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 a b s t r a c t

Distributed energy resources (DERs) are transforming power networks, challenging traditional operational meth-
ods, and requiring new coordination mechanisms. To address this challenge, this paper introduces SecuLEx (Se-
cure Limit Exchange), a market-based paradigm for allocating and trading power injection and withdrawal limits, 
known as dynamic operating envelopes (DOEs). Under this paradigm, distribution system operators (DSOs) first 
assign initial DOEs to customers through a fair allocation mechanism. These limits can be exchanged afterward 
through a market, allowing customers to reallocate them according to their needs while ensuring network oper-
ational constraints. We formalize SecuLEx and illustrate DOE allocation and market exchanges on a small-scale 
low-voltage (LV) network. In this case study, SecuLEx reduces renewable curtailment and improves grid utiliza-
tion and social welfare compared to traditional approaches.

1.  Introduction

Historically, distribution networks were built under a “fit and for-
get” philosophy, where infrastructure was sized to accommodate static 
worst-case consumption scenarios. Such designs were based on unidi-
rectional power flows and stable demand patterns. However, the rapid 
penetration of distributed energy resources (DERs), such as photovoltaic 
(PV) systems, electric vehicles (EVs), and battery energy storage systems 
(BESSs), is transforming the operation of electricity distribution net-
works. As a result, even oversized networks often fail to integrate new 
loads or DERs efficiently, leading to voltage violations, thermal over-
loads, and mismatches between generation and demand. These changes 
necessitate the development of new coordination mechanisms to ensure 
the secure and reliable integration of DERs [1].

To solve these network issues, different control strategies have been 
proposed in the literature. Active network management (ANM) al-
lows system operators to dynamically curtail PV injections, coordinate
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flexible loads, or schedule DERs to reduce the stress on the grid [2]. 
Building on these ANM principles, specific strategies such as controlled 
EV charging [3] have been developed to enhance network hosting ca-
pacity (HC) and avoid extensive grid reinforcement, complementing tra-
ditional approaches like targeted infrastructure upgrades [4]. However, 
ANM methods face practical limitations in computation scalability and 
adaptability in networks with high DER penetration and limited observ-
ability [5].

To address the computational burden of ANM, the concept of dy-
namic operating envelopes (DOEs) has emerged as a potential solu-
tion. DOEs are power limits on customer injections and withdrawals 
designed to guarantee network security [6]. By computing these bound-
aries ahead of time, the DOE framework decouples network optimiza-
tion from real-time execution. Various methods have been proposed for 
DOE computation, with a particular focus on fairness. Authors in [7] de-
veloped a dynamic approach for assigning export limits to PV devices, 
explicitly considering network constraints and fairness. Authors in [8] 
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M. Vassallo et al.

proposed a mixed-integer linear programming (MILP) formulation to 
compute customer-specific limits that balance network feasibility and 
fairness. Similarly, [9] proposed a day-ahead stochastic optimization 
framework for computing fair PV limits using a linear approximation of 
the AC power flow model. More recent works have considered proba-
bilistic and robust envelope construction to account for the uncertainties 
in DER generation and load forecasting [10,11]. While these centralized 
approaches ensure network security and fair allocation, they treat DOEs 
as fixed and non-transferable, limiting the ability to fully leverage the 
network’s flexibility under high DER penetration.

In parallel to such control or predictive approaches, market mecha-
nisms have emerged as tools for coordinating DERs in distribution sys-
tems. Local energy markets (LEMs) enable peer-to-peer (P2P) trading 
of energy, facilitating localized balancing and reducing reliance on cen-
tral infrastructure [12,13]. Similar works explore market-clearing mech-
anisms that incorporate voltage and network constraints directly into 
auction models [14], or game-theoretic frameworks to manage uncer-
tainties in networks with high integration of DERs [15]. Despite these 
advancements, existing market mechanisms are almost exclusively de-
signed for trading energy (kWh) rather than physical network capacity 
(kW), and their potential for DOE allocation has found limited applica-
tion so far. Recent works have begun bridging this gap. Authors in [16] 
proposed a market-based mechanism to manage injection congestion, 
and [17] explored DOE-integrated cooperative energy trading with fair 
allocation. These contributions highlight the potential of market-driven 
DOE management but stop short of providing a unified framework for 
secure limit exchange.

This paper presents SecuLEx, a novel market-based framework that 
enables customers to trade their DOEs while ensuring network secu-
rity. Unlike existing static approaches, SecuLEx provides a framework 
through which customers can reallocate limits according to their needs, 
offering a possible improvement in the use of existing network capacity. 
The main contributions of this work are the following:

• We propose an initial DOE allocation mechanism based on lexico-
graphic max-min optimization that maximizes envelope sizes, en-
sures fairness across customers, and guarantees secure network op-
eration. This allocation provides limits before market exchanges.

• We propose a market mechanism for trading portions of DOEs. The 
mechanism includes i) a definition of orders for buying and selling 
limits, ii) a market-clearing optimization that maximizes social wel-
fare while enforcing network security constraints, and iii) a settle-
ment rule determining the limits of transfers between participants.

The rest of the paper is organized as follows. Section 2 presents the 
mathematical foundation for grid operation using DOEs, including net-
work representation, DOE definitions, security verification mechanisms, 
and DOE allocation. Section 3 introduces the SecuLEx market organiza-
tion, covering temporal market structure, order specifications, and the 
clearing and settlement mechanisms. Section 4 provides a concrete im-
plementation and illustration of SecuLEx for a radial low-voltage (LV) 
network. Section 5 discusses key design choices and limitations of the 
proposed approach. Section 6 concludes the paper and outlines future 
research directions.

