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This study leverages phase-locked loop (PLL) control and adaptive filtering for the experi-

mental identification of the nonlinear modal parameters of an F-16 aircraft. Specifically, PLL

effectively tracks the backbones of three aircraft modes, enabling the extraction of resonance

frequencies, mode shapes, and damping ratios, all of which vary with vibration amplitude.

Additionally, the nonlinear frequency responses of 3:1 superharmonic resonances are identified.

The results reveal that the F-16 aircraft exhibits softening effects due to joint friction in the

wing-to-payload connections, as well as clearance-induced nonlinearity. The onset of contact is

further illustrated through time-harmonic analysis of modal deflection shapes.

Nomenclature

𝑎 = modal amplitude

𝐴 = harmonic response amplitude

C = linear damping matrix

𝐹 = point force amplitude

F = excitation force vector

FNL = nonlinear restoring force vector

𝐾𝑃 = proportional gain of the controller

𝐾𝐼 = integral gain of the controller

K = linear stiffness matrix

M = system mass matrix
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𝑃 = excitation power input

Q = basis vector containing harmonic functions

𝑡 = time

𝑇 = the minimum period of a nonlinear normal mode motion

𝑈 = voltage fed to the shaker

¥𝑥 = point acceleration response

x = system displacement vector

𝑧𝑠 , 𝑧𝑐 = Fourier coefficients for sine and cosine functions

z = Fourier coefficients vector

Δ𝜑 = instant phase lag difference

𝜃 = instant forcing phase

𝜅 = harmonic number

𝜇 = adaptive filter gain

𝜉 = damping ratio

𝚽 = mode shape

𝜑 = phase lag between acceleration and excitation

𝜔 = the angular frequency of excitation

I. Introduction
Ground vibration testing (GVT) has become a standard procedure in aircraft development and certification [1, 2]. A

key objective of GVT is to identify the modal parameters of the tested aircraft, providing essential data for validating or

refining finite element models. These models are then used to predict flutter margins during flight tests and to detect

potential aeroelastic issues [3]. Additionally, GVT plays a crucial role in ensuring the safety and reliability of spacecraft

and rockets during actual launch operations [4].

Modal identification and analysis are essential in experimental vibration testing. Advanced commercial software

packages such as Siemens Testlab and Brüel & Kjaer BK Connect are widely used in industry, operating under the

fundamental assumption of linear dynamic behavior. In this framework, modal parameters, namely mode shapes,

resonance frequencies, and damping ratios, remain invariant with respect to vibration amplitude, and frequency response

functions (FRFs) can be directly synthesized using modal superposition. However, as aerospace structures are pushed

to expand their performance envelope, nonlinear behaviors are increasingly observed during experimental testing of

modern flight vehicles and their subassemblies [5]. Common manifestations of nonlinearity include frequency-energy

dependence in resonance behavior (e.g., softening and hardening effects), jump phenomena between coexisting vibration

2



states, the emergence of rich harmonic content, and nonlinear modal interactions [6]. These effects present significant

challenges in establishing a systematic experimental testing procedure for the dynamic characterization of nonlinear

systems.

In this context, the nonlinear normal mode (NNM) theory offers a valuable and solid theoretical framework for

interpreting a wide range of nonlinear dynamical phenomena. The NNMs, defined either as periodic motions of a

conservative system [7, 8] or as invariant manifolds [9–11], represent a generalization of the mode concept to nonlinear

systems. The analysis of NNMs is particularly useful for studying vibrational responses near resonance across various

excitation levels. Similar to phase resonance in linear modal testing, a widely used experimental approach for identifying

NNMs and their modal parameters primarily aims to isolate a specific NNM. This process relies on the so-called force

appropriation [12], wherein the external forcing balances the dissipative forces inside the structure. This can be realized

with a multi-point, multi-harmonic forcing, with each harmonic in phase quadrature with their collocated counterpart in

the structural response [13–16]. To characterize the amplitude dependence of modal properties, one can either perform

force appropriation at different force levels or suddenly stop the excitation and record free-decay data. However, in

view of the associated practical difficulties, nonlinear force appropriation is most often performed with a single exciter

applying monoharmonic forcing.

Recently, phase-locked loop (PLL) testing has been introduced as a more robust and effective alternative for

identifying the NNMs of mechanical systems [17–19]. PLL testing utilizes an online phase detection module and

controls the applied harmonic excitation through a feedback loop. In particular, a specific phase lag between the

displacement and the forcing can be directly imposed through an automatic adjustment of the excitation frequency. PLL

stands out as a model-free testing method, requiring limited information about the considered system. Nonetheless, an

important assumption behind PLL is that the phase lag presents a monotonic behavior in the vicinity of the targeted

resonance. Recent works have evidenced that PLL is a powerful method for identifying nonlinear modes of thin

structures featuring geometric nonlinearity [18] and joint friction [20]. It is also suitable for dealing with nonlinear

systems with variable or uncertain properties [19, 21]. Additionally, PLL testing can be adapted for identifying nonlinear

frequency responses that contain crucial information about instabilities and bifurcations [18]; it can also provide valuable

insights when nonlinear modal interactions are present [22, 23].

