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Multifractal analysis

Given a signal, we want to study
» the regularity in each of its points
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Multifractal analysis

Given a signal, we want to study
» the regularity in each of its points
» the repartition of the different singularities through the Hausdorff dimension
of the sets of points sharing a common regularity
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Holder regularity

Letaw > 0,20 € Rand f € L (R). Then f € C%(xo) if thereexist C; R > 0and a
polynomial P of degree less than a such that

|f(z) — P(z)| < Clz — x| Vz € B(zo, R).
The Holder exponent of f at xg is

hy(xo) =sup{a > 0: f € C%(z0)}.
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p-Regularity

Letp > 1,a > %,xo € Rand f € LY _(R).Then f € TZ(xo) if there exist

loc

C, R > 0and a polynomial P of degree less than « such that

(1/ |f(z) — P(z)|” dm) <Cr* Vvr<R.
" I B(wo,m)

The p-exponent of f at zg is

P (wo) = sup {a > _?1 :fe Tg(xo)} .
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p-Regularity

loc

Letp > 1,a > %,xo € Rand f € LY _(R).Then f € TZ(xo) if there exist
C, R > 0and a polynomial P of degree less than « such that

(1/ |f(z) — P(z)|” dm) ’ < Cr* VYr<R.
B(zq,r)

r

The p-exponent of f at zg is

P (wo) = sup {a > _?1 :fe Tg(xo)} .

— We consider every p > 1 such that

log (Q_j ZkeAj |cA|p>
nf(p) = lim inf

‘ 0
j—+o0 log (277) -
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Wavelet series
Wavelet basis : orthonormal basis of L?(R) of the form
{2b05nikez),

where

Yin(x) = (22 — k).
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Wavelet series

Wavelet basis : orthonormal basis of L?([0, 1]) of the form
{2%wj,k jeN kefo,...,2 - 1}} u{1l.

To any function f, we can associate a sequence (k) jen, keqo,...,2i—13 such that

27 -1

F=Y20" cintbin.
JEN k=0
Foreveryj € Nandeveryk € {0,...,27 — 1}, let
Ajk = [kZ’j, (k + 1)2*7‘[
and forevery j € N, let

Aj:{Aj,k:ke{o,...,zﬁ‘q}}.

Wewrite s, , =¥ kandcy; , = ¢k
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Leaders

Fixj € Nand A € A;.

Leaders:

15> = 1y, = sup sup lea|

3127 NEA;, N C3A
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Leaders

Fixj € Nand X € A;.

Leaders:

l§\+°°) =1, = sup sup lear]

3’25 NEA;, N C3A

p-Leaders:

lg\P) _ Z Z |c)\/|P 2—(jl—j)

§'>5 MEA, NC3A
Foreveryp € [1,+oo[ such thatn;(p) > O0andforp = +ooif f € U, C%,
(»)
log (lA_ - )
hgcp) (z0) = liminf o))

j—+oo  log (277)

— Allows to define p-exponents when p € 10, 1[and ns(p) > 0.
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Spectra and formalisms

p-Spectrum :

PP i he {_?1 +oo} s dimy {x €10,1]: B (z) = h}
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Upper bound for the Holder spectrum

If f € U, C",thenforevery h > 0,

@J(c+°°)(h) < h sup @,
a€lo,h] &

where p is defined such that at infinitely many scales j,

# {A €A :lea] ~ 2*””} ~ 2P0

(J.-M. Aubry and S. Jaffard, Random Wavelet Series, 2002)
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Upper bound for the Holder spectrum
If f € U.»oC",thenforeveryh > 0,

FFD(hy <h sup 29,
a€lo,h] &

where p is defined such that at infinitely many scales j,

# {A €A lea] ~ 2*”‘3} ~ 2P

(J.-M. Aubry and S. Jaffard, Random Wavelet Series, 2002)
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RWS and LWS

RWS: let

2791

F=3" cintbin,

jEN k=0
where the 27 random variables —°221%:x|
a given probability law p;, hence

P (|cj,;c

are drawn independently according to

>27%7) = p;(]-o0,al).
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RWS and LWS

RWS: let

2791

F=Y">" cirtbin,

jEN k=0
where the 27 random variables —°221%:x|
a given probability law p;, hence

are drawn independently according to

P (|cj,;€

>27%7) = p;(]-o0,al).

