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Abstract

The interaction-based Deep Material Network (IB-DMN) is reformulated to decouple the phase volume
fraction from the topological parameters of the IB-DMN. Since the phase volume fraction is no longer
influenced by the topological parameters, on the one hand the stochastic IB-DMN can predict the response
of arbitrary phase volume fraction, and on the other hand the stochastic IB-DMN can be constructed by
introducing uncertainties to the topological parameters of a reference IB-DMN, which is trained using data
obtained from full-field linear elastic homogenisation, allowing to capture the variability resulting from the
micro-structure organisation such as phase clustering.

The non-linear predictions of the proposed stochastic IB-DMN are compared to those from Direct Numer-
ical Simulation (DNS) on 2D Stochastic Volume Elements (SVEs) of unidirectional fibre-reinforced matrix
composites in a finite-strain setting. The results from in-plane uni-axial stress and shear tests show that the
proposed stochastic IB-DMN is capable of reproducing random non-linear responses with the same stochas-
tic characteristics as the predictions of the DNS conducted on SVE realisations.
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1. Introduction

For many industrial applications, it is crucial to estimate the probability of rare events in order to assess
the structural integrity, beyond considering only the nominal behaviour. In such cases, stochastic virtual
testing becomes essential, as experimental campaigns cannot capture these events at a reasonable cost.
Therefore, there is a growing interest in the scientific community in performing stochastic virtual testing of
structures, particularly those made of heterogeneous materials, such as composites, in order to assess the
structural reliability, evaluate the effects of manufacturing conditions on material properties, and support
the development of digital twins. One of the main sources of uncertainty in structures made of heterogeneous
or engineered materials arises from the the micro-structure due to both geometrical and material variability,
including defects.

In order to upscale the uncertainties, a multi-scale analysis is thus required to perform the scale tran-
sition between the material and structural scales. To that end, the uncertainty arising from the material
heterogeneity has to be described as the spatial variability of the properties at the micro-structural level,
with the generated meso-scale virtual specimens serving as stochastic volume elements (SVEs) in a stochastic
multi-scale analysis, see the reviews [1, 2].
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In some cases, mainly for reversible responses, the evaluation of the stochastic apparent properties of the
SVEs can be decoupled from the macro-scale stochastic finite element analyses. This method has been widely
used in the context of random elastic media [3, 4], linear micro-polar continua [5–7] or again thermo-elasticity
[3, 8]. In these latter references, the homogenisation was mainly used to define the minimum SVE size
allowing statistically representative (and thus unique) homogenised properties to be extracted. Nevertheless,
the approach was also used to analyze the variability in the homogenised properties in the context of elasticity
[9–15], of thermo-elasticity [16], strain-gradient elasticity [17] or elastic phase-field approach [18]. For the
latter case, homogenised fracture properties were evaluated through the homogenisation process. Random
fields of the homogenised properties can then be generated to conduct stochastic macro-scale simulations.
The definition of these random fields can be achieved by considering a moving-window technique when
defining the SVEs in order to extract the spatial correlation matrix [11, 14, 15, 18] or by considering the
maximum entropy principle [19–22] in order to represent random matrices when the available information
is limited. Models of second-order random fields, taking values in some sets of tensors for each of the eight
different elasticity symmetry classes of crystal were also developed [23–25].

Considering a spectral stochastic computational scheme, in which the finite-element resolution of the
lower-scale BVP is achieved in both the spatial and stochastic domains after applying a Karhunen–Loève
expansion of the random material properties, hence defining the interpolation function in the stochastic
domain, allows linking the global properties of multi-phase heterogeneous structure to the random material
properties of their micro-structural phases [26, 27]. This approach alleviates the need to perform the lower-
scale BVP resolution for each micro-structure realisation. Similarly, micro-structure variability, such as the
inclusion radius of composite, was accounted for by developing the stochastic-local finite element method
[28], which considers usual Lagrangian shape functions in the physical domain and sequences of trigonometric
functions in the stochastic domain, or by developing the stochastic-global finite element method [29] in which
trigonometric shape functions are considered for both the physical and the stochastic domains. Nevertheless
these approaches remain limited in the size of the stochastic domain and mainly to reversible responses.

For general homogenisation-based non-linear multi-scale simulations, in which homogenised properties
cannot be clearly identified because of the complex irreversible response of the SVEs, the two scales ought
to be solved concurrently, e.g. using computational homogenisation to solve the lower-scale boundary value
problem (BVP) in a FE2 context [30, 31], which results in prohibitive computational costs1. Therefore,
developing ad hoc stochastic surrogate or reduced order models to replace the direct numerical solution of
the lower-scale BVP defined on the SVEs is desirable, particularly in the context of highly non-linear and
irreversible behaviors.

In general, surrogate models are mathematical or micro-mechanical formulations constructed from offline
simulations conducted on different SVE realisations. Using Karhunen-Loève series or Polynomial chaos
expansions, kriging methods or Gaussian Regression, etc., surrogate models, including in the non-linear
range, have been extensively developed in the literature, see the extensive review in [2]. However, these
methods cannot generally handle history-dependent non-linearities in a straightforward way, which are
common in SVE responses due to plasticity and/or damage. Recently data-driven approaches have emerged
as an opportunity to develop such models.

Based on information obtained from offline computations performed on meso-scale BVPs, reduced ver-
sions of the models can be created by projecting the governing equations onto suitably selected sub-spaces,
such as in the proper orthogonal decomposition (POD) of the displacement field [32]. However, in addi-
tion to the challenge of achieving high accuracy with a limited number of modes in the non-linear range,
the modes obtained from these offline simulations are specific to a given micro-structure, making it diffi-
cult to extend to stochastic behavior. Reduced versions of models can also be based on micro-mechanics
approaches with much less variables, such as self-clustering analysis (SCA) [33], where some stochastic
effects, like variations in fibre volume fraction and waviness in UD laminate compression, have been stud-
ied [34]. However, the interaction matrices are defined for a specific micro-structure, and using different

1In the context of elasto-plastic random media [3], or finite elasticity [3], such homogenisation was conducted for random
media in order to define the minimum SVE size allowing to extract statistically representative homogenised properties, but it
was not used to conduct stochastic multi-scale simulations.
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ones requires performing new clustering analyses. Alternatively, an efficient micro-mechanical model, such
as the Mean-Field Homogenisation (MFH), can be employed as a stochastic surrogate by associating its
parameters to given micro-structure realisations, which however requires a complex identification process
[35, 36]. A synthetic micro-structure responses database can be generated by conducting offline simulations
of several micro-structure realisations. The synthetic database can then be used to train machine learning
algorithms, such as neural networks (NNWs), even in the context of history-dependent problems [37–39].
Theoretically, this approach can also incorporate micro-structure properties as input, in addition to the
strain path. However, due to the limited extrapolation capabilities of NNWs, this method requires con-
structing a large synthetic data-set. Alternatively, when the variability is associated to a clearly identified
and quantified micro-structural feature, an interpolation between data-sets obtained for different values of
the micro-structure feature can be applied, as suggested in [40] in the context of non-linear electrical conduc-
tion. The aforementioned methodologies still have some limitations, including the complexity of generating
synthetic databases to train the surrogate models, loss of thermodynamic consistency, and limitations in
interpolation or extrapolation capabilities regarding micro-structure features. Specifically, the surrogate is
built on data with specific material systems, making it challenging to extend an existing surrogate model to
a new material system.

Recently, the Deep Material Network (DMN) method was proposed in [41, 42]. As a homogenisation
method based on analytical micro-mechanics models, the DMN is constructed from mechanistic building
blocks organised in a binary hierarchical topological structure, with optimised fitting parameters, such
as weight ratios and rotation coefficients, through a training process. Once trained using linear elastic
data, the DMN is able to predict non-linear responses through a forward homogenisation process and a
backward dehomogenisation process evaluating the local unknowns which correspond to the fluctuation fields
in the mechanistic building blocks. Because of its thermodynamic consistency, which has been theoretically
analysed in [43, 44], the DMN has the ability of extrapolation in terms of the loading path. Besides, since
the phase material responses are explicitly modeled using the constitutive material models at the so-called
material nodes, the DMN can naturally adapt to different micro-scale material behaviours –i.e. constitutive
models, including in the non-linear range. The DMN was further extended to material failure [45]. In
[46, 47], the original laminate micro-mechanics model was further generalised by defining the interactions
from the Hill-Mandel condition, yielding the so-called Interaction-Based Deep Material Network (IB-DMN),
improving the training stage. An extensive comparison of the DMN approaches has been provided in [48].

In order to account for variability in the micro-structure geometry, in [49], several specific DMNs trained
on micro-structures with varying phase volume fractions were used to construct a micro-structure base, en-
abling interpolation of new DMNs without requiring additional training. A similar approach was conducted
in terms of the Orientation Distribution Function in [49, 50]. The interpolation for complex micro-structure
variability, e.g. resulting from the fibre organisation such as clustering etc., which cannot be summarised
by a single scalar or a tensor, is however not possible since the method assumes statistical representativity.
A single-layer feed forward neural network was utilised in [51] to model the dependency of the DMN fitting
parameters on the phase fractions of the micro-structure, in which the inclusions are regularly embedded
in the matrix material. A graph neural network was employed to extract features from micro-structures
in [52], which were then used to provide the DMN fitting parameters through a feed forward neural net-
work trained using linear elastic data, with phase volume fraction constraints applied to its output. In the
aforementioned literature, DMNs trained with linear elastic data have been shown to accurately predict the
non-linear response of Representative Volume Elements (RVEs).

Since SVEs are stochastic representations of micro-structures with inherent randomness, for DMN to act
as a surrogate model in stochastic multi-scale simulations, this paper aims at representing the geometrical
uncertainties through a variability of the DMN fitting parameters. To that end, the IB-DMN is reformulated
so that the phase volume fraction becomes an input variable while the remaining IB-DMN fitting parameters
describe solely the organisation of the micro-structure, such as the phase clustering. As a result, on the one
hand the resulting IB-DMN can predict the response for an arbitrary phase volume fraction, and on the
other hand a stochastic IB-DMN is constructed by introducing uncertainties to the topological parameters
of a reference IB-DMN, which is trained using data obtained from full-field linear elastic homogenisation
conducted on different SVE realisations.
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As a proof of concept, a reference IB-DMN with a binary tree structure is used to surrogate unidirectional
fibre-reinforced composites. The uncertain non-linear response of the SVEs is then shown to be reproduced
by the proposed stochastic IB-DMN in which perturbations are applied to the topological parameters of the
reference IB-DMN to represent the effect of the micro-structure variability. Nevertheless, this approach has
to be seen as a first step toward the use of IB-DMN as stochastic surrogates in multi-scale simulations in
which the parameters of the stochastic IB-DMN will be directly correlated to the micro-structure realisation
instead of mimicking the effect of the micro-structure variability, but this is out of the scope of this paper.

Organisation of the paper is as follows. We first present in Section 2 the definition of the interaction
mechanisms in the context of a homogenisation process. In Section 3, the IB-DMN is presented first in an
infinitesimal strain setting for linear training purpose, before being generalised to a finite-strain setting for
online simulations. The stochastic IB-DMN is then developed in Section 4. In Section 5, the predictions of
the stochastic IB-DMN for the non-linear response of unidirectional (UD) fibre-reinforced matrix composites
are then compared to the statistical content obtained by conducting direct numerical simulations on SVE
realisations, in which the effects of both the fibre volume fraction and fibres distribution are accounted
for. The computational efficiency of the IB-DMN is eventually discussed in Section 6 before drawing some
conclusions.