Despite significant progress, to the best of our knowledge, only one attempt has been made to identify the nonlinear

modes of a real-world engineering structure using PLL testing [24]. These systems are often composed of structural

components with joints and interfaces, introducing complex localized nonlinearities involving friction and contact

[2, 25]. Demonstrating the advantages of the NNM framework—particularly PLL testing—in this context is highly

valuable and represents a key objective of this study. To this end, we focus on the experimental identification of wing

bending and torsion modes of a full-scale F-16 aircraft. Our nonlinear modal analysis is based on PLL feedback

control with adaptive filtering. To detect and characterize nonlinearities in the F-16 aircraft, we employ a modified
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restoring force surface method combined with modal deflection shape analysis. Finally, adaptive filtering also allows the

identification of 3:1 superharmonic resonances in the second and third wing torsional modes, a distinctive feature of

nonlinear dynamical systems.

This paper is organized as follows. Section 2 introduces the fundamental principles of NNM identification using

PLL testing. Section 3 provides an overview of the F-16 aircraft and the experimental setup. In Section 4, following the

presentation of linear modal testing results, the experimental identification of nonlinear modes is performed, along with

an analysis of their modal properties. Finally, conclusions are presented in Section 5.

II. Nonlinear Mode Identification using Phase-Locked Loop Control
NNM identification through force appropriation and its realization using PLL testing are discussed in this Section.

A harmonically-excited nonlinear dynamical system is considered:

M¥x(𝑡) + C¤x(𝑡) + Kx(𝑡) + FNL (x(𝑡), ¤x(𝑡)) = F(𝜔, 𝑡), (1)

where M, C and K are the linear mass, damping and stiffness matrices, respectively. x(𝑡) is the displacement vector and

an overdot represents a time derivative. FNL (x(𝑡), ¤x(𝑡)) is the vector collecting nonlinear restoring forces and F(𝜔, 𝑡) is

the excitation force vector, with 𝜔 the angular frequency of excitation.

The objective of nonlinear mode identification is to determine the periodic motions of the underlying unforced,

undamped system

M¥x(𝑡) + Kx(𝑡) + FNL,c (x(𝑡)) = 0, with x(𝑡) = x(𝑡 + 𝑇) (2)

where FNL,c (x(𝑡)) is the conservative part of the nonlinear forces, and 𝑇 is the minimum period of a NNM motion. The

nonlinear modes and natural frequencies are known to have a dependence on vibrational energy [8, 26]; they resemble

linear modal parameters when nonlinear effects are negligible. Another important quantity in nonlinear modal testing is

a nonlinear frequency response curve (NFRC). Similar to the frequency response function (FRF) of a linear system, a

NFRC represents a branch of periodic responses of the forced, damped system, i.e., a periodic solution to Eq. (1). The

locus of phase quadrature points in a NFRC [27] is commonly referred to as the backbone curve, which illustrates the

relationship between NNMs and NFRCs.

NNM force appropriation aims at determining the appropriate forcing F(𝜔, 𝑡) to isolate a single nonlinear mode.

This realization often hinges on satisfying phase quadrature conditions for which the dissipative forces balance out

the excitation forces. In practice, nonlinear mechanical systems often feature well-separated modes, with the system

response at a certain frequency primarily dominated by a single mode. In such cases, it has been demonstrated that
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applying a single-point force comprising a single harmonic can achieve a satisfactory mode isolation [13, 18].

PLL testing has emerged as a promising model-free approach for identifying NNMs by exploiting the unique

phase evolution property of nonlinear mechanical systems. It provides an automatic and reliable single-point force

appropriation for isolating a nonlinear mode without needing a detailed system model, making it effective for studying

complex nonlinear behavior. The key ingredient of PLL relies on the utilization of an excitation force controlled by a

feedback loop through a specified set of force amplitude 𝐹̂ and target phase lag 𝜑̂,

𝐹𝑑 (𝜑̂, 𝐹̂, 𝑡) = 𝐹̂ sin [𝜃 (𝑡)] = 𝐹̂ sin
[∫ 𝑡

0
𝜔(𝜏)d𝜏

]
, (3)

with

𝜔(𝑡) = 𝜔̂𝑜 + 𝐾𝑃Δ𝜑(𝑡) + 𝐾𝐼

∫ 𝑡

0
[Δ𝜑(𝜏)] d𝜏. (4)

Here, the forcing frequency 𝜔(𝑡) is determined by a preset open-loop frequency 𝜔̂𝑜, user-defined proportional-integral

(PI) controller gains 𝐾𝑃 and 𝐾𝐼 and the phase difference Δ𝜑(𝑡) = 𝜑𝜅 (𝑡) − 𝜑̂ where 𝜑𝜅 (𝑡) is the phase lag between the

𝜅-th harmonic of the collocated acceleration and excitation force. The closed-loop control scheme is sketched in Figure

1 and reduces to conventional open-loop testing when the switch is open or when one lets 𝐾𝑃 = 𝐾𝐼 = 0. In this work,

our main focus is on PLL testing for tracking primary resonance backbones (𝜅 = 1); the target phase lag 𝜑̂ should thus

be equal to 𝜋/2 for enforcing phase lag quadrature. However, it is worth noting that the present method can also be

extended to identify secondary nonlinear resonances and folded NFRCs [28].

