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Part 1:

Preface

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liege.

And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vincotte in 1904.
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Everyday, millions of people need to make
choices...

We need to make
choices!

Hey! Wait a minute!
There’s no general theory
for performance-based
ranking of entities. How
can we make good
choices in these
conditions?

i fbw@




Example of problem: classification

* There is a set C of classes, |C| = 2.

Three types:
1. In soft classification, we predict a confidence value for each class.
2. Inbinary classification, we predict a Boolean value for each class.

3. Incrisp classification, we predict a class:
* thereis aground-truth classY;
* thereis a predicted (estimated) class Y;
« and we are satisfied if and only if Y = Y.

Convention in two-class classification:
« C={c_,c,}:oneclassis called negative (c_) and the other is called positive (c..).

We will speak a lot of two-class crisp classification:
« Atrue negative (tn) occurswhenY = c_andY = c_.
* Afalse positive (fp) occurs whenY = c_ and Y = Cy.
* Afalse negative (fn) occurs whenY = ¢, and Y =c_.
* Atrue positive (tp) occurs whenY = ¢, and Y = Cy.



This guy is speaking about
the classification task

/

Should we really worry about
that? All that matters is that
we like TNs and TPs, but we

hate FPs and FNs.

These guys are speaking about
what is important for them

| my application,
having FNs is a huge
problem

| consider that a FP
iIs more critical than
a FN.

My advisor told me | should
use Matthews’correlation
coefficient ¢. But don’t ask
me why it’s like that!

o, \

This guy is speaking about

‘A‘ A some beloved score




Lost in an ocean of scores ?

bias index specificity
T negative prediction rate inverse recall
F-Beta score Peirce skill score informedness balanced accuracy

detection rate

true negative rate

Tanimoto coefficient false omission rate

This is a small part of the false negative rate
scores produced STEMEETEZE0 [PESHIvE Preehss el accuracy  critical success index
average conditional probability

by the human negative predictive value Bennet’s S Jaccard’s coefficient misclassificationrate ~ markedness
i i i ositive predictive value itivi A
Imagination, Fone score positive likelihood ratio P P sensitivity weighted accuracy
during a few Uil cldlll seare determinant of the confusion matrix

rejection rate precision markedness
decades, and inverse precision positive prediction rate
. false positive rate matching coefficient
just for the two-class g intersection over union  gelectivity prevalence

. . Dice-Sgrensen coefficient true positive rate
classification problems ... ' standardized negative predictive value
Clayton skill score negative likelihood ratio

similarity =~ G-measure '
recall false discovery rate
Youden’s index

Cohen’s K statistic And an infinity of others ...



Some scores are equivalent: example

The F-one score is defined as the harmonic mean between
the positive predictive value and the true positive rate:

P 2 P({tp})
Y P{{fp, to}) + P({fn, tp})

| like the
Intersection
over Union.

| like the F-one

score. The Intersection over Union is

defined as the ratio:
P(r=con(=c))
P(r=cpu(?=¢))
__ Pdtp})

P({fp, fn, tp})

IoU =

The scores F; and IoU induce the same performance ordering as they are linked

210U oF
= —L > 0.
1+ IoU dloU

by a strict monotonically increasing relationship: F; =




Some scores are equivalent: example
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A few objectives of our research

1. Introducing the first generic mathematical framework to define,
manipulate, analyze and compare performances.

2. Specify what a meaningful performance-based ranking is.
3. Study in depth the case of two-class crisp classification.

4. Develop practical tools for all researchers.




Our mathematical
framework

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liege.

And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vingotte in 1904.
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Abstract

Ranking entities such as algorithms, devices, methods,
or models based on their performances, while accounting
for application-specific p is a chall To ad-
dress this chall we blish the de of a uni-
versal theory for performance-based ranking. First, we
introduce a rigorous framework built on top of both the
probability and order theories. Our new framework en-

p the elements yto (1) ipulate perfor-
mances as mathematical objects, (2) express which perfor-
mances are worse than or equivalent to others, (3) model
tasks through a variable called satisfaction, (4) consider
properties of the evaluation, (5) define scores, and (6)
specify application-specific pref es through a variable
called importance. On top of this framework, we propose
the first axiomatic definition of performance orderings and
performance-based rankings. Then, we introduce a univer-
sal parametric family of scores, called ranking scores, that
can be used to establish rankings satisfying our axioms,
while idering application-specific pref es. Finally,
we show, in the case of two-class classification, that the
family of ranking scores encompasses well-known perfor-
mance scores, including the accuracy, the true positive rate
(recall, itivity), the true ive rate (specificity), the
positive predictive value (precision), and F,. However, we
also show that some other scores commonly used to com-
pare classifiers are unsuitable to derive performance order-
ings satisfying the axioms.