2. Definition of interactions in the context of homogenisation
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Figure 1: Interaction-Based Deep Material Network: (a) Interactions in domain ΩM which includes Np(= 5) subdomains; and
(b) the Np-phase interaction is simplified into sequential two-phase interactions.

2.1. Micro-scale interaction mechanism and homogenisation

In this section, the theoretical background of the interaction mechanism is revisited from the perspective
of homogenisation. Considering an aggregation of Np phases within the domain ΩM. Each phase occupies

a subdomain Ωi, such that ΩM =
⋃Np−1

i=0 Ωi, see Fig. 1(a). The outer boundary of ΩM is denoted as

ΓM =
⋃Np−1

i=0 Γi
M, where Γi

M is the outer boundary of phase i with the corresponding outward unit normal
vector N i

M. The interfaces between phases, located along the NI planes, are defined as inner boundaries ΓI
i
j

with their outward unit normal NI
i
j , where j = 0, ..., NI− 1 indicates the interface plane, and i denotes the

phase connected to it. It should be noted that an interface can be approximated by multiple planes.
The volumes of the domain ΩM and subdomains Ωi are denoted as VM and Vi, respectively, with VM =∑Np−1

i=0 Vi. Consequently, the volume fraction of phases are defined as vi =
Vi

VM
, satisfying

∑Np−1
i=0 vi = 1.0.

The volume-averaged strain εM and stress σM for the entire aggregation are related to the volume-averaged
strain εi and stress σi in each phase Ωi as follows:

εM =

Np−1∑
i=0

viεi , and σM =

Np−1∑
i=0

viσi . (1)
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2.2. Microscopic strain

Using the theory of homogenisation, the displacement field um(Xm) in ΩM, subject to a homogenised
strain εM, reads,

um(Xm) = εM · (Xm −Xm0) + a(Xm), Xm ∈ ΩM, (2)

where Xm0
is a reference point, and a(Xm) is the fluctuation field resulting from the heterogeneity of ΩM.

The corresponding strain field is given by

εm(Xm) = ∇⊗s um(Xm) = εM +∇⊗s a(Xm), Xm ∈ ΩM, (3)

where ∇ and ⊗s are the gradient and symmetric dyadic operators, respectively. Using the expression of
microscopic strain, Eq. (3), and the definition of the homogenised strain yields,

εM =
1

VM

∫
ΩM

εm(Xm)dV =

Np−1∑
i=0

viεM +
1

VM

Np−1∑
i=0

∫
Ωi

∇⊗s a(Xm)dV , (4)

and leads to

Np−1∑
i=0

∫
Ωi

∇⊗s a(Xm)dV = 0 , (5)

according to Eq. (1). Applying Gauss’ theorem, Eq.(5)2 can be rewritten as,

Np−1∑
i=0

∫
Γi
M

a(Xm)⊗sN i
M(Xm)ds+

∑
∀ΓI

i
j ̸=∅

∫
ΓI

i
j

a(Xm)⊗sNI
i
jds

 = 0 . (6)

Since for any inner boundaries with ΓI
i
j ̸= ∅ two adjacent subdomains have opposite outward unit normals,

the second term in Eq. (6) is always zero for a continuous field a(Xm). The zero-value of the first term can
be achieved by applying a specially defined boundary condition classical for homogenisation theory, such as
a kinematic constraint on the outer boundary of ΓM,

a(Xm) = 0 , for Xm ∈ ΓM and ΓM =

Np−1⋃
i=0

Γi
M , (7)

or by selecting a periodic fluctuation a(Xm) at the outer boundary, in which case the outer boundary can
be treated as an inner boundary of an infinite periodic domain, ΓM = ∅. Then, along with the analysis of
Eq. (6), Eq. (4) can be rewritten as

εM =

Np−1∑
i=0

vi

εM +
1

Vi

∑
∀ΓI

i
j ̸=∅

∫
ΓI

i
j

a(Xm)⊗sNI
i
jds

 . (8)

By comparing Eq. (8) with Eq. (1), we obtain the following result for any continuous field a(Xm),

εi = εM +
1

Vi

∑
∀ΓI

i
j ̸=∅

∫
ΓI

i
j

a(Xm)⊗sNI
i
jds . (9)

2We consider Ωi, ΓI
i
j , NI

i
j in the reference configuration since we are in an infinitesimal deformation setting.
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Defining

aj =
1

sij

∫
ΓI

i
j

a(Xm)ds , (10)

where the surface parameter is defined as sij =
∫
ΓI

i
j
ds for ΓI

i
j ̸= ∅, the volume-averaged strain in each phase

can be formulated following

εi = εM +
1

Vi

∑
∀ΓI

i
j ̸=∅

sijaj ⊗sNI
i
j . (11)

Physically, this equation represents the strain concentration tensor, which expresses the relation between the
lower-scale strain distribution, here the volume-averaged strain εi in phase Ωi, and the macro-scale strain
εM through the perturbation field a(Xm), Eq. (2), here its surface-averaged value aj , Eq. (10).

2.3. Hill-Mandel condition

The energy consistency between the scales implies that

σM : δεM =

Np−1∑
i=0

viσi : δεi . (12)

This equation expresses that the stress power at the macro-scale, the left-hand side, is equivalent to the stress
power at the lower-scale, the right-hand side, which is formulated through the volume-averaged fields in the
phases Ωi. This relation is the keystone of homogenisation theory which is required to ensure thermodynamic
consistency.

Using Eq. (11), this last result is rewritten as

σM : δεM =

Np−1∑
i=0

viσi : δεM +

Np−1∑
i=0

∑
∀ΓI

i
j ̸=∅

vis
i
j

Vi
σi :

(
δaj ⊗sNI

i
j

)
, (13)

or again, using Eq. (1) and the symmetric nature of the Cauchy stress tensor, as

Np−1∑
i=0

∑
∀ΓI

i
j ̸=∅

vis
i
j

Vi
σi :

(
NI

i
j ⊗s δaj

)
= 0 . (14)

Equation (14) constitutes the weak form of the approximation, which is stated as finding the solutions for
ak, k = 0, ..., NI − 1, in Eq. (11), which yield the averaged stresses σi, i = 0, ..., Np − 1, that satisfy Eq.
(14) for arbitrary δaj .

To close the system, we apply a constitutive behaviour in each phase Ωi to relate the averaged stress to
the averaged strain following

σi = σ
p (εi(aj); ψi) , for i = 0, ..., Np − 1 , (15)

where ψi is the set of internal variables in the case of a non-linear behaviour, and where σp is the constitutive
behaviour considered for phase Ωi.

2.4. Microscopic stress

In the absence of dynamics and body forces, the equilibrium equation for the aggregate, ΩM, is given by

∇ · σm(Xm) = 0 , for Xm ∈ ΩM , (16)
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under the Dirichlet boundary condition, Eq. (7), or periodic boundary condition on ΓM. This equation can
be rewritten

0 =
1

VM

∫
ΩM

∇ · σm(Xm)dV . (17)

Applying Gauss’s theorem, Eq. (17) can be rewritten as

Np−1∑
i=0

∫
Γi
M

σm(Xm) ·N i
M(Xm)ds+

∑
∀ΓI

i
j ̸=∅

∫
ΓI

i
j

σm(Xm) ·NI
i
jds

 = 0 . (18)

The first term vanishes for consistent boundary conditions like periodic boundary conditions. The remaining
equilibrium equation is then approximated by considering the averaged stress σi in each subdomain Ωi,
i = 0, ..., Np − 1, which results on the interface ΓI in

Np−1∑
i=0

∫
ΓI

i
j

σi ·NI
i
jds =

Np−1∑
i=0

sijσi ·NI
i
j = 0 , for j = 0, ..., NI − 1 . (19)

This set of equilibrium Eqs. (19) of the interfaces corresponds to the set of equations resulting from the
Hill-Mandel Eq. (14) for arbitrary values of δaj . This is thus the weak form of the problem: since the
homogenised stress σM of the aggregate can be evaluated by Eq. (1), the key problem becomes finding the
solutions for ak, k = 0, ..., NI − 1, in Eq. (11), which yield the averaged stresses σi, i = 0, ..., Np − 1, that
satisfy Eq. (19).

3. Interaction-Based Deep Material Network (IB-DMN)

The approximation set in Section 2.4 can provide a highly accurate solution to the aggregate homogeni-
sation problem if the interaction structure is well defined. The accuracy of the approximate solution depends
on the predefined interaction structure, such as the division of ΩM in subdomains Ωi, with i = 0, ..., Np− 1
and in interfaces ΓI

i
j ̸= ∅, with j = 0, ..., NI − 1, as well as the identification of the corresponding topolog-

ical parameters, such as the subdomain volume fractions vi, the surface area sij of the subdomain i on an

interface j, and the normal NI
i
j to the interface. Once the interactions structure is defined, the topological

parameters, denoted by G = {vi, sij ,NI
i
j |i = 0, ..., Np−1 and j = 0, ..., NI−1}, can be determined through

a data driven training process.
However, dividing into subdomains is not a straightforward process and can be challenging. As illustrated

in Fig. 1(b), a direct division in subdomains can be avoided by using a sequential two-phase approach. We
start this section by considering a one-level interaction considering only two subdomains. Building on this
result, we introduce the multi-level interactions binary tree structure, first in the infinitesimal strain setting
with a view of linear training and then in a generalised finite-strain setting for online simulations. In such
a binary tree structure made of 2-phase interactions, each interface ΓI

i
j ̸= ∅, considered in Eqs. (18) and

(19), is shared by only two domains Ωi and Ωj and defined by the normal directions NI
i
j = −NI

j
i . Training

and online simulations are then illustrated in the case of unidirectional (UD) composite volume elements of
different volume fractions.

3.1. One-level two-phase planar interaction and simplified topological parameters

For illustration, let us first consider an aggregate domain ΩM of arbitrary shape, where only two phases
occupy the subdomains ΩA and ΩB, such that ΩM = ΩA

⋃
ΩB, see Fig. 2(a). The outer boundary ΓM

is subdivided as ΓM = ΓA
M + ΓB

M. A two-phase system with planar interaction can be viewed as a general
formulation of laminate theory. The volume fractions of both phases are respectively vA and vB with
vA+vB = 1.0. The interface between the phases is approximated by a planar surface ΓAB, with the outward
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Figure 2: Binary interaction for a two-phase composite micro-structure: (a) Interactions between 2 subdomains, ΩA and ΩB,
in the domain ΩM; and (b) Direct subdivision of a micro-structure (by opposition to the data-driven approach followed in this
paper).

unit normal NA for domain ΩA and NB for ΩB, where NB = −NA. Recalling the strain expression in each
phase from Eq. (11), and using the simplified notation for the two-phase aggregate, yield

εA = εM +
1

vA

sAB

VM
a⊗sNA , and εB = εM −

1

vB

sAB

VM
a⊗sNA , (20)

where sAB is the surface area of ΓAB. Since sAB

VM
remains constant for a given two-phase aggregate, we can

further define the normalised fluctuation â = sAB

VM
a, which simplifies the last expressions to

εA = εM +
1

vA
â⊗sNA , and εB = εM −

1

1.0− vA
â⊗sNA . (21)

The expressions in Eq. (21) show that the volume-averaged strains in each subdomain are influenced solely
by the direction NA of their interface and by the normalised fluctuation â along it. The shapes of the
subdomains, however, have no effect: only their respective volume fractions vA and vB = 1− vA have.