2.  Grid operation with envelopes

This section establishes the mathematical foundation for operating 
distribution networks using DOEs. Section 2.1 presents the network 
model. Section 2.2 formalizes the concept of DOEs. Section 2.3 intro-
duces the security verification function that checks network security 
under the given DOEs. Section 2.4 formulates the optimization for DOE 
allocation.

2.1.  Network representation

An electrical network is modeled as a directed graph, denoted by 
𝔊 = ( , ), where   represents the set of nodes and  ⊂  ×  rep-
resents the set of directed edges. Each node 𝑛 ∈   corresponds to a 
network component, such as a transformer or a customer. Each edge 
𝑒 ∈  establishes a connection between two nodes of the set   and is 
commonly referred to as a line. The orientation is arbitrarily fixed by 
convention to simplify later modeling.

2.1.1.  Network constraints
Each node 𝑛 ∈   has an associated voltage 𝑉𝑛 ∈ ℂ, and 𝑉 ∈ ℂ| | is 

the voltage vector composed of the voltages at each node 𝑛 ∈  . The 
voltage magnitude at each node 𝑛 ∈   must satisfy the voltage magni-
tude constraint 𝑉 ≤ |𝑉𝑛| ≤ 𝑉 , where 𝑉 , 𝑉 ∈ ℝ+ are the minimum and 
maximum allowable voltage magnitudes. Similarly, each line 𝑒 ∈  has 
an associated current flowing through the line 𝐼𝑒 ∈ ℂ, and 𝐼 ∈ ℂ|| is the 
current vector composed of the current flows at each line 𝑒 ∈  . Each 
line 𝑒 ∈  must satisfy the current magnitude constraint |𝐼𝑒| ≤ 𝐼 , where 
𝐼 ∈ ℝ+ is the maximum current allowed through a line.

2.1.2.  Customers’ power usage
Let  ⊂   be the set of customer nodes, i.e., nodes where power is 

withdrawn or injected. Let 𝑆𝑐 = 𝑃𝑐 + 𝑗𝑄𝑐 ∈ ℂ denote the complex power 
consumption of 𝑐 ∈ , composed of an active part 𝑃𝑐 ∈ ℝ and a reactive 
part 𝑄𝑐 ∈ ℝ. By convention, positive power values correspond to with-
drawal and negative values to injection.

2.2.  DOEs definition

The DSO assigns DOEs, specifying the upper and lower limits of ac-
tive and reactive power each customer is allowed to consume. These lim-
its are dynamic, meaning that they can change over time, e.g., through 
trading or through a reallocation imposed by the DSO. When all cus-
tomers respect their limits, the network is guaranteed to operate within 
secure voltage and current limits. DOEs are specified by the complex 
matrix 𝐋 of dimension || × 2, defined as:

𝐋 = [𝑆, 𝑆] =

⎡

⎢

⎢

⎢

⎣

𝑆 1 𝑆1
⋮ ⋮

𝑆
|| 𝑆

||

⎤

⎥

⎥

⎥

⎦

, (1)

where 𝑆𝑐 = 𝑃 𝑐 + 𝑗𝑄
𝑐
 and 𝑆𝑐 = 𝑃 𝑐 + 𝑗𝑄𝑐 represent the lower and up-

per limits for customer 𝑐 ∈ . We write 𝑆 = 𝑃 + 𝑗𝑄 ∈ 𝐋 when 𝑃  and 𝑄
both respect the bounds defined in the DOE matrix for each customer.

2.3.  Security verification function

To ensure secure network operations, we introduce a verification 
function 𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠 that determines whether a given DOE allocation 
preserves network security. The function returns a non-positive value if 
and only if the limit matrix 𝐋 ensures secure operation:
{

𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠(𝔊,𝐋) ≤ 0 ∀𝑆 ∈ 𝐋 ∶ 𝔊 is secure,
𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠(𝔊,𝐋) > 0 otherwise.

(2)

Evaluating this function requires solving the power flow: 
𝑉 , 𝐼 = 𝑃𝑜𝑤𝑒𝑟𝐹 𝑙𝑜𝑤(𝔊, 𝑆) ∀𝑆 ∈ 𝐋 , (3)

and verifying that the voltage limit 𝑉 ≤ |𝑉 | ≤ 𝑉  and current limit |𝐼| ≤
𝐼 are respected ∀𝑆 ∈ 𝐋.

2.4.  DOEs allocation

DOE allocation is formulated as a constrained optimization problem 
that maximizes network utility while guaranteeing secure operation for 
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Fig. 1. Timeline illustrating the sequence from the initial DOE assignment by 
the DSO to the closing of the continuous exchange window just before the op-
erating period.

any power profile within the assigned limits. This optimization problem 
is formulated as follows: 
max
𝐋

𝑈 (𝐋) (4a)

s.t. 𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠(𝔊,𝐋) ≤ 0 , (4b)

where 𝑈 is a general utility function representing the DSO’s objective, 
such as maximizing customer flexibility, fairness, or system efficiency. 
The function 𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠 ensures that, for all power injections within 
limits, the network remains within secure operational boundaries.

3.  SecuLEx market organization

This section presents the market framework that enables customers 
to exchange their DOEs. Section 3.1 defines the temporal organization 
of trading periods. Section 3.2 specifies the order structure and book 
management for buy and sell requests of envelope portions. Section 3.3 
introduces the clearing mechanism and Section 3.4 the settlement func-
tion that determines the money exchanges between customers.

