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Abstract

Secondary resonances of nonlinear systems may appear as isolated branches of solutions, challeng-
ing their characterization and making them particularly difficult to observe experimentally. This
work exploits a two-harmonic homotopy method that leverages two-harmonic forcing as a proxy to
connect primary and secondary resonances. An experimental implementation with simple feedback
controllers is presented. This approach is then validated with an electronic Duffing oscillator and a
doubly clamped beam featuring a distributed geometrical nonlinearity. It is shown to experimen-
tally uncover isolas in both of these examples.

Keywords: Nonlinear vibration testing, Secondary resonance, Two-harmonic forcing,
Simultaneous resonance, Isola, Homotopy

1. Introduction

In addition to their well-known primary resonances, nonlinear systems can exhibit secondary
resonances [1]. These resonances are usually indexed with two incommensurate natural numbers,
m and l. For a m:l resonance, the period of motion is l times larger than the forcing period,
and the mth harmonic of this motion is generally prominent1. Some of these resonances can be
isolated [2, 3], making them difficult to reach with traditional numerical and testing methods.

From an experimental perspective, reliable methods to attain isolated responses are very scarce.
Early works evidenced the occurrence of isolated subharmonic resonances in plates [4–7] but unfor-
tunately do not disclose how they were reached. In some cases, an isola can be attained simply by
exciting the structure from its rest position [8]. Some works leveraged the jump phenomenon [9–12],
while others used perturbations (generally under the form of impacts or pulses) to kick the system
into the basin of attraction of another attractor [13–16]. Stochastic interrogation is a generic method
to perform the latter approach, addressing the issues associated with multistability [17]. However,
it is not clear how its parameters should be tuned to maximize the chances of observing different
responses. In a deterministic setting, isolas that merge with the main response can be obtained
experimentally and then characterized with a model [18]. Woiwode et al [19] leveraged phase-locked
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1In all the examples presented herein this is the case, but we note that some exceptions exist, such as weak
superharmonic resonances.



loops (PLLs) to uncover an isola associated with an internal resonance of a base-excited system.
Finally, Zhou and Kerschen recently proposed a state transfer method that is able to reach isolated
subharmonic resonances [16]. This method requires the isola to be developed enough and it is
uncertain whether this method works with ultrasubharmonic resonances.

Multi-harmonic forcing is a frequent occurrence in experiments, but is generally undesirable.
For instance, shaker-structure interactions can result in the presence of significant non-fundamental
harmonics in the force applied to the structure [20–22]. It can also be an undesirable problem in
control-based continuation (CBC), wherein a feedback control signal contains multiple harmonics
whereas a single sinusoidal signal is desired. In such situations, the control is said to be invasive
and can be corrected to yield a single-harmonic forcing signal [23–25]. Interestingly, this issue was
turned to an advantage in some cases, where it was possible to stabilize an isola [26]. There also
exist works in which two-harmonic forcing is purposely used [27–30], in particular for secondary
resonances [31, 32]. Multi-harmonic, multi-point forcing can also be used in the field of nonlinear
modal testing when one wants to perform modal appropriation of a nonlinear normal mode [33].

In this work, the two-harmonic homotopy method (THHM) proposed in [34] is used in an
experimental context. This method leverages a two-harmonic forcing as a proxy to attain any
resonance associated to a given mode. Performing a homotopy from the forcing of one harmonic to
the other, the resonance is smoothly continued. At the end of the transition, the forcing becomes
harmonic again, and the system vibrates according to a secondary resonance. In [34], the authors
illustrated this method numerically. As this work shall show, this simple method lends itself to
an experimental implementation using feedback controllers and is able to experimentally uncover
isolated responses associated with secondary resonances.

After motivating the problem and briefly recalling the method in Section 2, its experimental
implementation is discussed in Section 3. Its validation with an electronic Duffing oscillator and a
doubly clamped beam is carried out in Sections 4 and 5, respectively, before concluding this work
in Section 6.

2. A two-harmonic homotopy method to uncover isolated nonlinear resonances

2.1. Problem statement
Figure 1 represents the nonlinear frequency response (NFR) of a Duffing oscillator. This NFR

was calculated using a harmonic balance formalism coupled with a continuation procedure [35, 36]
using 31 harmonics and an alternating frequency-time procedure with 128 sampling points. The
1:1 primary resonance appears as a bent, large-amplitude peak and is the most notable feature of
the NFR. However, other peaks are also observable in the response. Specifically, superharmonic
resonances (m:1) appear at low excitation frequencies, with odd ones on the main branch and even
ones bifurcating from it (through symmetry-breaking bifurcations). In addition, subharmonic (1:l)
and ultrasubharmonic (m:l, m ¡ 1, l ¡ 1, gcdpm, lq � 1) resonances appear as isolas.

