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Multifractal analysis

Given a signal, we want to study
▶ the regularity in each of its points
▶ the repartition of the different singularities through the Hausdorff dimension

of the sets of points sharing a common regularity

Figure 1 – Brownian motion

2 / 17



Multifractal analysis

Given a signal, we want to study
▶ the regularity in each of its points
▶ the repartition of the different singularities through the Hausdorff dimension

of the sets of points sharing a common regularity

Figure 1 – Brownian motion

2 / 17



Multifractal analysis

Given a signal, we want to study
▶ the regularity in each of its points
▶ the repartition of the different singularities through the Hausdorff dimension

of the sets of points sharing a common regularity

Figure 1 – Brownian motion

Figure 2 – LWS

2 / 17



Multifractal analysis

Given a signal, we want to study
▶ the regularity in each of its points
▶ the repartition of the different singularities through the Hausdorff dimension

of the sets of points sharing a common regularity

Figure 1 – Brownian motion

Figure 2 – LWS

2 / 17



Hölder regularity

Letα ≥ 0, x0 ∈ R and f ∈ L∞
loc(R). Then f ∈ Cα(x0) if there existC,R > 0 and a

polynomial P of degree less than α such that

|f(x)− P (x)| ≤ C |x− x0|α ∀x ∈ B(x0, R).

The Hölder exponent of f at x0 is

h
(+∞)
f (x0) = hf (x0) = sup{α ≥ 0 : f ∈ Cα(x0)}.

Drawback : limited to locally bounded functions.

→ We consider
f ∈

⋃
ε>0

Cε(R).
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p-Regularity

Let p ≥ 1, α ≥ −1
p

, x0 ∈ R and f ∈ Lp
loc(R). Then f ∈ T p

α(x0) if there exist
C,R > 0 and a polynomial P of degree less than α such that(

1

r

∫
B(x0,r)

|f(x)− P (x)|p dx

) 1
p

≤ Crα ∀r ≤ R.

The p-exponent of f at x0 is

h
(p)
f (x0) = sup

{
α ≥ −1

p
: f ∈ T p

α(x0)

}
.

→ We consider every p ≥ 1 such that

ηf (p) = lim inf
j→+∞

log
(
2−j∑

λ∈Λj
|cλ|p

)
log (2−j)

> 0.
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Wavelet series

Wavelet basis : orthonormal basis ofL2(R) of the form{
2

j
2ψj,k : j, k ∈ Z

}
,

where
ψj,k(x) = ψ(2jx− k).

To any function f , we can associate a sequence (cj,k)j∈N, k∈{0,...,2j−1} such that

f =
∑
j∈N

2j−1∑
k=0

cj,kψj,k.

For every j ∈ N and every k ∈ {0, . . . , 2j − 1}, let

λj,k =
[
k2−j , (k + 1)2−j

[
and for every j ∈ N, let

Λj =
{
λj,k : k ∈ {0, . . . , 2j − 1}

}
.

We writeψλj,k = ψj,k and cλj,k = cj,k.
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Leaders

Fix j ∈ N and λ ∈ Λj .

Leaders :
l
(+∞)
λ = lλ = sup

j′≥j

sup
λ′∈Λj′ , λ

′⊆3λ

|cλ′ |

p-Leaders :

l
(p)
λ =

∑
j′≥j

∑
λ′∈Λj′ , λ

′⊆3λ

|cλ′ |p 2−(j′−j)

 1
p

For every p ∈ [1,+∞[ such that ηf (p) > 0 and for p = +∞ if f ∈
⋃

ε>0 C
ε,

h
(p)
f (x0) = lim inf

j→+∞

log
(
l
(p)

λj(x0)

)
log (2−j)

.