1. Introduction

Every day, millions of people are faced with choices to
make. Often, these choices are between entities (e.g., al-
gorithms, devices, methods, models, options, procedures,
solutions, strategies, efc.) considered to be interchange-
able, although not necessarily equivalent in terms of perfor-
mance. One of the main difficulties arises from the uncer-
tainty that people have regarding the use that will be made
of the entity to choose. A widespread approach to objecti-
fying these choices is to (1) perform an evaluation to de-
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Figure 1. This work establishes the foundations of the theory of
performance-based ranking. We do this in two steps. First, we
introduce a new mathematical framework with 6 main elements,
as depicted here by the pillars. Second, we build on top of it:
(1) a set of three axioms for the ordering of performances and for
the performance-based ranking of entities, (2) sufficient conditions
for them when the performance ordering is induced by a score,
and (3) a family of scores, named ranking scores that consider the
application-specific preferences. This theory is universal in the
sense that it is applicable to any task.

termine (i.e., assume, calculate, estimate, predict, efc.) a
performance, encompassing the necessary uncertainty, for
each of these entities; (2) choose a way of comparing these
performances with each other; and (3) assume that an en-
tity is preferable to others if it has the best performance. A
more general problem is to establish an order of preference
between the entities: this is the performance-based ranking.

The approach of performance-based ranking is common
in many fields and has proved its usefulness, especially
in scientific communities that organize themselves around
competitions [3, 10, 16, 17] for the development of al-
gorithms for specific tasks. Nevertheless, several studies
[18, 19] have alerted the scientific community about the
ranking methodology used in these competitions.

A critical analysis [18] of common practices for 150
biomedical image analysis challenges reveals that the scores
used are justified in only 23% of the cases, and that the rank
computation method is reported in only 36% of the cases.
Moreover, there are at least 10 different methods for deter-




(), X) P < ¢ S |

The measurable space ({2, X)

We build our framework on top of the probability theory, to address uncertainty.

Our advice:

» start by specifying explicitly a (thought) random experiment for your evaluations;
* the outcomes are the various cases that can happen during the evaluation;

* consider the set of possible outcomes for the sample space ();

 and, when Q is finite, consider the g-algebra 22 for the event space X.

Several choices can be made for the outcomes. For example, in two-class crisp classification:
O = {correct result,incorrect result}

O = {correct result,type I error,type 1l error}

« O = {true negative, false positive, false negative, true positive}

! Seeslide about S:
* the evaluation cannot be any random experiment;
* we cannot choose anything we want as outcome!




Q%) P < b 3 I X

The measurable space ({2, X)

Example.
> oracle 4
—
source 0 outcome

. classifier v

(0 Lo o] | o o OO ».7)
-»|  (e.g., measuring instrument, —” :  posterior i i decision maker i[~
questionnaire, feature extractor) estimator i (e.g., MAP,MLE) :|Y

& we provide (in the supplementary material of our paper) a little catalog of other problems showcasing the
use of our mathematical framework for multi-class classification, regression, information retrieval, detection,
clustering, and ranking (ranking rankings, isn’t this fun?).
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The performances P

Performances are modeled as probability measures on (£, X).
The set of all possible performances, for the measurable space ((}, X), is denoted by P(q 7).

Example: in classification, if one takes 0 = C? for all pairs of ground-truth and predicted classes, the
performance object provides the same information as a normalized confusion matrix.

Interpretation: the performance of an entity (e.g., a classifier) represents the distribution of cases (outcomes)
that can be encountered when evaluating this entity.




(Q, ) P < ¢ S I
The performances P
Example.
tn=(c-,c-) P{tn})=40%
* The probability of observing the outcome fp=(c_.c4) is P({fp})=30%

fn=(cq,c—
tp=(c+.c+) P{tp)H=10%

* The probability of being right when predicting Z IS

* The probability of taking the right decision when the ground truth is i; IS

) P({fn})=20%

p({tn}|{tn, fn})=25
r({tp}|{fp, tr})="/s

p({tn}|{tn, f})=*,
p({tp}|{fn, tn})="




Q,2) 2 < b 3 I X

The performance orderings <

We build our framework on top of the order theory: the performance orderings < are preorders on a given IPq 5,
that are interpreted as worse or equivalent than.

& This prevents from comparing apples with oranges: there is no performance ordering that considers
performances on (4, £;) and performances on (,, 2,) with (4, 2;) # (Q,,Z,).

& This is very practical: with a single homogeneous binary relation <, we have “mechanically” the others:

* equivalentto: P;~P, & (P;s P,) and (P, S P;)

* worse than: P, <P, & (P;s P,) and not (P, S P;)
* betterthan: P, > P, ©not (P, <sP,))and (P, S Py)
* incomparable with: not (P, S P,) and not (P, < P;)

& Itis possible to induce a performance ordering <y from any score X as follows:

X(Py) < X(P,) and P; € dom(X) and P, € dom(X)

<
PlNXPZ{:{ OTP:[:PZ




Q,2) 2 < b 3 I X

Modeling the evaluation by a function ¢

Let us assume that some performances P;, P,, ... P, are achievable.
In this case, are we sure that we are able to achieve a performance P?

Answering this question is the purpose of the idempotent function ¢: 2Pz - 2P,

P e ¢({P1,P2, Pn}) ?