3.1.  Limit market temporal operation

In SecuLEx, DOEs are assigned in advance for future time periods, 
called products. For example, the DSO may assign limits one day in ad-
vance for all hour intervals of the following day. A product is identified 
by its starting time 𝑡 ∈   (e.g.,  = {00:00,01:00,02:00,… ,23:00} for 
24-h intervals in a day). For each product 𝑡 ∈  , the exchange window 
opens immediately after the DOE assignment and closes shortly before 
the corresponding time period. This allows participants to adjust their 
limits to reflect updated forecasts or preferences.

Fig. 1 illustrates the temporal structure of a single product: the DSO 
assigns DOEs, the continuous exchange window opens, the order book 
fills, and trading continues until market closure just before real-time 
operation.

3.2.  Orders and order book

Customers participate in the market by submitting orders to buy or 
sell portions of their assigned injection and withdrawal limits. A buy 
order reflects a desire to increase capacity: customers may request ad-
ditional upper limits to gain withdrawal capacity, or additional lower 
limits to gain injection capacity. On the contrary, a sell order signals a 
willingness to sell unused capacity in exchange for financial compensa-
tion. Formally, each order 𝑜 is defined as the tuple: 
𝑜 = (𝑖𝑑, 𝑐, 𝑡𝑦𝑝𝑒, 𝑏𝑜𝑢𝑛𝑑, 𝑝𝑜𝑤𝑒𝑟, Δ, 𝜋, 𝑡) , (5)

where:

• 𝑖𝑑 ∈ ℕ is a unique identifier,
• 𝑐 ∈  is the customer submitting the order,
• 𝑡𝑦𝑝𝑒 ∈ {buy,  sell} distinguishes demand from supply,
• 𝑏𝑜𝑢𝑛𝑑 ∈ {lower,  upper} indicates whether the order concerns the 
lower or upper limit of the DOE,

• 𝑝𝑜𝑤𝑒𝑟 ∈ {active, reactive} is the nature of the change,

• Δ ∈ ℝ+ is the requested change in limit (kW or kVAR).
• 𝜋 ∈ ℝ is the offered price (𝑒/kW or 𝑒/kVAR),
• 𝑡 ∈   is the target time period (i.e., product time),

Orders are stored in the order book , which we formalize as the set of 
order identifiers. We define  and  as the sets of identifiers for the sell 
and buy orders. Similarly,  and   are the sets of identifiers for orders 
on lower and upper limits.

3.3.  Clearing function

Given the limit matrix 𝐋 and the order book , a market operator 
clears the market by matching buy and sell orders. The clearing process 
determines which orders are accepted and updates both the DOE limits 
and the order book accordingly. This process is formalized as:
𝐋′,′ = 𝐶𝑙𝑒𝑎𝑟(𝐋,) , (6)

where 𝐋′ is the updated limit matrix reflecting all accepted orders and ′

is the updated order book containing unmatched and partially matched 
orders.

The updated limit matrix 𝐋′ must preserve network security:
𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠(𝔊,𝐋′) ≤ 0 . (7)

We assume the market operator clears orders instantaneously and pub-
lishes updated DOEs immediately, enabling continuous trading and real-
time adjustment of operating limits throughout the trading window.

3.4.  Settlement function

Once orders are executed and limits updated, a settlement process 
determines the financial compensation for each customer. We define the 
settlement function as:
Π = 𝑆𝑒𝑡𝑡𝑙𝑒𝑚𝑒𝑛𝑡(𝐋,𝐋′,,′) , (8)

where Π ∈ ℝ|| is the resulting payment vector composed of the price 
compensations Π𝑐 for each customer 𝑐 ∈ . A positive Π𝑐 indicates a 
payment by the customer 𝑐 ∈ , and a negative Π𝑐 indicates a payment 
to the customer 𝑐 ∈ .

Similarly to the clearing function, we assume that the settlement is 
computed instantaneously after clearing and that the payment is due to 
the market operator.

4.  Concrete implementation of SecuLEx

This section provides a practical implementation of SecuLEx that 
achieves computational efficiency while providing limits that maintain 
network security under DC power flow approximation. Section 4.1 de-
scribes a fair DOE allocation mechanism. Section 4.2 describes a com-
putationally efficient clearing mechanism for maximizing social welfare 
while ensuring trades preserve network security. Section 4.3 provides 
an illustrative example.

4.1.  Grid operation implementation

4.1.1.  Security verification function
without additional assumptions, the security verification function in 

Eq. (2) requires solving a power flow for each 𝑆 ∈ 𝐋 and verifying that 
the voltages and currents respect the security constraints.

In this implementation, we consider a radial network and adopt a 
DC power flow approximation of the power flow Eq. (3). In this ap-
proximation, voltages take constant real values, and the complex parts 
of currents and powers equal zero. Security is then expressed as con-
straints on the active power flow through lines, rather than voltage and 
current constraints. DOEs are also reduced to limits on active power and 
𝐋 = [𝑃 , 𝑃 ]. Under these assumptions, we prove in Appendix A that the 
security verification function in Eq. (2) simplifies to confirming that the 
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network 𝔊 remains secure only for the two boundaries, 𝑃  and 𝑃 , of the 
DOE matrix: 
⎧

⎪

⎨

⎪

⎩

𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠(𝔊,𝐋) ≤ 0 if both 𝔊 secure for 𝑃 ,
𝔊 secure for 𝑃 ;

𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠(𝔊,𝐋) > 0 otherwise.
(9)

4.1.2.  DOE allocation
we assume that the DSO wants to maximize the envelope sizes while 

guaranteeing fairness, in the sense that the size of the smallest envelopes 
is maximized first. Such a multi-objective function can be formulated as 
a (complex) maximum utility problem as in Eq. (4), which eventually 
corresponds to solving the following (simpler) lexicographic max-min 
optimization problem [18]: 
lex max min