Fig. 1 The PLL control scheme with phase lag estimated using adaptive filtering (see Eqs.(5-10)).

The NNM is identified when the phase lag is converged (Δ𝜑(𝑡) ≈ 0) meaning that the phase resonance criterion

is fulfilled. At that moment, the system is in steady state and the frequency of excitation is constant, resulting in

an equivalence between the open- and closed-loop system dynamics. This implies that after some initial transients,

the proportional term of the phase difference 𝐾𝑃Δ𝜑(𝑡) vanishes and the integral term 𝐾𝐼

∫ 𝑡

0 [Δ𝜑(𝜏)] d𝜏 is equal to

the offset between the nonlinear modal frequency 𝜔NL and the open-loop frequency 𝜔̂𝑜. In other words, the forcing
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frequency approximates the modal frequency 𝜔(𝑡) ≈ 𝜔NL and the system response corresponds to the nonlinear mode

shape ¥x(𝑡) ≈ 𝚽NL.

To extract the instantaneous phase lag required by PLL control, an online Fourier decomposition of the measured

acceleration signals is carried out

¥𝑥𝑛 (𝑡) ≈ QT (𝑡)z = 𝑧0 +
𝑁𝐻∑︁
𝜅=1

[𝑧𝑠𝜅 sin (𝜅𝜃 (𝑡)) + 𝑧𝑐𝜅 cos (𝜅𝜃 (𝑡))] , (5)

where the basis vector Q(𝑡) contains 𝑁𝐻 harmonic functions (with instantaneous phase 𝜃 (𝑡) defined by Equation (3))

and the Fourier coefficients z are updated using adaptive filtering with a least mean-squares algorithm following the

discrete adaptation law [29, 30]

z(𝑡𝑖+1) = z(𝑡𝑖) + 𝜇
[
¥𝑥𝑛 (𝑡𝑖) − QT (𝑡𝑖)z(𝑡𝑖)

]
Q(𝑡𝑖), (6)

where 𝜇 is the filter gain and 𝑡𝑖 is the 𝑖-th sample time. The 𝜅-th harmonic at the driving point (𝑛 = 𝑑) is then extracted as

¥𝑥𝑑,𝜅 (𝑡) = 𝐴𝑎
𝜅 sin

(
𝜅𝜃 (𝑡) + 𝜑𝑎𝜅

)
, (7)

and the amplitude and phase are determined according to

𝐴𝑎
𝜅 =

√︃
𝑧2
𝑠𝜅 + 𝑧2

𝑐𝜅 , (8)

and

𝜑𝑎𝜅 = arctan2(𝑧𝑐𝜅 , 𝑧𝑠𝜅 ), (9)

respectively. In addition to online phase detection, this adaptive filtering approach can also be utilized as a powerful tool

for subsequent offline signal postprocessing tasks, such as time-frequency analysis and the conversion to displacement

and velocity responses without relying on low-pass filters.

The forcing phase 𝜑𝐹1 with respect to the reference voltage phase 𝜃 (𝑡) is evaluated by replacing the acceleration term

in (5) and (6) with the measured excitation forcing. This evaluation is used to correct the forcing phase shift in (3)

arising from the presence of the shaker in experimental testing. The estimated fundamental harmonic phase lag of the

measured acceleration with respect to applied excitation (𝜅 = 1) is given by

𝜑𝜅 ≈ 𝜑𝑎𝜅 − 𝜑𝐹1 . (10)
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Eventually, the backbone can be obtained by gradually increasing the forcing amplitude. In this work, the input voltage

magnitude fed to the excitation shaker during backbone tracking follows a ramp-type function and is swept at a constant

rate 𝑑 |𝑈 (𝑡) |/𝑑𝑡 = 𝐶𝑟 .

Theoretical studies indicate that nonlinear phase resonance occurs when displacement and forcing are in phase

quadrature [27, 31], similar to the behavior of linear systems. However, in practice, mode coupling can cause phase

resonance to deviate from 𝜋/2. Therefore, it is recommended to measure a NFRC at a low forcing level to estimate the

resonant phase lag 𝜑̂.