Example. When the entity is used only once during the realization of the random experiment, we can take

¢ = convex — hull

This is because, if we use a hybrid entity e that applies a non-deterministically chosen entity among e4, e,, ... €,
then we obtain a performance P that is convex combination of Py, P,, ... B, with P; = eval(e;); the combination
weights being equal to the probabilities of choosing the respective entities.




(Q,2) P < b 3 I X

Modeling the evaluation by a function ¢

Question.

We have a classifier ¢; such that eval(c;) = P;.

We have a classifier ¢, such that eval(c,) = P,.
During the evaluation, the classifier is used only once.

Can we obtain the performance P?

Answer.

It turns outthat P = 0.25 P; + 0.75 P,. So, we can achieve the performance P by using the classifier ¢c; with
probability 0.25 and the classifier ¢, with probability 0.75.




(Q,2) P = ¢ S

Modeling the task as a random variable called Satisfaction (S)

& We have seen that performances are probability measures. But not all probability measures are
performances! Besides, we do not aim at ordering any probability measures. The satisfaction is the key.

The measurable space (or the random experiment) should be such that one can
specify the degree of satisfaction that is obtained by each sample (outcome).

We like TNs and
TPs, but we hate
FPs and FNs.

S:Q0->R:wm S(w)

The satisfaction is related to the task.
Y. Our advice: always specify explicitly the satisfaction, otherwise the task is undefined!

Example. In two-class crisp classification, by convention,

S(fp)=S(fn)=0 and S(n)=S(tp) =1 A

& There is no constraint on satisfaction values: they can be negative, zero, or positive.




(Q,2) P = ¢ S I

Modeling the application as a random variable called Importance (I)

The importance encodes some application-specific preferences.

| my application,
having FNs is a huge
problem

| consider that a FP
iIs more critical than
a FN.

Please, be more
precise: quantify the
importance you give
to the TNs, FPs, FNs,
and TPs'!

- \

5 There is a constraint on importance values: they should be zero or positive.




(LX) P < ¢ S |

The scores X are real functions of performances
X:dom(X) > R:Pw»X(P) with dom(X) € Py,
L It is essential to avoid confusions between the value taken by a score and the performance.

Somes scores have a probabilistic meaning, others not. Examples:
* the expected satisfaction is the score
P = Ep[S]
* intwo-class classification, the accuracy is the score
A: P» A(P)= P(S=1)=P({tn, tp})

* intwo-class classification, the true positive rate is the score

TPR: P~ TPR(P) = P(S=1|Y =c,) = P{tp}|{fn, tp})
* intwo-class classification, the positive predictive value is the score

PPV : P PPV(P) = P(S=1|V =c,) = P{tp}|{fp, tr})




Part 3:

Our axiomatic
definition of
performance-
based rankings

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liege.
And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vingotte in 1904.
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Abstract

Ranking entities such as algorithms, devices, methods,
or models based on their performances, while accounting
for application-specific p is a chall To ad-
dress this chall we blish the de of a uni-
versal theory for performance-based ranking. First, we
introduce a rigorous framework built on top of both the
probability and order theories. Our new framework en-

p the elements yto (1) ipulate perfor-
mances as mathematical objects, (2) express which perfor-
mances are worse than or equivalent to others, (3) model
tasks through a variable called satisfaction, (4) consider
properties of the evaluation, (5) define scores, and (6)
specify application-specific pref es through a variable
called importance. On top of this framework, we propose
the first axiomatic definition of performance orderings and
performance-based rankings. Then, we introduce a univer-
sal parametric family of scores, called ranking scores, that
can be used to establish rankings satisfying our axioms,
while idering application-specific pref es. Finally,
we show, in the case of two-class classification, that the
family of ranking scores encompasses well-known perfor-
mance scores, including the accuracy, the true positive rate
(recall, itivity), the true ive rate (specificity), the
positive predictive value (precision), and F,. However, we
also show that some other scores commonly used to com-
pare classifiers are unsuitable to derive performance order-
ings satisfying the axioms.

1. Introduction

Every day, millions of people are faced with choices to
make. Often, these choices are between entities (e.g., al-
gorithms, devices, methods, models, options, procedures,
solutions, strategies, efc.) considered to be interchange-
able, although not necessarily equivalent in terms of perfor-
mance. One of the main difficulties arises from the uncer-
tainty that people have regarding the use that will be made
of the entity to choose. A widespread approach to objecti-
fying these choices is to (1) perform an evaluation to de-
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Figure 1. This work establishes the foundations of the theory of
performance-based ranking. We do this in two steps. First, we
introduce a new mathematical framework with 6 main elements,
as depicted here by the pillars. Second, we build on top of it:
(1) a set of three axioms for the ordering of performances and for
the performance-based ranking of entities, (2) sufficient conditions
for them when the performance ordering is induced by a score,
and (3) a family of scores, named ranking scores that consider the
application-specific preferences. This theory is universal in the
sense that it is applicable to any task.

termine (i.e., assume, calculate, estimate, predict, efc.) a
performance, encompassing the necessary uncertainty, for
each of these entities; (2) choose a way of comparing these
performances with each other; and (3) assume that an en-
tity is preferable to others if it has the best performance. A
more general problem is to establish an order of preference
between the entities: this is the performance-based ranking.