𝐋
|𝑃 𝑐 − 𝑃 𝑐 | ∀𝑐 ∈ , (10a)

s.t. 𝑃 𝑐𝑜𝑛𝑡𝑟
𝑐 ≤ 𝑃 𝑐 ≤ 𝑃 𝑔𝑢𝑎𝑟

𝑐 ∀𝑐 ∈ , (10b)

𝑃
𝑔𝑢𝑎𝑟
𝑐 ≤ 𝑃 𝑐 ≤ 𝑃

𝑐𝑜𝑛𝑡𝑟
𝑐 ∀𝑐 ∈ , (10c)

𝑃 𝑐 ≤𝑃 𝑐 ∀𝑐 ∈ , (10d)

𝐋𝑐 = [𝑃 𝑐 , 𝑃 𝑐 ] ∀𝑐 ∈ , (10e)

𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠(𝔊,𝐋) ≤ 0 . (10f)

The parameters 𝑃 𝑔𝑢𝑎𝑟
𝑐 , 𝑃

𝑔𝑢𝑎𝑟
𝑐  denote minimum guaranteed with-

drawal/injection limits, while 𝑃 𝑐𝑜𝑛𝑡𝑟
𝑐 , 𝑃

𝑐𝑜𝑛𝑡𝑟
𝑐  denote the contractual ex-

trema based on equipment capacity.
Despite its complex appearance, the problem in Eq. (10) can easily 

be solved by successively maximizing the size of the smallest envelope 
that can still be enlarged. Let ′ ⊆  be the set of customers whose en-
velopes are already fixed to [𝑃 ∗

𝑐′ , 𝑃
∗
𝑐′ ], for all 𝑐′ ∈ ′. New envelopes are 

iteratively computed by solving: 
max
𝑤,𝐋

𝑤 (11a)

s.t. 𝑃 𝑐𝑜𝑛𝑡𝑟
𝑐 ≤ 𝑃 𝑐 ≤ 𝑃 𝑔𝑢𝑎𝑟

𝑐 ∀𝑐 ∉ ′, (11b)

𝑃
𝑔𝑢𝑎𝑟
𝑐 ≤ 𝑃 𝑐 ≤ 𝑃

𝑐𝑜𝑛𝑡𝑟
𝑐 ∀𝑐 ∉ ′, (11c)

𝑃 𝑐 = 𝑃 ∗
𝑐 ∀𝑐 ∈ ′, (11d)

𝑃 𝑐 = 𝑃
∗
𝑐 ∀𝑐 ∈ ′, (11e)

𝑃 𝑐 ≤𝑃 𝑐 ∀𝑐 ∈ , (11f)

𝑤 ≤ 𝑃 𝑐 − 𝑃 𝑐 ∀𝑐 ∉ ′, (11g)

𝐋𝑐 = [𝑃 𝑐 , 𝑃 𝑐 ] ∀𝑐 ∈ ′, (11h)

𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠(𝔊,𝐋) ≤ 0 . (11i)

The solution to the optimization problem is the DOE matrix 𝐋∗ and 
the width 𝑤∗. The customer(s) for which the constraint Eq. (11g) is tight, 
i.e., 𝑃 ∗

𝑐 − 𝑃 ∗
𝑐 = 𝑤∗, have their envelopes fixed at the current values 𝐋∗

𝑐 =
[𝑃 ∗

𝑐 , 𝑃
∗
𝑐 ]. These customers are added to ′, and the procedure repeats 

until all customers have been assigned fixed envelopes.

4.2.  SecuLEx market implementation

4.2.1.  Clearing function
the clearing function implements a centralized market where orders 

are accepted to maximize the social welfare. Here, accepted orders lead 
to updated envelopes that are constrained by the security verification 
function. Assuming orders can be partially cleared, we compute for each 
order 𝑜 ∈  =  ∪  the accepted quantity 𝑎𝑜 by solving: 
max
𝑎,𝐋′

∑

𝑏∈
𝜋𝑏𝑎𝑏 −

∑

𝑠∈
𝜋𝑠𝑎𝑠 (12a)

s.t. 0 ≤ 𝑎𝑜 ≤ Δ𝑃𝑜 ∀𝑜 ∈ , (12b)

𝑃 ′
𝑐 = 𝑃 𝑐 +

∑

𝑠∈∩∶
𝑐𝑠=𝑐

𝑎𝑠 −
∑

𝑏∈∩∶
𝑐𝑏=𝑐

𝑎𝑏 ∀𝑐 ∈ , (12c)

𝑃
′
𝑐 = 𝑃 𝑐 −

∑

𝑠∈∩ ∶
𝑐𝑠=𝑐

𝑎𝑠 +
∑

𝑏∈∩ ∶
𝑐𝑏=𝑐

𝑎𝑏 ∀𝑐 ∈ , (12d)

𝑃 ′
𝑐 ≤𝑃

′
𝑐 ∀𝑐 ∈ , (12e)

𝐋′ = [𝑃 ′, 𝑃
′
], (12f)

𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠(𝔊,𝐋′) ≤ 0 . (12g)

Solving this optimization problem provides the updated secure limits 𝐋′

and the updated order book ′ containing the uncleared quantities.