The NNM identification strategy adopted in this paper is as follows:

1. Linear modal analysis and SST are performed to identify the resonant phase lags in the frequency range of interest;

2. At low excitation level, the open-loop frequency 𝜔̂𝑜 is chosen close to the linear frequency of the target mode and

the PI controller is activated so as to reach an initial point on the backbone;

3. The forcing amplitude 𝐹̂ is gradually increased for the continuation of the backbone curve;

4. The correspondence between the identified backbone curve and the corresponding NFRCs is verified to assess the

accuracy of the identification.

III. The F-16 Aircraft and Test Setup
This study was conducted during a Siemens Ground Vibration Testing (GVT) campaign, which took place

in September 2023 at the Air Force Campus Saffraanberg in Sint-Truiden, Belgium. As shown in Figure 2, the

decommissioned F-16 aircraft was positioned on the ground, and its slightly flattened tires served to provide soft

supports to mimic free boundary conditions. Two dummy missiles were mounted on their respective wing tip launchers.

Wing-to-payload interfaces are often recognized as a potential source of nonlinearities [2, 25]. A dummy store was

attached below the inlet duct, while no payloads were installed under the wing bodies. The equilibrium positions of

flight control surfaces, including the flaps connected to the wing trailing edges, the rudder behind the vertical tail and

the horizontal tailplane, were not modified by the actuation system during the whole testing procedure.

Two electromagnetic shakers (from The Modal Shop) were positioned beneath the right and left wings near the

wing tips, as shown in Figure 2. These shakers can be used to excite the aircraft in the vertical direction (Z-direction

as illustrated Figure 3). For dynamical excitation, the shaker fed by a power amplifier was connected by screwing a

metallic stinger to the impedance head, which was firmly bounded to the wing structure. The excitation location was

positioned near the wing tip, and the maximum forcing achievable was approximately 200 N.

A total of 60 PCB acceleration sensors distributed over the F-16 aircraft were employed for vibrational response

measurements. Multi-axial sensors were strategically placed at key positions such as wing tips, resulting in a total

number of 108 measured degrees of freedom (DoFs). As depicted in Figure 3, the accelerometer network comprises

several subsections, namely the left and right wing bodies, the missiles with the launcher and wing flaps, the aircraft
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Fig. 2 The F-16 aircraft. (a) The test set-up; (b) the shaker under right wing; (c) the impedance head measuring
force and acceleration; (d) right missile; (e) the controller and signal acquisition system.

fuselage, the horizontal tailplanes, the vertical tail and the rudder. The measured response signals were recorded using

Simcenter SCADAS data acquisition hardware along with Simcenter Testlab software. The sampling frequency for data

acquisition was set to be 800 Hz.

To realize PLL control for NNM identification, we utilized the real-time controller dSPACE MicroLabBox with a

sampling frequency set at 10 kHz, and the Matlab/Simulink software to execute the control algorithm. The adaptive

filter gain was set to 𝜇 = 0.001. For single-point force appropriation, only the electrodynamic shaker underneath

the right wing was utilized. The impedance head provided simultaneous measurement of the collocated forcing and

acceleration signals. These signals were amplified by a PCB signal conditioner and then transmitted to the dSPACE

controller. This setup enabled real-time estimation of the phase lag at the driving point, allowing for the control of the

shaker by manipulating the excitation frequency. The feedback loop was formed via an appropriate connection of the

controller with the sensor and exciter modules. T-shaped splitters were employed to share acceleration signals between

the SCADAS and the MicroLabBox, and two accelerometers at the right wing tip were simultaneously monitored by the

controller.

The results of PLL testing were compared against NFRCs obtained via SST in an open-loop excitation setup. While
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Fig. 3 The sensor network and measurement mesh, with colors indicating individual sections of aircraft. The
PLL control setup is also appended.

an additional force controller could potentially enhance force appropriation, it was not employed in this work to avoid

potential instabilities. There was no significant variation in forcing amplitude observed during the frequency sweeps.

We note that, besides the identification of the aircraft’s primary resonances, we also attempted to identify

superharmonic resonances [6]. The evidence for such resonances was brought through a combination of SST and

adaptive filtering techniques, by monitoring the amplitudes of higher harmonics .

IV. Experimental Testing and Nonlinear Modal Analysis

A. Linear modal analysis

A prerequisite for nonlinear modal analysis of a complex, multi-mode dynamical system is to have a good knowledge

of the underlying linear behavior. Low-level pseudo random excitation with a root-mean-squared (RMS) force amplitude

of 11 N was applied by both shakers. The modal parameters were estimated using the PolyMAX method [32]. Four

elastic vibration modes involving wing bending and torsion were identified between 5 Hz and 10 Hz. The linear natural

frequencies 𝑓L, damping ratios 𝜉L and modal deflection shapes (red lines) are presented in Figure 4, where the gray lines

represent the undeformed configuration. The aircraft also features three rigid body modes involving lateral swaying

(1.81 Hz), rolling movement (3.36 Hz) and vertical translational motions (3.95 Hz).