The approach of performance-based ranking is common
in many fields and has proved its usefulness, especially
in scientific communities that organize themselves around
competitions [3, 10, 16, 17] for the development of al-
gorithms for specific tasks. Nevertheless, several studies
[18, 19] have alerted the scientific community about the
ranking methodology used in these competitions.

A critical analysis [18] of common practices for 150
biomedical image analysis challenges reveals that the scores
used are justified in only 23% of the cases, and that the rank
computation method is reported in only 36% of the cases.
Moreover, there are at least 10 different methods for deter-




Axiom 1 7

Motivation: does it make sense ?

e N A
Classifier A 0.7200[2] 0.8433[1] 0.3380[1] 0.9644[2] 0.4601 [1] m
Classifier B 0.9000 [1] 0.5911 [2] 0.1965 [2] 0.9815[1] 0.3226 [2] m

T B B S
0.8100 [2] 0.8456 [1] 0.3682 [1] 0.9756 [2] 0.5062 [1] m
0.9000 1] 0.5911 [3] 0.1965 [3] 0.9815[1] 0.3226[3] m
0.7200 [3] 0.8433[2] 0.3380[2] 0.9644 [3] 0.4601 [2] m

(




Axiom 1

Any performance-based ranking should be
derived from a performance ordering <.

& We provide a rigorous,
mathematical, writing of
this axiom in our paper.

Axiom 1. The ranking function rankg : E — [1, |E|] : € —
rankg (€) satisfies |[{e’ € E : eval(e) < eval(¢')}| +1 <
rankg(e) < |[{€' € E : eval(e) < eval(€')}|, where < is a
preorder on P(q x)).




Axiom 2

Motivation: ensure these requirements, and more.

* Achieving the minimal satisfaction for sure is the worst we can do:
Smin = Min S(w)
WEQ = AP":P' < P
P(S = Smin) =1

* Achieving the maximum satisfaction for sure is the best we can do:
Smax = MaxS(w)
WEQ = AP":P' > P
P(S = Smax) =1

* If we achieve for sure the same satisfaction with two performances, then these
performances are either equivalent or incomparable.



Axiom 2

The performance ordering <
should be consistent with the task (modeled by S).

& We provide a rigorous,
mathematical, writing of
this axiom in our paper.

Axiom 2. For Py, P, € P ) such that P(S < s) =1
A and Py(S > s) = 1 for some s, then P; < Py or Py 2 Ps.




Axiom 3

Motivation: magic doesn't exist!

better ©
A
It should not be possible to obtain a
------------------- ® performance better than the best one
P, ki ‘p3 with a “blind” combination.
® o ]
P; Ps
p® ® . .
P; Pg It should not be possible to obtain a
------------------- @ performance worse than the worst one
v with a “blind” combination.

worse ®



Axi O m 3 It should be safe to say that this
L performance is better than all the ones that

- could be obtained with a “blind”

. combination of the ones depicted in black.
better ©

¢ ({P1, Py, ... Pg})

worse ® - It should be safe to say that this
" .o — _ _ performance is worse than all the ones that
could be obtained with a “blind”
combination of the ones depicted in black.



Axiom 3

The performance ordering <
should be consistent with the evaluation (modeled by ).

& We provide a rigorous,
mathematical, writing of
this axiom in our paper.

Axiom 3. Let P be a performance, and 11 be a set of per-
formances on IP(q 5y such that P' S PV P S P'VP' € IL
« PP<PVP €¢ll= P < PVYPc d(l);

A « PPLPVYP €ll= P £ PVP € ®(1);
e PSPVP e€¢ll= P < PVYPcd(l);
e and P L P'VP' €¢Il = P £ PYP ¢ ®(1I).




Our family of
ranking scores

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liege.

And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vingotte in 1904.
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Abstract

Ranking entities such as algorithms, devices, methods,
or models based on their performances, while accounting
for application-specific p is a chall To ad-
dress this chall we blish the de of a uni-
versal theory for performance-based ranking. First, we
introduce a rigorous framework built on top of both the
probability and order theories. Our new framework en-

p the elements yto (1) ipulate perfor-
mances as mathematical objects, (2) express which perfor-
mances are worse than or equivalent to others, (3) model
tasks through a variable called satisfaction, (4) consider
properties of the evaluation, (5) define scores, and (6)
specify application-specific pref es through a variable
called importance. On top of this framework, we propose
the first axiomatic definition of performance orderings and
performance-based rankings. Then, we introduce a univer-
sal parametric family of scores, called ranking scores, that
can be used to establish rankings satisfying our axioms,
while idering application-specific pref es. Finally,
we show, in the case of two-class classification, that the
family of ranking scores encompasses well-known perfor-
mance scores, including the accuracy, the true positive rate
(recall, itivity), the true ive rate (specificity), the
positive predictive value (precision), and F,. However, we
also show that some other scores commonly used to com-
pare classifiers are unsuitable to derive performance order-
ings satisfying the axioms.