For a linear elastic material system, let CA and CB represent the elasticity tensors of the two interacting
phases, and let CM represent that of the homogenised material. The equilibrium equation (19) can be
simplified on the interface as

NA ·
[
CA :

(
εM +

1

vA
â⊗sNA

)
− CB :

(
εM −

1

1.0− vA
â⊗sNA

)]
= 0 . (22)

Using Voigt notation ε = [ε00, ε11, ε22, 2ε01, 2ε02, 2ε12]
T

for the strain tensor, and the matrix expression
N of a normal N , which reads

N =

N0 0 0 N1 N2 0
0 N1 0 N0 0 N2

0 0 N2 0 N0 N1

T

, (23)

the tensor operation â⊗sNA can be expressed under the matrix form NAâ, where â = [â0, â1, â2]
T. Using

Voigt notation for the elasticity tensors C, the matrix form of Eq. (22) reads

NT
A

(
1

vA
CA +

1

1.0− vA
CB

)
NAâ = NT

A (CB −CA) εM . (24)

The interface fluctuation â can then be evaluated directly using

â = K−1LεM , with

K = NT
A

(
1

vA
CA +

1

1.0− vA
CB

)
NA and L = NT

A (CB −CA) . (25)
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According to Eq. (1), and using Eq. (25), the homogenised stress, expressed in Voigt notation, is given by

σM = vACA

(
εM +

1

vA
NAâ

)
+ (1.0− vA)CB

(
εM −

1

1.0− vA
NAâ

)
=

[
vACA + (1.0− vA)CB + (CA −CB)NAK−1L

]
εM . (26)

Then, the homogenised elasticity tensor CM can be extracted from Eq. (26) and reads, in Voigt notation,

CM = vACA + (1.0− vA)CB + (CA −CB)NAK−1L . (27)

From Eq. (27), it can be seen that the topological parameters for a two-phase aggregate reduce to
G2 = {vA, NA}.

3.2. Multi-level two-phase interactions

For more complex multi-level interaction structures, the sequential interaction mechanism can be rep-
resented by a tree structure, or so-called Deep Material network (DMN), and applied to a heterogeneous
material with multiple phases. For complex multiple-phase material systems, such as woven composites [53],
a carefully predefined tree structure is required. In contrast, for a simple two-phase heterogeneous material,
using a binary tree structure is a straightforward choice.

To provide an intuitive illustration of a binary tree structure, a simple unidirectional fibre-reinforced
matrix composite volume element is used in Fig. 2(b). Only one branch of the tree is shown in details,
where the two fundamental phases –matrix and fibre– are located at the bottom of the tree. The final
composite node is obtained through a sequential interaction mechanism. It can be seen that a part of the
matrix/fibre interface is approximated by a straight line in 2D, and the strains at the two bottom or material
nodes are uniform and correspond to volume-averaged values on the volumes represented by those nodes.
However, in the IB-DMN approach, instead of using such a direct subdivision of the micro-structure –such
a strategy was actually followed in [54]– as illustrated in Fig. 2(b), an abstract binary tree is employed
as illustrated in Fig. 3(a). This abstract tree subdivision, and the definition of the topological parameters
defined by the normals and volume fractions, arises from a data-driven approach, i.e. through a training
process using off-line direct numerical simulation results performed on the micro-structure. In this tree, basic
material nodes experiencing similar strains are merged, with modified interface orientations, to achieve a
more compact IB-DMN.
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Figure 3: Definition of the Interaction-Based Deep Material Network: (a) Binary tree structure of microscopic interaction
mechanism; and (b) Numbering of nodes and their corresponding topological parameters.

In a tree structure with L levels, the nodes are identified by their locations in the tree, denoted as Nk
l ,

where l = 0, 1, ..., L represents the level and k = 0, 1, ...,
(
2l − 1

)
represents the position within that level,

see Fig. 3(a).
The Np = 2L nodes at the bottom level of the tree, i.e. nodes of index Nk

L, are called material nodes and
correspond to a homogeneous phase whose behaviour follows a known constitutive law (15), as illustrated in
Fig. 3. In the case of a two-phase heterogeneous material, there are two such constitutive models σ0 (εi; ψi)
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Table 1: Two-phase interaction function

FUN
(
l, C0 ,CI ,G2

(
Nk

l

))
:

If: l < L− 1:

CA = FUN
(
l + 1, C0 ,CI ,G2

(
N2k

l+1

))
;

CB = FUN
(
l + 1, C0 ,CI ,G2

(
N2k+1

l+1

))
;

Else:
For a two-phase material CA = C0, and CB = CI

Compute CM using Eqs. (25) and (27).
Return CM

for i = 0, 2, ..., 2L − 2 and σI (εi; ψi) for i = 1, 3, ..., 2L − 1. In particular, the elasticity tensors of the
phases are denoted by C0 and CI, and the volume fraction of the second material phase in the heterogeneous
material –i.e. for all the material nodes of the structure– by vI;

The other nodes, i.e. nodes of index Nk
l where l = 0, 1, ..., L − 1, are described by their topological

parameters, as detailed in Section 3.1 and with their numbering illustrated in Fig. 3(b). We use G2
(
Nk

l

)
to represent the topological parameters, {vA, NA}, associated to the node Nk

l .

3.2.1. Homogenised elasticity tensor

The homogenised elasticity tensor of the two-phase heterogeneous material can be evaluated using the
interaction mechanism defined by the tree structure and the topological parameters associated to its nodes,

G2
(
Nk

l

)
, where l = 0, 1, ..., L− 1 and k = 0, 1, ...,

(
2l − 1

)
.

Following the derivation in Section 3.1, we define a general two-phase interaction function, see Table

1. Using C0, CI, G2
(
Nk

l

)
, where l = 0, 1, ..., L − 1 and k = 0, 1, ...,

(
2l − 1

)
, as input, the homogenised

elasticity tensor is expressed as,

CM = FUN
(
l = 0, C0, CI, G2

(
N0

0

))
, (28)

where CM is evaluated through recursive calls to the function “FUN()”.

3.2.2. Linear elastic training of the IB-DMN

To obtain an accurate DMN representation of a heterogeneous material, the topological parameters

G2
(
Nk

l

)
of the IB-DMN need to be determined properly. A training process aiming at minimising a loss

function can be applied to that end. The loss function can be defined as

Loss(ĈM ,CM) =
1

n

n−1∑
s=0

∥ĈM(Cs
0 ,C

s
I )−CM(Cs

0 ,C
s
I ; G2)∥

∥ĈM(Cs
0 ,C

s
I )∥

+
λ

2
(ṽI − vI)2 , (29)

where ∥ • ∥ refers to the Frobenius norm, ĈM are the training data obtained using Direct Numerical Sim-
ulations (DNSs) for different realisations of the phases elastic properties Cs

0 and Cs
I , n is the number of

data used in the training process and CM

(
Cs

0 ,C
s
I ; G2

)
, s = 0, ..., n− 1, are the predictions of the IB-DMN

obtained from Eq. (28) for the different realisations of Cs
0 and Cs

I . We also use the notation G2 as the

aggregate of G2
(
Nk

l

)
with l = 0, 1, ..., L − 1 and k = 0, 1, ...,

(
2l − 1

)
. The last term in Eq. (29) is a

penalty with the parameter λ, which imposes a constraint on the topological parameters to ensure that
the final volume fraction ṽI of the material phase “I” in the IB-DMN remains consistent with the volume
fraction vI of that material phase in the reference heterogeneous material.

PyTorch is used to implement the “FUN()” reported in Table 1 and to minimise the loss function (29).
The “AdamW” algorithm is selected to conduct the optimisation process.
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3.3. Extension of DMN to non-linear problems in a finite-strain setting

In Section 3.1, the phase interactions were formulated under an infinitesimal strain setting, from which
closed-form expressions of the homogenised properties could be obtained, leading to a fast training process
of the IB-DMN. In a (IB-)DMN approach, the tree structure illustrated in Fig. 3 exemplifies the role of
the different nodes. Nodes at the level L, the so-called material nodes, are responsible for the integration
of the phase constitutive behaviours. Nodes at level l < L are characterised by their topological param-

eters G2
(
Nk

l

)
, which are fitting parameters. In order to evaluate these topological fitting parameters, a

training has been performed by considering different material responses, although in the linear range, of

the micro-structure phases as detailed in Section 3.2.2. As a result, the topological parameters G2
(
Nk

l

)
are

representative of the micro-structure organisation solely, and do not depend on the material response of the

phases. In consequence, since the IB-DMN illustrated in Fig. 3 with the topological parameters G2
(
Nk

l

)
obtained from a linear training, on the one hand represents the micro-structure organisation independently
of the phases material response, and on the other hand is thermodynamically consistent –the Hill-Mandel
condition is satisfied and the material nodes integrate a consistent material model, the trained IB-DMN can
readily be used in the online stage to simulate non-linear and irreversible material responses of the same
micro-structure organisation by considering such material models at the material nodes level.

We however note that, in some cases, more accurate predictions could be reached with a non-linear
training process [47], but this requires a non-linear equation (the equilibrium equation at the interface)
to be solved at each training epoch, which significantly slows down the training process and prevents the
IB-DMN from being trained using batch data (which will be required to build the stochastic IB-DMN in
Section 4).

Besides, we consider in the non-linear regime a finite-strain setting. The extension of the interaction-
based DMN to a finite-strain setting is built on the fact that the micro-structure remains constant in the
reference configuration, meaning that the elasticity tensor at zero-deformation in a finite-strain setting

corresponds to the one of an infinitesimal setting. The topological parameters G2
(
Nk

l

)
obtained from a

linear training thus represent the interaction mechanisms in the micro-structure of a heterogeneous material,
allowing their use for non-linear simulations in a finite-strain setting. This allows for a direct application
of the existing network structure to non-linear problems, with the primary modifications being made to
the strain measures and constitutive models used within the network. Using the deformation gradient F,
which is defined as the gradient of the deformation mapping x with respect to each component of the

reference material point X
(
FiJ = ∂xi

∂XJ

)
, and the first Piola-Kirchhoff stress tensor P to account for large

deformations, the constitutive models (15) are now stated in a finite-strain setting as

Pi = Pp (Fi(aj); ψi) , for i = 0, ..., Np − 1, j = 0, 1, ..., NI − 1 . (30)

The theory reported in Section 2 is reformulated in a finite-strain setting in Appendix A.1. As a result, Eq.
(21) is modified to

FA = FM +
1

vA
â⊗NA , and FB = FM −

1

1.0− vA
â⊗NA , (31)

while the equilibrium equation on the interface, Eq. (19), becomes

[PA(FA;ψA)−PB(FB;ψB)] ·NA = 0 , (32)

where ψA and ψB are respectively the sets of internal variables of phases “A” and “B”. These sets of internal
variables at a node Nk

l with l = 0, 1, ..., L−1 and k = 0, 1, ...,
(
2l − 1

)
gather recursively the sets of internal

variables at the nodes N2k
l+1 and N2k+1

l+1 up to reaching the material nodes at the level L for which the internal
variables are ψi used in the constitutive models (30).

The equilibrium equations need to be solved iteratively at all the interaction interfaces of the IB-DMN.
This detailed resolution process in the non-linear finite-strain setting is provided in Appendix A.2.
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3.4. Application on a unidirectional (UD) fibre-reinforced matrix composite

In this section, in order to motivate the use of the IB-DMN as a surrogate model, and the further
development of a stochastic IB-DMN, we discuss on the accuracy reached by the presented deterministic IB-
DMN trained with linear data when predicting non-linear responses. To this end, we consider successively
different non-statistically representative volume elements of different volume fractions of UD composites,
and train successively three deterministic IB-DMNs of different levels for each of them.