These isolated resonances are challenging to obtain with conventional numerical approaches,
although some proved effective for that purpose (see, e.g., [37]). In [34], the THHM was shown to
be able to reliably and efficiently find such isolated resonances in a numerical setting, and is briefly
presented hereafter.

2.2. A two-harmonic homotopy method
Figure 2 summarizes the main idea of the THHM as introduced in [34]. The starting point of the

method is near a primary resonance excited with a harmonic external forcing fm sinpmωtq, where
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Figure 1: NFR of the Duffing oscillator :xptq� 0.05 9xptq�xptq�x3ptq � 3 sinpωtq: main branch of the NFR ( ), even
superharmonic resonances ( ), subharmonic resonances ( ) and ultrasubharmonic resonances ( ).

fm is a harmonic forcing amplitude and mω is close to a primary nonlinear resonance frequency
of the system at that forcing amplitude. The goal is to reach a secondary resonance of that same
mode where the harmonic forcing is fl sinplωt � ϕlq with l � m, fl a harmonic forcing amplitude
and ϕl a phase. The primary and secondary resonances can thus define the starting and ending
points of a homotopy problem using a two-harmonic forcing

fptq � fm sinpmωtq � fl sinplωt� ϕlq. (1)

Starting from a primary resonance at a given fm � 0 and fl � 0, fm is progressively decreased
while adjusting fl (or fl is increased while adjusting fm). By doing so, the resonance is expected
to persist, with a predominant part of the motion in the mth harmonic. This process is carried out
until fm � 0 (i.e., only the lth harmonic is forced), in which case an m:l resonance is reached. If
the resonance does not persist, a low-amplitude response on the main frequency branch is reached
instead (in which case the THHM can be considered unsuccessful). The primary resonance is thus
continuously transformed into a secondary resonance, and this transformation is characterized by
two user-selected constraints.

More formally, as discussed in [34], the THHM is characterized by
$&
%

M:xptq �C 9xptq �Kxptq � fnlpxptq, 9xptqq � fpfm sinpmωtq � fl sinplωt� ϕlqq,
c1px, ωq � 0,
c2px, ω, fm, flq � 0,

(2)

where x is a vector of generalized degrees of freedom, M, C and K are linear structural mass,
damping and stiffness matrices, respectively, fnl is the vector of nonlinear forces, f is the spatial
distribution of external forces and is modulated by two harmonics with amplitudes fm and fl and
phase ϕl. In the THHM, ϕl is a user-defined constant (see Section 2.5), whereas ω, fm and fl are
free variables.

c1 and c2 represent constraints on the frequency of excitation and on the forcing amplitude,
respectively, which can either be explicit or implicit. They are selected by the experimenter based
on the goals of the test, and developed in Sections 2.3 and 2.4, respectively. As such, the solutions
of Equation (2) define a one-dimensional manifold which may connect a primary (fl � 0) to a
secondary (fm � 0) resonance.
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Figure 2: Schematics of the two-harmonic homotopy method. The THHM locus is indicated by and the points at
which it crosses the NFRs (which are defined for constant fm and fl) by �.

2.3. Constraint on the frequency
A first approach can be to keep ω to a constant value ω0, thereby imposing the constraint

c1px, ωq � ω � ω0 � 0. (3)

This constraint has the merit to be very simple, and as shall be illustrated in the examples this
simplicity carries over to its experimental implementation. However, since the resonance frequencies
of nonlinear systems generally depend on the amplitude of vibration, it may not prove very relevant.
A second approach is to adjust the excitation frequency such that

c1px, ωq �

» 2π{ω

0
sinpmωtqfTxptqdt � 0. (4)

For a primary resonance, this constraint is known as phase resonance, which is typically a good ap-
proximation of the amplitude resonance [38–40], and is used as a second possible tracking constraint
in this work.

2.4. Constraint on the forcing
As for the frequency, there exist multiple constraints that one can imagine for the forcing

amplitude, either explicit or implicit. A first constraint can directly relate the two harmonic forcing
amplitudes as

c2px, ω, fm, flq � αmfm � αlfl � f � 0, (5)

where αm and αl are user-selected weights for the forcing amplitudes, and f is the maximum
weighted harmonic forcing amplitude. When αm � αl, the two forcing amplitudes at the boundaries
of the homotopy problem are identical, which allows the experimenter to complete NFRs with
isolated resonances. Alternatively, motivated by the possibility that the resonance may not change
much if it is maintained at a constant amplitude, one may imagine constraining the mth harmonic
amplitude of its response (displacement, velocity or acceleration) am to a constant value am,� as

c2px, ω, fm, flq � ampx; fm, flq � am,� � 0, (6)
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making the constraint on fm and fl implicit. An advantage of this constraint is that one controls
the response amplitude of the structure, but not the forcing amplitude. In addition, it is generally
easier to find isolated resonances with this approach, as shall be shown in this work.