The modal synthesis results, carried out based on the stabilization diagram in the frequency band from 1 to 10 Hz,

are presented in Figure 5. The gray lines correspond to the Fourier analysis of the experimental data whereas the red
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Fig. 4 Linear modal analysis of the (a) first wing bending mode, (b) first, (c) second and (d) fourth wing torsional
modes.
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Fig. 5 Amplitude and phase lag of the FRF at the driving point on the right wing.

lines are the modal synthesis results. Surprisingly, the crosses in this figure indicate that the phase lags at amplitude

resonance are close to 1 rad for the three considered flexible modes, a significant deviation from the expected theoretical

value of 𝜋/2 rad for lighly-damped systems.
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Fig. 6 Amplitude and phase lag of the FRF of a 2DoF linear system. The crosses correspond to the amplitude
resonance of the second mode.

The reason for this behavior originates from the fact that the vibration modes are not well-separated in the frequency

spectrum. It can be qualitatively explained with a 2DoF linear system. Assuming proportional damping, the driving-point

FRF between the force and acceleration has the form [33]

¥𝑥
𝑓
= −

𝜔2𝑎2
1

𝜔2
1 − 𝜔2 + 2 𝑗𝜉1𝜔1𝜔

−
𝜔2𝑎2

2

𝜔2
2 − 𝜔2 + 2 𝑗𝜉2𝜔2𝜔

, (11)

where 𝜔𝑖 , 𝜉𝑖 and 𝑎𝑖 are the natural frequency, damping ratio and amplitude of mode 𝑖, respectively, and 𝑗 is the unit

imaginary number. Near the resonance of the second mode, a single-mode approximation consists in neglecting the first

term in Equation (11). A more accurate estimation can be made if one considers the inertia residual of mode 1, i.e., if

one neglects terms other than 𝜔2 in the denominator associated to the first mode (which amounts to neglecting the

modal stiffness and damping forces), leading to

¥𝑥
𝑓
≈ 𝑎2

1 −
𝜔2𝑎2

2

𝜔2 − 𝜔2
2 + 2i𝜉2𝜔2𝜔

, (12)

where 𝑎2
1 is the inertia residual of mode 1. Figure 6 present amplitude and phase lag of the FRF of a 2DoF linear system

(gray lines), with natural frequencies equal to 1 and 5 rad/s, damping ratios (0.5%, 0.5%) and modal amplitudes equal to

1 and 0.175. The phase evolution of the second mode is strongly influenced by the first mode through its inertia residual.

This is evident when comparing the contribution from the second mode alone (yellow lines) with its combination with

the inertia residual of the first mode (red lines). An alternative (but essentially similar) way to make this observation is
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to note that the antiresonances are generally close to the resonances for which the resonant phase lag deviates from 𝜋/2

rad [34].

Coming back to the F16 test results, it should be noted that the phase evolves monotonously in the vicinity of

resonances and that the resonant phase lag value remains the same at different forcing levels. Therefore, appropriate

conditions for the application of PLL testing are present, and nonlinear modal analysis can be attempted.

B. Primary resonances of the F-16 aircraft

In this section, we focus on the identification and analysis of the primary resonances of the first three nonlinear

elastic vibration modes.

1. Second wing torsion mode

The backbone curve at the driving point for the second wing torsion mode, which exhibits a symmetric wing

deflection around 7.7 Hz, was identified using PLL by either sweeping up or down the input voltage fed to the amplifier.

The sweep rate was fixed to 0.005 V/s. The NFRCs were obtained through relatively slow SST. The test durations for

one run of PLL and SST were around 4 mins and 2 mins, respectively, so the PLL is faster than SST when the objective

is to extract nonlinear modal properties.

Figure 7 presents the experimental nonlinear modal analysis results. The backbone curve of the second wing torsion

mode was identified by PLL with 𝐾𝑃 = 0.1, 𝐾𝐼 = 0.5. The NFRCs are obtained with SST at 𝐹 = 5, 18, 32, 40, 48 N.

The circles and crosses represent phase lags at 𝜋/2 and 1 rad, respectively. This convention applies to subsequent

figures as well, unless specified otherwise. The backbone curve is in close agreement with the resonance peaks of

the NFRCs confirming that an effective identification took place. Due to nonlinear softening effects, the resonance

frequency decreases continuously from the close vicinity of the previously identified linear natural frequency 7.66 Hz,

and a discontinuity in the backbone is observed around 7.56 Hz (the vertical dashed line in Figure 7 (a)). On the other

hand, the NFRCs are typical of those of frictional systems.