1. Introduction

Every day, millions of people are faced with choices to
make. Often, these choices are between entities (e.g., al-
gorithms, devices, methods, models, options, procedures,
solutions, strategies, efc.) considered to be interchange-
able, although not necessarily equivalent in terms of perfor-
mance. One of the main difficulties arises from the uncer-
tainty that people have regarding the use that will be made
of the entity to choose. A widespread approach to objecti-
fying these choices is to (1) perform an evaluation to de-
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Figure 1. This work establishes the foundations of the theory of
performance-based ranking. We do this in two steps. First, we
introduce a new mathematical framework with 6 main elements,
as depicted here by the pillars. Second, we build on top of it:
(1) a set of three axioms for the ordering of performances and for
the performance-based ranking of entities, (2) sufficient conditions
for them when the performance ordering is induced by a score,
and (3) a family of scores, named ranking scores that consider the
application-specific preferences. This theory is universal in the
sense that it is applicable to any task.

termine (i.e., assume, calculate, estimate, predict, efc.) a
performance, encompassing the necessary uncertainty, for
each of these entities; (2) choose a way of comparing these
performances with each other; and (3) assume that an en-
tity is preferable to others if it has the best performance. A
more general problem is to establish an order of preference
between the entities: this is the performance-based ranking.

The approach of performance-based ranking is common
in many fields and has proved its usefulness, especially
in scientific communities that organize themselves around
competitions [3, 10, 16, 17] for the development of al-
gorithms for specific tasks. Nevertheless, several studies
[18, 19] have alerted the scientific community about the
ranking methodology used in these competitions.

A critical analysis [18] of common practices for 150
biomedical image analysis challenges reveals that the scores
used are justified in only 23% of the cases, and that the rank
computation method is reported in only 36% of the cases.
Moreover, there are at least 10 different methods for deter-




Our ranking scores

When ¢ = convex — hull, the axioms are satisfied when the performance
ordering < isinduced by any of the ranking scores:

Ep[SI] _ YweaS(@)I(w)P({w})

R+ P Ry(P) = 7] Y wea l(@P{w})

The expected satisfaction, Ep[S], is a particular case of ranking
score. In classification, it is known as the accuracy.

When the satisfaction and the importance are binary, the
ranking scores are the probabilities of being satisfied given that the
encountered outcome is important, that is:

R,(P) = P(S=1|I=1)



Our canonical ranking scores

Let us consider the case of a binary satisfaction, i.e., S(w) € {0,1}.

Property. If two ranking scores R;, and R;, are such that
{Il(w) « I (), @ € S71(0)

L(w)x I, (w),weS (1)

then the performance orderings induced by R; and R;, are identical.

We get rid of this redundancy by i?troducing the canonical ranking scores:

I(w) =1
weS~1(0)

z I(w) = 1
weS~1(1)

\



Part 5:

The Tile

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liege.

And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vincotte in 1904.
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Abstract

In the computer vision and machine learning commu-
nities, as well as in many other research domains, rigor-
ous evaluation of any new method, including classifiers,
is ial. One key p of the luation pro-
cess is the ability to compare and rank methods. However,
ranking classifiers and accurately comparing their perfor-
mances, especially when taking application-specific pref-
erences into account, remains challenging. For instance,

ly used luation tools like Recei @): i
Characteristic (ROC) and Precision/Recall (PR) spaces dis-
play performances based on two scores. Hence, they are in-
herently limited in their ability to compare classifiers across
a broader range of scores and lack the capability to estab-
lish a clear ranking among classifiers. In this paper, we
present a novel versatile tool, named the Tile, that orga-
nizes an infinity of ranking scores in a single 2D map for
two-class classifiers, including common evaluation scores
such as the accuracy, the true positive rate, the positive pre-
dictive value, Jaccard’s coefficient, and all Fg scores. Fur-
thermore, we study the properties of the underlying ranking
scores, such as the influence of the priors or the correspon-
dences with the ROC space, and depict how to characterize
any other score by comparing them to the Tile. Overall, we
demonstrate that the Tile is a powerful tool that effectively
captures all the ki in a single and al-
lows interpreting them. '

1. Introduction

Two-class classification is a fundamental task, encountered
in numerous real-world scenarios. For instance, it plays a
vital role in medical diagnostics, such as blood tests, MRI
scans, and other imaging techniques to determine whether

UThis paper is the second of a trilogy. In a nutshell, paper A [28]
presents an axiomatic framework and an infinite family of scores for rank-
ing classifiers. In this paper (paper B), we particularize this framework to
two-class classification and introduce the Tile, a visual tool that organizes
these scores in a single 2D map. Finally, paper C [21] provides a guide to
using the Tile according to four practical scenarios. For that, we present
different Tile flavors that are applied to a real application.