2.5. Selecting the phase lag
The last parameter to set for the THHM is the phase ϕl. For the Duffing oscillator, phase lags

at resonance are known analytically [41, 42], and this knowledge can be exploited to maximize the
chances of success of the THHM by selecting a proper value for ϕl. Let ϕr be the known resonant
phase lag of the mth harmonic for a m:l resonance. If the THHM is initiated from a primary
resonance, then it was shown in [34] that setting

ϕl �
l

m

�
ϕr �

π

2

	
(7)

makes the THHM end up on a phase resonance situation once fm � 0. Although resonance phase
lags are demonstrated only for the Duffing oscillator, they were heuristically used for all cases
considered throughout this work.

3. Two-harmonic homotopy method: experimental realization with controllers

Motivated by the ease with which the THHM was able to uncover isolated resonances in [34], this
section discusses how this method can be implemented experimentally. Its application to structures
requires to tackle three important issues:

1. The constraints of the THHM must be enforced at all times throughout the test.
2. The stability of the solution may change along the transition path.
3. Actuator-structure interactions will likely occur. The dynamics of the actuator may prevent

the imposition of the desired forcing amplitude, and it may generate undesired and uncon-
trolled harmonics in the forcing signal.

The first two issues can be addressed using, e.g., experimental continuation and feedback control.
The third issue is a long-lasting challenge for nonlinear vibration testing [22, 43] and solving it is
deemed beyond the scope of this work. We note however that the very recent work of Hippold et
al [44] may provide a possible solution, whose extension for the THHM is possible as stated in the
conclusion therein.

The experimenter needs to consider the constraints of the THHM. CBC could be used as a
general tool to solve this set of equations [23]. However, it is quite sophisticated; in this work a
simpler, natural parameter continuation approach is used, and the constraints are enforced through
feedback control, as detailed hereafter. In its simplest form, the natural parameter continuation
is realized by sweeping fm from its initial value down to zero, following the path schematically
illustrated by Figure 2. We note that each constraint may require a feedback loop, and that these
loops may be combined if necessary (similarly to what is done, for instance, in [19, 45]).

3.1. Adaptive filters
The constraints developed in Sections 2.3 and 2.4 contain harmonic quantities (amplitudes

or phases) requiring a Fourier decomposition of the output signal. In this work, this Fourier
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decomposition is performed online with an adaptive filter [46, 47]. Let w be the vector of 2h � 1
Fourier coefficients of a signal y of interest, such that yptq � Qpωtqw, with

Qpωtq �
�
1 sinpωtq � � � sinphωtq cospωtq � � � cosphωtq

�
, (8)

h being the number of retained harmonics for the truncated decomposition. The Fourier coefficients
can be estimated in real time with the Widrow-Hoff least mean squares (LMS) algorithm, consisting
in the discrete-time adaption law

wppn� 1qtsq � wpntsq � µtspypntsq �QpnωtsqwpntsqqQ
T pnωtsq, (9)

where µ is the filter gain, ts is the sampling time and n P Z. The phase and amplitude of the different
harmonics can then easily be computed from this Fourier decomposition, as shown hereafter.

3.2. Phase-locked loop
The constant-frequency constraint in Equation (3) is trivial to implement experimentally. As

for the phase resonance constraint in Equation (4), it can be enforced with a PLL [48, 49]. Such
a loop can determine the phase of a signal, e.g. fTx, and ensures that it remains constant by
automatically adjusting the forcing frequency ω thanks to feedback control. It was shown to be
robust enough to find isolated solutions [16, 19], making it an attractive candidate for this work.
The phase (of the mth harmonic of the response) can be determined from the output of the adaptive
filter as

ϕ � arctan

�
wh�m�1

wm�1



(10)

(where wi is the ith element of w). A proportional-integral (PI) controller sets the frequency of
excitation so that the phase of the resonant harmonic, ϕ, equates its desired value ϕ�. Figure 3
schematizes the implementation of a PLL.

Phase detector
(adaptive filter)

PI controller
Multiharmonic

forcing Structure
ω

�
�

fptq xptq

ϕ

ϕ�

fm, fl

Figure 3: Schematics of the PLL.

3.3. Forcing amplitude control
The explicit constraint on the weighted sum of the forcing amplitudes in Equation (5) is trivial

to implement experimentally; one can simply sweep one of the forcing amplitudes and algebraically
compute the other. The amplitude constraint in Equation (6) requires more elaborate means
because it is not explicit in the forcing amplitude.
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First, the harmonic amplitude featured by Equation (6) can be computed from the output of
the adaptive filter as

am �
b
w2
m�1 � w2

h�m�1. (11)

Second, one needs a way to adapt fl or fm so as to satisfy this constraint. Once again, a PID-type
controller can be used. Two approaches are considered, wherein fl or fm is controlled, termed
non-resonant and resonant forcing control, respectively.