→ Allows to define p-exponents when p ∈ ]0, 1[ and ηf (p) > 0.
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Spectra and formalisms

p-Spectrum :

D(p)
f : h ∈

[
−1

p
,+∞

]
7→ dimH

{
x ∈ [0, 1] : h

(p)
f (x) = h

}

Multifractal formalism : computable formula which
▶ gives an upper bound to the spectrum
▶ gives the exact spectrum for a large class of functions
▶ is generically the exact spectrum in a well-chosen functional space
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Upper bound for the Hölder spectrum

If f ∈
⋃

ε>0 C
ε, then for every h ≥ 0,

D(+∞)
f (h) ≤ h sup

α∈]0,h]

ρ(α)

α
,

where ρ is defined such that at infinitely many scales j,

#
{
λ ∈ Λj : |cλ| ∼ 2−αj

}
∼ 2ρ(α)j .

(J.-M. Aubry and S. Jaffard, RandomWavelet Series, 2002)
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RWS and LWS

RWS : let

f =
∑
j∈N

2j−1∑
k=0

cj,kψj,k,

where the 2j random variables − log2|cj,k|
j

are drawn independently according to
a given probability law ρj , hence

P
(
|cj,k| ≥ 2−αj

)
= ρj(]−∞, α]).

LWS : let α ∈ R, η ∈ ]0, 1[ and

fα,η =
∑
j∈N

2j−1∑
k=0

2−αjξj,kψj,k,

where ξj,k
i.i.d.∼ Bern(2(η−1)j), hence

E
[
#{λ ∈ Λj : cλ = 2−αj}

]
= 2ηj .
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Hölder spectrum of RWS and p-spectrum of LWS

Let f be a RWS (satisfying a condition that ensures that f is uniformly Hölder). A.s.
for every h ≥ 0,

D(+∞)
f (h) =

 h sup
α∈]0,h]

ρ(α)
α

if h ∈ [hmin, hmax]

−∞ otherwise
.

(J.-M. Aubry and S. Jaffard, RandomWavelet Series, 2002)

A.s. for every p <

{
η−1
α

if α < 0
+∞ otherwise and every h ≥ −1

p
,

D
(p)
fα,η

(h) =

{ (
h+ 1

p

)
η

α+ 1
p

if h ∈
[
α, α

η
+

(
1
η
− 1

)
1
p

]
−∞ otherwise

.

(P. Abry et al.,Multifractal analysis based on p-exponents and lacunarity exponents, 2015)
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Candidate

(
h+

1

p

)
sup

α∈
]
−1
p

,h
] ρ(α)

α+ 1
p

Aim :
▶ For every f , every p > 0 such that ηf (p) > 0 and every h ≥ −1

p
,

D(p)
f (h) ≤

(
h+

1

p

)
sup

α∈
]
−1
p

,h
] ρ(α)

α+ 1
p

.

▶ For every RWS f and every p > 0 such that ηf (p) > 0, a.s. for every h ≥ −1
p

,

D(p)
f (h) =


(
h+ 1

p

)
sup

α∈
]
−1
p

,h
] ρ(α)

α+ 1
p

if h ∈
[
hmin, h

(p)
max

]
−∞ otherwise

.
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p-Spectrum of some variations of LWS

Variation 1 : η replaced with (ηj)j such that lim sup
j→+∞

ηj = η

→ no change in the spectrum

Variation 2 : two exponents α1 and α2, each one with its own lacunarity η1 or η2

→

p0 = min (p0(α1), p0(α2)) , with p0(αi) =

{ ηi−1
αi

if αi < 0

+∞ otherwise
,

and for every p < p0,

D(p)(h) =

(
h+

1

p

)
sup

i∈{1,2} :αi≤h

ηi

αi +
1
p

if

h ∈
[
min(α1, α2),min

(
α1

η1
+

(
1

η1
− 1

)
· 1
p
,
α2

η2
+

(
1

η2
− 1

)
· 1
p

)]
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Proof

Classical case :

2−αj0(λ)2
− j0(λ)−j

p ≤ l
(p)
λ ≤ C 2−αj0(λ)2

− j0(λ)−j
p j

2
p

(P. Abry et al.,Multifractal analysis based on p-exponents and lacunarity exponents, 2015)
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Proof

Classical case :

l
(p)
λ ∼ 2

−
(
α+ 1

p

)
j0(λ)2

j
p and j0(λ) ≲

j

η

For δ ≤ 1,
Eδ = lim sup

j→+∞

⋃
k : cj,k=2−αj

B(k2−j , 2−δj)