4.2.2.  Settlement function
orders are settled on a pay-as-bid settlement mechanism. Each cus-

tomer’s total payment equals the sum of their individual order payments, 
where each order payment is the order price multiplied by the cleared 
quantity: 
Π𝑐 =

∑

𝑏∈∶𝑐𝑏=𝑐
𝑎𝑏𝜋𝑏 −

∑

𝑠∈∶𝑐𝑠=𝑐
𝑎𝑠𝜋𝑠 . (13)

The pay-as-bid settlement leads to a surplus that equals the social 
welfare 𝑆𝑊  and that is captured by the market operator: 
𝑆𝑊 =

∑

𝑐∈
Π𝑐 =

∑

𝑏∈
𝜋𝑏𝑎𝑏 −

∑

𝑠∈
𝜋𝑠𝑎𝑠 . (14)

4.3.  Illustrative example

This section illustrates SecuLEx on a simple radial LV distribution 
network. The illustration follows the temporal structure outlined in 
Fig. 1, considering the DOE assignment on Day 𝐷 − 1 for a single period 
of one hour (12:00-13:00 on Day 𝐷), with continuous market operation 
starting at DOE assignment until real-time (12:00). We present a sce-
nario with congestion and demonstrate the value of SecuLEx compared 
to alternative management strategies.

The network is represented by the graph 𝔊 = ( , ), with nodes 
 = {𝑇 , 𝐵, 𝐶1, 𝐶2, 𝐶3, 𝐶4} corresponding to a transformer 𝑇 , an 
intermediate bus 𝐵, and four representative customers. Each cus-
tomer is connected to the bus 𝐵 that is supplied by the trans-
former 𝑇 . The interconnections are represented by the edges  =
{(𝑇 , 𝐵), (𝐵,𝐶1), (𝐵,𝐶2), (𝐵,𝐶3), (𝐵,𝐶4)}. The transformer must operate 
below 60 kW, which translates to a security constraint limiting the power 
flowing through (𝑇 , 𝐵) to 60 kW.

Let us consider that during the day, customers have estimations of 
their future consumption for the midday period. Customers have the fol-
lowing installations, expected consumptions for that period, and known 
electricity prices:

• 𝐶1 is a load-only: net withdrawal 8 kW. They pay 0.15𝑒/kWh.
• 𝐶2 has a PV installation: net injection 21 kW. They pay 0.16𝑒/kWh 
for withdrawal and get paid 0.06𝑒/kWh for injection.

• 𝐶3 has a PV installation: net injection 26 kW. They pay 0.15𝑒/kWh 
for withdrawal and get paid 0.04𝑒/kWh for injection.

• 𝐶4 has a PV-battery installation: PV production of 24 kW, battery ca-
pacity of ±10 kW and discharging by 6 kW; net injection 30 kW. They 
pay 0.15𝑒/kWh for withdrawal and get paid 0.02𝑒/kWh for injection.
In this scenario, at midday, there is an expected reverse power flow 

from the customers to the transformer of 69 . The magnitude of this 
power flow exceeds the transformer’s 60 kW limit, causing congestion, 
as shown in Fig. 2.

Let us compare the outcome depending on the congestion-
management scheme of the DSO, assuming that the expected customer 
consumption is realized at midday.

4.3.1.  No control
In this scenario, the DSO takes no action. Without intervention, the 

line (𝑇 , 𝐵) is overloaded by 9 kW. This causes a security issue; while 
sustained lower levels of overload accelerate equipment aging, higher 
levels can activate protective mechanisms, potentially leading to line 
disconnection and customer disruption at the cost of the DSO.
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Fig. 2. Baseline situation where the reverse power flow (69 kW) exceeds the 
transformer limit (60 kW), causing congestion.

4.3.2.  Centralized ANM
This case represents a traditional management scheme where the 

DSO reacts in real-time when the problem is emerging. The DSO issues 
curtailment commands to eliminate the overload, but cannot control 
customer batteries (no contractual access).

Let us assume that the DSO takes the minimal corrective actions to 
guarantee security and curtails PV generation equally across 𝐶2, 𝐶3, and 
𝐶4 until the limit is respected. Thus, the total curtailed PV is 9 kW, 
equally divided over the three customers injecting power, and the trans-
former operates securely at 60 kW. Curtailment leads to an opportunity 
loss of 3 ⋅ 0.06 + 3 ⋅ 0.04 + 3 ⋅ 0.02 = 0.36𝑒.

4.3.3.  Static envelope assignment
In this case, the DSO assigns static envelopes one day ahead (Day 𝐷 −

1), solving the lexicographic max-min allocation from Eq. (10). Here, the 
security verification function is implemented relying on linearized (DC) 
power flow equations as discussed previously, leading to the simplified 
implementation of Eq. (9).

An optimal envelope allocation is:
𝐋1 = [0, 15], 𝐋2 = [−20, 15],

𝐋3 = [−20, 15], 𝐋4 = [−20, 15].

Customers are curtailed in case of envelope violation, guaranteeing se-
cure and distributed real-time operation.

At this stage, customers without flexibility have no alternative to cur-
tailment. Nevertheless, customers with available flexibility may decide 
to adapt their consumption pattern, knowing the conditions of curtail-
ment. This choice is driven by the balance between the opportunity loss 
due to curtailment and the cost of changing the schedule, i.e., the ex-
pected reduction of the profit from strategically charging and discharg-
ing the battery during the day.

We consider two cases, depending on Customer 𝐶4:

• Customer 𝐶4 evaluates that changing the battery schedule may be 
too expensive, considering their low opportunity loss. The customer 
maintains their planned discharge, resulting in a net injection of 30
kW, which violates their envelope and triggers 10 kW of curtailment. 
Combined with curtailment from other customers, the total curtail-
ment reaches 17 kW during one hour, leading to an opportunity loss 
of 1 ⋅ 0.06 + 6 ⋅ 0.04 + 10 ⋅ 0.02 = 0.50𝑒.