3.3.1. Non-resonant forcing control
The non-resonant forcing control approach is quite simple to implement. Using the difference

between the desired amplitude am,� and its actual value am, fl can automatically be adjusted
by a PID controller so as to satisfy the constraint. In this work, a simple integral control law
9fl � ki,f pam,� � amq was used. We note that this scheme requires that am increases with fl to be
stable (this stems from a linearization of the integral control law). Figure 4 schematizes how the
forcing amplitude constraint can be enforced with the non-resonant forcing control approach.

Amplitude
calculation

(adaptive filter)

PID controller
Multiharmonic

forcing Structure
fl

�
�

fptq xptq

am

am,�

fm, ω

Figure 4: Schematics of the non-resonant forcing control approach.

3.3.2. Resonant forcing control
The non-resonant forcing control approach is convenient because it allows one to decrease fm

down to zero in a prescribed manner, but was observed to work only for simple resonances (typically
only the 1:3 in the cases investigated herein). An alternative where fl is swept and fm is set with a
PID controller was found to be more robust. Intuitively, it indeed seems more natural to control the
resonant harmonic with a forcing on the same harmonic. In addition, stability concerns requiring
that am increases with fm are more likely satisfied in a larger number of cases than with non-
resonant control.

Figure 5 schematizes how the forcing amplitude constraint can be enforced with the resonant
forcing control approach. We note the similarity with Figure 4, where fm and fl are simply swapped,
and with what has been used in [19, 45]. An inconvenient of this approach is that one no longer
explicitly sets fm, and reaching fm � 0 can be uncertain. An additional element inspired from
sliding-mode control [50] can be used to automatically increase fl until fm � 0. fl is set as the
output of an integrator that takes as input the sign of fm multiplied by a constant rate rl. With
the convenience of this automatic approach comes the increased complexity of another feedback
loop, and in particular the risk for dynamic instabilities. This issue is partially mitigated by the
use of the sign operator, guaranteeing that fl evolves at a rate rl prescribed by the experimenter.
However, this nonsmooth operator can create a chatter-like behavior near the target fm � 0 [50],
which can be mitigated, e.g., by manually lowering rl.
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Figure 5: Schematics of the resonant forcing control approach. The automatic adjustment of fl shown in gray is
optional.

3.4. Parameters tuning
This section is closed with a qualitative discussion on how to tune the parameters of the different

controllers. Quantitative approaches have been proposed to tune the adaptive filter gain [47, 51]
and were used for guidance in this work, although fine-tuning was made by hand. For the other
control parameters, there is no general tuning approach owing to the nonlinear and individualistic
nature of each situation that can be encountered. For this reason, a manual tuning by trial and
error was used in this work. It is nevertheless useful to discuss the basic qualitative requirements
that these parameters must satisfy in order to guide their selection.

The rates at which the forcing amplitudes fm or fl vary can be selected by the user, directly
affecting the test duration. High rates are desirable for a fast test, although they should be low
enough to minimize transients and to allow the controllers to keep up with them.

Both for the PLL and forcing control, the PID gains should be chosen high enough to provide
a sufficiently high tracking capability to follow the transients induced by the different rates. Low
gains generally lead to a non-oscillatory exponential instability similar to a jump. Nevertheless,
excessively high gains can also create instabilities during the transient part but also after the
THHM. This type of instability was usually observed to be oscillatory exponential. Appropriate
gains can be selected by avoiding these two extreme cases. If this is not possible, the rates need
to be lowered to ease the requirements on the controllers. For a more specific discussion for PLLs
aiming to optimize transient performance for primary resonances, we refer to [51].

4. An electronic Duffing oscillator

The experimental implementation of the THHM discussed in Section 3 is now validated with
an electronic Duffing oscillator.

4.1. Setup
The experimental system is an electronic circuit made up of operational amplifiers, analog

multipliers and passive resistors and capacitors. This circuit, described in more detail in [52], takes
as input a signal proportional to a forcing, and outputs signals proportional to the displacement and
velocity which closely replicate those of a Duffing oscillator. The circuit has constraints on its input
and output ranges, both being limited to 10 V in amplitude. It is controlled by a MicroLabBox
from dSPACE to implement the THHM with a sampling frequency of 10 kHz (ts � 0.1 ms; we note
that lower sampling frequencies could probably have been used). Adaptive filters are implemented
with h � 15. Figure 6 shows the experimental setup.
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Figure 6: Picture of the setup with an electronic Duffing oscillator.