3.4.1. Definition of the non-statistically representative volume elements
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Figure 4: Images of six non-statistically representative volume elements of different volume fractions: (a) vI = 0.34; (b)
vI = 0.38; (c) vI = 0.45; (d) vI = 0.47; (e) vI = 0.52; and (f) vI = 0.58.

The micro-structure of the UD fibre-reinforced matrix composite is represented by non-statistically rep-
resentative volume elements of different volume fractions of size 20µm × 20µm, which are generated to
capture the material inherent micro-structural features extracted from SEM images following the approach
reported in [55]. Six non-statistically representative volume elements of different volume fractions ranging
from 0.34 to 0.58, are illustrated in Fig. 4.

The matrix is modeled as an isotropic material characterised by a Young’s modulus E0 and a Poisson’s
ratio ν0 and obeys a finite-strain J2 elasto-plastic constitutive model [56] as summarised in Appendix B.
With an initial yield stress τ0y , the plastic deformation follows a linear isotropic hardening law, with the von
Mises stress criterion reading

f = τeq − τ0y − hγ ≤ 0 , (33)

where γ is the equivalent plastic strain and h is a material hardening constant.
The transverse isotropic fibres are defined by five material parameters, two Young’s moduli ET

I and EL
I ,

respectively for the transverse and longitudinal directions, the major and transverse Poisson’s ratios νLTI
and νTT

I , and the shear modulus GLT
I .

3.4.2. Elastic training of the IB-DMN

The deterministic IB-DMNs are trained independently, each of them corresponding to a non-statistically
representative volume element of a given volume fraction. The training data are obtained from direct com-
putational homogenisation applied on the corresponding mesoscopic non-statistically representative volume
elements with periodical boundary conditions [57]. Only the elasticity tensor is extracted as data set.

For each non-statistically representative volume element, and thus for the training of the corresponding
deterministic IB-DMNs, in order for the topological parameters to be representative of solely the micro-
structure organisation and independent of the phases material response, hence allowing for the non-linear
simulations in the on-line stage, the material parameters of both phases are randomly generated for each

Table 2: Uniform distribution ranges of material properties with E0 = 1.0.

ν0 logET
I EL

I νLTI , νTT
I GLT

I

[0.05, 0.49] [−2, 3] [ET
I , 25E

T
I ] [0.05, 0.49] [0.5ET

I , 1.5E
T
I ]
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homogenisation data, following independent and conditionally uniform random distributions. Therefore, a
set of n homogenised elasticity tensors is generated for each non-statistically representative volume element,
each of them corresponding to a different realisation of the elastic properties. In practice E0 = 1.0 is held
constant, while the remaining parameters are randomly picked from the ranges provided in Table 2. We note
that the elasticity tensors of both the matrix and fibre phases, C0 and CI, can directly be evaluated from
these material parameters. Ten sets of random material parameters, n = 10 in Eq. (29), are used for each
non-statistically representative volume element. The effect of the size of the training data set is studied in
Appendix C.1, where it is seen that going beyond n = 10 does not improve the predictions. Computational
homogenisation then provides the homogenised elasticity tensors, ĈM (Cs

0 ,C
s
I ), s = 1, ..., 10, for each given

non-statistically representative volume element and for each realisation of the random material parameters.
For each non-statistically representative volume element illustrated in Fig. 4, three deterministic DMNs

of levels L = 4, 5 and 6 are successively trained until the loss (29) reaches a value lower than 0.01. It
is important to note that the fibre volume fraction is implicitly represented by the parameters vA of each

G2
(
Nk

l

)
, where l = 0, 1, ..., L− 1 and k = 0, 1, ...,

(
2l − 1

)
, as the loss function (29) is employed.

3.4.3. Material properties and loading conditions during the online stage (predictions)

Table 3: Material properties of the composite components.

Property of fibres Value

Longitudinal Young’s modulus EL
I [GPa] 231.0

Transverse Young’s modulus ET
I [GPa] 12.99

Transverse Poisson’s ratio νTT
I [-] 0.46

Longitudinal-Transverse Poisson’s ratio νLTI [-] 0.3

Longitudinal-Transverse shear modulus GLT
I [GPa] 11.3

Property of matrix Value

Young’s modulus E0 [GPa] 4.67

Poisson ratio ν0 [-] 0.39

Initial yield stress τ0y [MPa] 100.0

Hardening modulus h [MPa] 233.4

To test the accuracy and performance of the six (non-statistically representative volume elements) times
three (levels) trained IB-DMNs, we consider the material constants of carbon fibre and of the matrix ma-
terials reported in Table 3. Following the coordinates system illustrated in Fig. 4, three loading cases are
successively applied on each non-statistically representative volume element:

• Uni-axial strain: Fij = 0 for i ̸= j (i, j = 1, 2, 3), F22 = F33 = 1.0 and F11 increasing from 1.0 to 1.1;

• In plane uni-axial stress: F33 = 1.0, P22 = 0.0 and F11 increasing from 1.0 to 1.1;

• In plane shearing: Fii = 1.0 for i = 1, 2, 3, F12 = F21 and increasing from 0 to 0.1;

The predictions of the 18 trained IB-DMNs, corresponding to the six non-statistically representative
volume elements of different volume fractions and three different levels (4, 5 and 6) for each non-statistically
representative volume element, are plotted in Fig. 5 for the three loading cases, uni-axial strain, in-plane uni-
axial stress and in plane shearing. The Direct numerical simulation (DNS) results for the non-statistically
representative volume elements of different volume fractions are also reported in Fig. 5 as references. In Fig.
5, it can been seen that accurate predictions have been obtained by all the IB-DMNs in the elastic range.
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(b) In-plane uni-axial stress
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(c) In-plane shearing

Figure 5: The non-linear predictions of the 4-, 5- and 6-level IB-DMNs for the six non-statistically representative volume
elements of different volume fractions subjected to the three loading cases: (a) Uni-axial strain; (b) In-plane uni-axial stress;
and (c) In-plane shearing. The reference results are obtained from Direct Numerical Simulations (DNSs).

This indicates that the IB-DMNs are well-trained by the elastic training, which is described in Section 3.2.2.
However, when the non-statistically representative volume element deformation is out of the elastic range,
the IB-DMNs exhibit accurate predictions for the uni-axial strain while for the in-plane uni-axial stress and
in-plane shearing loading cases, the DMNs’ predictions are less accurate for the higher volume fractions. We
observe the same behaviour in an infinitesimal strain setting as reported in Appendix C.2. This observation
contrasts with the literature which shows that accurate non-linear predictions can be obtained by DMNs
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trained with only linear elastic training. The high accuracy of the non-linear predictions may be attributed
to the fact that the meso-scale volume elements used in the literature are close to being Representative
Volume Elements (RVEs) and contain more inclusions more evenly distributed within the matrix material,
while the micro-structure remains periodic. In contrast, non-statistically representative volume elements are
used in the present work, without periodicity constraints in the fibre distribution. Nevertheless, as it was
pointed out in [47], a better accuracy can be obtained by considering a training in the non-linear regime.

Since considering a non-linear training would, on the one hand, significantly slow down the training
process and, on the other hand, prevent the IB-DMN from being trained with batch data, and thus limit
the possibility to develop the stochastic IB-DMN in the next Section 4, in this paper we restrict ourselves
to the linear training. Indeed, although less accurate predictions were observed for some loading cases of
some non-statistically representative volume elements, it could be seen that all the IB-DMNs still effectively
capture the overall trends in the response of the non-statistically representative volume elements. Besides, as
it will be shown in the next Section 4, the variability observed with direct numerical simulations on different
micro-structure realisations can be reproduced by developing such a stochastic IB-DMN. This motivates
building and using directly stochastic IB-DMNs instead of Stochastic Volume Elements (SVEs) to improve
computational efficiency in stochastic multi-scale analyses.

4. Stochastic IB-DMN

In this section, building on the IB-DMN structure described in Section 3.2, we develop a stochastic
Interaction-Based Deep Material Network, by decoupling the topology parameters of the IB-DMN from
the phase volume fraction vI. With the proposed approach, the phase volume fraction becomes an input
variable of the IB-DMN and the remaining IB-DMN parameters describe solely the organisation of the
micro-structure, allowing the introduction of randomness into the parameters of the IB-DMN.

4.1. Reformulating the topological parameters of the stochastic IB-DMN

In order to introduce randomness into the IB-DMN, the topological parameters are reformulated in
order to decouple the volume fraction of the phases from the other IB-DMN’s topological parameters for
a multi-level two-phase interaction, see Section 3.2. The extension to a multiple-phase material being
straightforward.

4.1.1. Outward unit normal NA of each node of a two-phase interaction

Considering the node Nk
l , l = 0, 1, ..., L and k = 0, 1, ...,

(
2l − 1

)
, since a normal vector has a unit

length, it is convenient to express the normal NA

(
Nk

l

)
using angular parameters, such as angles θ1

(
Nk

l

)
and θ2

(
Nk

l

)
in a 3D space. This leads to

NA

(
Nk

l

)
= [cos(θ2)sin (θ1) , cos (θ2) cos (θ1) , sin (θ2)]

T
,

with θ1 ∈ [0, 2π) , θ2 ∈ [0, π) , (34)

where we omit the reference to
(
Nk

l

)
for the two angles for conciseness. The two angular parameters are

substituted by wn

(
Nk

l

)
=

[
wθ1

(
Nk

l

)
, wθ2

(
Nk

l

)]T
with

θ1 = 2πwθ1

(
Nk

l

)
, and θ2 = πwθ2

(
Nk

l

)
, (35)

where wθ1

(
Nk

l

)
∈ [0, 1) and wθ2

(
Nk

l

)
∈ [0, 1 ). Equations (34) and (35) establish a one-to-one mapping

from wn

(
Nk

l

)
to NA

(
Nk

l

)
. Therefore, we can use wn

(
Nk

l

)
∈ [0, 1) × [0, 1) as the parameters for the

outward unit normal NA

(
Nk

l

)
. For a 2D case, only one parameter, wn

(
Nk

l

)
=

[
wθ1

(
Nk

l

)]
, is needed, and

the normal reads NA

(
Nk

l

)
= [sin (θ1) , cos (θ1)]

T
.
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4.1.2. Volume fraction vA of each node

For a two-phase heterogeneous material, if the volume fraction of the phase “I” is known and denoted
by vI, the volume fraction of the other phase is given by v0 = 1.0 − vI. Based on the adopted topological
parameters, the corresponding nodes are categorized into two types, marked respectively by “green” and
“yellow” colours in Fig. 3, for nodes at level L− 1 and at level l < L− 1, respectively. The volume fractions
for these different nodes are parameterised as follows:

• Composite “yellow” Node at level l = 0
Since the volume fraction vI of the phase “I” is known, vI is an input at the top level (l = 0). The
volume fraction of the other phase reads v0 = 1.0 − vI. We thus define the phase volume fraction at

this top node as vI
(
N0

0

)
= vI. We define the partition parameters wv

(
N0

0

)
=

[
wv0

(
N0

0

)
, wvI

(
N0

0

)]T
,

where wv0

(
N0

0

)
and wvI

(
N0

0

)
are both in the range (0, 1), to evaluate the volume fraction vA, i.e. the

contribution of the node N0
1 to the composite node N0

0, following

vA
(
N0

0

)
= wv0

(
N0

0

)
v0

(
N0

0

)
+ wvI

(
N0

0

)
vI
(
N0

0

)
= wv0

(
N0

0

)
v0 + wvI

(
N0

0

)
vI , (36)

and vB
(
N0

0

)
= 1.0 − vA

(
N0

0

)
. The volume fractions of the phase “I” at the two nodes at level l = 1,

see Fig. 3(b), are then evaluated respectively by

vI
(
N0

1

)
=

wvI

(
N0

0

)
vI
(
N0

0

)
vA

(
N0

0

) and vI
(
N1

1

)
=

(
1.0− wvI

(
N0

0

))
vI
(
N0

0

)
vB

(
N0

0

) . (37)

Thus, the parameter wv

(
N0

0

)
=

[
wv0

(
N0

0

)
, wvI

(
N0

0

)]T
also defines the topology parameters for this

node.