• Customer 𝐶4 anticipates curtailment and charges their battery with 4
kW instead of injecting power, remaining within their assigned limit 
with a net injection of 20 kW. The total curtailment is 7 kW during 
one hour and leads to an opportunity loss of 1 ⋅ 0.06 + 6 ⋅ 0.04 = 0.30𝑒.

Table 1 
Initial order book.
 ID  Customer  Type  Bound  Price [𝑒/kW]  Quantity [kW]
1 𝐶2  Buy  Lower  0.03  1
2 𝐶3  Buy  Lower  0.02  6
3 𝐶4  Sell  Lower  0.02  6

In this scenario, as customers know their limits, they are incentivized 
to use their flexibility. Nevertheless, static envelopes are conservative 
and may result, in this case, in greater curtailment compared to the 
centralized ANM, which only responds to the actual congestion observed 
in real-time.

4.3.4.  DOE with SecuLEx
Starting from the DOE allocation above, market participants can sub-

mit orders to buy/sell portions of their envelopes. In theory, this ex-
change is driven by their expected future energy usage and correspond-
ing cost.

In an ideal market, each customer should submit orders to maxi-
mize their expected future profit. It includes minimizing the expected 
costs that may result from future curtailment, optimizing the consump-
tion schedules depending on the hourly costs of energy, and maximizing 
the expected revenues from selling unused parts of their envelopes. In 
the hypothetical case where customers have known and inflexible future 
consumptions, they should ask for additional limits to avoid curtailment 
at the incurred marginal cost and bid unused limits at zero marginal cost. 
Customers with flexibility furthermore submit orders to also optimize 
their consumption schedules. In practice, uncertainty about future con-
sumptions, market inefficiencies, and speculation are reflected in prices 
and volumes.

Let us illustrate the trading incentives in this context:

• Customer 𝐶1 is expecting to withdraw power from the network, and 
we assume they are not interested in entering the market. It may 
be considered a market inefficiency or may be due to the need for 
flexibility within their current envelope.

• Customer 𝐶2 is expecting curtailment of 1 kW during one hour, lead-
ing to an opportunity loss of 0.06𝑒. The customer thus offers to buy 
1 kW of lower limits at the price of 0.03𝑒/kW.

• Customer 𝐶3 is expecting curtailment of 6 kW during one hour, lead-
ing to an opportunity loss of 6 ⋅ 0.04 = 0.24𝑒. The customer offers to 
buy 6 kW of lower limits at the price of 0.02𝑒/kW.

• Customer 𝐶4 is expecting curtailment of 10 kW during one hour, lead-
ing to an opportunity loss of 10 ⋅ 0.02 = 0.20𝑒, if they discharge their 
battery. On the one hand, the customer could ask 10 kW additional 
lower limit to avoid curtailment. On the other hand, expecting that 
lower limits are going to be scarce on the market, they can decide 
to exploit their battery’s flexibility to charge the battery by 10 kW. 
Then, the customer respects its DOE and may even bid 6 kW of lower 
limit. Assuming this situation occurs, the order price should reflect 
the cost of rescheduling the battery and is assumed to be 0.02𝑒/kW.

All corresponding orders are represented in Table 1.
Providing this order book, the market-clearing algorithm of Eq. (12) 

can be executed and yields the following updated limits:
𝐋1 = [0, 15], 𝐋2 = [−21, 15],

𝐋3 = [−25, 15], 𝐋4 = [−14, 15].

The exchange between consumers and new envelopes corresponds 
to a complete clear of orders from Customer 𝐶2 and Customer 𝐶4, and 
a partial clear of the order from Customer 𝐶3. The updated order book 
corresponds to the uncleared orders and is represented in Table 2.

Under the pay-as-bid principle, Customer 𝐶2 pays Π𝐶2
= 1 ⋅ 0.03 =

0.03𝑒, Customer 𝐶3 pays Π𝐶3
= 5 ⋅ 0.02 = 0.10𝑒, and Customer 𝐶4 is paid 

−Π𝐶4
= 6 ⋅ 0.02 = 0.12𝑒. The social welfare 𝑆𝑊 = 0.01𝑒 is captured by 
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Table 2 
Updated order book.
 ID  Customer  Type  Bound  Price [𝑒/kW]  Quantity [kW]
2 𝐶3  Buy  Lower  0.02  1

Table 3 
Comparison of management approaches.
 Metric  No Control  ANM  Static envelopes  SecuLEx
 Curtailment [kW]  0  9  17 or 7  1
 Renewable utilization [%]  100  87  76 or 90  99
 Security violation  Yes  No  No  No
 Incentivizes flexibility  No  No  Partial  Yes
 Market social welfare [𝑒]  /  /  /  0.01

the market operator, as a regulated fee to reduce tariffs or reinvest in 
the grid.

Customers may submit additional orders as their consumption fore-
casts evolve, continuing until the market closure, where DOEs are 
frozen. Let us consider that no additional exchange materializes and 
that the expected consumptions and injections are realized in real-time. 
Customer 𝐶3 is the only customer with excess injection and is curtailed 
by 1 kW. The market has created incentives for exploiting flexibility, 
and Customer 𝐶4 has adapted its behavior to absorb some of the PV 
production, leading to smaller curtailment.

4.3.5.  Summary
Table 3 summarizes the performance of the different management 

schemes. As discussed previously, SecuLEx incentivizes the use of flex-
ibility without requiring real-time centralized operation, leading to the 
lowest curtailment, highest renewable utilization, and market social 
welfare.

5.  Discussion

SecuLEx represents a change in network operation in two fundamen-
tal respects. First, it moves from operation strategies in reaction to se-
curity issues, such as ANM, to forward planning of envelopes that guar-
antee security under the adopted linear modeling framework. Second, 
it introduces market-driven coordination that allows responsiveness to 
real-time system conditions and customer preferences. This section re-
flects on technical aspects of the implementation and economic impli-
cations related to SecuLEx.