4.2. Constant-force THHM
The first example to demonstrate the THHM uses Equations (4) and (5) (with αl � αm � 1) as

constraints, the former being enforced with a PLL (kp � 100 s�1, ki � 500 s�2 and µ � 100 s�1).
The goal is to reach the 1:3 subharmonic resonance, for which ϕr � π{2 rad. Figure 7 displays the
time signals. The primary resonance at fm � 1 V (Figure 7b) is first attained with a PLL after 8
seconds, which leads to a response amplitude slightly below 10 V. The THHM is then started at 15
seconds, and takes about 10 seconds ( 9fm � �0.1 V/s) to transition to the 1:3 resonance. It can be
observed that, while the forcing remains constant in root-mean-square amplitude and changes in
frequency, the motion amplitude gradually decreases as the method goes through the simultaneous
resonance (Figure 7c), in a similar fashion to the numerical results [34]. At the end of the THHM,
a close-up (Figure 7d) confirms that the attained motion is subharmonic.

To give a broader overview of the results, the spectrograms of the force and displacement
signals throughout the test are shown in Figures 8a and 8b, respectively. After the transition,
the spectrograms reveal that the third harmonic component (at 132.6 Hz between 30 and 40 s in
Figure 8b) is the only one forced (Figure 8a). Yet, there exists a fundamental harmonic component
in the response (at 44.2 Hz between 30 and 40 s in Figure 8b), confirming its subharmonic nature.

4.3. Constant-amplitude THHM with non-resonant forcing control
The previous example features quite extreme nonlinear regimes, as required by the constant-

force THHM starting from the primary resonance. Indeed, secondary resonances generally appear
for higher forcing amplitudes, for which the primary resonance is extremely nonlinear. This issue
can be mitigated by an appropriate choice of the weights αm and αl, but it is not easy to know in
advance how to choose them. The constant-amplitude THHM is thus considered in the sequel. The
purpose of this next example is to show that (i) one does not necessarily need a PLL to implement
the THHM, and (ii) the system does not need to be exactly at resonance for the method to work.
In this example, the constraints in Equations (3) and (6) are used, the latter being enforced with
a non-resonant control. The controller integral gain was ki,f � 10 s�1, and the adaptive filter had
a gain µ � 100 s�1.

A simple frequency sweep at a 10 rad/s2 rate was performed with a forcing amplitude fm �
0.04 V up to 180 rad/s (whereas the phase resonance frequency is at 194 rad/s at this forcing
level). The THHM with non-resonant control was then used to attain a 1:3 subharmonic isola, and
the controller automatically adapted fl to maintain a constant harmonic amplitude, with a final
value fl � 0.7 V. In this test, the transition rate had to be slower ( 9fm � �2 mV/s) to allow for
the controller to keep up with the transition. The spectrograms are shown in Figure 9. As seen
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Figure 7: Time series of the force ( ) and displacement ( ) of the electronic Duffing oscillator during the constant-
force THHM, and close-up on the primary (b), simultaneous (c) and subharmonic (d) resonances.
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Figure 8: Spectrograms of the force (a) and displacement (b) signals of the electronic Duffing oscillator with the
constant-force THHM to attain a 1:3 subharmonic resonance.

in Figure 9b, barely any change is noticeable in the motion (which is coherent with theory for a
subharmonic resonance [53]), whereas Figure 9a confirms that the forcing is at a frequency trice
higher than the fundamental frequency of motion.

Up and down frequency sweeps (1 rad/s2) were performed after the THHM (with fl locked to

10



0 10 20 30 40 50

Time (s)

0

50

100

150

200

F
re

q
u

e
n

c
y
 (

H
z
)

20

25

30

35

40

45

50

55

60
THHM 1:31:1

(a)

0 10 20 30 40 50

Time (s)

0

50

100

150

200

F
re

q
u
e
n
c
y
 (

H
z
)

10

20

30

40

50

60

70

80
1:1 THHM 1:3

(b)

Figure 9: Spectrograms of the force (a) and displacement (b) signals of the electronic Duffing oscillator with the
constant-amplitude THHM with non-resonant forcing control to attain a 1:3 subharmonic resonance.

a constant value given by the controller at the end of the THHM). As indicated by Figure 10,
a jump-down occurs in both cases, and subsequently sweeping in the opposite direction does not
allow for the recovery of the original response, in agreement with its supposed isolated nature. We
note that in this figure, the frequency axis represents the fundamental frequency of motion, which
is equal to the forcing frequency in the fl � 0 case but is one third of the forcing frequency in the
fm � 0 case.

Furthermore, the initial point found by the THHM was used as an initialization to CBC [23]
in an attempt to obtain the complete isola associated with the subharmonic resonance2, which is
depicted in Figure 11. This method combines numerical continuation using finite differences and
feedback control with a differential controller, and is detailed in [25]. Feedback control is used to
stabilize unstable responses, allowing the experimenter to obtain a full isola. The parameters are
gathered in Appendix A.