The measured phase lag in Figure 7(b) shows a good convergence toward the target value of 1 rad. As shown in

Figure 8, the target phase lag corresponds to the location where amplitude resonance occurs. Different PLL controller

gains (𝐾𝑃 and 𝐾𝐼 ) were considered to demonstrate the reliability and robustness of PLL testing. Figure 9(a) evidences

little variability (error consistently below 5%) between the different gain values considered. Figure 9(b) shows that

greater controller gains lead to smaller averaged phase lag deviation. Here, the black dashed line refers to the resonant

phase lag. The lines below (above) the dashed line correspond to increasing (decreasing) force, with green lines:

𝐾𝑃 = 0.01, 𝐾𝐼 = 0.2 (Downward: 𝐾𝐼 = 0.3), red lines: 𝐾𝑃 = 0.1, 𝐾𝐼 = 0.5 and blue lines: 𝐾𝑃 = 0.1, 𝐾𝐼 = 1.0. The

results discussed in what follows are based on an increasing voltage and 𝐾𝑃 = 0.1, 𝐾𝐼 = 1.0.

The time-frequency analyses, namely adaptive filtering and short-time Fourier transform, in Figure 10 were carried
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Fig. 7 Backbone curves (black) of the second wing torsion mode identified by PLL and colored NFRCs: (a)
amplitude and (b) phase lag.
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Fig. 8 The relation between response amplitude and phase lag of SST results in Figure 7.

out to evaluate the dominant harmonic components during backbone tracking. The adaptive filter with 𝑁𝐻 = 30

harmonics in Figure 10(a) can accurately represent the raw data with excellent noise rejection. The fundamental

harmonic is seen to dominate the system response. A small jump occurs in the time response near the aforementioned

backbone discontinuity. After that, there is an abrupt change in the response envelope’s slope, and the presence of a

much richer harmonic content is revealed by Figure 10(b). This figure also shows that odd harmonics are greater than

the even ones.

The acceleration surface method (ASM) [35], a variant of the restoring force surface method [36], was employed to

characterize the aircraft’s nonlinearities. Because PLL testing allows for an effective tracking of backbone curves, its

combination with the ASM which ideally requires near-resonance condition is thus particularly suitable for nonlinear

system identification. To the best of our knowledge, it is the first time that the joint use of the two techniques is proposed.
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Fig. 9 Backbone curves of the second wing torsion mode identified by PLL using different controller gains: (a)
amplitude and (b) phase lag.
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Fig. 10 Time-frequency analysis during backbone tracking (𝐾𝑃 = 0.1, 𝐾𝐼 = 1.0) with (a) adaptive filtering and
(b) short-time Fourier transform.

Figure 11 shows that both elastic and damping nonlinearities appear in the left wingtip launcher. Specifically, Figure

11(a) evidences a trilinear stiffness which leads to an abrupt decrease in the local stiffness as well as the generation

of a rich contact-induced harmonic content. This nonsmooth softening nonlinearity is deemed responsible for the

discontinuity of the backbone. This is confirmed by checking the time response at the missile side in Figure 12. The

damping curve in Figure 11(b) resembles that of Coulomb friction. The decrease in damping force at greater relative

velocities could be attributed to joint loosening.

The deviation between the nonlinear mode shape 𝚽NL, given by the operational deflection shape, and the underlying

linear mode shape 𝚽L, identified from the stability diagram of the linear modal analysis in Section IV.A, is determined
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Fig. 11 Acceleration surface method with sensors on either side of the left wingtip launcher: (a) stiffness and (b)
damping curves. Dark and light gray points indicate pre- and post-discontinuity zones.
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Fig. 12 (a) Time-frequency relation during backbone tracking and (b) time responses at the missile side in
Figure 11. The red dashed line is an extrapolation of the pre-discontinuity zone.

using the modal assurance criterion (MAC)

MAC =
∥𝚽T

L𝚽NL∥2

∥𝚽L∥2∥𝚽NL∥2 . (13)

The MAC was also calculated between the fundamental harmonic component of the nonlinear mode shape 𝚽NL,1 and

𝚽L. Figure 13 displays both MAC values calculated all along the backbone curve. The MAC for the fundamental

harmonic component is close to unity indicating that the operational deflection shape identified by PLL control is

primarily dominated by a single nonlinear mode and a good nonlinear mode identification has been achieved. Only very

minor contributions from other modes influence vibration amplitude, while their effects are primarily reflected in phase

lag deviations. On the other hand, the MAC accounting for the higher harmonics departs from unity underlining the
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influence of these harmonics. Specifically, the MAC significantly decreases after the discontinuity observed during

backbone tracking.

Another relevant indicator is the power-based mode indicator function (PBMIF) defined as the ratio of the active

power over apparent power [17]. The PBMIF exhibited little fluctuations during each PLL test and the averaged value

was around 0.85, which indicates a good-quality NNM isolation (e.g., the lowest PBMIF in [17] is 0.65 for a beam with

a localized nonlinear connection).
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Fig. 13 MAC values: 𝚽NL (black) and 𝚽NL,1 (gray).