• Composite “yellow” Node at level 0 < l < L− 1
Proceeding recursively, we define the partition parameters at node Nk

l , with k = 1, ...,
(
2l − 1

)
, as

wv

(
Nk

l

)
=

[
wv0

(
Nk

l

)
, wvI

(
Nk

l

)]T
, where wv0

(
Nk

l

)
and wvI

(
Nk

l

)
are both in the range (0, 1).

Knowing the value vI

(
Nk

l

)
from the upper level l − 1, and thus the value v0

(
Nk

l

)
=1− vI

(
Nk

l

)
, the

volume fraction vA

(
Nk

l

)
follows from

vA

(
Nk

l

)
= wv0

(
Nk

l

)
v0

(
Nk

l

)
+ wvI

(
Nk

l

)
vI

(
Nk

l

)
, (38)

with vB

(
Nk

l

)
= 1.0− vA

(
Nk

l

)
. The volume fractions of the phase “I” at the two nodes at level l+1,

see Fig. 3(b), are then evaluated respectively by

vI

(
N2k

l+1

)
=

wvI

(
Nk

l

)
vI

(
Nk

l

)
vA

(
Nk

l

) and

vI

(
N2k+1

l+1

)
=

(
1.0− wvI

(
Nk

l

))
vI

(
Nk

l

)
vB

(
Nk

l

) . (39)

Thus, the parameter wv

(
Nk

l

)
=

[
wv0

(
Nk

l

)
, wvI

(
Nk

l

)]T
, where wv0

(
Nk

l

)
and wvI

(
Nk

l

)
are both in

the range (0, 1), also defines the topology parameters for this node.

• Basic “green” Node at level L− 1

Since the volume fraction vI

(
Nk

L−1

)
is known directly from the upper level L − 2, we use directly

vA = 1.0− vI
(
Nk

L−1

)
and vB = vI

(
Nk

L−1

)
. No extra parameter is needed for this node.
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4.2. Trainable topological parameters of the IB-DMN

According to the description in Sections 4.1.1 and 4.1.2, the components of both parameters wn

(
Nk

l

)
and wv

(
Nk

l

)
are bounded between 0 and 1. Therefore, a sigmoid function, σ(x) = 1

1+e−x , is used in order

to ensure that the values remain within these bounds, since its output aligns with the parameters range.
We thus redefine the topological parameters of the IB-DMN, such that

wn

(
Nk

l

)
= σ

(
Tn

(
Nk

l

))
and wv

(
Nk

l

)
= σ

(
Tv

(
Nk

l

))
, (40)

where Tn
(
Nk

l

)
and Tv

(
Nk

l

)
are unbounded values and are determined through the training process. Equa-

tion (40) excludes the possibility for wn

(
Nk

l

)
of being exactly zero, but it can be infinitesimally close to

0.
Using the trainable topological parameters, Tn

(
Nk

l

)
and Tv

(
Nk

l

)
, the two-phase interaction function,

“FUN()” defined in Table 1, is modified correspondingly and presented in Table 4. The homogenised
elasticity tensor now reads

CM = FUN
(
l = 0, C0, CI, vI

(
N0

0

)
, Tn

(
N0

0

)
, Tv

(
N0

0

))
, (41)

where vI(N
0
0) = vI is the volume fraction of phase “I” of the considered heterogeneous material.

Table 4: Two-phase interaction function using the topological parameters T n and T v

FUN
(
l, C0, CI, vI

(
Nk

l

)
, Tn

(
Nk

l

)
, Tv

(
Nk

l

))
:

wn

(
Nk

l

)
= σ

(
Tn

(
Nk

l

))
, compute NA

(
Nk

l

)
using Eqs. (34) and (35);

If: l < L− 1:

wv

(
Nk

l

)
= σ

(
Tv

(
Nk

l

))
, compute vA

(
Nk

l

)
using Eq. (38);

Compute vI

(
N2k

l+1

)
and vI

(
N2k+1

l+1

)
using Eq. (39);

CA = FUN
(
l + 1, C0, CI, vI(N

2k
l+1), Tn

(
N2k

l+1

)
, Tv

(
N2k

l+1

))
;

CB = FUN
(
l + 1, C0, CI, vI

(
N2k+1

l+1

)
, Tn

(
N2k+1

l+1

)
, Tv

(
N2k+1

l+1

))
;

Else:

For a two-phase material CA = C0, CB = CI and vA = 1.0− vI
(
Nk

L−1

)
;

Compute CM using Eqs. (25) and (27)

Return CM

4.3. Random topological parameters, Tn
(
Nk

l

)
and Tv

(
Nk

l

)
The uncertainty in the response of a SVE arises from its random micro-structure, which includes the

random phase volume fraction vI and the arrangement or distributions of the different phases. From Eq.

(41), it can be observed that the variation in the topological parameters, Tv
(
Nk

l

)
, does not affect the

consistency of the volume fraction of phases in the heterogeneous material. Thus, we can decouple the two
sources of uncertainty in a SVE. The random phase volume fraction vI of a SVE is easily generated by

following a given distribution, while we use the random topological parameters, Tn
(
Nk

l

)
and Tv

(
Nk

l

)
, to

mimic the uncertainty in the spatial organisation of the phases in a SVE.
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To define the stochastic IB-DMN, a reference IB-DMN with topological parameters T̃n
(
Nk

l

)
and T̃v

(
Nk

l

)
is used. The random topological parameters, Tn

(
Nk

l

)
and Tv

(
Nk

l

)
, are obtained by introducing random

perturbations to those of the reference IB-DMN, following

T∗
(
Nk

l

)
= (1.0 + ξ)⊙ T̃∗

(
Nk

l

)
, (42)

where T∗
(
Nk

l

)
refers to either Tn

(
Nk

l

)
or Tv

(
Nk

l

)
, ξ is a random vector of the same dimension as T∗, and

⊙ denotes the element-wise multiplication operator. To keep it simple, it is assumed that all the elements of
the random vector ξ are independent random variables following the same distribution. From the expression
of Eq. (42), it can be seen that a bounded distribution centered around zero would be a favorable choice.
Among the classic distributions, the Beta distribution, Beta(α, β), is bounded between 0 and 1 and centered
at 0.5. Thus, using a randomly generated variable χ following χ ∼ Beta(α, β), an element of ξ is given by

ξ = 2b(χ− 0.5) , (43)

where, ξ is bounded in the range (−b , b), while its variance is controlled by the range parameter b and the
Beta distribution parameters α and β. It needs to be noted that in all generality, α ̸= β can be used, but

also different α and β values can be applied to the different groups, Tn
(
Nk

l

)
and Tv

(
Nk

l

)
, of the topological

parameters, such as using χn ∼ Beta(αn, βn) and χv ∼ Beta(αv, βv) to generate ξn for Tn
(
Nk

l

)
and ξv for

Tv
(
Nk

l

)
, respectively.
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Figure 6: Probability density function of ξ.

Nevertheless, for simplicity, we use α = β and, in this case, we write the Beta distribution as Beta(α).
Using different parameters α and b, the distribution of ξ is illustrated in Fig. 6.

However, the chosen values of parameters α and b need to preserve the stochastic content of the non-linear
responses of the SVEs, as it will be discussed in Section 5.

4.4. The training of the reference IB-DMN

In this Section, we detail the methodology to train the reference IB-DMN independently to the volume

fraction vI, i.e. to determine the topological parameters, T̃n
(
Nk

l

)
and T̃v

(
Nk

l

)
that will serve as a basis

for the stochastic IB-DMN so that the variation of the volume fraction and of the fibre distribution can
be accounted for with the method described in Section 4.3. Toward this end, we generate several SVE
realisations following the methodology described in [55]. The fibre volume fraction, vI, in the SVEs varies
from 0.25 to 0.6, with 60 SVE realisations generated per 0.01-increment in the fibre volume fraction.

The training data is generated according to the description provided in Section 3.4.2, with one set of
random material parameters being applied for each SVE. We note that the training data set thus corresponds
to different SVE realisations of different fibre volume fractions in the range 0.25 to 0.6, motivating the training
of the reference IB-DMN to be achieved in the linear range.
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For the trainable topological parameters of the reference IB-DMN, we use T̃ n to represent the aggregate of

T̃n
(
Nk

l

)
, l = 0, 1, ..., L−1 and k = 0, 1, ...,

(
2l − 1

)
, and T̃ v for the aggregate of T̃v

(
Nk

l

)
, l = 0, 1, ..., L−2

and k = 0, 1, ...,
(
2l − 1

)
. At the start of training, all elements of the parameters T̃ n and T̃ v are initialised

with random values, uniformly distributed in the range (−0.5, 0.5). They are then refined through the
minimisation of the loss function, which is modified from Eq. (29) as

Loss(ĈM ,CM) =
1

n

n∑
s=1

∥ĈM(Cs
0 ,C

s
I )−CM(Cs

0 ,C
s
I , v

s
I ; T̃ n , T̃ v)∥

∥ĈM(Cs
0 ,C

s
I )∥

, (44)

where the training data ĈM are obtained from the direct finite element simulations on the SVEs, n is the
number of data used in the training, and where the elasticity tensors, CM, are obtained through the IB-DMN
predictions, Eq. (41).

The reference 4-, 5- and 6-level IB-DMNs have been trained for 5000 epochs with mini-batch data. Each
mini-batch consists of 10% of the training data, randomly picked, and is shuffled after every 5 training
epochs. The final losses, on all the training data, reached around 0.060 for all the reference of 4-, 5- and
6-level IB-DMNs, see discussion in Section 6.

The “FUN()” function in Table 4, the loss function, Eq. (44), and the training of the IB-DMN were
implemented using PyTorch. The “AdamW” algorithm is used to minimise the loss function.

5. Non-Linear response envelope of UD SVEs realisations: stochastic IB-DMNs vs. DNS

To test the developed stochastic IB-DMNs in Section 4, the material system detailed in Section 3.4 is
considered. According to the results plotted in Fig. 5, we consider the last two loading cases, i.e. the in-
plane uni-axial stress and shearing conditions, for which the effect of the micro-structure on the non-linear
response is more pronounced.

SVEs are generated using the formalism presented in [55]. The fibre volume fraction of the SVEs
increases from 0.3 to 0.6, with each 0.05 increment in volume fraction considered as a sub-range. 100 SVEs
are generated for each of these sub-ranges of volume fraction. The fibre volume fraction, vI, of each SVE
realisation is saved and will be used as input for the IB-DMN.

As reference results, direct numerical simulations are conducted in the non-linear range on the generated
SVE realisations using periodic boundary conditions: 100, respectively 30, SVEs are simulated under in-plane
uni-axial stress, respectively shearing, condition for each sub-range of volume fraction3. In the presented
approach, in which the randomness is introduced through the topology parameters T n and T v, there is no
correspondence between one SVE realisation of the DNSs and one IB-DMN realisation: only the statistical
content of the responses is compared.