This problem was challenging given how thin this isola is, and issues at the sharp turning points
were encountered similarly to [25]. To mitigate them, an arclength corrector was implemented (in-
stead of a pseudo-arclength one). The improvement was marginal, and the continuation procedure
sometimes switched between the upper and lower branches. Nevertheless, two close parts for the
branch are observable in Figure 11 and join close to the jump-down frequencies observed with the
sweeps, further confirming its isolated nature.

4.4. Constant-amplitude THHM with resonant forcing control
The approaches used in Sections 4.2 and 4.3 worked well for the 1:3 resonance, but generally

failed for other secondary resonances. By contrast, the resonant forcing control approach was
observed to be more robust, and this final example features the variety of resonances that can be

2It should be noted that this test was made on a different day as the others, and the circuit had been detuned.
The parameters of the circuit were thus manually readjusted to make the results as close as possible to the ones
obtained previously.
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Figure 11: Isola associated with the 1:3 subharmonic resonance of the electronic Duffing oscillator at fl � 0.7 V
obtained with CBC.

attained experimentally with this approach. The constraints in Equations (4) and (6) were used
and enforced with PLL and a resonant control, respectively. Although in theory a PLL may not
be strictly needed to guarantee the existence of a connecting path with the THHM, its stabilizing
properties can be advantageous for an experimental realization. In an attempt to have parameters
as identical as possible for all resonances, the control parameter of the PLL were kp � 100 s�1 and
ki � 100 s�2, except for the 5:3 resonance for which those gains had both to be halved to maintain
stability once the target resonance was reached. The adaptive filter gain was µ � 10 s�1, and the
resonant controller integral gain was ki,f � 0.1 s�1. Finally, the automatic adjustment of fl was
used with rl � �0.05 V/s at the start of the THHM; once fm crossed zero rl was decreased to
-0.01 V/s for fine tuning before forcing fm � 0 at the next crossing.

Figure 12 shows the resonances obtained with this approach, where the numbers m and l can
easily be identified from the number of peaks in x and f , respectively. Among the obtained reso-
nances, the 3:1 and 2:1 are not particularly challenging to obtain with traditional testing methods,
but it is interesting to note that the THHM is able to connect them to the primary resonance. For
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Figure 12: Time series of the force ( ) and displacement ( ) signals of the secondary resonances of the electronic
Duffing oscillator found with the constant-amplitude THHM with resonant control: 3:1 (a), 1:3 (b), 2:1 (c), 1:2 (d),
3:2 (e), 2:3 (f), 5:3 (g) and 3:5 (h) resonances.

completeness, the forcing characteristics of each resonance are given in Table 1. It is also notewor-
thy to point out that the experimental results obtained herein are in perfect agreement with the
theoretical developments in [42].

An a posteriori explanation for the reason behind the failure of the non-resonant forcing control
approach can also be found from these test results. Figure 13 shows the two harmonic forcing
amplitudes during the THHM. In the resonant control case, fl is varied and fm is adapted. One
can see that fm can be parametrized by fl (except for the final spiral near fm � 0 which corresponds
to a transient convergence of the controller). As a consequence, the problem is well-posed for the
resonant control case, as fm can be smoothly adapted for any fl. By contrast, the non-resonant
control approach decreases fm (starting from fm � 0.04 V in this case), and fl would need to
undergo a large jump from zero to stay close to the THHM manifold. This large jump generally
creates significant transients that make the method diverge, qualitatively explaining the cause for
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Resonance ϕr (rad) ω (rad/s) fl (V)
3:1 π/2 68.2136 2.6156
1:3 π/2 191.1624 0.5869
2:1 3π/4 106.0110 2.8937
1:2 3π/8 195.2195 1.7437
3:2 3π/8 85.8008 4.4672
2:3 π/4 102.2539 2.5891
5:3 -π/2 46.4620 3.8332
3:5 -π/2 66.8412 3.0000

Table 1: Forcing frequencies and amplitudes of the m:l resonances of the electronic Duffing oscillator with the
constant-amplitude THHM with resonant control.

its failure. This plot also suggests that the resonant forcing approach may fail in cases where the
THHM curve features a fold with respect to fl. In this case, a more sophisticated experimental
continuation approach would be required.
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Figure 13: fm vs. fl during the constant-amplitude THHM with resonant control for the 5:3 resonance.