Following [20], a nonlinear damping ratio can be defined to characterize the energy dissipation in a nonlinear

mechanical system

𝜉NL =
𝑃1

𝜔3
NL𝑎

2
. (14)

𝑃1 = 0.5𝐹1𝑉1 cos 𝜑̄ is the fundamental harmonic component of the active power provided by the excitation, where 𝐹1,

𝑉1 and 𝜑̄ represents the force magnitude, velocity amplitude and phase lag, respectively. Here, 𝜔NL is the nonlinear

modal frequency and 𝑎 is the modal amplitude, which is the amplification factor from the mass-normalized fundamental

harmonic mode shape to the unscaled one, i.e. the fundamental harmonic of x. The minor displacement contribution

from off-targeted modes and effects of higher harmonics have been neglected. In this work, instead of estimating

mass-normalized mode shapes, the proportionality relation is exploited and the nonlinear damping ratio at a low forcing

level is assumed to be equal to the linear damping ratio. Figure 14 displays the resulting damping ratio; it increases by a

factor of around two with increased vibration amplitudes and decreased frequencies, typical of frictional systems. The

damping ratio also decreases slightly at high response levels, consistent with the damping force identified in Figure

11(b).
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Fig. 14 Nonlinear damping ratios estimated from the identified backbone. The crosses represent the linear case.

2. First wing torsion mode

Figure 15 presents the nonlinear modal testing results for the asymmetric torsion mode near 6.9 Hz. The SST

responses at 𝐹 = 5, 15, 30 N indicate that the dynamics for this mode are somewhat more complex. For this mode, only

a sweep down of the voltage was considered during backbone tracking (PLL using 𝐾𝑃 = 0.01, 𝐾𝐼 = 0.05), because

starting from a low voltage level tended to activate the first wing bending mode. In addition to the softening due to

friction, the backbone curve undergoes a pronounced change in curvature. The fundamental phase lag at the driving

point remains almost constant (phase deviation less than 0.1 rad) during the test.
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Fig. 15 Backbone curve (black) of the first wing torsion mode and colored NFRCs: (a) amplitude at the right
wing tip and (b) fundamental phase lag at the driving point.

Time-frequency analysis is depicted in Figure 16. Compared to the second wing torsion mode, the adaptive filters

needed more harmonics (𝑁𝐻 = 300) to accurately capture the dynamical behavior. Three distinct vibration regimes

can be identified from right to left: friction-dominant (Regime I), harmonic growth (Regime II), and strong contact

17



interactions (Regime III). In Regime I, at low force magnitudes, the response is primarily governed by the fundamental

harmonic, and the system exhibits friction-induced softening. In Regime II, a slight asymmetry emerges in the time

response, accompanied by the growth of higher harmonics. Regime III is characterized by a rich harmonic spectrum

and pronounced nonsmooth behavior due to strong contact interactions. The time-dependent spectrum, obtained via

short-time Fourier transform, further highlights the presence of contacts, with numerous harmonics visible before 80

seconds.

0 50 100 150 200 250

Time [s]

-1

-0.5

0

0.5

1

1.5

A
c
c
e
le

ra
ti
o
n
 [
m

/s
2
]

Raw

N
H

=300

N
H

=100

N
H

=1

(a)

III II I

50 100 150 200 250

Time [s]

0

100

200

300

400

500

600

700

F
re

q
u
e
n
c
y
 [
H

z
]

-75

-70

-65

-60

-55

-50

-45

-40

-35

-30

P
o

w
e

r/
fr

e
q

u
e

n
c
y
 (

d
B

/H
z
)

(b)

Fig. 16 Time-frequency analysis during backbone tracking (corresponding to the black curve in Figure 15) with
(a) adaptive filtering and (b) short-time Fourier transform.

The time responses of the wing body and the flap in the chord direction were examined to have a better understanding

of the modal deflection shapes and the underlying nonlinear mechanisms. At high forcing level, Figure 17 evidences

that, along the right wing chord line, higher oscillations occur at the back of the wing and at the flap compared to those

at the front of the wing. One can also recognize the 3 aforementioned regimes in these time series. The corresponding

motions in phase space are represented in Figure 18. Large deviations from an ellipse indicate strong nonlinearities.

The wing-to-flap connection thus seems to be the source of contacts for the first wing torsion mode. The mode shapes of

the right wing are depicted in Figure 19 and display important deflections next to wing-to-flap connection.

3. First wing bending mode

The backbone curve and NFRCs of the first wing bending mode in Figure 20 exhibit an oscillatory envelope at

higher forcing levels, which is mainly induced by the contacts existing in the system. Here, the backbone curve was

identified by PLL using 𝐾𝑃 = 0.01, 𝐾𝐼 = 0.2 and The vertical dashed line indicates the location of the onset of contacts.

The colored NFRCs are obtained with SST at 𝐹 = 4, 10, 20 N. This mode also features friction-induced softening and

the frequency shift is around 2%.