5.1.  Technical and computational challenges

5.1.1.  Computational scalability
the initial envelope allocation and order clearing both require solv-

ing optimization problems, respectively, problem Eqs. (10) and (12). In 
practice, the first problem requires solving one optimization program 
per customer, where the number of variables and constraints scales lin-
early with the number of customers. In the second problem, variables 
and constraints scale linearly with the number of orders. As the number 
of participants and orders grows, solving these optimization problems 
may become computationally prohibitive. This could necessitate recon-
sidering the continuous clearing mechanism or resorting to heuristic ap-
proaches that trade optimality for tractability.

5.1.2.  Network security verification
in Appendix A, we show that, for radial network topology and 

DC power flow, the problem reduces to verifying security only at the 
DOE boundaries. This simplification may not hold for networks with 
large losses, in meshed topologies, heavily loaded feeders, or cases 
with advanced reactive power control. In these cases, ensuring secu-
rity when solving optimization problems Eqs. (10) and (12) may be-
come intractable in practice. Possible resolutions include using convex 

approximations of the AC power flow, where similar simplified resolu-
tion techniques exist [19,20], or evaluating constraints with high prob-
ability through sampling-based approaches. Depending on the simplifi-
cation and approximation used in practice, security guarantees may be 
lost for some real-time operation conditions [20].

5.2.  Economic and market design implications

5.2.1.  Initial DOE allocation
the initial DOE allocation in SecuLEx is achieved by solving the lex-

icographic max-min problem in Eq. (10). It implements an egalitarian 
rule, where the sizes of the smallest envelopes are maximized first. Be-
yond the technical challenges discussed previously, the uniqueness of 
the solution is not guaranteed, and the fairness requirement may lead to 
inefficient operation. Typically, envelopes may be small due to blocking 
consumers, or may be unrelated to the effective energy needs. Alterna-
tive allocation rules exist to deal with such problems, including alloca-
tion for maximum total network utilization, priority allocation favoring 
certain customer classes (e.g., critical loads), or market mechanisms that 
maximize social welfare through an auction for initial DOEs [10,17]. 
Similarly, we maximize the size of envelopes, measured in kilowatts. 
Alternative objectives may account for relative sizes depending on the 
nominal consumption of nodes or use different metrics to quantify the 
sizes of DOEs.

5.2.2.  Market choices
SecuLEx implements a continuous market. First, by definition, con-

tinuous markets clear orders instantaneously and continuously when 
they arrive. It allows for fast reallocation depending on evolving needs 
and is thus the best choice when operating close to real time under high 
uncertainty. It nevertheless requires intensive customer involvement, 
e.g., compared to single-auction. In addition, fast clearing may be diffi-
cult in practice due to computational delays. Second, continuous mar-
kets often implement a pay-as-bid settlement. This choice originates as 
the process does not provide an aggregated market price. It may, in prac-
tice, lead to allocation inefficiency and gaming opportunities compared 
to uniform or Vickrey pricing [21].

5.2.3.  Market efficiency and liquidity
in principle, markets allow optimal allocation, but inefficiencies are 

possible. Typically, too few participants may be involved, resulting in 
limited liquidity and price volatility. Alternatively, participants with 
high flexibility could exercise market power through strategic bidding or 
withholding limits. Moreover, this work assumes zero transaction costs, 
while in real markets significant overheads (e.g., fees, communication, 
and administrative costs) exist. These can erode the benefits of small-
scale trades and further reduce liquidity.

5.2.4.  Regulation and surplus treatment
implementing SecuLEx in practice requires, on the one hand, guar-

anteeing independence of the market operation and, on the other hand, 
guaranteeing non-discriminatory network access [22]. Concerning mar-
ket independence, it requires introducing a market operator distinct 
from the DSO, together with clear regulation. This aspect is largely ne-
glected in this work. In addition, we discussed that market inefficien-
cies may lead to discriminatory network access, which shall be con-
trolled by an independent observer in practice. Finally, in its current 
form, SecuLEx leads to a market surplus. Regulation should ensure that 
it is used to reduce tariffs or reinvest in the grid and avoid providing 
incentives to under-invest in infrastructure.

6.  Conclusion

This paper introduces Secure Limit Exchange (SecuLEx), a market-
based paradigm in which distribution system operators (DSOs) allo-
cate initial dynamic operating envelopes (DOEs) that define limits on 
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power injection and withdrawal. Customers can subsequently exchange 
these limits through market transactions while preserving network secu-
rity constraints. We formulated the DOE allocation and market-clearing 
problems as tractable optimization problems under DC power flow and 
radial network assumptions, and proved that security can then be effi-
ciently verified. In our illustrative low-voltage (LV) network example, 
DOE trading showed potential for reducing renewable curtailment and 
improving network utilization and social welfare relative to alterna-
tive management schemes. Overall, SecuLEx demonstrates that envelope 
trading can extract more value from existing infrastructure and provide 
incentives for flexibility without requiring central control. Scalability to 
larger and more complex network systems, extending the framework be-
yond the simplified DC power flow model to a more realistic AC model 
that can accurately manage voltage levels and reactive power, alterna-
tive allocation and pricing rules, and the regulatory treatment of market 
social welfare, remain important directions for future work.
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Appendix A.  Security function proof

This appendix provides proof that, under radial network and DC as-
sumptions, branch currents are monotone non-decreasing and node volt-
ages are constant as a function of customer consumption. As a result, if 
the system is secure at the two extreme points of the DOE matrix, it is 
also secure for every power respecting the limits. We employ a simi-
lar strategy of authors in [23] where they proved voltage monotonicity 
with respect to active and reactive power, and extend it to current.

