perform better is huge.



Example of Flavor: Ranking Tiles

For a benchmarker

« How does this particular method rank w.r.t.
the application specific preferences? »

Suggested interpretation. The method is ranked 11th to 56th , among 74, 
depending on the application-specific preferences. It performs better 
than most methods in the bottom of the Tile, where more importance is 
put on FPs than on FNs.



Example of Flavor: Entity Tiles

For an app developer

« Show me the most appropriate method w.r.t.
the application specific preferences! »

Suggested interpretation. Unless you give much more importance to 
the FPs than to the FNs (bottom of the tile), Mask2Former and SETR are 
the methods you should implement.  



Part 7: 

Postface

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liège.
And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vinçotte in 1904.



Global Vision

classificationregression

information retrieval

detectionranking

two-class crisp 
classification

Our generic theoretical
foundations for 

performance-based ranking

probability theory set theory
order theory

your problem



TRΔIL summer workshop ‘25, London, UK
Do you want to get involved in this project?
• Become a member of Trusted AI Labs (TRΔIL);
• join us in London from August 25th to September 5th;
• for the 6th summer workshop on artificial intelligence;
• and get involved in project n°3, Let’s Tile Together!

Registration deadline: June 20th

https://trail.ac/en/trail-summer-workshops/
The objectives:

1. a first version of an open-source library to produce Tiles;
2. easy to use by all researchers;
3. flexible to handle a wide range of flavors;
4. ready to be published on GitHub, on the TRAIL factory, and on PyPI;
5. and ready to be submitted to a journal (e.g. JOSS).
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And more to come, stay tuned!