Arbitrary values of the distribution parameters of the stochastic IB-DMNs are first considered to illustrate
the ability of the stochastic IB-DMN to serve as a surrogate. The choice of the distribution parameters is
then refined in order to capture the statistical content of the SVE responses.

5.1. 4-, 5- and 6-level stochastic IB-DMNs with α = 2.5 and b = 0.5

The random parameters are generated according to Eqs. (42) and (43) using, at first for illustration
purpose, χ ∼ Beta(2.5) and b = 0.5 for all the topological parameters of the stochastic IB-DMN, i.e.

for Tn
(
Nk

l

)
, l = 0, 1, ..., L − 1 and k = 0, 1, ...,

(
2l − 1

)
, and Tv

(
Nk

l

)
, l = 0, 1, ..., L − 2 and k =

0, 1, ...,
(
2l − 1

)
.

For each level of the stochastic IB-DMN, the volume fraction vI, obtained from direct finite element
simulations, is used as input for the non-linear in-plane uniaxial stress and shearing simulations. The non-
linear predictions of the Direct Numerical Simulation (DNS) and of the 4-level, 5-level, and 6-level stochastic

3Direct numerical simulation of some SVEs under in-plane shearing can be quite time-consuming.
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Figure 7: The non-linear predictions of the 4-level stochastic IB-DMN with χ ∼ Beta(2.5) and b = 0.5 for (a) In-plane uniaxial
stress; and (b) In-plane shearing. DNS simulations are also reported for comparison purpose.

IB-DMNs are plotted in Figs. 7, 8, and 9, respectively. It can be observed that the strain-stress curves from
DNS are largely captured by those of the stochastic IB-DMNs for both in-plane uniaxial stress and shearing
loading conditions. This demonstrates that the stochastic IB-DMN can serve as an effective surrogate of
direct numerical simulations conducted on the SVEs.

The Figs. 7, 8, and 9 show no significant effect from the total level of the DMN. However, the computa-
tional cost of the 6-level IB-DMN is significantly higher than that of the 4- and 5-level IB-DMNs. Therefore,
in the remaining of this paper, we will consider the sole 5-level IB-DMN.
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Figure 8: The non-linear predictions of the 5-level stochastic IB-DMN with χ ∼ Beta(2.5) and b = 0.5 for (a) In-plane uniaxial
stress; and (b) In-plane shearing. DNS simulations are also reported for comparison purpose.
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Figure 9: The non-linear predictions of the 6-level stochastic IB-DMN with χ ∼ Beta(2.5) and b = 0.5 for (a) In-plane uniaxial
stress; and (b) In-plane shearing. DNS simulations are also reported for comparison purpose.
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5.2. The effect of the distribution parameters α and b

In this Section, different values of the distribution parameters, α and b of Eq. (43), are used in the 5-level

stochastic IB-DMN, with the perturbation being applied on all the topological parameters, i.e. for Tn
(
Nk

l

)
,

l = 0, 1, ..., L− 1 and k = 0, 1, ...,
(
2l − 1

)
, and Tv

(
Nk

l

)
, l = 0, 1, ..., L− 2 and k = 0, 1, ...,

(
2l − 1

)
.

160 180 200
0.00

0.02

0.04

vI: 0.3~0.35

175 200 225
0.00

0.02

0.04

vI: 0.35~0.4

200 250
0.00

0.02

0.04
vI: 0.4~0.45

175 200 225 250
0.00

0.01

0.02

vI: 0.45~0.5

200 250 300
0.000

0.005

0.010

0.015

vI: 0.5~0.55

200 250 300
0.00

0.01

0.02

vI: 0.55~0.6

PXX MPa

Pr
ob

ab
ilit

y

Level = 5 DNS DMN

(a)

160 180 200
0.00

0.02

0.04
vI: 0.3~0.35

175 200 225
0.00

0.02

0.04

vI: 0.35~0.4

200 250
0.00

0.02

0.04
vI: 0.4~0.45

200 250 300
0.00

0.01

0.02

vI: 0.45~0.5

200 250
0.00

0.01

0.02

vI: 0.5~0.55

200 250 300 350
0.00

0.01

0.02
vI: 0.55~0.6

PXX MPa

Pr
ob

ab
ilit

y

Level = 5 DNS DMN

(b)

160 180 200
0.00

0.02

0.04

0.06

vI: 0.3~0.35

175 200 225
0.00

0.02

0.04

0.06
vI: 0.35~0.4

175 200 225
0.00

0.02

0.04

vI: 0.4~0.45

175 200 225 250
0.00

0.01

0.02

0.03
vI: 0.45~0.5

200 250
0.00

0.02

0.04
vI: 0.5~0.55

200 225 250 275
0.00

0.02

0.04
vI: 0.55~0.6

PXX MPa

Pr
ob

ab
ilit

y

Level = 5 DNS DMN

(c)

Figure 10: The histograms of the response stress reached at Fxx = 1.09 for in-plane uni-axial stress loading condition.
Comparison of the DNS results with the 5-level stochastic IB-DMN predictions using: (a) α = 2.5, b = 0.5; (b) α = 5, b = 0.75;
and (c) α = 10, b = 0.5.

The three sets of parameters used to illustrate the distribution of ξ in Fig. 6, i.e. [α = 2.5, b = 0.5],
[α = 5, b = 0.75] and [α = 10, b = 0.5], are now successively considered. The histograms of the response
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Figure 11: The histograms of the response stress reached at Fxy = 0.09 for in-plane shearing loading condition. Comparison
of the DNS results with the 5-level stochastic IB-DMN predictions using: (a) α = 2.5, b = 0.5; (b) α = 5, b = 0.75; and (c)
α = 10, b = 0.5.

stress reached at Fxx = 1.09 for the in-plane uni-axial stress loading condition and at Fxy = 0.09 for the
in-plane shearing, as indicated by the black dash-dot lines in Fig. 8, are respectively reported in Figs. 10
and 11 for both the DNSs conducted on the SVE realisations and the stochastic IB-DMN predictions.

In Fig. 6 it is observed that the distributions of the perturbation variable, ξ, are quite similar for
the parameter sets [α = 2.5, b = 0.5] and [α = 5, b = 0.75], while using [α = 10, b = 0.5] results in a
distribution of ξ with lower variance. Correspondingly, the stochastic IB-DMNs using [α = 2.5, b = 0.5]
and [α = 5, b = 0.75] also yield similar variance in the histograms of the response stress, see Figs. 10(a),
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10(b), 11(a) and 11(b). Furthermore, a lower variance in the histograms of the response stress is obtained
with the stochastic IB-DMN using [α = 10, b = 0.5], see Figs. 10(c) and 11(c). This indicates that the
stochastic response of the IB-DMN is controlled by the distribution of its perturbation variable, ξ, which
can be adjusted through the parameters α and β of the Beta distribution, and through the parameter b for
the distribution range.

When considering the two different parameters combinations [α = 2.5, b = 0.5] and [α = 5, b = 0.75] with
the stochastic IB-DMNs, Figs. 10(a), 10(b), 11(a) and 11(b) have shown that the stochastic responses from
the DNSs conducted on the SVE realisations are well reproduced. Nevertheless, the distribution parameters
α, β and b, should be more rigorously determined based on the stochastic response of the SVEs from DNS
results, for instance through Bayesian inference, which is beyond the scope of this work.

5.3. The effect of partially applying the perturbation on the topological parameters of the stochastic IB-DMN

In this section, we still consider the 5-level stochastic IB-DMN with α = 2.5 and b = 0.5 to define the
perturbation variable ξ, Eq. (43). Contrarily to the previous section, instead of applying the perturbation

to all the topological parameters, the perturbation is applied to the topological parameters T̃n
(
Nk

l

)
and

T̃v
(
Nk

l

)
at given levels only, while the remaining parameters remain constant, i.e. the same as those in the

reference IB-DMN. Four cases are studied:

• Case 1: Perturbation is only applied to all T̃n
(
Nk

l

)
, l = 0, 1, ..., 4;

• Case 2: Perturbation is only applied to all T̃v
(
Nk

l

)
, l = 0, 1, ..., 3;

• Case 3: Perturbation is applied to T̃n(Nk
l=4) and T̃v(N

k
l=3);

• Case 4: Perturbation is applied to T̃n(Nk
l=3) and T̃v(N

k
l=2);

where k = 0, ..., 2l − 1. Following Section 4.1.1, the topology parameters Tn
(
Nk

l

)
related to the normal

direction are defined for nodes Nk
l , with l = 0, 1, ..., L−1 and k = 0, 1, ...,

(
2l − 1

)
, while, following Section

4.1.2, the topology parameters Tv
(
Nk

l

)
related to the volume fraction are only defined on nodes Nk

l , with

l = 0, 1, ..., L − 2 and k = 0, 1, ...,
(
2l − 1

)
, meaning up to one level lower of the tree than for Tn

(
Nk

l

)
.

This explains why the different studied cases discreminate between the higher perturbated level.
The histograms of the response stress reached at Fxx = 1.09 for the in-plane uni-axial stress loading and

at Fxy = 0.09 for the in-plane shearing loading are plotted in Figs. 12 - 15, respectively for the four cases
of partially perturbed topological parameters.

Fig. 12 shows that the stochastic characteristics of the response stress obtained from DNS on SVEs can
be reproduced by the stochastic IB-DMN with the case 1 of partially perturbed topological parameters, i.e.

for which the perturbation is only applied to all T̃n
(
Nk

l

)
. In contrast, Fig. 13 shows that lower variances

of the response stress are obtained from the stochastic IB-DMN with the case 2 of partially perturbed

topological parameters, i.e. for which the perturbation is only applied to all T̃v
(
Nk

l

)
. This suggests that

the uncertain non-linear response of the IB-DMN is dominated by the topological parameters Tn
(
Nk

l

)
, when

α = 2.5 and b = 0.5 are used to define the perturbation variable ξ, Eq. (43).
Comparing the variance of the response stress obtained for the case 3 of partially perturbed topological

parameters with the one for the case 4 indicates that the uncertainty of the topological parameters at
deeper levels has a more pronounced effect on the non-linear response variability predicted by the stochastic
IB-DMN, see Figs. 14 and 15.

From the results plotted in Figs. 12 and 14, we can see that a IB-DMN can be constructed to serve as
a surrogate for DNS on SVEs by applying perturbations selectively to its topological parameters.
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Figure 12: The histograms of the response stress at (a) Fxx = 1.09 for in-plane uni-axial stress loading; and (b) Fxy = 0.09
for in-plane shearing loading conditions. Comparison of the DNS results with the 5-level stochastic IB-DMN predictions with
“Case 1” partially perturbed topological parameters.
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Figure 13: The histograms of the response stress at (a) Fxx = 1.09 for in-plane uni-axial stress loading; and (b) Fxy = 0.09
for in-plane shearing loading conditions. Comparison of the DNS results with the 5-level stochastic IB-DMN predictions with
“Case 2” partially perturbed topological parameters.
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Figure 14: The histograms of the response stress at (a) Fxx = 1.09 for in-plane uni-axial stress loading; and (b) Fxy = 0.09
for in-plane shearing loading conditions. Comparison of the DNS results with the 5-level stochastic IB-DMN predictions with
“Case 3” partially perturbed topological parameters.
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Figure 15: The histograms of the response stress at (a) Fxx = 1.09 for in-plane uni-axial stress loading; and (b) Fxy = 0.09
for in-plane shearing loading conditions. Comparison of the DNS results with the 5-level stochastic IB-DMN predictions with
“Case 4” partially perturbed topological parameters.
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5.4. Discussion on case 1: Perturbation is only applied to all T̃n
(
Nk

l

)
We consider the case 1 of the previous section and apply the perturbation only to all T̃n

(
Nk

l

)
, l =

0, 1, ..., 4. However in this section, α = 2.5 and b = 1.0 are considered in order to increase the variance of
the perturbation variable ξ, Eqs. (43).
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Figure 16: Comparison of the DNS results with the 5-level stochastic IB-DMN predictions with “Case 1” partially perturbed
topological parameters using α = 2.5 and b = 1.0 for in-plane uni-axial stress loading: (a) The non-linear predictions; and (b)
The histograms of the response stress at Fxx = 1.09.