Network description. as described in Section 2.1, we model a distribution 
network as a graph 𝔊 = ( , ) with nodes  , edges  , and customers 
 ⊂  . The radial topology ensures the existence of a unique root node 
𝑟 ∈   representing the substation or transformer connecting the feeder 
to the upstream grid. We subsequently assume that edges are oriented 
from root to leaves. For each node 𝑛, we define the set of downstream 
nodes 𝑛 as the set of nodes 𝑚 for which the unique path from 𝑚 to 𝑟
passes by 𝑛.

Each edge 𝑒 ∈  has an associated resistance 𝑅𝑒 and reactance 𝑋𝑒. 
We denote by 𝐼𝑒 the line current, by 𝑃𝑒 the active power flow, and by 

𝑄𝑒 the reactive power flow. To each node 𝑛 ∈   corresponds an active 
power consumption 𝑃𝑛, and we denote by 𝑉𝑛 the voltage magnitude.

Customer power limits are represented by the matrix 𝐋 = [𝑃 , 𝑃 ] ∈
ℝ||×2, where [𝑃 𝑐 , 𝑃 𝑐 ] are the bounds for each customer 𝑐 ∈ . The func-
tion 𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠(𝔊,𝐋) checks that the network is secure for all 𝑃 ∈ 𝐋.

Assumptions. we make the following assumptions on the network topol-
ogy and physics linking electrical values.

Assumption 1. Radial topology. The network graph is a tree.

Assumption 2. DC load flow. Balanced steady-state, with unity and 
flat voltages (∀𝑛 ∈  ∶ 𝑉𝑛 = 𝑉𝑟 = 1p.u.), lossless lines (∀𝑒 ∈  ∶ 𝑅𝑒 = 0), 
and no reactive power (∀𝑒 ∈  ∶ 𝑄𝑒 = 0).

Theorem 1. (Monotonicity of current) Under Assumptions 1-2, the branch 
current 𝐼𝑒 is a monotone non-decreasing function of consumption 𝑃𝑐 :

𝜕𝐼𝑒
𝜕𝑃𝑐

≥ 0 , ∀𝑒 ∈  ,∀𝑐 ∈  .

Proof.  Under Assumptions 1 and 2, the active power flowing in each 
branch 𝑒 ∈  respects the balance: 
𝑃𝑒 =

∑

𝑘∈𝑒

𝑃𝑘 . (A.1)

Furthermore, in each branch 𝑒 ∈  : 

𝐼𝑒 =
1
𝑉𝑟

𝑃𝑒 . (A.2)

Combining Eqs. (A.1) and (A.2), we obtain the relationship between the 
branch current and power consumption: 

𝐼𝑒 =
1
𝑉𝑟

(

∑

𝑘∈𝑒

𝑃𝑘

)

. (A.3)

Let us differentiate the current with respect to any downstream node 
𝑛 ∈ 𝑒: 

𝜕𝐼𝑒
𝜕𝑃𝑛

= 1
𝑉𝑟

𝜕
𝜕𝑃𝑛

(

∑

𝑘∈𝑒

𝑃𝑘

)

= 1
𝑉𝑟

≥ 0 . (A.4)

Let us differentiate the current with respect to any other node 𝑛 ∉ 𝑒
that is not the root 𝑟: 
𝜕𝐼𝑒
𝜕𝑃𝑛

= 0 . (A.5)

The branch currents are therefore monotone non-decreasing with re-
spect to any consumption. ∎

Theorem 2. (Boundary check constraints using monotonicity) Under As-
sumptions 1-2, for any 𝐋 = [𝑃 , 𝑃 ] ∈ ℝ||×2, if both current and voltage se-
curity constraints are respected for 𝑃  and 𝑃 , then the security constraints are 
also respected for each 𝑃 ∈ 𝐋. 
Proof.  Under Assumptions 1 and 2, the voltage at each node is constant. 
Therefore, if the voltage security constraints are respected for one power 
profile, it is respected for each power profile.

Under Assumptions 1 and 2, Theorem 1 holds, and each branch cur-
rent 𝐼𝑒 is a monotone non-decreasing function of all customer consump-
tions. This implies that the maximum current and minimum current (i.e., 
maximum negated current) as a function of 𝑃  over the domain 𝑃 ∈ 𝐋
is achieved either in 𝑃  or in 𝑃 . Therefore, if the current security con-
straints are respected for 𝑃  and 𝑃 , then they are also respected ∀𝑃 ∈ 𝐋.

 ∎
According to Theorem 2, the 𝑉 𝑒𝑟𝑖𝑓𝑦𝐿𝑖𝑚𝑖𝑡𝑠 function can be imple-

mented as a function verifying that security is ensured at the two DOE 
boundary profiles 𝑃  and 𝑃 . This makes the verification computationally 
efficient while guaranteeing security under the DC approximation.

Electric Power Systems Research 263 (2027) 113736 

7 



M. Vassallo et al.

Remark 1. The result can be understood geometrically: under Assump-
tions 1 and 2, branch currents are linear functions of nodal injections. 
The set of admissible power profiles 𝐋 therefore forms a hypercube in 
ℝ||, and a linear function over a hypercube attains its extremes at the 
vertices. Theorem 2 shows that the current in each branch depends 
monotonically on each coordinate, so the maximum and minimum are 
attained at the two vertices 𝑃  and 𝑃  (all customers withdrawing or in-
jecting). Security verification thus reduces to checking these two ex-
treme profiles, rather than all 2|| vertices. 
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