LWS:leta € R,n €]0,1[and
27 —1 _
fam =D > 27 ki,
JEN k=0

where & 5, "X Bern(2(7~17), hence

E [#{/\ €Ajien= 2‘(”'}] = 9™,
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Holder spectrum of RWS and p-spectrum of LWS

Let f be a RWS (satisfying a condition that ensures that f is uniformly Holder). A.s.
forevery h > 0,

hosup 29 ifh € [Aumin, hmas)
2 (h) = aclon] *
’ —00 otherwise

(J.-M. Aubry and S. Jaffard, Random Wavelet Series, 2002)
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Let f be a RWS (satisfying a condition that ensures that f is uniformly Holder). A.s.

forevery h > 0,

hosup 29 ifh € [Aumin, hmas)

[e3

@;4’00) (h) — a€]0,h]
’ —00 otherwise

(J.-M. Aubry and S. Jaffard, Random Wavelet Series, 2002)
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Holder spectrum of RWS and p-spectrum of LWS

Let f be a RWS (satisfying a condition that ensures that f is uniformly Holder). A.s.
forevery h > 0,

h sup M |f h € hmin7 hmax
@;*‘X’)(h) = aclon] ¢ | ]
’ —00 otherwise

(J.-M. Aubry and S. Jaffard, Random Wavelet Series, 2002)

2=l ifa <0
As. fi , > =L,
s.forevery p < { -‘,—%o otherwise and every h > "
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Candidate

(13) w2

J5s

Aim:

> Forevery f,every p > Osuchthatns(p) > 0and every h > *71,
.@}p)(h) < (h + 1) sup p(a)l )
p } o+ P

ae} %l,h

-1
P

)

> Forevery RWS f and every p > 0 such that»;(p) > 0, a.s. for every h >

(h + 5) E]sg : Cf(f) ifh e [hmm, hﬁﬁix]
1,

D=

7 (h) =
otherwise

— 00
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p-Spectrum of some variations of LWS

Variation 1: 7 replaced with (;); such thatlimsupn; =7

j—+oo
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p-Spectrum of some variations of LWS

Variation 1: 7 replaced with (;); such thatlimsupn; =7

j—+oo
— no change in the spectrum

Variation 2 : two exponents a1 and a2, each one with its own lacunarity n; or 7,

—

L=l ifo; <0
400 otherwise

I

po = min (po(en), poa)),  with po(ar) = {

and for every p < po,

2% (h) = (h + l) sup i

1
P/ ie{1,2}:a;<h Qi + 5

1 1 1 1
h € |min(a1, a2), min (% + (— — 1> -, a2 + (— — 1) . 7)}
m m p N2 72 p
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Proof

Classical case:

Jo(N)—d

2*013'0(/\)2* > < lg‘iﬂ) < 02*04'0(/\)2*

joM—i 2
p

]P

(P. Abry et al., Multifractal analysis based on p-exponents and lacunarity exponents, 2015)
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Proof

Classical case:

Jo(N)—d

2*“‘.7‘0(/\)2* P S lg\p) S 02*(’4.7'0(/\)2*

joM)—i 2
P P

J
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Proof

Classical case:

JoN)—3

2—aj0(/\)2— > < lg\p) < CQ_QjO(/\)z_

P

o[ T T e

3’2 Jo(N) N €A, N T3

+ Jo(d)

jt2log,j
n

(P. Abry et al., Multifractal analysis based on p-exponents and lacunarity exponents, 2015)
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Proof

Classical case:

l&p) N 2—(a+%)j0(>\)2% and  jo(A\) < %
Foréd <1,
Es=limsup | J  B(®k277,27%)
j—+oo k:Cij:27aj
» Regularity: .
joN) ~ %
and
a+ i h+2
h= ——&d= L
) p o+ »
» Hausdorff dimension : 7

(P. Abry et al., Multifractal analysis based on p-exponents and lacunarity exponents, 2015)
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Proof (continuation and end)

Variation 2:
Z(Ap) ~ 2% max (2—(6‘41+%)i1(>\)7 2—(0424-%)]'2()\))

~ 2%2— min((al"r%)jl(/\)7(012+%)j2()‘))
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Proof (continuation and end)

Variation 2:
Z(Ap) ~ 2% max (2—(C‘41+%)]'1(/\)7 2—((124—%)]'2()\))

~ 2%2— min((al-‘r%)jl(k):(&2+%)j2()\))

1 1
041+5 and @2+;

—j1(A) ~ £ and j2(A) ~ L create a competition between —- s

where the worst regularity, i.e.