The time-frequency analysis in Figure 21(b) clearly reveals when contacts occur. Around 100 harmonics are
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Fig. 17 Time responses along the right wing chord line.
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Fig. 18 Motions of three measurement locations in Figure 17 projected in the phase space around 200s, 100s
and 20s.

Fig. 19 The aircraft ring wing defection at 250s (blue) and 50s (red), with undeformed mesh as gray.

needed in Figure 21(a) to capture accurately the dynamical behavior. The time responses measured at one wing-to-flap

connection interface in Figure 22 also features clear evidence of impacts. The PBMIF is around 0.86, which supports a

good nonlinear mode isolation. Due to friction, the damping ratio in Figure 23 increases with increased vibration levels

and decreased modal frequencies.
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Fig. 20 Backbone curves (black: increasing forcing level, and purple: decreasing forcing level) of the first wing
bending mode and colored NFRCs: (a) amplitude and (b) phase lag.
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Fig. 21 Time-frequency analysis during backbone tracking for increasing forcing with (a) adaptive filtering and
(b) short-time Fourier transform.

C. Superharmonic resonances of the F-16 aircraft

1. Second wing torsion mode

A unique feature of nonlinear systems is the existence of secondary resonances, namely superharmonic and

subharmonic resonances [6]. A 3:1 superharmonic resonance of the second wing torsion mode was detected around one

third of its linear modal frequency, i.e., 2.58 Hz, using sine sweeps (𝐹 = 48 N) and adaptive filtering. The superharmonic

resonance peak can be seen in Figure 24(a), which represents the frequency response of the third harmonic of the

response. This third harmonic is admittedly very small, explaining its noisy behavior, but, at the same time, this

demonstrates the effectiveness of adaptive filters. Figure 24(b) reveals that the phase lag between the third harmonic of

the response and the forcing is near 𝜋/2 rad (the crosses represent phase resonance), in agreement with the theoretical
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Fig. 22 Time responses measured at a wing-to-flap connection interface.
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Fig. 23 Nonlinear damping ratio of the first wing bending mode. Black: increasing forcing level, and purple:
decreasing forcing level.

value [37]. The deflection shape of the third harmonic at the superharmonic resonance in Figure 24(c) is in close

correspondence with the second wing torsion mode shape in Figure 4(c), further confirming that an interaction with this

mode takes place. More responsive superharmonic resonances could have probably been obtained with higher forcing

levels. Unfortunately, this was not possible considering the shakers used during the tests.

2. Third wing torsion mode

A 3:1 superharmonic resonance of the third wing torsion mode was also identified at 𝐹 = 40 N in Figure 25(a).

The deflection shape of the third harmonic in Figure 25(c) indeed resembles the mode shape in Figure 4(d). Figure

25(b) highlights that the resonant phase lag is 3𝜋/2 rad (the crosses represent phase resonance). A possible reason for

the phase shift by 𝜋 is that the superharmonic resonance is close to the rigid-body mode featuring rolling motion, as

discussed in [38]. This is confirmed by checking the fundamental harmonic response in Figure 25(d).
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Fig. 24 3:1 superharmonic resonance of the second wing torsion mode: (a) third harmonic FRC, (b) phase lag
and (c) deflection shape of the third harmonic.

V. Conclusions
In this study, our focus was on the experimental identification of wing bending and torsion modes in a full-scale

F-16 aircraft. To achieve this, we employed Phase-Locked Loop (PLL) testing, which utilizes adaptive filtering for

real-time phase lag calculation and a PI controller to maintain the response at the desired resonant phase lag. Given the

limited availability of the F-16, all tests were completed in under six hours, highlighting the efficiency and robustness of

the PLL testing method.

The backbone curves were successfully identified for the aircraft’s first wing bending mode as well as its first and

second torsion modes. These curves closely matched the maxima of the nonlinear frequency responses obtained from

sine sweep testing. An interesting finding of this study is that the resonant phase lags deviated from 𝜋/2, likely due to

the imperfect separation of the aircraft modes. This contrasts with the typical behavior observed in the literature on

isolated nonlinear mode identification [14, 17, 18]. Two 3:1 superharmonic resonances, corresponding to the second and

third torsion modes, were also measured during the sine sweeps. These resonances occurred at very low acceleration

levels, highlighting the effectiveness of the adaptive filtering process proposed in [30].
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Fig. 25 3:1 superharmonic resonance of the third wing torsion mode: (a) third harmonic FRC, (b) phase lag,
deflection shapes of (c) third and (d) fundamental harmonics.

Finally, two sources of nonlinearity were identified in the aircraft: one in the wingtip launcher and another at the

wing-to-flap connection. The nonlinearity in the wingtip launcher was characterized using a unique combination of the

ASM method [35] and PLL testing, revealing a trilinear softening stiffness and Coulomb damping.
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