▶ Regularity :
j0(λ) ∼

j

δ

and

h =
α+ 1

p

δ
− 1

p
⇔ δ =

h+ 1
p

α+ 1
p

▶ Hausdorff dimension : η
δ
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Proof (continuation and end)

Variation 2 :

l
(p)
λ ∼ 2

j
p max

(
2
−
(
α1+

1
p

)
j1(λ), 2

−
(
α2+

1
p

)
j2(λ)

)
∼ 2

j
p 2

−min
((

α1+
1
p

)
j1(λ),

(
α2+

1
p

)
j2(λ)

)

→ j1(λ) ∼ j
δ1

and j2(λ) ∼ j
δ2

create a competition between
α1+

1
p

δ1
and

α2+
1
p

δ2
,

where the worst regularity, i.e.

min

(
α1 +

1
p

δ1
,
α2 +

1
p

δ2

)
,

wins.
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Upper bound for the p-spectrum

For every h ≥ −1
p

,

D(p)
f (h) ≤ ρ̃(p),∗(h) ≤

(
h+

1

p

)
sup

α∈
]
−1
p

,h
] ρ(α)

α+ 1
p

,

where there are about 2ρ̃
(p)(h)j p-leaders of order 2−hj at infinitely many scales j.

For λ ∈ Λj ,

l
(p)
λ ∼ 2−hj ⇒ ∃j′(λ) ∈ [j, Cj] s.t.

∑
λ′⊆λ

|cλ′ |p 2−(j′(λ)−j) ∼ 2−hpj

⇏ ∃λ′ ⊆ λ s.t. |cλ′ | ∼ 2
−
(
h+ 1

p

)
j
2

j′(λ)
p

For every λ′ ∈ Λj′(λ) s.t. λ′ ⊆ λ, there exists α = α(λ′) ∈
[
α0 +

1
p
, h+ 1

p

]
for

which
|cλ′ | = 2−αj′(λ)2

j′(λ)
p .

Discretization :
▶ j′(λ) ∼ A(λ)j
▶ α ∼ lβ
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Upper bound for the p-spectrum (continuation and end)

∑
λ′⊆λ

|cλ′ |p 2−(j′(λ)−j)

∼
∑
l

#

{
λ′ ⊆ λ : |cλ′ | ∼ 2−lβj′(λ)2

j′(λ)
p

}
· 2−lβpj′(λ)2j

′(λ)2−(j′(λ)−j)

∼
∑
l

2rλ(l)j′(λ)−j2−lβpj′(λ)2j

∼
∑
l

2rλ(l)A(λ)j2−lβpA(λ)j

∼ 2rλ(l0(λ))A(λ)j2−l0(λ)βpA(λ)j

Each of the 2ρ̃
(p),∗(h)j intervals λ ∈ Λj for which l(p)λ ∼ 2−hj comes from

2rλ(l0(λ))A(λ)j−j

coefficients of order 2−l0(λ)βA(λ)j2
A(λ)j

p at scaleA(λ)j.

Moreover,
▶

rλ(l0(λ)) ∼
l0(λ)βpA(λ)− hp

A(λ)
▶ there existA, l such that for infinitely many scales j and for each λ ∈ Λj

satisfying l(p)λ ∼ 2−hj ,A(λ) = A and l0(λ) = l.

At those scales, there are about

2ρ̃
(p),∗(h)j2(lβpA−hp)j−j

coefficients of order 2−lβAj2
Aj
p at scaleAj.
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Main result

Theorem :
▶ For every f , every p > 0 such that ηf (p) > 0 and every h ≥ −1

p
,

D(p)
f (h) ≤

(
h+

1

p

)
sup

α∈
]
−1
p

,h
] ρ(α)

α+ 1
p

.

▶ For every RWS f and every p > 0 such that ηf (p) > 0, a.s. for every h ≥ −1
p

,

D(p)
f (h) =


(
h+ 1

p

)
sup

α∈
]
−1
p

,h
] ρ(α)

α+ 1
p

if h ∈
[
hmin, h

(p)
max

]
−∞ otherwise

.

To come : studying the genericity of the p-spectrum in Sν spaces.
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