5. A doubly clamped beam

5.1. Setup
The doubly clamped beam shown in Figure 14 is now considered to further validate the THHM.

It is the same beam as that used in [16], made of stainless steel and with dimensions 754 mm � 20
mm � 2 mm. An electrodynamic shaker (TIRA TV 51075) operated in current mode was placed
55 mm away from the clamped end to excite the beam while limiting shaker-structure interactions.
An impedance head was used to measure both the acceleration and force at the excitation point.
A laser vibrometer (Polytech NLV-2500-5) measured the velocity at the middle of the beam. The
THHM was once again implemented with a MicroLabBox, with the same sampling frequency and
number of harmonics for the adaptive filter as in Section 4.

As mentioned in Section 3, shaker-structure interactions prevent the imposition of a purely
harmonic force with prescribed magnitude. Similarly to [25], this issue was sidestepped by including
the shaker in the system under test, considering the drive signal (the voltage fed to the amplifier
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Figure 14: Picture of the setup with a doubly clamped beam.

of the shaker, denoted by u hereafter) as the input signal. The forcing amplitudes fm and fl are
associated to the drive signal (and are thus given in V). Hence, the resonances shown herein are
those of the beam and shaker assembly, not just of the bare beam.

5.2. Modal analysis
A low-level (fm � 5 mV) swept-sine test between 1.6 and 477 Hz with a sweep rate of 0.8 Hz/s

was first carried out to measure the FRFs of the beam and extract its linear modal characteristics.
As an illustration, Figure 15 displays the velocity FRF at the middle of the beam.
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Figure 15: Midspan velocity FRF of the beam.

The modal characteristics of the first five modes (the ones below 200 Hz) were extracted with
the PolyMAX modal identification method [54]. They are gathered in Table 2. The focus is placed
on the first mode in the sequel as it is the simplest to excite in a nonlinear regime of motion.

5.3. Constant-amplitude THHM
The ability of the THHM to find an isolated resonance of the beam-shaker assembly was in-

vestigated. Since the response of the system needed to remain at a reasonable amplitude to avoid
breaking any part of the setup, the constant-amplitude THHM was used. Furthermore, since the
resonant control strategy was found to be quite robust in the previous example, it was selected here
as well.
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Mode Resonance frequency (Hz) Damping ratio (%)
1 18.4 0.78
2 41.2 2.51
3 64.9 1.09
4 113.7 0.33
5 182.6 0.43

Table 2: Identified linear modal characteristics of the first five resonances of the doubly-clamped beam.

As shown in [16], the 1:2 subharmonic resonance of the first mode of this beam can be at-
tained with reasonable forcing and motion amplitudes. Ultrasubharmonic resonances may exist
but possibly at very large amplitudes. Unfortunately, the THHM cannot predict these amplitudes
in advance. To keep the beam safe, it was decided to focus on subharmonic resonances only.

Since this system is more complex than a single-degree-of-freedom Duffing oscillator, choices
must be made for an output representative of the structural response. Several approaches were
followed to find isolated subharmonic resonances. At first, inspired from [25], it was sought to
use the voltage of the electrodes of the shaker as a response. However, no resonances were found
this way. Realizing that collocation between the applied input and the measured output is not
necessary for the THHM, the midspan velocity was then used as another candidate (both for the
PLL and amplitude control schemes). This eventually uncovered a 1:3 subharmonic resonance, and
it should be noted that, by contrast with Section 4, the velocity amplitude was controlled and not
the displacement. The THHM was however unsuccessful at finding a 1:2 subharmonic resonance at
the investigated forcing levels (even when adapting ϕr � 0 rad as evidenced in [16]).

The constant-amplitude THHM test to uncover the 1:3 resonance went similarly to the same
case with the electronic Duffing oscillator. The 1:1 resonance of the first mode was excited at
fm � 0.08 V and tracked with a PLL with gains kp � 10 s�1 and ki � 10 s�2, with an adaptive
filter with gain µ � 10 s�1. At such a forcing amplitude, the transversal motion amplitude of the
beam is about twice its thickness; the system was thus in a strongly nonlinear regime of motion. The
constant-amplitude THHM was then started, using ϕr � π{2 rad, ki,f � 0.05 s�1, rl � �2 mV/s.
These two latter parameters were chosen low on purpose to allow the experimenter to react in case
of an unexpected issue, although this proved unnecessary. Figure 16 shows the time series of the
drive (u) and velocity (v) during the experiment. The THHM eventually found a 1:3 subharmonic
regime of motion at fl � 0.14 V, as clearly shown in Figure 16d.