- Tile ROC Space
NPV TPR-E,| R

BAS—

“ _ F,
3

o |TNR PPV=F,

o & 1 o .
i a

L4

Vi

Figure 1. Introducing the Tile. We introduce a new visual tool,
called the Tile, representing an infinite family of ranking scores
to evaluate the performances of two-class classifiers at a glance.
In this figure, we highlight the correspondences between specific
ranking scores on the Tile and their corresponding set of iso-
performance lines in the ROC space. Notably, the variation of
iso-performance lines along the right border of the Tile demon-
strates the limitations of the ROC space for ranking performance.
This visualization illustrates how the Tile simplifies the task of
ranking classifiers and enhances the interpretation of performance
scores across various evaluation spaces, such as the ROC space.

a patient has a disease or is healthy. In security systems,
alarms must activate only when intrusions are detected.
Similarly, in quality control, identifying defects in manu-
factured items is crucial to ensure faulty products do not
reach the market. To address these challenges, selecting the
right classifier is essential. However, this requires ranking
classifiers in the context of application-specific preferences.
For example, in medical testing, minimizing false negatives
is critical since failing to diagnose a patient could have life-
threatening consequences. In security systems, the focus is
often on maximizing true negatives, accepting 1
false alarms as a trade-off for ensuring safety. Meanwhile,
in quality control, false positives can be costly, as they may
trigger unnecessary halts in production. Each application
thus has unique requirements regarding the types of errors
a classifier can tolerate.

A wide range of scores penalizing different types of
errors are available in the literature. However, selecting




Ranking scores for two-class classification

EplSI] _ Swea S@)I(@)P(w})

RiiPoRiP) = = Sucal @P(@)
Q = {tn, fp, fn, tp}
S = 1{tn,tp}
R P o> Ry(P) = I(tn)P({tn}) + I(tp) P({tp})

[(tn)P({tn}) + I(fp)P{fp}) + [(fn)P({fn}) + [(tp)P({tp})

& This continuum of scores contains some redundancy from the ranking point of view ...



Ranking scores for two-class classification

@ If two ranking scores R;, and Ry, are such that

I, (tp) _ I,(tp) I, (fn) _ I(fn)
L(tn)+11(tp) L (tn)+I(tp) L)+ (fn) L(p)+(fn)

then the performance orderings induced by R, and R,, are identical.

and

2 Great! This means that we can map the performance orderings induced by the ranking
scores on the 2D square [0,1]? with the parameterization

(. I(tp)

) all) = I1(tn) + I(tp)
1)

O = G + 1)



The Game-Changer

ROC space
Receiver Operating Characteristic
Since 1941
- @ [
@ P(Y =c,) =1
x S5
=~ R
PP=c)=1 ©
M \ 4
1—TNR
0 1

In this “space”, performances are
projected as points.

Our Tile
Since 2024
ol ®
<
| =npv STPR
N
)
E\ —~
S+ 7 <
~ N ~JoU
S ® ¢
~ ~F
|
—
-
)
STNR Sppy
N ¢
I(tp)
o a()= 1

1(tn) + I(tp)

In this “space”, canonical ranking scores, performance
orderings, and rankings are projected as points.
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Let us take: ||N "
e« I(tn) =1 §
 I(fp) =1 _ STNR Sppv
« I(fn) =1 _, al) = I(tp) ’
C Itp) = 1 0 I +1tp) 1
We obtain:
R () = P({tn}) + P({tp}) A

P({tn}) + P({fpr}) + P({fn}) + P({tp})

& This is the accuracy A : P~ P(S = 1).

Synonym: matching coefficient
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Let us take: |
N\
o — -’
I(tn) =1 =
 I(fp) =1 STNR Sppv

« I(fn) =0 o_, [(tp) ’

* I(tp) =0 © i
We obtain:
e obtain o Py — P({tn}) = TNR(P
1(P) = P({tn}) + P{fp}) )

& This is the true negative rate TNR : P P(§ =1|Y =c_).

Synonyms: specificity, selectivity, inverse recall
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Let us take: I
N\
. = -’
[(tn) =0 -
« I(fp)=0 STNR Sppv

e I(fn) =1 M ¢ ¥

« I(tp) =1 R (CORSTE
We obtain:
R;(P) = Ptp)) = TPR(P)
! P({fn}) + P({tr})

% This is the true positive rate TPR : P = P(S = 1|Y = c,).

Synonyms: sensitivity, recall
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I(tn) =1 -
« I(fp)=0 STNR Sppv

e I(fn) =1 M ¢ ¥

* I(tp) =0 © i
We obtain:
e obtain o Py — P({tn}) = NPV (P
[(P) = P({tn}) + P({fn}) - ®)

& This is the negative predictive value NPV : P + P(S=1|Y =c).

Synonym: inverse precision
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Let us take: I
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I(tn) =0 =
 I(fp) =1 STNR Sppv

« I(fn) =0 O_, [(tp) ’

« I(tp) =1 R (CORSTE
We obtain:
3 P({tp}) _
RiP) = 5z + ey~ TV )

& This is the positive predictive value PPV : P = P(S = 1|Y = c,).