The stochastic response stress predicted using the 5-level stochastic IB-DMN is reported in Fig. 16(a)
for the in-plane uni-axial stress loading condition. Comparing Fig. 16(b) with Fig. 13(a), it can be
seen that, when increasing the random perturbation range, the variance of the response stress is increased
and approaches those of the DNS. However, at high volume fraction, one IB-DMN realisation exhibited a
convergence issue during one step increment (although the simulation did not converge we let the response
in the graph for completeness).

6. Computational efficiency of the IB-DMN

Like for any kind of surrogate models, the efficiency of the online simulations of the IB-DMN comes at
the cost of the offline stage. The numbers of training and testing data points are listed in Table 5. It takes
approximately 25 seconds to generate a single data point, resulting in over 100 hours for the training data
generation, while more data are generated for testing purpose. Nevertheless, this data generation time can
be easily scaled through parallel computation since they are independent from each others.
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Table 5: Computational efficiency of the IB-DMN

Data preparation (off-line stage)

Training Testing

Data size 16800 24600

Data generation 116.7h 170.8h

CPU Time around 25s per data

Training time for 5000 epochs (off-line stage)

DMN 4-Level IB-DMN 5-Level IB-DMN 6-Level IB-DMN

Mini-batch 1680 4.1h 14.2h 23.4h

size 336 1h 2.6h 5.8h

Final loss (off-line stage)

DMN 4-Level IB-DMN 5-Level IB-DMN 6-Level IB-DMN

Training MRE 0.061 0.061 0.060

Testing MRE 0.047 0.045 0.044

Non-linear simulation time (online stage)

DMN

4-Level IB-DMN 5-Level IB-DMN 6-Level IB-DMN DNS

In-plane uni-axial stress < 1s < 3s < 10s 0.6 ∼> 2h

In-plane shearing < 1s < 3s < 10s 3 ∼> 10h

The training time of the reference IB-DMN, see Section 4.4, depends on the depth of the IB-DMN and of
the chosen mini-batch size during training. As shown in Table 5, deeper IB-DMNs require more time to be
trained. However, the training time can be reduced by using smaller mini-batch sizes. With data shuffling
every 5 epochs, similar accuracy is achieved by the IB-DMNs trained with the two different mini-batch sizes
listed in Table 5, while reducing the training time by 4.

The final losses, measured using the Mean Relative Error (MRE) defined in Eq. (44), of the IB-DMNs
after 5000 epochs of training are listed in Table 5. It can be observed that deeper IB-DMNs slightly improve
the accuracy for both training and testing data. Since the training was performed in the elastic range, the
different losses are of a similar order, and, as it can be seen in Fig. 5, a similar accuracy is obtained in
the linear range for the 3 different levels. Nevertheless, because of its higher flexibility the 6-level IB-DMN
provides slightly more accurate results in the non-linear range, see Fig. 5. It is important to note that,
compared to Table 2, reduced ranges of random material parameters, closer to real properties –such as a
Poisson’s ratio in the range of (0.1, 0.45) and ET

I in the range of (1.0, 30.0)– were used to generate the testing
data, which explains the lower error of the DMNs on the testing data.

Considering the non-linear simulations presented in Section 5, where 600 in-plane uni-axial stress and 180
in-plane shearing Direct Numerical Simulations (DNS) were conducted on the SVEs of 20µm× 20µm, it is
evident that the DNS conducted on the Statistical Volume Elements (SVEs) are time-consuming, particularly
for the in-plane shearing case, see Table 2. For some SVEs, one single direct shearing test could take over
100 hours. In contrast, the IB-DMNs, as surrogate models, demonstrate significant computational efficiency,
completing the simulations within a few seconds. The relative efficiency of the surrogate model becomes
even more pronounced when larger SVEs are used in the DNS, since the online computational time of the
IB-DMN is independent on the size of the SVEs used to generate the data. However, it is worth mentioning
that the computational time for the IB-DMN increases exponentially with the depth of the IB-DMN.
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7. Conclusions

By reformulating the interaction based deep material network (IB-DMN), the constraint information,
such as the phase volume fraction, is decoupled from the topological parameters of the micro-structure.

A reference IB-DMN can thus be trained using linear elastic data obtained from different SVE realisa-
tions of different phase volume fractions. This allows, on the one hand for the trained reference IB-DMN
to handle arbitrary phase volume fractions, and on the other hand to construct a stochastic IB-DMN by
introducing random perturbations to the topological parameters of this reference IB-DMN since those pa-
rameters represent the micro-structure organisation of this reference IB-DMN. This stochastic IB-DMN can
then be used to conduct non-linear simulations in a finite deformation setting.

Using a unidirectional fibre-reinforced composite as an example, we demonstrate that the stochastic
IB-DMN effectively captures the stochastic characteristics of the uncertain non-linear response of composite
SVE realisations, if suitable parameters are used to generate the random perturbations applied to the
topological parameters. This validates the feasibility or proof of concept of building a stochastic IB-DMN to
act as an efficient surrogate for the stochastic homogenisation of heterogeneous materials in the non-linear
range. Nevertheless, the parameters for generating random perturbations, such as α and β in Beta(α, β)
and bound b, must be selected carefully, as they determine the stochastic characteristics of the non-linear
response of heterogeneous materials predicted by the stochastic IB-DMN. A more rigorous determination of
these parameters will be achieved in a future work, e.g. through a Bayesian inference.

We can however point out the following observation. During the initial training of the reference IB-
DMN, a narrow range for the random initialisation of the topological parameters (e.g. (−0.5, 0.5) as used
in this work) should be employed. This helps reducing the influence of the initial values during training
and prevents the final topological parameters from reaching extremely large or small values, which could
increase the likelihood of obtaining parameters leading to convergence problems in the online simulation.

While the proposed stochastic DMN was applied to a two-phase material in a 2D case, its extension to
multi-phase systems in 3D is straightforward.
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Appendix A. Non-linear IB-DMN in a finite strain setting

In the finite strain setting, we consider as a strain measure the deformation gradient F = x⊗∇0, which
is defined as the gradient of the deformation mapping x with respect to each component of the reference
material point X, with the gradient with respect to the reference configuration denoted by ∇0. The first
Piola-Kirchhoff stress tensor P is used as a stress measure.

Appendix A.1. Definition of the interactions

The theory reported in Section 2 can readily be formulated in a finite-strain setting, and is summarised
in this appendix; we refer to [46] for more details.
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Appendix A.1.1. Micro-scale interaction mechanism and homogenisation

Using the deformation gradient F and the first Piola-Kirchhoff stress tensor P, the volume-averaged
strain and stress relations, Eq. (1) in a small-strain setting, read in a finite strain setting as

FM =

Np−1∑
i=0

viFi , and PM =

Np−1∑
i=0

viPi , (A.1)

where FM and PM are the volume-averaged deformation gradient and stress for the entire aggregation,
respectively, and where Fi and Pi are the volume-averaged deformation gradient and stress in each phase
Ωi, respectively.

Appendix A.1.2. Microscopic strain

The displacement field um(Xm) in ΩM, subject to a homogenised deformation gradient FM, reads,

um(Xm) = (FM − I) · (Xm −Xm0) + a(Xm), Xm ∈ ΩM, (A.2)

where the fluctuation field a(Xm) should satisfy

Np−1∑
i=0

∫
Ωi

a(Xm)⊗∇0dV = 0 . (A.3)

By selecting a periodic fluctuation a(Xm) at the outer boundary, defining aj = 1
sij

∫
ΓI

i
j
a(Xm)ds and

the surface parameter sij =
∫
ΓI

i
j
ds for ΓI

i
j ̸= ∅, following the same developments as in Section 2.2 allow

the volume-averaged deformation gradient in each phase Ωi to be expressed in terms of the fluctuation field
following

Fi = FM +
1

Vi

∑
∀ΓI

i
j ̸=∅

sijaj ⊗NI
i
j . (A.4)

Appendix A.1.3. Hill-Mandel condition

Following the same developments as in Section 2.3, the energy consistency between the scales, written
under the form

PM : δFM =

Np−1∑
i=0

viPi : δFi , (A.5)

implies the weak form
Np−1∑
i=0

∑
∀ΓI

i
j ̸=∅

vis
i
j

Vi
Pi :

(
δaj ⊗NI

i
j

)
= 0 . (A.6)

The constitutive model considered for phase Ωi is stated in a finite-strain setting as

Pi = Pp (Fi(aj); ψi) , for i = 0, ..., Np − 1, j = 0, 1, ..., NI − 1 , (A.7)

where ψi is the set of internal variables.

Appendix A.1.4. Microscopic stress

In the absence of dynamics and body forces, the equilibrium equation for the aggregate, ΩM, is given by

Pm(Xm) ·∇0 = 0 , for Xm ∈ ΩM , (A.8)

which, considering the averaged stress Pi in each subdomain Ωi, i = 0, ..., Np − 1, and following the lines
on Section 2.4, is approximated by

Np−1∑
i=0

∫
ΓI

i
j

Pi ·NI
i
jds =

Np−1∑
i=0

sijPi ·NI
i
j = 0 , for j = 0, ..., NI − 1 . (A.9)
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Appendix A.2. Resolution

When considering an IB-DMN with a binary tree structure, the equilibrium equation at the node inter-
faces, Eq. (32), cannot be solved directly from the strain measure, Eq. (22), in a finite-strain setting and/or
when non-linear material models are considered at the material nodes, Eq. (A.7). Indeed, considering a
planar surface ΓAB of surface area sAB, with the outward unit normal NA for domain ΩA and NB for ΩB,
where NB = −NA, see Fig. 2(a), the unknown normalised fluctuation â = sAB

VM
a can only be obtained from

an iterative process until satisfying the interface equilibrium equations.
In the following, we consider a L-level binary tree structure. We define the vector A gathering the

fluctuations â, see Eq. (21), at all the nodes Nk
l , l < L, where the interactions are defined. The components

of this vector are ordered following their position in the binary tree: pos
(
Nk

l

)
= 2l − 1 + k. Thus, the

dimension of this vector is 3 × (2L − 1) for the 3D case, and the normalised fluctuation associated to the
node Nk

l reads

â[d] = A[3× pos
(
Nk

l

)
+ d] , with d = 0, 1, 2 . (A.10)

For the sake of conciseness, we note the fluctuation associated to node Nk
l by âp, with p = pos

(
Nk

l

)
, and

its topological parameters by NAp and vAp. The topological parameters are directly available from the
topological parameter lists evaluated at location p, i.e., following the notations of Section 4, as Tn[p] and
Tv[p], using Eqs. (34), (35) and either (38) or (39) for l = L− 1.