Looking at other time signals than those used by the THHM can provide further insight into the
structural response. Figure 17a shows the force measured by the impedance head during one period
of motion. It is interesting to note that it has little distortion compared to the drive. The subhar-
monic component of the force is about 8.8 times smaller in magnitude than the fundamental one,
which suggests that the found isola could be in good approximation close to the 1:3 subharmonic
resonance of the bare beam. Figure 17b shows the voltage across the electrodes of the shaker, which
is also dominated by the fundamental harmonic. Unlike the velocity signal, the subharmonic com-
ponent associated with the resonant mode is rather small. This provides a partial explanation for
the failure of the THHM using this signal. Such a low participation of the subharmonic component
may be due to the small modal amplitude of the first mode as seen from the shaker voltage. These
results also suggest the rather intuitive conclusion that the THHM should be used with feedback
signals where the resonant mode is well observable.
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Figure 16: Time series of the drive ( ) and midspan velocity ( ) of the beam during the constant-amplitude THHM,
and close-up on the primary (b), simultaneous (c) and subharmonic (d) resonances.
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Figure 17: Time series of the drive ( ), shaker force ( ) and voltage ( ) over one period of the 1:3 subharmonic
resonance.

It was finally checked whether the found subharmonic response belongs to an isola or not. After
the THHM, the PLL control was turned off, setting the excitation frequency close to the average
value found by the PLL (67 Hz). This resulted in an open-loop stable subharmonic motion. In
a similar fashion to Figure 10, frequency sweeps were then performed, highlighting jump-down
phenomena and the subsequent inability to get back to a subharmonic response, in full accordance
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with the suspected isolated nature of the subharmonic motion. The results are shown in Figure 18
(where the frequency is that of the motion, and the forcing frequency is thus trice as high in the
fm � 0 case). Note that for the blue curve, the part before the THHM at fm � 0.08 V corresponds
to a transient of the PLL and should not be interpreted as an approximate steady-state response.
This figure further shows that the system featured good repeatability since both THHM loci almost
perfectly coincide.
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Figure 18: Representation of the constant-amplitude THHM with resonant harmonic control for the 1:3 resonance of
the beam and subsequent frequency sweeps. The black arrow indicates the THHM, whereas the blue and red arrows
indicate the subsequent sweep directions.

Finally, it is interesting to point out that the 1:3 subharmonic resonance of the first mode
coexists with the primary resonance of mode 3 but has a mid-span amplitude about four times
as high. This stable and potentially unsafe attractor would most likely remain undetected with
traditional swept or stepped sine approaches.

6. Conclusion

By leveraging two-harmonic forcing, the THHM is able to connect primary and secondary res-
onances together. This method assumes that this connection exists through states of simultaneous
resonance that can be crossed with a homotopy method. The homotopy problem is characterized
by two constraints on the forcing frequency and amplitudes. This work presented an experimen-
tal implementation of the THHM which is rather simple and relies on feedback control to impose
the different constraints. Specifically, a PLL can be used to automatically adjust the frequency of
excitation, and, if the amplitude of the response is to be prescribed, PID controllers can also be
used.

The THHM was first validated with an electronic Duffing oscillator, a single-degree-of-freedom
experimental setup with almost perfect actuation and repeatability, allowing for the exploration of
the capabilities of the method. Non-resonant and resonant approaches were tested out for amplitude
control, the latter appearing to be more robust and able to uncover ultra-subharmonic resonances.
A second, more challenging example was a clamped-clamped beam for which a large-amplitude
1:3 subharmonic resonance was discovered. The results also appeared to indicate that the method
works better if outputs for which the resonant mode is well observable are selected.

To the authors’ knowledge, the THHM is the first method that is able to reliably and determin-
istically uncover ultrasubharmonic resonances in an experimental setting. Its simple yet general
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framework makes it appealing for a wide range of applications, and it could be extended in mul-
tiple ways. A predictive capability to foresee whether the THHM will be successful would be a
very interesting addition but seems far from being trivial, if possible at all. A more thorough in-
vestigation of the control parameters and a guarantee of stability also appear crucial for further
developments. Alternatively, a CBC-type approach could be established for the THHM itself for a
more sophisticated continuation approach able to tackle more complex cases in a robust manner.
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Appendix A. Parameters of the CBC test

The parameters of the CBC test used to obtain the subharmonic resonance isola are the sample
time ts, differential controller gain kd, number of harmonics h, normalized gain of the adaptive filter
µ̄ � µ{ω, cooldown time for transients twait, relative tolerance ρ and steps ∆Vv and ∆ω in velocity
and frequency, respectively. They are gathered in Table A.3.

ts (s) kd (-) h (-) µ̄ (-) twait (s) ρ (-) |∆Vv|1 (V) ∆ω (rad/s)
10�4 10 9 0.1 1 0.02 0.005 1

Table A.3: Parameters of the CBC tests for the 1:3 subharmonic resonance.

CBC revolves around a reference signal 9x�ptq that is fed to the differential controller, such that
the forcing signal is given by

fptq � kdp 9x�ptq � 9xptqq. (A.1)
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Since the THHM provides both the forcing fptq and an initial point on the isola xptq, the initial
reference signal x�ptq was simply determined with this equation, and later automatically adapted
to trace out the complete branch. More details about the method are provided in [25].
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