Synonym: precision
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Let us take: I
e I(tn) =0 = _ _
o | =1 ~TNR ~ PPV
(fp) _ _’ ’
« I(fn) =1 al) = I(tp)
C Itp) = 1 0 I +1tp) 1
We obtain:

P({tp})
P({fr}) + P{fn}) + P({tpr})

R,(P) = = IoU(P)

& This is the Intersection over Union 1oU : P - P(S=1Y =c, VY =c,).

Synonyms: Jaccard’s coef., Tanimoto coef., similarity, critical success index, G-measure
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e I(tn) =0 — < <
o | =1 ~TNR ~
(fp) _ _, PPV,
« I(fn) =1 0 I(tp)
a =
. I(tp) = 2 0 1(tn) + 1(tp)
We obtain:
2P({tpr})

Ri(P) = = Fy(P)

P({fr}) + P({fn}) + 2P({tp})

& This is the F-one score F; = (1, PPV~ +1/,TPR™1)™1,

Synonym: Dice-Sgrensen coefficient



How do ranking scores rank-correlate with
each other ? SV Ko

1.0 1.0 10 1.0 1.0
08 08 0.8 08 08
06 06 0.6 06 06
o F
04 04 0.4 04 04
02 0.2 0.2 0.2 0.2
0.0 0. D 0.0 0.0 0.0
1.0 0.0 0.2 0.4 06 0.8 1.0

TNR X{tn tp}|{tn,fp,tp}

Tl

Example:

* uniform distribution of performances;

e Kendall’s t.

& We see that all performance orderings
induced by ranking scores are different:

we need a 2D space to organize them.

% This is the case for most distributions of
performances.




Operations on performances

What if | change a little bit
the random experiment
used for the evaluation?

The performances will
change: an operation s
applied to them.

But should | recompute
the Tile or have | already
all the information?




Change the predicted class

b(I)

Operations on performances

Y =ccoV=c,

7/
7/
<@ ;

a(l)

Change the ground-truth class

b(I)

Y=c_oY=c

b(I)

Swap the oracle and
classifier outputs
YoV

b(I)

Swap the classes
C_ © C,




Operations on performances

A shift of class priors moves the performance orderings (and thus the rankings) on the Tile.

0.6

0.4

0.2

0.0

Tile for prior pos = 0.2

0.0

Tile for prior pos = 0.5

0.2

0.4
a

0.6 0.8

1.0

Tile for prior pos = 0.8

0.0 0.2 0.4 0.6 0.8 1.0
performances

P.e|Phe|PRho|PLe

PTN | 0.80 | 0.56 | 0.40 | 0.00

PFP | 000 | 024 | 040 | 0.80

PFN | 020 | 0.06 | 0.04 | 0.00

PTP | 000 | 0.14 | 0.16 | 0.20

performances
P.e|Poe | Po |PLe
PTN | 050 | 035 | 0.25 | 0.00
PFP | 000 | 0.15 | 0.25 | 0.50
PFN | 050 | 0.15 | 0.10 | 0.00
PTP | 0.00 | 035 | 0.40 | 0.50

performances
P.e | Poe|Ro|PLO
PTN | 020 | 0.14 | 0.10 | 0.00
PFP | 000 | 0.06 | 0.10 | 0.20
PFN | 080 | 024 | 0.16 | 0.00
PTP | 000 | 056 | 0.64 | 0.80




About no-skill performances

& No-skill performances P are suchthatV 1, ¥
@P(Y:C:l,?:CZ) =P(Y=C1)P(?=C2)VC1,C2 e C

& Some ranking scores put all no-skill performances on an equal footing (they become
equivalent) if one restricts the compared performances to some given class priors or to some
given prediction rates: see the curves below.

Constraint: prior of the negative class
Constraint: rate of negative predictions




Canonical ranking scores

Objective: having a sole score in — @ O
each point of the Tile. NPV i

A
Definition: the canonical ranking O O

scores are the ranking scores
I(tn) + I(tp) =1
I(fp) +1(fn) =1

b(I) = I(fn) =1-1(fp)

TNR PPV

R; with {

-4

a(l) =1(tp) =1—1(tn) ?



Part 6:

The Flavors

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liege.

And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vincotte in 1904.
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Abstract

Properly understanding the performances of classifiers
is essential in various scenarios. However, the litera-
ture often relies only on one or two standard scores to
compare classifiers, which fails to capture the nuances of

pp -specific requi . The Tile is a recently in-
troduced visualization tool organizing an infinity of ranking
scores into a 2D map. Thanks to the Tile, it is now possi-
ble to compare classifiers efficiently, displaying all possible
application-specific preferences instead of having to rely on
a pair of scores. This hitchhiker’s guide to understanding
the performances of two-class classifiers presents four sce-
narios showcasing different user profiles: a theoretical an-
alyst, a method desi, s ab h ker, and an appli
tion developer. We introduce several interpretative flavors
adapted to the user’s needs by mapping different values on
the Tile. We illustrate this guide by ranking and analyzing
the performances of T4 state-of-the-art semantic segmenta-
tion models through the perspective of the four scenarios.
Through these user profiles, we demonstrate that the Tile
effectively captures the behavior of classifiers in a single

isuali: while d an infinite number of
ranking scores. Code for mapping the different Tile flavors
is available in supplementary material.