Appendix A.2.1. The local deformation gradient at nodes Nk
l , l < L

The deformation gradient tensor is expressed in a vector form following

F = [F00, F01, F02, F10, ... , F21, F22]
T . (A.11)

We rewrite the Eq. (31) in a matrix operations form and in a finite-strain setting as

FA = FM +
1

vA
NAâ , and FB = FM −

1

1.0− vA
NAâ , (A.12)

where

NA =


N0 N1 N2 0 0 0 0 0 0

0 0 0 N0 N1 N2 0 0 0

0 0 0 0 0 0 N0 N1 N2


T

A

, (A.13)

For a given macroscopic deformation gradient FM, the local deformation gradient, at each node Nk
l ,

l = 0, ..., L, can be computed through the following process,

• F(N0
0) = FM .

• If the deformation gradient F
(
Nk

l

)
at a node Nk

l and the fluctuation âp, with p = pos(Nk
l ), at the

interaction interface associated to the node Nk
l are known, then for its two direct children nodes, N2k

l+1

and N2k+1
l+1 , we have in the matrix form

F(N2k+r
l+1 ) = F

(
Nk

l

)
+ (1− r) 1

vAp
NApâp − r

1

1.0− vAp
NApâp with r = 0, 1 . (A.14)
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Appendix A.2.2. The deformation gradient at the material nodes Nk
L

According to Eq. (A.14), the deformation gradient at a given material node Nk
L at the level “L” can be

evaluated by the topological parameters and the associated fluctuations of all its parent nodes. Using the
fluctuation vector A, this deformation gradient expressed in the vector form reads,

F(Nk
L) = F(N

0
0) +

nk
0 , ... ,0 , nk

l︸︷︷︸
pos(N

ql
l )

,0 , ...

A , with l = 1, ..., L− 1 , (A.15)

where Nql
l is the parent node of Nk

L at level l, and where nk
l is a 9× 3 matrix for the 3D case, which reads

nk
l = (1− rl)

1

vAp
NAp − rl

1

1.0− vAp
NAp , with p = pos(Nql

l ) . (A.16)

For a material node at level “L”, its parent nodes can be traced as follows

Nk
L → N

qL−1

L−1 , with qL−1 = k//2 , rL−1 = k%2 ,

N
qL−1

L−1 → N
qL−2

L−2 , with qL−2 = qL−1//2 , rL−2 = qL−1%2 ,

... ...

Nq1
1 → Nq0

0 , with r0 = q1%2 , (A.17)

where k = 0, 1, ..., 2L−1, and where // and % represent the operations to compute respectively the quotient
and remainder.

Using the expression of Eq. (A.15), we can gather the deformation gradients at all the material nodes
at level L in the vector E , of length 9× 2L for the 3D case, with

E = IFM +NvA , with Nv =


n0
0 · · · n0

l · · ·
n1
0 · · · n1

l · · ·
· · · · · · · · · · · ·

n2L−1
0 · · · n2L−1

l · · ·

 , (A.18)

where I = [I, I, ..., I︸ ︷︷ ︸
2L repeat

]T, and where I is a 9× 9 identity matrix.

Appendix A.2.3. The stress tensors at the material nodes

Knowing the deformation gradient of each material node at level L, the stresses at these material nodes,
P(Nk

L), can be evaluated using their respective constitutive laws. The stress tensors P(Nq
l ) at the other

nodes are computed following

P(Nq
l ) = vApP(N2q

l+1) + (1.0− vAp)P(N2q+1
l+1 ) , with p = pos(Nq

l ) , (A.19)

where l = L− 1, ..., 1, 0.
The stress tensors P(Nq

L) at the material nodes of level “L” written under the vector form P(Nq
L) with

the same convention as for the deformation gradient, Eq. (A.11), are gathered under a global stress vector
S, of length 9× 2L for the 3D case. The stress tensors at material nodes at level “L” can then be extracted
from the matrix operation following

P(Nk
L) =

[
... 0 I︸︷︷︸

k

0 ...
]
S . (A.20)

Using Eq. (A.19), the stress tensors at level “L− 1” can be extracted following

P(Nq
L−1) =

[
... 0 vApI (1.0− vAp)I 0 ...

]
S , (A.21)
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where p = pos(Nq
L−1).

Using Eq. (A.19), the stress at nodes at levels “l < L − 1” can then be recursively obtained from the
stress tensors vector S and the topological parameters T v. As a result, using Eqs. (A.19)-(A.21), the stress
tensor at any node at levels 0 < l ≤ L can be computed by a unified formula, VS, where V keeps the
information of the volume fraction vA at the different interaction nodes of level “0 < l < L” and the identity
matrix at level l = L, in which we did not consider the first row corresponding to node N0

0 when constructing
the matrix V.

Appendix A.2.4. Equilibrium at the interface nodes at level “l < L”

The equilibrium equation (A.9) at the interface of material node Nq
l , l = 0, ..., L− 1, reads in its matrix

form

NT
Ap

[
P(N2q

l+1)− P(N
2q+1
l+1 )

]
= 0 , (A.22)

NT
Ap

[
V(N2q

l+1)− V(N
2q+1
l+1 )

]
S = 0 , (A.23)

where p = pos(Nq
l ), V(N

2q
l+1) and V(N

2q+1
l+1 ) are the two rows of the matrix V corresponding to the the nodes

N2q
l+1 and N2q+1

l+1 , respectively.

Excluding the row corresponding to the node N0
0 in the matrix V, the equilibrium equations (A.23) can

be rewritten for all the nodes with an interface interaction as

NTVS = 0 , (A.24)

where the matrix NT combines all the matrices NT
Ap of dimension 3× 9 associated to the interaction nodes.

Appendix A.2.5. Iterative resolution of the non-linear equations

Using the topological parameters T n and T v defined in Section 4, the matrices Nv, V and NT are
constructed following Eqs. (A.13), (A.16), (A.18) and (A.23) at the beginning of the online stage and
remain constant throughout the simulations. The equilibrium Eq. (A.24) is solved iteratively using a
Newton-Raphson method as follows

• Initialisation: The macroscopic deformation gradient FM is known. The fluctuation vector is first
initialised as A = A0, with e.g. A0 = 0.

• Step 1: Submitting FM and A into Eq. (A.18), allows computing the deformation gradients E at the
material nodes at level “L”. The stress vector S is evaluated using the constitutive models (A.19).

• Step 2: The residual vector R of the equilibrium equations (A.24) is evaluated as

R = NTVS , (A.25)

and is submitted to a convergence criterion ∥R∥ < Tolerance.
If the criterion is satisfied, iterations are stopped.
If not, we proceed to Step 3.

• Step 3: Under the condition of constant FM, the derivative of R with respect to A is computed through
the differentiation chain rule

dR = NTVdS , (A.26)

dR = NTV
dS
dE

∂E
∂A

dA , (A.27)

dR
dA

= NTVCNv , (A.28)

where the matrix C is an assembly of the tangent operators dP
dF , written under a matrix form, of the

material nodes at level “L”.
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• Step 4: The fluctuation vector is updated following

A ← A−
(
dR
dA

)−1

R , (A.29)

to proceed to a new iteration at Step 1.

Appendix A.3. Up-scaling for macroscopic simulations

After solving Eq. (A.24), we have the homogenised stress, which reads

PM = P(N0
0) =

[
vA0V

(
N0

1

)
+ (1.0− vA0)V

(
N1

1

)]
S . (A.30)

In order to extract the homogenised algorithmic tensor, the equilibrium equation (A.25) ought to be
satisfied for a perturbation of the macro-scale quantities, i.e.

dR = NTVdS = 0 . (A.31)

Then, considering a variation of the homogenised deformation gradient yields

NTV
dS
dE

dE = 0 , or (A.32)

NTVC
(
∂E
∂A

dA+
∂E
∂FM

dFM

)
= 0 . (A.33)

Using Eq. (A.18) and the expression of the homogenised stress, Eq. (A.30), the homogenised algorithmic
operator reads in the matrix form

dPM

dFM
=

[
vA0V

(
N0

1

)
+ (1.0− vA0)V(N1

1)
]
C
[
∂E
∂A

∂A
∂FM

+
∂E
∂FM

]
, or (A.34)

=
[
vA0V

(
N0

1

)
+ (1.0− vA0)V

(
N1

1

)]
C
[
Nv

∂A
∂FM

+ I
]
, (A.35)

where ∂A
∂FM

= −
(
NTVC ∂E

∂A
)−1NTVC ∂E

∂FM
= − (NTVCNv)

−1NTVC according to Eqs. (A.18) and (A.33).

Appendix B. J2 elasto-plastic constitutive model

The matrix obeys a finite-strain J2 elasto-plastic constitutive model [56]. The deformation gradient F is
decomposed into the reversible elastic part Fe and the irreversible plastic part Fp such that F = Fe · Fp.
The elastic potential energy is defined as

ψ0(C
e) =

K0

2
ln2 J +

G0

4
(lnCe)

dev
: (lnCe)

dev
, (B.1)

where Ce = FeT · Fe, and K0 and G0 correspond to the bulk and shear, respectively, moduli of the matrix
material. The first Piola-Kirchhoff stress tensor P derives from the elastic potential (B.1) following

P =
∂ψ0 (F;F

p)

∂F
= K0F

-T ln J +G0F
e ·

[
Ce−1 · (lnCe)dev

]
· Fp -T . (B.2)

The elastic part Fe and the plastic part Fp of the deformation gradient are obtained through a J2 plastic
flow expressed in terms of the Kirchhoff stress. The Kirchhoff stress κ = P · FT is first computed by Eq.
(B.2) as

κ = K0 ln JI+G0F
e ·

[
Ce−1 · (lnCe)dev

]
· FeT . (B.3)
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The equivalent von Mises stress is then calculated through the deviatoric part of κ, i.e. τeq =
√

3
2κ

dev : κdev.

According to the J2-plasticity theory, the von Mises stress criterion reads

f = τeq − τ0y −R(γ) ≤ 0 , (B.4)

where f is the yield surface, τ0y is the initial yield stress, γ is the equivalent plastic strain and R(γ) is the
isotropic hardening. The evolution of Fp is determined by the normal plastic flow theory following

Ḟp = γ̇N · Fp , (B.5)

where N is the normal to the yield surface, see [56] for more details.

Appendix C. Sensitivity study on the IB-DMN training

Appendix C.1. DNS vs. IB-DMN predictions for different sizes of the training data set
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Figure C.17: The non-linear predictions of the 4-, 5- and 6-level IB-DMNs for the non-statistically representative volume
element number 6 subjected to in-plane uni-axial stress and in-plane shearing loading conditions with different sizes of the
training data set. The reference results are obtained from Direct Numerical Simulations (DNSs).

The effect of the size of the training data set is studied in Fig. C.17, where is can be seen that increasing
the number of training data from 10 to 300 does not improve the predictions for all the loading cases.

Appendix C.2. DNS vs. IB-DMN predictions in an infinitesimal setting

The fibres are assumed to be isotropic linear elastic with Young’s modulus EI = 32 GPa and Poisson’s
ratio νI = 0.2. The matrix obeys a J2 elasto-plastic constitutive model with a linear isotropic hardening, and
its material constants are a Young’s modulus E0 = 3.2 GPa, a Poisson ratio ν0 = 0.3, an initial yield stress
σ0
y = 100 MPa and a hardening modulus h0 = 6.4 MPa. The six non-statistically representative volume

elements of different volume fractions are subjected to the in-plane uni-axial stress loading condition. The
prediction of the IB-DMNs in an infinitesimal setting are plotted in Fig. C.18 together with the reference
results obtained from the direct numerical simulations, also obtained in an infinitesimal setting.
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