. Oé1+% Oz2+%
min 55 ,

wins.
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Upper bound for the p-spectrum

1

Forevery h > ‘7,

where there are about 27 ("7 jleaders of order 2" at infinitely many scales j.
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lg\P) ~ 2—hj = El]/(A) c [,]7 Cj] st Z |c)\/|I’ 2—(]"()\)—j) ~ 2—h,;ﬂj
ACA

e
P

3N C Ast. e | ~2” ("T3)72
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Upper bound for the p-spectrum

1

Forevery h > ‘7,

where there are about 27 ("7 jleaders of order 2" at infinitely many scales j.
ForA € Aj,

lg\P) ~ 2—hj = El]/(A) c [,]7 Cj] st Z |c)\/|I’ 2—(]"()\)—j) ~ 2—h,;ﬂj
ACA

Forevery A" € Aji(yy st. X C A thereexistsa = (') € [ao + 5. b+ ﬂ for

which
-/ i’ (A
e | = 2707 N9 5
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Upper bound for the p-spectrum
1
(a)

E
1
2P (h) < P (h) < (h+ 7) sup
f = = 1
P/ ae)5ta) ¥ T h

Forevery h >

where there are about 27 (") leaders of order 2~ at infinitely many scales j

For A € Aj,
lg\P) ~ 2—hj = El]/(A) c [,]7 Cj] st Z |c)\/|P 2—(]"()\)—j) ~ 2—hpj
ANCA

Forevery A" € Aji(yy st. X C A thereexistsa = (') € [ao + 5. b+ ﬂ for

which ,
|C)\/| _ Q—aj/(A)QJ ;J)\) .
Discretization :
> 5'(A) ~ A(N)j
15/17

> a~ I3



Upper bound for the p-spectrum (continuation and end)
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Upper bound for the p-spectrum (continuation and end)

Z |C>\/|P 2*(]"0\)*]‘)

N CA

~Y O # {X C At fon| ~ 27189 g2 } L7 Op N gi N9 (M) =)
!

~ Z oA (03" (M) =i g—lBps’ (V) 93
1

~ Z oA (AN 9 —1BPA(N)]
1

~ 9TA (M) AT 5=lo(N)BpA(N)]
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Upper bound for the p-spectrum (continuation and end)

9=hpi ., ora(l0(N))AMNT9=lo(N)BPA(N)]
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Upper bound for the p-spectrum (continuation and end)
o—hpi , orala(M))AMN)Ig—lo(NBPAN)

Each of the 27" ("3 intervals A € A, for which I ~ 277 comes from
o7 (0 () AR~

AN

coefficients of order 2710 (MBAMNIZTH™ at scale A(N)j.

Moreover,
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o—hpi , orala(M))AMN)Ig—lo(NBPAN)

Each of the 27" ("3 intervals A € A, for which I ~ 277 comes from

9™ (oA AN~

AN
P

coefficients of order 2710 (MAANI9 at scale A(N)j.

Moreover,
>
lo(N)BpA(N) — hp
A(X)
> there exist A, [ such that for infinitely many scales j and foreach A € A;
satisfying 1) ~ 277, A(\) = Aand lo(\) = L.

ma(lo(N)) ~

At those scales, there are about

25(?)»*(h)j2(lﬂpA—hp)j—j

- _1pAj oAl .
coefficients of order 2 727 atscale Aj.
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Theorem:

> Forevery f,everyp > Osuchthatn;(p) > Oand everyh > =1,
@}p)(h) < (h+ 7) sup p(f)l'
p QE} %,h} o P

> Forevery RWS f and every p > 0 such thatn;(p) > 0, a.s. for every h > ’71,

PO it € [, h2]

(h, + 1) sup
- 06]%1‘}1,] a+ ;%

otherwise

2% (h) =
—0o0

To come : studying the genericity of the p-spectrum in S* spaces
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Main result
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Main result

Theorem:
> Forevery f,every p > Osuchthatn;(p) > 0and every h > *71,
9(p>(h) <|(h+ 1 sup p(a) .
f 1
p Ly ety

ae] Shon]

> Forevery RWS f and every p > 0 such that»n;(p) > 0, a.s. for every h > *71,
1 pla) . )
(h —+ p) sup ] ot if h (S |:h/m1n7 hmax:|

ae] %l,h

Sl

7 (h) =
—00 otherwise
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Main result

Theorem:
> Forevery f,every p > Osuchthatn;(p) > 0and every h 71
2% (h) < <h+ 1) sup ple) .
f 1
p h} a+ P

ac] 5t

=1
p

> Forevery RWS f and every p > 0 such that»n;(p) > 0, a.s. for every h >

P) iy e (e, h2]

o) gy

Sl

7 (h) =
—00 otherwise
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