1. Introduction

As humans, performance and ranking are widespread in all
aspects of our lives. For instance, at school, teachers eval-
uate tests using a score which reflects the performance of
students. In some disciplines such as calculus, evaluation
is straightforward as there are only two possible cases: ei-
ther the answer is correct or wrong. The score can then be
calculated as the ratio of correct answers to the total num-
ber of questions. Likewise, in most team sports, team A
beats team B if they score more points. Even for reviewing
papers, area chairs use scores provided by the reviewers to
assess if a paper should be accepted or rejected [30].

*Equal contributions.

Scenario 1 Scenario 2
User profile: the theoretical analyst  User profile: the method designer
I want to understand the theoretical
bases of scores used to evaluate
and rank methods!

Use the

Usethe |
m Correlation Tile! Value Tile! -
— L

Scenario 3 Scenario 4
User profile: the benchmarker  User profile: the app developer
1 want to organize an open 1want to select the most.

challenge and compare
participating methods!

Use the i Use the
Ranking Tile! Entity Tile!
Q e o

Figure 1. Our hi il guide. This hi iker’s guide to un-
derstanding performances of two-class classifiers addresses four
scenarios, answering specific requests from four user profiles:
(1) the theoretical analyst, who is interested in understanding
the theoretical relationship between different scores typically used
for evaluating or ranking methods, (2) the method designer, who
would like to analyze the performances of his/her new method and
compare it to others, (3) the benchmarker, who organizes chal-
lenges for the scientific community and would like to know how to
rank participating methods, and finally (4) the application devel-
oper, who wants to select the most appropriate method for his/her
application. This guide provides specific tools and explains how
to interpret them for each of those four scenarios.

te method considering
plication requirements!

However, not all evaluations are well-defined. For in-
stance, when grocery shopping, consumers may choose
product A over product B looking at different characteris-
tics such as the price, the amount of sugar, or the packaging.
In this case, the choice is based on several, sometimes con-
tradictory scores. The question is, therefore, which score
should the choice be based on? Similar questions arise
in the field of machine learning: How can we determine




The Tile and its Flavors




Example of Flavor: Correlation Tiles

For a theoretical
analyst

«What is the behavior of this particular score? »

Correlation with macro-loU

0.8 o
_U')
0.7%¢
S

0.6 ©
QO

\6.85\

o
\0.85\ 0.50n

——E

Suggested interpretation. The score is not perfectly rank-correlated
with any of the ranking scores. This is usually the sign that it cannot be
used to establish meaningful performance orderings. However, it has a
correlation of about 0.85 with the accuracy (center of the Tile), which is
quite high.




Example of Flavor: Value Tiles

«What are the strengths and weaknesses
of the method I'm developing? »

—71.00

-0.95

0.90

Score Value

0.85

0.80

Suggested interpretation. The values taken by the canonical ranking

scores show that the strength of the method is when importance is put

on the TNs and FPs and its weakness is when the importance is put on

Fora method the TPs and FNs. Moreover, the region of the Tile where no-skill
designer classifiers perform better is huge.




Example of Flavor: Ranking Tiles

« How does this particular method rank w.r.t.
the application specific preferences? »

OCRNet ¢ l74

NP

Rank from 11 to 56

_I1

Suggested interpretation. The method is ranked 11t to 561", among 74,
depending on the application-specific preferences. It performs better
than most methods in the bottom of the Tile, where more importance is
put on FPs than on FNs.

For a benchmarker



Example of Flavor: Entity Tiles

« Show me the most appropriate method w.r.t.
the application specific preferences! »

Who's first?
N PV /////// /////////////Jlr }
Mask2Former #
SETR &
TN R ISANet ¢ PPV

Suggested interpretation. Unless you give much more importance to
the FPs than to the FNs (bottom of the tile), Mask2Former and SETR are
the methods you should implement.

Foran app developer
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Postface

This presentation concerns original research carried
out at the Montefiore Institute of the University of Liege.

And, this is the bust of Georges Montefiore-Levi (1832-
1906), sculpted by Thomas Vincotte in 1904.
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TRAIL summer workshop ‘25, London, UK

Do you want to get involved in this project?

* Become a member of Trusted Al Labs (TRAIL);

e join us in London from August 25" to September 5';

« for the 6™ summer workshop on artificial intelligence;
* and getinvolved in project n°3, Let’s Tile Together!

Registration deadline: June 20t
https://trail.ac/en/trail-summer-workshops/

The objectives:

a first version of an open-source library to produce Tiles;
easy to use by all researchers;

flexible to handle a wide range of flavors; e
ready to be published on GitHub, on the TRAIL factory, and on PyPl; |
and ready to be submitted to a journal (e.g. JOSS).

O o0ON =
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